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Abstract

The heat transfer in non-Newtonian nanofluid flow through different geometries is an important

research area due to the wide application of these fluids in biomedical, chemical and thermal en-

gineering processes. The continuous generation of entropy leads to exergy loss which reduces the

performance and efficiency of any physical system, therefore, the minimization of entropy gener-

ation becomes necessary. In this thesis, we present a numerical study of heat transfer and entropy

generation in non-Newtonian nanofluid flows. We study the flow of a Powell-Eyring nanofluid,

using models developed from experimental data. The equations that model the flow are, in each

case, reduced to systems of nonlinear differential equations using Lie group theory scaling trans-

formations. Accurate, efficient and rapidly converging spectral numerical techniques including

the spectral quasilinearizzation, spectral local linearization and bivariate spectral quasilineariza-

tion methods are used to find the numerical solutions. The results show, among other findings,

that increasing either the nanoparticle volume fraction or thermal radiation parameter enhances the

nanofluid temperature, entropy generation and the Bejan number. In addition, we find that the Nus-

selt number increases with the temperature ratio parameter and thermal radiation. The results from

this study may find use in the design of cooling devices to enhance and optimize the performance

of thermal systems.
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Chapter 1

Introduction

The theoretical analysis of the flow of non-Newtonian fluids has, recently attracted increased at-

tention from researchers. This is because most industrial and engineering fluids, such as polymer

solutions, engine oils and greases, cannot be adequately modeled using Newton’s law of viscosity.

These non-Newtonian fluids find application in industrial and engineering processes such as in the

food and polymer extrusion industries. Due to the multifarious nature of many non-Newtonian

fluids, providing a single constitutive equation which adequately describes the flow of such fluids

is still beyond the scope of present knowledge. Common constitutive models include, but are not

limited to, those that describe the power-law fluid [1, 2], Casson fluid [3], viscoelastic fluid [4]

and Powell-Eyring fluid [5]. The constitutive model of interest in this study is the Powell- Eyring

fluid model, which has several advantages over other non-Newtonian fluid models. The Powell-

Eyring model is derived from the molecular theory of fluids and not from empirical relations. The

Powell-Eyring fluid has the same properties as a Newtonian fluid under low and high shear rates

[6].

1.1 Nanofluids and hybrid nanofluids

The suspension of nanometre-sized particles in base fluids such as water and ethylene glycol has

scientific support to enhance heat transfer, provided that the mixture is carefully made up in the

correct proportions. A colloidal suspension of metals or their oxides (iron oxide, alumina, copper

oxide, or zinc oxide), with particles having a diameter less than 100nm is called a nanofluid.
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Nanofluids have many ubiquitous applications. To start with, in solar technology, nanofluids are

used as a collector to enhance efficiency of a solar thermal system. In biomedical sciences, nanoflu-

ids find applications in cancer therapeutics and cryosurgery [7]. In engineering processes, they are

used to enhance engineering operations, petrochemical applications and polymer processing [8].

Robert et al. [9], Devendiran and Amirtham [10], Wong and De Leon [11] and Munyalo and

Zhang [12] all give a comprehensive survey of other applications of nanofluids. Buongiorno [13]

proposed a mass, momentum, and heat transport model for a nanofluid. This model is a two-

component four-equation nonhomogeneous equilibrium model. In that study, seven mechanisms

for slip between a base fluid and nanoparticles were suggested, which included inertia, Brown-

ian diffusion, thermophoresis, diffusiophoresis, the Magnetic effect, fluid drainage, and gravity,

of which, thermophoresis and Brownian particle motion were observed to be the most important.

In another study, Tiwari and Das [14] presented a different mathematical nanofluids model to fur-

ther understand the thermal mechanism of nanofluids with interest on the effective fluid properties.

They used the model is commonly referred to as the Tiwari-Das nanofluid model.

Khan and Pop [15] used the implicit finite difference method to studied the thermal behaviour of a

nanofluid past a stretching surface with consideration of the effects of thermophoresis and Brow-

nian motion. They found that the Nusselt number decreases with the thermophoresis parameter

as well as the Brownian motion parameter. Bachok and his co-researchers [16] investigated the

flow of a nanofluid over a shrinking or stretching plate in respect to stagnation-point using the

Tiwari-Das nanofluid model. The Newton-Raphson shooting technique was used as the method

of solution for the flow equations. They observed that nanoparticles inclusion enhanced the heat

transfer and skin friction coefficients. The stagnation point flow of mixed convection transfer of

heat and mass, radiative nanofluids over a stretchable surface was carried out by Pal and Man-

dal [17] using nanofluids of different kinds which include Al2O3-water, TiO2-water and Cu-water.

Their finding showed that Al2O3-water has a higher heat transfer rate when compared to Cu-water

nanofluid. Makinde and Aziz [18] probed the effect of convective heating in an impermeable

stretching surface for a boundary layer nanofluid flow. The thermal boundary layer was reported

to be strengthened with a rise in convective heating.

2



The majority of earlier studies cited above, assumed constant thermo-physical properties for the

nanofluid. However, recent studies have shown that these properties can vary either as a function

of temperature or nanoparticle size. Noghrehabadi and Behseresht [19] studied nanofluid flow

over a vertical cone with variable properties. They accounted for the case where the nanofluid

thermal conductivity and dynamic viscosity varied with the magnitude of the nanoparticles. They

concluded that the variable thermophysical properties reduced the Nusselt number. In the work of

Das et al. [20] they varied the nanofluid dynamic viscosity and thermal conductivity linearly with

temperature, this study was conducted over a wedge. Recently, scientific study and investigation

of nanofluid flow are now central on varying viscosity, thermal conductivity and some thermo-

physical properties in respect to particle size and temperature. Of great interest, are the work

of Masoud et al. [21], Hassani et al. [22], and Vajjha and Das [23]. These studies are worth

mentioning.

In recent years, researchers have made further advances in new techniques for enhancing heat trans-

fer rates in nanofluids. These efforts pave the way for what we now called hybrid nanofluid. The

hybrid nanofluids are new kind of nanofluid, they are constituents of two (composite) nanoparti-

cles in a base fluid. The hybrid nanofluids have been reported to have better thermal characteristics

than the conventional nanofluids. These fluid gives superior performance in industrial, engineering

and biomedical processes. Earlier research work on hybrid nanofluids include but not limited to

the studies by Xuan and Lii [24], Botha et al. [25], Abbasi et al. [26] and Han et al. [27]. An

exhaustive review of the work so far on hybrid nanofluids with recent trends was given by Sarkar

et al. [28].

1.2 The Powell-Eyring Nanofluid

In 1944, Powell and Eyring [5] developed a fluid model to investigate the viscoelasticity of a non-

Newtonian fluid. This model is now generally known as the Powell-Eyring (or Eyring-Powell) fluid

model. The novelty of their model can be attributed to it being derived from the kinetic theory of

the fluid and not simply empirical relations, as in the cases of other non-Newtonian fluid models.
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The Eyring-Powell fluid model has also been shown to be very useful in the calculation of the fluid

time scale for polymer concentrations (see Yoon and Ghajar [29]). One notable attribute of the

Powell-Eyring fluid model include a zero shear rate and infinite shear rate viscosities. For an in-

compressible homogeneous Powell-Eyring fluid, the constitutive equation admit the mathematical

expression (see Javed et al. [30])

τ =−pI+µH1 +

[
1

β |H1|
sinh−1

(
1
γ
|H1|

)]
H1, (1.1)

where p, I, µ stands for the fluid pressure, identity tensor and dynamic viscosity respectively, β and

γ are characteristics of the Eyring-Powell fluid, H1 represents the Rivlin-Ericksen tensor, defined

as

H1 = (∇V )+(∇V )tr , (1.2)

and

|H1|=
√

1
2

trace
(
H2

1
)
, (1.3)

where the superscript tr indicates the transpose.

Javed and his collaborators [30] used the Keller box method to solve the emerging flow equations

for the Powell-Eyring fluid flow over a stretchable plate. Their result shed light on enhancement

of velocity profiles for a non-Newtonian fluid in comparison to the Newtonian fluid. Using the

homotopy analysis method, Hayat et al. [31] obtained a semi-analytical solution for a Powell-

Eyring fluid flow over an accelerating surface with a convective boundary condition. The findings

that the resistance to flow increases with large magnetic field intensity were as a result of the work

of Akbar et al. [32]. They investigated the flow of an electrical conducting Eyring-Powell fluid

using the finite difference method.

The Eyring-Powell fluid model for non-Newtonian fluids can be modified to incorporate nanopar-

ticles. An Eyring-Powell nanofluid is, thus, an Eyring-Powell fluid that contains a colloidal sus-

pension of nanoparticles having a diameter less than 100nm. The Eyring-Powell nanofluid has en-

hanced thermophysical properties such as thermal conductivity and the rate of heat transfer. There

are several studies of the flow and properties of a Eyring-Powell nanofluid. These studies include
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the analysis by Malik et al. [33] of a Eyring-Powell MHD convective nanofluid past an elongated

sheet, which shows that the fluid flow increases with an increase in the Eyring-Powell and con-

vective parameters. The study of Khan et al. [34] over a cone and a flat plate was performed

for a mixed convection flow of a reactive Eyring-Powell nanofluid. Tanveer and his colleagues

[35] investigated flow of a Powell-Eyring nanaofluid in a bend channel. Agbaje et al.[36] exam-

ine the transient developing flow of an Eyring-Powell nanofluid over a shrinking plate. Hina [37]

probed the importance of slip condition on the flow of an Eyring-Powell nanofluids. Hayat et al.

[38] studied a radiative Eyring-Powell nanofluid with emphasis on heat transport and movement of

fluid due to a stretching cylinder. However, to the best of our knowledge, there are limited attention

of researchers to the flow of heat and mass transfer in Eyring-Powell hybrid nanofluids.

1.3 Entropy generation

Although enhancing the rate of heat transfer in a thermal system can be achieved by using a

nanofluid, a major challenge in physical applications is the energy loss due to irreversibilities in

the thermal processes. Recently, there have been a sizeable number of researchers working on the

analysis of entropy generation in a nanofluid flow. Entropy generation is a measure of dissipated

useful energy and degradation of the performance of engineering systems, such as transport and

rate processes; and the dissipation depends on the extent of irreversibilities present during a pro-

cess. Entropy generation is important as it continuous generation will reduce the efficiency of the

system due to energy loss. A practical application is in thermal engineering processes. Optimum

performance in engineering and industrial processes is possible by minimizing entropy generation

[39]. The second law of thermodynamics proposed by Bejan [39] is the quantitative tool used to

measure the degree of irreversibility through entropy generation. In this work, we analyze the irre-

versibility in the flow and heat transfer for an Eyring-Powell nanofluid flow using the statement of

Bejan [39]. The irreversibility law of all real-life processes is the second law of thermodynamics.

The rate of entropy generation per unit time and per unit volume is denoted by S′′′gen, given by Bejan
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[40] as

S′′′gen =
κ

T 2 (∆T )2 +
µ
T

Φ≥ 0, (1.4)

where κ stands for the thermal conductivity, µ represent dynamic viscosity and Φ is the viscous

dissipation function. The terms in equation (1.4) are non-negative.

Based on the approach proposed by Bejan [39], in recent years, many research work have em-

anated on minimizing irreversibilities effect which lead to efficient fluid flow process. Amongst

these works include, the investigation of a third grade fluid flow by analysing its entropy generation

by Pakdemirli and Yilbas [41]. Das et al. [42] probed the entropy generation of a pseudo-plastic

nanofluid through a porous channel. From their findings, the entropy generation rate was reported

to be directly proportional (increasing) to the Brinkman number. In a similar study to Das et al.

[42], Jangili and his collaborators [43] used the homotopy analysis method to analyzed the entropy

generation in a couple stress fluid flow. The study by Jangili et al. [43] confirms the findings of

Das et al. [42]. The study of Tiew et al. [44] is central on entropy generation in a nanofluid

flow through a channel with great interest on the viscous dissipation effect. Viscous dissipation

is the main contributor to entropy generation in a system. Their analysis indicates that entropy

generation rate can be minimized by reducing the viscous dissipation in the system. With entropy

generation, Ibanez [45] obtained a closed form solution for a magnetohydrodynamic fluid flow. In

a porous channel, López et al. [46] discussed the entropy production rate for a magnetohydrody-

namic nanofluid flow. The study investigated the importance of nonlinear thermal radiation as well

as convective-radiative boundary conditions. They proved linear relationship between aggregate

entropy generation and thermal radiation parameter. Makinde and Eegunjobi [47] probed the effect

of convective heating on the entropy production rate of a transient flow between two porous walls.

Using the homotopy perturbation method on the governing flow equations, Nagaraju et al. [48]

analysed suction and magnetic field effects on entropy production rate in a fluid flow through a

cylindrical surface. Ishaq et al. [49] studied the entropy generation in an Eyring-Powell nanofluid

as a film flow over a time dependent continuous permeable surface. Investigation on past literature

show that work on entropy generation in hybrid nanofluid flow is still at an infancy stage. One of

the few study in this subject area is the work of Das et al. [50], they study entropy generation in

6



a porous channel for Cu-Al2O3−water hybrid nanofluid flow. Afridi and his co-researchers [51]

work on a curved surface by investigating the entropy production rate in a Cu-Al2O3−water hybrid

nanofluid flow. Their results shed more light on the importance of the hybrid nanofluid over the

regular nanofluid in minimizing entropy generation.

1.4 Lie group

A group is a set of elements together with an operation that combines two or more of its elements to

form another element; the operation must satisfy the four axioms, of closure, associativity, identity

and inverse. Groups share a basic affinity with the concept of symmetry. A symmetry group con-

sists of set of a transformations that keep the object unchanged. A Lie group is a symmetry group

that is differentiable manifold, with the characteristic that the group operations are well-defined

with a smooth structure [52, 53]. Lie group theory is used to facilitate the solution of differen-

tial equations, for which there are two approaches; specifically, infinitesimal transformation and

scaling transformation methods. In this study, these two methods are used in Chapters 4 and 6,

respectively.

1.5 Numerical methods of solution

Partial differential equations are utilized in modeling flow and heat transfer problems. In practice,

these equations are often reduced to a system of highly nonlinear ordinary differential equations

or partial differential equations with a reduced number of independent variables using the Lie

group symmetry method or by adopting existing similarity variables. Either way, the exact or

closed form solution to these nonlinear equations does not exist, hence an approximate numeri-

cal solution would be sought. From the literature, the numerical methods available includes the

finite elements methods [54], the Keller-box method [55], the Runge-Kutta shooting method [56]

and the finite difference method [57, 58]. These methods may, however, require large computa-

tion times, give discontinuous solutions, or present difficulties when used to solve problems that

contain singularities or multiple solutions. Over the last few decades, new numerical methods
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that are robust and efficient have been developed for solving equations arising in boundary layer

problems.These methods include the proposal by Motsa et al. [59] to combine the finite differ-

ence method with Chebyshev spectral methods. They used the method in solving equations for

unsteady boundary layer flows and found that the spectral methods have potential as numerical

tools for solving nonlinear differential equations arising from engineering problems. Compared

to the Runge-Kutta shooting, Keller-box, finite element and finite differences methods, the spec-

tral methods give higher accuracy and converge more rapidly. To demonstrate the effectiveness

of the spectral based method, Motsa et al. [60] also used the bivariate spectral quasilinearization

method to solve parabolic equations using Lagrange interpolation polynomials as the basis func-

tions. Again, they showed that the performance of the bivariate spectral quasilinearization method

was superior to that of the finite difference method in terms of convergence and accuracy. Using

the spectral relaxation method, Oyelakin et al. [61] investigated the unsteady boundary layer flow

of non-Newtonian fluid. The similarity equations were linearized and solved using the Chebyshev

pseudo-spectral method. The spectral relaxation method was shown to be effective for boundary

layer problems. In this study, the spectral quasilinearization method, bivariate spectral quasilin-

earization method and spectral local linearization method are used for the solution of fluid flow

models.

1.5.1 Spectral quasilinearization method

In 1965 Bellman and Kalaba [62] generalized the Newton-Rhapson techique to find solutions of

nonlinear ordinary and partial differential equation that arise when modelling in physical pro-

cesses. This generalization was termed the quasilinearization method (QLM). The QLM converges

quadratically to the exact solution. To illustrate the method, we consider a nonlinear nth−order dif-

ferential equation

Ln[y(x)] = f
(

x,y(x),y′(x), . . . ,y(n−1)(x)
)
, (1.5)

8



where Ln denotes a linear differential operator of n order. Applying the quasilinearization method

to equation (1.5) yields

Ln[yr+1(x)] = f
(

x,yr(x),y′r(x), . . . ,y
(n−1)
r (x)

)
+

r−1

∑
m=0

(
y(m)

r+1(x)− y(m)
r (x)

)
fym f

(
x,yr(x),y′r(x), . . . ,y

(n−1)
r (x)

)
, (1.6)

with the initial and boundary conditions stated at the (r+1)th iteration. As the linearized form of

the equation (1.5), equation (1.6) can be solved recursively, using any iterative numerical method,

so that where yr(x) is known, one can easily obtain yr+1(x) for r = 0,1,2, . . ..

In 2014 Motsa et al. [59] introduced the spectral quasilinearization method (SQLM). This nu-

merical method is a combination of the Chebyshev spectral collocation method and the Newton-

Raphson linearization algorithm that had been proposed by Bellman and Kalaba [62]. The SQLM

has been used by researchers to solve several flow-related problems. It has been shown that the

method is efficient and robust. Dhlamini et al. [63] used the spectral quasilinearization method

to study the fluid flow of a radiative fluid. RamReddy and Pradeepa [64] also utilized the spectral

quasilinearization method in their study of the flow and heat transfer in a micropolar fluid. More

references for the application of the spectral quasilinearization method to engineering problems

can be found in [59, 65–67]. A general description of the spectral quasilinearization method as

published by Motsa and Sibanda [68] is given below.

In general sense, we consider a system of n nonlinear ordinary differential equations of the form,

Γk[H1,H2, . . . ,Hn] = 0, k = 1,2, . . .n (1.7)

where

Hi =
{

fi,
∂ fi
∂η
, ∂2 fi

∂η2 , . . . ,
∂p fi
∂ηp .

}
, with i = 1,2, . . .n (1.8)

The order of differentiation is denoted by p, the solution by fk(η) for k = 1,2, . . . ,n and Γk for

k = 1,2, . . . ,n are nonlinear operators containing all the special derivatives of fk(η).
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We assume that the solution can be approximated by a univariate Lagrange interpolation polyno-

mial of the form

fk(η) ≈
Nn

∑
i=0

fk(ηi)Li(η), (1.9)

for k = 1,2, . . . ,n. The univariate Lagrange interpolation polynomial interpolates fk(η) at selected

points (ηi) in the (η) directions, for k = 1,2, . . . ,Nn. The Chebyshev-Gauss-Lobatto points [69, 70]

for the selected grid points are defined by

{ηi}=
{

cos
(

πi
Nn

)}Nn

i=0
. (1.10)

The characteristic Lagrange cardinal polynomial based on the Chebyshev-Gauss-Lobatto grid points

(see [69, 70]) is the function Li(η) define as

Li(η) =
Nn

∏
i=0,i 6=k

η−ηk

ηi−ηk
, (1.11)

where

Li(η) =

 1, if i = k

0, if i 6= k
(1.12)

The nonlinear operators Γk, for k = 1,2,3, . . . ,n are first linearized using the quasilinearization

technique [62]. The quasilinearization method uses the Taylor’s approximation of Γk about some

previous iteration. We assume infinitesimal difference between past and currents solution and all

their derivatives. Applying the quasilinearization method, we obtain

Γk[H1,H2, . . . ,Hn] ≈ (H1,r+1−H1,r,H2,r+1−H2,r, . . . ,HN,r+1−Hn,r) ·∇Γk[H1,r,H2,r, . . . ,Hn,r]

+[H1,r,H2,r, . . . ,Hn,r], (1.13)

r and r+1 denote past and current iterations respectively and ∇ is a vector of the partial derivatives

given as

∇ = {∇ f1 ,∇ f2, . . . ,∇ fn}. (1.14)

10



We express

∇ fn =

{
∂

∂ f ′n
,

∂

∂ f ′n
,

∂

∂ f ′′n
, . . . ,

∂

∂ f n p

}
, n = 1,2, . . . . (1.15)

where the prime denotes differentiation with respect to η. The linearised equation (1.13) can be

expressed in a compact form as

n

∑
s=1

Hs,r+1 ·∇ fsΓk[H1,r,,H2,r, . . . ,Hn,r] =
n

∑
s=1

Hs,r ·∇ fsΓk[H1,r,,H2,r, . . . ,Hn,r] (1.16)

− Γk[H1,r,,H2,r, . . . ,Hn,r],

for k = 1,2, · · · ,n. Equation (1.16) forms a system of n coupled linear differentiation equations.

They are solved iteratively for f1(η), f2(η), · · · , fn(η). Equation (1.16) can further be expressed as

follows:

p

∑
s=0

α
(1)
1,s,r(η) f (s)1,r+1 +

p

∑
s=0

α
(1)
2,s,r(η) f (s)2,r+1 + · · ·+

p

∑
s=0

α
(1)
n,s,r(η) f (s)n,r+1 = R1(η), (1.17)

p

∑
s=0

α
(2)
1,s,r(η) f (s)1,r+1 +

p

∑
s=0

α
(2)
2,s,r(η) f (s)2,r+1 + · · ·+

p

∑
s=0

α
(2)
n,s,r(η) f (s)n,r+1 = R2(η), (1.18)

p

∑
s=0

α
(3)
1,s,r(η) f (s)1,r+1 +

p

∑
s=0

α
(3)
2,s,r(η) f (s)2,r+1 + · · ·+

p

∑
s=0

α
(3)
n,s,r(η) f (s)n,r+1 = R3(η), (1.19)

...
p

∑
s=0

α
(n)
1,s,r(η) f (s)1,r+1 +

p

∑
s=0

α
(n)
2,s,r(η) f (s)2,r+1 + · · ·+

p

∑
s=0

α
(n)
n,s,r(η) f (s)n,r+1 = Rn(η), (1.20)

where αk
n,p,r(η), is the variable of f (p)

n,r+1. The variable coefficient corresponds to the kth equation,

for k = 1,2, · · · ,n. p is the order of differentiation. We obtain

α
(k)
n,p,r(η) =

∂Γk

∂ f (p)
n,r

,

The right-hand side of the kth equation is given by

Rk(η) =
p

∑
s=0

α
(k)
1,s,r(η) f (s)1,r +

p

∑
s=0

α
(k)
2,s,r(η) f (s)2,r + · · ·+

p

∑
s=0

α
(k)
n,s,r(η) f (s)n,r −Γk[H1,r,,H2,r, . . . ,Hn,r].

Equations (1.17) – (1.20) are evaluated at the Chebychev-Gauss-Lobatto grid points

η1(i = 0,1, · · · ,Nn). The values of the derivatives at the Chebychev-Gauss-Lobatto points (ηi) (for

11



i = 0,1, · · · ,Nn) are computed as

d fn

dη

∣∣∣
(ηi)

=
Nn

∑
ω=0

fn(ηω)
dLω(η)

dη
(1.21)

=
Nn

∑
ω=0

fn(ηω)Di,ω =
Nn

∑
ω=0

Di,ω fn(ηω), (1.22)

where Diω = dLω(ηi)
dη

is the ith and ωth entry of the standard first derivative Chebyshev differentia-

tion matrix of size (Nn +1)× (Nn +1) as defined in [[62],[69],[70]]. Higher, pth order derivatives

are defined as

dp fn

dηp

∣∣∣
(ηi)

=
Nn

∑
ω=0

Dp
i,ω fn(ηω) = DpFn, i = 1,2, · · · ,Nη (1.23)

where the vector Fn defined as

Fn = [ fn(η0), fn(η1), · · · , fn(ηNη)]
T , (1.24)

and the subscript T denotes matrix transpose. Substituting equations (1.23) and (1.23) into equa-

tions (1.17)– (1.20) yields

n

∑
k=1

A1,kFk = R1, (1.25)

n

∑
k=1

A2,kFk = R2, (1.26)

...
n

∑
k=1

An,kFk = Rn, (1.27)

where

A1,1 =
p

∑
s=0

α
(1)
1,s,rD

(s), A1,2 =
p

∑
s=0

α
(1)
2,s,rD

(s), · · · A1,n =
p

∑
s=0

α
(1)
n,s,rD(s), (1.28)

A2,1 =
p

∑
s=0

α
(1)
2,s,rD

(s), A2,2 =
p

∑
s=0

α
(2)
2,s,rD

(s), · · · A2,n =
p

∑
s=0

α
(2)
n,s,rD(s), (1.29)

...

An,1 =
p

∑
s=0

α
(n)
1,s,rD

(s), An,2 =
p

∑
s=0

α
(n)
2,s,rD

(s), · · · An,n =
p

∑
s=0

α
(n)
n,s,rD(s), (1.30)
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and

α
(n)
n,s,r =

∣∣∣∣∣∣∣∣∣∣∣∣

α
(n)
n,s,r(η0)

α
(n)
n,s,r(η0)

. . .

α
(n)
n,s,r(η0)

∣∣∣∣∣∣∣∣∣∣∣∣
(1.31)

1.5.2 Spectral local linearization method (SLLM)

Spectral local linearization method is an iterative method that decouples a nonlinear system of

differential equations, using the single term Taylor series expansion, to give a linear system of

differential equations. The method is fully described in Motsa [71], where it is used to solve a

selection of fluid flow problems. Recently, the spectral local linearization method was used in

the study of entropy generation in a second grade fluid flow with nonlinear thermal radiation by

Sithole et al. [72]. Without loss of generality, we consider the same system of n nonlinear ordinary

differential equations considered in equation (1.7) and (1.8)

The method uses an assumption that the solution is possible via a Lagrange interpolation polyno-

mial, given as

fk(η) ≈
Nn

∑
i=0

fk(ηi)Li(η), (1.32)

for k = 1,2, . . . ,n. The grid points are given by (η) direction, for i = 0,1,2, . . . ,Nn. These selected

grid points are called Chebyshev-Gauss-Lobatto points ([69]) and are given by

{ηi}=
{

cos
(

πi
Nη

)}Nn

i=0
(1.33)

and

Li(η) =
Nn

∏
i=0,i 6=k

η−ηk

ηi−ηk
, (1.34)

where

Li(ηk) = δik =

 0 if i 6= k,

1 if i = k.
(1.35)
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Applying the quasilinearization method independently in each equation, we get a system of n

decoupled linear differential equations of the form:

p

∑
s=0

α
(1)
s,r (η) f (s)1,r+1 = R1(η), (1.36)

p

∑
s=0

α
(2)
s,r (η) f (s)2,r+1 = R2(η), (1.37)

...
p

∑
s=0

α
(1)
s,r (η) f (s)1,r+1 = R1(η), (1.38)

where αk
s,r(η), are the variable coefficients of f (s)k,r+1(η), respectively, for k = 1,2, · · · ,n and s =

0,1,2, · · · , p . These coefficients correspond to the kth equation, for k = 1,2, · · · ,n. Since the

constant p denotes the order of differentiation, then

α
(k)
s,r (η) =

dΓk

d f (s)k,r

(1.39)

In general, the kth righthand side is given by

Rk(η) =
p

∑
s=0

α
(k)
s,r (η) f (s)k,r (η)−Γk(η). (1.40)

The equations (1.32) are evaluated at the Chebychev-Gauss-Lobbatto grid points ηi(i= 0,1, . . . ,Nn).

Substituting equations (1.32) into equations (1.40) yields

A1,1F1 = R1, (1.41)

A2,2F2 = R2, (1.42)
...

An,nFn = Rn, (1.43)

where

A1,1 =
p

∑
s=0

α
(1)
s,r D(s), A2,2 =

p

∑
s=0

α
(2)
s,r D(s), · · · , An,n =

p

∑
s=0

α
(n)
s,r D(s). (1.44)
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The diagonal matrices of the corresponding variable coefficients are given by

α
(k)
s,r =

∣∣∣∣∣∣∣∣∣∣∣∣

α
(k)
s,r (η0)

α
(k)
s,r (η1)

. . .

α
(k)
s,r (ηNn)

∣∣∣∣∣∣∣∣∣∣∣∣
, (1.45)

the boundary conditions for equations (1.44) can be expressed as the following (Nn+1)×(Nn+1)

matrix system 
G(k)

0,0 G(k)
0,1 · · · G(k)

0,Nη

G(k)
1,0 G(k)

1,1 · · · G(k)
1,Nη

...
... . . . G(k)

1,Nn

G(k)
Nη,0 G(k)

Nη,1 · · · G(k)
Nη,Nη




Fk

Fk
...

Fk

 =


Rk

Rk
...

Rk

 , (1.46)

where

G(k)
(i, j) =

p

∑
s=0

α
(k)
s,r D(s), for k = 1,2, · · ·n. (1.47)

The vector Rk is defined as

Rk,i = Rk,

for k = 1,2, · · · ,n.

1.6 Thesis objectives

This study may be divided into two parts. Part I is concerned with the numerical solution of Powell-

Eyring nanofluid flows in various geometries, and Part II is an investigation of the entropy genera-

tion in the flow of a Powell-Eyring nanofluid. To attain these aims, in Part I, we study the flow of

a Powell-Eyring nanofluid along vertical cylindrical and flat surfaces. We use Lie group symme-

try to convert the coupled partial differential equations that model the flow problems into a set of

coupled ordinary differential equations, which are then solved using the spectral quasilinearization

and spectral local linearization methods. In Part II, we investigate entropy generation in the flow

of a steady and unsteady Powell-Eyring nanofluid and hybrid nanofluid using the bivariate spectral

quasilinearization and spectral quasilinearization methods.
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1.7 Thesis Outline

In Chapter 2, we use the spectral quasilinearization method to analyze the mixed convective

stagnation-point flow of an electrically conducting Eyring-Powell nanofluid flow over a stretch-

ing cylinder. The Tiwari-Das nanofluid model is used to model the flow problem. We study the

significant effect of the nonlinear Rosseland approximation, heat generation and the thermal slip

boundary condition.

The effect of temperature-dependent thermal conductivity on the fluid flow and heat transfer of

an Eyring-Powell nanofluid is studied in Chapter 3. Here channel flow is considered, represented

by two parallel infinite plates. The non-Fourier heat flux and Buongiorno nanofluid models are

used in the problem formulation. The reduced nonlinear differential equation is solved using the

spectral local linearization method.

In Chapter 4, we study the impact of variable thermo-physical properties, which depend on both

temperature and nanoparticle size, on the fluid flow of an Eyring-Powell nanofluid past a stretching

plate using the spectral local linearization method. The nanofluid model utilized in our study here

is adapted from an experimental study. The Lie group symmetry method is used in finding the

similarity solution to the formulated model.

In Chapter 5, we focus our attention on how to minimize heat loss in a nanofluid flow. We in-

vestigated entropy generation rate and magnetic effect of aluminum oxide-water Powell-Eyring

nanafluid flow through a vertical channel. Using the experimental data of the nanofluid dynamic

viscosity model, we analyze the combined effects of convective cooling on the heat transfer, suc-

tion/injection, viscous dissipation and entropy generation rate. The contents in this chapter are

published in Heliyon Journal (2019).

In Chapter 6, we study the Eyring-Powell viscous hybrid nanofluid model, with great emphasis

on the entropy generation. The similarity solution was obtained using the Lie group symmetry

approach. Afterward, we used the bivariate spectral quasilinearization method to obtained solution

16



to the emerging similarity equations. Our study also investigated the effect of viscous dissipation

on the hybrid nanofluid flow.

Finally, an overview of the results from this study and concluding remarks are given in Chapter 7.
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Chapter 2

On MHD mixed convective stagnation point

flow of an Eyring-Powell nanofluid over a

stretching cylinder with thermal slip condi-

tions

In this chapter, we report on the impact of both nonlinear thermal radiation and a thermal slip con-

dition on the mixed convection in a magnetohydrodynamics Eyring-Powell copper-water nanofluid

over a stretching cylinder. The traditional Eyring-Powell nanofluid model is revised to account for

nonlinear thermal radiation and heat generation with a thermal slip boundary condition. The spec-

tral quasilinearization method is used to solve the self-similar flow equations. The findings from

this chapter show that the skin friction and the heat transfer coefficients are enhanced by increasing

the values of the curvature parameter. Increasing the thermal slip parameter leads to a decrease in

the heat transfer rate.
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1 Introduction 
 

The term of nanofluid refers to a colloidal 

suspension of tiny particles having a diameter less 

than 100 nm. CHOI [1] reported that nanofluids 

have remarkably enhanced thermal conductivity 

relative to conventional heat transfer fluids. These 

fluids now have several applications in engineering 

and biomedical sciences. SAID et al [2] observed 

that the heating and cooling of a system using solar 

energy is enhanced when the collector is a 

nanofluid. Gold nanoparticles were discovered to 

have therapeutic properties for cancer treatment 

either as drug carriers or in photothermal therapy 

(see JAIN et al [3]). BUONGIORNO [4] proposed 

a mathematical model for convective transport in a 

nanofluid. He presented an analysis of the 

influences of Brownian motion and thermophoretic 

diffusion in his model. To further understand the 

thermal behaviour of nanofluids, DAS et al [5] 

presented another nanofluid model with more 

emphasis placed on the effective fluid properties. 

In recent years, several researchers have given 

attention to stagnation-point flow due to its 

relevance in many industrial and engineering 

processes. Some of the areas of interest include the 

cooling of electronic devices and nuclear reactors, 

polymer processes and the flow of ground water. 

BACHOK et al [6] studied the stagnation-point 

flow of a nanofluid over a stretching or shrinking 

plate and observed in their research that the skin  
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friction and heat transfer coefficients are enhanced 

with nanofluid. RAMZAN et al [7] investigated the 

stagnation-point flow of a electrically conducting 

fluid with a generalized slip condition. HAYAT et al 

[8] investigated the stagnation-point flow of carbon 

nanotubes over a stretchable cylinder with partial 

slip. ISHAK et al [9] analyzed the heat transfer of 

mixed convection stagnation-point flow over a 

vertical linear stretching sheet. The mixed 

convection stagnation-point flow of nanofluid over 

a stretching or shrinking sheet with internal heat 

generation or absorption in a porous medium was 

explored by PAL et al [10]. The results of their 

investigation showed among others, that in a 

situation of large value of the heat generation or 

absorption parameter the copper-water temperature 

increases. ABBAS et al [11] studied stagnation- 

point flow on a permeable stretching cylinder with 

heat generation or absorption. The influence of 

variable viscosity and thermal radiation on 

stagnation-point flow past a porous stretching sheet 

was addressed by MUKHOPADHYAY [12]. It was 

shown that an increase in the thermal parameter led 

to a significant increase in the thermal boundary 

layer thickness. Other related studies of nanofluid 

flow with different geometries can be found in the 

studies [13–17] and the references therein. 

Practically, most industrial and technological 

real fluids are non-Newtonian. Hence, the 

Newtonian constitutive relation based on linear 

shear stress and strain can not be used to study such 

fluids. For the study of non-Newtonian fluids, 

several models have been proposed, such as the 

Casson fluid model, power law model, Maxwell 

fluid, Jeffrey fluid, Eyring-Powell fluid. In this 

study, we assume the Eyring-Powell fluid model 

proposed by EYRING and POWELL [18]. The 

choice of this model is due to the fact that the 

constitutive model is derived from the molecular 

theory of fluid and not based on an empirical 

relation. JAVED et al [19] studied Eyring-Powell 

fluid flow over a stretchable plate using the Keller 

box method to solve the flow equations. They 

showed that the velocity profiles are enhanced for a 

non-Newtonian fluid, as against the use of a 

Newtonian fluid. HAYAT et al [20] obtained a 

series solution for heat transfer in an Eyring-Powell 

fluid flow over a continuously moving surface with 

a convective boundary condition using the 

homotopy analysis method. AKBAR et al [21] 

studied the magnetohydrodynamic (MHD) flow of 

an Eyring-Powell fluid using the implicit finite 

difference method. It was shown that for large 

magnetic field intensity, the resistance to flow 

increases. BABU et al [22] analyzed MHD mass 

transfer of Eyring-Powell nanofluid over a 

permeable cone with buoyancy forces and suction 

or injection effects. HAYAT et al [23] considered 

the effects of heat generation or absorption on 

MHD Eyring-Powell nanofluid over an 

impermeable stretched cylinder. In the work of 

RAMZAN et al [24] reactive Eyring-Powell 

nanofluid with variable properties was investigated. 

MALIK et al [25] reported the mixed convection 

flow of MHD Eyring-Powell nanofluid past a plate. 

KHAN et al [26] investigated mixed convection 

flow of reactive Eyring-Powell nanofluid over a 

cone and plate. 

The thermal properties and flow structure of a 

copper-water nanofluid using the Eyring-Powell 

model has not been studied, with most studies 

limited to the Buongiorno model [4]. The objective 

of this study is to investigate the thermal properties 

of a water based Eyring-Powell nanofluid flow past 

a vertical stretching cylinder under heat generation, 

velocity and thermal slip boundary conditions. To 

the best of the authors knowledge, the problem 

analysis has not been investigated. The transformed 

equations are solved numerically using the spectral 

quasi-linearization method proposed by MOTSA 

[27]. To validate the accuracy and convergence of 

the numerical method, a comparison of the skin 

friction coefficient and the Nusselt number for 

limiting cases with existing literature is presented. 

 

2 Mathematical formulation 
 

Consider the steady two-dimensional, laminar 

and incompressible mixed convective 

magnetohydrodynamic flow and heat transfer in a 

radiative Eyring-Powell nanofluid past a vertical 

stretching cylinder of radius, a. It is assumed that a 

uniform magnetic field strength, B0, is applied 

along the radial direction, r, and the stretching 

velocity of the cylinder is given by uw(z)=U0z/l, 

where U0>0 is the stretching constant, z is the 

co-ordinate measured along the axial direction and l 

is the characteristic length (see Figure 1). 

The nanofluid is composed of copper 
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Figure 1 Geometry of problem 

 

nanoparticles suspended in water. The base fluid 

and the suspended nanoparticles are assumed to be 

in thermal equilibrium. Under the usual boundary 

layer and Oberbeck-Boussinesq approximations, the 

equations of conversation of mass, momentum and 

energy balance describing the Eyring-Powell 

nanofluid can be written as follows [23]:  
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where u and v are the velocity components in the z 

and r directions, respectively; b and c are fluid 

parameters; g is the gravitational acceleration; T is 

the fluid temperature; qr is the radiative heat flux; 

ue(z) is the free stream velocity; Q0 denotes the 

uniform volumetric heat generation or absorption 

coefficient; vw(z)>0 signifies fluid suction while 

vw(z)<0 indicates fluid injection; e1 and e2 stand for 

the veloci ty and thermal  s l ip  coeff ic ient s , 

r e s p e c t i v e l y ;  ,=)(w
l

z
TzT


 d e n o t e s  t h e 

prescribed wall temperature; U∞ and T∞ are the 

reference velocity and temperature, respectively; vnp, 

ρnp, βnp, σnp, κnp and (ρCp)np denote the kinematic 

viscosity, density, thermal expansion coefficient, 

electrical conductivity, thermal conductivity and 

heat capacity, respectively. For a spherical-shaped 

nanoparticles, the physical properties of the 

nanofluid are defined by [5] 
 

     
     

 
 


























































































































sffs

sffs

f

nf

f

s

f

s

f

s

fnf

sfnf

sfnf

sfnf

2.5
f

nf

2

22
=

12

13

1=

)(1=

)(1=

)(1=

)(1
=

kkkk

kkkk

CCC

ggg

ppp

           (5) 

 
where the subscripts f and s stand for the base fluid 

and nanoparticles; φ is the solid volume fraction of 

the nanoparticle; μ, ρ, β, (ρCp), σ and κ respectively 

represent the viscosity, density, thermal expansion 

coefficient, heat capacity, electrical conductivity 

and thermal conductivity, respectively. The thermo- 

physical properties of water and nanoparticles are 

given in Table1. 

Using the Rosseland approximation [28], the 

radiative heat flux can be expressed as follows: 

 

Table 1 Thermo-physical properties of water and 

nanoparticles [5] 

Fluid 
ρ/ 

(kg·m–3) 
cp/ 

(J·kg–1·K–1) 
k/ 

(W·m–1·K–1) 
β/ 

10–5 K–1 
σ/ 

(S·m–1) 

Water 997.1 4179 0.613 21 5.5×10–6 

Cu 8933 385 401 1.67 59.5×10–6 

21



J. Cent. South Univ. (2019) 26: 1172–1183 

 

1175

 

r

T

k

T
q










3

16
=

3

r


                         (6) 

 
where σ* is the Steffan-Boltzman constant and k* is 

the Rosseland mean absorption coefficient. 

Substituting Eqs. (6) into the energy balance 

Eq. (3) yields 
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To transform Eqs. (1), (2) and (7) into ordinary 

differential equation, we introduce the following 

stream function and similarity variables (see 

HAYAT et al [23] and MUKHOPADHYAY [12]): 
 

,=
0












l

U
az

f
  

,
2

=
f

0
22

l

U

a

ar





 









TT

TT

w

=)(                             (8) 

 

where ψ is the stream function such that 
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u


1
=  

and 
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v
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1
=  and η is the similarity variable. 

Using Eq. (8), Eq. (1) is identically satisfied 

while Eqs. (2) and (7) reduce to the following 

coupled nonlinear ordinary differential equations: 
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subjected to the boundary conditions: 
 

,=)((0),1=(0),=(0) 1w   fffff  
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where the prime denotes differentiation with respect 

to η; γ is the curvature parameter; Γ and δ is the 

fluid parameter, respectively; Ha is the Hartman 

number; ε is the velocity ratio of the free stream 

velocity to that of stretching cylinder wall; λ 

represents the mixed convection parameter; Rd 

stands for the thermal radiation parameter; θw is the 

temperature ratio parameter; Pr is the Prandtl 

number; Q denotes the heat generation (Q>0) or 

absorption (Q<0) parameter; fw stands for suction 

(fw<0) or injection (fw>0); Λ1 and Λ2 are the 

dimensionless velocity slip and thermal slip 

parameter, respectively. These parameters are 

expressed as follows:  
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here Gr is the local Grashof number and Rez is the 

local Reynold number. Furthermore, the skin 

friction coefficient, Cf and the local Nusselt number, 

Nuz are defined as follows (see HAYAT et al [23] 

and JAVED et al [19]): 
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The wall shear stress, τw and the wall heat flux, qw 

at r=a are expressed as:  
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In dimensionless forms, the skin friction 
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coefficient, Cf and the local Nusselt number, Nuz 

are: 
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3 Spectral quasi-linearization method of 
solution 

 

The system of coupled, nonlinear differential 

equations given in Eqs. (9)–(11) are solved 

numerically using the SQLM. The principle of the 

SQLM is derived from the pioneering work of  

Ref. [29]. The nonlinear system is linearized using 

the Newton-Raphson algorithm. The linearized 

equations are integrated using Chebyshev spectral 

collocation method. With the appropriate initial 

guesses, the SQLM converges rapidly and gives an 

accurate solution. Studies on the accuracy and 

convergence of SQLM are reported in Refs. [27] 

and [30]. 

Equations (9)–(10) can be rewritten in 

decomposed form as a sum of both linear and 

nonlinear components. Linearizing using one term 

Taylor’s series for multiple variables, gives the 

iterative scheme: 
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where the coefficients 10) , 1,=(, ini , are known 
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Equations (18)–(20) constitute the SQLM 

iterative scheme. The equations are solved 

numerically using the Chebyshev pseudo-spectral 

technique as described in Ref. [31]. Initializing the 

algorithm with appropriate initial approximations, 

the results for fn+1 and θn+1, when n=1, 2, … are 

computed iteratively. 

We discretize Eqs. (18) and (19) using the 

Chebyshev pseudo-spectral collocation method. 

Firstly, the semi-infinite domain, )[0,  is 

truncated by replacing it with ][0,   , where 


  Z . 
Secondly, we transform the interval 

,1,1][][0,   using the transformation 

.1)(
2

1
=    The derivatives of the unknown 

variables f(η) and θ(η) are computed using the 
Chebyshev differentiation matrix D (see [32]), at 
the collocation points as a matrix vector product: 
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where 1N  is the number of collocation points, 

/2= DD and       T10  , ,,= NfffF   is a 

vector function at the collocation point. The 

Gauss-Lobatto points are selected to define the 
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Let Θ be a similar vector function representing 

θ. Higher order derivatives of f and θ are evaluated 

as powers of D, that is  
ssss FDf D=)(,=)(                 (24) 

 
Substituting Eqs. (22)–(24) into Eqs. (18) and 

(19), we obtain the following SQLM scheme in a 

matrix form:  
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where ijΔ (i, j=1, … , 2) are 1)(1)(  NN  

matrices and f
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nR  are 11)( N  vectors, 
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subjected to the boundary conditions  
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A suitable initial approximation for the SQLM 
scheme is 
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4 Results and discussion 
 

In this section, the computational results 

showing the effect of flow parameters on the 

velocity profiles, f′(η), temperature profiles θ(η), 

skin friction coefficient and Nusselt number are 

discussed. To validate the correctness of the 

numerical results obtained from the iterative 

scheme given by Eqs. (18)–(20), the skin friction 

coefficient, f″(0) is compared with result of 

MAHAPATRA et al [33] in Table 2, and in Table 3; 

the values of the local Nusselt number –θ′(0) are 

compared with those of ZAIMI et al [34]. Thus, 

Tables 2 and 3 show the accuracy and convergence 

of SQLM. 

 

Table 2 Comparison of SQLM results for f ″(0) with 

MAHAPATRA et al [33] for distinct values of ε when 

γ=Γ=Ha=fw=λ=0 and Λ1=0 

ε 
f ″(0) 

MAHAPATRA et al [33] SQLM Error 

0.1 –0.9694 –0.9694 0 

0.2 –0.9181 –0.9181 0 

0.5 –0.6673 –0.6673 0 

2 2.0175 2.0175 0 

3 4.7293 4.7293 0 

 

Table 3 Comparison of SQLM results for –θ′(0) with 

ZAIMI et al [34] for different values of Pr by setting 

ε=λ=1, φ=γ=Γ=Ha=Ra=Q=Λ1=0 and Λ2=0 

Pr 
–θ′(0) 

ZAIMI et al [34] SQLM Error 

0.72 1.09310 1.09310 0 

6.8 3.28957 3.28957 0 

10 3.98240 3.98240 0 

20 5.62013 5.62013 0 

30 6.87771 6.87771 0 

40 7.93830 7.93830 0 

50 8.87292 8.87292 0 

60 9.71801 9.71801 0 

70 10.49524 10.49524 0 

80 11.21874 11.21874 0 

90 11.89831 11.89831 0 

100 12.54109 12.54109 0 

 

The following ranges of values are used; 

0≤γ≤1.2, 0≤φ≤0.2, 0≤Γ≤1.0, 0≤Ha≤3.0, 0.8≤ε≤1.2, 

0≤fw≤0.7, 0≤Λ1≤0.7, 0≤Rd≤0.9 and 0≤Λ2≤0.6. 

The impact of the curvature parameter γ on the 

velocity profile is shown in Figure 2. It is observed 

that very close to the surface of the cylinder for 

[0,0.7] , the velocity profiles diminish with an 
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Figure 2 Effect of γ on f ′(η) 

 

increase in the curvature parameter, while the 

velocity profiles are seen to be enhanced far away 

from the surface. Physically, higher values of the 

curvature parameter reduces the radius of the 

cylinder, thus, the contact area of the nanofluid with 

the cylinder is reduced. Hence, the momentum 

boundary layer thickness is improved. Similar 

outcome was reported by HAYAT et al [8]. In 

Figure 3, the influence of the nanoparticle volume 

fraction φ on the velocity distribution is illustrated. 

The velocity profile and momentum boundary layer 

thickness retard with an increase in the nanoparticle 

volume fraction. The influence of the fluid 

parameter Γ on the velocity profile is presented in 

Figure 4. It is seen that with the increase in the fluid 

parameter, the velocity profile and the momentum 

boundary layer thickness are enhanced. Physically, 

it is correct since the fluid parameter has an inverse 

relation with the nanofluid dynamic viscosity, thus, 

the fluid becomes less viscous with large value of 

the fluid parameter. Hence, the velocity profile is 

enhanced. This finding is consistent with JAVED et 

al [19]. Figure 5 presents the velocity profiles for 

distinct values of the Hartmann number Ha. A 

decreasing trend is observed in the velocity profile 

as the Hartmann number increases. This is 

physically consistent due to the damping influence 

of the Lorentzian hydromagnetic drag. The impact 

of the velocity ratio parameter ε on the velocity 

profile is presented in Figure 6. The result shows 

that for ε>1, that is, when the free stream velocity is 

greater than the stretching velocity, the boundary 

layer thickness decreases with an increase in the 

velocity ratio parameter and the opposite 

phenomenon is observed for ε<1. However, the 

boundary layer breaks down for ε=1, as the free 

 

 
Figure 3 Effect of φ on f ′(η) 

 

 
Figure 4 Effect of Γ on f ′(η) 

 

 
Figure 5 Effect of Ha on f ′(η) 

 

stream velocity coincides with the stretching 

velocity. Figure 7 illustrates the effect of the mixed 

convection parameter λ on the velocity profile. This 

plot shows that the velocity profile and momentum 

boundary layer thickness are enhanced for higher 

values of the mixed convection parameter. 

Physically, an increase in the mixed convection 

parameter leads to an increment in the buoyancy 

force, hence, the velocity profile is improved. 

Figure 8 depicts the effect of the suction/injection  
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Figure 6 Effect of ε on f ′(η) 

 

 
Figure 7 Effect λ on f ′(η) 

 

 
Figure 8 Effect fw on f ′(η) 

 

parameter fw on the velocity profile. The thickness 

of the momentum boundary layer is reduced with 

an increase in the suction parameter (fw >0). Similar 

trend was reported by MUKHOPADHYAY [13]. In 

Figure 9, the effect of the velocity slip parameter Λ1 

on the velocity profile is presented. Similar to the 

effects of the Hartmann number Ha, the velocity 

profile and momentum boundary layer thickness 

retard for higher values of the velocity slip 

parameter. Physically, the adhesive force between 

 

 
Figure 9 Effect of Λ1 on f ′(η) 

 

the wall and the nanofluid decreases with higher 

velocity slip parameter, which results in the partial 

transfer of stretching velocity to the nanofluid. 

Hence, the velocity profile decreases. This outcome 

is similar to the report of HAYAT el al [8]. 

Figures 10–15 show the temperature profiles 

in the flow. The response of the temperature to the 

curvature parameter is presented in Figure 10. The 

temperature profile and the thermal boundary layer 

thickness are enhanced with an increase in 

curvature parameter. Figure 11 shows the 

temperature profiles for different nanoparticle 

volume fraction φ. An increase in the nanoparticle 

fraction is seen to increase the nanofluid 

temperature. This is physically correct due to the 

fact that as the nanoparticle volume fraction 

increases, the thermal conductivity of the nanofluid 

is enhanced, hence, improving the thermal 

distribution. This observation is similar to the result 

of DAS et al [5]. In Figure 12, the influence of 

Hartmann number on the temperature distribution is 

displayed. From the figure, it is seen that the 

thermal boundary layer thickness is enhanced for 

large Hartmann number. Figure 13 depicts the 

impact of the thermal radiation parameter Rd on the 

nanofluid temperature distribution. It is observed 

that the temperature profile and the thermal 

boundary layer thickness are enhanced with an 

increase in the radiation parameter. Physically, 

higher value of the radiation parameter, implies that, 

more heat is transfered to the nanofluid since the 

mean absorption coefficient κ* reduces with an 

increase in the radiation parameter. This 

temperature profile is similar to result of HAYAT  

et al [23]. The influence of the heat generation or 
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absorption parameter Q on the temperature profile 

is shown in Figure 14. As observed from the figure, 

the temperature distribution of the nanofluid is seen 

to be enhanced with an increase in the heat 

generation parameter (Q>0) whereas a reverse trend 

is noticed with the heat absorption parameter (Q<0). 

Figure 15 displays the effect of the thermal slip 

parameter Λ2 on the temperature profile. From the 

plot, an increase in the thermal slip parameter is 

seen to decay the temperature and thermal boundary 

layer thickness. Physically, for higher values of the 

 

 
Figure 10 Effect of γ on θ(η) 

 

 
Figure 11 Effect of φ on θ(η) 

 

 
Figure 12 Effect of Ha on θ(η) 

 

 
Figure 13 Effect of Rd on θ(η) 

 

 
Figure 14 Effect of Q on θ(η) 

 

 
Figure 15 Effect of Λ2 on θ(η) 

 

thermal slip parameter Λ2, the rate of heat transfer is 

reduced from the cylinder to the nanofluid, hence, 

damping the temperature profile. 

The effect of distinct parameters on the skin 

friction coefficient is shown in Table 4. From the 

table, it is observed that, an increase in the 

parameters γ, φ, Γ, Ha and fw reduces the skin 

friction coefficient. However, the skin friction 

coefficient increases with an increase in the 

parameters δ, λ, ε and Λ1. Table 5 shows the impact 
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Table 4 Skin friction coefficient for distinct values of φ, 

Γ, δ, Ha, λ, ε, fw and Λ1 when θw=1.5, Pr=6.2, Rd=Q=0.3 

and Λ2=0.2 

γ φ Γ δ Ha λ ε fw Λ1 2

1

f zReC  

0 0.2 0.3 0.3 0.5 0.3 0.2 0.5 0.3 –1.72457165 

0.4         –1.82643031 

0.8         –1.91926419 

0.3 0        –1.40208097 

 0.1        –2.11987405 

 0.2        –2.91604830 

 0.2 0       –2.73968851 

  0.3       –2.91604830 

  0.7       –3.14385589 

  0.3 0      –1.84910136 

   0.3      –1.55497285 

   0.6      –1.29603215 

   0.3 0     –1.45050911 

    1     –1.74698577 

    2     –2.22417731 

    0.5 0    –1.84910136 

     2    –1.55497285 

     4    –1.29603215 

     0.3 0.8   –0.51484505 

      0.9   –0.24927450 

      1   0.02698366 

      1.1   0.31283749 

      0.2 0  –1.52513636 

       0.3  –1.69013439 

       0.5  –1.80186107 

       0.5 0 –2.94442341 

        0.3 –1.80186107 

        0.5 –1.44583760 

 

of the parameters γ, φ, ε, Rd, Q and Λ2 on the rate of 

heat transfer. Higher values of the parameters γ, ε 

and Rd lead to an increase in the Nusselt number. 

The opposite trend is seen for an increase in the 

parameters φ, Q and Λ2. 

 

5 Conclusions 
 

We studied the mixed convective stagnation- 

point flow of magnetohydrodynamic Eyring-Powell 

copper-water nanofluid flow over a stretching 

vertical cylinder with slip effects. The conservation 

equations have been solved numerically using 

Table 5 Nusselt number for distinct values of φ, ε, Rd, Q 

and Λ2 when θw=1.5, Pr=6.2, Γ=δ=λ=Λ1=0.3 and 

Ha=fw=0.5 

γ φ ε Rd Q Λ2   2

1


zz ReNu  

0 0.2 0.2 0.3 0.3 0.2 2.45123397 

0.4      2.51054333 

0.8      2.57598052 

0.3 0     5.33929482 

 0.1     4.63850497 

 0.2     4.02650363 

 0.2 0.8    2.93121600 

  0.9    2.98709520 

  1    3.03987149 

  1.1    3.08989857 

  0.2 0   1.69297797 

   0.3   2.49512955 

   0.6   2.76986222 

   0.3 –1  3.32718345 

    –0.5  3.11749204 

    0  2.83026971 

    0.3  2.58649631 

    0.6  2.21875985 

    0.3 0 5.11095082 

     0.2 2.95688385 

     0.4 2.07243562 

 

an iterative spectral quasi-linearization method. The 

major findings are summarised below: 

1) An increase in the curvature parameter and 

nanoparticle volume fraction significantly increases 

the nanofluid velocity profiles. 

2) Higher values of the mixed convection 

parameter and velocity slip parameter retard the 

skin friction coefficient. 

3) The thermal radiation parameter and heat 

generation parameters (Q>0) increase the rate of 

heat transfer, while the nanoparticle volume fraction, 

heat absorption parameter (Q<0) and thermal slip 

parameter decay the heat transfer rate. 

4) Increasing the fluid parameter Γ reduces the 

skin friction coefficient while an increase in the 

velocity slip parameter increases the skin friction 

coefficient. 

 

Nomenclature 
a Radius 

u, v Axial and radial velocity, respectively 
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v Kinematic viscosity 

ρ Density 

σ Electrical conductivity 

B0 Uniform magnetic field 

g Gravitational acceleration 

β Thermal expansion coefficient 

T Fluid temperature 

T∞ Reference temperature 

κ Thermal conductivity 

Cp Specific heat capacity 

qr Radiative heat flux 

σ* Stefan-Boltzman constant 

κ* Coefficient of mean absorption 

ue Free stream velocity 

vw Suction/injection 

φ Solid volume fraction of the nanoparticle 

Q0 Uniform volumetric heat generation/ 

absorption coefficient 

e1 Velocity slip coefficient 

e2 Thermal slip coefficient 

γ Curvature parameter 

Γ, δ Fluid parameters 

Ha Hartman number 

ε Velocity ratio 

λ Mixed convection parameter 

Rd Thermal radiation parameter 

θw Temperature ratio parameter 

Pr Prandtl number 

Q Heat generation/heat absorption parameter 

fw Suction/injection parameter 

Λ1 Velocity slip parameter 

Λ2 Thermal slip parameter 

Cf Skin friction coefficient 

Nu Local Nusselt number 
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中文导读 
 

Eyring-Powell磁纳米流体在伸缩圆柱上的热滑移混合对流 
 

摘要：供热冷却系统的优化设计必须考虑非线性过程的热辐射。本文研究了铜-水纳米流体在伸缩圆

桶上的 Eyring-Powell 磁热辐射的混合对流动力学。考虑到非线性热辐射和热滑移条件，建立了能量

守衡模型，分析了所涉及的流动参数以及表面摩擦系数和换热速率的影响。与许多已有的研究不同，

最近的谱准线性化方法被用来解决耦合非线性边界值问题。计算结果表明，增大纳米粒子的体积分数、

热辐射参数和热源参数可增强温度分布。速度滑移参数和流体材料参数增大了表面摩擦力。将数值结

果与文献结果就某些极限情况进行比较，结果表现出很好的一致性。 

 

关键词：Eyring-Powell模型；伸缩圆筒；纳米流体；热辐射；滑移效应；谱准线性化方法 
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Chapter 3

Dynamical analysis of hydromagnetic Brow-

nian and thermophoresis effects of squeezing

Eyring–Powell nanofluid flow with variable

thermal conductivity and chemical reactions

The analysis of the flow and heat transfer in a non-Fourier reactive Eyring-Powell nanofluid flow

between two parallel plates using the spectral local linearization method is discussed in this chapter.

We modified the Eyring-Powell nanofluid model studied in Chapter 2 by changing the geometry

of the flow to be parallel channel flow. The revised model accounted for the impact of Brownian

motion, thermophoresis, and chemical reaction effects. Furthremore, the heat flux is modeled

using the non-Fourier heat flux with variable thermal conductivity. The justification for using the

non-Fourier heat flux is to study the impact of the relaxation time the flow system.
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Abstract
Purpose – The purpose of this paper is to investigate the dynamical behavior of heat and mass transfer of
non-Newtonian nanofluid flow through parallel horizontal sheet with heat-dependent thermal conductivity
and magnetic field. The effects of thermophoresis and Brownian motion on the Eyring‒Powell nanofluid heat
and concentration are also considered. The flow fluid is propelled by squeezing force and constant pressure
gradient. The hydromagnetic fluid is induced by periodic time variations.
Design/methodology/approach – The dimensionless momentum, energy and species balance equations
are solved by the spectral local linearization method that is employed to numerically integrate the coupled
non-linear differential equations.
Findings – The response of the fluid flow, temperature and concentration to variational increase in the
values of the parameters is graphically presented and discussed accordingly.
Originality/value – The validity of the method used was checked by comparing it with previous related article.
Keywords Nanofluid, Squeezing flow, Brownian motion, Non-Newtonian, Chemical reactive,
Thermal conductivity
Paper type Research paper

1. Introduction
The fluid flow through parallel walls leads to squeezing flow, and this has fascinated the
scientific researchers as a result of its existence in many engineering operations and
applications such as polymer and food industries, injection and compression shaping,
liquid-metal lubrication, etc. (Hayat et al., 2016). The interaction of electromagnetic fields and
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conducting liquids is the most famous aspect of magnetohydrodynamic (MHD) fluid;
such fluids have applications in liquid-metal lubrication bearings (Siddiqui et al., 2008;
Salawu, 2018). For example, the uses of MHD liquid as lubricant are important to avoid the
unpredicted changes that occur in lubricant viscosity in certain extreme conditions due to
changes in temperature. The experimental and theoretical solution of MHD lubrication under
forced thrust bearing was examined byMaki et al. (1966). Several researchers have studied the
influence of magnetic field on lubrication in the past, such as the works of Hughes and Elco
(1962) and Kuzma et al. (1988). Sheikholeslami et al. (2016) examined the effects of Brownian
motion and thermopheresis on a nanofluid between parallel plates. Domairry and Hatami
(2014) investigated the squeezing unsteady Cu‒water nanofluid flow through horizontal
plates by applying a differential transform method. Sheikholeslami et al. (2013) studied
squeezing flow under different hydrodynamic nanofluid using the Adomian decomposition
method. Ferromagnetic fluid heat transfer phenomenon past a stretching plate in the presence
of thermal stratification and magnetic dipole impact on a thermally stratified ferrofluid were
reported by Muhammad et al. (2017) and Muhammad et al. (2018b), respectively. Nadeem et al.
(2018) explained the mathematical understanding of a bio-convective micropolar fluid.

The squeezing flow of non-Newtonian fluids in the presence of the heat and chemical
reaction is gaining attention due to its mileage in chemical engineering and biological
processes. There are diverse non-Newtonian fluids, such as Eyring‒Powell fluid, which was
derived from the kinetic liquids theory, and at high or low shear rates, it can reduce to
Newtonian fluid. These characteristics make Eyring‒Powell fluid more valuable than other
non-Newtonian liquids. The rheological properties of such fluids cannot be formulated by
one constitutive model in the shear rate and stress relation. The common Eyring‒Powell
fluid is the human blood. The necessity of heat transfer of Eyring‒Powell fluid in the
presence of chemical reaction cannot be over emphasized due to its importance and
applications in the chemical industry such as polymer production, paints, suspension
granular, shampoos solutions and so on. Malik et al. (2015) studied Eyring‒Powell MHD
convective nanofluid past an elongated sheet. The study showed that the fluid flow rate
increases by enhancing Eyring‒Powell and convective parameters. Hayat et al. (2014)
examined the influences of radiation and non-uniform heat absorption/generation on the
Eyring‒Powell flow fluid through stretching inclined plates. It was reported that the flow
rate and the heat distributions reduce with a rise in the unsteadiness term, whereas
radiation parameter encourages heat flux, which, in turn, increases the fluid flow rate and
heat content within the system. Jalil et al. (2013) obtained similarity solutions for the
Eyring‒Powell heat and species transport over a motioning sheet with a variable surface
temperature. Nadeem and Saleem (2015) investigated the unsteady flow of Eyring‒Powell
nanofluid by adopting a series solution. In the study, it was observed that the fraction of the
nanoparticle declined with the Lewis number and Brownian particle motion.

Recently, the study of the nanofluid thermophysical properties is gaining interest among the
scientific scholars due to their great prospective usage in biomedical applications and fluid heat
transfer. A nanofluid contains nanoparticles, which are made up of carbon nanotubes or
carbides, oxide, and metals. The common base fluids are oil, ethylene glycol and water
(Witharana et al., 2011; Muhammada and Nadeem, 2017). Nanofluids possess unique
characteristics that make them suitable and applicable in several heat transfer processes such as
domestic refrigerator, fuel cells, heat exchanger, microelectronics, chiller, powered hybrid
engines and many more (Kuznetsov and Nield, 2009). Nanofluids encourage convective heat and
thermal conductivity coefficient, and their rheological behavior is found to be essential in
determining their aptness for heat convective applications. Salehi et al. (2011) and Salimi-Yasar,
Saeed, Mehdi, Ahmad and Ali (2017) carried out experimental study on nanofluid flow with the
consideration of some effects of thermophysical properties on the fluid flow. Choi (1995) initiated
the concept of nanofluid; the author established that thermal conductivity increases when a
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small nanoparticle quantity is added to fluid heat transfer. Buongiorno (2006) introduced two
nanofluid components of the non-homogenous equation. In the study, seven mechanisms slip
between base fluid and nanoparticles were introduced, and the thermophoresis and a Brownian
particle motion were taken into consideration. Shooting method of solutions of nanofluids heat
transfer of magnetohydrodynamic viscous dissipation flow, prompted by a stretching
permeable power-law surface, was examined by Dhanai et al. (2015). Various flow parameters’
dual solutions were obtained, and it was noticed that viscous dissipation had a significant
influence on the heat transfer, whereas the Brownian motion impact was not encouraging.
Haroun, Sibanda, Mondal and Motsa (2015) adopted spectral relaxation method for the transient
convective MHD nanaofluid over a shrinking sheet. The obtained results revealed that the skin-
friction effect rose as the stretching rate and nanoparticle parameters increased, but the species
transfer rate reduced as the nanoparticle increased. Extensive research has been carried out on
nanofluid and nanoparticles, such as the works of Saeed et al. (2013), Rashidi et al. (2015), Saeed
et al. (2015), Muhammad et al. (2018a) and Salehi et al. (2013). Another recent analysis on
nanofluid was carried out by Abolbashari et al. (2015), Dalir et al. (2015), Haroun, Mondal and
Sibanda (2015), Mehmood et al. (2016), Sher Akbar and Khan (2016), Sher Akbar et al. (2016),
Salimi-Yasar, Saeed and Mehd (2017) and Mohammad et al. (2017).

Following the above studies, little work has been done on the analysis of hydromagnetic
squeezing Eyring‒Powell nanofluid. The present study focuses on the investigation of the
hydromagnetic viscous squeezing non-Newtonian fluid flow with variable thermal
conductivity in the presence of nanoparticle and chemical reaction. The flow is through
impermeable stretching plates with time-dependent velocity. The thermophoresis and the
Brownian motion effects are also considered. The dimensionless formulated equations are
solved using an iterative technique called spectral local linearization method (SLLM).
Computations are carried out and analyzed for the momentum and energy equations as well
as the physical quantities for various non-Newtonian fluid parameters.

2. Mathematical formulation
We examine the magnetohydrodynamic squeezing flow of an incompressible chemically
reactive Eyring‒Powell nanofluid between two infinite parallel plates. The plates are h tð Þ ¼ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ððnf ð1�ctÞÞ=aÞ

p
distance apart, where aW0 denotes the stretching rate of the lower plate,

νf is the base nanofluid kinematic viscosity and c is the characteristic parameter with a
dimension of inverse of time. The squeezing motion of the upper plate toward and away
from the lower plate at a distance h(t) is characterized by the velocity Vh(t) ¼ (dh/dt). The
stretching velocity of the lower plate is given by Uw(x, t) ¼ ax/(1−ct), for cto1. (Tw, Cw) are
the temperature and nanoparticles concentration at the lower plate, respectively, whereas
the upper plate temperature and concentration at the upper plate are represented by (Th, Ch).
A constant magnetic intensity B ¼ B0(1−ct)−1/2 is applied in the y-direction, with negligible
induced magnetic field, due to negligible magnetic Reynolds number. Also, the influence of
Hall current, viscous dissipation and Joule heating is ignored. The effect of Brownian motion
and thermophoresis is considered in the flow analysis. Furthermore, the Cattaneno‒
Christov heat flux with a variable thermal conductivity model is used to analyze the heat
transfer process. With the above assumptions, the equation for conservation of mass,
momentum balance, energy balance and concentration for the Eyring‒Powell nanofluid is
given as the following (Mahanthesh et al. 2017; Ahmed et al., 2014; Hayat et al., 2016):

div V ¼ 0; (1)

rf
dV
dt

¼ div tþJ� B; (2)
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rcp
� �

f

dT
dt

þVUrT
� �

¼ �rUqþ rcð Þp DBrCUrTþDT

Tm
rTUrT

� �
; (3)

dC
dt

þVUrC ¼ DBr2CþDT

Tm
r2T; (4)

J� B ¼ sf B
2
0

1�ct
u; (5)

where V is the velocity vector, ρf is the base fluid density, d/dt is the material time
differentiation, t is the time, τ is the Cauchy tensor stress, J is the electric current density,
(ρcp)f is the heat capacity of the base fluid, T is the base fluid temperature, ∇ is the gradient
operator, q is the heat flux vector, (ρc)p denotes the heat capacity of the nanoparticles, DB is
the Brownian diffusion coefficient, C is the nanoparticles’ concentration, DT is the
thermophoretic diffusion coefficient, Tm is the is the mean fluid temperature and σf is the
electrical conductivity of the nanofluid.

The heat flux vector, q, which satisfied the following relationship, is utilized according to
the Cattaneo‒Christov model represented by Christov (2009) and Nadeem et al. (2017):

qþlT
@q
@t

þVUrq�qUrVþ rUVð Þq
� �

¼ �K Tð ÞrT; (6)

where λT stands for the relaxation time of heat flux, K(T) is the temperature-dependent
thermal conductivity of the base fluid. It can be noted that when λT ¼ 0, Equation (6)
reduces to classical Fourier’s law. Applying the incompressible condition, that is∇⋅V ¼ div
V ¼ 0, Equation (6) reduces to the following:

qþlT
@q
@t

þVUrq�qUrV
� �

¼ �K Tð ÞrT: (7)

For an incompressible homogeneous Eyring‒Powell fluid, the constitutive equation can be
expressed as follows (see Javed et al., 2013):

t ¼ �pIþmA1þ
1

b A1j jsinh
�1 1

g
A1j j

� �� �
A1; (8)

where p denotes the fluid pressure, I represents the identity tensor, μ is the dynamic
viscosity, β and g are characteristics of Eyring‒Powell fluid, A1 represents the Rivlin‒
Ericksen tensor, which is given by the following:

A1 ¼ rVð Þþ rVð Þtr; (9)

and:

A1j j ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1
2
trace A2

1

	 
r
; (10)

where superscript tr is the transpose. The hyperbolic function sinh−1 can be approximated
by taking the second-order Taylor expansion and neglecting higher order term as follows:

sinh�1 1
g
A1j j

� �
ffi A1j j

g
� A1j j3

6g3
;

A1j j
g

����
����{1: (11)

An unsteady two-dimensional squeezing flow under the Cartesian coordinates (x, y, z, t) is
considered in this study. We seek velocity, temperature and concentration field in the
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following form:

V ¼ u x; y; tð Þ; v x; y; tð Þ; 0½ �; T ¼ T x; y; tð Þ and C ¼ C x; y; tð Þ: (12)

With Equations (7)‒(12), Equations (1)‒(4) can be written in component form as follows:

@u
@x

þ@v
@y

¼ 0; (13)

@u
@t

þu
@u
@x

þv
@u
@y

¼ � 1
rf

@p
@x

þ nf þ
1

rfbg

 !
@2u
@x2

þ@2u
@y2

� �
� 1
3rfbg3

@

@x
4

@u
@x

� �2

þ @u
@y

þ@v
@x

� �2
 !

@u
@x

" #

� 1
6rfbg3

@

@y
4

@u
@x

� �2

þ @u
@y

þ@v
@x

� �2
 !

@u
@y

þ@v
@x

� �" #
� sf B

2
0u

rf ð1�ctÞ; (14)

@v
@t
þu

@v
@x

þv
@v
@y

¼ � 1
rf

@p
@y

þ nf þ
1

rfbg

 !
@2v
@x2

þ@2v
@y2

� �
� 1
3rfbg3

@

@y
4

@u
@x

� �2

þ @u
@y

þ@v
@x

� �2
 !

@v
@y

" #

� 1
6rfbg3

@

@x
4

@u
@x

� �2

þ @u
@y

þ@v
@x

� �2
 !

@u
@y

þ@v
@x

� �" #
; (15)

@T
@t

þu
@T
@x

þv
@T
@y

þlEOE ¼ 1
rcp
� �

f

@

@x
K Tð Þ@T

@x

� �
þ 1

rcp
� �

f

@

@y
K Tð Þ@T

@y

� �

þ rcð Þp
rcð Þf

DB
@C
@x

@T
@x

þ@C
@y

@T
@y

� �
þ rcð Þp

rcð Þf
DT

Tm

@T
@x

� �2

þ @T
@y

� �2
 !

; (16)

@C
@t

þu
@C
@x

þv
@C
@y

¼ DB
@2C
@x2

þ@2C
@y2

� �
þDT

Tm

@2T
@x2

þ@2T
@y2

� �
; (17)

where:

OE ¼ @T2

@t2
þu2

@T2

@x2
þ u

@u
@x

þv
@u
@y

þ@u
@t

� �
@T
@x

þ2u
@2T
@x@t

þv2
@T2

@y2

þ v
@v
@y

þu
@v
@x

þ@v
@t

� �
@T
@y

þ2v
@2T
@y@t

þ2uv
@2T
@x@y

; (18)

with the relevant boundary conditions given as the following:

u ¼ Uw ¼ ax
1�ct

; v ¼ � V 0

1�ctð Þ; T ¼ Tw; C ¼ Cw at y ¼ 0; (19)

u ¼ 0; v ¼ Vh tð Þ ¼ dh
dt

¼ �c
2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
nf

a 1�ctð Þ
r

; T ¼ Twþ
Tw

1�ct
; C ¼ Cwþ

Cw

1�ct
at y ¼ h tð Þ; (20)

where V0W0 signifies the suction and V0o0 indicates the injection velocity. Equations
(13)‒(20) are presented in the non-dimensional form, further reducing to a system of
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ordinary differential equation by introducing the following non-dimensional variables and
similarity variable:

Z ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

a
nf 1�ctð Þ

r
y; u ¼ ax

1�ctð Þf
0 Zð Þ; v ¼ �

ffiffiffiffiffiffiffiffiffiffiffiffiffi
anf
1�ctð Þ

r
f Zð Þ;

T ¼ Twþ
Tw

1�ctð Þy Zð Þ; C ¼ Cwþ
Cw

1�ctð Þf Zð Þ: (21)

Furthermore, the temperature-dependent thermal conductivity K(T) is expressed as follows
(Mishra et al., 2010):

K Tð Þ ¼ K0 1þayð Þ; (22)

where K0 is the fluid thermal conductivity at ambient temperature, α is the thermal
conductivity parameter and θ is the dimensionless nanofluid temperature. With Equation
(21), Equation(13) is automatically fulfilled and Equations (14) and (15) after eliminating the
generalized pressure gradient yields:

1þeð Þf 0000 þ f f 000�f 0f 00�S
2
3f 00 þZf 000
� ��ed 2f 00f

0002þ f
002f 0000

	 

�M 2f 00 ¼ 0: (23)

In addition, Equations (16)‒(20) are reduced to the following form:

y00 þa yy00 þy02
� �þPr fy0�S

2
2yþZy0
� �� �

þPr Nby0f0 þNty02
� �

þPrG
S
2
Zf 0y0 þZSfy00 þ7S

2
fy0�S2

4
7Zy0 þ8yþZ2y00
� ��f 2y00�f f 0y0

 !
¼ 0; (24)

f00 þScff0�ScS
2

2fþZf0� �þNt
Nb

y00 ¼ 0; (25)

f ¼ f w; f 0 ¼ 1; y ¼ 0; f ¼ 0; at Z ¼ 0; (26)

f ¼ S
2
; f 0 ¼ 0; y ¼ 1; f ¼ 1; at Z ¼ 1; (27)

where ε and δ denote fluid parameters, S is the squeezing parameter, M represents the
magnetic field parameter, Pr is the Prandtl number, Nb stands for the Brownian motion
parameter, Nt stands for thermophoresis parameter, Γ is thermal relaxation parameter, Sc
denotes the Schmidt number and fw represents the suction ( fwW0) or injection ( fwo0)
parameter. These dimensionless parameters are defined as follows:

e ¼ 1
mfbg

; S ¼ c
a
; d ¼ a

1�ct

	 
 x2

nf g2
; M ¼ B0

ffiffiffiffiffiffiffi
sf
rf a

r
; Pr ¼

mcp
� �

f

K0
; G ¼ alE

1�ct
;

Nb ¼
CwDB rcp

� �
p

nf 1�ctð Þ rcp
� �; Nt ¼

TwDT rcp
� �

p

nf 1�ctð ÞTm rcp
� �

f

; f w ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

V 0

anf 1�ctð Þ

s
; Sc ¼ nf

DB
: (28)
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Another physical property of interest is the skin-friction coefficient Cf, which is expressed
as follows:

Cf ¼
tw
rV 2

h

; tw ¼ mþ 1
bg

� �
@u
@y
� 1
6bg3

@u
@y

� �3
�����
y¼h tð Þ

; (29)

Sh ¼ � x
Ch�Cw

@C
@y

����
y¼hðtÞ

: (30)

Equations (29)‒(30) in dimensionless form are expressed as follows:

c2

4a2
CfRe

� 1=2ð Þ
x ¼ 1þeð Þf 00 1ð Þ�ed

3
f
003 1ð Þ; Re

� 1=2ð Þ
x Sh ¼ �f0 1ð Þ; (31)

where Rex¼ (ax2/(νf(1−ct))) represents the local Reynolds number.

3. Method of solution
In this section, an efficient iterative method called the SLLM, which was proposed by Motsa
(2013), is employed to numerically integrate the coupled non-linear differential Equations
(23)‒(25) with the boundary conditions (Equations (26) and (27)). To apply this technique, we
consider the following non-linear differential operators:

Of ¼ 1þeð Þf 0000n þ f nf
000
n�f 0nf

00
n�

S
2
3f 00nþZf 000n
� ��ed 2f 00nf

0002
n þ f 002n f

0000
n

	 

�M 2f 00n; (32)

Oy ¼ y00nþa yny
00
nþy02n

� �þPr f ny
0
n�

S
2
2ynþZy0n
� �� �

þPr Nby0nf
0
nþNty02n

� �

þPrG
S
2
Zf 0y0 þZSfy00 þ7S

2
fy0�S2

4
7Zy0nþ8ynþZ2y00n
� ��f 2ny

00
n�f nf

0
ny

0
n

 !
; (33)

Of ¼ f00
nþScf nf

0
n�

ScS
2

2fnþZf0
n

� �þNt
Nb

y00n; (34)

Equations (32)‒(34) can be decoupled according to the following algorithm:

(1) From Ωf, solve for fn.

(2) Next, solve for θn from Ωθ using the updated solution of fn, that is, fn+1 and
assuming the solution of ϕn is known from the previous iteration.

(3) Finally, solve for ϕn from Ωϕ using the solutions of fn and θn.

In the framework of the SLLM, the following iterative scheme is obtained:

a1;nf
0000
nþ 1þa2;nf

000
nþ 1þa3;nf

00
nþ 1þa4;nf

0
nþ 1þa5;nf nþ 1 ¼ Rf ; (35)

a6;ny
00
nþ 1þa7;ny

0
nþ 1þa8;nynþ1 ¼ Ry; (36)

a9;nf
00
nþ 1þa10;nf

0
nþ 1þa11;nfnþ 1 ¼ Rf; (37)

f nþ 1 0ð Þ ¼ f w; f 0nþ 1 0ð Þ ¼ 1; f nþ 1 1ð Þ ¼ 1; f 0nþ1 1ð Þ ¼ 0; ynþ 1 0ð Þ ¼ 0;

ynþ 1 1ð Þ ¼ 1; fnþ 1 0ð Þ ¼ 0; fnþ 1 1ð Þ ¼ 1: (38)
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The coefficients in Equations (35)‒(37) along with their right-hand side are defined
as follows:

a1;n ¼ @Of

@f 0000n
; a2;n ¼ @Of

@f 000n
; a3;n ¼ @Of

@f 00n
; a4;n ¼ @Of

@f 0n
; a5;n ¼ @Of

@f n
; a6;n ¼ @Oy

@y00n
; a7;n ¼ @Oy

@y0n
;

a8;n ¼ @Oy

@yn
; a9;n ¼

@Of

@f00
n
; a10;n ¼

@Of

@f0
n
; a11;n ¼

@Of

@fn
;

Rf ¼ a1;nf
0000
n þa2;nf

000
n þa3;nf

00
nþa4;nf

0
nþa5;nf n�Of ;

Ry ¼ a6;ny
00
nþa7;ny

0
nþa8;nyn�Oy; R

f ¼ a9;nf
00
nþa10;nf

0
nþa11;nfn�Of: (39)

Equations (36)‒(38) are integrated numerically using the Chebyshev pseudo-spectral
technique (see Canuto et al., 2012; Motsa et al., 2011; Maleki et al., 2012). In order to apply this
technique, the interval [0, 1] is mapped into the interval [−1, 1] using the transformation η ¼
(1/2)(ξ + 1), on which the Chebyshev pseudo-spectral technique can be used. The unknown
functions f(η), θ(η) and ϕ(η) are then discretized using the Chebyshev‒Gauss‒Lobatto
collocation points:

xk ¼ cos
pk

N

� �
; k ¼ 0; 1; . . .; N ;�1pxp1: (40)

The derivatives of f(η), θ(η) and ϕ(η) are computed using the Chebyshev differentiation
matrix D (see Trefethen, 2000) at the collocation points as a matrix vector product:

df
dZ

¼
X
i¼0N

Dijf xið Þ ¼ DF ; j ¼ 0; 1; 2; . . .;N ;

dy
dZ

¼
X
i¼0N

Dijy xið Þ ¼ DY; j ¼ 0; 1; 2; . . .;N ;

df
dZ

¼
X
i¼0N

Dijf xið Þ ¼ DF; j ¼ 0; 1; 2; . . .;N ; (41)

where Nþ1 is the number of collocation points, D ¼ 2D, F ¼ f x0ð Þ; f x1ð Þ; . . .; f xN
� �� 
T ,

Y ¼ y x0ð Þ; y x1ð Þ; . . .; y xN
� �� 
T and F ¼ f x0ð Þ;f x1ð Þ; . . .;f xN

� �� 
T are vector functions at
the collocation points. The higher order derivatives of f, θ and ϕ are evaluated as powers ofD:

f s Zð Þ ¼ DsF ; ys Zð Þ ¼ DsY; fs Zð Þ ¼ DsF: (42)

Substituting Equations (41)‒(43) into Equations (36)‒(38) yields the following decoupled
matrices:

1 . . . 0

D1;1 . . . D1;N þ 1

diag a1;n
� 


D4þdiag a2;n
� 


D3þdiag a3;n
� 


D2þdiag a4;n
� 


Dþdiag a5;n
� 


I

DN ;1 . . . DN ;N þ 1

0 . . . 1

2
6666664

3
7777775

f nþ 1 x0ð Þ
f nþ 1 x1ð Þ
^

^

f nþ 1 xN�1

� �
f nþ 1 xN�1

� �

2
6666666664

3
7777777775
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¼

S
2

Rf
nþ1 x1ð Þ

^

^

1

Fw

2
6666666664

3
7777777775
; (43)

1 . . . 0

diag a5;n
� 


D2þdiag a6;n
� 


Dþdiag a7;n
� 


I

0 . . . 1

2
64

3
75

ynþ 1 x0ð Þ
^

ynþ 1 xN
� �

2
64

3
75 ¼

1

Ry
nþ 1 x1ð Þ

^

0

2
6664

3
7775; (44)

1 . . . 0

diag a5;n
� 


D2þdiag a6;n
� 


Dþdiag a7;n
� 


I

0 . . . 1

2
64

3
75

fnþ 1 x0ð Þ
^

fnþ 1 xN
� �

2
64

3
75

¼

1

Rf
nþ 1 x1ð Þ

^

0

2
6664

3
7775; (45)

here, I is an ðNþ1Þ � ðNþ1Þ identity matrix and diag [] denotes a diagonal matrix. The
following initial approximation is used to initialize the SLLM schemes:

f 0 Zð Þ ¼ 2Z2þZ3þ f w 2Z3�3Z2þ1
� �þSZ2

3
2
�Z

� �
; y0 Zð Þ ¼ Z; f0 Zð Þ ¼ Z: (46)

4. Numerical validation
The case ε ¼ α ¼ 0 and Γ ¼ 0 corresponds to a Newtonian fluid with classical Fourier law
with constant thermal conductivity, which has been studied by Hayat et al. (2016) using the
homotopy analysis method. To validate the correctness of the numerical results obtained
from the iterative scheme given by Equations (36)‒(39), the local Sherwood number, −ϕ(1),
at the fourth iteration, with N ¼ 20, is compared with Hayat et al. (2016) in Table I. It is
apparent from this table that there is a good agreement between the two results.

f″(0)
Nt Nb Hayat et al. (2016) SLLM Relative error

0.5 1.21380 1.21380229 0
0.2 1.24143 1.24142703 0
0.5 1.37544 1.37544311 0
0.0 1.79329 1.79328569 0
0.2 1 1.25874 1.258739599 0

1.5 1.26016 1.26016234 0

Table I.
Comparison of the

SLLM results for −ϕ
(1) with Hayat et al.
(2016) for distinct

values of Nt and Nb
when ε¼ α¼Γ¼ 0,

M¼ 0.5, and
S¼Pr¼ Sc¼ 1
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5. Results and discussion
Figures 1 and 2 demonstrate the reaction of the fluid velocity to ascending changes in the
fluid parameters values ε and δ. An increase in the term ε, as shown in Figure 1, discourages
the fluid bonding forces by causing fast collision in the fluid particles, enhancing the fluid to
move fast and thereby increasing the velocity distribution. In Figure 2, a rise in the values of
the term δ leads to a decline in the flow rate. The term encourages the fluid viscosity by
increasing the non-Newtonian viscoelasticity, which results in decreasing the velocity field
as depicted in the plot.

The impact of the squeezing parameter S and the magnetic field parameter M on the
flow momentum equation is presented in Figures 3 and 4. From Figure 3, a noteworthy
increase in the profile is observed as the parameter values rise. This is because the
parameter stimulated the heat source term in the equations that causes more heat to be
generated within the non-Newtonian nanofluid system and leads to break down in the
viscoelastic bonding force. Therefore, the flow is prompted and the velocity profile is
increased. Figure 4 shows a decrease in the flow rate toward the center of the system due
to the influence of the Lorentz force that drags and strengthens the nanofluid viscosity but
rises gradually as it moves toward the free stream due to the impact of the squeezing force
that relaxes the fluid dragging force.

Figure 5 illustrates the effect of the suction term fw on the Eyring‒Powell boundary layer
fluid flow through parallel plates. The flow rate reduces monotonically with the increase in
parameter fw. This is an indication that the boundary layer growth is stabilized and hence
prevents separation in the boundary layers. Thus, sucking the decelerated fluid particles
reduces the growth of the fluid boundary layers. The effect of the squeezing term S on
the heat profile is exhibited in Figure 6. The fluid temperature diminishes as the values
of the term S rise due to thinning in the thermal boundary layer, which implies an increase in
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the surface shear stress. Therefore, loss of heat to the surroundings is noticed, which, in
turn, decreases the energy distribution within the system.

In Figures 7 and 8, the response of the nanofluid temperature to changes in the thermal
conductivity and relaxation parameters α and Γ is, respectively, represented. An increase in
the heat field is seen as the term α increases; this is expected, as it was previously reported
by Choi (1995). The thermal conductivity term α is temperature dependent, and a change in
the heat within the system is observed to increase the temperature. Hence, the heat
distribution rises as the term increases. The presence of nanoparticles induces heat source
term and fluid thermal conductivity, which significantly enhances temperature distribution.
But enhancing the values of the term Γ reduces the heat transfer rate within the system, for
the term relaxes the viscous heat source term by causing the temperature profile to decrease,
as shown in Figure 8.

Figures 9 and 10 show the reaction of the Eyring‒Powell nanofluid temperature to
variational rise in the suction/injection fw and thermophoresis Nt parameters. Both
parameters enhance the viscous heat source term that leads to the increase in the internal
heat production within the system and the thickness of the thermal boundary layer that
reduces the quantity of heat that leaves the system. This thereby encourages a significant
rise in the temperature distribution. Suction parameter fw causes the flow of fluid and heat
into a partially filled space, whereas thermophoresis (soret) is an occurrence where different
nanoparticle types respond to heat gradient force differently. Therefore, the parameters
boost the temperature field.

Figure 11 depicts the influence of the Brownian motion parameter Nb on the squeezing
nanofluid flow temperature. Brownian motion term Nb causes fast random movement as a
result of collision of the particles. The nanoparticles kinetic energies, vibrations and
molecular rotations encourage the fluid’s caloric component, which, in turn, leads to a high
internal energy generation as the parameter Nb is enhanced. This stimulated the system
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heat content, which, in turn, produced an increasing temperature profile. Figure 12
demonstrates the concentration distribution for different ascending values of Schmidt
number Sc. Schmidt number Sc is the ratio of viscosity and mass diffusivities; it relates the
species boundary layer and hydrodynamic layer. An increase in parameter Sc diminishes
the nanofluid species transfer profile. This is because the species reaction rate term
decreases with the increase in the parameter values, thereby slowing down the chemical
reaction rate profile.

The impact of thermophoresis term Nt and Brownian motion term Nb is, respectively,
presented in Figures 13 and 14. The squeezing flow effect is seen in Figure 13, as
parameter Nt initially decreases the Eyring‒Powell nanaofluid concentration field near the
plate surface but rises as it moves farther distance from the plate. In Figure 14, the
Brownian motion influence on the concentration is displayed. The results show that an
increase in the term Nb discourages the mass transfer within the system, resulting in the
reduction of the profile.

6. Conclusion
By using graphical illustration plotted on Maple computing platform, the study
revealed that hydromagnetic Brownian parameter reduces the mass transfer, which then
leads to a reduction in the concentration profile. Meanwhile, a different trend is noticed in
the temperature profile, as increase in the hydromagnetic Brownian parameter enhances
the temperature profile. Thermophoresis parameter has similar behavior with
hydromagnetic Brownian parameter, except in the concentration profile in which the
parameter at first retards the profile but at a later time, far away from the plate, increases
the profile.
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Chapter 4

Lie group analysis of a Powell–Eyring nanofluid

flow over a stretching surface with variable

properties

This chapter presents a study of the boundary layer flow and heat transfer in a Powell-Eyring

nanofluid past a stretching surface. We modify the problem formulated in Chapter 2 to consider a

two-dimensional flow past a stretching surface. The nanofluid model is temperature and nanopar-

ticle size-dependent, and is based on experimental studies in the literature. Lastly, we introduce

the Lie group analysis to obtain self-similar equations that are then solved using the spectral local

linearization method. Among other results, we observe that, the Nusselt number increases with an

increase in both the temperature ratio parameter and thermal radiation.
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Abstract
New applications of nanofluids that have enhanced thermo-physical properties have spurred new studies into the flow 
and heat transfer in nanofluids in the last decade. Most reported studies have considered the case where the fluid vis-
cosity and thermal conductivity depend only on the size of nanoparticles. However, experimental data show that these 
properties may depend on the size of nanoparticles and the temperature. In this study, we investigate the flow and heat 
transfer in a Powell–Eyring nanofluid flow past a stretching surface using the nanofluid viscosity and thermal conduc-
tivity models derived from experimental data. Using Lie group analysis, the equations describing the flow and energy 
balance are reduced to a system of coupled differential equations. These equations are then solved using an efficient 
iterative spectral local linearization method. The computational results show that increasing the nanoparticle volume 
fraction and thermal radiation parameter enhances the temperature profiles, while an increase in the fluid parameter 
increased the velocity profiles. In addition, among other results, the Nusselt number increases with an increase in the 
temperature ratio parameter and thermal radiation. The results from this study may be useful to engineers in designing 
cooling devices for the enhancement of thermal systems.

Keywords Powell–Eyring model · Nanofluid · Thermal radiation · Variable viscosity and thermal conductivity · Spectral 
local linearization method

1 Introduction

Efforts to improve the efficiency and performance of 
industrial and engineering processes have led to the 
replacement of traditional heat transfer fluids (e.g water, 
oil or ethylene glycol) with nanofluids. A nanofluid is a col-
loidal suspension containing metals or oxides, for exam-
ple, copper oxide, alumina, zinc oxide or iron oxide hav-
ing a diameter less than 100 nm. The applications of these 
fluids can be found in solar technology, where nanofluids 
are used to enhance the productivity and efficiency of 
a solar thermal system when used as a collector. In bio-
medical sciences, nanofluids find applications in cancer 

therapeutics and cryosurgery. A comprehensive review of 
other applications of nanofluids is given by Wong and De 
Leon [1], Robert et al. [2], Devendiran and Amirtham [3] 
and Munyalo and Zhang [4].

The superiority of nanofluids over traditional heat 
transfer fluids can be attributed to their stability and 
higher thermo-physical properties. Due to these remark-
able characteristics and new applications of nanofluids, 
many studies have been carried out on the flow and heat 
transfer of nanofluids. Khan and Pop [5] studied the ther-
mal boundary layer flow of a nanofluid past a stretching 
plate. In their study, emphasis was placed on the Brown-
ian motion and thermophoresis effect. The implicit finite 
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difference method was used to solve the flow equations. 
The exact solution to the thermal transport problem of 
different types of nanofluids was given by Turkyilmazoglu 
[6]. Sandeep and Gnaneswara [7] scrutinized the effects 
of nonlinear thermal radiation on the flow of a Cu–water 
nanofluid. The Runge–Kutta Newton–Raphson algorithm 
was used to solve the flow equations. Dhlamini et al. [8] 
discussed the second-grade nanofluid flow over a nonlin-
early stretching sheet. Das et al. [9] solved the equations 
for the Casson nanofluid flow and heat transfer in a porous 
medium using a spectral quasi-linearization approxima-
tion. El-Aziz [10] studied the effect of variable viscosity 
on the flow and heat transfer of a power-law nanofluid. 
Recently, Das et al. [11] examined the influence of vari-
able fluid properties on nanofluid flow over a wedge with 
surface slip.

The studies above considered the viscosity and thermal 
conductivity of the nanofluid to be a function of nanopar-
ticle size. However, these properties may also change with 
temperature (Ogunseye et al. [12]). To accurately predict 
the heat transfer properties of nanofluids, it is important 
to consider a viscosity and thermal conductivity model 
that depends on the nanoparticle size and temperature. 
In recent years, scientists have proposed numerous viscos-
ity and thermal conductivity models that are nanoparticle 
size and temperature dependent, and among these, the 
studies by Masoud et al. [13] and Hassani et al. [14] are 
worth mentioning.

Lie group symmetry analysis is a powerful technique 
for finding similarity solutions to a given set of partial dif-
ferential equations. Using Lie group analysis, we can find 
similarity transformations that reduces m independent 
variables of a partial differential equation into m − 1 inde-
pendent variables. Many authors have applied Lie group 
symmetry analysis to fluid flow models. Akgül and Pak-
demirli [15] studied the transient flow of a power-law fluid 
using the Lie group symmetry analysis. Jalil and Asghar 
[16] analysed the boundary layer flow of a Powell–Eyring 
fluid using the Lie group symmetry analysis. The scaling 
group of transformations, a special form of the Lie group 
symmetry, was used by Rehman et al. [17] in studying the 
heat and mass transfer in a Powell–Eyring fluid flow past a 
stretching plate. Afify and El-Aziz [10] discussed the scaling 
group for the flow and heat transfer behaviour in a power-
law nanofluid. Other studies using the Lie group analysis 
are reported in [18–21].

The main focus of this study is the flow and heat transfer 
analysis in a non-Newtonian nanofluid with variable vis-
cosity and thermal conductivity using the Lie group sym-
metry analysis. The Powell–Eyring model [22] is adopted 
due to its diverge advantages over other non-Newtonian 
fluid models. The model is derived from the molecular the-
ory of fluids and not on empirical relations. Further, under 

low and high shear rates the Powell–Eyring fluid is reduced 
to a Newtonian fluid. A considerable number of studies on 
the Powell–Eyring fluid flow with constant viscosity have 
been reported by several authors such as Javed et al. [23], 
Jalil and Asghar [16], Hayat et al. [24], Mahanthesh et al. 
[25], Agbaje et al. [26] and Ramzan et al. [27]. However, the 
Powell–Eyring nanofluid flow with variable properties is 
yet to be considered. The second-order partial differential 
equation that models the thermal transportation problem 
is transformed into an ordinary differential equation using 
the classical Lie group symmetry approach. The equations 
are solved using an efficient iterative spectral local line-
arization method. The viscosity and thermal conductivity 
adopted here are derived from experimental data. The 
findings in this study may be useful for engineers in the 
design of heat exchangers and thermal solar collectors.

2  Formulation of the problem

A steady, two-dimensional, laminar flow of an incompress-
ible Powell–Eyring nanofluid past a stretching surface is 
considered. The flow is restricted to the region ȳ > 0 , and 
the stretching velocity is assumed to be uw(x̄) . The nano-
fluid is aluminium oxide  Al2O3–water system. Further, the 
physical properties of the fluid are assumed to vary with 
the nanoparticle size and temperature.

Following the work of Javed et al. [23] and under the 
usual boundary layer approximation, the continuity, equa-
tions of momentum and energy balance for the Pow-
ell–Eyring nanofluid are as follows,

The relevant boundary conditions to Eqs. (1)–(3) are

(1)
𝜕ū

𝜕x̄
+

𝜕v̄

𝜕ȳ
= 0,

(2)

𝜌nf

(
ū
𝜕ū

𝜕x̄
+ v̄

𝜕ū

𝜕ȳ

)
=

𝜕

𝜕ȳ

(
𝜇nf

𝜕ū

𝜕ȳ

)
+

1

𝛽𝛾

𝜕2ū

𝜕ȳ2

−
1

2𝛽𝛾3

(
𝜕ū

𝜕ȳ

)2
𝜕2ū

𝜕ȳ2
,

(3)

𝜌nf Cnf

(
ū
𝜕T̄

𝜕x̄
+ v̄

𝜕T̄

𝜕ȳ

)
=

𝜕

𝜕ȳ

(
knf

𝜕T̄

𝜕ȳ

)

+
16𝜎s

3km

𝜕

𝜕ȳ

(
T̄ 3 𝜕T̄

𝜕ȳ

)
.

(4)
ȳ = 0 ∶ ū = U0uw

(
x̄

L

)
, v̄ = V0vw

(
x̄

L

)
, T̄ = Tw ,

ȳ → ∞ ∶ ū → 0, T̄ → T∞,
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where (ū, v̄) are the velocity components in the (x̄, ȳ) direc-
tions, � and � are Powell–Eyring fluid material constants, T̄  
is the nanofluid temperature, �s is the Stefan–Boltzmann 
constant, km is the mean absorption coefficient, U0 and V0 
are the reference velocities, L is the characteristic length, 
Tw is the wall temperature and T∞ is the nanofluid tempera-
ture far away from the wall.

The density ( �nb ) and specific heat capacity ( Cnb ) of 
the nanofluid are given by the expressions (see Khanafer 
and Vafai [28]),

where the subscripts bf and p represent the base fluid and 
nanoparticle, respectively, and � is the volume fraction of 
the nanoparticle.

Following Masoud et al. [13], the nanofluid viscosity 
is defined by

The thermal conductivity is determined by the new empir-
ical correlations proposed by Hassani et al. [14], which is 
expressed as,

where

where � is the viscosity, k is the thermal conductivity, m is 
a factor that depends on the nanoparticles, the base fluid 
and their interaction, �, �1, �2 and �1 are empirical parame-
ters determined from experimental data, dp is the diameter 
of the nanoparticle, r is the capping layer thickness and � 
is the Boltzmann constant. The values of these empirical 
parameters are given in Table 1, and the thermo-physical 
properties of water and aluminium oxide Al2O3 are pre-
sented in Table 2.

(5)
�nf = (1 − �)�bf + ��p,

Cnf = (1 − �)�bf Cbf + ��pCp,

(6)

𝜇nf

𝜇bf

= exp

[
m + 𝛼

(
T̄

T∞

)

+ 𝛽1𝜙

(
1 +

2r

dp

)3

+ 𝛾1

(
dp

1 + r

)]
.

(7)

knf

kbf
=

kp + 2kbf − 2
(
kbf − kp

)
𝜙

kp + 2kbf +
(
kbf − kp

)
𝜙

+ 5

× 104
𝛽2𝜙𝜌bf Cbf

kbf

√
𝜅T̄

𝜌pdp
f (T̄ ,𝜙),

f (T̄ ,𝜙) =
(
2.8217 × 10−2𝜙 + 3.917 × 10−3

)( T̄

T∞

)

−
(
3.0669 × 10−2𝜙 + 3.91123 × 10−3

)
,

Equations (1)–(4) are nondimensionalized by intro-
ducing the following dimensionless variables:

We define the stream function � as

Substituting Eqs. (8) and (9) into Eqs. (2)–(4) yields:

where � and � are fluid parameters, Pr is the Prandtl num-
ber, Nr is the thermal radiation parameter, Δ is the temper-
ature difference, Fw is the suction or injection parameter 
and Ai , (i = 1,… , 5) are constants. These parameters and 
constants are defined as

(8)

x =
x̄

L
, y =

ȳ

L

(
U0𝜌bf L

𝜇bf

) 1

2

, u =
ū

U0

,

v =
v̄

U0

(
U0𝜌bf L

𝜇bf

) 1

2

, T =
T̄ − T∞

Tw − T∞
.

(9)u =
��

�y
, v = −

��

�x
.

(10)

�

�y

(
exp

(
A1 + �[1 + ΔT ]

)�2�
�y2

)
+ �

�3�

�y3
− ��

(
�2�

�y2

)2
�3�

�y3

− A2

(
��

�y

�2�

��x�y
−

��

�x

�2�

�y2

)
= 0,

(11)

�

�y

([
A3 + A4[1 + ΔT ]

3

2 − A5[1 + ΔT ]
1

2

]
�T

�y

)

+ Nr
�

�y

(
[1 + ΔT ]3

�T

�y

)
− PrA6

(
��

�y

�T

�x
−

��

�x

�T

�y

)
= 0

(12)
y = 0 ∶

��

�y
= uw(x),

��

�x
= Fwvw(x), T = 1,

y → ∞ ∶
��

�y
→ 0, T → 0.

Table 1  Empirical parameters for aluminium oxide Al2O3–water 
nanofluid [13, 14]

m � �
1

�
1

�
2

Volume fraction

0.72 − 0.485 14.94 0.0105 8.4407(100�)−1.07304 1% ≤ � ≤ 10%

Table 2  Thermo-physical properties of water and aluminium oxide 
Al2O3

ρ cp (J  kg−1 K) k  (Wm−1 K)

Water fluid 997.1 4179 0.613
Al2O3 3970 765 40
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3  Lie symmetry analysis

In this section, we seek the similarity solution to 
Eqs. (10)–(12) using the Lie symmetry group approach. 
Finding symmetry group is equivalent to finding the infini-
tesimal generator that renders Eqs. (10)–(12) invariant. We 
consider a one-parameter group Lie group of infinitesimal 
transformations with Lie group parameter � defined as:

the infinitesimal generator is prolongated to first, second 
and third derivatives, and it is defined by:

where

(13)

A1 = m + �1�

(
1 +

2r

dp

)3

+ �1

(
dp

1 + r

)
,

A2 =

(
(1 − �) +

�p

�bf
�

)
, A3 =

kp + 2kbf − 2
(
kbf − kp

)
�

kp + 2kbf +
(
kbf − kp

)
�

,

Fw = −V0

(
L�f

U0�∞

)

A4 =
(
1.4109 × 103�2 + 1.9585 × 102�

)�2�bf Cbf
kbf

√
�T∞

�pdp
,

A5 =
(
1.5334 × 103�2 + 1.9556 × 102�

)�2�bf Cbf
kbf

√
�T∞

�pdp
,

A6 = (1 − �) +
�pCp

�bf Cbf
�, � =

1

�bf ��
, � =

U3
0
�bf

2LC2�bf

,

Pr =
Cbf�bf

kbf
, Nr =

16�sT
3
∞

3kmkbf
, Δ = �w − 1, �w =

Tw

T∞
.

(14)

x∗ = x +��1(s, y,� , T ) + O
(
�2

)
,

y∗ = y +��2(s, y,� , T ) + O
(
�2

)
,

�∗ = � +��1(s, y,� , T ) + O
(
�2

)
,

T ∗ = T +��2(s, y,� , T ) + O
(
�2

)
,

(15)

X = �1
�

�x
+ �2

�

�y
+ �1

�

��
+ �2

�

�T
+ �1x

�

��x

+ �1y

�

��y

+ �1xy

�

��xy

+ �1yy

�

��yy

+ �1yyy

�

��yyy

+ �2x

�

�Tx
+ �2y

�

�Ty
+ �2yy

�

�Tyy
,

R, S represent either x or y depending on the component.
Using X on Eqs. (10) and (11), we obtain the following 

infinitesimals after some algebraic simplification:

where cj(j = 1,… , 3) are arbitrary constants. Thus, we 
obtain a three-dimensional space of operator. By setting 
g(x) = 0 and any of two the constants to zero, the follow-
ing infinitesimal generators can be obtained:

The implication of Eq. (18) is that Eqs. (10) and (11) admit 
three one-parameter transformation groups. X1 corre-
sponds to scaling group of transformation, while X2 and 
X3 are translation groups of transformation.

Applying X to the boundary conditions, Eq. (12) yields:

which implies that:

where k1 and k2 are constants of integration.

(16)

�1R = DR�1 − �xDR�1 − �yDR�2,

�2R = DR�2 − �2xDR�1 − �2yDR�2,

�1SR = DR�1S − �SxDR�1 − �SyDR�2,

�2SR = DR�2S − �SxDR�1 − �SyDR�2,

Dx =
�

�x
+ �x

�

��
+ Tx

�

�x
+ �xx

�

��x

+ Txx
�

�Tx
+ �xy

�

��y

+… ,

Dy =
�

�y
+ �y

�

��
+ Ty

�

�y
+ �yy

�

��y

+ Tyy
�

�Ty
+ �xy

�

��x

+… ,

(17)

�1 = c1x + c2, �2 =
1

3
c1y + g(x), �1 =

2

3
c1� + c3, �2 = 0.

(18)X1 = x
�

�x
+

y

3

�

�y
+

2

3

�

��
, X2 =

�

�x
, X3 =

�

��
.

(19)

duw

dx
=

c1

3
(
c1x + c2

)uw ,
dvw

dx
= −

c2

3
(
c1x + c2

)vw ,

(20)
uw(x) = k1

(
c1x + c2

) 1

3 ,

vw(x) = k2
(
c1x + c2

)− 1

3 ,
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Obviously, X2 and X3 do not have an invariant solution; 
hence, we consider only X3 . Under X1 , Eq. (20) is transformed 
into:

The characteristic equation to X1 is:

on solving Eq. (22) , we obtain the following similarity vari-
ables and function:

Finally, substituting Eqs. (21) and (22) into Eqs. (10) and 
(12) yields:

Pantokratoras [29] pointed out that assuming a uniform 
Prandtl number when thermo-physical properties are tem-
perature dependent may lead to unrealistic results. Hence, 
to take care of this paradox, the Prandtl number of the 
nanofluid is defined as

(21)ux(x) = x
1

3 and vw(x) = x−
1

3 .

(22)
dx

x
=

3dy

y
=

3d�

2�
=

dT

0
,

(23)� = yx−
1

3 , � = x
2

3 f (�), T = �(�).

(24)

(
exp

(
A1 + �(1 + Δ�)

)
+ �

)
f ��� + �Δ exp

(
A1 + �(1 + Δ�)

)
��f ��

− ��
(
f ��
)2
f ��� + A2

(
2

3
ff �� −

1

3
f �2

)
= 0,

(25)

(
A3 + A4(1 + Δ�)

3

2 − A5(1 + Δ�)
1

2 + Nr(1 + Δ�)3
)
���

+ Δ

(
3A4

2
(1 + Δ�)

1

2 −
A5

2
(1 + Δ�)−

1

2 + 3Nr(1 + Δ�)2
)
��2

+
2

3
PrA6f�

� = 0

(26)
� = 0 ∶ f � = 1, f = Fw , � = 1,

� → ∞ ∶ f � → 0, � → 0.

(27)

Prv =
�nf Cnf

knf
=

A6 exp
(
A1 + �(1 + Δ�)

)

A3 + A4(1 + Δ�)
3

2 − A5(1 + Δ�)
1

2

Cbf�bf

kbf

=
�nf Cnf

knf
=

A6 exp
(
A1 + �(1 + Δ�)

)

A3 + A4(1 + Δ�)
3

2 − A5(1 + Δ�)
1

2

Pr.

Using Eq. (27) in Eq. (25) gives a modified thermal bound-
ary layer equation with a variable Prandtl number, that is,

The skin friction coefficient Cf  and the Nusselt number Nux 
which are of interest in thermal engineering design are 
defined as follows:

and the wall shear stress �w and the wall flux qw are 
expressed as:

Equation (29) can be written as:

where Re =
U0L

�∞
 represents the local Reynolds number and 

A7 = A3 + A4�
3

2

w − A5�
1

2

w.

4  Method of solution

Spectral methods are a class of numerical methods used to 
solve differential equations arising in applied mathemat-
ics, science and engineering. The name spectral methods 
is derived from the fact that the solution is expressed as a 

(28)

(
A3 + A4(1 + Δ�)

3

2 − A5(1 + Δ�)
1

2 + Nr(1 + Δ�)3
)
���

+ Δ

(
3A4

2
(1 + Δ�)

1

2 −
A5

2
(1 + Δ�)−

1

2 + 3Nr(1 + Δ�)2
)
��2

+
2

3
Prv f�

�

(
A3 + A4(1 + Δ�)

3

2 − A5(1 + Δ�)
1

2

exp
(
A1 + �(1 + Δ�)

)
)

= 0

(29)Cf =
𝜏w

𝜌f U
2
0

and Nux =

(
x̄

L

)
qw

knf (T̄ )
(
Tw − T∞

)

(30)

𝜏w =

(
𝜇nf +

1

𝛽𝛾

)(
𝜕ū

𝜕ȳ

)
−

1

6𝛽𝛾3

(
𝜕ū

𝜕ȳ

)3|||||ȳ=0
and qw = −

(
knf +

16𝜎s

3km
T̄ 3

)(
𝜕T̄

𝜕ȳ

)|||||ȳ=0
.

(31)Cf (Re)
1

2 =
(
exp(A1 + 2�) + �

)
f ��(0) −

��

3

(
f ��(0)

)3
,

(32)Nux

(
x

L

)
(Re)−

1

2 = −

(
1 +

Nr�3
w

A7

)
��(0).
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series of orthogonal eigenfunctions of some linear opera-
tor. Although the SQLM has a very high convergence, it is 
limited to cases where there is only one independent vari-
able. In this section, an efficient iterative spectral local lin-
earization method (SLLM) which was proposed by Motsa 
[30] is used to numerically integrate the coupled nonlinear 
differential Eqs. (24) and (28) with the boundary condition 
Eqs. (26). To apply this technique, we consider the follow-
ing nonlinear differential operators

Eqs. (33) and (34) can be decoupled according to the fol-
lowing algorithm:

1. From Eq. (33) Ωf  , solve fn+1 assuming that �n is known 
from a previous iteration.

2. Solve �n+1 from Eq. (34) Ω� using the updated solution 
of fn.

3. Subsequent iterative solutions are obtained by repeat-
ing steps 1 and 2.

In the framework of the SLLM, the following iterative 
scheme is obtained

The coefficients in Eqs. (35) and (36) along with their right-
hand sides are defined as follows:

(33)

Ωf =
(
exp

(
A1 + �(1 + Δ�n)

)
+ �

)
f ���
n

+ �Δ exp
(
A1 + �(1 + Δ�n)

)
��
n
f ��
n
− ��

(
f ��
n

)2
f ���
n

+ A2

(
2

3
fnf

��
n
−

1

3
f �2
n

)

(34)

Ω� =
(
A3 + A4(1 + Δ�n)

3

2 − A5(1 + Δ�n)
1

2 + Nr(1 + Δ�n)
3

)
���
n

+ Δ

(
3A4

2
(1 + Δ�n)

1

2 −
A5

2
(1 + Δ�n)

−
1

2 + 3Nr(1 + Δ�n)
2

)
��2
n

+
2

3
Prv fn�

�
n

(
A3 + A4(1 + Δ�n)

3

2 − A5(1 + Δ�n)
1

2

)

exp
(
−A1 − �(1 + Δ�n)

)
= 0;

(35)a1,nf
���
n+1

+ a2,nf
��
n+1

+ a3,nf
�
n+1

+ a4,nfn+1 = Rf ,

(36)a5,n�
��
n+1

+ a6,n�
�
n+1

+ a7,n�n+1 = R� ,

(37)
fn+1(0) = Fw , f �

n+1
(0) = 1, f �

n+1
(∞) = 0,

�n+1(0) = 1, �n+1(∞) = 0.

Equations (35)–(37) are integrated numerically using the 
Chebyshev pseudo-spectral technique (see Mondal et al. 
[31], Motsa et al. [32] and Maleki et al. [33]). In order to 
apply this technique, the semi-infinite domain � ∈ [0,∞) 
is replaced with a truncated domain � ∈ [0,�∞] , where 
�∞ ∈ ℤ

+ is a mapping parameter. Using the transforma-

tion � =
1

2
(� + 1)�∞ , the interval [0,�∞] is mapped to 

[−1, 1] which the Chebyshev pseudo-spectral technique 
can be used. The unknown functions f (�) and �(�) are 

(38)

a1,n =
�Ωf

�f ���
n

= A1exp
(
A1 + �(1 + Δ�n)

)

+ �

(
1 − � f ��

n

2
)
, �3,n =

�Ωf

�f �
n

= −2∕3A2f
�
n
,

a2,n =
�Ωf

�f ��
n

= �Δ exp
(
A1 + �(1 + Δ�n)

)
��
n
− 2 � � f ��

n
f ���
n

+
2

3
A2fn, a4,n =

�Ωf

�fn
=

2

3
A2f

��
n
,

�5,n =
�Ω�

����
n

= A3 + A4

(
Δ �n + 1

) 3

2 − A5

(
Δ �n + 1

) 1

2

+ Nr
(
Δ �n + 1

)3

�6,n =
�Ω�

���
n

,= 2Δ
(
3

2
A4

(
Δ �n + 1

) 1

2 −
1

2
A5

(
Δ �n + 1

)− 1

2

+3Nr
(
Δ �n + 1

)2)
��
n
+

2

3
Prv fn

(
A3 + A4

(
Δ �n + 1

) 3

2

− A5

(
Δ �n + 1

) 1

2

)
exp

(
−A1 − �(1 + Δ�n)

)

�7,n =
�Ω�

��n
= Δ

(
3

2
A4

(
1 + Δ �n

) 1

2 −
1

2
A5

(
Δ �n + 1

)− 1

2

+3Nr
(
Δ �n + 1

)2)
���
n
+ Δ2

(
3

4
A4

(
1 + Δ �n

)− 1

2

+
1

4
A5

(
Δ �n + 1

)− 3

2 + 6Nr
(
Δ �n + 1

))
��
n

2

+
1

3
Prv fn�

�
n
Δ exp

(
−A1 − �(1 + Δ�n)

)[
3A4

(
Δ �n + 1

) 1

2

− A5

(
Δ �n + 1

)− 1

2

− 2�
(
A3 + A4

(
Δ �n + 1

) 3

2 − A5

(
Δ �n + 1

) 1

2

)]
,

Rf = a1,nf
���
n

+ a2,nf
��
n
+ a3,nf

�
n
+ a4,nfn − Ωf ,

R� = a5,n�
��
n
+ a6,n�

�
n
+ a7,n�n − Ω� .
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discretized using the Chebyshev–Gauss–Lobatto colloca-
tion points:

The derivatives of f (�) and �(�) are computed using the 
Chebyshev differentiation matrix D, at the collocation 
points as a matrix vector product, that is:

where N̄ + 1 is the number of collocation points, 
� = 2D∕�∞ and F =

[
f
(
𝜉0
)
, f
(
𝜉1
)
,… , f

(
𝜉N̄
)]T

 is a vector 
function at the collocation point.

Let Θ be a similarity vector function representing � . The 
higher-order derivatives of f and � are evaluated as powers 
of � , that is

Substituting Eqs. (39)–(41) into Eqs. (35)–(37) yields the 
following decoupled matrices

Here � is an (N̄ + 1) × (N̄ + 1) identity matrix, and diag[] 
denotes a diagonal matrix. A suitable initial approximation 
for the SLLM scheme is

(39)𝜉k = cos

(
𝜋k

N̄

)
, k = 0, 1,… , N̄; − 1 ≤ 𝜉 ≤ 1.

(40)df

d𝜂
=

N̄∑
i=0

Dijf
(
𝜉i
)
= �F , j = 0, 1, 2,… , N̄,

(41)f s(�) = �
sF , �s(�) = �

sΘ.

(42)

⎡⎢⎢⎢⎢⎢⎣

�1,1 … �1,N̄+1

diag[a1,n]�
3 + diag[a2,n]�

2 + diag[a3,n]� + diag[a4,n]�

�N̄,1 … �N̄,N̄+1

0 … 1

⎤
⎥⎥⎥⎥⎥⎦

×

⎡⎢⎢⎢⎢⎢⎣

fn+1(𝜉0)

fn+1(𝜉1)

⋮

fn+1(𝜉N̄−1)

fn+1(𝜉N̄)

⎤⎥⎥⎥⎥⎥⎦

=

⎡
⎢⎢⎢⎢⎢⎣

0

Rf
n+1

(𝜉1)

⋮

1

Fw

⎤⎥⎥⎥⎥⎥⎦

,

(43)

⎡⎢⎢⎢⎣

1 0… 0

diag[a5,n]�
2 + diag[a6,n]� + diag[a7,n]�

0 … 1

⎤⎥⎥⎥⎦

⎡⎢⎢⎢⎣

𝜃n+1(𝜉0)

⋮

𝜃n+1(𝜉N̄)

⎤⎥⎥⎥⎦

=

⎡
⎢⎢⎢⎣

0

R𝜃
n+1

(𝜉1)

⋮

1

⎤
⎥⎥⎥⎦

(44)f0(�) = Fw + 1 − exp (−�), �0(�) = exp(−�),

5  Numerical validation

The cases � = A1 = A4 = A5 = 0 , �w = A2 = 1 and A3 = 1 
correspond to a Newtonian fluid with constant viscosity, 
thermal conductivity and linear thermal radiation which 
has been studied by Jalil and Asghar [16] using the Keller-
box method. To validate the correctness of the numeri-
cal results obtained from the iterative scheme given by 
Eqs. (35–37), the skin friction coefficient f ��(0) at the sev-
enth iterates with N = 80 is compared with Jalil and Asghar 
[16] in Table 3. It is apparent that there is a good agree-
ment between the two results.

6  Results and discussion

In this section, we give the results of the numerical simula-
tion and the effects of the nanoparticle volume fraction, � , 
fluid parameter, � , suction/injection parameter, Fw , thermal 
radiation parameter, Nr, and temperature ratio parameter, 
�w on the nanofluid velocity profile, f �(�) , temperature pro-
file, �(�) , skin friction coefficient and Nusselt number are 
performed and discussed. The range of parameters is as 
follows: 1% ≤ � ≤ 10% , 0 ≤ � ≤ 5 , 0 ≤ � ≤ 3 , 1.2 ≤ �w ≤ 2.1 
and −1 ≤ Fw ≤ 1 . (See Jalil and Asghar [16] and Sandeep 
and Gnaneswara [7]). The default parameter values used 
in simulating the velocity and temperature profiles are 
� = � = Nr = Fw = 1 , � = 0.1 , �w = 1.5 and Prv = 6.96 . 
Therefore, where these parameter values are not explic-
itly stated, it will be understood that such a parameter is 
assigned the default value.

The nanoparticle volume fraction quantifies the amount 
of the Al2O3 nanoparticles contained in the synthesized 
nanofluid. The nanofluid velocity and temperature pro-
files for different values of nanoparticle volume fraction 
are displayed in Fig. 1. We observed that both the velocity 
and temperature profiles are enhanced with an increase 
in the value of nanoparticle volume fraction. Also, the 

Table 3  Comparison of the SLLM results for −f ��(0) with Jalil and 
Asghar [16] for distinct values of Fw when � = A1 = A4 = A5 = 0 , 
�w = A2 = 1 and A3 = 1

Fw f ��(0)

Jalil and Asghar [16] SLLM Relative 
error

0.75 0.984436 0.98443940 0
0.50 0.873640 0.87364290 0
0 0.677647 0.67764824 0
− 0.50 0.518869 0.51887049 0
− 0.75 0.453523 0.45352500 0
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momentum and thermal boundary layers become thicker 
with an increase in the nanoparticle volume fraction. Fig-
ure 2 shows the effect of the fluid parameter on the nano-
fluid velocity profiles. It is seen that with an increase in 
the fluid parameter, the nanofluid velocity profiles and 

the momentum boundary layer thickness are enhanced. 
Physically, this is correct since the fluid parameter has an 
inverse relation with the nanofluid dynamic viscosity; thus, 
the fluid becomes less viscous with large value of the fluid 
parameter. Hence, the velocity profiles are enhanced. This 

(a) (b)

Fig. 1  Effect of the nanoparticle volume fraction on the velocity and temperature profiles

Fig. 2  Effect of the fluid parameter on the velocity profile
Fig. 3  Effect of the nanoparticle volume fraction on the tempera-
ture profile
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finding is consistent with Javed et al. [23] for the case of 
a pure fluid.

Figure  3 shows the effect of the temperature ratio 
parameter on the nanofluid temperature profiles. We 
observed that the temperature profiles, as well as the 

thermal boundary layer thickness, are enhanced with an 
increase in the value of the temperature ratio parameter. 
This trend is in agreement with Sandeep and Gnaneswara 
[7].

(a) (b)

Fig. 4  Effect of the suction/injection parameter on the velocity and temperature profile

Fig. 5  Effect of the thermal radiation parameter on the tempera-
ture profile

Fig. 6  Effect of the fluid parameter, � , on the skin friction coeffi-
cient for different values of the fluid parameter,�
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Figure 4 shows the effect of the suction ( fw > 0 ) and 
injection ( fw < 0 ) parameter on the nanofluid velocity 
and temperature profiles. From Fig. 4a, it is seen that the 

velocity profiles, as well as the thickness of the momen-
tum boundary layer, decrease with an increase in the suc-
tion parameter. However, the velocity and momentum 

Table 4  The computed results 
for skin friction coefficient, 
Cf , and Nusselt number, Nu, 
for Al2O3/water nanofluid 
for varying the parameters: 
�, �, �, fw, �w and Nr

� � � fw �w Nr Cf Nu

0.01 1 1 1 1.5 1 − 1.31566819 4.04218773
0.04 − 1.53640389 2.69425801
0.07 − 1.83309969 1.82571968
0.1 − 2.23626267 1.25732143

0 − 2.05499683 1.24567815
1 − 2.23626267 1.25732143
3 − 2.55833356 1.27519931
5 − 2.84185954 1.28832024

1 − 2.23626267 1.25732143
1.5 − 2.23360279 1.25715057
2 − 2.23091741 1.25697829
2.5 − 2.22820586 1.25680457

− 1 − 1.47135446 0.51499994
− 0.5 − 1.64056501 0.67145981
0.5 − 2.02355151 1.04510263
1 − 2.23626267 1.25732143

1.2 − 2.03895232 1.11810439
1.5 − 2.23626267 1.25732143
1.8 − 2.43248202 1.41661565
2.1 − 2.62786066 1.59104731

0 − 2.27747031 0.97952469
0.5 − 2.25163761 1.14019626
1 − 2.23626267 1.25732143
1.5 − 2.22583993 1.34955641

Fig. 7  Effect of the temperature ratio parameter on the Nusselt 
number for different values of nanoparticle volume fraction

Fig. 8  Effect of the thermal radiation parameter on the Nusselt 
number for different values of nanoparticle volume fraction
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boundary layers are enhanced with an increase in the 
injection parameter. Similarly, the temperature profiles 
and the thermal boundary layer thickness reduce with 
an increase in the suction parameter, whereas an oppo-
site trend is observed for the case of injection as shown 
in Fig. 4b. This result is in agreement with the findings of 
Jalil and Asghar [16].

The impact of the thermal radiation parameter on the 
nanofluid temperature profiles is presented in Fig. 5. From 
this plot, the nanofluid temperature profile is an increasing 
function of the thermal radiation parameter. The physical 
reason for this observed trend is that, for a higher value 
of the radiation parameter, more heat is transferred to 
the nanofluid since the mean absorption coefficient km 
reduces with an increase in the radiation parameter. This 
temperature profile is similar to Ramzan et al. [27] for the 
case of pure fluid.

Figure 6 displays the effect of the fluid parameter, � , on 
the skin friction for distinct values of the fluid parameter, � . 
Clearly, it is seen that the skin friction coefficient increases 
with an increase � . The influence of the temperature ratio 
parameter and the thermal radiation parameter on the 
Nusselt number is displayed in Figs. 7 and 8. It is evident 
from these plots that the Nusselt number increases with 
an increase in the values of �w and Nr (Table 4).

7  Conclusions

The flow and heat transfer in a Powell–Eyring nanofluid 
flow past a stretching surface have been studied. The 
similarity solution to the model describing the nanofluid 
flow and energy balance was found using the Lie group 
analysis. An iterative spectral local linearization method 
was used to solve the conservation equations. The effects 
of nanoparticles, thermal radiation and suction/injection 
have been considered in the problem. The effects of these 
parameters on the nanofluid velocity and temperature 
profiles, as well as the skin friction coefficient and Nusselt 
number, are determined and discussed. A summary of the 
results of the study is as follows:

1. The velocity profiles are enhanced with an increase in 
the fluid parameter, λ and nanoparticle volume frac-
tion.

2. The velocity and temperature profiles are decreasing 
functions of the suction parameter, while injection 
shows an opposite trend.

3. An increase in the nanoparticle volume fraction, ther-
mal radiation parameter and temperature ratio param-
eter enhances the thermal boundary layer thickness as 
well as the temperature profiles.

4. The skin friction coefficient increases with an increase 
in the fluid parameter, δ.

5. Increasing the temperature ratio parameter and ther-
mal radiation parameter increases the Nusselt number.
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Chapter 5

A mathematical model for entropy genera-

tion in a Powell-Eyring nanofluid flow in a

porous channel

In this chapter we investigate the entropy generation rate in a mixed convective flow of a hydro-

magnetic aluminum oxide-water Powell-Eyring nanofluid flow through a vertical channel. Using

the nanofluid dynamic viscosity model based on experimental data, we analyze the combined ef-

fects of the magnetic field, viscous dissipation, suction/injection and convective cooling on the heat

transfer and entropy generation rate. The spectral local linearization method is utilized in solving

the conversation equations. This is the first model in this thesis in which we consider the entropy

generation rate in the system. We found that the nanoparticle volume fraction and the Brinkman

number are significant in minimizing the entropy generation rate in the channel flow. Hence, by

increasing the nanoparticle volume fraction and reducing the Brinkman number the entropy gen-

eration rate in the channel can be optimized.
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The continuous generation of entropy leads to exergy destruction which reduces the performance of a physical 
system. Hence, entropy minimization becomes necessary. New applications of nanofluids due to their enhanced 
thermo-physical properties has spurred new studies into the heat transfer and entropy generation rate in 
nanofluids in the last decade. In this study, we investigate the heat transfer performance and entropy generation 
rate in a mixed convective flow of a hydromagnetic Aluminum oxide-water Powell-Eyring nanofluid flow through 
a vertical channel. The nanofluid dynamic viscosity adopted is based on experimental data. The combined 
effects of the magnetic field, nonlinear thermal radiation, viscous dissipation, suction/injection and convective 
cooling on the heat transfer and entropy generation were considered. The dimensionless equations describing 
the flow and energy balance were solved using an efficient iterative spectral local linearization method. The 
computational analysis of the rate of entropy generation in the channel for various flow parameters is presented. 
The result shows that increasing the nanoparticle volume fraction and thermal radiation parameter enhanced the 
temperature profiles, entropy generation and the Bejan number. The results from this study may help engineers 
in the optimization of thermal systems.

1. Introduction

Nanofluids are stable and uniform colloids of nanometer-sized met-

als or metallic oxides called nanoparticles. These fluids have a higher 
thermal conductivity relative to the base fluid. Choi [1] reported that 
the thermal conductivity of the base fluid is significantly enhanced by 
adding a low volume fraction of nanoparticles. Nanofluids now find 
applications in the enhancement of chemical engineering operations, 
polymer processing and petrochemical applications. A comprehensive 
review of other applications of nanofluids is reported in the study by 
Wong and De Leon [2]. In recent years, considerable attention has 
been focused on the study of the transport phenomenon in nanofluid 
flow due to their wide applications. The study of the magnetohydro-

dynamics (MHD) nanofluid flow past a channel was investigated by 
Sheikholeslami et al. [3]. They obtained a series solution to the flow 
equations by using the Least Square and Galerkin methods. Raza et al. 
[4] extended the Sheikholeslami et al. [3] model to include heat transfer 
analysis. The heat equation was solved using the Runge-Kutta-Fehlberg 
shooting technique. Hayat et al. [5] studied the MHD nanofluid flow 
in a rotating porous disk. Malvandi and Ganji [6] examined the ther-

mal transport in a nanofluid within a circular microchannel. Das et al. 

* Corresponding author.

E-mail address: ogunseyehammed@gmail.com (H.A. Ogunseye).

[7] presented the radiative hydromagnetic buoyancy-induced flow and 
heat transfer in a nanofluid.

In these studies, emphasis was dominantly placed on the Newtonian 
constitutive model. However, in recent years, the focus of researchers 
has been centered on the study of non-Newtonian fluids due to their 
industrial, technological and medical applications. These fluids exhibit 
complex relations between stress and the rate of strain, hence, they de-

viate from the Newton’s law of viscosity. A single constitutive relation 
cannot be used to understand the complex nature of non-Newtonian flu-

ids. On account of this fact, several non-Newtonian constitutive models 
have been put forward by scientist, among which but not limited to, 
are the power-law fluid model, Casson fluid model, viscoelastic fluid 
model and Powell-Eyring fluid model. Researchers have focused atten-

tion on the Powell-Eyring model [8] due to its advantages over other 
non-Newtonian models. The Powell-Eyring model is derived from the 
kinetics theory of fluids and not on an empirical relation. Further, un-

der certain shear rates, the model reduces to a Newtonian model. The 
flow and heat transport in a Powell-Eyring fluid has been studied by 
many researchers. Tanveer et al. [9] studied the mixed convection peri-

staltic flow of a Powell-Eyring nanofluid in a curved channel. Khan and 
Pop [10] investigated the heat and mass transfer in a nanofluid past a 
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stretching plate. Agbaje et al. [11] studied the transient developing flow 
of a Powell-Eyring nanofluid over a shrinking plane. The effects of slip 
conditions on the flow of a Powell-Eyring nanofluid was discussed by 
Hina [12]. Hayat et al. [13] reported the heat transport in a radiative 
Powell-Eyring nanofluid.

Exergy loss is a major challenge in many industrial processes. Re-

cently, the interest of many researchers has shifted towards entropy 
generation analysis in a nanofluid flow. This is important in many 
thermal engineering processes, because the continuous generation of 
entropy eventually leads to exergy destruction in the system. There-

fore, the optimization of the performance of industrial and engineering 
processes is necessary and could be achieved by minimizing entropy 
generation [14]. The second law of thermodynamics is an efficient and 
accurate tool for optimizing a given system as opposed to the first law of 
thermodynamics. Following Bejan [14] several studies on the entropy 
generation minimization based on second law thermodynamics analy-

sis have appeared in the literature. Pakdemirli and Yilbas [15] analyzed 
the entropy generation in a third-grade fluid. Das et al. [16] studied the 
entropy generation in the hydrodynamics pseudo-plastic in a nanofluid 
flow through a porous channel. Ting et al. [17] discussed the effect of 
viscous dissipation on the entropy generation in a nanofluid flow in a 
channel. The exact solution to the study of entropy generation in the 
magnetohydrodynamic fluid flow was presented by Ibáñez [18]. López 
et al. [19] reported on the entropy generation in a magnetohydrody-

namic flow of a nanofluid in a porous channel. They considered the 
effect of non-linear thermal radiation and convective-radiative bound-

ary conditions. Makinde and Eegunjobi [20] studied numerically, the 
impact of convective heating on the entropy generation rate of a steady 
flow between two permeable walls. Recently, Nagaraju et al. [21] con-

sidered the effect of suction and magnetic field effects on the entropy 
generation in the fluid flow through a circular pipe. The homotopy 
perturbation method was used for the solution of the flow equations. 
Computational simulation on the role of magnetic forces on ferrofluid 
second law treatment was scrutinized by Sheikholeslami [22]. Jangili 
et al. [23] studied the entropy generation in a couple stress fluid flow. 
The homotopy analysis method was utilized for their analysis. Further 
studies on the minimization of entropy generation in the fluid flow us-

ing second law analysis under different geometry are reported in [24, 
25, 26, 27, 28].

The aim of this study is to examine the entropy generation in the 
flow of a Powell-Eyring nanofluid in a porous channel. The mathe-

matical formulation includes the effects of hydrodynamic slip, viscous 
dissipation, nonlinear thermal radiation and convective boundary con-

ditions. The flow equations are solved numerically using an iterative 
spectral local linearization method. The findings may be useful in opti-

mizing thermal engineering processes such as crude pyrolysis.

2. Model

2.1. Mathematical formulation and analysis

The mixed convective laminar, viscous flow of an incompressible 
Powell-Eyring nanofluid through a vertical channel separated by a dis-

tance ℎ apart is considered. The schematic diagram for the flow geom-

etry is shown in Fig. 1. It is assumed that an external transverse and 
uniform magnetic field of strength 𝐵0 is applied parallel to the flow 
field. We assumed the magnetic Reynold number and induced electric 
field to be negligible.

With the above assumptions, the momentum and heat balance equa-

tions for the Powell-Eyring nanofluid flow are written as [11, 19]
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= 𝑘𝑛𝑓

𝑑2�̄�

𝑑�̄�2
+

16𝜎𝑠
3𝑘𝑚

𝑑

𝑑�̄�

(
�̄� 3 𝑑�̄�

𝑑�̄�

)
+
(
𝜇𝑛𝑓 +

1
𝑏𝑐

)(
𝑑�̄�

𝑑�̄�

)2

− 1
6𝑏𝑐3

(
𝑑�̄�

𝑑�̄�

)4
+ 𝜎𝑛𝑓𝐵2

0 �̄�
2, (2)

Fig. 1. Geometry of the flow.

where 𝑉0 is the uniform suction/injection velocity at the channel plates, 
�̄� is the axial velocity, 𝜇𝑛𝑓 is the dynamic viscosity of nanofluid, 𝑏 and 
𝑐 are fluid constants, 𝜎𝑛𝑓 is the nanofluid electrical conductivity, 𝑔 is 
the gravitational acceleration, 𝜌𝑛𝑓 is the nanofluid density, 𝛽𝑛𝑏 is the 
thermal expansion coefficient of nanofluid, �̄� is the nanofluid temper-

ature, 𝑇0 is the ambient temperature, (𝐶𝑝)𝑛𝑏 is the heat capacitance 
of nanofluid, 𝑘𝑛𝑓 is nanofluid thermal conductivity, 𝜎𝑠 is the Stefan-

Boltzman constant and 𝑘𝑚 is the mean absorption coefficient.

The relevant boundary conditions for Eqs. (1) and (2) are:

�̄� = 0, �̄� = 𝑇0, at �̄� = 0, (3)

�̄� = 0, 𝑘𝑛𝑓
𝑑�̄�

𝑑�̄�
+ 𝜖1

(
�̄� − 𝑇1

)
= 0, at �̄� = ℎ (4)

where 𝜖1 is the convective heat transfer coefficients.

Nguyen et al. [29] proposed a new model for the dynamic viscosity 
of Al2O3-water nanofluid based on their experimental data. Adopting 
the Nguyen et al. [29] model, the nanofluid viscosity can be represented 
by the relation

𝜇𝑛𝑓

𝜇𝑏𝑓
= 1 + 0.025𝜙+ 0.015𝜙2. (5)

The density, thermal expansion coefficient, electrical conductivity, spe-

cific heat capacity and thermal conductivity of the nanofluid are de-

termined by the expressions (see Khanafer and Vafai [30] and Das and 
Jana [31]),

𝜌𝑛𝑓

𝜌𝑏𝑓
= 1 −𝜙+𝜙

𝜌𝑠

𝜌𝑏𝑓
,

(𝜌𝛽)𝑛𝑓
(𝜌𝛽)𝑏𝑓

= 1 −𝜙+𝜙
(𝜌𝛽)𝑠
(𝜌𝛽)𝑏𝑓

,

𝜎𝑛𝑓

𝜎𝑏𝑓
=

⎡⎢⎢⎢⎢⎣
1 +

3
(
𝜎𝑠
𝜎𝑏𝑓

− 1
)
𝜙(

𝜎𝑠
𝜎𝑏𝑓

+ 2
)
−
(
𝜎𝑠
𝜎𝑏𝑓

− 1
)
𝜙

⎤⎥⎥⎥⎥⎦
,

(
𝜌𝐶𝑝

)
𝑛𝑓(

𝜌𝐶𝑝
)
𝑏𝑓

= 1 −𝜙+𝜙

(
𝜌𝐶𝑝

)
𝑠(

𝜌𝐶𝑝
)
𝑏𝑓

,

𝑘𝑛𝑓

𝜅𝑏𝑓
=
𝑘𝑠 + 2𝑘𝑏𝑓 − 2

(
𝑘𝑏𝑓 − 𝑘𝑠

)
𝜙

𝑘𝑠 + 2𝑘𝑏𝑓 +
(
𝑘𝑏𝑓 − 𝑘𝑠

)
𝜙
.

⎫⎪⎪⎪⎪⎪⎪⎪⎪⎪⎬⎪⎪⎪⎪⎪⎪⎪⎪⎪⎭

(6)

In Eqs. (5) and (6), 𝜙 denotes the nanoparticle volume fraction, the sub-

scripts bf and s represent the properties of the base fluid and nanopar-

ticles respectively. The thermo-physical properties of the Al2O3-water 
nanofluid are presented in Table 1.

2
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Table 1

Thermo-physical properties of water and Al2O3 [16].

𝜌 𝐶𝑝 (Jkg−1 K−1) 𝑘 (Wm−1 K−1) 𝛽 × 105
(
K−1) 𝜎 (Sm−1)

Water 997.1 4179 0.613 21 5.5 × 10−6

Al2O3 3970 765 40 0.85 35 × 106

In order to express Eqs. (1), (2), (3) and (4) in a nondimensional 
form, it is necessary to define the dimensionless variables accordingly, 
and the following variables are chosen [19, 23, 26]:

𝑦 = �̄�
ℎ
, 𝑥 = �̄�

ℎ
, 𝑢 =

�̄�ℎ𝜌𝑏𝑓

𝜇𝑏𝑓
,𝑃 =

𝑃ℎ2𝜌𝑏𝑓

𝜇2
𝑏𝑓

, 𝜃 =
�̄� − 𝑇0
𝑇1 − 𝑇0

. (7)

Using Eq. (7), Eqs. (1), (2), (3) and (4) yields the following dimension-

less form;(
1 + 0.025𝜙+ 0.015𝜙2 + 𝜆

) 𝑑2𝑢
𝑑𝑦2

− 𝛿𝜆
(
𝑑𝑢

𝑑𝑦

)2
𝑑2𝑢

𝑑𝑦2
−
𝜎𝑛𝑓

𝜎𝑏𝑓
𝐻𝑎2𝑢

+
(𝜌𝛽)𝑛𝑓
(𝜌𝛽)𝑏𝑓

𝐺𝑟𝜃 −
𝜌𝑛𝑓

𝜌𝑏𝑓
𝑅𝑒
𝑑𝑢

𝑑𝑦
+𝐺 = 0, (8)(𝑘𝑛𝑓

𝑘𝑏𝑓
+𝑁𝑟

[(
𝜃𝑤 − 1

)
𝜃 + 1

]3 )𝑑2𝜃
𝑑𝑦2

+ 3𝑁𝑟
(
𝜃𝑤 − 1

) [(
𝜃𝑤 − 1

)
𝜃 + 1

]2(𝑑𝜃
𝑑𝑦

)2
−

(
𝐶𝑝

)
𝑛𝑓(

𝐶𝑝
)
𝑏𝑓

𝑅𝑒𝑃 𝑟
𝑑𝜃

𝑑𝑦

+𝐵𝑟

[(
1 + 0.025𝜙+ 0.015𝜙2 + 𝜆

)( 𝑑𝑢
𝑑𝑦

)2
− 𝛿𝜆

3

(
𝑑𝑢

𝑑𝑦

)4
+
𝜎𝑛𝑓

𝜎𝑏𝑓
𝐻𝑎2𝑢2

]
= 0, (9)

𝑢 = 0, 𝜃 = 0, at 𝑦 = 0, (10)

𝑢 = 0,
𝑘𝑛𝑓

𝑘𝑏𝑓

𝑑𝜃

𝑑𝑦
+ 𝛾(𝜃 − 1) = 0, at 𝑦 = 1, (11)

where 𝜆 and 𝛿 are fluid constants, 𝐻𝑎 is the Hartmann number, 𝐺𝑟 is the 
Grashof number, 𝑅𝑒 is the suction/injection parameter, 𝐺 is the axial 
pressure gradient parameter, 𝑁𝑟 is the thermal radiation parameter, 𝜃𝑤
is the temperature ratio parameter, 𝑃𝑟 is the Prandtl number, 𝐵𝑟 is the 
Brinkman number which is related to the Eckert number, 𝛾 is the Biot 
number. These parameters are defined as;

𝜆 = 1
𝑏𝑐𝜇𝑏𝑓

, 𝛿 =
𝜇2
𝑏𝑓

2𝑐2𝜌2
𝑏𝑓
ℎ4
, 𝐻𝑎2 =

𝜎𝑏𝑓𝐵0ℎ
2

𝜇𝑏𝑓
,

𝐺𝑟 =
𝑔𝛽𝑏𝑓 𝜌

2
𝑏𝑓

(
𝑇1 − 𝑇0

)
ℎ3

𝜇2
𝑏𝑓

, 𝑅𝑒 =
𝜌𝑏𝑓 𝑉0ℎ

𝜇𝑏𝑓
, 𝛾 =

ℎ𝜖1
𝑘𝑏𝑓
,

𝐺 = −𝑑𝑃
𝑑𝑥
, 𝑁𝑟 =

16𝜎𝑠𝑇 3
0

3𝑘𝑚𝑘𝑏𝑓
, 𝜃𝑤 =

𝑇1
𝑇0
, 𝑃 𝑟 =

𝜇𝑏𝑓
(
𝐶𝑝

)
𝑏𝑓

𝑘𝑏𝑓
,

𝐵𝑟 =
𝜇3
𝑏𝑓

𝜌𝑏𝑓 𝑘𝑏𝑓
(
𝑇1 − 𝑇0

)
ℎ2
, 𝛾2 =

ℎ𝜖2
𝑘𝑏𝑓
.

(12)

Other important physical properties are the skin-friction coefficient 𝐶𝑓
and local Nusselt number Nu which are defined as follows:

𝐶𝑓 =
𝜌𝑏𝑓 ℎ

2𝜏𝑤

𝜇𝑏𝑓
; 𝜏𝑤 =

(
𝜇𝑛𝑓 +

1
𝑏𝑐

)(
𝑑�̄�

𝑑�̄�

)
− 1

6𝑏𝑐3

(
𝑑�̄�

𝑑�̄�

)3|||||�̄�=0 = 0, (13)

𝑁𝑢 =
ℎ𝑞𝑤

𝑘𝑏𝑓
(
𝑇1 − 𝑇0

) ; 𝑞𝑤 = −
(
𝑘𝑛𝑓 +

16𝜎𝑠
3𝑘𝑚

�̄� 3
)
𝑑�̄�

𝑑�̄�

|||||�̄�=0 . (14)

In terms of Eq. (7), the dimensionless forms of Eqs. (13) and (14) are 
given by

𝐶𝑓 =
(
1 + 0.025𝜙+ 0.015𝜙2 + 𝜆

) 𝑑𝑢
𝑑𝑦

||||𝑦=0 − 𝛿𝜆3
(
𝑑𝑢

𝑑𝑦

||||𝑦=0
)3
, (15)

𝑁𝑢 = −
(
𝑘𝑛𝑓

𝑘𝑏𝑓
+𝑁𝑟

)
𝑑𝜃

𝑑𝑦

||||𝑦=0 . (16)

2.2. Entropy generation

In many thermodynamic processes, energy management is of great 
concern when a large amount of energy is dissipated as heat. Hence, it 
is important to investigate the entropy generation of the system. Con-

forming with Bejan [14], the entropy generation rate per volume in the 
nanofluid flow in the channel can be expressed as

𝑆𝐺 = 1
𝑇 2
0

(
𝑘𝑛𝑓 +

16𝜎𝑠�̄� 3

3𝑘𝑚

)(
𝑑�̄�

𝑑�̄�

)2

⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟
First term

+ 1
𝑇0

[(
𝜇𝑛𝑓 +

1
𝑏𝑐

)(
𝑑�̄�

𝑑�̄�

)2
− 1

6𝑏𝑐3

(
𝑑�̄�

𝑑�̄�

)4
]

⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟
Second term

+
𝜎𝑛𝑓𝐵

2
0

𝑇0
�̄�2

⏟⏞⏞⏟⏞⏞⏟
Third term

. (17)

In Eq. (17) the first term represents the heat entropy generation due 
to heat transfer and thermal radiation, the second term denotes the 
entropy production due to fluid frictional interaction and finally, the 
third term indicates the entropy generation due to magnetic flied.

Using Eq. (7), we can rewrite Eq. (17) as

𝑁𝑠 =
𝑇0ℎ

2𝑆𝐺

𝑘𝑏𝑓
(
𝑇 − 1 − 𝑇0

)2 =
(𝑘𝑛𝑓
𝑘𝑏𝑓

+𝑁𝑟
[(
𝜃𝑤 − 1

)
𝜃 + 1

]3 )(𝑑𝜃
𝑑𝑦

)2

+ 𝐵𝑟

𝜃𝑤 − 1

[ (
1 + 0.025𝜙+ 0.015𝜙2 + 𝜆

)( 𝑑𝑢
𝑑𝑦

)2

− 𝛿𝜆
3

(
𝑑𝑢

𝑑𝑦

)4
+
𝜎𝑛𝑓

𝜎𝑏𝑓
𝐻𝑎2𝑢2

]
(18)

Let us define the following variables

𝑁𝑓 =
𝐵𝑟

𝜃𝑤 − 1

[ (
1 + 0.025𝜙+ 0.015𝜙2 + 𝜆

)( 𝑑𝑢
𝑑𝑦

)2
− 𝛿𝜆

3

(
𝑑𝑢

𝑑𝑦

)4

+
𝜎𝑛𝑓

𝜎𝑏𝑓
𝐻𝑎2𝑢2

]
,

𝑁ℎ =
(𝑘𝑛𝑓
𝑘𝑏𝑓

+𝑁𝑟
[(
𝜃𝑤 − 1

)
𝜃 + 1

]3 )(𝑑𝜃
𝑑𝑦

)2
, (19)

then 𝑁𝑓 is the irreversibility due to combined effects of viscous dis-

sipation and magnetic field and 𝑁ℎ is the heat transfer with thermal 
radiation irreversibility.

The Bejan number can be used to determine the relative effects of 
the heat transfer irreversibility and irreversibility due to combined ef-

fects of viscous dissipation and magnetic field in the entropy generation. 
Thus, we define the Bejan, number, 𝐵𝑒, as (see Bejan [14])

𝐵𝑒 =
𝑁ℎ

𝑁ℎ +𝑁𝑓
= 1

1 +𝑀
, (20)

where 𝑀 =𝑁𝑓∕𝑁ℎ is the irreversibility ratio.

3. Calculation

3.1. Numerical solution

In this section, an efficient iterative spectral local linearization 
method (SLLM) proposed by Motsa [32] is used to numerically integrate 
the coupled non-linear differential Eqs. (8) and (9) with the boundary 
conditions Eqs. (10) and (11). To apply this technique, we consider the 
following non-linear differential operators

Ω𝑢 =
(
1 + 0.025𝜙+ 0.015𝜙2 + 𝜆

)
𝑢′′𝑛 − 𝛿𝜆

(
𝑢′ − 𝑛

)2
𝑢′′𝑛 −

𝜎𝑛𝑓

𝜎𝑏𝑓
𝐻𝑎2𝑢𝑛

+
(𝜌𝛽)𝑛𝑓
(𝜌𝛽)𝑏𝑓

𝐺𝑟𝜃𝑛 −
𝜌𝑛𝑓

𝜌𝑏𝑓
𝑅𝑒𝑢′𝑛 +𝐺 (21)

3
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Ω𝜃 =
(𝑘𝑛𝑓
𝑘𝑏𝑓

+𝑁𝑟
[(
𝜃𝑤 − 1

)
𝜃𝑛 + 1

]3 )
𝜃′′𝑛

+ 3𝑁𝑟
(
𝜃𝑤 − 1

) [(
𝜃𝑤 − 1

)
𝜃𝑛 + 1

]2 (
𝜃′𝑛
)2 − (

𝐶𝑝
)
𝑛𝑓(

𝐶𝑝
)
𝑏𝑓

𝑅𝑒𝑃 𝑟𝜃′𝑛

+𝐵𝑟
[(
1 + 0.025𝜙+ 0.015𝜙2 + 𝜆

)(
𝑢′𝑛
)2 − 𝛿𝜆

3
(
𝑢′𝑛
)4 + 𝜎𝑛𝑓

𝜎𝑏𝑓
𝐻𝑎2𝑢2𝑛

]
(22)

where the prime denotes derivative with respect to 𝑦.
Eqs. (21) and (22) can be decoupled according to the following al-

gorithm;

1. From Ω𝑢, find 𝑢𝑛+1 assuming that 𝜃𝑛 is known from the previous 
iteration.

2. Solve for 𝜃𝑛+1 from Ω𝜃 using the updated solution of 𝑓𝑛.
3. Subsequent iterative solutions are obtained by repeating step 1 and 

2.

In the framework of the SLLM, the following iterative scheme is ob-

tained

𝑎1,𝑛𝑢
′′
𝑛+1 + 𝑎2,𝑛𝑢

′
𝑛+1 + 𝑎3,𝑛𝑢𝑛+1 =𝑅

𝑢, (23)

𝑎4,𝑛𝜃
′′
𝑛+1 + 𝑎5,𝑛𝜃

′
𝑛+1 + 𝑎6,𝑛𝜃𝑛+1 =𝑅

𝜃, (24)

𝑢𝑛+1(0) = 0, 𝜃𝑛+1(0) = 0, (25)

𝑢𝑛+1(1) = 0,
𝑘𝑛𝑓

𝑘𝑏𝑓
𝜃′
𝑛+1(1) + 𝛾

(
𝜃𝑛+1(1) − 1

)
= 0. (26)

The coefficients in Eqs. (23) and (24) along with their right hand sides 
are defined as follows

𝑎1,𝑛 =
𝜕Ω𝑢
𝜕𝑢′′𝑛

= 1 + 0.025𝜙+ 0.015𝜙2 + 𝜆− 𝛿 𝜆𝑢′𝑛
2
,

𝑎2,𝑛 =
𝜕Ω𝑢
𝜕𝑢′𝑛

= −2𝜆𝛿 𝑢′𝑛𝑢
′′
𝑛 −

𝜌𝑛𝑓

𝜌𝑏𝑓
𝑅𝑒

𝑎3,𝑛 =
𝜕Ω𝑢
𝜕𝑢𝑛

= −
𝜎𝑛𝑓

𝜎𝑏𝑓
𝐻𝑎2, 𝑎4,𝑛 =

𝜕Ω𝜃
𝜕𝜃′′𝑛

=
(𝑘𝑛𝑓
𝑘𝑏𝑓

+𝑁𝑟
[(
𝜃𝑤 − 1

)
𝜃𝑛 + 1

]3 )
𝑎5,𝑛 =

𝜕Ω𝜃
𝜕𝜃′𝑛

= 6Nr (𝜃𝑤− 1)
(
1 + (𝜃𝑤− 1)𝜃𝑛

)2
𝜃𝑛𝜃

′
𝑛 −

(
𝐶𝑝

)
𝑛𝑓(

𝐶𝑝
)
𝑏𝑓

𝑅𝑒𝑃 𝑟 (27)

𝑎6,𝑛 =
𝜕Ω𝜃
𝜕𝜃𝑛

= 3𝑁𝑟
(
𝜃𝑤 − 1

) [(
𝜃𝑤 − 1

)
𝜃𝑛 + 1

]2
𝜃′′𝑛

+ 6𝑁𝑟
(
𝜃𝑤 − 1

)2 [(
𝜃𝑤 − 1

)
𝜃𝑛 + 1

] (
𝜃′𝑛
)2

𝑅𝑢 = 𝑎1,𝑛𝑢′′𝑛 + 𝑎2,𝑛𝑢
′
𝑛 + 𝑎3,𝑛𝑢𝑛 −Ω𝑓 , 𝑅𝜃 = 𝑎4,𝑛𝜃′′𝑛 + 𝑎5,𝑛𝜃′𝑛 + 𝑎6,𝑛𝜃𝑛 −Ω𝜃 .

The Eqs. (23), (24), (25), (26) and (26), are solved numerically using 
the Chebyshev pseudo-spectral technique. To apply this method, we 
first map the interval [0, 1] to [−1, 1] using the transformation 𝑦 = (𝜉 +
1)∕2 for 𝜉 ∈ [−1, 1]. Then, we discretize using Chebyshev-Gauss-Labatto 
collocation points

𝜉𝑘 = cos
(
𝜋𝑘

𝑁

)
, 𝑘 = 0,1,… ,𝑁 ; −1 ≤ 𝜉 ≤ 1. (28)

The derivatives of 𝑢(𝑦) and 𝜃(𝑦) are computed using the Chebyshev dif-

ferentiation matrix 𝐷 (see [33]), at the collocation points as a matrix 
vector product, that is:

𝑑𝑢

𝑑𝑦
=
�̄�∑
𝑖=0
𝐷𝑖𝑗𝑓

(
𝜉𝑖
)
=𝐃𝐅, 𝑗 = 0,1,2,… , �̄� , (29)

𝑑𝜃

𝑑𝑦
=
�̄�∑
𝑖=0
𝐷𝑖𝑗𝑓

(
𝜉𝑖
)
=𝐃𝚯, 𝑗 = 0,1,2,… , �̄� , (30)

where �̄� + 1 is the number of collocation points, 𝐃 = 2𝐷, 𝐅 =[
𝑢
(
𝜉0
)
, 𝑢

(
𝜉1
)
,… , 𝑢

(
𝜉�̄�

)]𝑇
and 𝚯 =

[
𝜃
(
𝜉0
)
, 𝜃

(
𝜉1
)
,… , 𝜃

(
𝜉�̄�

)]𝑇
are vec-

tor functions at the collocation points. The second order derivatives of 

𝑢 and 𝜃 can be computed as the powers of 𝐃, that is, 𝜃′′(𝑦) =𝐃2𝜃(𝑦) and 
𝑢′′(𝑦) =𝐃2𝑢(𝑦).

Substituting Eqs. (28), (29) and (30) into Eqs. (23), (24), (25) and 
(26) and imposing the boundary conditions, gives the following decou-

pled matrices

⎡⎢⎢⎢⎣
1 … 0

diag[𝑎1,𝑛]𝐃2 + diag[𝑎2,𝑛]𝐃+ diag[𝑎3,𝑛]𝐈

0 … 1

⎤⎥⎥⎥⎦
⎡⎢⎢⎢⎢⎢⎣

𝑢𝑛+1(𝜉0)
𝑢𝑛+1(𝜉1)

⋮
𝑢𝑛+1(𝜉�̄�−1)
𝑢𝑛+1(𝜉�̄� )

⎤⎥⎥⎥⎥⎥⎦
=

⎡⎢⎢⎢⎢⎢⎣

0
𝑅
𝑓

𝑛+1(𝜉1)
⋮

𝑅
𝑓

𝑛+1(𝜉�̄�−1)
0

⎤⎥⎥⎥⎥⎥⎦
, (31)

⎡⎢⎢⎢⎢⎣
1 … 0

diag[𝑎4,𝑛]𝐃2 + diag[𝑎5,𝑛]𝐃+ diag[𝑎6,𝑛]𝐈
𝑘𝑛𝑓

𝑘𝑏𝑓
𝐃+ 𝛾𝐈

⎤⎥⎥⎥⎥⎦
⎡⎢⎢⎢⎢⎢⎣

𝜃𝑛+1(𝜉0)
𝜃𝑛+1(𝜉1)

⋮
𝜃𝑛+1(𝜉�̄�−1)
𝜃𝑛+1(𝜉�̄� )

⎤⎥⎥⎥⎥⎥⎦
=

⎡⎢⎢⎢⎢⎢⎣

0
𝑅𝜃
𝑛+1(𝜉1)
⋮

𝑅𝜃
𝑛+1(𝜉�̄�−1)
𝛾

⎤⎥⎥⎥⎥⎥⎦
, (32)

where 𝐈 is an identity matrix of dimension (�̄� + 1) × (�̄� + 1) and diag[]
denotes a diagonal matrix.

4. Results & discussion

The nanofluid velocity profiles, temperature profiles, entropy gener-

ation rate and Bejan number for distinct values of the fluid parameter 
𝜆, Hartmann number 𝐻𝑎, Grashof number 𝐺𝑟, suction/injection param-

eter 𝑅𝑒, thermal radiation parameter 𝑁𝑟, temperature ratio parameter 
𝜃𝑤, Brinkman number 𝐵𝑟 and Biot number 𝛾 are presented in Figs. 2, 
3, 4, 5, 6, 7, 8, 9 and 10 and discussed based on physical laws. In these 
profiles, unless otherwise stated, we have assigned the following de-

fault values to the parameters: 𝜆 =𝐻𝑎 =𝐺𝑟 =𝐺 =𝑅𝑒 =𝑁𝑟 =𝐵𝑟 = 𝛾 = 1, 
𝜃𝑤 = 1.5 and 𝑃𝑟 = 6.97.

Fig. 2A–D represents the effects of various values of the nanoparticle 
fraction volume ranging from 0 ≤ 𝜙 ≤ 0.3 on the velocity profiles, tem-

perature profiles, entropy generation rate and Bejan number. In general, 
a parabolic trajectory is obtained for the nanofluid velocity profiles with 
the maximum value attained near the centerline. Fig. 2A shows that 
as the nanoparticle volume fraction increases, there is a corresponding 
decrease in the nanofluid flow. This is physically correct since increas-

ing volume fraction would have a direct impact on the internal viscous 
shear stresses which in-turn shortens the inter-molecular forces between 
the fluid particles. An increment in the volume fraction of the nanoparti-

cle leads to a further increment in the temperature profiles close the left 
permeable wall in the region of 𝑦 ∈ [0, 0.6]. Thereafter, the temperature 
profile decreases in the rest of the region towards the right permeable 
wall. Interestingly, we observed that entropy generation rate decreases 
with an increase in the nanoparticle volume fraction while the Bejan 
number is an increasing function of the nanoparticle volume fraction as 
illustrated in Fig. 2C and D respectively.

The effect of varying the fluid material parameter, 𝜆 in the range 
0 ≤ 𝜆 ≤ 1.5 on the nanofluid velocity profiles, temperature profiles, en-

tropy generation rate and Bejan number is displayed in Fig. 3A to C. 
We observed that as the material fluid parameter increases, there is a 
decrease in the nanofluid dynamic viscosity, hence, the fluid flow in 
the channel is reduced as represented in Fig. 3A. It is worth mentioning 
that 𝜆 = 0 corresponds to the Newtonian case and the velocity profiles 
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Fig. 2. Effect of varying the nanoparticle volume fraction on the nanofluid (A) velocity profiles, (B) temperature profiles, (C) entropy generation rate, (D) Bejan 
number.

Fig. 3. Effect of varying the fluid material parameter on the nanofluid (A) velocity profiles, (B) entropy generation rate, (C) Bejan number.
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Fig. 4. Effect of increasing the Hartmann number on the nanofluid (A) velocity profiles, (B) entropy generation rate, (C) Bejan number.

Fig. 5. Effect of increasing the Grashof number on the nanofluid (A) velocity profiles, (B) entropy generation rate, (C) Bejan number.
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Fig. 6. Effect of varying the suction/injection Reynold number on the nanofluid (A) velocity profiles, (B) temperature profiles, (C) entropy generation rate, (D) Bejan 
number.

Fig. 7. Effect of varying the thermal radiation parameter on the nanofluid (A) temperature profiles, (B) entropy generation rate, (C) Bejan number.
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Fig. 8. Effect of varying the temperature ratio parameter on the nanofluid (A) temperature profiles, (B) entropy generation rate, (C) Bejan number.

Fig. 9. Effect of varying the Brinkman number on the nanofluid (A) temperature profiles, (B) entropy generation rate, (C) Bejan number.

8

74



H.A. Ogunseye, P. Sibanda Heliyon 5 (2019) e01662

Fig. 10. Effect of varying the Biot number on the nanofluid (A) velocity profiles, (B) temperature profiles, (C) entropy generation rate, (D) Bejan number.

attained a maximum value for this case. Fig. 3B shows that the entropy 
generation number decreases with an increase in the fluid material pa-

rameter. This can be associated with the damping effect of the fluid 
material parameter on the nanofluid flow, thus, minimizing the entropy 
in the channel. It is easily seen from Fig. 3C that the Bejan number in-

creases as the fluid material parameter increases.

We examined the effect of the transverse magnetic field on the 
nanofluid velocity, entropy generation and Bejan number. The veloc-

ity profiles, entropy generation rate and Bejan number for different 
values of the Hartmann number in the range 0 ≤𝐻𝑎 ≤ 3 are given in 
Fig. 4A to C. We observed that the flow in the channel decreases with 
an increase in the magnitude of the magnetic field intensity. Physically, 
this observation is correct, since, the nanofluid particles aggregate un-

der the Lorentz dipolar forces from the transversely placed magnetic 
field. Interestingly, Fig. 4B shows that, the entropy generation number 
decreases as the Hartmann number increases close to the permeable 
wall, in the region 0 ≤ 𝑦 ≤ 0.3 and between 0.3 ≤ 𝑦 ≤ 0.7 the entropy 
generation number is an increasing function of the Hartmann number, 
thereafter, the entropy generation number decreases as the Hartmann 
number increases. The opposite trend is observed in Fig. 4C for increas-

ing the Bejan number. Fig. 4C implies that the irreversibility due to fluid 
friction in the channel is higher than the heat transfer irreversibility in 
the region 0 ≤ 𝑦 ≤ 0.3 and 0.7 ≤ 𝑦 ≤ 1 while in the region 0.3 ≤ 𝑦 ≤ 0.7, 
the heat transfer irreversibility is higher than the irreversibility due to 
fluid friction.

The effect of varying the Grashof number in the range of 0 ≤𝐺𝑟 ≤ 1.5
on the nanofluid velocity profiles, entropy generation number and Be-

jan number is shown in Fig. 5A to C. We observed that the nanofluid 
velocity profile increases as the magnitude of the Grashof number in-

creases as depicted in Fig. 5A. This is physically true because increasing 
the value of the Grashof number reduces the nanofluid dynamic vis-

cosity. These increments lead to an increase in the volumetric thermal 
expansion in the channel which further enhances the nanofluid flow. 

Entropy generation number increases as the Grashof number increases 
as seen in Fig. 5B. Fig. 5C indicates that the Bejan number decreases as 
the value of the Grashof number increases. This result shows that the 
irreversibility due to frictional forces and magnetic field dominates the 
irreversibility due to heat transfer in the channel.

Fig. 6A to C shows the influence of the suction/injection Reynolds 
number on the nanofluid velocity profiles, temperature profiles, entropy 
generation number and the Bejan number. The value of the suction/in-

jection Reynolds number varies in the range 0 ≤𝑅𝑒 ≤ 0.5. We observed 
that as the Reynolds number increases, both the fluid injection at the 
left permeable wall and the fluid suction at the right permeable wall 
also increase, hence the velocity profile decreases as shown in Fig. 6A. It 
is evident from Fig. 6B that the nanofluid temperature profiles decreases 
with an increase in the suction/injection Reynolds number. Within the 
region of 0 ≤ 𝑦 ≤ 0.85, both the entropy generation number and the Be-

jan number decreases with an increase in suction/injection Reynolds 
number, however, there is a change in trend close to the right perme-

able wall in the region of 0.85 ≤ 𝑦 ≤ 1 as depicted in Fig. 6C to D.

The effect of different values of the thermal radiation parame-

ter on the nanofluid temperature profiles, entropy generation number 
and Bejan number are displayed in Fig. 7A to C. From Fig. 7A, the 
nanofluid temperature profiles are enhanced with the thermal radia-

tion parameter. The physical reason for this observed trend is that, for 
a higher value of the radiation parameter, more heat is transferred to 
the nanofluid since the mean absorption coefficient 𝑘𝑚 reduces with an 
increase in the radiation parameter. Clearly, from Fig. 7B and C, we 
observed that both the entropy generation number and the Bejan num-

ber increases in the channel as the values thermal radiation parameter 
increases. This observation may be attributed to the dominance heat 
irreversibility. A similar observation is seen for the behavior of the tem-

perature ratio parameter as illustrated in Fig. 8A to C.

Fig. 9 shows the effects of varying the Brinkman number within the 
range of 0 ≤ 𝐵𝑟 ≤ 7 on the nanofluid profiles. We observed from Fig. 9A 
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Fig. 11. (A) Effect of Reynolds number on skin friction coefficient, (B) effect of Grashof number on skin friction coefficient, (C) effect of radiation parameter on skin 
friction coefficient, (D) effect of Brinkman number on skin friction coefficient, (E) effect of Grashof number on Nusselt number, (F) effect of radiation parameter on 
Nusselt number, (G) effect of Brinkman number on Nusselt number.

10

76



H.A. Ogunseye, P. Sibanda Heliyon 5 (2019) e01662

that an increase in the values of the Brinkman number improves the 
temperature profiles. This is true, since increasing the magnitude of 
the Brinkman number implies an increase in the heat generated by 
dissipation which leads to a rise in the heat transfer rate within the 
channel. Fig. 9B shows the entropy generation number increases as the 
Brinkman number increases. Fig. 9C shows that in the absence of fric-

tional heat irreversibility, the Bejan number is unity. Also, an increase 
in the Brinkman number decreases the Bejan number.

In Fig. 10, the effect of varying the Biot number on the nanofluid 
velocity profiles, temperature profiles, entropy generation number and 
Bejan number are illustrated. Fig. 10A to B shows that the nanofluid ve-

locity profiles, as well as the temperature profiles, are enhanced with an 
increase in the Biot number. This is physically correct since increasing 
the values of the Biot number signifies an increase in the heat transfer 
coefficient, hence, the rate of cooling decreases while the temperature 
of the nanofluid within the channel rise. Both the entropy generation 
number and the Bejan number rises in the channel as seen in Fig. 10C 
to D.

The effects of various thermo-physical parameters on the skin fric-

tion and Nusselt number are illustrated in Fig. 11. We observed from 
these Figures that the skin friction decreases with increasing the values 
of Hartmann number, suction/injection Reynolds number and nanopar-

ticle fraction volume but increases with an increase in Grashof number, 
thermal radiation parameter and Brinkman number. This can be at-

tributed to a decrease or increase in nanofluid velocity gradient at the 
channel walls as the values of these parameters increases. Meanwhile, 
an increase in the Grashof number, thermal radiation parameter and 
Brinkman number decreases the Nusselt number due to a decrease in 
temperature gradient at the walls while an increase in Hartmann num-

ber and nanoparticle fraction volume increases the Nusselt number due 
to an increase in temperature gradient at the walls.

5. Conclusion

In this study, the entropy generation in a Powell-Eyring Al2O3-water 
nanofluid flow in a vertical channel subjected to convective cooling has 
been studied. The transport equations were solved using an iterative 
spectral local linearization method. The entropy generation rate in the 
system has been analyzed using the second law of thermodynamics. In 
summary, the nanoparticle volume fraction and the Brinkman number 
are significant in minimizing the entropy generation rate in the channel. 
Hence, by increasing the nanoparticle volume fraction and reducing the 
Brinkman number the flow in channel can be optimized.
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Chapter 6

Entropy generation in an unsteady Eyring-

Powell hybrid nanofluid flow over a perme-

able surface: A Lie group analysis

In this chapter, we extend the model investigated in Chapter 5 to the unsteady case using the novel

class of hybrid nanofluids. We study the entropy generation in a viscous hybrid nanofluid described

by the Eyring-Powell model. The similarity equations to the time-dependent model for the flow are

obtained using the Lie group symmetry approach. The bivariate spectral quasilinearization method

is used for the solution of the similarity equations. We also analyze the effect of viscous dissipation

on the hybrid nanofluid flow. A comparison of the Nusselt number of a regular nanofluid and a

hybrid nanofluid shows that the hybrid nanofluid has better thermal characteristics than the regular

nanofluid.
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Abstract

In thermal processes, the choice of the thermofluid

plays an essential role in minimizing entropy genera-

tion and thereby improving thermal efficiency. In this

study, entropy generation in a viscous hybrid nanofluid

described by the Eyring‐Powell model is investigated.

The model accounts for the effect of the nanoparticle

volume fraction and viscous dissipation on an Eyring‐
Powell Cu‐Al2O3/ethylene glycol nanofluid. A simi-

larity solution to the time‐dependent model is found

using the Lie group symmetry technique. The bivariate

spectral quasi‐linearization method is used for the so-

lution of the self‐similar transport equations. We ana-

lyze the effects of the nanoparticle volume fraction,

suction/injection, and viscous dissipation on the fluid

properties. The skin friction and Nusselt number are

determined. A comparison between the Nusselt num-

ber of a regular nanofluid and a hybrid nanofluid

shows that the hybrid nanofluid has better thermal

characteristics compared with the regular nanofluid.

The findings show that a decrease in the nanoparticle

volume fraction and Eckert number minimizes entropy

generation in the system.

KEYWORDS

entropy generation, hybrid nanofluid, Lie group symmetry,

Powell‐Eyring model, spectral quasi‐linearization method
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1 | INTRODUCTION

Choi and Eastman1 introduced the term nanofluid to describe a colloidal suspension of metallic
particles with a diameter less than 10 nm in a regular fluid. Nanofluids have attracted sig-
nificant theoretical and experimental studies. A review of literature on thermal properties of
nanofluids can be found in Dhinesh and Valan2 and the references therein. Efforts to further
enhance the heat transfer rate of nanofluids have in recent years led to a new kind of nanofluid
termed “hybrid nanofluid.” Hybrid nanofluids contain composite nanoparticles in a base fluid.
These fluids have been reported to exhibit a better thermal characteristic than regular nano-
fluids, making the hybrid nanofluid a better thermofluid for industrial, engineering, and bio-
medical applications. Previous studies on hybrid nanofluids include those by Han et al,3 Botha
et al,4 Xuan and Li,5 and Abbasi et al.6 A comprehensive review of the work so far was given by
Sarkar et al.7

Although the heat transfer rate in a thermal system may be enhanced by using a nanofluid,
the irreversibilities in the process cannot be overlooked. One of the quantitative tools used to
determine the irreversibility through entropy generation is the second law of thermodynamics
as proposed by Bejan. On the basis of the approach by Bejan, a number of studies on how to
minimize the irreversibilities and optimize fluid flow process have been carried out by re-
searchers in the last few decades. A comprehensive review of entropy generation in nanofluid
flow was reported by Mahian et al.8 Qing et al9 investigated entropy generation on Casson
nanofluid flow past a moving surface. In 1944, Powell and Eyring10 formulated a non‐
Newtonian fluid model now called the Eyring‐Powell fluid. Amongst many non‐Newtonian
fluids, the Eyring‐Powell fluid is of great scientific, engineering, and biological importance. At
low and high shear rate the Eyring‐Powell fluid is Newtonian in nature. The effect of modified
heat flux parameter on an Eyring‐Powell fluid on an exponentially expanding sheet was studied
by Hayat and Nadeem.11 Ishaq et al12 studied the entropy generation on film flow of an Eyring‐
Powell nanofluid over an unsteady porous stretching sheet. The entropy generation in Eyring‐
Powell nanofluid flow in a channel was investigated by Ogunseye and Sibanda.13 Only a few
studies are reported on the entropy generation in hybrid nanofluid flow. Among these, is the
analysis done by Das et al14 on the entropy generation in Cu‐Al2O3/water hybrid nanofluid flow
in a porous channel. Most recently, Afridi et al15 analyzed the entropy generation in a
Cu‐Al2O3/water hybrid nanofluid flow past a curved surface. Their results showed that the
hybrid nanofluid minimizes the entropy generated compared with regular nanofluid.

Ashraf et al16 studied fluid flow over a convectively heated expanding surface using an
Eyring‐Powell nanofluid. The study reported that for larger values of the Brownian motion
parameter, little increment is noticed in the temperature profiles, while a decrease is noticed in
the concentration profiles. Kumar and Srinivas17 considered the effect of radiation and Joule
heating in flow over an inclined expanding surface. Using the curved approach proposed by
Sato et al,18 Tanveer et al19 studied the peristaltic flow of an Eyring‐Powell nanofluid with
complaint walls. Rehman et al20 investigated the importance of a chemical reaction, heat
generation, and thermal radiation on an Eyring‐Powell fluid flow in both flat and cylindrical
surfaces. Malik et al21 investigated mixed convection and magnetic effects on an Eyring‐Powell
nanofluid over a continuous surface. The scientific study of Eyring‐Powell nanofluid with
thermal radiation and heat generation using the multidomain bivariate spectral quasi‐
linearization method (MD‐BSQLM) was presented by Agbaje et al.22 Recently, the flow of an
Eyring‐Powell nanofluid flow over an irregular expanding surface using the finite element
method was investigated by Ibrahim and Gadisa.23
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To the best of our knowledge, the investigation of entropy generation in a viscous non‐
Newtonian hybrid nanofluid flow past a stretching permeable surface is yet to be undertaken in
the literature. The aim of this study is to investigate entropy generation in the transient flow of a
hybrid nanofluid described by the Eyring‐Powell model past a permeable surface.

The rest of the paper is organized as follows. We present the mathematical formulation and
relevant boundary conditions in Section 2. In Section 3, a similarity solution to the time‐
dependent model is found using the Lie group symmetry technique. In Section 4, we present the
equations that describe entropy generation. In Sections 5 and 6, the bivariate spectral quasi‐
linearization method (BSQLM) is used to find the solution of the differential equations. A
discussion of the findings in this studying is given in Section 7. The heat transfer coefficient in
the hybrid nanofluid is compared with that of a regular nanofluid. We highlight the salient
features of this study in Section 8.

2 | MATHEMATICAL FORMULATION

We consider the flow and heat transfer of an unsteady, incompressible, viscous non‐Newtonian
hybrid nanofluid, governed by the Eyring‐Powell model, over a permeable stretching surface. A
schematic description of the problem is given in Figure 1. The equations for the flow are derived
from the conservation of mass, momentum, and energy equations. Using boundary‐layer as-
sumptions, these equations in Cartesian coordinates are (see Jalil et al24 and Waini et al25) as
follows:
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FIGURE 1 Geometry of the
problem
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where ̃x represents the coordinate along the surface and ̃y is the vertical coordinate, ̃t is the
time, ̃u and ̃v , respectively, represent the velocity components along the ̃x and ̃y directions, ũe is
the free stream velocity, β and γ are the Eyring‐Powell fluid parameters, and ̃T is the hybrid
nanofluid temperature. In addition, μ ρ k, ,hnf hnf hnf , and ρC( )p hnf , respectively, are the hybrid
nanofluid dynamic viscosity, density, thermal conductivity, and heat capacity. Following Devi
and Devi26 and Waini et al,25 these terms are evaluated using the following expressions:
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In Equations (4), μ is the dynamic viscosity, ρ the density, ρC( )p the heat capacity, and k the
thermal conductivity. Also, the subscript f indicates the base fluid, hnf the hybrid nanofluid,
and bf the nanofluid, while the subscripts s1 and s2 stand for the hybrid nanoparticles.

The hybrid nanofluid utilized in this model is a Cu‐Al2O3/ethylene glycol. This is synthe-
sized by adding a fixed volume fraction of the 0.1Al2O3 ϕ( )s1 nanoparticle to ethylene glycol.
Different volume fractions of Cu ϕ( )s2 are subsequently added. It is worth noting that, if
ϕ ϕ= = 0s s1 2

, the model reduces to the case of ethylene glycol as the working fluid. The case of
Cu/ethylene glycol nanofluid can be obtained by setting ϕ = 0s1

and ≠ϕ 0s2
. The thermo-

physical properties of ethylene glycol and the hybrid nanoparticles are presented in Table 1.
The relevant boundary conditions for the model are given as

∞

∞ ∞

u x t λu x t v x t Sv x t u x t u x t

T x t T x t T x t T

˜(˜, 0, ˜) = ˜ (˜, ˜), ˜(˜, 0, ˜) = ˜ (˜, ˜), ˜(˜, , ˜) = ˜ (˜, ˜),

˜(˜, 0, ˜) = ˜ (˜, ˜), ˜(˜, , ˜) = ,

w w e

w

(5)

where u x t˜ (˜, ˜)w is the stretching velocity, λ the stretching parameter, S the suction/injection
parameter (S > 0 for suction and S < 0 for injection), v x t˜ (˜, ˜)w the mass flux velocity, the
surface temperature is denoted by T x t˜ (˜, ˜)w , and ∞T the temperature far away from the surface.

To nondimensionalize Equations (1) to (4), we adopt the following nondimensional para-
meters presented by Akgül and Pakdemirli27:

TABLE 1 Thermophysical properties of ethylene glycol and hybrid nanoparticles

p, kg/m3 Cp, J/kg K k, W/mK

Ethylene glycol 1115 2430 0.253

Cu 8933 385 400

Al2O3 3970 765 40

Source: Gholinia et al33 and Waini et al.25
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whereU0, L, and T0 are the reference velocity, characteristic length, and reference temperature,
respectively.

We recall the stream function ψ x y( , ) defined by

∂
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Substituting Equations (6) and (7) into the model equations and boundary conditions reads
as follows:
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where ε and δ are the Powell‐Eyring parameters, Pr is the Prandtl number, and Ec is the Eckert
number.

In Equation (10) we assume that the moving surface velocity, mass flux velocity, and surface
temperature are defined by

u x v x T x= , = , and = .w
m

w
n

w
s (12)

3 | SIMILARITY TRANSFORMATION USING LIE GROUP
SYMMETRY

In this section, we show that Equations (8) to (10) admit scaling symmetry, then systematically
reduce the number of independent variables of the given partial differential equation from three
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to two. Following Pakdemirli and Yurusoy,28 we introduce a one‐parameter scaling group of
transformation given as

t te x xe y ye ψ ψe T Te u u eΓ: = , = , = , = , = , = .ζa ζa ζa ζa ζa ζa⁎ ⁎ ⁎ ⁎ ⁎
e
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e
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In Equation (13), the coordinates t x y ψ T u( , , , , , )e are transformed into the coordinates
t x y ψ T u( , , , , , )⁎ ⁎ ⁎ ⁎ ⁎

e
⁎ , using a one point transformation and ζ is the transformation parameter.

The a i( = 1, …, 6)i are constants to be determined.
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Under the transformation Equation (13), the system Equations (14) to (16) remain invariant,
if the following invariance conditions are satisfied:
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On solving Equation (17) in terms of parameter a2, we obtain
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Hence, the scaling group of transformation reads as follows:
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Expanding the exponential functions in Equation (19) by Taylor series about ζ = 0 up to the
first order yields
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In Equation (20), if we denote the differences between the transformed and original variables
as a differential, and further equate each term, the following characteristic equations are obtained:
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Solving Equation (21) by the method of characteristics gives the following similarity vari-
ables and functions:
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where c1 is the constant of integration and will be assigned a unity value. Substituting Equations
(12) and (22) into Equations (8) to (10) leads to the following similarity equations in simpli-
fied form:
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3
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The important physical quantities are the skin friction coefficient, Cf, and the Nusselt
number, Nux. These quantities are defined as
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The wall shear stress τw and the wall flux qw are expressed as
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Using Equations (6) and (22), Equation (27) in dimensionless form yields

∂

∂

∂

∂

∂

∂
Re C A ε

f

η
ξ

εδ f

η
ξ Nu x Re A

θ

η
ξ( ) = ( + ) (0, ) −

3
(0, ) and ( ) = − (0, ),xf 1

2

2

2

2

3
− 1
3

− 1
2 3

1
2

⎛
⎝⎜

⎞
⎠⎟

(28)

where Re = U L

ν
0

f
represents the local Reynolds number.

4 | ENTROPY GENERATION

In this section, we focus on the entropy generation minimization for the hybrid nanofluid flow
model. The entropy generation is due to the irreversibility due to heat transfer and viscous
dissipation effects within the hybrid nanofluid and the boundary surface. On the basis of the
second law of thermodynamics, the local volumetric rate of entropy generation presented as
(see Rashidi et al29)

∂

∂

∂

∂

∂

∂∞ ∞     
S

k

T

T

y T
μ

βγ

u

y βγ

u

y
=

¯

¯
+

1
+

1 ˜

˜
−

1

6

˜

˜
.′′′gen

hnf
2

2

First term

hnf

2

3

4

Second term

⎛
⎝⎜

⎞
⎠⎟

⎡
⎣
⎢⎢

⎛
⎝⎜

⎞
⎠⎟

⎛
⎝⎜

⎞
⎠⎟

⎛
⎝⎜

⎞
⎠⎟

⎤
⎦
⎥⎥

(29)

In Equation (29), the entropy generation due to heat transfer is represented by the first term
while the second term explains the entropy generation due to viscous dissipation. Utilizing
Equations (6) and (22), the expression for the dimensionless entropy generation number is

∂

∂

∂

∂

∂

∂
∞Ns
T L U

T k ν x
S A

θ

η

EcPrR

θ
A ε

f

η

δε f

η
= = + ( + ) −

3
,′′′

2 3
0

0
2

f f
gen 3

2

w
1

2

2

2 2

2

4

2
3

⎛
⎝⎜

⎞
⎠⎟

⎡
⎣
⎢⎢

⎛
⎝⎜

⎞
⎠⎟

⎛
⎝⎜

⎞
⎠⎟

⎤
⎦
⎥⎥

(30)

where R Rex= −2
3 and

∞
θ =

T

Tw
0 are the local Reynolds number and temperature ratio, re-

spectively. The Bejan number (Be) is defined as

Be =
1

1 + Φ
, (31)

where

∂

∂

∂

∂

∂

∂

( ) ( )
( )

A ε

A
Φ =

( + ) −

.

EcPrR

θ

f

η

δε f

η

θ

η

1

2

3

4

3

2

w

2

2

2

2

⎡
⎣⎢

⎤
⎦⎥ (32)

5 | NUMERICAL SOLUTION

Equations (23) to (25) are solved numerically using the BQSLM as described in Goqo et al.30

To apply this technique, we first define the following nonlinear operators:
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A
A ε f ff

δε

A
f f f K ξ f K f P

Pr

A

A
θ fθ f θ

Ec

A
A ε f

δε
f Q ξ f Q θ P

Ω =
1
( + ) ″′ +

2

3
″ − ( ″) ″′ +

1

3
(1 − ′ ) − +

2

3
( ′ − ″ ),

Ω =
1

″ +
2

3
′ −

2

3
′ + ( + )( ″) −

3
( ″) − +

2

3
[ ′ − ′ ],θ

f
2

1
2

2 2

3

4 4
1

2 4
⎡
⎣⎢

⎤
⎦⎥

(33)

where prime indicates partial derivative with respect to η, ∂

∂ ∂
K =

f

η ξ

2

, ∂

∂
P =

f

ξ
, and ∂

∂
Q =

θ

ξ
.

Linearizing Equations (23) to (25) using the quasi‐linearization method (see Bellman and
Kalaba31) yields Equations (34) to (36):

c f c f c f c f c K c P R+ + + + + = ,″′ ″ ′r r r r r r r r r r r r r1, +1 2, +1 3, +1 4, +1 5, +1 6, +1 1,
(34)

c θ c θ c θ c Q c f c f c f c P R+ + + + + + + = ,″ ′ ″ ′r r r r r r r r r r r r r r r r r7, +1 8, +1 9, +1 10, +1 11, +1 12, +1 13, +1 14, +1 2,

(35)

∞ ⟶ ∞ ⟶f ξ fw f ξ λ f ξ θ ξ θ ξ(0, ) = , (0, ) = , ( , ) 1, (0, ) = 1, ( , ) 0,′ ′r r r r r+1 +1 +1 +1 +1
(36)

where
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∂

∂

∂

∂

∂

∂

∂

∂

∂

∂

∂

∂

∂

∂

∂
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∂

∂

∂

∂

∂

∂

∂
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f
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ξf c
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A

A
c

θ
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θ
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Q

ξf

c
f

Ec

A
A ε f

δε
f c

f
ξQ θ

c
P

ξθ R c f c f c f c f c K c P

R c θ c θ c θ c Q c f c f c f c P

=
Ω

=
1
( + ) − ( ) , =

Ω
=
2

3
−
2

−
2

3
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=
Ω

=
2

3
( − ), =

Ω
=
2

3
, =

Ω
=
2

3
− 1, =

Ω

= −
2

3
,

=
Ω

=
1

, =
Ω

=
2

3
( − ), =

Ω
= −

2

3
, =

Ω

=
2

3
− 1,

=
Ω

= 2( + ) −
4

3
( ) , =

Ω
=
2

3
( − ),

=
Ω

=
2

3
, = + + + + + − Ω ,

= + + + + + + + − Ω ,

′′′
″

″
″ ′′′

′
′ ″ ′

″

″ ′
′

′

″
″ ″

′

′ ′′′ ″ ′

″ ′ ″ ′

r

r
r r

r
r r r r r

r

r

r r r

r
r r

r
r r

r

r

r
θ

r
r

θ

r
r r r

θ

r
r r

θ

r

r

r
θ

r
r r r

θ

r

r r

r
θ

r
r r r r r r r r r r r r r r

r r r r r r r r r r r r r r r r r θ

1,
f

2
1

2

2
2,

f

2

3,
f

4,
f

5,
f

6,
f

7,
3

4
8, 9, 10,

11,
4

1
3

12,

13, 1, 1, 2, 3, 4, 5, 6, f

2, 7, 8, 9, 10, 11, 12, 13, 14,

⎡
⎣⎢

⎤
⎦⎥

⎫

⎬

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪

⎭

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪

(37)

The linearized equations are integrated using the Chebyshev spectral collocation method
(CSCM). To this end, we replace the semi‐infinite domain ∈ ∞η [0, ), with a truncated domain,
∈η L[0, ]a , ∈ La +. The new domain of η and ξ is transformed to CSCM computational

domain using the linear transformation:

∀ ∈{ }η ξ
L

p
L

q p q{ , } =
2
(1 + ),

2
(1 + ) , ( , ) [−1, 1] × [−1, 1].a b (38)

The collocation points are chosen to be the Chebyshev‐Gauss‐Lobatto nodes with Nη and Nξ
collocation points in η and ξ , respectively, expressed as
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p
πi

N
q

πj

N
= cos , = cos .i

η
i

N

j
ξ

j

N

=0 =0

η ξ⎛
⎝⎜

⎞
⎠⎟

⎛
⎝⎜

⎞
⎠⎟

(39)

The unknown functions f η ξ( , ) and θ η ξ( , ) are approximated using the bivariate Lagrange
interpolation polynomials, such that the first derivatives with respect to η and ξ are defined in
terms of Chebyshev differentiation matrix D (see Trefethen32) as

∑

∑

∑ ∑ ∑ ∑

∂

∂

∂

∂

∂

∂

∂

∂

∂

∂

∂

∂

∂
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f

η
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η
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η
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d f p q f p q

θ

ξ
d f p q θ p q

D D D

D D

d d

= ( , ) = ( , ), = ( , ), = ( , ),

= ( , ) = ( , ), = ( , ),

= ( , ) = ( , ), = ( , ) = ( , ),

k

N

i k k j i j i j i j

k

N

i k k j i j i j

k

N

j k i k

k

N

j k i k

k

N

j k i k

k
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j k i k

=0

,

2

2
2

3

3
3

=0

,

2

2
2

=0

,

=0

,

=0

,

=0

,

η

η

ξ ξ ξ ξ

1

1 1

1

1 1

2

2 2

2

2 2

2

2 2

2

2 2

(40)

D LD = 2 / a and d Ld = 2 / b. Substituting Equations (39) and (40) into Equations (34) to (36)
gives the BSQLM scheme:

∑

∑

c c c c d

c d R

D D D D

F

diag( ) + diag( ) + diag( ) + diag( ) + diag(c )

+ diag( ) = ,

r r r r r

k

N

jk

r

k

N

jk r j r

1,
3

2,
2

3, 4, 5,

=0

6,

=0

+1, 1,

ξ

ξ

2

2

2

2

⎡
⎣
⎢⎢

⎤
⎦
⎥⎥

(41)

∑

∑

c c c c d

c c c c d R

D D

D D Θ

diag( ) + diag( ) + diag( ) + diag( )

+ diag( ) + diag( ) + diag( ) + diag( ) =

r r r r

k

N

jk

r r r r

k

N

jk r j r

11,
2

12, 13, 14,

=0

7,
2

8, 9, 10,

=0

+1, 2,

ξ

ξ

2

2

2

2

⎡
⎣
⎢⎢

⎤
⎦
⎥⎥

⎡
⎣
⎢⎢

⎤
⎦
⎥⎥

(42)

TABLE 2 Comparison of the BSQLM results for f ″(0, 0) and θ′(0, 0) with Jalil et al24 and Agbaje et al22 for
the following values: ε ϕ ϕ= = = 0s s1 2

and varying values of fw

f ″(0, 0) θ′(0, 0)

fw Jalil et al24 Agbaje et al22 Present Jalil et al24 Agbaje et al22 Present

2 0.9251 0.9251 0.925021 1.6036 1.6036 1.603566

4 1.5030 1.5030 1.502659 2.8330 2.8333 2.833009

6 2.1233 2.1233 2.123323 4.1177 4.1177 4.117731

8 2.7627 2.7626 2.762725 5.4238 5.4238 5.423828

10 3.4116 3.4116 3.411600 6.7399 6.7399 6.739945

20 6.7069 6.7069 6.706869 13.3706 13.3706 13.370608

Abbreviation: BSQLM, bivariate spectral quasi‐linearization method.
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TABLE 3 Nusselt number for Cu/ethylene glycol and Cu‐Al2O3/ethylene glycol when ε Ec fw= = = 1.0,
δ = 0.1, λ = 1.5, and Pr = 6.7 for various values of ϕs2

Nusselt number

ϕs2 Cu/ethylene glycol Cu‐Al2O3/ethylene glycol % Difference

0.005 5.099609 5.321992 4.36

0.02 5.084782 5.303393 4.30

0.04 5.065013 5.278591 4.22

0.06 5.045247 5.253799 4.13

TABLE 4 Computed results for skin friction coefficient, Cf, and Nusselt number, Nu, for Cu‐Al2O3/ethylene
glycol hybrid nanofluid for varying the parameters: ϕ ε δ fw, , ,s2

, λ, and Ec when ξ = 1

ϕs2 ε δ fw λ Ec Cf Nu

0.005 1 0.1 0.5 1.5 1 −1.104099 2.568624

0.02 1 0.1 0.5 1.5 1 −1.162933 2.548472

0.04 1 0.1 0.5 1.5 1 −1.241305 2.521875

0.06 1 0.1 0.5 1.5 1 −1.320045 2.495310

0.005 0.1 0.1 0.5 1.5 1 −0.892933 2.622560

0.005 1 0.1 0.5 1.5 1 −1.104099 2.568624

0.005 2 0.1 0.5 1.5 1 −1.295975 2.528489

0.005 3 0.1 0.5 1.5 1 −1.462214 2.497262

0.005 1 0.1 0.5 1.5 1 −1.104099 2.568624

0.005 1 0.5 0.5 1.5 1 −1.100466 2.567302

0.005 1 1 0.5 1.5 1 −1.095793 2.565410

0.005 1 1.5 0.5 1.5 1 −1.090859 2.563401

0.005 1 0.1 −0.5 1.5 1 −0.862073 0.664706

0.005 1 0.1 −0.3 1.5 1 −0.907053 0.883166

0.005 1 0.1 0.3 1.5 1 −1.052357 2.039397

0.005 1 0.1 0.5 1.5 1 −1.104099 2.568624

0.005 1 0.1 0.5 0.3 1 1.210282 0.887030

0.005 1 0.1 0.5 0.5 1 0.910096 1.927190

0.005 1 0.1 0.5 1.5 1 −1.104099 2.568624

0.005 1 0.1 0.5 2 1 −2.368386 0.168083

0.005 1 0.1 0.5 1.5 0.1 −1.104110 3.348587

0.005 1 0.1 0.5 1.5 1 −1.104099 2.568624

0.005 1 0.1 0.5 1.5 1.5 −1.104109 2.135292

0.005 1 0.1 0.5 1.5 2 −1.104104 1.702098
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with the boundary condition

∑ ∑p q λ p q fw p q

p q p q

D F F D F

Θ Θ

( , ) = , ( , ) = , ( , ) = 1,

( , ) = 1, ( , ) = 0,

k

N

N k r k j r N j

k

N

k r k j

r N j r j

=0

, +1 +1

=0

0, +1

+1 +1 0

η

η η

η

η

1

1 1

1

1 1 (43)

Fr j+1, and Θr j+1, are the solution of f η ξ( , ) and θ η ξ( , ) evaluated at each value of ξ .

FIGURE 2 Effect of varying the nanoparticle volume fraction (ϕs2) on the hybrid nanofluid for
ε Ec= = 1.0, δ = 0.1, λ = 1.5, fw = 0.5, and Pr = 6.7 on (A) velocity profiles, (B) temperature profiles, (C)
entropy generation rate, and (D) Bejan number [Color figure can be viewed at wileyonlinelibrary.com]
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6 | NUMERICAL VALIDATION

The BSQLM iterative scheme is implemented using the Maple 18 symbolic package. To validate
the accuracy of the scheme, we compared the skin friction coefficient values against the results
of a regular Newtonian model in the literature. In the absence of hybrid nanoparticles
(ϕ ϕ= = 0s s1 2

), our results agree with that of Jalil et al24 and Agbaje et al,22 see Table 2.

FIGURE 3 Effect of varying the Eyring‐Powell fluid parameter (ε) on the hybrid nanofluid for Ec = 1.0,
δ = 0.1, λ = 1.5, fw = 0.5, Pr = 6.7, and ϕ = 0.005s2

on (A) velocity profiles, (B) temperature profiles,
(C) entropy generation rate, and (D) Bejan number [Color figure can be viewed at wileyonlinelibrary.com]

7 | RESULTS AND DISCUSSION

In this section, we discuss the effects of the fluid parameters: Eyring‐Powell parameters, δ and ε,
suction/injection parameter, fw, the hybrid nanoparticle volume fractions, ϕs1 and ϕs2, and the
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Eckert number, Ec on the hybrid nanofluid velocity profiles, f η ξ′( , ) temperature profiles,
θ η ξ( , ), entropy generation number profiles, and Bejan number profiles. In addition, we com-
pute the skin friction and Nusselt number for different values of these parameters. Unless
otherwise stated, we utilize the following parametric values (see References [24‐26]):
ε Ec= = 1.0, δ = 0.1, λ = 1.5, fw = 0.5, Pr = 6.7, and ϕ = 0.005s2

.
To explore the effective thermal characteristic of the hybrid nanofluid, we compare the Nusselt

number in both Cu/ethylene glycol nanofluid and Cu‐Al2O3/ethylene glycol hybrid nanofluid in
Table 3. We observe that the heat transfer coefficient is improved by using a hybrid nanofluid.

Table 4 shows that the skin friction coefficient decreases with an increase in the nano-
particle volume fraction, ϕs2, Eyring‐Powell fluid parameter, ε, and suction/injection parameter,

FIGURE 4 Effect of varying the suction/injection parameter (fw) on the hybrid nanofluid for
ε Ec= = 1.0, δ = 0.1, λ = 1.5, Pr = 6.7, and ϕ = 0.005s2

on (A) velocity profiles, (B) temperature profiles,
and (C) Bejan number [Color figure can be viewed at wileyonlinelibrary.com]
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fw. Also, increasing the nanoparticle volume fraction, Eyring‐Powell fluid parameter ε δ( , ) and
Eckert number, Ec, decrease the Nusselt number, see Table 4.

The impacts of varying the nanoparticle volume fraction on the hybrid nanofluid velocity
profile, temperature distribution, entropy generation number, and Bejan number profiles are
displayed in Figure 2A‐D. Increasing the volume fraction of the nanoparticles is observed to
reduce the hybrid nanofluid velocity profiles as revealed in Figure 2A, hence, thinning the
momentum boundary‐layer thickness. A similar result was recorded by Devi and Devi.26 The
results in Figure 2B‐D show that temperature distribution, entropy generation number profiles,
and Bejan number profiles are enhanced with an increase in nanoparticle volume fraction. This
is physically correct due to the fact that as the nanoparticle volume fraction increases, the
thermal conductivity of the hybrid nanofluid is enhanced, improving the thermal distribution.

The influence of the Eyring‐Powell fluid parameter, ε, on the hybrid nanofluid velocity,
temperature, entropy generation number, and Bejan number profiles is presented in
Figure 3A‐D. Clearly, from the definition of ε, ε has an inverse relation with the fluid viscosity.
Increasing ε implies decreasing the fluid viscosity. Interestingly, the hybrid nanofluid velocity
profile and the momentum boundary‐layer thickness increase with ε, when λ > 1 see Figure 3,
and the reverse trend is observed when λ < 1. λ > 1 indicating that the stretching velocity
dominates the free stream velocity. Results in Figure 3B and 3C show that the thermal
boundary‐layer thickness and the entropy generation number profiles also increase with ε. An
increase in ε decreases the Bejan number profiles as seen in Figure 3D.

Figure 4A‐C shows the effects of distinct values of the suction/injection parameter fw on the
hybrid nanofluid velocity, temperature, and Bejan number profiles. Obviously, from Figure 4A,
the velocity field decreases with an increase in the suction parameter ( fw > 0) which indicates
that the thickness of the momentum boundary decreases with an increase in the suction
parameter. However, the opposite results were observed for injection parameter ( fw < 0). An
increase in fw decreases the temperature and Bejan number profiles as displayed in Figure 4B

FIGURE 5 Effect of varying the Eckert number (Ec) on the hybrid nanofluid for ε = 1.0, δ = 0.1,
λ = 1.5, fw = 0.5, Pr = 6.7, and ϕ = 0.005s2

on (A) temperature profiles and (B) entropy generation rate
[Color figure can be viewed at wileyonlinelibrary.com]
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and 4C. This result is physically correct for with suction the hot hybrid nanofluid is drawn
closer to the surface, hence reducing the thermal boundary‐layer thickness.

Finally, Figure 5A and 5B illustrates the effect of the Eckert number, Ec, on the hybrid
nanofluid temperature and entropy generation number. It is observed from Figure 5A and 5B
that in the temperature and entropy generation, profiles are enhanced significantly with Eckert
number. Physically, increased Ec leads to heat generation in the system due to dissipation,
hence increasing the temperature. The findings suggest that entropy generation can be mini-
mized by reducing the Eckert number.

8 | CONCLUSION

We have analyzed the entropy generation in a transient Eyring‐Powell hybrid nanofluid flow
over a permeable surface. Similarity solutions of the model equations were obtained using the
Lie group symmetry method. The computational simulations were carried out using the
BSQLM. The findings of this research study include:

1. The entropy generation can be minimized using a hybrid nanofluid.
2. The irreversibility in the system can be optimized by decreasing the Eckert number.
3. Increasing the Eyring‐Powell parameter ε leads to a decrease in the fluid viscosity.
4. The effects of suction to injection on the velocity profiles are in opposition.
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Chapter 7

Conclusion

In this thesis, we have investigated heat transfer and entropy generation in an Eyring-Powell

nanofluid for different flow geometries. The spectral quasilinearization, spectral local linearization,

and bivariate spectral quasilinearization methods have been used to obtain numerical solutions of

the conversion equations. We have provided an analysis of the impact on the flow of nanofluid

parameters and determined the effect of these parameters on the heat transfer rate and skin friction

coefficient. We have shown, among other results, that the fluid material and velocity slip param-

eters enhance the skin friction. In addition, an increase in thermal radiation and the temperature

ratio parameter lead to increase in the Nusselt number.

In Chapter 2, we reported on the magnetohydrodynamic Eyring-Powell copper-water nanofluid

flowing over a stretching vertical cylinder with mixed convective stagnation-point flow as well as

heat generation, nonlinear thermal radiation, velocity and temperature slip effects. The spectral

quasilinearization method was the method of solution used to handle the reduced nonlinear dif-

ferential equations. Our main parameters of interest include the Eyring-Powell fluid parameter,

nanoparticle volume fraction, curvature parameter, heat source parameter, thermal radiation and

thermal slip parameters. We found, among other results, that the Eyring-Powell fluid parameter

reduce the skin friction coefficient. Physically, this can be attributed to the inversely proportional

relation between the nanofluid dynamic viscosity and the Eyring-Powell fluid parameter. Thus, the

nanofluid become less viscous with increasing values of the Eyring-Powell fluid parameter, thereby

reducing the skin friction coefficient. The skin friction coefficient was enhanced by increasing the

nanoparticle volume fraction. In addition, the heat generation and thermal radiation parameters
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both increase the heat transfer rate, while the thermal slip parameter, nanoparticle volume fraction

and heat absorption parameter decrease with increased heat transfer rate.

In Chapter 3, we discussed the impact of non-Fourier heat flux with variable thermal conductiv-

ity on the heat and mass transfer of the Eyring-Powell nanofluid squeezing flow. We considered

a channel flow geometry and utilized the Buongiorno nanofluid model, which accounted for the

effect of Brownian motion and thermophoresis. Parametric analysis of the relevant fluid param-

eter was carried out using the conversion equations and the spectral local linearization method.

Interestingly, the temperature profiles were enhanced with increasing values of the thermophore-

sis parameters and Brownian motion. Also, the thermal boundary layer thickness have a direct

influence with increasing values of the thermal conductivity and relaxation parameters.

The Lie group symmetry analysis was used in Chapter 4, to investigate the boundary layer flow

of Eyring-Powell nanofluid flow past a stretching surface. Based on some experimental findings,

the nanofluid model was assumed to be influenced by nanoparticle size and temperature. For the

partial differential equation modeling the flow and heat transfer problem, the similarity solution

was obtained using Lie group symmetry analysis. An increase in the nanoparticle volume fraction,

thermal radiation and temperature ratio parameters were seen to enhance the temperature profiles

as well as the thermal boundary layer thickness. Furthermore, increasing the thermal radiation and

temperature ratio parameters lead to increase in the Nusselt number.

It is important to analyze the entropy generation in other to determine how to minimize energy

loss in fluid flow. Regarding this important attribute, in Chapter 5, we numerically analyzed using

a vertical channel, the entropy production rate of a Powell-Eyring nanofluid mixed convective

flow of a Cu-Al2O3 water. We used the efficient spectral local linearization method (SLLM) to

handle the transport equations. We also shed light on the entropy generation rate using one of the

laws of thermodynamics. The Brinkman number and the nanoparticle volume fraction both have a

tremendous contribution to reducing the entropy production rate in the channel. We would like to

point out that by reducing the Brinkman number and increasing the nanoparticle volume fraction,

the flow in a channel can be optimized.
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Finally, in Chapter 6, we analyzed the entropy generation using the Lie group symmetry method to

obtain a similarity solutions, for unsteady Eyring-Powell hybrid nanofluid flowing over a possible

leaking surface. The numerical simulations were executed using the bivariate spectral quasilin-

earization method. We observed that the hybrid nanofluid minimized entropy generation and by

decreasing the Eckert number, the irreversibility in the system was observed to be optimized.

We believe this research should be of interest to industrial and process engineering specialists, for

improving the efficiency and effectiveness of heat transfer in thermal systems. In future studies, a

similar investigation will be considered for other non-Newtonian fluid models.
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