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Abstract

The heat transfer in non-Newtonian nanofluid flow through different geometries is an important
research area due to the wide application of these fluids in biomedical, chemical and thermal en-
gineering processes. The continuous generation of entropy leads to exergy loss which reduces the
performance and efficiency of any physical system, therefore, the minimization of entropy gener-
ation becomes necessary. In this thesis, we present a numerical study of heat transfer and entropy
generation in non-Newtonian nanofluid flows. We study the flow of a Powell-Eyring nanofluid,
using models developed from experimental data. The equations that model the flow are, in each
case, reduced to systems of nonlinear differential equations using Lie group theory scaling trans-
formations. Accurate, efficient and rapidly converging spectral numerical techniques including
the spectral quasilinearizzation, spectral local linearization and bivariate spectral quasilineariza-
tion methods are used to find the numerical solutions. The results show, among other findings,
that increasing either the nanoparticle volume fraction or thermal radiation parameter enhances the
nanofluid temperature, entropy generation and the Bejan number. In addition, we find that the Nus-
selt number increases with the temperature ratio parameter and thermal radiation. The results from
this study may find use in the design of cooling devices to enhance and optimize the performance

of thermal systems.
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Chapter 1

Introduction

The theoretical analysis of the flow of non-Newtonian fluids has, recently attracted increased at-
tention from researchers. This is because most industrial and engineering fluids, such as polymer
solutions, engine oils and greases, cannot be adequately modeled using Newton’s law of viscosity.
These non-Newtonian fluids find application in industrial and engineering processes such as in the
food and polymer extrusion industries. Due to the multifarious nature of many non-Newtonian
fluids, providing a single constitutive equation which adequately describes the flow of such fluids
is still beyond the scope of present knowledge. Common constitutive models include, but are not
limited to, those that describe the power-law fluid [1, 2], Casson fluid [3], viscoelastic fluid [4]
and Powell-Eyring fluid [5]. The constitutive model of interest in this study is the Powell- Eyring
fluid model, which has several advantages over other non-Newtonian fluid models. The Powell-
Eyring model is derived from the molecular theory of fluids and not from empirical relations. The

Powell-Eyring fluid has the same properties as a Newtonian fluid under low and high shear rates

[6].

1.1 Nanofluids and hybrid nanofluids

The suspension of nanometre-sized particles in base fluids such as water and ethylene glycol has
scientific support to enhance heat transfer, provided that the mixture is carefully made up in the
correct proportions. A colloidal suspension of metals or their oxides (iron oxide, alumina, copper

oxide, or zinc oxide), with particles having a diameter less than 100nm is called a nanofluid.
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Nanofluids have many ubiquitous applications. To start with, in solar technology, nanofluids are
used as a collector to enhance efficiency of a solar thermal system. In biomedical sciences, nanoflu-
ids find applications in cancer therapeutics and cryosurgery [7]. In engineering processes, they are
used to enhance engineering operations, petrochemical applications and polymer processing [8].
Robert et al. [9], Devendiran and Amirtham [10], Wong and De Leon [11] and Munyalo and
Zhang [12] all give a comprehensive survey of other applications of nanofluids. Buongiorno [13]
proposed a mass, momentum, and heat transport model for a nanofluid. This model is a two-
component four-equation nonhomogeneous equilibrium model. In that study, seven mechanisms
for slip between a base fluid and nanoparticles were suggested, which included inertia, Brown-
ian diffusion, thermophoresis, diffusiophoresis, the Magnetic effect, fluid drainage, and gravity,
of which, thermophoresis and Brownian particle motion were observed to be the most important.
In another study, Tiwari and Das [14] presented a different mathematical nanofluids model to fur-
ther understand the thermal mechanism of nanofluids with interest on the effective fluid properties.

They used the model is commonly referred to as the Tiwari-Das nanofluid model.

Khan and Pop [15] used the implicit finite difference method to studied the thermal behaviour of a
nanofluid past a stretching surface with consideration of the effects of thermophoresis and Brow-
nian motion. They found that the Nusselt number decreases with the thermophoresis parameter
as well as the Brownian motion parameter. Bachok and his co-researchers [16] investigated the
flow of a nanofluid over a shrinking or stretching plate in respect to stagnation-point using the
Tiwari-Das nanofluid model. The Newton-Raphson shooting technique was used as the method
of solution for the flow equations. They observed that nanoparticles inclusion enhanced the heat
transfer and skin friction coefficients. The stagnation point flow of mixed convection transfer of
heat and mass, radiative nanofluids over a stretchable surface was carried out by Pal and Man-
dal [17] using nanofluids of different kinds which include Al,O3z-water, TiO,-water and Cu-water.
Their finding showed that Al,O3-water has a higher heat transfer rate when compared to Cu-water
nanofluid. Makinde and Aziz [18] probed the effect of convective heating in an impermeable
stretching surface for a boundary layer nanofluid flow. The thermal boundary layer was reported

to be strengthened with a rise in convective heating.



The majority of earlier studies cited above, assumed constant thermo-physical properties for the
nanofluid. However, recent studies have shown that these properties can vary either as a function
of temperature or nanoparticle size. Noghrehabadi and Behseresht [19] studied nanofluid flow
over a vertical cone with variable properties. They accounted for the case where the nanofluid
thermal conductivity and dynamic viscosity varied with the magnitude of the nanoparticles. They
concluded that the variable thermophysical properties reduced the Nusselt number. In the work of
Das et al. [20] they varied the nanofluid dynamic viscosity and thermal conductivity linearly with
temperature, this study was conducted over a wedge. Recently, scientific study and investigation
of nanofluid flow are now central on varying viscosity, thermal conductivity and some thermo-
physical properties in respect to particle size and temperature. Of great interest, are the work
of Masoud et al. [21], Hassani et al. [22], and Vajjha and Das [23]. These studies are worth

mentioning.

Inrecent years, researchers have made further advances in new techniques for enhancing heat trans-
fer rates in nanofluids. These efforts pave the way for what we now called hybrid nanofluid. The
hybrid nanofluids are new kind of nanofluid, they are constituents of two (composite) nanoparti-
cles in a base fluid. The hybrid nanofluids have been reported to have better thermal characteristics
than the conventional nanofluids. These fluid gives superior performance in industrial, engineering
and biomedical processes. Earlier research work on hybrid nanofluids include but not limited to
the studies by Xuan and Lii [24], Botha ef al. [25], Abbasi et al. [26] and Han et al. [27]. An
exhaustive review of the work so far on hybrid nanofluids with recent trends was given by Sarkar

et al. [28].

1.2 The Powell-Eyring Nanofluid

In 1944, Powell and Eyring [5] developed a fluid model to investigate the viscoelasticity of a non-
Newtonian fluid. This model is now generally known as the Powell-Eyring (or Eyring-Powell) fluid
model. The novelty of their model can be attributed to it being derived from the kinetic theory of

the fluid and not simply empirical relations, as in the cases of other non-Newtonian fluid models.
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The Eyring-Powell fluid model has also been shown to be very useful in the calculation of the fluid
time scale for polymer concentrations (see Yoon and Ghajar [29]). One notable attribute of the
Powell-Eyring fluid model include a zero shear rate and infinite shear rate viscosities. For an in-
compressible homogeneous Powell-Eyring fluid, the constitutive equation admit the mathematical

expression (see Javed et al. [30])

1 1
T=—pl+uH, + sinh ™! <— H >]H 1.1
pl+uH, [B|H1| Y' 1 1 (1.1)

where p, I, u stands for the fluid pressure, identity tensor and dynamic viscosity respectively,  and
Y are characteristics of the Eyring-Powell fluid, H; represents the Rivlin-Ericksen tensor, defined
as

H; = (VV)+(VV)", (1.2)

1
Hy| =1/ Strace (H3), (1.3)

where the superscript ¢r indicates the transpose.

and

Javed and his collaborators [30] used the Keller box method to solve the emerging flow equations
for the Powell-Eyring fluid flow over a stretchable plate. Their result shed light on enhancement
of velocity profiles for a non-Newtonian fluid in comparison to the Newtonian fluid. Using the
homotopy analysis method, Hayat et al. [31] obtained a semi-analytical solution for a Powell-
Eyring fluid flow over an accelerating surface with a convective boundary condition. The findings
that the resistance to flow increases with large magnetic field intensity were as a result of the work
of Akbar et al. [32]. They investigated the flow of an electrical conducting Eyring-Powell fluid

using the finite difference method.

The Eyring-Powell fluid model for non-Newtonian fluids can be modified to incorporate nanopar-
ticles. An Eyring-Powell nanofluid is, thus, an Eyring-Powell fluid that contains a colloidal sus-
pension of nanoparticles having a diameter less than 100nm. The Eyring-Powell nanofluid has en-
hanced thermophysical properties such as thermal conductivity and the rate of heat transfer. There

are several studies of the flow and properties of a Eyring-Powell nanofluid. These studies include
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the analysis by Malik et al. [33] of a Eyring-Powell MHD convective nanofluid past an elongated
sheet, which shows that the fluid flow increases with an increase in the Eyring-Powell and con-
vective parameters. The study of Khan er al. [34] over a cone and a flat plate was performed
for a mixed convection flow of a reactive Eyring-Powell nanofluid. Tanveer and his colleagues
[35] investigated flow of a Powell-Eyring nanaofluid in a bend channel. Agbaje et al.[36] exam-
ine the transient developing flow of an Eyring-Powell nanofluid over a shrinking plate. Hina [37]
probed the importance of slip condition on the flow of an Eyring-Powell nanofluids. Hayat et al.
[38] studied a radiative Eyring-Powell nanofluid with emphasis on heat transport and movement of
fluid due to a stretching cylinder. However, to the best of our knowledge, there are limited attention

of researchers to the flow of heat and mass transfer in Eyring-Powell hybrid nanofluids.

1.3 Entropy generation

Although enhancing the rate of heat transfer in a thermal system can be achieved by using a
nanofluid, a major challenge in physical applications is the energy loss due to irreversibilities in
the thermal processes. Recently, there have been a sizeable number of researchers working on the
analysis of entropy generation in a nanofluid flow. Entropy generation is a measure of dissipated
useful energy and degradation of the performance of engineering systems, such as transport and
rate processes; and the dissipation depends on the extent of irreversibilities present during a pro-
cess. Entropy generation is important as it continuous generation will reduce the efficiency of the
system due to energy loss. A practical application is in thermal engineering processes. Optimum
performance in engineering and industrial processes is possible by minimizing entropy generation
[39]. The second law of thermodynamics proposed by Bejan [39] is the quantitative tool used to
measure the degree of irreversibility through entropy generation. In this work, we analyze the irre-
versibility in the flow and heat transfer for an Eyring-Powell nanofluid flow using the statement of
Bejan [39]. The irreversibility law of all real-life processes is the second law of thermodynamics.

The rate of entropy generation per unit time and per unit volume is denoted by Sg;n, given by Bejan
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[40] as

so— % (AT)? + %qn >0, (1.4)

where K stands for the thermal conductivity, u represent dynamic viscosity and & is the viscous

dissipation function. The terms in equation (1.4) are non-negative.

Based on the approach proposed by Bejan [39], in recent years, many research work have em-
anated on minimizing irreversibilities effect which lead to efficient fluid flow process. Amongst
these works include, the investigation of a third grade fluid flow by analysing its entropy generation
by Pakdemirli and Yilbas [41]. Das et al. [42] probed the entropy generation of a pseudo-plastic
nanofluid through a porous channel. From their findings, the entropy generation rate was reported
to be directly proportional (increasing) to the Brinkman number. In a similar study to Das et al.
[42], Jangili and his collaborators [43] used the homotopy analysis method to analyzed the entropy
generation in a couple stress fluid flow. The study by Jangili et al. [43] confirms the findings of
Das et al. [42]. The study of Tiew et al. [44] is central on entropy generation in a nanofluid
flow through a channel with great interest on the viscous dissipation effect. Viscous dissipation
is the main contributor to entropy generation in a system. Their analysis indicates that entropy
generation rate can be minimized by reducing the viscous dissipation in the system. With entropy
generation, Ibanez [45] obtained a closed form solution for a magnetohydrodynamic fluid flow. In
a porous channel, Lopez et al. [46] discussed the entropy production rate for a magnetohydrody-
namic nanofluid flow. The study investigated the importance of nonlinear thermal radiation as well
as convective-radiative boundary conditions. They proved linear relationship between aggregate
entropy generation and thermal radiation parameter. Makinde and Eegunjobi [47] probed the effect
of convective heating on the entropy production rate of a transient flow between two porous walls.
Using the homotopy perturbation method on the governing flow equations, Nagaraju et al. [48]
analysed suction and magnetic field effects on entropy production rate in a fluid flow through a
cylindrical surface. Ishaq et al. [49] studied the entropy generation in an Eyring-Powell nanofluid
as a film flow over a time dependent continuous permeable surface. Investigation on past literature
show that work on entropy generation in hybrid nanofluid flow is still at an infancy stage. One of

the few study in this subject area is the work of Das et al. [50], they study entropy generation in
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a porous channel for Cu-Al,O3—water hybrid nanofluid flow. Afridi and his co-researchers [51]
work on a curved surface by investigating the entropy production rate in a Cu-Al, O3 —water hybrid
nanofluid flow. Their results shed more light on the importance of the hybrid nanofluid over the

regular nanofluid in minimizing entropy generation.

1.4 Lie group

A group is a set of elements together with an operation that combines two or more of its elements to
form another element; the operation must satisfy the four axioms, of closure, associativity, identity
and inverse. Groups share a basic affinity with the concept of symmetry. A symmetry group con-
sists of set of a transformations that keep the object unchanged. A Lie group is a symmetry group
that is differentiable manifold, with the characteristic that the group operations are well-defined
with a smooth structure [52, 53]. Lie group theory is used to facilitate the solution of differen-
tial equations, for which there are two approaches; specifically, infinitesimal transformation and
scaling transformation methods. In this study, these two methods are used in Chapters 4 and 6,

respectively.

1.5 Numerical methods of solution

Partial differential equations are utilized in modeling flow and heat transfer problems. In practice,
these equations are often reduced to a system of highly nonlinear ordinary differential equations
or partial differential equations with a reduced number of independent variables using the Lie
group symmetry method or by adopting existing similarity variables. Either way, the exact or
closed form solution to these nonlinear equations does not exist, hence an approximate numeri-
cal solution would be sought. From the literature, the numerical methods available includes the
finite elements methods [54], the Keller-box method [55], the Runge-Kutta shooting method [56]
and the finite difference method [57, 58]. These methods may, however, require large computa-
tion times, give discontinuous solutions, or present difficulties when used to solve problems that

contain singularities or multiple solutions. Over the last few decades, new numerical methods
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that are robust and efficient have been developed for solving equations arising in boundary layer
problems.These methods include the proposal by Motsa ef al. [59] to combine the finite differ-
ence method with Chebyshev spectral methods. They used the method in solving equations for
unsteady boundary layer flows and found that the spectral methods have potential as numerical
tools for solving nonlinear differential equations arising from engineering problems. Compared
to the Runge-Kutta shooting, Keller-box, finite element and finite differences methods, the spec-
tral methods give higher accuracy and converge more rapidly. To demonstrate the effectiveness
of the spectral based method, Motsa et al. [60] also used the bivariate spectral quasilinearization
method to solve parabolic equations using Lagrange interpolation polynomials as the basis func-
tions. Again, they showed that the performance of the bivariate spectral quasilinearization method
was superior to that of the finite difference method in terms of convergence and accuracy. Using
the spectral relaxation method, Oyelakin ef al. [61] investigated the unsteady boundary layer flow
of non-Newtonian fluid. The similarity equations were linearized and solved using the Chebyshev
pseudo-spectral method. The spectral relaxation method was shown to be effective for boundary
layer problems. In this study, the spectral quasilinearization method, bivariate spectral quasilin-
earization method and spectral local linearization method are used for the solution of fluid flow

models.

1.5.1 Spectral quasilinearization method

In 1965 Bellman and Kalaba [62] generalized the Newton-Rhapson techique to find solutions of
nonlinear ordinary and partial differential equation that arise when modelling in physical pro-
cesses. This generalization was termed the quasilinearization method (QLM). The QLM converges
quadratically to the exact solution. To illustrate the method, we consider a nonlinear n —order dif-

ferential equation

L) = £ (305 ()3 V(). (1.5)
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where L" denotes a linear differential operator of n order. Applying the quasilinearization method

to equation (1.5) yields

Llyena()] = (30000, 0)) +
r—1

Y (0@ =) it (x0 030 @, @), 6)
m=0

with the initial and boundary conditions stated at the (r+1)th iteration. As the linearized form of
the equation (1.5), equation (1.6) can be solved recursively, using any iterative numerical method,

so that where y,(x) is known, one can easily obtain y,,(x) for r=0,1,2,....

In 2014 Motsa et al. [59] introduced the spectral quasilinearization method (SQLM). This nu-
merical method is a combination of the Chebyshev spectral collocation method and the Newton-
Raphson linearization algorithm that had been proposed by Bellman and Kalaba [62]. The SQLM
has been used by researchers to solve several flow-related problems. It has been shown that the
method is efficient and robust. Dhlamini ef al. [63] used the spectral quasilinearization method
to study the fluid flow of a radiative fluid. RamReddy and Pradeepa [64] also utilized the spectral
quasilinearization method in their study of the flow and heat transfer in a micropolar fluid. More
references for the application of the spectral quasilinearization method to engineering problems
can be found in [59, 65—67]. A general description of the spectral quasilinearization method as

published by Motsa and Sibanda [68] is given below.

In general sense, we consider a system of n nonlinear ordinary differential equations of the form,

TWlHi,Ha,...,H] = 0, k=12,...n (1.7)
where
HZ:{,g—{]%g’ng} with i=12...n (1.8)

The order of differentiation is denoted by p, the solution by fi(n) for k = 1,2,....n and T’ for

k =1,2,...,n are nonlinear operators containing all the special derivatives of fi(1).
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We assume that the solution can be approximated by a univariate Lagrange interpolation polyno-

mial of the form

Ny
filn) =} finiLi(n), (1.9)
i=0
for k =1,2,...,n. The univariate Lagrange interpolation polynomial interpolates fi (1) at selected

points (1;) in the (1) directions, for k = 1,2,...,N,. The Chebyshev-Gauss-Lobatto points [69, 70]
for the selected grid points are defined by
miy | ™
{ni} = {cos (17,1>},~_0' (1.10)
The characteristic Lagrange cardinal polynomial based on the Chebyshev-Gauss-Lobatto grid points
(see [69, 70]) is the function L;(1) define as

Ny

L= [] =% .1
i=0,i£k Ni — Nk
where
I, if i=k
Li(n) = , (1.12)
0, if i#k
The nonlinear operators I'y, for k = 1,2,3,...,n are first linearized using the quasilinearization

technique [62]. The quasilinearization method uses the Taylor’s approximation of I'; about some
previous iteration. We assume infinitesimal difference between past and currents solution and all

their derivatives. Applying the quasilinearization method, we obtain

Fk[Hl,HQ, . ,Hn] ~ (H17r+1 _Hl,r,H2,r+1 _H2,r, R ,HN7r+l _Hn,r) ~Vl—‘k[H1’r,H27r, R 7Hn,r]

+[H1,r7H27ra---7Hn7r]7 (113)

r and r+ 1 denote past and current iterations respectively and V is a vector of the partial derivatives

given as
V = {V4.Vp,.... Ve L (1.14)
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We express

0 9 0 0
Vo = Aagagagans ) e e

where the prime denotes differentiation with respect to 1. The linearised equation (1.13) can be

expressed in a compact form as

n

n
Z s,r+1-° VkaleaHZVa 7Hnr] = ZHS,}"Vf_yrk[Hl,r,vHZ,h"'7H}’l,}’] (116)

- Fk[Hl,r.,;H2,r7 e 7Hn.,r]7

for k=1,2,---,n. Equation (1.16) forms a system of n coupled linear differentiation equations.

They are solved iteratively for f1(n), f2(n),---, f»(n). Equation (1.16) can further be expressed as

follows:

- (1) () o ()

;)(XLSJ( fl r—l—l—J’_ZaZsr f2 r+1+ +;)(x"75,r<n)fn7r+1 = Rl(n)a (1-17)
- (2) Q) ()

ZOO(‘I,S r< fl r+1+20(’2sr f2 r—|—l+ +Z()Oc”asar(n)fn,r+l = RZ(TI)’ (118)
p p

Z{)O(‘lsr( fl r+l+Za25r f2 r+1+ +Z(,)a£3‘27”<n)frg:?+l - R3(T]), (1.19)
() () ()

Zoal,s,r( fl r+1 + Z O(’2s r f2 1 +eeet Z()Ocn,s,r(n)fmr_._] = Rn(ﬂ), (120)

where of (M), is the variable of frglill. The variable coefficient corresponds to the k' equation,

fork=1,2,---,n. pis the order of differentiation. We obtain

k ol
O(’SH)L”( ) = W’
af n,r
The right-hand side of the k' equation is given by
p
Ri(m) =Y off AﬁZ%” AL+t Y o () ) — Tal o ).
s=0 s=0

Equations (1.17) — (1.20) are evaluated at the Chebychev-Gauss-Lobatto grid points
Mm(i=0,1,---,N,). The values of the derivatives at the Chebychev-Gauss-Lobatto points (1;) (for

11



i=0,1,---,N,) are computed as

dfy Al dLg )
— a 1.21
an L) m;of Mo) i (1.21)
N, N,
= Y filho)Dio= ) Diofi(Mo), (1.22)
0=0 =0

dLy(Mi)
dn

tion matrix of size (N, 4+ 1) x (N, + 1) as defined in [[62],[69],[70]]. Higher, pth order derivatives

where D;q =

is the ith and wth entry of the standard first derivative Chebyshev differentia-

are defined as

4’ fn % D’ f.(Ne) =DPE,,i=1,2,--- N, (1.23)
= j n = nyl = 1,2y, .
an? Iy = el e "
where the vector F,, defined as
F, = [faMo), fu(m1),, fu(mNp)]T, (1.24)

and the subscript 7" denotes matrix transpose. Substituting equations (1.23) and (1.23) into equa-

tions (1.17)— (1.20) yields

n
Y AFr = Ry, (1.25)
k=1
n
Y A2iFe = Ry, (1.26)
k=1
n
Y AuFr = Ry, (1.27)
k=1
where
o) (s) o) (s) o) (s)
Al,l = Z a17s7rD 5 AI,Z = Z OCZ’SJD 5 t Al,n - Z OCn,s,r]) 5 (128)
s=0 s=0 s=0
o () () S ) D) )
Ay = Z oy DY, Arp = Z o, DY, e A= Z O, 5, D/, (1.29)
s=0 s=0 s=0
5 () 5 () | L ()
An,l - Z O(ljs’rD(s), An,Z - Z (xz’ser(s)’ T An7n - Z OCn,s,r])(s)a (130)
s=0 s=0 s=0



and

n)
Opsr = (131)

1.5.2 Spectral local linearization method (SLLM)

Spectral local linearization method is an iterative method that decouples a nonlinear system of
differential equations, using the single term Taylor series expansion, to give a linear system of
differential equations. The method is fully described in Motsa [71], where it is used to solve a
selection of fluid flow problems. Recently, the spectral local linearization method was used in
the study of entropy generation in a second grade fluid flow with nonlinear thermal radiation by
Sithole et al. [72]. Without loss of generality, we consider the same system of n nonlinear ordinary

differential equations considered in equation (1.7) and (1.8)

The method uses an assumption that the solution is possible via a Lagrange interpolation polyno-

mial, given as

N,
fim) ~ Y fini)Li(n), (1.32)
i=0

fork=1,2,...,n. The grid points are given by (1) direction, fori =0, 1,2,...,N,. These selected
grid points are called Chebyshev-Gauss-Lobatto points ([69]) and are given by

i} = {cos (;—;) }N (1.33)

i=0
and
M-k
L — , (1.34)
g ,-J;il?ék Ni — Nk
where
0 if i#Kk,
L,'(T]k) = Sik = (1.35)
1 if i=k.

13



Applying the quasilinearization method independently in each equation, we get a system of n

decoupled linear differential equations of the form:

p
Y ol = Rim),
s=0
14
Y oA, = R(m),
s=0
)4
Yol mA, = Rim),
s=0

where of (), are the variable coefficients of f,gsr) 1(n), respectively, for k = 1,2,

0,1,2,---,p . These coefficients correspond to the k' equation, for k =1,2,---

constant p denotes the order of differentiation, then

dr’
ol (n) = =% (139)
dfk r
In general, the kth righthand side is given by
p o k
= Lo —T(n). (1.40)
The equations (1.32) are evaluated at the Chebychev-Gauss-Lobbatto grid points n;(i =0, 1,...,N,).
Substituting equations (1.32) into equations (1.40) yields
A1 F1 = Ry, (1.41)
AroFr, = Ry, (1.42)
A EFn = Ry, (1.43)
where
5o (s) 52 (s) o () (s)
A171 - Z O‘s.,rD ; A2,2 - Z (xs,rD y oy An,n - Z (xs,rD . (144)
s=0 s=0 s=0

14

(1.36)

(1.37)

(1.38)

,nand s =

,n. Since the



The diagonal matrices of the corresponding variable coefficients are given by

ot (mo)

ol — , | , (1.45)

ocﬁf‘r) (MN,)

the boundary conditions for equations (1.44) can be expressed as the following (N, + 1) x (N, +1)

matrix system

G G o e [ E] R
Gy ey Gl | | Fe | R (1.46)
S Gt : | '
Gylo Gay Gyl | | Fie | Re |
where
Ggf‘)n - é)cx@n(s), for k=1,2,---n. (1.47)
The vector Ry, is defined as
Rii =Ry,

fork=1,2,--- ,n.

1.6 Thesis objectives

This study may be divided into two parts. Part I is concerned with the numerical solution of Powell-
Eyring nanofluid flows in various geometries, and Part II is an investigation of the entropy genera-
tion in the flow of a Powell-Eyring nanofluid. To attain these aims, in Part I, we study the flow of
a Powell-Eyring nanofluid along vertical cylindrical and flat surfaces. We use Lie group symme-
try to convert the coupled partial differential equations that model the flow problems into a set of
coupled ordinary differential equations, which are then solved using the spectral quasilinearization
and spectral local linearization methods. In Part 11, we investigate entropy generation in the flow
of a steady and unsteady Powell-Eyring nanofluid and hybrid nanofluid using the bivariate spectral

quasilinearization and spectral quasilinearization methods.
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1.7 Thesis Outline

In Chapter 2, we use the spectral quasilinearization method to analyze the mixed convective
stagnation-point flow of an electrically conducting Eyring-Powell nanofluid flow over a stretch-
ing cylinder. The Tiwari-Das nanofluid model is used to model the flow problem. We study the
significant effect of the nonlinear Rosseland approximation, heat generation and the thermal slip

boundary condition.

The effect of temperature-dependent thermal conductivity on the fluid flow and heat transfer of
an Eyring-Powell nanofluid is studied in Chapter 3. Here channel flow is considered, represented
by two parallel infinite plates. The non-Fourier heat flux and Buongiorno nanofluid models are
used in the problem formulation. The reduced nonlinear differential equation is solved using the

spectral local linearization method.

In Chapter 4, we study the impact of variable thermo-physical properties, which depend on both
temperature and nanoparticle size, on the fluid flow of an Eyring-Powell nanofluid past a stretching
plate using the spectral local linearization method. The nanofluid model utilized in our study here
is adapted from an experimental study. The Lie group symmetry method is used in finding the

similarity solution to the formulated model.

In Chapter 5, we focus our attention on how to minimize heat loss in a nanofluid flow. We in-
vestigated entropy generation rate and magnetic effect of aluminum oxide-water Powell-Eyring
nanafluid flow through a vertical channel. Using the experimental data of the nanofluid dynamic
viscosity model, we analyze the combined effects of convective cooling on the heat transfer, suc-
tion/injection, viscous dissipation and entropy generation rate. The contents in this chapter are

published in Heliyon Journal (2019).

In Chapter 6, we study the Eyring-Powell viscous hybrid nanofluid model, with great emphasis
on the entropy generation. The similarity solution was obtained using the Lie group symmetry

approach. Afterward, we used the bivariate spectral quasilinearization method to obtained solution

16



to the emerging similarity equations. Our study also investigated the effect of viscous dissipation

on the hybrid nanofluid flow.

Finally, an overview of the results from this study and concluding remarks are given in Chapter 7.
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Chapter 2

On MHD mixed convective stagnation point
flow of an Eyring-Powell nanofluid over a
stretching cylinder with thermal slip condi-

tions

In this chapter, we report on the impact of both nonlinear thermal radiation and a thermal slip con-
dition on the mixed convection in a magnetohydrodynamics Eyring-Powell copper-water nanofluid
over a stretching cylinder. The traditional Eyring-Powell nanofluid model is revised to account for
nonlinear thermal radiation and heat generation with a thermal slip boundary condition. The spec-
tral quasilinearization method is used to solve the self-similar flow equations. The findings from
this chapter show that the skin friction and the heat transfer coefficients are enhanced by increasing
the values of the curvature parameter. Increasing the thermal slip parameter leads to a decrease in

the heat transfer rate.
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a mathematical model for convective transport in a
nanofluid. He presented an analysis of the
influences of Brownian motion and thermophoretic

1 Introduction

The term of nanofluid refers to a colloidal
suspension of tiny particles having a diameter less
than 100 nm. CHOI [1] reported that nanofluids
have remarkably enhanced thermal conductivity
relative to conventional heat transfer fluids. These
fluids now have several applications in engineering
and biomedical sciences. SAID et al [2] observed
that the heating and cooling of a system using solar
energy is enhanced when the collector is a
nanofluid. Gold nanoparticles were discovered to
have therapeutic properties for cancer treatment
either as drug carriers or in photothermal therapy
(see JAIN et al [3]). BUONGIORNO [4] proposed

Received date: 2018-08-30; Accepted date: 2018-10-19

diffusion in his model. To further understand the
thermal behaviour of nanofluids, DAS et al [5]
presented another nanofluid model with more
emphasis placed on the effective fluid properties.

In recent years, several researchers have given
attention to stagnation-point flow due to its
relevance in many industrial and engineering
processes. Some of the areas of interest include the
cooling of electronic devices and nuclear reactors,
polymer processes and the flow of ground water.
BACHOK et al [6] studied the stagnation-point
flow of a nanofluid over a stretching or shrinking
plate and observed in their research that the skin

Corresponding author: Hiranmoy MONDAL, PhD; Tel: +27731529463; E-mail: hiranmoymondal@yahoo.co.in; ORCID: 0000-0002-

9153-300X
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friction and heat transfer coefficients are enhanced
with nanofluid. RAMZAN et al [7] investigated the
stagnation-point flow of a electrically conducting
fluid with a generalized slip condition. HAYAT et al
[8] investigated the stagnation-point flow of carbon
nanotubes over a stretchable cylinder with partial
slip. ISHAK et al [9] analyzed the heat transfer of
mixed convection stagnation-point flow over a
vertical linear stretching sheet. The mixed
convection stagnation-point flow of nanofluid over
a stretching or shrinking sheet with internal heat
generation or absorption in a porous medium was
explored by PAL et al [10]. The results of their
investigation showed among others, that in a
situation of large value of the heat generation or
absorption parameter the copper-water temperature
increases. ABBAS et al [11] studied stagnation-
point flow on a permeable stretching cylinder with
heat generation or absorption. The influence of
variable viscosity and thermal radiation on
stagnation-point flow past a porous stretching sheet
was addressed by MUKHOPADHYAY [12]. It was
shown that an increase in the thermal parameter led
to a significant increase in the thermal boundary
layer thickness. Other related studies of nanofluid
flow with different geometries can be found in the
studies [13—17] and the references therein.
Practically, most industrial and technological
real fluids are non-Newtonian. Hence, the
Newtonian constitutive relation based on linear
shear stress and strain can not be used to study such
fluids. For the study of non-Newtonian fluids,
several models have been proposed, such as the
Casson fluid model, power law model, Maxwell
fluid, Jeffrey fluid, Eyring-Powell fluid. In this
study, we assume the Eyring-Powell fluid model
proposed by EYRING and POWELL [18]. The
choice of this model is due to the fact that the
constitutive model is derived from the molecular
theory of fluid and not based on an empirical
relation. JAVED et al [19] studied Eyring-Powell
fluid flow over a stretchable plate using the Keller
box method to solve the flow equations. They
showed that the velocity profiles are enhanced for a
non-Newtonian fluid, as against the use of a
Newtonian fluid. HAYAT et al [20] obtained a
series solution for heat transfer in an Eyring-Powell
fluid flow over a continuously moving surface with
a convective boundary condition using the
homotopy analysis method. AKBAR et al [21]

20

studied the magnetohydrodynamic (MHD) flow of
an Eyring-Powell fluid using the implicit finite
difference method. It was shown that for large
magnetic field intensity, the resistance to flow
increases. BABU et al [22] analyzed MHD mass
transfer of Eyring-Powell nanofluid over a
permeable cone with buoyancy forces and suction
or injection effects. HAYAT et al [23] considered
the effects of heat generation or absorption on
MHD  Eyring-Powell  nanofluid over an
impermeable stretched cylinder. In the work of
RAMZAN et al [24] reactive Eyring-Powell
nanofluid with variable properties was investigated.
MALIK et al [25] reported the mixed convection
flow of MHD Eyring-Powell nanofluid past a plate.
KHAN et al [26] investigated mixed convection
flow of reactive Eyring-Powell nanofluid over a
cone and plate.

The thermal properties and flow structure of a
copper-water nanofluid using the Eyring-Powell
model has not been studied, with most studies
limited to the Buongiorno model [4]. The objective
of this study is to investigate the thermal properties
of a water based Eyring-Powell nanofluid flow past
a vertical stretching cylinder under heat generation,
velocity and thermal slip boundary conditions. To
the best of the authors knowledge, the problem
analysis has not been investigated. The transformed
equations are solved numerically using the spectral
quasi-linearization method proposed by MOTSA
[27]. To validate the accuracy and convergence of
the numerical method, a comparison of the skin
friction coefficient and the Nusselt number for
limiting cases with existing literature is presented.

2 Mathematical formulation

Consider the steady two-dimensional, laminar

incompressible
magnetohydrodynamic flow and heat transfer in a
radiative Eyring-Powell nanofluid past a vertical
stretching cylinder of radius, a. It is assumed that a
uniform magnetic field strength, B,, is applied
along the radial direction, », and the stretching
velocity of the cylinder is given by uy(z)=Uyz/I,
where Up>0 is the stretching constant, z is the
co-ordinate measured along the axial direction and /
is the characteristic length (see Figure 1).

The nanofluid is composed of copper

and mixed convective
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T.(2)

Nanofluids

u,

Figure 1 Geometry of problem

nanoparticles suspended in water. The base fluid
and the suspended nanoparticles are assumed to be
in thermal equilibrium. Under the usual boundary
layer and Oberbeck-Boussinesq approximations, the
equations of conversation of mass, momentum and
energy balance describing the Eyring-Powell
nanofluid can be written as follows [23]:
0z or

2
w2y (3@ owBi

ue (Z)
0z oOr dz Pt

P pypbe \ar? roor

1 1(6u) Y 0%u
== 3= = |t
6pbc” | 7 or or) or
2 _
oni By (ue(Z)—M)+ g(Pﬁ)nr‘(T Tw)
Pnf

0 (M

J(2)—u)+

(2

Pnf
LOT, oT _ xky (0°T 10T
(574 or (pCp)nf ot ror

1 lﬁ(r )+Q0(T_Toc)
(pcp)np ror ! (pcp)nf

subjected to the boundary conditions:

3)

V=VW(Z), M=MW(Z)+elzl,
r

T=Tw(z)+ezzl on r=a,

I

U
u—>uy(z)= 72, T—>T,

w (4)

when

¥ —> ©

21

where u and v are the velocity components in the z
and r directions, respectively; b and ¢ are fluid
parameters; g is the gravitational acceleration; T is
the fluid temperature; ¢, is the radiative heat flux;
u,(z) is the free stream velocity; Qp denotes the
uniform volumetric heat generation or absorption
coefficient; vy(z)>0 signifies fluid suction while
vy(2)<0 indicates fluid injection; e; and e, stand for
the velocity and thermal slip coefficients,

. Az
respectively; Tw(z)=Tw+T, denotes the

prescribed wall temperature; U, and 7, are the
reference velocity and temperature, respectively; vy,
Prp> Prps Onps Knp and (pC,),, denote the kinematic
viscosity, density, thermal expansion coefficient,
electrical conductivity, thermal conductivity and
heat capacity, respectively. For a spherical-shaped
nanoparticles, the physical properties of the
nanofluid are defined by [5]

—_ M
TR
Por = (1=9)pr +@p;
(2B, = 1-0)(eB); + o(eB),
(ec, ), = 1-0)oc, ), +oloC, ),

Ot
&.{.2 — 5_
o o

kg +2k; = 2(ke —k o

kg +2k; + (ke —k, )

(&)

O = 0| 1+

Knf

Ky

where the subscripts f and s stand for the base fluid
and nanoparticles; ¢ is the solid volume fraction of
the nanoparticle; u, p, B, (pC,), o and « respectively
represent the viscosity, density, thermal expansion
coefficient, heat capacity, electrical conductivity
and thermal conductivity, respectively. The thermo-
physical properties of water and nanoparticles are
given in Tablel.

Using the Rosseland approximation [28], the
radiative heat flux can be expressed as follows:

Table 1 Thermo-physical properties of water and
nanoparticles [5]

Fuid P )/ K Bl ol
(kgm?) Jkg"'KH Wm!'K"H 10°K! (Sm

Water  997.1 4179 0.613 21 5.5x10°

Cu 8933 385 401 1.67 59.5x10°°
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_160°T’ o1
3kt or

(6)

q.

where o is the Steffan-Boltzman constant and &~ is
the Rosseland mean absorption coefficient.

Substituting Egs. (6) into the energy balance
Eq. (3) yields

or  or Ky [0°T 10T
U—FV—=—T—| —+—— |+
oz or  (PCp)ue or? ror

160 1g[rTsalj+Qo(T—Tw) 7
3k (pCp)np ror or (pcp)nf

To transform Egs. (1), (2) and (7) into ordinary
differential equation, we introduce the following
stream function and similarity variables (see
HAYAT et al [23] and MUKHOPADHYAY [12]):

vy =az ; >
/

y= r?—a? %’

2a \vil

T-T,

o(n) = 8
(7) T T, ®)
. . 1oy
where v is the stream function such that u=——"—
r or
10y . T .
and v= S and # is the similarity variable.
r oz

Using Eq. (8), Eq. (1) is identically satisfied
while Egs. (2) and (7) reduce to the following
coupled nonlinear ordinary differential equations:

1 m_ ﬂ n\3
(1+2y77)((1_(/7)25+1"Jf S e 2m(s) +

2}/[(1_;)2_5+ rJf"+z\41(ﬁ”—f'2)+Mlg2 -

rs(+2ym)? f"(f"Y - M,Ha*(f' - &)+
M320=0 9)

[M4 +§Rd (1+0(0, -1)) j((l +2ym)0" +2y0')+
MsPr(f0'— £'0)+ PrO6 +
4R, (6, —1)1+2ym)(1+6(6, -1) 0> =0  (10)
subjected to the boundary conditions:

SO =1y, SO)=1+A4f"0), fi(o)=¢,
0(0)=1+A,0'(0), O()=0 11)

where the prime denotes differentiation with respect
to n; y is the curvature parameter; " and ¢ is the

fluid parameter, respectively; Ha is the Hartman
number; ¢ is the velocity ratio of the free stream
velocity to that of stretching cylinder wall; 4
represents the mixed convection parameter; Ry
stands for the thermal radiation parameter; 6, is the
temperature ratio parameter; Pr is the Prandtl
number; Q denotes the heat generation (Q>0) or
absorption (Q<0) parameter; f,, stands for suction
(fv<0) or injection (f,>0); A, and A, are the

dimensionless velocity slip and thermal slip
parameter, respectively. These parameters are
expressed as follows:
U322
S LIy T L
an ,Ufbc val c U()
2 3
Ha:O-fBOZ, l:ﬂ, Gr:fgﬂfAsz R
prO Rez Vi
o, UoZ’ _40'T] _lc,),
V) k'K Ky
T, /
R e 9
T, Uo\C, ) viU,
M1—1—¢7+f/’[ps} A =e |2,
Pr vl
3[8_ j¢
o
My=|l+——"1 27 | A =¢ Yo,
%+2—(C’S—1j¢ G
O¢ Ot
M31—¢+¢[(pﬂ)s} Ms=1-p+9¢ (PCp), :
(oP)¢ (PCp)x

kg 2k =2(ky —k )
kg + 2kp +(kp =k, Jp

(12)

4

here Gr is the local Grashof number and Re. is the
local Reynold number. Furthermore, the skin
friction coefficient, C; and the local Nusselt number,
Nu, are defined as follows (see HAYAT et al [23]
and JAVED et al [19]):

T zq
Co=—2 Ny, =— dw (13)
pr&, Kf(Tw _TOO)

The wall shear stress, 7,, and the wall heat flux, g
at r=a are expressed as:

3
ou 1 (ou 1 ou
= Sl iy P e 14
Tw l:ﬂnf(arj+bc[6rj 6bc3(57’]:14 (14)
16673\ oT
- o 15
o H:«m o ][aﬂ (1)

In dimensionless forms, the skin friction
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coefficient, C; and the local Nusselt number, Nu,
are:

2 1 rs 5
2: - " . "
CiRe? [ (1¢)2‘5+F]f O-="("@)  (16)

1
Nu_,Re,? = —[M4 +§Rd(9(0)(9w —1)+1)3)9'(0)

0]

3 Spectral quasi-linearization method of
solution

The system of coupled, nonlinear differential
equations given in Egs. (9)—«(11) are solved
numerically using the SQLM. The principle of the
SQLM is derived from the pioneering work of
Ref. [29]. The nonlinear system is linearized using
the Newton-Raphson algorithm. The linearized
equations are integrated using Chebyshev spectral
collocation method. With the appropriate initial
guesses, the SQLM converges rapidly and gives an
accurate solution. Studies on the accuracy and
convergence of SQLM are reported in Refs. [27]
and [30].

Equations (9)—(10) can be
decomposed form as a sum of both linear and
nonlinear components. Linearizing using one term
Taylor’s series for multiple variables, gives the
iterative scheme:

rewritten in

" ” ’
al,nfn+l + a2,nfn+| + 0(3‘,,f”+] + a4,nfn+l +

a5,n0n+1 = Rnf (18)
a(u,n 9:+1 + a7,n9;1+1 + a&n‘grm—] + a9,;zfnl+l +

alO,n.an = R’f (19)
with corresponding boundary conditions:
a0 = fs [0 =1+4,£7,(0),
(@) =&, 0,,(0)=1+4,0,,,(0),
0}1+1 (OO) =0 (20)

where the coefficients «;,(i=1,---,10), are known
functions from previous iterations and are given by:

1 ”
S — r]— rs(+2mm)*(f1Y,

L, =(1+2
a, 777)[(1_(/’)

1
ay, =2y(1+2yn) ——=+1 |+
2, /4 v [(]_(0)25 ]

M, f, =206+ 2ym) £, Qo+ 1+ 2ym) £,)s

23

oy, =M, (Ha’M, +21)),
Q=M 1),
as, = M;A,

aé,n :(M4 +§Rd(l+gn(0w _1))3)X(1+2777)

a7, = Zy(M4 +§Rd(l+ 6,6, —1))3)+
8Ry(1+2ym)(1+6, (0, —1)) 6, + MsPrf,,

ag, = Pr(Q—M;f;)+4Ry (0, —1)1+0(6, —1))* x
(@ny +1)0" +270')+8R,(6,, 1) Qny +1)x
(1+6(6, -1)p,

g, = -MsPro,,

Ay, = MPro,,

Rnf = al,nfnm+ a2,nfn" + a3,nfn’ + a4,n4fn + aS,ngn - cpf’

0 _ " ' ’
Rn - aé,ngn + a7,n0n + a&ngn + a‘),n.fn + alO,nfn - djﬁ

1 " ’
D; = (1+2)/’7)[(1_(/7)25+Fjﬁz - M,Ha*(f, - &)+

1 o - on v
27[2,5+fJJ‘n +M1(fnfn —fn2)+M3/w,, -
(1-9)
4 " " ”
37 Sy(+29m)(f1Y = rsQ+2pm)? 11V + M,62,

Dy = (Mét +§Rd (1+Hn (gw _1))3 )[(1*'27’7)9: +
2}/9;1]+M5Pr(fn€;1 _f;1,911)+PrQ0+

4Ry (0, —1)1+2ym)(1+6,(6, ~1)) 0.2 (21)

Equations (18)—(20) constitute the SQLM
iterative The equations are solved
numerically using the Chebyshev pseudo-spectral
technique as described in Ref. [31]. Initializing the
algorithm with appropriate initial approximations,
the results for f,.; and 6,, when n=1, 2, - are
computed iteratively.

We discretize Egs. (18) and (19) using the
Chebyshev pseudo-spectral collocation method.
Firstly, the semi-infinite domain, 7 e[0,0) is
truncated by replacing it with 7 €[0,@,], where

scheme.

o,eZ".
Secondly, we transform the interval
[0,7,]—[-1,1], using the transformation

n:%(f +1)@,. The derivatives of the unknown

variables f(r7) and 6(n) are computed using the
Chebyshev differentiation matrix D (see [32]), at
the collocation points as a matrix vector product:
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jl:iDy.f(gi)=DF, j=0,1,2,-\N (22)
m =

where N +1 is the number of collocation points,
D=2D/w, and F=[f(go),f(efl),~~-,f(§,v)]T is a
vector function at the collocation point. The
Gauss-Lobatto points are selected to define the
nodes in [-1, 1] as:

<1

gkzcos[%k), k=01, N; -1<¢& (23)

Let O be a similar vector function representing
6. Higher order derivatives of f'and 6 are evaluated
as powers of D, that is
[ =D'F, 0°(n)=D'O (24)

Substituting Eqgs. (22)—(24) into Egs. (18) and
(19), we obtain the following SQLM scheme in a

matrix form:
Rf
= 0

{An }{FM

AZI @H—]

Wherle 4; @, j=1, =, 2) are (N +1)x(N +1)
matrices and R/ and R’ are (N+1)x1 vectors,
defined as:

A
12 (25)
Ay

4, = diag[a, , 1D’ + diagle, , 1D +diag[as , 1D+
diaglay , 11

Ay, = diaglas, )/

Ay = diag[ag’n 1D+ diag[alo‘,, 14

4y, = diag[ag, 1D* + diag[a; , 1D + diag[azg , 1/

(26)
subjected to the boundary conditions
N
Fn+1(§ﬁ): fW’ Z[DJZVI 7A1DNi]Fn+l(§1\7): 1’
i=0
N N
ZDol'Em(fo): & Z[]Ni - Asz]@n+1(§N): L
i=0 i=0
0,.(&)=0 @7

A suitable initial approximation for the SQLM
scheme is

1-¢

fom =1y +778+[1+A

1 J(l —exp(-7))

(28)

0y(17) = exp(-77)

1
1+ 4,
4 Results and discussion

In this section, the computational results
showing the effect of flow parameters on the

24

velocity profiles, f(y), temperature profiles 6(y),
skin friction coefficient and Nusselt number are
discussed. To validate the correctness of the
numerical results obtained from the iterative
scheme given by Egs. (18)—(20), the skin friction
coefficient, f"(0) is compared with result of
MAHAPATRA et al [33] in Table 2, and in Table 3;
the values of the local Nusselt number —6'(0) are
compared with those of ZAIMI et al [34]. Thus,
Tables 2 and 3 show the accuracy and convergence
of SQLM.

Table 2 Comparison of SQLM results for /”(0) with
MAHAPATRA et al [33] for distinct values of ¢ when
y=I=Ha=f,=7=0 and 4,=0

S"0)
MAHAPATRA et al [33] SQLM Error
0.1 —0.9694 —0.9694 0
0.2 —0.9181 —0.9181 0
0.5 —0.6673 —0.6673 0
2 2.0175 2.0175 0
3 4.7293 4.7293 0

Table 3 Comparison of SQLM results for —6'(0) with
ZAIMI et al [34] for different values of Pr by setting
e=/=1, p=y=I'=Ha=Ra=0=4,=0 and 4,=0

-0'(0)
ZAIMI et al [34] SQLM Error
0.72 1.09310 1.09310 0
6.8 3.28957 3.28957 0
10 3.98240 3.98240 0
20 5.62013 5.62013 0
30 6.87771 6.87771 0
40 7.93830 7.93830 0
50 8.87292 8.87292 0
60 9.71801 9.71801 0
70 10.49524 10.49524 0
80 11.21874 11.21874 0
90 11.89831 11.89831 0
100 12.54109 12.54109 0

The following ranges of values are used;
0<y<1.2, 0<¢=<0.2, 0</<1.0, 0<Ha<3.0, 0.8<e<1.2,
0<£,:=0.7, 0<4,<0.7, 0=R4<0.9 and 0<41,<0.6.

The impact of the curvature parameter y on the
velocity profile is shown in Figure 2. It is observed
that very close to the surface of the cylinder for
n€[0,0.7], the velocity profiles diminish with an
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Figure 2 Effect of y on ()

increase in the curvature parameter, while the
velocity profiles are seen to be enhanced far away
from the surface. Physically, higher values of the
curvature parameter reduces the radius of the
cylinder, thus, the contact area of the nanofluid with
the cylinder is reduced. Hence, the momentum
boundary layer thickness is improved. Similar
outcome was reported by HAYAT et al [8]. In
Figure 3, the influence of the nanoparticle volume
fraction ¢ on the velocity distribution is illustrated.
The velocity profile and momentum boundary layer
thickness retard with an increase in the nanoparticle
volume fraction. The influence of the fluid
parameter I on the velocity profile is presented in
Figure 4. It is seen that with the increase in the fluid
parameter, the velocity profile and the momentum
boundary layer thickness are enhanced. Physically,
it is correct since the fluid parameter has an inverse
relation with the nanofluid dynamic viscosity, thus,
the fluid becomes less viscous with large value of
the fluid parameter. Hence, the velocity profile is
enhanced. This finding is consistent with JAVED et
al [19]. Figure 5 presents the velocity profiles for
distinct values of the Hartmann number Ha. A
decreasing trend is observed in the velocity profile
as the Hartmann number increases. This is
physically consistent due to the damping influence
of the Lorentzian hydromagnetic drag. The impact
of the velocity ratio parameter ¢ on the velocity
profile is presented in Figure 6. The result shows
that for £>1, that is, when the free stream velocity is
greater than the stretching velocity, the boundary
layer thickness decreases with an increase in the
velocity ratio parameter and the opposite
phenomenon is observed for e<l. However, the
boundary layer breaks down for ¢=1, as the free
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Figure 5 Effect of Ha on f'(n)

stream velocity coincides with the stretching
velocity. Figure 7 illustrates the effect of the mixed
convection parameter A on the velocity profile. This
plot shows that the velocity profile and momentum
boundary layer thickness are enhanced for higher
values of the mixed convection parameter.
Physically, an increase in the mixed convection
parameter leads to an increment in the buoyancy
force, hence, the velocity profile is improved.
Figure 8 depicts the effect of the suction/injection
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parameter f,, on the velocity profile. The thickness
of the momentum boundary layer is reduced with
an increase in the suction parameter (f,, >0). Similar
trend was reported by MUKHOPADHYAY [13]. In
Figure 9, the effect of the velocity slip parameter A,
on the velocity profile is presented. Similar to the
effects of the Hartmann number Ha, the velocity
profile and momentum boundary layer thickness
retard for higher values of the velocity slip
parameter. Physically, the adhesive force between
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Figure 9 Effect of 4, on /(1)

the wall and the nanofluid decreases with higher
velocity slip parameter, which results in the partial
transfer of stretching velocity to the nanofluid.
Hence, the velocity profile decreases. This outcome
is similar to the report of HAYAT el al [8].

Figures 10-15 show the temperature profiles
in the flow. The response of the temperature to the
curvature parameter is presented in Figure 10. The
temperature profile and the thermal boundary layer
thickness are enhanced with an increase in
curvature parameter. Figure 11 shows the
temperature profiles for different nanoparticle
volume fraction ¢. An increase in the nanoparticle
fraction the
temperature. This is physically correct due to the
fact that as the nanoparticle volume fraction
increases, the thermal conductivity of the nanofluid
is enhanced, hence, the thermal
distribution. This observation is similar to the result
of DAS et al [5]. In Figure 12, the influence of
Hartmann number on the temperature distribution is
displayed. From the figure, it is seen that the
thermal boundary layer thickness is enhanced for
large Hartmann number. Figure 13 depicts the
impact of the thermal radiation parameter Ry on the
nanofluid temperature distribution. It is observed
that the temperature profile and the thermal
boundary layer thickness are enhanced with an
increase in the radiation parameter. Physically,
higher value of the radiation parameter, implies that,
more heat is transfered to the nanofluid since the
mean absorption coefficient x reduces with an
the parameter.  This
temperature profile is similar to result of HAYAT
et al [23]. The influence of the heat generation or

is seen to increase nanofluid

improving

increase in radiation
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absorption parameter Q on the temperature profile
is shown in Figure 14. As observed from the figure,
the temperature distribution of the nanofluid is seen
to be enhanced with an increase in the heat
generation parameter (Q>0) whereas a reverse trend

is noticed with the heat absorption parameter (Q<0).

Figure 15 displays the effect of the thermal slip
parameter A, on the temperature profile. From the
plot, an increase in the thermal slip parameter is
seen to decay the temperature and thermal boundary
layer thickness. Physically, for higher values of the

I=6=1=R;~0-4,-0.3,6,~1.5,
Pr=6.2, e=¢p=4,=0.2, Ha=f,=0.5

)

Figure 10 Effect of y on 6(7)
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thermal slip parameter A,, the rate of heat transfer is
reduced from the cylinder to the nanofluid, hence,
damping the temperature profile.

The effect of distinct parameters on the skin
friction coefficient is shown in Table 4. From the
table, it is observed that, an increase in the
parameters y, @, I, Ha and f;, reduces the skin
friction coefficient. However, the skin friction
coefficient increases with an increase in the
parameters J, A, ¢ and A,. Table 5 shows the impact
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Table 4 Skin friction coefficient for distinct values of ¢,

Table 5 Nusselt number for distinct values of ¢, €, Ry, O

I, d, Ha, 1, ¢, f,, and 4, when 6,=1.5, Pr=6.2, R~=0=0.3 and 4, when 6,=1.5, Pr=6.2, I=0==4,=0.3 and
and 4,=0.2 Ha=f,=0.5
y o T 5 Ha i c fi A e e e R0 A Nu(Re)d
0 02 03 03 05 03 02 05 03 —1.72457165 0 02 02 03 03 02 245123397
0.4 ~1.82643031 0.4 2.51054333
0.8 ~1.91926419 0.8 2.57598052
03 0 —1.40208097 03 0 5.33929482
0.1 ~2.11987405 0.1 4.63850497
0.2 ~2.91604830 0.2 4.02650363
02 0 ~2.73968851 02 08 2.93121600
0.3 —2.91604830 0.9 2.98709520
0.7 —3.14385589 1 3.03987149
03 0 —1.84910136 1.1 3.08989857
0.3 ~1.55497285 02 0 1.69297797
0.6 -1.29603215 0.3 249512955
03 0 —1.45050911 0.6 2.76986222
1 —1.74698577 03 -1 3.32718345
2 -2.22417731 -0.5 3.11749204
05 0 ~1.84910136 0 2.83026971
2 ~1.55497285 0.3 2.58649631
4 ~1.29603215 0.6 2.21875985
03 0.8 —0.51484505 03 0 5.11095082
0.9 —0.24927450 02 295688385
1 0.02698366 0.4 207243562
1.1 0.31283749
02 0 152513636 an iterative spectral quasi-linearization method. The
03 169013439 major ﬁndiqgs are summarised below:
1) An increase in the curvature parameter and
03 ~1.80186107 nanoparticle volume fraction significantly increases
05 0 -2.94442341

0.3 -1.80186107
0.5 —1.44583760

of the parameters 7, ¢, €, R4, Q and A4, on the rate of
heat transfer. Higher values of the parameters y, &
and Ry lead to an increase in the Nusselt number.
The opposite trend is seen for an increase in the
parameters ¢, Q and A,.

5 Conclusions

We studied the mixed convective stagnation-
point flow of magnetohydrodynamic Eyring-Powell
copper-water nanofluid flow over a stretching
vertical cylinder with slip effects. The conservation
equations have been solved numerically using

28

the nanofluid velocity profiles.

2) Higher values of the mixed convection
parameter and velocity slip parameter retard the
skin friction coefficient.

3) The thermal radiation parameter and heat
generation parameters (O>0) increase the rate of
heat transfer, while the nanoparticle volume fraction,
heat absorption parameter (Q<0) and thermal slip
parameter decay the heat transfer rate.

4) Increasing the fluid parameter 7" reduces the
skin friction coefficient while an increase in the
velocity slip parameter increases the skin friction
coefficient.

Nomenclature
a Radius
u,v Axial and radial velocity, respectively
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Kinematic viscosity

p Density

o Electrical conductivity

By Uniform magnetic field

g Gravitational acceleration

B Thermal expansion coefficient

T Fluid temperature

T, Reference temperature

K Thermal conductivity

C, Specific heat capacity

qr Radiative heat flux

o Stefan-Boltzman constant

K Coefficient of mean absorption

U Free stream velocity

Vi Suction/injection

1) Solid volume fraction of the nanoparticle

O Uniform volumetric heat generation/

absorption coefficient

el Velocity slip coefficient

e Thermal slip coefficient

y Curvature parameter

I,o Fluid parameters

Ha Hartman number

& Velocity ratio

Mixed convection parameter

Ry Thermal radiation parameter

Oy Temperature ratio parameter

Pr Prandtl number

(0] Heat generation/heat absorption parameter

fu Suction/injection parameter

A, Velocity slip parameter

A, Thermal slip parameter

Cy Skin friction coefficient

Nu Local Nusselt number
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Chapter 3

Dynamical analysis of hydromagnetic Brow-
nian and thermophoresis effects of squeezing
Eyring—Powell nanofluid flow with variable

thermal conductivity and chemical reactions

The analysis of the flow and heat transfer in a non-Fourier reactive Eyring-Powell nanofluid flow
between two parallel plates using the spectral local linearization method is discussed in this chapter.
We modified the Eyring-Powell nanofluid model studied in Chapter 2 by changing the geometry
of the flow to be parallel channel flow. The revised model accounted for the impact of Brownian
motion, thermophoresis, and chemical reaction effects. Furthremore, the heat flux is modeled
using the non-Fourier heat flux with variable thermal conductivity. The justification for using the

non-Fourier heat flux is to study the impact of the relaxation time the flow system.

31



The current issue and full text archive of this journal is available on Emerald Insight at:
www.emeraldinsight.com/1573-6105.htm

Dynamical analysis of Dynamical

analysis of

hydromagnetic Brownian and  hydromagneti
thermophoresis effects of o
squeezing Eyring-Powell nanofluid
flow with variable thermal i ey 209

Revised 17 March 2019
18 April 2019

conductivity and chemical reaction i

Hammed Abiodun Ogunseye
School of Mathematics, Statistics and Computer Science,
University of KwaZulu-Natal — Pietermaritzburg Campus,
Pietermanitzburg, South Africa
Sulyman Olakunle Salawu
Department of Mathematics, Landmark University, Omu Arvan, Nigeria
Yusuf Olatunji Tijani
Department of Mathematics and Applied Mathematics,
Nelson Mandela Unwersity, Port Elizabeth, South Africa
Mustapha Riliwan
Department of Mathematics, Lagos State Unwersity, Lagos, Nigeria, and
Precious Sibanda
School of Mathematics, Statistics and Computer Science,
University of KwaZulu-Natal — Pietermaritzburg Campus,
Pietermaritzburg, South Africa

Abstract

Purpose — The purpose of this paper is to investigate the dynamical behavior of heat and mass transfer of
non-Newtonian nanofluid flow through parallel horizontal sheet with heat-dependent thermal conductivity
and magnetic field. The effects of thermophoresis and Brownian motion on the Eyring—Powell nanofluid heat
and concentration are also considered. The flow fluid is propelled by squeezing force and constant pressure
gradient. The hydromagnetic fluid is induced by periodic time variations.
Design/methodology/approach — The dimensionless momentum, energy and species balance equations
are solved by the spectral local linearization method that is employed to numerically integrate the coupled
non-linear differential equations.

Findings — The response of the fluid flow, temperature and concentration to variational increase in the
values of the parameters is graphically presented and discussed accordingly.

Originality/value — The validity of the method used was checked by comparing it with previous related article.

Keywords Nanofluid, Squeezing flow, Brownian motion, Non-Newtonian, Chemical reactive,
Thermal conductivity
Paper type Research paper

C

1. Introduction
The fluid flow through parallel walls leads to squeezing flow, and this has fascinated the
scientific researchers as a result of its existence in many engineering operations and Multidiscipline Modeling in

Materials and Structures

applications such as polymer and food industries, injection and compression shaping, © Emerald Publicing Limited

liquid-metal lubrication, etc. (Hayat ef al, 2016). The interaction of electromagnetic fields and  por 10.1108mmmis01-20190008
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conducting liquids is the most famous aspect of magnetohydrodynamic (MHD) fluid;
such fluids have applications in liquid-metal lubrication bearings (Siddiqui et al, 2008;
Salawu, 2018). For example, the uses of MHD liquid as lubricant are important to avoid the
unpredicted changes that occur in lubricant viscosity in certain extreme conditions due to
changes in temperature. The experimental and theoretical solution of MHD lubrication under
forced thrust bearing was examined by Maki ef al (1966). Several researchers have studied the
influence of magnetic field on lubrication in the past, such as the works of Hughes and Elco
(1962) and Kuzma ef al (1988). Sheikholeslami et al. (2016) examined the effects of Brownian
motion and thermopheresis on a nanofluid between parallel plates. Domairry and Hatami
(2014) investigated the squeezing unsteady Cu—water nanofluid flow through horizontal
plates by applying a differential transform method. Sheikholeslami ef al (2013) studied
squeezing flow under different hydrodynamic nanofluid using the Adomian decomposition
method. Ferromagnetic fluid heat transfer phenomenon past a stretching plate in the presence
of thermal stratification and magnetic dipole impact on a thermally stratified ferrofluid were
reported by Muhammad et @/ (2017) and Muhammad et al (2018b), respectively. Nadeem et al
(2018) explained the mathematical understanding of a bio-convective micropolar fluid.

The squeezing flow of non-Newtonian fluids in the presence of the heat and chemical
reaction is gaining attention due to its mileage in chemical engineering and biological
processes. There are diverse non-Newtonian fluids, such as Eyring—Powell fluid, which was
derived from the kinetic liquids theory, and at high or low shear rates, it can reduce to
Newtonian fluid. These characteristics make Eyring—Powell fluid more valuable than other
non-Newtonian liquids. The rheological properties of such fluids cannot be formulated by
one constitutive model in the shear rate and stress relation. The common Eyring—Powell
fluid is the human blood. The necessity of heat transfer of Eyring—Powell fluid in the
presence of chemical reaction cannot be over emphasized due to its importance and
applications in the chemical industry such as polymer production, paints, suspension
granular, shampoos solutions and so on. Malik et al. (2015) studied Eyring—Powell MHD
convective nanofluid past an elongated sheet. The study showed that the fluid flow rate
increases by enhancing Eyring—Powell and convective parameters. Hayat ef al (2014)
examined the influences of radiation and non-uniform heat absorption/generation on the
Eyring—Powell flow fluid through stretching inclined plates. It was reported that the flow
rate and the heat distributions reduce with a rise in the unsteadiness term, whereas
radiation parameter encourages heat flux, which, in turn, increases the fluid flow rate and
heat content within the system. Jalil et @/ (2013) obtained similarity solutions for the
Eyring—Powell heat and species transport over a motioning sheet with a variable surface
temperature. Nadeem and Saleem (2015) investigated the unsteady flow of Eyring—Powell
nanofluid by adopting a series solution. In the study, it was observed that the fraction of the
nanoparticle declined with the Lewis number and Brownian particle motion.

Recently, the study of the nanofluid thermophysical properties is gaining interest among the
scientific scholars due to their great prospective usage in biomedical applications and fluid heat
transfer. A nanofluid contains nanoparticles, which are made up of carbon nanotubes or
carbides, oxide, and metals. The common base fluids are oil, ethylene glycol and water
(Witharana et al, 2011; Muhammada and Nadeem, 2017). Nanofluids possess unique
characteristics that make them suitable and applicable in several heat transfer processes such as
domestic refrigerator, fuel cells, heat exchanger, microelectronics, chiller, powered hybrid
engines and many more (Kuznetsov and Nield, 2009). Nanofluids encourage convective heat and
thermal conductivity coefficient, and their rheological behavior is found to be essential in
determining their aptness for heat convective applications. Salehi ef al (2011) and Salimi-Yasar,
Saeed, Mehdi, Ahmad and Ali (2017) carried out experimental study on nanofluid flow with the
consideration of some effects of thermophysical properties on the fluid flow. Choi (1995) initiated
the concept of nanofluid; the author established that thermal conductivity increases when a
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small nanoparticle quantity is added to fluid heat transfer. Buongiorno (2006) introduced two
nanofluid components of the non-homogenous equation. In the study, seven mechanisms slip
between base fluid and nanoparticles were introduced, and the thermophoresis and a Brownian
particle motion were taken into consideration. Shooting method of solutions of nanofluids heat
transfer of magnetohydrodynamic viscous dissipation flow, prompted by a stretching
permeable power-law surface, was examined by Dhanai ef al. (2015). Various flow parameters’
dual solutions were obtained, and it was noticed that viscous dissipation had a significant
influence on the heat transfer, whereas the Brownian motion impact was not encouraging.
Haroun, Sibanda, Mondal and Motsa (2015) adopted spectral relaxation method for the transient
convective MHD nanaofluid over a shrinking sheet. The obtained results revealed that the skin-
friction effect rose as the stretching rate and nanoparticle parameters increased, but the species
transfer rate reduced as the nanoparticle increased. Extensive research has been carried out on
nanofluid and nanoparticles, such as the works of Saeed ef al. (2013), Rashidi ef al (2015), Saeed
et al (2015), Muhammad et al (2018a) and Salehi et al (2013). Another recent analysis on
nanofluid was carried out by Abolbashari et al (2015), Dalir ef @l (2015), Haroun, Mondal and
Sibanda (2015), Mehmood ef al (2016), Sher Akbar and Khan (2016), Sher Akbar et al (2016),
Salimi-Yasar, Saeed and Mehd (2017) and Mohammad et al (2017).

Following the above studies, little work has been done on the analysis of hydromagnetic
squeezing Eyring—Powell nanofluid. The present study focuses on the investigation of the
hydromagnetic viscous squeezing non-Newtonian fluid flow with variable thermal
conductivity in the presence of nanoparticle and chemical reaction. The flow is through
impermeable stretching plates with time-dependent velocity. The thermophoresis and the
Brownian motion effects are also considered. The dimensionless formulated equations are
solved using an iterative technique called spectral local linearization method (SLLM).
Computations are carried out and analyzed for the momentum and energy equations as well
as the physical quantities for various non-Newtonian fluid parameters.

2. Mathematical formulation

We examine the magnetohydrodynamic squeezing flow of an incompressible chemically
reactive Eyring—Powell nanofluid between two infinite parallel plates. The plates are /(f) =
V/ ((vs(1—ct))/a) distance apart, where @ > 0 denotes the stretching rate of the lower plate,
vy is the base nanofluid kinematic viscosity and c is the characteristic parameter with a
dimension of inverse of time. The squeezing motion of the upper plate toward and away
from the lower plate at a distance /(¢) is characterized by the velocity V,(f) = (dh/dt). The
stretching velocity of the lower plate is given by U, (x, ) = ax/(1—ct), for ¢t < 1.(T,,, C,) are
the temperature and nanoparticles concentration at the lower plate, respectively, whereas
the upper plate temperature and concentration at the upper plate are represented by (73, Cy,).
A constant magnetic intensity B = By(1—cf)™"? is applied in the y-direction, with negligible
induced magnetic field, due to negligible magnetic Reynolds number. Also, the influence of
Hall current, viscous dissipation and Joule heating is ignored. The effect of Brownian motion
and thermophoresis is considered in the flow analysis. Furthermore, the Cattaneno—
Christov heat flux with a variable thermal conductivity model is used to analyze the heat
transfer process. With the above assumptions, the equation for conservation of mass,
momentum balance, energy balance and concentration for the Eyring—Powell nanofluid is
given as the following (Mahanthesh et al 2017; Ahmed et al, 2014; Hayat et al, 2016):

div V=0, 1)

av .
pfﬁ = le T+J X B, (2)
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(ocp) L ivevr) - —V-q+(pc), DevC-vT+ 2y v, 3
S\ dt T
dC | v o _ 2~ D1 o
E—FV VC = DBV C—l—T—mV T, (4)
2
J X B = Gf—BOu’ (5)
1—ct

where V is the velocity vector, p; is the base fluid density, d/dt is the material time
differentiation, ¢ is the time, 7 is the Cauchy tensor stress, / is the electric current density,
(pcp)ris the heat capacity of the base fluid, 7 is the base fluid temperature, V is the gradient
operator, q is the heat flux vector, (pc), denotes the heat capacity of the nanoparticles, Dg is
the Brownian diffusion coefficient, C is the nanoparticles’ concentration, Dy is the
thermophoretic diffusion coefficient, 75, is the is the mean fluid temperature and o is the
electrical conductivity of the nanofluid.

The heat flux vector, g, which satisfied the following relationship, is utilized according to
the Cattaneo—Christov model represented by Christov (2009) and Nadeem et al. (2017):

)
q+ir <6—?+V'Vq—q-VV+(V-V)q> — _K(T)VT, ©)

where A stands for the relaxation time of heat flux, K(7) is the temperature-dependent
thermal conductivity of the base fluid. It can be noted that when A+ = 0, Equation (6)
reduces to classical Fourier’s law. Applying the incompressible condition, thatis V-V = div
V = 0, Equation (6) reduces to the following:

For an incompressible homogeneous Eyring—Powell fluid, the constitutive equation can be
expressed as follows (see Javed ef al, 2013):

T= —D1+MA1+[

ﬁlz{h |sinh_1 @Al |>}A1, ®)

where p denotes the fluid pressure, I represents the identity tensor, u is the dynamic
viscosity, f and y are characteristics of Eyring—Powell fluid, A; represents the Rivlin—
Ericksen tensor, which is given by the following:

A = (V) +(VV), ©)

/1
A1 = étrace <A§), (10

where superscript tr is the transpose. The hyperbolic function sinZ~! can be approximated
by taking the second-order Taylor expansion and neglecting higher order term as follows:

3
sinh™! (1|A1|> ;@—'A{l :
Y y 6y

An unsteady two-dimensional squeezing flow under the Cartesian coordinates (x, y, 2, ) is
considered in this study. We seek velocity, temperature and concentration field in the
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following form:

V= [M(x,y, t): U(xay’ t)’ 0]: T= T(xa.ya t) and C = C(xay: t) (12
With Equations (7)—(12), Equations (1)—(4) can be written in component form as follows:
ou ov
e Tk 1
ol o= (13)

L Y - 82—”Jr82 ou\" | (2 av\F o
o ey T e\ oy ) a2 3pfﬁy3 8x ox oy ox) )ox

1 0 ou\® (ou v ou v o7 Bau
‘6pfﬁv36_y[<4(5> +(5 ax) ><6y+ax> 1=y 9
@+u@+ o __1o% + v+620 ou 2+ a_u+@ 2 a
ot ox ay pf oy ki pfﬁ/ ox% oy 3pfﬁy36y ox oy 0Ox) |oy
1 0 ou ou ov
o o <4< ) +<6y ax) )( ) (19
oT oT oT 1 1 0 oT
U=+ —+ 1 Q (K T—)
ot ox T T (pey), 2 8x< T ) ) (pcp)f5y< ( )ay
(pc)y . (8CAT 8CaT\  (pc), Dy [ (dT oT\?
oo (ax 'y ay)*(pc)f <ax> +<@> ’ 1o
oaC  oC oC &FC &PC\ Dy (T &T
o U iy = s <8x2 —)+T—<W+a—y2>’ 7

where:

oT* 28T2 (au ou au>aT &*T 20T2
E = - T

2 et "t e ) ax T a2

(22T 58T 0T T 18)
6y ox ot) oy oyot oxoy’
with the relevant boundary conditions given as the following:

ax Vo

u="U, T ! d—cy w, C=0Cyp aty=0, (19)
dh Cc Vf Tu) _ Cw
u=0 0=Vl == "\atay 1=t CF Gty » 0

where V> 0 signifies the suction and V, < 0 indicates the injection velocity. Equations
(13)—(20) are presented in the non-dimensional form, further reducing to a system of
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ordinary differential equation by introducing the following non-dimensional variables and
similarity variable:

B a _oax _ [y
1=\ YT e M T sy

Tw Cw
A, €= Cut el e

Furthermore, the temperature-dependent thermal conductivity K(7) is expressed as follows
(Mishra et al., 2010):

T=Ty+

K(T) = Ko(1+00), (22)

where K, is the fluid thermal conductivity at ambient temperature, o is the thermal
conductivity parameter and 6 is the dimensionless nanofluid temperature. With Equation
(21), Equation(13) is automatically fulfilled and Equations (14) and (15) after eliminating the
generalized pressure gradient yields:

1 /11 ! 1) S /1 111 1 7" "2 1 1/
WUt +If = =5 (3 40" )=ed (U7 P+ )M =0, @3
In addition, Equations (16)—(20) are reduced to the following form:
0" +0.(00" +0) +Pr (f@’—§(26+n9’)> +Pr(Nb0' ¢ +Nt0”)

2

S ! N/ /! 7S / S / /! !/ Nl
+PrT (Enf(? +nSf0" +5 0~ (700 +80+120")—£*0 —ff9> =0, (24

4
” / ScS ’ Nt v
f=fw [=1,0=0, ¢=0, at n =0, (26)
S
f=§5f=0a0=17 (b:l’ atnzla (27)

where € and § denote fluid parameters, S is the squeezing parameter, M represents the
magnetic field parameter, Pr is the Prandtl number, Nb stands for the Brownian motion
parameter, Nt stands for thermophoresis parameter, I' is thermal relaxation parameter, Sc
denotes the Schmidt number and f,, represents the suction (f,, > 0) or injection (f,, < 0)
parameter. These dimensionless parameters are defined as follows:

2 UC
b= b Se o () g [T pro K)r o ake
weBy a 1—ct/vey pra Ky 1—ct

CuwDg(pc T..Dr(pc
Np = CP)y ey o [ o g v g
vi(1—ct)(pcy) vi(l—ct) T (pCp)f av(1—ct) Dp
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Another physical property of interest is the skin-friction coefficient C;, which is expressed

as follows:
T 1N\ouw 1 [ou\®
6=t ve= (g )5-era(5) | 29
PV Br) oy 6B\ |
x oC
Sh=— — . 30
Ch_cw ay y=n(t) ( )
Equations (29)—(30) in dimensionless form are expressed as follows:
Come " < a0, ke sh = g @)

where Re, = (ax2/(uf(1—ct))) represents the local Reynolds number.

3. Method of solution

In this section, an efficient iterative method called the SLLM, which was proposed by Motsa
(2013), is employed to numerically integrate the coupled non-linear differential Equations
(23)—(25) with the boundary conditions (Equations (26) and (27)). To apply this technique, we
consider the following non-linear differential operators:

" " ! ol S /N " " N, /. " 4
Qs = (Lo +Fuf s —Fof =5 Sl ) =0 (2117101 ) =MF (62)

Qg = 0),+0(0,0),+07) +Pr (fnegl—‘;(zeﬁne;)) +Pr (N0, ), +N107)

S ! N/ /! 7S / SZ / / /! ! N/
+PiT (Enf 0 +0SF0"+2F0 —= (T, +80, +1°0}) 1 ,,—fJn6n>, (33)
VA ’ SCS / Nt /

Equations (32)—(34) can be decoupled according to the following algorithm:
(1) From Qj solve for f,.

(2) Next, solve for 6, from Q, using the updated solution of f,, that is, f,,; and
assuming the solution of ¢,, is known from the previous iteration.

(3) Finally, solve for ¢, from Q¢ using the solutions of £, and 6,.

In the framework of the SLLM, the following iterative scheme is obtained:

Qo+ Qo 1 A3 1 F WS 1 F A5 af i1 = R, (35)
dﬁ,n92+1+a7,n@;+1+a&n@n+1 = RH’ (36)
a9l 1 +a100P, 1 a1, = R?, (37)

o1 @) =Fus [0 =1 [, D) =1, f,,1(1) =0, 0,11(0) =0,
01D =1, ¢, 1(0)=0, ¢, (D=1 (38)
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The coefficients in Equations (35)—(37) along with their right-hand side are defined
as follows:

o =& &y 0y Ay Ky XY

1n = af:;”’ 21 — 6f2” 3n — 6f2’ 4n — af;17 5n = afn: 6,1 — 6927 n = 60;1’
20, o0, o0, 20,

ag,y =

—. a = —7F)F a = —F-7 a = —
aenn 9,1’! 6(}')// 9 10,% 8(]5/ ) 11,7! a¢n5

n n

F = a1, f) +aonf) +asuf )+ asnf 4+ asnf n—,
R’ = 6,0 + 7,0, +a3,0,—Qp, R® = a9, ¢ +a10,¢, + @112, — Q. 39

Equations (36)—(38) are integrated numerically using the Chebyshev pseudo-spectral
technique (see Canuto ef al, 2012; Motsa et al, 2011; Maleki et al., 2012). In order to apply this
technique, the interval [0, 1]is mapped into the interval [—1, 1] using the transformation # =
(1/2)( + 1), on which the Chebyshev pseudo-spectral technique can be used. The unknown
functions fly), 8(n) and ¢(n) are then discretized using the Chebyshev—Gauss—Lobatto
collocation points:

&= cos(%k) F=0,1,..,N;-1<é<1. (40)

The derivatives of fly), 0@) and ¢(y) are computed using the Chebyshev differentiation
matrix D (see Trefethen, 2000) at the collocation points as a matrix vector product:

d . .
d_{] =Y Dif(&)=DF, j=0,1,2,...N,
i=0N

do —

@ N D,0) =DO, j=0,1,2,....N,

dn ng ij (&) J

o D) =D, =012, )
i=0N

where N 41 is the number of collocation points, D = 2D, F = [f(&),f (&), .. ..f (&5)] T

O = [0(&), 0(&), ... 0(&x)] Tand® = [$(Z0), (1), .. D (&x) ] T are vector functions at
the collocation points. The higher order derivatives of £, @ and ¢ are evaluated as powers of D:

F)=DF, ¢n)=D06, ¢ @) =D0. 42)

Substituting Equations (41)—(43) into Equations (36)—(38) yields the following decoupled
matrices:

1 0 [fn11(&0)
o [
diag [a1,] D* + diag [ag.n) D?+diag a3 D’ +diag [a4,| D+ diag[as )1

Dy, -+ Dyyiq ];n+1(éﬁ_1)
0 o o (E).
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s .
2
R, (&)
=|: , 43)
1
_Ftv -
0 1
1 ... 0 n+1(C0) R ()
diag[aan]DZ+diag[a6yn]D+diag[a7,n]I : = |V g
0 1] | 0w (&) :
0
1 cor 07 [Pns1(0)
diag [a5,n}DZ+diag [a6,,| D+ diag[az,,]1 :
0 | ¢1z+1(£ﬁ)
1
Rd’
0

here, I is an (N+1) x (N +1) identity matrix and diag [] denotes a diagonal matrix. The
following initial approximation is used to initialize the SLLM schemes:

Fum = 24P +F0 (=3 + )+ S (50 ) o = b = 60

4. Numerical validation

Thecasee = a = Oand " = 0 corresponds to a Newtonian fluid with classical Fourier law
with constant thermal conductivity, which has been studied by Hayat et a/. (2016) using the
homotopy analysis method. To validate the correctness of the numerical results obtained
from the iterative scheme given by Equations (36)—(39), the local Sherwood number, —¢(1),
at the fourth iteration, with N = 20, is compared with Hayat ef al (2016) in Table L It is
apparent from this table that there is a good agreement between the two results.

70
Nt Nb Hayat et al (2016) SLLM Relative error
05 1.21380 1.21380229 0
0.2 1.24143 1.24142703 0
05 1.37544 1.37544311 0
0.0 1.79329 1.79328569 0
0.2 1 1.25874 1.258739599 0
15 1.26016 1.26016234 0
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Table 1.
Comparison of the
SLLM results for —¢
(1) with Hayat ef al
(2016) for distinct
values of Nt and Nb
when e=a=T=0,
M=0J5, and
S=Pr=Sc=1
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Figure 1.

Velocity profiles for
different values of the
fluid parameter &

5. Results and discussion

Figures 1 and 2 demonstrate the reaction of the fluid velocity to ascending changes in the
fluid parameters values ¢ and 8. An increase in the term &, as shown in Figure 1, discourages
the fluid bonding forces by causing fast collision in the fluid particles, enhancing the fluid to
move fast and thereby increasing the velocity distribution. In Figure 2, a rise in the values of
the term 6§ leads to a decline in the flow rate. The term encourages the fluid viscosity by
increasing the non-Newtonian viscoelasticity, which results in decreasing the velocity field
as depicted in the plot.

The impact of the squeezing parameter S and the magnetic field parameter M on the
flow momentum equation is presented in Figures 3 and 4. From Figure 3, a noteworthy
increase in the profile is observed as the parameter values rise. This is because the
parameter stimulated the heat source term in the equations that causes more heat to be
generated within the non-Newtonian nanofluid system and leads to break down in the
viscoelastic bonding force. Therefore, the flow is prompted and the velocity profile is
increased. Figure 4 shows a decrease in the flow rate toward the center of the system due
to the influence of the Lorentz force that drags and strengthens the nanofluid viscosity but
rises gradually as it moves toward the free stream due to the impact of the squeezing force
that relaxes the fluid dragging force.

Figure 5 illustrates the effect of the suction term f,, on the Eyring—Powell boundary layer
fluid flow through parallel plates. The flow rate reduces monotonically with the increase in
parameter f,,. This is an indication that the boundary layer growth is stabilized and hence
prevents separation in the boundary layers. Thus, sucking the decelerated fluid particles
reduces the growth of the fluid boundary layers. The effect of the squeezing term S on
the heat profile is exhibited in Figure 6. The fluid temperature diminishes as the values
of the term S'rise due to thinning in the thermal boundary layer, which implies an increase in
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Figure 2.

Velocity profiles for
different values of the
fluid parameter §
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the surface shear stress. Therefore, loss of heat to the surroundings is noticed, which, in
turn, decreases the energy distribution within the system.

In Figures 7 and 8, the response of the nanofluid temperature to changes in the thermal
conductivity and relaxation parameters « and I is, respectively, represented. An increase in
the heat field is seen as the term « increases; this is expected, as it was previously reported
by Choi (1995). The thermal conductivity term « is temperature dependent, and a change in
the heat within the system is observed to increase the temperature. Hence, the heat
distribution rises as the term increases. The presence of nanoparticles induces heat source
term and fluid thermal conductivity, which significantly enhances temperature distribution.
But enhancing the values of the term I' reduces the heat transfer rate within the system, for
the term relaxes the viscous heat source term by causing the temperature profile to decrease,
as shown in Figure 8.

Figures 9 and 10 show the reaction of the Eyring—Powell nanofluid temperature to
variational rise in the suction/injection f,, and thermophoresis Nt parameters. Both
parameters enhance the viscous heat source term that leads to the increase in the internal
heat production within the system and the thickness of the thermal boundary layer that
reduces the quantity of heat that leaves the system. This thereby encourages a significant
rise in the temperature distribution. Suction parameter f,, causes the flow of fluid and heat
into a partially filled space, whereas thermophoresis (soret) is an occurrence where different
nanoparticle types respond to heat gradient force differently. Therefore, the parameters
boost the temperature field.

Figure 11 depicts the influence of the Brownian motion parameter Nb on the squeezing
nanofluid flow temperature. Brownian motion term Nb causes fast random movement as a
result of collision of the particles. The nanoparticles kinetic energies, vibrations and
molecular rotations encourage the fluid’s caloric component, which, in turn, leads to a high
internal energy generation as the parameter Nb is enhanced. This stimulated the system
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Figure 6.
Temperature profiles
for different values of
the squeezing
parameter S
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Figure 7.
Temperature profiles
for different values of
the thermal
conductivity
parameter o

Figure 8.
Temperature profiles
for different values of
the thermal relaxation
parameter I
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Figure 9.
Temperature profiles
for different values of
the suction/injection
parameter fw
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Figure 10.
Temperature profiles
for different values of
the thermophoresis
parameter Nt
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Figure 11.
Temperature profiles
for different values of
the Brownian motion
parameter Nb
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heat content, which, in turn, produced an increasing temperature profile. Figure 12
demonstrates the concentration distribution for different ascending values of Schmidt
number Sc. Schmidt number Sc is the ratio of viscosity and mass diffusivities; it relates the
species boundary layer and hydrodynamic layer. An increase in parameter Sc diminishes
the nanofluid species transfer profile. This is because the species reaction rate term
decreases with the increase in the parameter values, thereby slowing down the chemical
reaction rate profile.

The impact of thermophoresis term Nt and Brownian motion term Nb 1is, respectively,
presented in Figures 13 and 14. The squeezing flow effect is seen in Figure 13, as
parameter Nt initially decreases the Eyring—Powell nanaofluid concentration field near the
plate surface but rises as it moves farther distance from the plate. In Figure 14, the
Brownian motion influence on the concentration is displayed. The results show that an
increase in the term Nb discourages the mass transfer within the system, resulting in the
reduction of the profile.

6. Conclusion

By using graphical illustration plotted on Maple computing platform, the study
revealed that hydromagnetic Brownian parameter reduces the mass transfer, which then
leads to a reduction in the concentration profile. Meanwhile, a different trend is noticed in
the temperature profile, as increase in the hydromagnetic Brownian parameter enhances
the temperature profile. Thermophoresis parameter has similar behavior with
hydromagnetic Brownian parameter, except in the concentration profile in which the
parameter at first retards the profile but at a later time, far away from the plate, increases
the profile.
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Figure 12.
Concentration profiles
for different values of
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for different values of
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Figure 14.
Concentration profiles
for different values of
the Brownian motion
parameter Nb
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Chapter 4

Lie group analysis of a Powell-Eyring nanofluid
flow over a stretching surface with variable

properties

This chapter presents a study of the boundary layer flow and heat transfer in a Powell-Eyring
nanofluid past a stretching surface. We modify the problem formulated in Chapter 2 to consider a
two-dimensional flow past a stretching surface. The nanofluid model is temperature and nanopar-
ticle size-dependent, and is based on experimental studies in the literature. Lastly, we introduce
the Lie group analysis to obtain self-similar equations that are then solved using the spectral local
linearization method. Among other results, we observe that, the Nusselt number increases with an

increase in both the temperature ratio parameter and thermal radiation.
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Abstract

New applications of nanofluids that have enhanced thermo-physical properties have spurred new studies into the flow
and heat transfer in nanofluids in the last decade. Most reported studies have considered the case where the fluid vis-
cosity and thermal conductivity depend only on the size of nanoparticles. However, experimental data show that these
properties may depend on the size of nanoparticles and the temperature. In this study, we investigate the flow and heat
transfer in a Powell-Eyring nanofluid flow past a stretching surface using the nanofluid viscosity and thermal conduc-
tivity models derived from experimental data. Using Lie group analysis, the equations describing the flow and energy
balance are reduced to a system of coupled differential equations. These equations are then solved using an efficient
iterative spectral local linearization method. The computational results show that increasing the nanoparticle volume
fraction and thermal radiation parameter enhances the temperature profiles, while an increase in the fluid parameter
increased the velocity profiles. In addition, among other results, the Nusselt number increases with an increase in the
temperature ratio parameter and thermal radiation. The results from this study may be useful to engineers in designing
cooling devices for the enhancement of thermal systems.

Keywords Powell-Eyring model - Nanofluid - Thermal radiation - Variable viscosity and thermal conductivity - Spectral
local linearization method

1 Introduction therapeutics and cryosurgery. A comprehensive review of

other applications of nanofluids is given by Wong and De

Efforts to improve the efficiency and performance of
industrial and engineering processes have led to the
replacement of traditional heat transfer fluids (e.g water,
oil or ethylene glycol) with nanofluids. A nanofluid is a col-
loidal suspension containing metals or oxides, for exam-
ple, copper oxide, alumina, zinc oxide or iron oxide hav-
ing a diameter less than 100 nm. The applications of these
fluids can be found in solar technology, where nanofluids
are used to enhance the productivity and efficiency of
a solar thermal system when used as a collector. In bio-
medical sciences, nanofluids find applications in cancer

Leon [1], Robert et al. [2], Devendiran and Amirtham [3]
and Munyalo and Zhang [4].

The superiority of nanofluids over traditional heat
transfer fluids can be attributed to their stability and
higher thermo-physical properties. Due to these remark-
able characteristics and new applications of nanofluids,
many studies have been carried out on the flow and heat
transfer of nanofluids. Khan and Pop [5] studied the ther-
mal boundary layer flow of a nanofluid past a stretching
plate. In their study, emphasis was placed on the Brown-
ian motion and thermophoresis effect. The implicit finite
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difference method was used to solve the flow equations.
The exact solution to the thermal transport problem of
different types of nanofluids was given by Turkyilmazoglu
[6]. Sandeep and Gnaneswara [7] scrutinized the effects
of nonlinear thermal radiation on the flow of a Cu-water
nanofluid. The Runge-Kutta Newton-Raphson algorithm
was used to solve the flow equations. Dhlamini et al. [8]
discussed the second-grade nanofluid flow over a nonlin-
early stretching sheet. Das et al. [9] solved the equations
for the Casson nanofluid flow and heat transfer in a porous
medium using a spectral quasi-linearization approxima-
tion. EI-Aziz [10] studied the effect of variable viscosity
on the flow and heat transfer of a power-law nanofluid.
Recently, Das et al. [11] examined the influence of vari-
able fluid properties on nanofluid flow over a wedge with
surface slip.

The studies above considered the viscosity and thermal
conductivity of the nanofluid to be a function of nanopar-
ticle size. However, these properties may also change with
temperature (Ogunseye et al. [12]). To accurately predict
the heat transfer properties of nanofluids, it is important
to consider a viscosity and thermal conductivity model
that depends on the nanoparticle size and temperature.
In recent years, scientists have proposed numerous viscos-
ity and thermal conductivity models that are nanoparticle
size and temperature dependent, and among these, the
studies by Masoud et al. [13] and Hassani et al. [14] are
worth mentioning.

Lie group symmetry analysis is a powerful technique
for finding similarity solutions to a given set of partial dif-
ferential equations. Using Lie group analysis, we can find
similarity transformations that reduces m independent
variables of a partial differential equation into m — 1 inde-
pendent variables. Many authors have applied Lie group
symmetry analysis to fluid flow models. Akgul and Pak-
demirli [15] studied the transient flow of a power-law fluid
using the Lie group symmetry analysis. Jalil and Asghar
[16] analysed the boundary layer flow of a Powell-Eyring
fluid using the Lie group symmetry analysis. The scaling
group of transformations, a special form of the Lie group
symmetry, was used by Rehman et al. [17] in studying the
heat and mass transfer in a Powell-Eyring fluid flow past a
stretching plate. Afify and EI-Aziz [10] discussed the scaling
group for the flow and heat transfer behaviour in a power-
law nanofluid. Other studies using the Lie group analysis
are reported in [18-21].

The main focus of this study is the flow and heat transfer
analysis in a non-Newtonian nanofluid with variable vis-
cosity and thermal conductivity using the Lie group sym-
metry analysis. The Powell-Eyring model [22] is adopted
due to its diverge advantages over other non-Newtonian
fluid models. The model is derived from the molecular the-
ory of fluids and not on empirical relations. Further, under

SN Applied Sciences
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low and high shear rates the Powell-Eyring fluid is reduced
to a Newtonian fluid. A considerable number of studies on
the Powell-Eyring fluid flow with constant viscosity have
been reported by several authors such as Javed et al. [23],
Jalil and Asghar [16], Hayat et al. [24], Mahanthesh et al.
[25], Agbaje et al. [26] and Ramzan et al. [27]. However, the
Powell-Eyring nanofluid flow with variable properties is
yet to be considered. The second-order partial differential
equation that models the thermal transportation problem
is transformed into an ordinary differential equation using
the classical Lie group symmetry approach. The equations
are solved using an efficient iterative spectral local line-
arization method. The viscosity and thermal conductivity
adopted here are derived from experimental data. The
findings in this study may be useful for engineers in the
design of heat exchangers and thermal solar collectors.

2 Formulation of the problem

A steady, two-dimensional, laminar flow of an incompress-
ible Powell-Eyring nanofluid past a stretching surface is
considered. The flow is restricted to the region y > 0, and
the stretching velocity is assumed to be u,, (X). The nano-
fluid is aluminium oxide Al,O;-water system. Further, the
physical properties of the fluid are assumed to vary with
the nanoparticle size and temperature.

Following the work of Javed et al. [23] and under the
usual boundary layer approximation, the continuity, equa-
tions of momentum and energy balance for the Pow-
ell-Eyring nanofluid are as follows,

%,
ox dy

Ua_a + Va_u = i @ + laz_u
Pnf X 9y 9y Hnf ay By 052
__1 (@)
2py3\ oy ) oy*’
_oT . _oT 2] aT
pue (545 ) = 55 ()

+16G‘i_ T-”i )
3k, oy ay

The relevant boundary conditions to Egs. (1)-(3) are

=0, (1
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where (U, V) are the velocity components in the (X, y) direc-
tions, g and y are Powell-Eyring fluid material constants, T
is the nanofluid temperature, o, is the Stefan-Boltzmann
constant, k., is the mean absorption coefficient, U, and V,,
are the reference velocities, L is the characteristic length,
T,, is the wall temperature and T is the nanofluid tempera-
ture far away from the wall.

The density (p,;,) and specific heat capacity (C,,) of
the nanofluid are given by the expressions (see Khanafer
and Vafai [28]),

Pt = (1 = P)ppr + Ppp,

where the subscripts bf and p represent the base fluid and
nanoparticle, respectively, and ¢ is the volume fraction of
the nanoparticle.

Following Masoud et al. [13], the nanofluid viscosity
is defined by

o exp [m + a<L>
Hopf Too
3 (6)
2r dp
1+ = — ).
+ﬂ1¢< +dp) +Y1<1+r>]
The thermal conductivity is determined by the new empir-

ical correlations proposed by Hassani et al. [14], which is
expressed as,

ﬁ _ ky, + 2k = 2(kys — p)qs s
Kotk + 2kps + (ko —ky) b

< 10% BabopeCor | kT
Kor Ppdy

where

f(T,¢) = (28217 x 107%¢ + 3.917 X 107°) (TL>
— (3.0669 x 107%¢ +3.91123 x 107),

where y is the viscosity, k is the thermal conductivity, m is
a factor that depends on the nanoparticles, the base fluid
and their interaction, a, f8;, #, and y, are empirical parame-
ters determined from experimental data, dp is the diameter
of the nanoparticle, r is the capping layer thickness and «
is the Boltzmann constant. The values of these empirical
parameters are given in Table 1, and the thermo-physical
properties of water and aluminium oxide Al,O; are pre-
sented in Table 2.

Table 1 Empirical parameters for aluminium oxide Al,O5-water
nanofluid [13, 14]

m o« B 7 b, Volume fraction

072 —0.485 14.94 0.0105 8.4407(100¢)~ 973 1% < ¢ < 10%

Table 2 Thermo-physical properties of water and aluminium oxide
AlLO,

P ¢, U kg K) k (Wm™" K)
Water fluid 997.1 4179 0.613
Al O, 3970 765 40

Equations (1)-(4) are nondimensionalized by intro-
ducing the following dimensionless variables:

1

7 7 [ Ugppel \ 2 y

=%y p ()L
Hof 0
Ugporl \ 7 T_T ®

i 1 B
V=L<ﬂ>, ro T

Uo \  Hyr Ty =Ty

We define the stream function y as

0 0
u=2 v=-2 9)
ay ox

Substituting Egs. (8) and (9) into Eqgs. (2)-(4) yields:

2 3 2 233
9 exp(A1+a[1+AT])a—W LAY A N
dy dy? ay3 ay? ) oy?
a0 Py v _
2\ oy doxay ox oy2 )

(10)

i<[A3 + A+ AT]: — Ag[1 + AT]%] aT)

dy ay
0 30T oy oT Oy oT
Nr—|[1+ATP— ) —PrAg| —— - ——1] =0
* r()y<[ * ]0y> r6<0y ox  0x dy
(11
oy dy
y=0: WZUW(X)' §=vaw(x), T=1,
oy (12)
y = o0 — -0, T—-0.
dy

where A and § are fluid parameters, Pr is the Prandtl num-
ber, Nr is the thermal radiation parameter, A is the temper-
ature difference, ;w is the suction or injection parameter
and A, (i=1,...,5) are constants. These parameters and
constants are defined as
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Co M 160,T2 T, Using X on Egs. (10) and (11), we obtain the following
Pr= k. ' = 3k k.’ =0,—1, 06, = T infinitesimals after some algebraic simplification:
bf mKbf o

—_

(13)

3 Lie symmetry analysis

In this section, we seek the similarity solution to
Eqgs. (10)-(12) using the Lie symmetry group approach.
Finding symmetry group is equivalent to finding the infini-
tesimal generator that renders Eqgs. (10)-(12) invariant. We
consider a one-parameter group Lie group of infinitesimal
transformations with Lie group parameter w defined as:

X =x+wé&(s,y,w,T)+O0(w?),
y =y +w&syw, T+ 0(a?),
v =y +wesyw.T)+0(w?),
T =T +wo,sy,w,.T)+O(w?),

(14)

the infinitesimal generator is prolongated to first, second
and third derivatives, and it is defined by:

X e é i + é i + i + i + i + i
Yox T %2ay T Doy T2aT T PGy, T Mgy,
+ @ J + @ 9 + @ J
Xy yy lyyy
Iy vy Wy,
0 0 0

+ — + — + -
Pox aT, Doy aTy Payy aTyy
(15)
where
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2
& =x+cy, §c1u/ +¢, @, =0.

(17)
where ¢;(j = 1,...,3) are arbitrary constants. Thus, we
obtain a three-dimensional space of operator. By setting

g(x) = 0and any of two the constants to zero, the follow-
ing infinitesimal generators can be obtained:

1
&H= §C1y +9x), @ =

X=xZL g ¥0 20 9y _ 9

ox T30y 30y ox oy (8

The implication of Eq. (18) is that Egs. (10) and (11) admit
three one-parameter transformation groups. X; corre-
sponds to scaling group of transformation, while X, and
X; are translation groups of transformation.

Applying X to the boundary conditions, Eq. (12) yields:

du, q y

dx  3(x+c) -
dv,, () (19)
S

dx 3(ex+¢) "

which implies that:

wi=

u, () =k (ex +¢;) 3, 0)
V, (%) = ky(Cyx + cz)_%,

where k; and k, are constants of integration.
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Obviously, X, and X; do not have an invariant solution;
hence, we consider only X;. Under X;, Eq. (20) is transformed
into:

u,(x) = X3 and Vv, (X) = X3 (21)

The characteristic equation to X is:

d _3dy _3dy _d7T

= T s o (22)

on solving Eq. (22) , we obtain the following similarity vari-
ables and function:

n=yx73, w=xif(), T=0(). (23)

Finally, substituting Egs. (21) and (22) into Egs. (10) and
(12) yields:

(exp (A +a(1 + 40)) + A)f" + ahexp (A; + a(1 + A6))6'f"
11\2 ¢ 2/1_112 _
— 28(F")' "+ Ay (SH - 3F2) = 0,
(24)

(A3 +A,(1+ A0)7 — A1+ A0)F +Nr(1 + A6)3>9”
3 1A -3 2\ g2
+ A( (1 +40)7 = (1 +40)7 +3Nr(1 +40)° )0

+ %PrAJH’ =0

(25)
fr=1,
f' =0,

f=F,
6 — 0.

n=0: 0=1,

n— oo :

(26)

Pantokratoras [29] pointed out that assuming a uniform
Prandtl number when thermo-physical properties are tem-
perature dependent may lead to unrealistic results. Hence,
to take care of this paradox, the Prandtl number of the
nanofluid is defined as

o ForCor _ Agexp (A + a(1 + A0))
= -
kot AL+ A1+ A0): — A(1 + AG):
Cot Hor
- (27)
kbf
_ torCor _ AP (A +a(1 + A6))
kot AL+ A1+ A0): — A(1 + AG)?

58

Using Eq. (27) in Eq. (25) gives a modified thermal bound-
ary layer equation with a variable Prandtl number, that is,

(As +Ay(1+ A0)7 — As(1 + A0) +Nr(1 + A0)3)0”

3A, 1 As _1 2\ 2
+A 7(1 + Af)2 — ?(1 + A6)"2 + 3Nr(1 + AB)” )0

+ %Prﬁ&'( )
(28)

The skin friction coefficient C; and the Nusselt numberNu,,
which are of interest in thermal engineering design are
defined as follows:

(f)qw

kot (M)(T,, — Teo)

Ay +A,(1+A0): —A(1 + AB):
exp (A, + a(1 + A9))

Ty

2
PrY

C and Nu, = (29)

and the wall shear stress r,, and the wall flux g,, are
expressed as:

v\ ey )Noy ) eprr\oy ) |,
160, - oT

andqW:—<k,,f+ ‘T3><—_> .
3k, oy j=o

Equation (29) can be written as:

cf(Re)% = (exp(A; +2a) + A)f"(0) — ?(f”(O)f, (31)

: Nr6?
+_
A

)
0'(0).

7

(32)

Nux(’z‘)(Re)‘% = —(

Upl
whereRe = == represents the local Reynolds number and
Voo

3 1
A, =As+ A0 — A2,

4 Method of solution

Spectral methods are a class of numerical methods used to
solve differential equations arising in applied mathemat-
ics, science and engineering. The name spectral methods
is derived from the fact that the solution is expressed as a

SN Applied Sciences

A SPRINGER NATURE journal



Research Article SN Applied Sciences

(2020) 2:115

series of orthogonal eigenfunctions of some linear opera-
tor. Although the SQLM has a very high convergence, it is
limited to cases where there is only one independent vari-
able. In this section, an efficient iterative spectral local lin-
earization method (SLLM) which was proposed by Motsa
[30] is used to numerically integrate the coupled nonlinear
differential Egs. (24) and (28) with the boundary condition
Egs. (26). To apply this technique, we consider the follow-
ing nonlinear differential operators

Q; = (exp (A + a(1 + A6,)) + A)f”
+ ahexp (A, +a(l + A0,))0F" — 45(F")

)

n
3 1
Q= <A3 +A,(1+A0,)% —Ag(1 + A6,)% +Nr(1 + Aon)3>9;’

20
fn

(33)
2 1
+ A2<§fnfr:’ - §

3A, 1A -1 2\ g2
+ A( S 4867 - 21+ 40,77 +3N(1 +46,)° )

+ 2r 0, (A + A1+ 20,)7 - A1 +20,)7)
exp (—A; —a(1+ A0,)) =0;
(34)

Egs. (33) and (34) can be decoupled according to the fol-
lowing algorithm:

1. From Eq. (33) Q, solve f, ,;assuming that 8, is known
from a previous iteration.

2. Solved,,from Eq. (34) Q, using the updated solution
of .
3. Subsequent iterative solutions are obtained by repeat-

ing steps 1 and 2.

In the framework of the SLLM, the following iterative
scheme is obtained

aT,nf:;L + aZ,nfr:fH + a3,nfr;+1 + a4,nfn+1 = Rf' (35)
aS,ne,/ql.H + a6,n6;7+1 + a7,n9n+1 = Ré" (36)
frn©@ =F,, F,0 =1 1 (0)=0, (37)
0,1,0)=1, 6,.,(0)=0.

The coefficients in Egs. (35) and (36) along with their right-
hand sides are defined as follows:
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0Q;
Gip = = = Arexp (A, +a(1 + A0,))
n
0Q
+,1(1 -5 f”2>, a, = f
n " of!
= —2/3A,f,
=% Aexp (A 1+ A6,))0" —268 Af"f"
Ty = 2o =@ exp (A, + a(1+ A6,))0/ - e
n
2 0y 2
+ZAf, a,,= =Z A",
3 2'n 4,n afn 3 2'n
0Q, 3 1
Usp = o =A;+A (A0, +1)2 —As (A6, +1)?
n
+Nr (A6,+1)°
09Q, 3 1 _1
G = 5ot = 28 (S As(A 0, +1)7 = S As(A0,+1)7
n

3
2

+3Nr (806, +1)")0) + % Prvfn<A3 +A,(A0,+1)

[NIEY

—As(A6,+1)

=A(

+3Nr (80, +1)7)0) + A7 %A4(1 +40,):

> exp (—A; —a(1 + A6,))

09,
" 00

3
2%

(1+A6n)%—%A5(A0n+1)_%

(x7,n
n

+‘1‘A5(A0n+ 1) +6Nr(A9,,+1))9;2

[STRN

+ %Prvfne,’qA exp (—A; — a(1 + Ad))) [3A4(A 6,+1)

—AS(A9n+1)‘%

N=

- 2a<A3 +AL(AG, +1)F —As(AB, +1) )]
R' = a, " + ay,f + az,f! + ay,f, — Q,
R = a5 ,0" + ag 0! + a; .0, — Q.
(38)
Equations (35)-(37) are integrated numerically using the
Chebyshev pseudo-spectral technique (see Mondal et al.
[31], Motsa et al. [32] and Maleki et al. [33]). In order to
apply this technique, the semi-infinite domain € [0, )
is replaced with a truncated domain 5 € [0, w ], where
w,, € Z" is a mapping parameter. Using the transforma-

tiony = %(5 + Dw,, the interval [0, w ] is mapped to

[—1, 11 which the Chebyshev pseudo-spectral technique
can be used. The unknown functions f(x) and 6(y) are
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discretized using the Chebyshev-Gauss-Lobatto colloca-
tion points:

ék:cos<%k>, k=0,1,...,N; —1<&<1. (39

The derivatives of f(n) and 8(n) are computed using the
Chebyshev differentiation matrix D, at the collocation
points as a matrix vector product, that is:

N
g—zzz(;oyf(g,)zm, j=0,1,2,...,N, (40)
where N+ 1 is the number of collocation points,
D =2D/w and F = [f(&).f(&), ... ,f(éfN)]T is a vector
function at the collocation point.

Let ® be a similarity vector function representing 6. The
higher-order derivatives of fand 6 are evaluated as powers

of D, that is
f*(n) = D°F, 6°(n) = D°O. (41)

Substituting Egs. (39)-(41) into Egs. (35)-(37) yields the
following decoupled matrices

D1,1 D1,N+1

diag(a, ,ID? + diag[a, ,ID? + diag[a; ,ID + diag[a, , ]I

DN,1 DN,N+1
0 1
foi1(€o) 0
for (&) R,f,+1(§1)
X : = : ’
fn+1 (fN—1) 1
for1(ER) Fy
(42)
1 0.. 0 0,.1(&)
diag[as,,ID? + diag[ag , 1D + diag[aj , I
0 .. 1 0,.1(&x)
0
ey
:
(43)

Here Lis an (N 4+ 1) x (N + 1) identity matrix, and diag|]
denotes a diagonal matrix. A suitable initial approximation
for the SLLM scheme is

fon) =F, +1—exp(=n), 6,(n) = exp(-n), (44)

5 Numerical validation

The cases A=A, =A,=A;=0,0,=A,=1and A; =1
correspond to a Newtonian fluid with constant viscosity,
thermal conductivity and linear thermal radiation which
has been studied by Jalil and Asghar [16] using the Keller-
box method. To validate the correctness of the numeri-
cal results obtained from the iterative scheme given by
Egs. (35-37), the skin friction coefficient f”/(0) at the sev-
enth iterates with N = 80is compared with Jalil and Asghar
[16] in Table 3. It is apparent that there is a good agree-
ment between the two results.

6 Results and discussion

In this section, we give the results of the numerical simula-
tion and the effects of the nanoparticle volume fraction, ¢,
fluid parameter, 4, suction/injection parameter, F,,, thermal
radiation parameter, Nr, and temperature ratio parameter,
6,, on the nanofluid velocity profile, f' (i), temperature pro-
file, 8(n), skin friction coefficient and Nusselt number are
performed and discussed. The range of parameters is as
follows:1% < ¢ < 10%,0<1<50<6<312<6, <21
and -1 < F, < 1. (See Jalil and Asghar [16] and Sandeep
and Gnaneswara [7]). The default parameter values used
in simulating the velocity and temperature profiles are
A=6=Nr=Ffw=1, $=0.1, 6, =15 and Pr, = 6.96.
Therefore, where these parameter values are not explic-
itly stated, it will be understood that such a parameter is
assigned the default value.

The nanoparticle volume fraction quantifies the amount
of the Al,O; nanoparticles contained in the synthesized
nanofluid. The nanofluid velocity and temperature pro-
files for different values of nanoparticle volume fraction
are displayed in Fig. 1. We observed that both the velocity
and temperature profiles are enhanced with an increase
in the value of nanoparticle volume fraction. Also, the

Table 3 Comparison of the SLLM results for —f”(0) with Jalil and
Asghar [16] for distinct values of F, when A=A, =A, =A; =0,
0, =A,=1andA; =1

Fu " (0)
Jalil and Asghar [16] SLLM Relative
error
0.75 0.984436 0.98443940 0
0.50 0.873640 0.87364290 0
0 0.677647 0.67764824 0
-0.50 0.518869 0.51887049 0
-0.75 0.453523 0.45352500 0
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0.8 0.8

0.61 0.6 1
f(m) 6(m)
0.4 0.4
0=0.01, 0.04,0.07,0.1 $=0.01, 0.04,0.07,0.1
0.2 0.2
0+ T ] 0+ T T : - : : ; 7
0 5 10 15 0 1 2 3 4 5 6 7 8
n n
(a) (b)

Fig. 1 Effect of the nanoparticle volume fraction on the velocity and temperature profiles

momentum and thermal boundary layers become thicker =~ the momentum boundary layer thickness are enhanced.
with an increase in the nanoparticle volume fraction. Fig- ~ Physically, this is correct since the fluid parameter has an
ure 2 shows the effect of the fluid parameter on the nano- inverse relation with the nanofluid dynamic viscosity; thus,
fluid velocity profiles. It is seen that with an increase in  the fluid becomes less viscous with large value of the fluid
the fluid parameter, the nanofluid velocity profiles and  parameter. Hence, the velocity profiles are enhanced. This

1 o
1

0.8 1
0.8 1

0.6 1
0.6 1

6(n)
()

0.4 1

0.4
6,=12,15,18,2.1
A=0,1,3,5

0.2 1

0.2 1
0+ T — 7 ;
0+ T . . 0 5 10 15
0 5 10 15 n
n
Fig. 3 Effect of the nanoparticle volume fraction on the tempera-
Fig.2 Effect of the fluid parameter on the velocity profile ture profile
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0.8

0.6
()
0.4
Fw=-1,-0.5,0,0.5, 1
0.21
0+ . . ——
0 5 10 15
n
(a)

1

0.8

0.6

6(n)

0.4+

Fw=-1,-0.5,0,0.5, 1

0.2 1

(b)

Fig. 4 Effect of the suction/injection parameter on the velocity and temperature profile

finding is consistent with Javed et al. [23] for the case of
a pure fluid.

Figure 3 shows the effect of the temperature ratio
parameter on the nanofluid temperature profiles. We
observed that the temperature profiles, as well as the

0.8

0.6

o(n)

0.4+

Nr=0,05,1,1.5

0.2

Fig.5 Effect of the thermal radiation parameter on the tempera-
ture profile

thermal boundary layer thickness, are enhanced with an
increase in the value of the temperature ratio parameter.
This trend is in agreement with Sandeep and Gnaneswara
[71.

CRe!?

Fig.6 Effect of the fluid parameter, 4, on the skin friction coeffi-
cient for different values of the fluid parameter,s
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4.54

NuRe''2

NuRe

Fig.7 Effect of the temperature ratio parameter on the Nusselt
number for different values of nanoparticle volume fraction

Figure 4 shows the effect of the suction (f,, > 0) and
injection (f, < 0) parameter on the nanofluid velocity
and temperature profiles. From Fig. 43, it is seen that the

Table 4 The computed results
for skin friction coefficient,

C¢, and Nusselt number, Nu,
for Al,O5/water nanofluid

for varying the parameters:

¢, A, 6,fw,0,, and Nr
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Fig.8 Effect of the thermal radiation parameter on the Nusselt

number for different values of nanoparticle volume fraction

velocity profiles, as well as the thickness of the momen-
tum boundary layer, decrease with an increase in the suc-
tion parameter. However, the velocity and momentum

b A 5 fw 0, Nr G Nu
0.01 1 1 1 15 1 ~1.31566819 404218773
0.04 —~1.53640389 269425801
0.07 — 1.83309969 1.82571968
0.1 — 223626267 1.25732143
0 — 2.05499683 1.24567815
1 — 223626267 1.25732143
3 - 255833356 1.27519931
5 —2.84185954 1.28832024
1 - 223626267 1.25732143
15 —2.23360279 1.25715057
2 -2.23091741 1.25697829
25 —2.22820586 1.25680457
-1 ~1.47135446 0.51499994
-05 - 1.64056501 0.67145981
05 -2.02355151 1.04510263
1 —2.23626267 1.25732143
12 ~2.03895232 111810439
15 —2.23626267 1.25732143
18 —2.43248202 1.41661565
2.1 - 2.62786066 1.59104731
0 ~2.27747031 0.97952469
05 ~2.25163761 1.14019626
1 ~2.23626267 1.25732143
15 -2.22583993 1.34955641

63
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boundary layers are enhanced with an increase in the
injection parameter. Similarly, the temperature profiles
and the thermal boundary layer thickness reduce with
an increase in the suction parameter, whereas an oppo-
site trend is observed for the case of injection as shown
in Fig. 4b. This result is in agreement with the findings of
Jalil and Asghar [16].

The impact of the thermal radiation parameter on the
nanofluid temperature profiles is presented in Fig. 5. From
this plot, the nanofluid temperature profile is an increasing
function of the thermal radiation parameter. The physical
reason for this observed trend is that, for a higher value
of the radiation parameter, more heat is transferred to
the nanofluid since the mean absorption coefficient k,,
reduces with an increase in the radiation parameter. This
temperature profile is similar to Ramzan et al. [27] for the
case of pure fluid.

Figure 6 displays the effect of the fluid parameter, 4, on
the skin friction for distinct values of the fluid parameter, 6.
Clearly, it is seen that the skin friction coefficient increases
with an increase 6. The influence of the temperature ratio
parameter and the thermal radiation parameter on the
Nusselt number is displayed in Figs. 7 and 8. It is evident
from these plots that the Nusselt number increases with
an increase in the values of ,, and Nr (Table 4).

7 Conclusions

The flow and heat transfer in a Powell-Eyring nanofluid
flow past a stretching surface have been studied. The
similarity solution to the model describing the nanofluid
flow and energy balance was found using the Lie group
analysis. An iterative spectral local linearization method
was used to solve the conservation equations. The effects
of nanoparticles, thermal radiation and suction/injection
have been considered in the problem. The effects of these
parameters on the nanofluid velocity and temperature
profiles, as well as the skin friction coefficient and Nusselt
number, are determined and discussed. A summary of the
results of the study is as follows:

1. The velocity profiles are enhanced with an increase in
the fluid parameter, A and nanoparticle volume frac-
tion.

2. The velocity and temperature profiles are decreasing
functions of the suction parameter, while injection
shows an opposite trend.

3. Anincrease in the nanoparticle volume fraction, ther-
mal radiation parameter and temperature ratio param-
eter enhances the thermal boundary layer thickness as
well as the temperature profiles.

4. The skin friction coefficient increases with an increase
in the fluid parameter, 6.

5. Increasing the temperature ratio parameter and ther-
mal radiation parameter increases the Nusselt number.
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Chapter 5

A mathematical model for entropy genera-
tion in a Powell-Eyring nanofluid flow in a

porous channel

In this chapter we investigate the entropy generation rate in a mixed convective flow of a hydro-
magnetic aluminum oxide-water Powell-Eyring nanofluid flow through a vertical channel. Using
the nanofluid dynamic viscosity model based on experimental data, we analyze the combined ef-
fects of the magnetic field, viscous dissipation, suction/injection and convective cooling on the heat
transfer and entropy generation rate. The spectral local linearization method is utilized in solving
the conversation equations. This is the first model in this thesis in which we consider the entropy
generation rate in the system. We found that the nanoparticle volume fraction and the Brinkman
number are significant in minimizing the entropy generation rate in the channel flow. Hence, by
increasing the nanoparticle volume fraction and reducing the Brinkman number the entropy gen-

eration rate in the channel can be optimized.
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The continuous generation of entropy leads to exergy destruction which reduces the performance of a physical
system. Hence, entropy minimization becomes necessary. New applications of nanofluids due to their enhanced
thermo-physical properties has spurred new studies into the heat transfer and entropy generation rate in
nanofluids in the last decade. In this study, we investigate the heat transfer performance and entropy generation
rate in a mixed convective flow of a hydromagnetic Aluminum oxide-water Powell-Eyring nanofluid flow through
a vertical channel. The nanofluid dynamic viscosity adopted is based on experimental data. The combined
effects of the magnetic field, nonlinear thermal radiation, viscous dissipation, suction/injection and convective
cooling on the heat transfer and entropy generation were considered. The dimensionless equations describing
the flow and energy balance were solved using an efficient iterative spectral local linearization method. The
computational analysis of the rate of entropy generation in the channel for various flow parameters is presented.
The result shows that increasing the nanoparticle volume fraction and thermal radiation parameter enhanced the
temperature profiles, entropy generation and the Bejan number. The results from this study may help engineers

in the optimization of thermal systems.

1. Introduction

Nanofluids are stable and uniform colloids of nanometer-sized met-
als or metallic oxides called nanoparticles. These fluids have a higher
thermal conductivity relative to the base fluid. Choi [1] reported that
the thermal conductivity of the base fluid is significantly enhanced by
adding a low volume fraction of nanoparticles. Nanofluids now find
applications in the enhancement of chemical engineering operations,
polymer processing and petrochemical applications. A comprehensive
review of other applications of nanofluids is reported in the study by
Wong and De Leon [2]. In recent years, considerable attention has
been focused on the study of the transport phenomenon in nanofluid
flow due to their wide applications. The study of the magnetohydro-
dynamics (MHD) nanofluid flow past a channel was investigated by
Sheikholeslami et al. [3]. They obtained a series solution to the flow
equations by using the Least Square and Galerkin methods. Raza et al.
[4] extended the Sheikholeslami et al. [3] model to include heat transfer
analysis. The heat equation was solved using the Runge-Kutta-Fehlberg
shooting technique. Hayat et al. [5] studied the MHD nanofluid flow
in a rotating porous disk. Malvandi and Ganji [6] examined the ther-
mal transport in a nanofluid within a circular microchannel. Das et al.

* Corresponding author.
E-mail address: ogunseyehammed@gmail.com (H.A. Ogunseye).

https://doi.org/10.1016/j.heliyon.2019.e01662

[71 presented the radiative hydromagnetic buoyancy-induced flow and
heat transfer in a nanofluid.

In these studies, emphasis was dominantly placed on the Newtonian
constitutive model. However, in recent years, the focus of researchers
has been centered on the study of non-Newtonian fluids due to their
industrial, technological and medical applications. These fluids exhibit
complex relations between stress and the rate of strain, hence, they de-
viate from the Newton’s law of viscosity. A single constitutive relation
cannot be used to understand the complex nature of non-Newtonian flu-
ids. On account of this fact, several non-Newtonian constitutive models
have been put forward by scientist, among which but not limited to,
are the power-law fluid model, Casson fluid model, viscoelastic fluid
model and Powell-Eyring fluid model. Researchers have focused atten-
tion on the Powell-Eyring model [8] due to its advantages over other
non-Newtonian models. The Powell-Eyring model is derived from the
kinetics theory of fluids and not on an empirical relation. Further, un-
der certain shear rates, the model reduces to a Newtonian model. The
flow and heat transport in a Powell-Eyring fluid has been studied by
many researchers. Tanveer et al. [9] studied the mixed convection peri-
staltic flow of a Powell-Eyring nanofluid in a curved channel. Khan and
Pop [10] investigated the heat and mass transfer in a nanofluid past a
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stretching plate. Agbaje et al. [11] studied the transient developing flow
of a Powell-Eyring nanofluid over a shrinking plane. The effects of slip
conditions on the flow of a Powell-Eyring nanofluid was discussed by
Hina [12]. Hayat et al. [13] reported the heat transport in a radiative
Powell-Eyring nanofluid.

Exergy loss is a major challenge in many industrial processes. Re-
cently, the interest of many researchers has shifted towards entropy
generation analysis in a nanofluid flow. This is important in many
thermal engineering processes, because the continuous generation of
entropy eventually leads to exergy destruction in the system. There-
fore, the optimization of the performance of industrial and engineering
processes is necessary and could be achieved by minimizing entropy
generation [14]. The second law of thermodynamics is an efficient and
accurate tool for optimizing a given system as opposed to the first law of
thermodynamics. Following Bejan [14] several studies on the entropy
generation minimization based on second law thermodynamics analy-
sis have appeared in the literature. Pakdemirli and Yilbas [15] analyzed
the entropy generation in a third-grade fluid. Das et al. [16] studied the
entropy generation in the hydrodynamics pseudo-plastic in a nanofluid
flow through a porous channel. Ting et al. [17] discussed the effect of
viscous dissipation on the entropy generation in a nanofluid flow in a
channel. The exact solution to the study of entropy generation in the
magnetohydrodynamic fluid flow was presented by Ibafiez [18]. Lopez
et al. [19] reported on the entropy generation in a magnetohydrody-
namic flow of a nanofluid in a porous channel. They considered the
effect of non-linear thermal radiation and convective-radiative bound-
ary conditions. Makinde and Eegunjobi [20] studied numerically, the
impact of convective heating on the entropy generation rate of a steady
flow between two permeable walls. Recently, Nagaraju et al. [21] con-
sidered the effect of suction and magnetic field effects on the entropy
generation in the fluid flow through a circular pipe. The homotopy
perturbation method was used for the solution of the flow equations.
Computational simulation on the role of magnetic forces on ferrofluid
second law treatment was scrutinized by Sheikholeslami [22]. Jangili
et al. [23] studied the entropy generation in a couple stress fluid flow.
The homotopy analysis method was utilized for their analysis. Further
studies on the minimization of entropy generation in the fluid flow us-
ing second law analysis under different geometry are reported in [24,
25, 26, 27, 28].

The aim of this study is to examine the entropy generation in the
flow of a Powell-Eyring nanofluid in a porous channel. The mathe-
matical formulation includes the effects of hydrodynamic slip, viscous
dissipation, nonlinear thermal radiation and convective boundary con-
ditions. The flow equations are solved numerically using an iterative
spectral local linearization method. The findings may be useful in opti-
mizing thermal engineering processes such as crude pyrolysis.

2. Model
2.1. Mathematical formulation and analysis

The mixed convective laminar, viscous flow of an incompressible
Powell-Eyring nanofluid through a vertical channel separated by a dis-
tance h apart is considered. The schematic diagram for the flow geom-
etry is shown in Fig. 1. It is assumed that an external transverse and
uniform magnetic field of strength B, is applied parallel to the flow
field. We assumed the magnetic Reynold number and induced electric
field to be negligible.

With the above assumptions, the momentum and heat balance equa-
tions for the Powell-Eyring nanofluid flow are written as [11, 19]

WP (L) LR L P
Py T TR T T e ) @ T pe \dp) ap T
+8(0P)w (T = Tp). ¢V

- v dT d’T 16% d T—3a'T 1 di 2
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Fig. 1. Geometry of the flow.

where V}, is the uniform suction/injection velocity at the channel plates,
a is the axial velocity, u,, is the dynamic viscosity of nanofluid, b and
c are fluid constants, o, is the nanofluid electrical conductivity, g is
the gravitational acceleration, p,, is the nanofluid density, f,, is the
thermal expansion coefficient of nanofluid, T is the nanofluid temper-
ature, T, is the ambient temperature, (C,),, is the heat capacitance
of nanofluid, k,, is nanofluid thermal conductivity, o, is the Stefan-
Boltzman constant and k,, is the mean absorption coefficient.

The relevant boundary conditions for Egs. (1) and (2) are:

T=T, at =0, 3
y=h @

where ¢, is the convective heat transfer coefficients.

Nguyen et al. [29] proposed a new model for the dynamic viscosity
of Al,O;-water nanofluid based on their experimental data. Adopting
the Nguyen et al. [29] model, the nanofluid viscosity can be represented
by the relation

Hy
1 1 40.025¢ +0.01542. )

Hpg

The density, thermal expansion coefficient, electrical conductivity, spe-
cific heat capacity and thermal conductivity of the nanofluid are de-
termined by the expressions (see Khanafer and Vafai [30] and Das and
Jana [31]),

Dl gl
Pof Pof
s _ | s o 0B
PPy PPy’
3(:—5—1)4;
1B - ’ ©®
Obf 2 Y S
(+2)- (%)
(pCy),p PRI (vCy),
(/’Cp)bf (/’Cp)bf
kup kg +2ky =2 (kyp = ki) ¢
Koy kg 2k + (kyp— k)

In Egs. (5) and (6), ¢ denotes the nanoparticle volume fraction, the sub-
scripts bf and s represent the properties of the base fluid and nanopar-
ticles respectively. The thermo-physical properties of the Al,O;-water
nanofluid are presented in Table 1.
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Table 1
Thermo-physical properties of water and Al,O; [16].

» c, (kg™ K™) k (Wm™ K™y px10° (K1) o (Sm™)
Water 997.1 4179 0.613 21 5.5x 1076
Al, O, 3970 765 40 0.85 35% 100

In order to express Egs. (1), (2), (3) and (4) in a nondimensional
form, it is necessary to define the dimensionless variables accordingly,
and the following variables are chosen [19, 23, 26]:

g_T—TO o)

_dhpyy
B TTh-T

P Ph?py,

u

yod ot
R s

Using Eq. (7), Egs. (1), (2), (3) and (4) yields the following dimension-
less form;

2 2 o,
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u=0, 0=0, at y=0, (10)
k
w=0, 249 6_1=0 a y=1, an
kbf dy

where A and 6 are fluid constants, H a is the Hartmann number, Gr is the
Grashof number, Re is the suction/injection parameter, G is the axial
pressure gradient parameter, N is the thermal radiation parameter, 6,,
is the temperature ratio parameter, Pr is the Prandtl number, Br is the
Brinkman number which is related to the Eckert number, y is the Biot
number. These parameters are defined as;

2 2
H, o, Byh
4= 1 L s= bf . HeP= bf Bo i
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Other important physical properties are the skin-friction coefficient C;
and local Nusselt number Nu which are defined as follows:

2 3
pyrrh7Ty, 1 (du) 1 (da)‘
¢ (e 1Y ()~ ()] 2o s
f finy Tw Hnf be dy 6bc3 \ dy o 13)
hq,, 160, _
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In terms of Eq. (7), the dimensionless forms of Egs. (13) and (14) are
given by

d
Cy = (1+0.025¢ +0.015¢” + 4) d—“
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2.2. Entropy generation

In many thermodynamic processes, energy management is of great
concern when a large amount of energy is dissipated as heat. Hence, it
is important to investigate the entropy generation of the system. Con-
forming with Bejan [14], the entropy generation rate per volume in the
nanofluid flow in the channel can be expressed as

1 ]60’57_"3 dT 2
Se=—|k,r+ —
G T02<"f 3, )\ d5

First term
2 4 2
1 1\ (di 1 (da o By
+ += (=) -— (%) |+ =22 17
T {(”ﬂf bc)(d?) 6bc3(d)7>] T, a7
—_——

Second term Third term

In Eq. (17) the first term represents the heat entropy generation due

to heat transfer and thermal radiation, the second term denotes the

entropy production due to fluid frictional interaction and finally, the

third term indicates the entropy generation due to magnetic flied.
Using Eq. (7), we can rewrite Eq. (17) as

2 k 2
NSZLGZ=(Lf+1vr[(ew—1)9+1]3><ﬁ>
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Let us define the following variables
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Br du 64 [ du
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then N, is the irreversibility due to combined effects of viscous dis-
sipation and magnetic field and N, is the heat transfer with thermal
radiation irreversibility.

The Bejan number can be used to determine the relative effects of
the heat transfer irreversibility and irreversibility due to combined ef-
fects of viscous dissipation and magnetic field in the entropy generation.
Thus, we define the Bejan, number, Be, as (see Bejan [14])

Ny 1

Be=—" -~ |
Ny+N, 1+M

(20)
where M = N,/N, is the irreversibility ratio.

3. Calculation

3.1. Numerical solution

In this section, an efficient iterative spectral local linearization
method (SLLM) proposed by Motsa [32] is used to numerically integrate
the coupled non-linear differential Egs. (8) and (9) with the boundary
conditions Egs. (10) and (11). To apply this technique, we consider the
following non-linear differential operators

0,
Q, = (1+0.025¢+0.015¢> + A)u!/ - 52 (u/ —n)’u! — =L Hau,
Opf

Reu' +G 21)
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where the prime denotes derivative with respect to y.
Egs. (21) and (22) can be decoupled according to the following al-

gorithm;

1. From Q,, find u,,, assuming that 6, is known from the previous
iteration.
Solve for 6, from Q, using the updated solution of f,.
Subsequent iterative solutions are obtained by repeating step 1 and
2.

2.
3.

In the framework of the SLLM, the following iterative scheme is ob-
tained

al,n“:,,ﬂ + “z,n”:,ﬂ +ajz 1,y = RY, (23)

ag 0/, +as,0!  +ag,0,4 =R’ (24)

U,41(0)=0, 6,,,0)=0, (25)
K

u,,.1(1)=0, il 0, (D +7 (8, (1)—1)=0. (26)

kyy

The coefficients in Egs. (23) and (24) along with their right hand sides
are defined as follows

0
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The Egs. (23), (24), (25), (26) and (26), are solved numerically using
the Chebyshev pseudo-spectral technique. To apply this method, we
first map the interval [0, 1] to [—1, 1] using the transformation y= (¢ +
1)/2 for ¢ € [-1,1]. Then, we discretize using Chebyshev-Gauss-Labatto
collocation points

fomes ().

The derivatives of u(y) and 6(y) are computed using the Chebyshev dif-
ferentiation matrix D (see [33]), at the collocation points as a matrix
vector product, that is:

k=0,1,...,N; -1<¢&<1. (28)

N
Z_‘;=Znijf(gi)=DF, j=0,1,2,...,N, (29)
i=

j=0,1,2,...,N, (30)

where N + 1 is the number of collocation points, D = 2D, F =

[ (&) (&) sesu(€x)]” and @ = [0(&),0(&),....0 (65)]" are vec-

tor functions at the collocation points. The second order derivatives of
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u and # can be computed as the powers of D, that is, 8" (y) = D?6(y) and
u" (y) =D?u(y).

Substituting Egs. (28), (29) and (30) into Egs. (23), (24), (25) and
(26) and imposing the boundary conditions, gives the following decou-
pled matrices

y1&p)
1 0 U1 (&)
diag[a, ,|D? + diag[a, ,]D + diag[a; , 1T :
0 1 Uy En_p)
U1 EN)
0
R (&)
= : s (31
R Gxp)
0
o0 O (&)
: . . 0,41(51)
diag[a, ,]D? + diag[as ,]D + diag[a ,11 :
5ip gyl 01 Ex-1)
ko Ors1(€R)
0
RY (&)
= : R (32)
RO (Ex-p)
Y

where I is an identity matrix of dimension (N + 1) x (N + 1) and diag][]
denotes a diagonal matrix.

4. Results & discussion

The nanofluid velocity profiles, temperature profiles, entropy gener-
ation rate and Bejan number for distinct values of the fluid parameter
A, Hartmann number H a, Grashof number Gr, suction/injection param-
eter Re, thermal radiation parameter Nr, temperature ratio parameter
0,,, Brinkman number Br and Biot number y are presented in Figs. 2,
3,4,5,6,7,8,9 and 10 and discussed based on physical laws. In these
profiles, unless otherwise stated, we have assigned the following de-
fault values to the parameters: A= Ha=Gr=G=Re=Nr=Br=y=1,
0,=15and Pr=6.97.

Fig. 2A-D represents the effects of various values of the nanoparticle
fraction volume ranging from 0 < ¢ < 0.3 on the velocity profiles, tem-
perature profiles, entropy generation rate and Bejan number. In general,
a parabolic trajectory is obtained for the nanofluid velocity profiles with
the maximum value attained near the centerline. Fig. 2A shows that
as the nanoparticle volume fraction increases, there is a corresponding
decrease in the nanofluid flow. This is physically correct since increas-
ing volume fraction would have a direct impact on the internal viscous
shear stresses which in-turn shortens the inter-molecular forces between
the fluid particles. An increment in the volume fraction of the nanoparti-
cle leads to a further increment in the temperature profiles close the left
permeable wall in the region of y € [0,0.6]. Thereafter, the temperature
profile decreases in the rest of the region towards the right permeable
wall. Interestingly, we observed that entropy generation rate decreases
with an increase in the nanoparticle volume fraction while the Bejan
number is an increasing function of the nanoparticle volume fraction as
illustrated in Fig. 2C and D respectively.

The effect of varying the fluid material parameter, 4 in the range
0 < 1< 1.5 on the nanofluid velocity profiles, temperature profiles, en-
tropy generation rate and Bejan number is displayed in Fig. 3A to C.
We observed that as the material fluid parameter increases, there is a
decrease in the nanofluid dynamic viscosity, hence, the fluid flow in
the channel is reduced as represented in Fig. 3A. It is worth mentioning
that A =0 corresponds to the Newtonian case and the velocity profiles
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Fig. 2. Effect of varying the nanoparticle volume fraction on the nanofluid (A) velocity profiles, (B) temperature profiles, (C) entropy generation rate, (D) Bejan
number.
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Fig. 3. Effect of varying the fluid material parameter on the nanofluid (A) velocity profiles, (B) entropy generation rate, (C) Bejan number.
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Fig. 4. Effect of increasing the Hartmann number on the nanofluid (A) velocity profiles, (B) entropy generation rate, (C) Bejan number.
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Fig. 5. Effect of increasing the Grashof number on the nanofluid (A) velocity profiles, (B) entropy generation rate, (C) Bejan number.
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Fig. 7. Effect of varying the thermal radiation parameter on the nanofluid (A) temperature profiles, (B) entropy generation rate, (C) Bejan number.
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Fig. 8. Effect of varying the temperature ratio parameter on the nanofluid (A) temperature profiles, (B) entropy generation rate, (C) Bejan number.
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attained a maximum value for this case. Fig. 3B shows that the entropy
generation number decreases with an increase in the fluid material pa-
rameter. This can be associated with the damping effect of the fluid
material parameter on the nanofluid flow, thus, minimizing the entropy
in the channel. It is easily seen from Fig. 3C that the Bejan number in-
creases as the fluid material parameter increases.

We examined the effect of the transverse magnetic field on the
nanofluid velocity, entropy generation and Bejan number. The veloc-
ity profiles, entropy generation rate and Bejan number for different
values of the Hartmann number in the range 0 < Ha < 3 are given in
Fig. 4A to C. We observed that the flow in the channel decreases with
an increase in the magnitude of the magnetic field intensity. Physically,
this observation is correct, since, the nanofluid particles aggregate un-
der the Lorentz dipolar forces from the transversely placed magnetic
field. Interestingly, Fig. 4B shows that, the entropy generation number
decreases as the Hartmann number increases close to the permeable
wall, in the region 0 <y < 0.3 and between 0.3 <y < 0.7 the entropy
generation number is an increasing function of the Hartmann number,
thereafter, the entropy generation number decreases as the Hartmann
number increases. The opposite trend is observed in Fig. 4C for increas-
ing the Bejan number. Fig. 4C implies that the irreversibility due to fluid
friction in the channel is higher than the heat transfer irreversibility in
the region 0 < y<0.3 and 0.7 < y < 1 while in the region 0.3 <y <0.7,
the heat transfer irreversibility is higher than the irreversibility due to
fluid friction.

The effect of varying the Grashof number in the range of 0 < Gr < 1.5
on the nanofluid velocity profiles, entropy generation number and Be-
jan number is shown in Fig. 5A to C. We observed that the nanofluid
velocity profile increases as the magnitude of the Grashof number in-
creases as depicted in Fig. 5A. This is physically true because increasing
the value of the Grashof number reduces the nanofluid dynamic vis-
cosity. These increments lead to an increase in the volumetric thermal
expansion in the channel which further enhances the nanofluid flow.
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Entropy generation number increases as the Grashof number increases
as seen in Fig. 5B. Fig. 5C indicates that the Bejan number decreases as
the value of the Grashof number increases. This result shows that the
irreversibility due to frictional forces and magnetic field dominates the
irreversibility due to heat transfer in the channel.

Fig. 6A to C shows the influence of the suction/injection Reynolds
number on the nanofluid velocity profiles, temperature profiles, entropy
generation number and the Bejan number. The value of the suction/in-
jection Reynolds number varies in the range 0 < Re < 0.5. We observed
that as the Reynolds number increases, both the fluid injection at the
left permeable wall and the fluid suction at the right permeable wall
also increase, hence the velocity profile decreases as shown in Fig. 6A. It
is evident from Fig. 6B that the nanofluid temperature profiles decreases
with an increase in the suction/injection Reynolds number. Within the
region of 0 <y <0.85, both the entropy generation number and the Be-
jan number decreases with an increase in suction/injection Reynolds
number, however, there is a change in trend close to the right perme-
able wall in the region of 0.85 < y <1 as depicted in Fig. 6C to D.

The effect of different values of the thermal radiation parame-
ter on the nanofluid temperature profiles, entropy generation number
and Bejan number are displayed in Fig. 7A to C. From Fig. 7A, the
nanofluid temperature profiles are enhanced with the thermal radia-
tion parameter. The physical reason for this observed trend is that, for
a higher value of the radiation parameter, more heat is transferred to
the nanofluid since the mean absorption coefficient k,, reduces with an
increase in the radiation parameter. Clearly, from Fig. 7B and C, we
observed that both the entropy generation number and the Bejan num-
ber increases in the channel as the values thermal radiation parameter
increases. This observation may be attributed to the dominance heat
irreversibility. A similar observation is seen for the behavior of the tem-
perature ratio parameter as illustrated in Fig. 8A to C.

Fig. 9 shows the effects of varying the Brinkman number within the
range of 0 < Br <7 on the nanofluid profiles. We observed from Fig. 9A
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that an increase in the values of the Brinkman number improves the
temperature profiles. This is true, since increasing the magnitude of
the Brinkman number implies an increase in the heat generated by
dissipation which leads to a rise in the heat transfer rate within the
channel. Fig. 9B shows the entropy generation number increases as the
Brinkman number increases. Fig. 9C shows that in the absence of fric-
tional heat irreversibility, the Bejan number is unity. Also, an increase
in the Brinkman number decreases the Bejan number.

In Fig. 10, the effect of varying the Biot number on the nanofluid
velocity profiles, temperature profiles, entropy generation number and
Bejan number are illustrated. Fig. 10A to B shows that the nanofluid ve-
locity profiles, as well as the temperature profiles, are enhanced with an
increase in the Biot number. This is physically correct since increasing
the values of the Biot number signifies an increase in the heat transfer
coefficient, hence, the rate of cooling decreases while the temperature
of the nanofluid within the channel rise. Both the entropy generation
number and the Bejan number rises in the channel as seen in Fig. 10C
to D.

The effects of various thermo-physical parameters on the skin fric-
tion and Nusselt number are illustrated in Fig. 11. We observed from
these Figures that the skin friction decreases with increasing the values
of Hartmann number, suction/injection Reynolds number and nanopar-
ticle fraction volume but increases with an increase in Grashof number,
thermal radiation parameter and Brinkman number. This can be at-
tributed to a decrease or increase in nanofluid velocity gradient at the
channel walls as the values of these parameters increases. Meanwhile,
an increase in the Grashof number, thermal radiation parameter and
Brinkman number decreases the Nusselt number due to a decrease in
temperature gradient at the walls while an increase in Hartmann num-
ber and nanoparticle fraction volume increases the Nusselt number due
to an increase in temperature gradient at the walls.

5. Conclusion

In this study, the entropy generation in a Powell-Eyring Al,O;-water
nanofluid flow in a vertical channel subjected to convective cooling has
been studied. The transport equations were solved using an iterative
spectral local linearization method. The entropy generation rate in the
system has been analyzed using the second law of thermodynamics. In
summary, the nanoparticle volume fraction and the Brinkman number
are significant in minimizing the entropy generation rate in the channel.
Hence, by increasing the nanoparticle volume fraction and reducing the
Brinkman number the flow in channel can be optimized.
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Chapter 6

Entropy generation in an unsteady Eyring-
Powell hybrid nanofluid flow over a perme-

able surface: A Lie group analysis

In this chapter, we extend the model investigated in Chapter 5 to the unsteady case using the novel
class of hybrid nanofluids. We study the entropy generation in a viscous hybrid nanofluid described
by the Eyring-Powell model. The similarity equations to the time-dependent model for the flow are
obtained using the Lie group symmetry approach. The bivariate spectral quasilinearization method
is used for the solution of the similarity equations. We also analyze the effect of viscous dissipation
on the hybrid nanofluid flow. A comparison of the Nusselt number of a regular nanofluid and a
hybrid nanofluid shows that the hybrid nanofluid has better thermal characteristics than the regular

nanofluid.

79



Received: 31 December 2019

Revised: 6 April 2020

Accepted: 4 May 2020

DOI: 10.1002/htj.21778

RESEARCH ARTICLE

WILEY

Entropy generation in an unsteady Eyring-
Powell hybrid nanofluid flow over a permeable
surface: A Lie group analysis

Hammed Abiodun Ogunseye’

Precious Sibanda'

School of Mathematics, Statistics and
Computer Science, University of
KwaZulu-Natal, Scottsville,
Pietermaritzburg, South Africa

*Department of Mathematics and Applied
Mathematics, Nelson Mandela University,
Port Elizabeth, South Africa

Correspondence

Hammed Abiodun Ogunseye, School of
Mathematics, Statistics and Computer
Science, University of KwaZulu-Natal,
Private Bag X01, Scottsville,
Pietermaritzburg 3209, South Africa.
Email: ogunseyehammed@gmail.com

| Yusuf Olatunji Tijani’® |

Abstract

In thermal processes, the choice of the thermofluid
plays an essential role in minimizing entropy genera-
tion and thereby improving thermal efficiency. In this
study, entropy generation in a viscous hybrid nanofluid
described by the Eyring-Powell model is investigated.
The model accounts for the effect of the nanoparticle
volume fraction and viscous dissipation on an Eyring-
Powell Cu-Al,Os/ethylene glycol nanofluid. A simi-
larity solution to the time-dependent model is found
using the Lie group symmetry technique. The bivariate
spectral quasi-linearization method is used for the so-
lution of the self-similar transport equations. We ana-
lyze the effects of the nanoparticle volume fraction,
suction/injection, and viscous dissipation on the fluid
properties. The skin friction and Nusselt number are
determined. A comparison between the Nusselt num-
ber of a regular nanofluid and a hybrid nanofluid
shows that the hybrid nanofluid has better thermal
characteristics compared with the regular nanofluid.
The findings show that a decrease in the nanoparticle
volume fraction and Eckert number minimizes entropy
generation in the system.
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1 | INTRODUCTION

Choi and Eastman' introduced the term nanofluid to describe a colloidal suspension of metallic
particles with a diameter less than 10 nm in a regular fluid. Nanofluids have attracted sig-
nificant theoretical and experimental studies. A review of literature on thermal properties of
nanofluids can be found in Dhinesh and Valan” and the references therein. Efforts to further
enhance the heat transfer rate of nanofluids have in recent years led to a new kind of nanofluid
termed “hybrid nanofluid.” Hybrid nanofluids contain composite nanoparticles in a base fluid.
These fluids have been reported to exhibit a better thermal characteristic than regular nano-
fluids, making the hybrid nanofluid a better thermofluid for industrial, engineering, and bio-
medical applications. Previous studies on hybrid nanofluids include those by Han et al,” Botha
et al,” Xuan and Li,” and Abbasi et al.” A comprehensive review of the work so far was given by
Sarkar et al.’

Although the heat transfer rate in a thermal system may be enhanced by using a nanofluid,
the irreversibilities in the process cannot be overlooked. One of the quantitative tools used to
determine the irreversibility through entropy generation is the second law of thermodynamics
as proposed by Bejan. On the basis of the approach by Bejan, a number of studies on how to
minimize the irreversibilities and optimize fluid flow process have been carried out by re-
searchers in the last few decades. A comprehensive review of entropy generation in nanofluid
flow was reported by Mahian et al.” Qing et al’ investigated entropy generation on Casson
nanofluid flow past a moving surface. In 1944, Powell and Eyring'’ formulated a non-
Newtonian fluid model now called the Eyring-Powell fluid. Amongst many non-Newtonian
fluids, the Eyring-Powell fluid is of great scientific, engineering, and biological importance. At
low and high shear rate the Eyring-Powell fluid is Newtonian in nature. The effect of modified
heat flux parameter on an Eyring-Powell fluid on an exponentially expanding sheet was studied
by Hayat and Nadeem.'' Ishaq et al'* studied the entropy generation on film flow of an Eyring-
Powell nanofluid over an unsteady porous stretching sheet. The entropy generation in Eyring-
Powell nanofluid flow in a channel was investigated by Ogunseye and Sibanda.'” Only a few
studies are reported on the entropy generation in hybrid nanofluid flow. Among these, is the
analysis done by Das et al'* on the entropy generation in Cu-Al,Os/water hybrid nanofluid flow
in a porous channel. Most recently, Afridi et al'> analyzed the entropy generation in a
Cu-ALOz/water hybrid nanofluid flow past a curved surface. Their results showed that the
hybrid nanofluid minimizes the entropy generated compared with regular nanofluid.

Ashraf et al'® studied fluid flow over a convectively heated expanding surface using an
Eyring-Powell nanofluid. The study reported that for larger values of the Brownian motion
parameter, little increment is noticed in the temperature profiles, while a decrease is noticed in
the concentration profiles. Kumar and Srinivas'’ considered the effect of radiation and Joule
heating in flow over an inclined expanding surface. Using the curved approach proposed by
Sato et al,'® Tanveer et al'’ studied the peristaltic flow of an Eyring-Powell nanofluid with
complaint walls. Rehman et al’’ investigated the importance of a chemical reaction, heat
generation, and thermal radiation on an Eyring-Powell fluid flow in both flat and cylindrical
surfaces. Malik et al*' investigated mixed convection and magnetic effects on an Eyring-Powell
nanofluid over a continuous surface. The scientific study of Eyring-Powell nanofluid with
thermal radiation and heat generation using the multidomain bivariate spectral quasi-
linearization method (MD-BSQLM) was presented by Agbaje et al.”> Recently, the flow of an
Eyring-Powell nanofluid flow over an irregular expanding surface using the finite element
method was investigated by Ibrahim and Gadisa.”

81



OGUNSEYE . 3
ET AL HEAT TRANSFER g% | LEYJ—

To the best of our knowledge, the investigation of entropy generation in a viscous non-
Newtonian hybrid nanofluid flow past a stretching permeable surface is yet to be undertaken in
the literature. The aim of this study is to investigate entropy generation in the transient flow of a
hybrid nanofluid described by the Eyring-Powell model past a permeable surface.

The rest of the paper is organized as follows. We present the mathematical formulation and
relevant boundary conditions in Section 2. In Section 3, a similarity solution to the time-
dependent model is found using the Lie group symmetry technique. In Section 4, we present the
equations that describe entropy generation. In Sections 5 and 6, the bivariate spectral quasi-
linearization method (BSQLM) is used to find the solution of the differential equations. A
discussion of the findings in this studying is given in Section 7. The heat transfer coefficient in
the hybrid nanofluid is compared with that of a regular nanofluid. We highlight the salient
features of this study in Section 8.

2 | MATHEMATICAL FORMULATION

We consider the flow and heat transfer of an unsteady, incompressible, viscous non-Newtonian
hybrid nanofluid, governed by the Eyring-Powell model, over a permeable stretching surface. A
schematic description of the problem is given in Figure 1. The equations for the flow are derived
from the conservation of mass, momentum, and energy equations. Using boundary-layer as-
sumptions, these equations in Cartesian coordinates are (see Jalil et al** and Waini et al”’) as
follows:

on L 9 _,, M
ox oy
- . - 2 N2 o - -
a—lf+aa—Lf+v”a—lf=(M+ ; ]a_fz{——l 3(6_11)5_}“&16 i @
ot ox oy Prnf PhneBY ) OV 200,eBy*\ 0y ) 0y ot ox

of ;o7 ;0T _ ke 0T = 1 (M +L)(%]2_ 1 (a_u) 3)
OF % 9 (0Commt 952 (0Come | T gy Nay )  eprilag) |

v
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U
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7—771)
1414
FIGURE 1 Geometry of the YV U = AUy T
Vw

problem
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where X represents the coordinate along the surface and y is the vertical coordinate, f is the
time, @ and ¥, respectively, represent the velocity components along the X and y directions, i, is
the free stream velocity, 8 and y are the Eyring-Powell fluid parameters, and T is the hybrid
nanofluid temperature. In addition, ¢, Ppns> Khnt, and (0Cpnnt, respectively, are the hybrid
nanofluid dynamic viscosity, density, thermal conductivity, and heat capacity. Following Devi
and Devi*® and Waini et al,” these terms are evaluated using the following expressions:

S

Hinf 1
P (R W

P o I3
= (- g)[1- g, + 0,2 ]+ 0,2

Pt Pt

(pcp)hnf _ _ _ (pcp)xl (pcp)sz
©C) a ¢s2)[1 P+ S (pcp)f] + ¢, ©Cp) 4)

knne _ Ksa + 2kor — 26, (ko — k)
kot Koyt 2kor + B, (ot — k)

2'g

where
ﬁ _ kSl + 2kf - 2(}551 (kf - ksl)
ke T kg 2ke+ gy (ke — k)

J

In Equations (4), u is the dynamic viscosity, p the density, (0C,) the heat capacity, and k the
thermal conductivity. Also, the subscript f indicates the base fluid, hnf the hybrid nanofluid,
and bf the nanofluid, while the subscripts s; and s, stand for the hybrid nanoparticles.

The hybrid nanofluid utilized in this model is a Cu-Al,Oz/ethylene glycol. This is synthe-
sized by adding a fixed volume fraction of the 0.1A1,0x(¢, ) nanoparticle to ethylene glycol.
Different volume fractions of Cu (g,,) are subsequently added. It is worth noting that, if
¢;, = ¢5, = 0, the model reduces to the case of ethylene glycol as the working fluid. The case of
Cu/ethylene glycol nanofluid can be obtained by setting ¢, = 0 and ¢, # 0. The thermo-
physical properties of ethylene glycol and the hybrid nanoparticles are presented in Table 1.

The relevant boundary conditions for the model are given as

a()z'7 07 f) = Aaw()za E)’ ﬁ()za Oa E) = Sﬁw(jz’ E)’ a(jz’ o, E) = ae(x~a E)’ (5)
T(%,0,1) = Ty(%, ), T(X, 00, ) = T,

where i (%, f) is the stretching velocity, 4 the stretching parameter, S the suction/injection
parameter (S > 0 for suction and S < 0 for injection), vy, (%, ) the mass flux velocity, the
surface temperature is denoted by Ty, (%, ), and T, the temperature far away from the surface.

To nondimensionalize Equations (1) to (4), we adopt the following nondimensional para-
meters presented by Akgiil and Pakdemirli®’:

TABLE 1 Thermophysical properties of ethylene glycol and hybrid nanoparticles

p, kg/m® Cp, J/kgK k, W/mK
Ethylene glycol 1115 2430 0.253
Cu 8933 385 400
AlLO; 3970 765 40

133 1.25

Source: Gholinia et al”” and Waini et a
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where Uy, L, and Ty are the reference velocity, characteristic length, and reference temperature,
respectively.
We recall the stream function ¢ (x, y) defined by

u=— and v:—a—w. Q)
dy 0x

Substituting Equations (6) and (7) into the model equations and boundary conditions reads
as follows:

oY o ooy 1
dtdy Ay dxdy  Ax Ay A,

OT  0YaT _0yaT _ 1 AT &[(Al . 5)(6%)2 _ _5(% ] ©

(A +¢ 63—4) - é(62—1’0)263—1# + Olte +u Jue ©)]

A \?) a3 At Cox’

IS

d dydx Axdy PrAsd? Ay W 3
% e 0, 2 = S (0, T= Ty 1) at y=0,t20,
5y ax 4 (10)
oY
a——>ue(x,t), T—0 asy—o0,t>0
y )
with
1 U W) . Us

, Ec

€= 6= Pr= = :
:uflgy ZVchz Xt (Cp)fﬂ) (11)

Ay = Moot g Pty khnf’A4 _ (pCP)hnf’
Kt Pr ks (0Cpls

where ¢ and § are the Powell-Eyring parameters, Pr is the Prandtl number, and Ec is the Eckert
number.

In Equation (10) we assume that the moving surface velocity, mass flux velocity, and surface
temperature are defined by

Uy = X, vy, = xP, and T, = x5. (12)

3 | SIMILARITY TRANSFORMATION USING LIE GROUP
SYMMETRY

In this section, we show that Equations (8) to (10) admit scaling symmetry, then systematically
reduce the number of independent variables of the given partial differential equation from three
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to two. Following Pakdemirli and Yurusoy,”® we introduce a one-parameter scaling group of
transformation given as

it = te{al’ xX* = xegaz’y* = ye{‘I}’ d)* — wegazt’ T+ = Tegas, uéﬁ — ueegaé‘ (13)
In Equation (13), the coordinates (¢, x,y, ¥, T, u.) are transformed into the coordinates

(t*, x*, y*, P, T+, ug), using a one point transformation and ¢ is the transformation parameter.
The a; (i = 1, ..., 6) are constants to be determined.

el (a+a—ay) azl,b* + ¢ (ax+2a3—2a,) % 621,b* _ alp* azl'b*
dt+dy* Oy* Ox*dy*  Ox* Oy+?

3y 20+ \? B3uh+ . .
— L(Al + E)e{(3a3—a4)a ¢ £e§(703—3a4) 6_¢ a_¢ + e{(m—ae) aue + eg(az_zaﬁ)ue*%’
Ay Ay A, ay=* ) dy+3 ot o+
(14)
eg(al—as)% + e§(02+03—a4—(15)|:% orT* — dz,b* aT*:|
ot - ox+  ax* dy* as)

27 2,0 \2 2,0 \*
— iéef(z%—as)a_T + E (Al + g)e§(4113—2¢14) a_¢ — ge§(8a3—4a4) 5_¢ ,
Pr A, Ay A, dy+? 3 dy+?

e£@ma0 O _ 3 (oymetomay ot@ma) ¥ _ g (pynptionan
ay* Ox*

e

ay*

eS8 T = (x*)%eS(—5®) at y=0,t>0,ef@® W2 y+el~% G+ —50 as y —> o0, t > 0.

(16)

Under the transformation Equation (13), the system Equations (14) to (16) remain invariant,
if the following invariance conditions are satisfied:

Gq+a—as=a+ 203 —2a4 =343 — a4 =743 — 3a4 = a1 — g = A — 20,
G —As=aQ + a3 — A4 — A5 = 243 — a5 = 4az — 2a4 = 8az — 4ay, 17)
a3 — Q4 = —mMa,, a; — A4 = —Nnay, as = Sa,, as — Ay = —Aae.

On solving Equation (17) in terms of parameter a,, we obtain

2 1 1 1 2
Q=AQ1=05=—0, G=0=—Q, mM=—, n=-——, and s= —. (18)
1 4 5 32 3 6 32 3 3 3

Hence, the scaling group of transformation reads as follows:

2 1 2 2 1
Litr = te3%%, xr = xef®, y+ = ye3s’®, b+ = 1he3’®, Tr = Te3%®, us = u.es3% (19)

Expanding the exponential functions in Equation (19) by Taylor series about { = 0 up to the
first order yields
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2 1 2
tr=t+ =fay, x* = x + &y =y + —{ap, P =P + =Gy,
3 3 3 (20)

2 1
T=T+ Eg‘Taz, U =ue + gg”ueaz.

In Equation (20), if we denote the differences between the transformed and original variables
as a differential, and further equate each term, the following characteristic equations are obtained:

3dt _ dx _ 3dy _ 3dp _ 3dT _ du. (21)

2t x y 20 2T  3ue

Solving Equation (21) by the method of characteristics gives the following similarity vari-
ables and functions:

2 1 2 2 1
§=xT3t,n=x"3p, Y =x3f (0, §), T = x36(n, §), ue = c1x3, (22)

where c; is the constant of integration and will be assigned a unity value. Substituting Equations
(12) and (22) into Equations (8) to (10) leads to the following similarity equations in simpli-

fied form:
1 ?f s YV@f 1 o\
2, )_+§fﬁ‘_(6n]a_m+€[l‘(%”
_ 9 g[af of _ﬁi], (23)
8n8§ on dndt  on? é¢
1 A;0% 2,00 2 0f 3 e (3%
Eza_ﬁ+5f%_56%+zl(‘“)( ) 3(5”
_ 9 _ _g[@@ _ @@], (24)
o0& on d¢  dndk
£(0,8) = fw (o £) = % 0,8 —1,0(0,8) =1, 6(c0, &) — 0, (25)
where fw = —=

The important physical quantities are the skin friction coefficient, C¢, and the Nusselt
number, Nu,. These quantities are defined as

X
Cr = L. > and Nu, = ﬁ. (26)
PeUp xe (T — Te)

The wall shear stress 7, and the wall flux g, are expressed as
+ = ou ! 6u and gq, = —k or
Hhnt ,6’ 6y % By o w hnf 637
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Using Equations (6) and (22), Equation (27) in dimensionless form yields

(Re): C¢ = (A + 5)—(0 &) — _(62]” (o, §)] and Nuxx_%(Re)‘% = —&%(0, £),
(28)

where Re = UVLfL represents the local Reynolds number.

4 | ENTROPY GENERATION

In this section, we focus on the entropy generation minimization for the hybrid nanofluid flow
model. The entropy generation is due to the irreversibility due to heat transfer and viscous
dissipation effects within the hybrid nanofluid and the boundary surface. On the basis of the
second law of thermodynamics, the local volumetric rate of entropy generation presented as
(see Rashidi et al*”)

o kme(OTY 1 )Y 1 au (29)
Sr = —| +—
g = 2 (6}7] | 6 55) " 6
[ ———
First term Second term

In Equation (29), the entropy generation due to heat transfer is represented by the first term
while the second term explains the entropy generation due to viscous dissipation. Utilizing
Equations (6) and (22), the expression for the dimensionless entropy generation number is

2
Ns = oL sz, :A3(@] . BePrR l(Al e )(azf) 5&(6@”” (30)

T2 ksvixs an Ow on?

where R = Rex~3 and Bw = % are the local Reynolds number and temperature ratio, re-
spectively. The Bejan number (Be) is defined as

Be= — 1 (1)

where

e ol2) -5(2)]
w(3) |

5 | NUMERICAL SOLUTION

b =

Equations (23) to (25) are solved numerically using the BQSLM as described in Goqo et al.”

To apply this technique, we first define the following nonlinear operators:
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1 2 3 1 2
Q:—A+ m+_ n _ == l/2m+_1_ 72 - K+ = 'K — ”P,
; Az( 1+ "+ 2 Az(f I+ A=) SSIK=1"P)

14

Qn =
T pra,

o+ 28 - 26+ fl—j[(Al LT - %(f”)‘*] -q+ 2¢irQ-om),
(33)

where prime indicates partial derivative with respect to 7, K = %, P= Z—f, and Q = e,

Linearizing Equations (23) to (25) using the quasi-linearization method (see Bellman and
Kalaba®') yields Equations (34) to (36):
C1,rfr,$1 + confly + Cs,rfrlﬂ + Carfrpr + G5 K1 + CorBy1 = Ry, (34)

" ’ " ! _
G.r0%0 + 8,601 + CorOr1 + Cl0,Qrir + Cr1pfiy ) + Cr2nf) )+ C3rfiyy + ClurBi = Ry

(35)
f;+1(0’ §) = ﬁA)’f;+1(0’ §) = l,f;+1(00, g) I 1’ er+1(0’ ’g:) = 1’ 9r+1(°°a §) - 07 (36)

where
0Qs 1 oc 0Qs 2 2ed 2
c :—:—A+E—— ”2,C - -t _ = _ == e ”’——P,
1Lr o Az( 1+ ¢€) Az(f’) 2 3" 3f, Azf’f’f' 3§r
3Q; 2 ) 3Q; 2 3 2., 80
Cy, = = —(¢K, — , C. :—:—”,C = = — —1,¢6, =
3,r afrl 3(§ r fr) 4,r 6f, 3 r 5,1 6K, 3§fr 6,r aB
_ 2 "
= g 7y
0Qs 1 A Qs 2 6Qs 2., 0Qs
Gy = — = ———=,Cg;,= — = — —&P),cor=——=——f,cC =
T80 T PrA, T 06, 3 G = SR cor 36, 3 or 3Q, + (37)
2.0
= ng; -1,
699 Ec 45¢ 699 2
Cliy= — = —|2(4 + )f — — ("), cror = —F == - 6,),
11,r afr” A4[ ( 1 ) r 3 (fr ) ] 12,r afr, 3 (§Qr r)
606 2 ’ m " ’
Ci3r = aP = Eger, Rl,r = cl,rfr + C2,rfr + C3,rfr + c4,rf; + CS,rKr + C6,rPr - Qy,
T
R2,r = C7,r6r” + cS,rer’ + C9,rer + ClO,rQr + Cll,rfr” + Clz,rfr, + Cl3,rf;a + C14,rB - Qe,

The linearized equations are integrated using the Chebyshev spectral collocation method
(CSCM). To this end, we replace the semi-infinite domain » € [0, o0), with a truncated domain,
7 € [0, L,], L, € Z*. The new domain of n and & is transformed to CSCM computational
domain using the linear transformation:

0.8 = {%(1 + p). %(1 + q>}, Y () € [~1,1] x [-1,1]. (38)

The collocation points are chosen to be the Chebyshev-Gauss-Lobatto nodes with N, and N;
collocation points in z and £, respectively, expressed as
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X N,
D = cos(ﬂ]
N,

n .

7ij

s .= cos| —
- K (Nf]

The unknown functions f (5, £) and 6(», ) are approximated using the bivariate Lagrange
interpolation polynomials, such that the first derivatives with respect to 7 and £ are defined in
terms of Chebyshev differentiation matrix D (see Trefethen’”) as

Ne
(39)

Jj=0

f & _ . &
o Z_:Di,klf(Pkls q) = Df (p;, ), o D’f (p;» q))s o Df (p;» q)s
k=0
N,
80 ” 02
2 = DS (@i 0) = DO, q), % = D%(p, ),
k=0
of Ne Ne 90 Ne Ne
%= Ddief 0o a) = D diwf @ q): %" Didinef 0 q) = ), 40P ),
g k=0 k=0 k=0 k=0

(40)

D = 2D/L, and d = 2d/L,. Substituting Equations (39) and (40) into Equations (34) to (36)
gives the BSQLM scheme:

N
diag(cy,,)D? + diag(c,,)D? + diag(cs,)D + diag(cs,) + diag(cs,)D z djx,

k=0
Ne
+ diag(ce,r) z di, |E+1j = Ry, (41)
k=0
Ne
diag(c11,)D? + diag(ciy,)D + diag(cys,) + diag(cis,) D dy,
k=0
Ne
+ | diag(c;,,)D? + diag(cs,)D + diag(co,) + diag(cio,r) Z djty [@r41j = Ry, (42)
=0

TABLE 2 Comparison of the BSQLM results for f”(0, 0) and 6'(0, 0) with Jalil et al** and Agbaje et al** for
the following values: € = ¢, = ¢, = 0 and varying values of fiw

J"(0,0) 6’ (0, 0)
fw Jalil et al** Agbaje et al* Present Jalil et al** Agbaje et al*” Present

2 0.9251 0.9251 0.925021 1.6036 1.6036 1.603566
4 1.5030 1.5030 1.502659 2.8330 2.8333 2.833009
6 2.1233 2.1233 2.123323 4.1177 4.1177 4.117731
8 2.7627 2.7626 2.762725 5.4238 5.4238 5.423828
10 3.4116 3.4116 3.411600 6.7399 6.7399 6.739945
20 6.7069 6.7069 6.706869 13.3706 13.3706 13.370608

Abbreviation: BSQLM, bivariate spectral quasi-linearization method.
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TABLE 3 Nusselt number for Cu/ethylene glycol and Cu-Al,O;/ethylene glycol when € = Ec = fw = 1.0,
6 = 0.1, 1 = 1.5, and Pr = 6.7 for various values of ¢‘>S2

Nusselt number

b, Cu/ethylene glycol Cu-Al;03/ethylene glycol % Difference
0.005 5.099609 5.321992 4.36
0.02 5.084782 5.303393 4.30
0.04 5.065013 5.278591 4.22
0.06 5.045247 5.253799 4.13

TABLE 4 Computed results for skin friction coefficient, C¢, and Nusselt number, Nu, for Cu-Al,O3/ethylene
glycol hybrid nanofluid for varying the parameters: ¢, ¢, 8, fw, 4, and Ec when § = 1

s, £ ) Jw A Ec Ct Nu

0.005 1 0.1 0.5 1.5 1 —1.104099 2.568624
0.02 1 0.1 0.5 1.5 1 —1.162933 2.548472
0.04 1 0.1 0.5 1.5 1 —1.241305 2.521875
0.06 1 0.1 0.5 1.5 1 —1.320045 2.495310
0.005 0.1 0.1 0.5 1.5 1 —0.892933 2.622560
0.005 1 0.1 0.5 1.5 1 —1.104099 2.568624
0.005 2 0.1 0.5 1.5 1 —1.295975 2.528489
0.005 3 0.1 0.5 1.5 1 —1.462214 2.497262
0.005 1 0.1 0.5 1.5 1 —1.104099 2.568624
0.005 1 0.5 0.5 1.5 1 —1.100466 2.567302
0.005 1 1 0.5 1.5 1 —1.095793 2.565410
0.005 1 1.5 0.5 1.5 1 —1.090859 2.563401
0.005 1 0.1 -0.5 1.5 1 —0.862073 0.664706
0.005 1 0.1 —-0.3 1.5 1 —0.907053 0.883166
0.005 1 0.1 0.3 1.5 1 —1.052357 2.039397
0.005 1 0.1 0.5 1.5 1 —1.104099 2.568624
0.005 1 0.1 0.5 0.3 1 1.210282 0.887030
0.005 1 0.1 0.5 0.5 1 0.910096 1.927190
0.005 1 0.1 0.5 1.5 1 —1.104099 2.568624
0.005 1 0.1 0.5 2 1 —2.368386 0.168083
0.005 1 0.1 0.5 1.5 0.1 —1.104110 3.348587
0.005 1 0.1 0.5 1.5 1 —1.104099 2.568624
0.005 1 0.1 0.5 1.5 1.5 —1.104109 2.135292
0.005 1 0.1 0.5 1.5 2 —1.104104 1.702098
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6.8

(D)
— ¢, =0.005
0.8 — 4,-002
— 0,=004
0.7 ——— 0,=006
0.6
0.5
Be
04
03
0.2
0.1
0
2 0 0.5 1 1.5 2

FIGURE 2 Effect of varying the nanoparticle volume fraction (¢;,) on the hybrid nanofluid for
€ =Ec=1.0,6 =01,4 = 1.5, fw = 0.5, and Pr = 6.7 on (A) velocity profiles, (B) temperature profiles, (C)
entropy generation rate, and (D) Bejan number [Color figure can be viewed at wileyonlinelibrary.com]

with the boundary condition

N") N")
Z DNv,ler+1(pk17 q]) = /L Fr+1(pNn’ qj) = ﬁ/‘)’ Z DO,k1E+1(pkla qJ) = 1; (43)
k=0 k=0

®r+1(pNWa qJ) = 1a ®r+1(p0’ qj) = 0’

F..1; and @, are the solution of f(n, §) and 6(7, &) evaluated at each value of &.
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(A) (B)
1
14 ~ &=0 (Newtonian case) ~ &=0 (Newtonian case)
’ — e=10 - s=;.g
AS1  — —_— =2,
£=2.0 0.8 — £=30
— ¢&=30

(.8 1.0 6.9

=
=

(C) (D)
. ~ &=0(Newtonian case) 09 — ¢g=0 (Newtonian case)
— &=10 — &=10
— =20 08 - €=20
6 - g=3.0 — £=3.0
0.7
0.6
Be 05
0.4
0.3
0.2
0.1
0
0 1 2 3 4

FIGURE 3 Effect of varying the Eyring-Powell fluid parameter (¢) on the hybrid nanofluid for Ec = 1.0,
§=01,12=15, fw = 0.5, Pr = 6.7, and ¢, = 0.005 on (A) velocity profiles, (B) temperature profiles,
(C) entropy generation rate, and (D) Bejan number [Color figure can be viewed at wileyonlinelibrary.com]

6 | NUMERICAL VALIDATION

The BSQLM iterative scheme is implemented using the Maple 18 symbolic package. To validate
the accuracy of the scheme, we compared the skin friction coefficient values against the results
of a regular Newtonian model in the literature. In the absence of hybrid nanoparticles
(¢, = ¢, = 0), our results agree with that of Jalil et al** and Agbaje et al,” see Table 2.

7 | RESULTS AND DISCUSSION

In this section, we discuss the effects of the fluid parameters: Eyring-Powell parameters, § and ¢,
suction/injection parameter, fw, the hybrid nanoparticle volume fractions, ¢, and ¢, , and the
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(A) (B)
15 1
— fw=-0.6 — fw=-0.6
—_— fw=-03 — fw=-03
— fw=05 — fw=05
1.4 — fw=1.0 08 — fw=10
1.3 0.6
f(n.8) 6(n.8)
1.2 0.4
1.1 0.2
1.0 0
0 1 2 3 4 5 0 1 2 3 4 5
n n
(©)
0.9
— fw=-0.6
0.8 — fw=-03
— fw=05
0.7 — fw=1.0
0.6
0.5
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0.4
0.3
0.2
0.1
0
0 1 2 3 4 5

=

FIGURE 4 Effect of varying the suction/injection parameter (f) on the hybrid nanofluid for
e=Ec=10,6=0.1,1=1.5,Pr=6.7,and <;5S2 = 0.005 on (A) velocity profiles, (B) temperature profiles,
and (C) Bejan number [Color figure can be viewed at wileyonlinelibrary.com]

Eckert number, Ec on the hybrid nanofluid velocity profiles, f’(n, &) temperature profiles,
0(n, §), entropy generation number profiles, and Bejan number profiles. In addition, we com-
pute the skin friction and Nusselt number for different values of these parameters. Unless
otherwise stated, we utilize the following parametric values (see References [24-26]):
e=Ec=1.0,6=01,4=1.5, fw= 0.5, Pr = 6.7, and ¢Sz = 0.005.

To explore the effective thermal characteristic of the hybrid nanofluid, we compare the Nusselt
number in both Cu/ethylene glycol nanofluid and Cu-Al,Os/ethylene glycol hybrid nanofluid in
Table 3. We observe that the heat transfer coefficient is improved by using a hybrid nanofluid.

Table 4 shows that the skin friction coefficient decreases with an increase in the nano-
particle volume fraction, ¢, , Eyring-Powell fluid parameter, €, and suction/injection parameter,

93



OGUNSEYE ET AL. 15
HEAT TRANSFER g3 ! LEYJ—

(A) (B)
e
—— Ec=0. T — Ec=01
— Ec=10 Ec=1.0
- — Ec=15 — EC:%
Ec=2.0 c=2
8
0.6
6
6(n.5) Ns A
041
4
02 )
0 - 0 _
0 1 2 3 4 0 1 2 3 4

3
-

FIGURE 5 Effect of varying the Eckert number (Ec) on the hybrid nanofluid for ¢ = 1.0, § = 0.1,
A =15, fw = 0.5, Pr = 6.7, and ¢, = 0.005 on (A) temperature profiles and (B) entropy generation rate
[Color figure can be viewed at wileyonlinelibrary.com]

fw. Also, increasing the nanoparticle volume fraction, Eyring-Powell fluid parameter (g, §) and
Eckert number, Ec, decrease the Nusselt number, see Table 4.

The impacts of varying the nanoparticle volume fraction on the hybrid nanofluid velocity
profile, temperature distribution, entropy generation number, and Bejan number profiles are
displayed in Figure 2A-D. Increasing the volume fraction of the nanoparticles is observed to
reduce the hybrid nanofluid velocity profiles as revealed in Figure 2A, hence, thinning the
momentum boundary-layer thickness. A similar result was recorded by Devi and Devi.”® The
results in Figure 2B-D show that temperature distribution, entropy generation number profiles,
and Bejan number profiles are enhanced with an increase in nanoparticle volume fraction. This
is physically correct due to the fact that as the nanoparticle volume fraction increases, the
thermal conductivity of the hybrid nanofluid is enhanced, improving the thermal distribution.

The influence of the Eyring-Powell fluid parameter, €, on the hybrid nanofluid velocity,
temperature, entropy generation number, and Bejan number profiles is presented in
Figure 3A-D. Clearly, from the definition of ¢, € has an inverse relation with the fluid viscosity.
Increasing € implies decreasing the fluid viscosity. Interestingly, the hybrid nanofluid velocity
profile and the momentum boundary-layer thickness increase with ¢, when 4 > 1 see Figure 3,
and the reverse trend is observed when A < 1. 4 > 1 indicating that the stretching velocity
dominates the free stream velocity. Results in Figure 3B and 3C show that the thermal
boundary-layer thickness and the entropy generation number profiles also increase with €. An
increase in € decreases the Bejan number profiles as seen in Figure 3D.

Figure 4A-C shows the effects of distinct values of the suction/injection parameter fiw on the
hybrid nanofluid velocity, temperature, and Bejan number profiles. Obviously, from Figure 4A,
the velocity field decreases with an increase in the suction parameter (fw > 0) which indicates
that the thickness of the momentum boundary decreases with an increase in the suction
parameter. However, the opposite results were observed for injection parameter (fw < 0). An
increase in fw decreases the temperature and Bejan number profiles as displayed in Figure 4B
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and 4C. This result is physically correct for with suction the hot hybrid nanofluid is drawn
closer to the surface, hence reducing the thermal boundary-layer thickness.

Finally, Figure 5A and 5B illustrates the effect of the Eckert number, Ec, on the hybrid
nanofluid temperature and entropy generation number. It is observed from Figure 5A and 5B
that in the temperature and entropy generation, profiles are enhanced significantly with Eckert
number. Physically, increased Ec leads to heat generation in the system due to dissipation,
hence increasing the temperature. The findings suggest that entropy generation can be mini-
mized by reducing the Eckert number.

8 | CONCLUSION

We have analyzed the entropy generation in a transient Eyring-Powell hybrid nanofluid flow
over a permeable surface. Similarity solutions of the model equations were obtained using the
Lie group symmetry method. The computational simulations were carried out using the
BSQLM. The findings of this research study include:

1. The entropy generation can be minimized using a hybrid nanofluid.

2. The irreversibility in the system can be optimized by decreasing the Eckert number.
3. Increasing the Eyring-Powell parameter ¢ leads to a decrease in the fluid viscosity.
4. The effects of suction to injection on the velocity profiles are in opposition.
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Chapter 7

Conclusion

In this thesis, we have investigated heat transfer and entropy generation in an Eyring-Powell
nanofluid for different flow geometries. The spectral quasilinearization, spectral local linearization,
and bivariate spectral quasilinearization methods have been used to obtain numerical solutions of
the conversion equations. We have provided an analysis of the impact on the flow of nanofluid
parameters and determined the effect of these parameters on the heat transfer rate and skin friction
coefficient. We have shown, among other results, that the fluid material and velocity slip param-
eters enhance the skin friction. In addition, an increase in thermal radiation and the temperature

ratio parameter lead to increase in the Nusselt number.

In Chapter 2, we reported on the magnetohydrodynamic Eyring-Powell copper-water nanofluid
flowing over a stretching vertical cylinder with mixed convective stagnation-point flow as well as
heat generation, nonlinear thermal radiation, velocity and temperature slip effects. The spectral
quasilinearization method was the method of solution used to handle the reduced nonlinear dif-
ferential equations. Our main parameters of interest include the Eyring-Powell fluid parameter,
nanoparticle volume fraction, curvature parameter, heat source parameter, thermal radiation and
thermal slip parameters. We found, among other results, that the Eyring-Powell fluid parameter
reduce the skin friction coefficient. Physically, this can be attributed to the inversely proportional
relation between the nanofluid dynamic viscosity and the Eyring-Powell fluid parameter. Thus, the
nanofluid become less viscous with increasing values of the Eyring-Powell fluid parameter, thereby
reducing the skin friction coefficient. The skin friction coefficient was enhanced by increasing the

nanoparticle volume fraction. In addition, the heat generation and thermal radiation parameters
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both increase the heat transfer rate, while the thermal slip parameter, nanoparticle volume fraction

and heat absorption parameter decrease with increased heat transfer rate.

In Chapter 3, we discussed the impact of non-Fourier heat flux with variable thermal conductiv-
ity on the heat and mass transfer of the Eyring-Powell nanofluid squeezing flow. We considered
a channel flow geometry and utilized the Buongiorno nanofluid model, which accounted for the
effect of Brownian motion and thermophoresis. Parametric analysis of the relevant fluid param-
eter was carried out using the conversion equations and the spectral local linearization method.
Interestingly, the temperature profiles were enhanced with increasing values of the thermophore-
sis parameters and Brownian motion. Also, the thermal boundary layer thickness have a direct

influence with increasing values of the thermal conductivity and relaxation parameters.

The Lie group symmetry analysis was used in Chapter 4, to investigate the boundary layer flow
of Eyring-Powell nanofluid flow past a stretching surface. Based on some experimental findings,
the nanofluid model was assumed to be influenced by nanoparticle size and temperature. For the
partial differential equation modeling the flow and heat transfer problem, the similarity solution
was obtained using Lie group symmetry analysis. An increase in the nanoparticle volume fraction,
thermal radiation and temperature ratio parameters were seen to enhance the temperature profiles
as well as the thermal boundary layer thickness. Furthermore, increasing the thermal radiation and

temperature ratio parameters lead to increase in the Nusselt number.

It is important to analyze the entropy generation in other to determine how to minimize energy
loss in fluid flow. Regarding this important attribute, in Chapter 5, we numerically analyzed using
a vertical channel, the entropy production rate of a Powell-Eyring nanofluid mixed convective
flow of a Cu-Al,O3 water. We used the efficient spectral local linearization method (SLLM) to
handle the transport equations. We also shed light on the entropy generation rate using one of the
laws of thermodynamics. The Brinkman number and the nanoparticle volume fraction both have a
tremendous contribution to reducing the entropy production rate in the channel. We would like to
point out that by reducing the Brinkman number and increasing the nanoparticle volume fraction,

the flow in a channel can be optimized.
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Finally, in Chapter 6, we analyzed the entropy generation using the Lie group symmetry method to
obtain a similarity solutions, for unsteady Eyring-Powell hybrid nanofluid flowing over a possible
leaking surface. The numerical simulations were executed using the bivariate spectral quasilin-
earization method. We observed that the hybrid nanofluid minimized entropy generation and by

decreasing the Eckert number, the irreversibility in the system was observed to be optimized.

We believe this research should be of interest to industrial and process engineering specialists, for
improving the efficiency and effectiveness of heat transfer in thermal systems. In future studies, a

similar investigation will be considered for other non-Newtonian fluid models.
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