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AND STEPHANIE TRENEER

(Communicated by Amanda Folsom)

Abstract. The values of the partition function, and more generally the Fou-
rier coefficients of many modular forms, are known to satisfy certain congru-

ences. Results given by Ahlgren and Ono for the partition function and by
Treneer for more general Fourier coefficients state the existence of infinitely
many families of congruences. In this article we give an algorithm for comput-
ing explicit instances of such congruences for eta-quotients. We illustrate our
method with a few examples.

1. Introduction

The partition function p(n) gives the number of non-increasing sequences of
positive integers that sum to n. Ramanujan first discovered that p(n) satisfies

p(5n+ 4) ≡ 0 (mod 5),

p(7n+ 5) ≡ 0 (mod 7), and

p(11n+ 6) ≡ 0 (mod 11),

for all positive integers n. His work inspired broad interest in other linear congru-
ences for the partition function, and further results were found modulo powers of
small primes, especially 5, 7 and 11 (see [2] for references). Ono [12] showed more
generally that infinitely many congruences of the form p(An+B) ≡ 0 (mod �) exist
for each prime � ≥ 5. This work was extended by Ahlgren [1] to composite moduli
m coprime to 6. While these works did not provide direct computation of such
congruences, many explicit examples were given by Weaver [20] and Johansson [8]
for prime moduli � with 13 ≤ � ≤ 31, and by Yang [21] for � = 37. All of these
results give congruences for arithmetic progressions which lie within the class −δ�
modulo �, where δ� =

�2−1
24 .

Here we will focus on congruences like those of the form guaranteed by Ahlgren
and Ono in [2], which lie outside the class −δ� modulo �. More precisely, we consider
the following result as stated in [18].

Theorem 1.1. Let � ≥ 5 be a prime. Then for a positive proportion of the primes
Q ≡ −1 (mod 576�j), we have

p

(
Q3n+ 1

24

)
≡ 0 (mod �j)

for all n coprime to �Q such that n ≡ 1 (mod 24) and
(−n

�

)
�=

(−1
�

)
.

Received by the editors December 11, 2019, and, in revised form, July 6, 2020.
2020 Mathematics Subject Classification. Primary 11F33, 11F37.

c©2021 American Mathematical Society

1039

https://www.ams.org/proc/
https://www.ams.org/proc/
https://doi.org/10.1090/proc/15293


This is a free offprint provided to the author by the publisher. Copyright restrictions may apply.

1040 N. C. RYAN, Z. SCHERR, N. SIROLLI, AND S. TRENEER

Let η(z) denote the Dedekind eta function, which is given by

η(z) = q
1
24

∞∏
n=1

(1− qn) , q = e2πiz.

The proof of Theorem 1.1 relies on the relationship between p(n) and η(z), given
by ∑

n=−1 (mod 24)

p

(
n+ 1

24

)
qn =

1

η(24z)
.

The function on the right is an example of an eta-quotient, a particular class of
weakly holomorphic modular forms built from η(z) (see Definition 2.3 below for
details). This class includes generating functions for a wide variety of partition
functions, including overpartitions, partitions into distinct parts, colored partitions,
and core partitions.

Methods from the theory of modular forms, Hecke operators, and twists by
quadratic characters, are used to derive congruences for the coefficients of these
modular forms. Moreover, the fourth author [18] showed that congruences such
as those in Theorem 1.1 are common to the coefficients of all weakly holomorphic
modular forms in a wide class.

Theorem 1.2 (Theorem 1.2 in [18]). Suppose that � is an odd prime and that k
is an odd integer. Let N be a positive integer with 4 | N and (N, �) = 1. Let K
be a number field with ring of integers OK , and suppose that f =

∑
n a(n)q

n ∈
Mwh

k/2 (Γ1(N)) ∩ OK((q)). Let f satisfy Condition C at �. Then for each posi-

tive integer j, a positive proportion of the primes Q ≡ −1 (mod N�j) satisfy the
congruence

a
(
Q3n

)
≡ 0 (mod �j)

for all n ≥ 1 coprime to �Q such that
(−n

�

)
�= ε�.

For a description of Condition C and the numbers ε�, see Definition 2.1. A
similar result holds for integral weight modular forms.

Theorem 1.3 (Theorem 1.3 in [18]). Suppose that � is an odd prime and that k is
an integer. Let N be a positive integer with (N, �) = 1. Let K be a number field with
ring of integers OK , and suppose that f =

∑
n a(n)q

n ∈ Mwh
k (Γ1(N)) ∩ OK((q)).

Let f satisfy Condition C at �. Then for each positive integer j, a positive proportion
of the primes Q ≡ −1 (mod N�j) have the property that

a(Qn) ≡ 0 (mod �j)

for all n ≥ 1 coprime to �Q such that
(−n

�

)
�= ε�.

We call a prime Q as in Theorem 1.2 or Theorem 1.3 an interesting prime (with
respect to f, � and j). While these results give the existence of infinitely many
interesting primes, they are not explicitly given, and in general they have not been
simply described. A notable exception is the work of Atkin [3], in which it is
shown that every prime Q ≡ −1 (mod �) yields congruences as in Theorem 1.1
when � ∈ {5, 7, 13} and j = 1. The main goal of this paper is to present results
and algorithms that allow us to find interesting primes Q, and hence prove explicit
congruences for the coefficients of eta-quotients. While we only explicitly state
congruences for select eta-quotients, we remark that our algorithms are general
and, with enough computing power, would work for any eta-quotient.
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We start by presenting some background on weakly holomorphic modular forms
in general and eta-quotients in particular. We proceed from there to discuss various
computations we carry out with eta-quotients: we recall how to compute coefficients
of a general eta-quotient and we discuss how to compute the expansions of a gen-
eral eta-quotients at cusps other than ∞. In the subsequent section, we prove the
theorems related to the computation of interesting primes. We conclude by de-
scribing the algorithms given by these theorems and presenting some examples. In
particular, we give new explicit congruences for the partition function.

2. Background and preliminaries

Given a positive integer N divisible by 4 and an integer k, we let Mwh
k/2 (Γ1(N))

denote the space of weakly holomorphic modular forms for Γ1(N) of weight k/2.
We do not make hypotheses on the parity of k, in order to handle both half-integral
and integral weight cases at the same time. Given a Dirichlet character χ modulo
N we denote by Mwh

k/2 (Γ0(N), χ) the corresponding subspace. We denote by G the

four-fold cover of GL+
2 (Q) acting on these spaces by the slash operator |k

2

. We refer

the reader to [10] for details.
We consider the Fourier expansion of a weakly holomorphic modular form f ∈

Mwh
k/2 (Γ0(N), χ) at a cusp s = a/c in Q ∪ {∞}. To such an s we associate an

element ξs = (γs, φ) ∈ G with γs ∈ SL2(Z) such that γs · ∞ = s. Then in [10, p.
182] it is shown that

(2.1) f(z) |k
2

ξs =
∑
n≥n0

aξs(n)q
n+

rs
4

hs
,

where hs = N
gcd(c2,N) is the width of s as a cusp of Γ0(N), rs ∈ {0, 1, 2, 3}

depends on hs, k and χ (see [17, Proposition 2.8] for an explicit formula) and
qhs

= exp(2πiz/hs). While the value of the coefficient aξs(n) in the expansion
depends on ξs, whether or not the coefficient is zero does not depend on ξs.

The theorems in [18] about congruences mod �j are subject to whether the
modular form we are considering satisfies the following condition for �:

Definition 2.1. We say that f satisfies Condition C for a prime � if there exists
a sign ε� = ±1 such that for each cusp s, the following is true for the Fourier
expansion in (2.1): for all n < 0, with � � (4n+ rs) and aξs(n) �= 0, we have(

4n+ rs
�

)
= ε�

(
hs

�

)
.

We note that a modular form f can satisfy Condition C for a prime � in a trivial
way: namely, if for each cusp s there is no n < 0 with aξs(n) �= 0 and � � (4n+ rs).
In that case, we set ε� = 0. We also note that when s = ∞ we have rs = 0 and
hs = 1, and so Condition C becomes

(
n
�

)
= ε� for all n < 0 with � � n and a(n) �= 0.

We conclude these preliminaries with the following result regarding the order of
vanishing after twisting, which will be needed later.

Lemma 2.2. Let f ∈ Mwh
k/2 (Γ0(N), χ). Let � be a prime not dividing N and let ψ

be a character modulo �. Let s be a cusp with respect to Γ0(N�2). Then

ords(f ⊗ ψ) ≥ v0,

where v0 = min{ordt(f) : t a cusp with respect to Γ0(N)}.
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Proof. We follow [10, Lemma 2, p. 127]. In [10, p. 128] it is shown that there exist
complex numbers λν depending on ψ such that

f ⊗ ψ =

�−1∑
ν=0

λν fν ,

where ξν =
((

1 −ν/�
0 1

)
, 1
)
and fν = f |k

2

ξν .

Let ξs = (γs, φ) ∈ G, where γs ∈ SL2(Z) is such that γs · ∞ = s. Write(
� −ν
0 �

)
γs = α

(
a b
0 d

)
,

with α ∈ SL2(Z) and a, d ∈ Z. Then if we let t = α ·∞ and we consider it as a cusp
with respect to Γ0(N), it is easy to see that a ∈ {1, �}, which since � � N implies
that ht =

a
d hs.

Let
∑

n≥v0
at(n)q

n+
rt
4

ht
be a Fourier expansion of f at t. Then

fν |k
2

ξs = (a/�)
k/2

e
2πibrt
4htd

∑
n≥v0

at(n) e
2πinb
htd q

n+
rt
4

hs
,

which shows that ords (fν) ≥ v0 (and that rs = rt). �

2.1. Eta-quotients. Recall that the Dedekind eta function is defined by the infi-
nite product

(2.2) η(z) = q
1
24

∞∏
n=1

(1− qn) .

Definition 2.3. Let X = {(δ, rδ)} be a finite subset of Z>0 × Z. Assume that X
satisfies ∑

X

rδδ ≡ 0 (mod 24).

By ηX we denote the eta-quotient

(2.3) ηX(z) =
∏
X

η(δz)rδ .

It is proved in [17, Corollary 2.7] that ηX ∈ Mwh
k/2 (Γ0(N), χ), where k =

∑
X rδ,

the level N is the smallest multiple of 4 and of every δ such that

N
∑
X

rδ
δ

≡ 0 (mod 24),

and letting s =
∏

X δrδ the character is given by

χ(d) =

{(
2s
d

)
, for odd k,(

4s
d

)
, for even k.

For our calculations, we will need the order of vanishing of an eta-quotient ηX

at a cusp s = a/c ∈ Q ∪ {∞} with respect to the variable qhs
. Following [11] we

have that, if gcd(a, c) = 1, then

(2.4) ords
(
ηX

)
=

hs

24

∑
X

gcd(c, δ)2
rδ
δ
.
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3. Computing eta-quotients

To verify that a weakly holomorphic modular form f satisfies Condition C, we
need to be able to compute the Fourier expansion of f at cusps other than ∞.
This is addressed by [4,6] in the case of holomorphic forms. Rather than extending
these general methods to arbitrary weakly holomorphic modular forms, we limit
our attention to forms that are eta-quotients.

For an eta-quotient we can take advantage of the very simple nature of η(z) in
two different ways. First, we can quickly compute coefficients of η(z) at ∞ using
Euler’s Pentagonal Number Theorem:

(3.1)

∞∏
n=1

(1− xn) = 1 +

∞∑
k=1

(−1)k
(
xk(3k+1)/2 + xk(3k−1)/2

)
.

Second, we can take advantage of the transformation properties of η(z) under the
action of G to compute the expansion of η(z) at any cusp s as in (2.1). We describe
this in more detail now.

Let ηX be an eta-quotient as in (2.3). Let s ∈ Q be a cusp, and let ξs = (γs, φ) ∈
G be such that γs · ∞ = s. Then

ηX(z) |k
2

ξs =
∏
X

(
η(δz) | 1

2
ξs

)rδ

and so our problem reduces to computing η(δz) | 1
2
ξ for a given ξ = (γ, φ) ∈ G,

with γ =
(
a b
c d

)
∈ SL2(Z). Since the calculations depend only on γ, by abuse of

notation we slash by matrices of GL+
2 (Q) rather than by elements of G.

We have that

η(z) | 1
2
( δ 0
0 1 ) = δ

1
4 η(δz).

Furthermore, we can write

( δ 0
0 1 ) γ = γ′ (A B

0 D )

where γ′ ∈ SL2(Z), A = gcd(c, δ), D = δ
A , and B is an integer so that δ | (Ad−Bc).

We have that

η(z) | 1
2
γ′ = εγ′ η(z),

where εγ′ is 24th root of unity given explicitly in terms of γ′ in [13, (74.93)]. Then

η(δz) | 1
2
γ = δ−

1
4 η(z) | 1

2
( δ 0
0 1 ) γ = δ−

1
4 η(z) | 1

2
γ′ (A B

0 D )

= δ−
1
4 εγ′η(z) | 1

2
(A B
0 D ) = δ−

1
4 εγ′

(
A
D

) 1
4 η

(
Az+B

D

)
= D− 1

2 εγ′η
(
Az+B

D

)
.

Using (2.2) we conclude that

(3.2) η(δz) | 1
2
γ = D− 1

2 εγ′ e2πiB/(24D) qA/(24D)
∞∏

n=1

(
1− e2πinB/DqAn/D

)
,

and we compute the infinite product using (3.1).
Finally, to compute the Fourier expansion of ηX at the cusp s we expand each

eta factor as in (3.2) and multiply these expansions together.
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4. Results

We first recall the Sturm bound for half-integral weight modular forms. Given
a non-negative integer M , denote μM = [SL2(Z) : Γ0(M)].

Proposition 4.1. Let κ be a positive integer. Let K be a number field with ring of
integers OK , and suppose that h =

∑
n≥1 c(n)q

n ∈ Sκ/2 (Γ0(M), χ) ∩ OK [[q]], with
χ of order m. Let � be a prime in OK . Let

(4.1) n0 =

⌊
κμM

24
− μM − 1

4mM

⌋
+ 1.

If c(n) ≡ 0 (mod �j) for 1 ≤ n ≤ n0, then h ≡ 0 (mod �j).

Proof. When j = 1 this follows from the standard Sturm bound for cusp forms
of integral weight and trivial character (see [15, Theorem 9.18]) applied to h4m ∈
S2κm (Γ0(M)). The general case follows by induction on j. �

Theorem 4.2. Assume the same hypotheses as in Theorem 1.2 and that f is an
eta-quotient. Then for each positive integer j there exist effectively computable non-
negative integers κ and n0 such that, if Q is a prime with Q ≡ −1 (mod N�j) such
that

(4.2) a(Q2n) +

⎛
⎝ (−1)

κ−1
2 n

Q

⎞
⎠Q

κ−3
2 a(n) +Qκ−2a

(
n

Q2

)
≡ 0 (mod �j)

for every 1 ≤ n ≤ n0 such that � � n and
(
n
�

)
�= ε�, then Q is an interesting prime.

Proof. Let F� denote the eta-quotient given by

F�(z) =

⎧⎨
⎩

η27(z)
η3(9z) if � = 3,

η�2 (z)
η(�2z) if � ≥ 5.

We have that F� ∈ Mk�/2(Γ0(�
2)), where

(4.3) k� =

{
24, � = 3,

�2 − 1, � ≥ 5.

Furthermore, it satisfies

(4.4) F�
�j−1 ≡ 1 (mod �j), j ≥ 1.

Consider F� as a form with level �2N . Then if s = a/c is a cusp with c | �2N
and �2 � c, by (2.4) the order of vanishing of F� at s is given by

(4.5) ords(F�) =
N

gcd(c2, N)
·

⎧⎪⎪⎪⎨
⎪⎪⎪⎩
10 if � = 3 and � � c,

1 if � = 3 and � | c,
�4−1
24 if � ≥ 5 and � � c,

�2−1
24 if � ≥ 5 and � | c.

Let χ denote the character of f . We consider

f� = f ⊗ χtriv
� − ε�f ⊗

( ·
�

)
∈ Mwh

k/2

(
Γ0

(
N�2

)
, χ

)
,
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where ε� is given by Condition C, and χtriv
� denotes the trivial character modulo �.

Then f� vanishes at every cusp s = a/c with c | �2N and �2 | c (see [18, Proposition
3.4]).

Let v0 be the integer given by f following Lemma 2.2. This number can be
computed using (2.4), since f is an eta-quotient. Using (4.5), we compute a (small
as possible) integer β such that β ≥ j − 1 and

�β ords(F�) > −v0

for every cusp s = a/c such that c | �2N and �2 � c. Furthermore, we let κ = k+�βk�,
and we assume that β is such that κ > 0. We consider

g�,j =
1
2 f� · F�

�β ∈ Mwh
κ/2

(
Γ0

(
N�2

)
, χ

)
.

Then g�,j vanishes at every cusp. Furthermore, by (4.4) it satisfies that

(4.6) g�,j ≡
∑

��n, (n
� )�=ε�

a(n)qn (mod �j).

Let Q be a prime such that Q ≡ −1 (mod N�j), and let

h�,j = g�,j |Tκ/2,N�2
(
Q2

)
∈ Sκ/2

(
Γ0

(
N�2

)
, χ

)
.

Write h�,j =
∑∞

n=1 c(n)q
n. The formulas for the action of Tκ/2,N�2

(
Q2

)
in terms of

Fourier coefficients imply that if h�,j ≡ 0 (mod �j), then Q is an interesting prime
(see the the proof of [18, Theorem 1.2] for details).

Moreover, by these formulas and (4.6) we have that c(n) ≡ 0 (mod �j) if � | n or
if
(
n
�

)
= ε�, and otherwise c(n) equals the left hand side of (4.2), modulo �j . Hence

the result follows from Proposition 4.1, taking n0 as in (4.1) with M = N�2. �

We now consider the integral weight case.

Theorem 4.3. Assume the same hypotheses as in Theorem 1.3 and that f is an
eta-quotient. Then for each positive integer j there exist effectively computable non-
negative integers κ and n0 such that, if Q is a prime with Q ≡ −1 (mod N�j) such
that

(4.7) a(Qn) +Qκ−1a

(
n

Q

)
≡ 0 (mod �j)

for every 1 ≤ n ≤ n0 such that � � n and
(
n
�

)
�= ε�, then Q is an interesting prime.

Proof. We replace N by lcm(4, N) and consider f as a form of level N and weight
2k/2 in order to be able to use [18, Theorem 3.1]. We let g�,j and h�,j be as in the
previous proof, so that if h�,j ≡ 0 (mod �j) then Q is an interesting prime. Write
h�,j =

∑∞
n=1 c(n)q

n. Then if � | n or
(
n
�

)
= ε� we have that c(n) ≡ 0 (mod �j),

and otherwise c(n) equals the left hand side of (4.7) modulo �j . The result follows
then from Proposition 4.1. �

Remark 4.4. In the proof of Theorems 1.2 and 1.3 the existence of interesting primes
among the candidates (i.e., those Q such that Q ≡ −1 (mod N�j)) is given as a
consequence of Chebotarev’s density theorem. Thus we expect, asymptotically, to
have them evenly distributed. However, in the examples we computed in the next
section we obtained that most of the candidates that are computationally tractable
are actually interesting.
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5. Algorithms and examples

We present two algorithms in this section. First, we describe how to tell if a
given eta-quotient satisfies Condition C at a given prime � and, second, following
the proof of Theorem 4.2, we describe an algorithm for finding interesting primes
given an eta-quotient f and a prime � at which f satisfies Condition C (and the
corresponding value of ε�).

These algorithms were implemented in Sage ([16]). Our code is available at [14],
together with some examples and related data.

Data: An eta-quotient f of level N ; an odd prime �; ε� ∈ {±1, 0}
Result: True if Condition C is satisfied at � with ε�, and False otherwise

1 for every cusp s in Γ0(N) do
2 n0 ← ords(f), using (2.4);

3 for n ← −1 to n0 do
4 c ← aξs(n), computed following Section 3;

5 if c �= 0 then

6 if
(
4n+rs

�

)
�= ε�

(
hs

�

)
then

7 return False

8 return True

Algorithm 1: Algorithm for deciding if Condition C is satisfied.

Data: An eta-quotient f =
∑

a(n)qn of level N and half-integral weight k/2;
an odd prime � at which condition C is satisfied and the corresponding
ε�; an integer j ≥ 1; a candidate Q

Result: True if Q is interesting, and False if (4.2) does not hold

1 v0 ← min{ordt(f) : t a cusp with respect to Γ0(N)}, using (2.4);

2 for every cusp s = a/c in Γ0(N�2) with c | N�2 do
3 if �2 � c then
4 ords(F�) ← the result of (4.5);

5 log� ←
⌈
log�

(
−v0

ords(F�)

)⌉
;

6 β ← max{β, log�};
7 κ ← k + �βk�, where k� is given by (4.3);

8 n0 ← Sturm bound for Sκ/2

(
Γ0

(
N�2

)
, χ

)
, as in Proposition 4.1;

9 interesting ← True;

10 while interesting do
11 for n ← 1 to n0 do
12 if � � n and

(
n
�

)
�= ε� then

13 if a(Q2n) +

(
(−1)

κ−1
2 n

Q

)
Q

κ−3
2 a(n) +Qκ−2a

(
n
Q2

)
�≡ 0 (mod �j)

then
14 interesting← False;

15 return interesting;

Algorithm 2: Algorithm for finding interesting primes.
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Remark 5.1. Algorithm 2 works in the integral weight case, replacing Step 13
according to (4.7).

Remark 5.2. In general, Step 13 of Algorithm 2 requires the computation of a(n) up
to the product of Q2 and the Sturm bound. For many forms of large level and large
Q this can be prohibitive. Strictly speaking, though, the number of coefficients
that we need to know is roughly equal to the Sturm bound, since Step 13 requires
computing a(Q2n), a(n) and a(n/Q2) for n such that � � n and

(
n
�

)
�= ε�, up to the

Sturm bound; the a(n/Q2)’s are included in the a(n)’s, and the Kronecker symbol
condition cuts the required number of coefficients in half. So, if there is some way
to compute these coefficients other than multiplying out the eta-quotient (2.3), we
can use Algorithm 2 to compute with forms of moderately large Sturm bound and
for moderately large candidates.

Remark 5.3. Given a candidate Q, if the output of Algorithm 2 is False, then there
exists an n such that (4.2) (or (4.7), in the integral weight case) does not hold.
A priori, this does not imply that the prime Q is not interesting. Nevertheless in
the following examples, at least when it was computationally feasible, for each Q
for which the Algorithm 2 returned False, we verified that one of the congruences
Theorem 1.2 (or Theorem 1.3, in the integral weight case) does not hold.

Remark 5.4. To the best of our knowledge, the examples computed below are new
explicit congruences for these partition functions, except where otherwise noted.

5.1. Examples of half-integral weight.

The partition function. Recall that an eta-quotient of particular interest is related
to the partition function:∑

n≡−1 (mod 24)

p

(
n+ 1

24

)
qn =

1

η(24z)
∈ Mwh

−1/2(Γ0(576), χ).

The first prime at which it satisfies condition C is � = 5, with ε5 = 1. Using the
notation from Section 4, we can take β = 0. Then since μ576·52 = 34560, the Sturm
bound is ⌊

23

24
· 34560− 34560− 1

8 · 576 · 52

⌋
= 33119.

The first Q such that Q ≡ −1 (mod 576 ·5) is Q = 2879. In order to run Algorithm
2, a priori, we need to compute p

(
n+1
24

)
(mod 5) for 1 ≤ n ≤ 33119 · 28792 ≈ 1012.

That is beyond the scope of our computational abilities.
Following Remark 5.2, to check if Q = 2879 is interesting, since Q2 > 33119 we

only need to calculate

p

(
n+ 1

24

)
and p

(
Q2n+ 1

24

)
(mod 5), (n

5

)
= −1, 1 ≤ n ≤ 33119,

Moreover, we only need to consider n ≡ −1 (mod 24). In conclusion, we need to
compute

p

(
n+ 1

24

)
and p

(
Q2n+ 1

24

)
(mod 5),

n ≡ 23, 47 (mod 120), 1 ≤ n ≤ 33119.



This is a free offprint provided to the author by the publisher. Copyright restrictions may apply.

1048 N. C. RYAN, Z. SCHERR, N. SIROLLI, AND S. TRENEER

These individual coefficients can be computed independently (and in parallel) using
fast algorithms for computing partition numbers.

Similar computations for other candidates Q and other primes � at which Condi-
tion C is satisfied can also be done. We summarize the results of our computations
in Proposition 5.5. We computed the needed coefficients using the FLINT library
([7]). The code is available at [14].

Proposition 5.5. We have that

p

(
Q3n+ 1

24

)
≡ 0 (mod �),

for all n coprime to �Q such that n ≡ 1 (mod 24) and
(−n

�

)
�= ε�, for

• � = 5, ε5 = 1 and

Q = 2879, 11519, 23039, 25919, 51839, 66239, 69119, 71999, 86399, 97919.

• � = 7, ε7 = −1 and

Q = 16127, 44351, 48383, 68543, 76607.

• � = 11, ε11 = −1 and

Q = 25343.

• � = 13, ε13 = 1 and

Q = 7487, 44927, 67391.

• � = 17, ε17 = 1 and

Q = 9791.

In each case, these Q are all the interesting primes less than 105.

Remark 5.6. The congruences for � ∈ {5, 7, 13} were known by Atkin. Moreover,
[3, Theorem 2] implies that in these cases every candidate is interesting. This agrees
with our computations as summarized in Proposition 5.5.

In the same article, Atkin also suggests that the same should hold for � ∈
{11, 17, 19, 23}; namely, that every candidate is indeed interesting. We found coun-
terexamples for each of these �’s. More precisely, our computations showed that the
primes Q = 12671, 44351, 76031 are candidates for � = 11, but they are not interest-
ing. The same holds for the primes � = 17 and Q = 19583, 68543, 97919, for � = 19
and Q = 32831, for � = 23 and Q = 66239, and for � = 29 and Q = 16703, 50111.

For each pair of primes � and Q above, fixing a suitable residue class for nmodulo
24� will yield a Ramanujan-type congruence. For example, Proposition 5.5 implies
that

p (15956222111407m+ 9425121394238) ≡ 0 (mod 17)

for m �≡ 4007 (mod 9791).

Overpartition function. Let p(n) denote the overpartition function. For information
on p(n) see [5]. It is known that∑

n≥0

p(n)qn =
η(2z)

η2(z)
∈ Mwh

−1/2(Γ0(16), χ).
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Since we do not have an algorithm for computing the numbers p(n) individually,
in this case we must compute the whole Fourier expansion up to the Sturm bound,
thus obtaining smaller interesting primes.

Proposition 5.7. We have that

p
(
Q3n

)
≡ 0 (mod �),

for all n coprime to �Q such that
(−n

�

)
�= ε�, for

• � = 3, ε3 = −1 and

Q = 47, 191, 239, 383, 431, 479, 719, 863, 911, 1103.

• � = 5, ε5 = 1 and
Q = 79, 239, 479.

We remark that the primes Q = 1151, 1439, 1487, 1583, 1823, 1871 are candidates
for � = 3, but they return False when running Algorithm 2. The same holds for
Q = 719 and � = 5, and for Q = 223, 1231, 1567 and � = 7.

5.2. Examples of integral weight.

24-color partitions. Let p24(n) denote the number of 24-color partitions of n. See
[9] for background on k-color partitions. Let Δ ∈ S12(SL2(Z)) be the normalized
cuspform of weight 12 and level 1. Then∑

n≥−1

p24(n+ 1)qn =
1

Δ(z)
=

1

η(z)24
∈ Mwh

−12 (SL2(Z)) .

Proposition 5.8. We have that

p24 (Q(n+ 1)) ≡ 0 (mod �)

for all n coprime to �Q such that
(−n

�

)
�= ε�, for every � < 12, with

ε3 = −1, ε5 = 1, ε7 = −1, ε11 = −1,

and every Q such that Q ≡ −1 (mod �) and Q < 105.
The same holds for � = 13, ε13 = 1 and

Q = 1741, 2963, 4523, 5407, 5563, 5927, 5953, 6733, 7331, 9749.

We remark that the remaining candidates Q < 104 for � = 13 (i.e. Q =
103, 181, 233, . . . ) are not interesting.

3-core partitions. Let B3(n) denote the number of triples of 3-core partitions of n.
In [19] it was shown that∑

n≥1

B3(n− 1)qn =
η(3z)9

η(z)3
∈ M3(Γ0(3)).

Since this is a holomorphic eta-quotient, Condition C holds trivially at every odd
prime. In this case all the candidates we computed systematically turned out to
be interesting. We were not able to find a candidate for which Algorithm 2 returns
False.

Proposition 5.9. We have that

B3 (Q(n− 1)) ≡ 0 (mod �)

for every n coprime to �Q, for every � < 14 and for every Q ≡ −1 (mod 3�) less
than 104.



This is a free offprint provided to the author by the publisher. Copyright restrictions may apply.

1050 N. C. RYAN, Z. SCHERR, N. SIROLLI, AND S. TRENEER

References

[1] Scott Ahlgren, Distribution of the partition function modulo composite integers M , Math.
Ann. 318 (2000), no. 4, 795–803, DOI 10.1007/s002080000142. MR1802511

[2] Scott Ahlgren and Ken Ono, Congruence properties for the partition function, Proc. Natl.
Acad. Sci. USA 98 (2001), no. 23, 12882–12884, DOI 10.1073/pnas.191488598. MR1862931

[3] A. O. L. Atkin, Multiplicative congruence properties and density problems for p(n), Proc.
London Math. Soc. (3) 18 (1968), 563–576, DOI 10.1112/plms/s3-18.3.563. MR227105

[4] Dan J Collins, Numerical computation of Petersson inner products and q-expansions, arXiv
preprint arXiv:1802.09740 (2018).

[5] Sylvie Corteel and Jeremy Lovejoy, Overpartitions, Trans. Amer. Math. Soc. 356 (2004),
no. 4, 1623–1635, DOI 10.1090/S0002-9947-03-03328-2. MR2034322

[6] Martin Dickson and Michael Neururer, Products of Eisenstein series and Fourier ex-
pansions of modular forms at cusps, J. Number Theory 188 (2018), 137–164, DOI
10.1016/j.jnt.2017.12.013. MR3778627

[7] W. Hart, F. Johansson, and S. Pancratz, FLINT: Fast Library for Number Theory, 2013,

Version 2.4.0, http://flintlib.org.
[8] Fredrik Johansson, Efficient implementation of the Hardy-Ramanujan-Rademacher formula,

LMS J. Comput. Math. 15 (2012), 341–359, DOI 10.1112/S1461157012001088. MR2988821
[9] William J. Keith, Restricted k-color partitions, Ramanujan J. 40 (2016), no. 1, 71–92, DOI

10.1007/s11139-015-9704-x. MR3485993
[10] Neal Koblitz, Introduction to elliptic curves and modular forms, 2nd ed., Graduate Texts in

Mathematics, vol. 97, Springer-Verlag, New York, 1993. MR1216136
[11] Gérard Ligozat, Courbes modulaires de genre 1 (French), Société Mathématique de France,
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