NONLINEAR WAVES IN ADHESIVE STRINGS

G. M. COCLITE, G. FLORIO, M. LIGABO, AND F. MADDALENA

ABSTRACT. We study a 1D semilinear wave equation modeling the dynamic of an elastic string inter-
acting with a rigid substrate through an adhesive layer. The constitutive law of the adhesive material
is assumed elastic up to a finite critical state, beyond such a value the stress discontinuously drops to
zero. Therefore the semilinear equation is characterized by a source term presenting jump discontinuity.
Well-posedness of the initial boundary value problem of Neumann type is investigated.

1. INTRODUCTION

Adhesion, capillarity and wetting phenomena (see [4, 5]) constitute a challenging arena for math-
ematical problems due to the complexity of physical mechanisms involved. A rational understanding
in the format of analytical descriptions of such problems, in addition to being in itself interesting, is
relevant for both life sciences and manufacturing engineering. Indeed this is a long standing problem:
a seminal paper in the field is [3] in which a free boundary approach is pursued. In some recent papers
(see, e.g., [0, [7, 8, @]) one of the authors has studied the static problem of adhesion of elastic thin
structures under various constitutive assumptions on the adhesive material. The main goal of those
works relies in characterizing, with the tools of the calculus of variations, the interplay of the occur-
rence of debonding with other constitutive properties. The study of the evolution problem related to
these physical manifestations require the analysis of multidimensional hyperbolic problems involving
mathematical issues not yet well understood. In this paper we address a prototypical dynamical prob-
lem by studying the adhesion of an elastic string glued to a rigid substrate, assuming a discontinuous
softening behavior of the adhesive material, i.e. the adhesive stress jumps to zero when a critical value
of the displacement is reached. We consider the mechanical system with the following energy density:

1 1
(1.1) elu] = §p(8tu)2 + §K€(Bzu)2 + & (u),
where p > 0 denotes the mass density, K. denotes the elastic stiffness of the string, and ®(u) denotes
the adhesion potential modeling the energetic contribution of the glue layer. To taking into account

the possibility of debonding we assume for the potential ® a behavior like in Fig. [I} for example

u?, if Ju| < u*,

(12) (W) =1 (2, if [u| > u,

where u* denotes the threshold beyond which the glue cannot sustain further stress.
We are interested in the qualitative properties of the Euler equations associated to the above energy

density ([1.1]) given by
(1.3) pOiu — K02 u=—® (u),
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F1GURE 1. (Color online) Potential ®(u) in Eq.

equipped with Neumann boundary conditions.

The paper is organized as follows. In Section [2| we introduce the problem, the main assumptions
and the associated energy. In Section [3| we give the definition of dissipative solution, prove existence
(cf. Theorem [3.1]), regularity (cf. Theorem [3.2)), and non-uniqueness for the solutions of initial bound-
ary value problem related to (cf. Examples . In Section W] we focus on the first
order formulation of the problem and investigate the interplay between debonding and propagation of
singularities along characteristics (cf. Theorem {4.1)).

2. STATEMENT OF THE PROBLEM

Let us consider a one dimensional material body, i.e. a string, whose rest configuration at the initial
time ¢t = 0 coincides with the interval [0, L] and the displacement field is denoted by

w: [0,00) x [0, L] — R.

The material is assumed linear elastic and, for sake of notational simplicity, the mass density p and
the extensional stiffness K. are assumed both equal to 1. The string interacts with an underlying
rigid support through an infinitesimal layer of adhesive material characterized by an internal energy
u +— P(u) with the threshold u* set to 1.

The balance of momentum delivers the semilinear initial boundary value problem

0Zu = 02, u — @ (u), t>0,0<z<0L,
2.1) Oru(t,0) = dyu(t,L) =0, t>0,

u(0,x) = up(x), O<z<L,

(0, z) = ui(z), 0<x<L.

We shall assume that
(H1) ® € CR)NCHR\ {1,—1}), ® is constant in (—oo,—1] and in [1,00), convex in [—1,1],
decreasing in [—1,0] and increasing in [0, 1];
(H.2) ug € H*(0,L), uy € L*(0,L).
As a consequence of @’ has a jump discontinuity in v = 1 and
u € (—o00,—1) U (1,00) = &' (u) =0,
O<u<l=0<®(u) < linll ' (u),
u— 1=
“1<u<0=0>®(u)> lim @' (u).

u——1+t
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Assumption characterizes the constitutive behavior of the adhesive material trough the source
term —®'(u), i.e. when |u| = 1 the loss of adhesion manifests through the jump discontinuity of @',
hence debonding of the string occurs. Differently, in [3] the authors consider two different kinds of
source terms, one is independent on uw and the other one mimicking adhesion along a rough plane
depending on Oyu.

To fix ideas, a function satisfying such assumption is

2 if ul <1
(2.2) sy = st
1, if |u| > 1.

In particular we have
2 if <1
(2.3) O () =4 " iful <1,
0, if |u| > 1.

The natural energy associated to the problem ({2.1)) is

L u(t, z))? Lu(t, x))?
(2.4) E(t):/o <(a’f (¢, 2)) ;(8 (¢, 2)) —|—<I>(u(t,x))> da.

Due to the lack of Lipschitz continuity in the nonlinear term ® we cannot expect the existence of
conservative solutions, i.e., solutions that preserve the energy. This is coherent with the physics behind
the problem, when our material is ungluing; indeed in [7, Sec. 3.3] the authors describe the hysteresis
cycles and the dissipation associated with the maximum delay strategy corresponding to the quasistatic
evolution for a discrete system where the macroscopic limit (obtained by I'-convergence [7, Appendix
BJ]) could be viewed as the system here analyzed. Moreover, even mathematically the dissipation of
energy is natural. Indeed, when we study the compactness of some approximate solutions we cannot
have bounds on the second derivatives because we cannot differentiate the equation in . Therefore,
we have to live with bounds on the first derivatives and then we can have only weak convergence in
H*.

3. EXISTENCE AND REGULARITY OF WEAK SOLUTIONS

This section is dedicated to the well-posedness and regularity analysis of . We show the existence
of Lipshitz continuous dissipative solutions. Some examples show that those solutions are not unique
and do not depend continuously on the initial conditions. Indeed, in the following section we shall
focus on a qualitative analysis of the discontinuity curves of the first derivatives of the solutions. These
are the loci where the dissipation of energy occurs. Therefore, it seems quite natural to introduce the
concept of dissipative solution:

Definition 3.1. We say that a function u : [0,00) x [0, L] — R is a dissipative solution of (2.1)) if
(1) uwe C([0,00) x [0,L]);
(i4) Opu, Oyu € L>(0,00; L*(0,L));
(iii) for every test function p € C(R?) with compact support

00 L
/0 /0 (w0 + Opudpp + @ (u) ) dtdz
(3.1)

L
— / ur(x)e(0, z)dx + / uo(x)0p(0, z)dx = 0;
0 R
(iv) (energy dissipation) for almost every t > 0

[ (2 O g

) / <<u1<m>>2 + (wp(a)? @(UO@))> .

(3.2)
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3.1. Existence. The main result of this subsection is the following.

Theorem 3.1 (Existence). Let ug and uy be given and assume|(H.1), |(H.2) Then (2.1) admits a

weak solution in the sense of Definition |3.1].

Our argument is based on the approximation of the Neumann problem with a sequence of
Neumann problems with smooth source terms and smooth initial data.

Let {uontnen, {tin}tnen C C([0,L]), {®n}nen C C*(R) be sequences of smooth approximations
of ug, w1, and ¢ such that

Upn — Up  In HI(O, L), wp,—wu in L2(O,L), ®,, -+ ¢ uniformly in R,

¢/ — & pointwise in R and uniformly in R\ {(-=1 —¢&,—-1+¢e)U (1 —¢,1+¢)} for every e,
(3.3) |ul>14e= @ (u) =0, e>0,neN,

HUO,HHHl(o,L) <G, Hul,nHm(o,L) <C, 0<®,, 9, <C, n € N,

uf)’n(O) = ua’n(L) =u1,(0) =u1n(L) =0, n €N,

where C' > 0 denotes some constant independent on n.
Let u,, be the unique classical solution of the initial boundary value problem

2ty = 0% up — @ (uy), t>0,0<x<L,
(3.4) Optn(t,0) = Opun(t, L) =0, t >0,

un (0, ) = up n(x), 0O<z<L,

Orun (0, ) = uy pn(z), 0<z<L.

The well-posedness of (3.4)) is guaranteed for short time by the Cauchy-Kowaleskaya Theorem [10].
The solutions are indeed global in time thanks to the following a priori estimates.

Lemma 3.1 (Energy conservation). The function

r U r))? U x))?
te By(t) = | <<‘9t nlts )" + Qonls )

+ @n(un(t,a}))> dz

is constant for every n. In particular, {0y fnen and {Ozun}nen are bounded in L>(0,00; L?(0,L)).

Proof. We have that
L 2 2
0

T dt 2

L
:/ (OrunOfun + Opun iy + @ (un) 0 (uy)) da
0

L
:/ Opun, ((9t2tun — 0% un + @, (un)) dz = 0.
0

=0

U
Lemma 3.2 (L? estimate). The sequence {un }nen is bounded in L>(0,T; L?(0, L)), for every T > 0.

L L t 2
/ u?(t,z)dx :/ <u07n($) -l—/ asun(s,:c)ds) dx
0 0 0
L 2

§2/0Lu(2)’n(x)dx+2/ </t|85un(s,x)\ds) dx

0 0
L t L
<2/ uan(x)dx + 2t/ / (Dsun (s, x))?dsdx
0 0 Jo

Proof. Since



NONLINEAR WAVES IN ADHESIVE STRINGS 5

L L
§2/ uan(x)dac + 2t2 sup/ (Dstun (s, 2))*du,
0 s>0J0

the claim follows from Lemma [B.1] O

Lemma 3.3 (L™ estimate). The sequence {uy}nen is bounded in L*°((0,T) x (0,L)), for every
T>0.

Proof. Fix 0 < t < T and 0 < x < L. Lemmas and imply that {uy,}nen is bounded in
L>(0,T; H(0,L)). Since H'(0, L) C L>=(0, L) we have
[un(t, )| < [lun(t, ')||Loo(0,L) < c|lun(t, ')||H1(0,L) < CHuﬂHLOO(O,T;Hl(O,L))’

for some constant ¢ > 0 dependeing only on L. Therefore

lunll oo 0% (0,0)) < € lltnll oo 0,711 (0,1) -
that gives the claim. O
Proof of Theorem [3.1. Thanks to Lemmas and [I2] Theorem 5] there exists a function u
satisfying (i) and (i7) of Definition such that, passing to a subsequence,
u, —u in H'((0,T) x (0,L)), for each T > 0,

3.5
(3:5) up — u in L*((0,T) x (0, L)), for each T > 0.

We have to verify that u is a weak solution of (2.1). Let ¢ € C*°(R?) be a test function with
compact support. From ({3.4)), for every n we have

00 L
/ / (una;ﬁcp + OptnOpp + O, (un)p) didx
o Jo

L
—/ ulvn(x)go(O,x)dx—i-/uom(:c)atgp(o,x)dxzo.
0 R

As n — o0, using (3.3) and (3.5)), we get (3.1]).
Finally, (3.2) follows from Lemma (13.3), and (3.5]). 0

3.2. Non-uniqueness. The dissipative solutions of are not unique. This is made clear form

the following three examples. In the first example, we show that different regularizations of the

discontinuous nonlinear term ® may lead to different dissipative solutions of . In the second

example, we use only one regularization of ®' and approximate the initial conditions in two different

ways. Lastly, the third example shows that the solutions of do not continuously depend on the

initial data. Moreover, it seem quite difficult to identify a common asymptotic behavior as ¢ — oo.
In all the following examples we assume that ® is the one defined in .

Example 3.1. Let € > 0. Consider the functions

(2, if lul <1—¢,
5o 2u—? (1 ) (e+ 1), ifl—e<u<l,
e(u) = _w_(l_g)(gjl) if - 1<u<—1+e¢
€ e/’ L ’
(1+¢e%—¢, if lul 21,
ul, if lu] <1,
B () = 2(12+E€)7»¢—u22_(1+;)7 ifl1<u<1+e,
el (L) e <u< 1,
1+ ¢, if]u\Zl—i-&-
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We have

2u, if lul <1—c¢,

& (u) 2=v ifl—e<u<l,

€ —2ddu if —1<u<—1+e¢,
2u, if [ul <1,

_ glde—u fl<u<l1

Tw=1 i, orEvsiTe
—2#, if—1—e<u<-1,
k07 Zf‘U’ > 1 +e.

The functions

Ue(t,z) =1, U (t, x) = cos <\[2t) ,

solve

(021, = 92,1 — ' (U.), t>0,0<xz<L,
(3.6) ?xus(t, 0) = 0,uc(t, L) =0, t>0,

ue(0,2) =1, O<z<L,

[ Orus(0,2) =0, O<z<L,

2. = 92 u. — T. (L), t>0,0<z<L,
(37) .U (t,0) = azug(t, L) =0, t >0,

u:(0,2) =1, O<zxz<lL,

[ 0 (0, z) = 0, 0<z<L.

As e = 0 we have
W) > atz) =1, Tt x) — a(t,z) = cos (\/it) ,
and u and uw provide two different solutions of in correspondence of the initial data
ug(r) = 1, ui(x) = 0.
The energies associated to ) and . are

i ue , X mus , L 2 e
L u, x))? Ue (T, x 2 _ -
E(t) :/0 <<8t (1)) J;(ax @), @e(ue(t,x))) dz = L,

respectively.

Example 3.2. Let € > 0. Consider the function

2o, iflul <1,
o) (000D -5) nzusiee
: =2 (1+e) (u+3)+Y%), if-l-e<u<-1,
Ee)llte) if lul > 1+ ¢.
We have
(2 —¢e)u, if lu] <1,
2—¢ ;
(1l +e—u), fl<u<l+e,

(1 +e+u), if —1—e<u< -1,
0, if lul > 1+e.
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us(t,z) = (1 —¢)cos (V2 —¢t), ve(t,x) =1+¢
solve
OZue = 02, ue — L (ue), t>0,0<z<lL,
(3.8) Orus(t,0) = Oyuc(t, L) =0, t>0,
ue(0,2) =1 —¢, 0<z<lL,
Opus(0,2) =0, 0<z<lL,
(020 = 0%, v — PL(v.), t>0,0<z<L,
(3.9) 020e(t,0) = Opve(t, L) =0, t>0,
ve(0,2) =1+¢, 0<z<L,
[ Orv:(0,2) =0, 0<z<L.

As e — 0 we have

ue(t, ) = u(t,z) = cos (\@t) ,

ve(t,z) = v(t,x) =1,

and u and v provides two different solutions of (2.1) in correspondence of the initial data

uo(x) =1,

The energies associated to and are
L 2 2 _ _ )2
Ee(t) = / ((&%(t’ Lt e +<I>g(ua<t,x)>) e
0

E(t) =

respectively.

2

2

ui(x) = 0.

2

[ = L) PR LS
0 2

Example 3.3. For every € > 0, the solutions u. and ve of the two following problems

0Zue = 02, ue — ' (ue), t>0,0<z<L,
(3.10) Opue(t,0) = dpuc(t, L) =0, t >0,
ue(0,z) =1 +¢, 0<z<L,
 Orus (0, ) = ¢, 0<z<lL,
OZve = 02,0 — @' (ve), t>0,0<x<0L,
(3.11) 0z0e(t,0) = Opve(t, L) =0, t>0,
ve(0,2) =1 —¢, 0<z<lL,
0v:(0,x) =0, 0<z<L,
are
us(t,x) =et+1+e, ve(t, z) = (1 — €) cos(V/2t).
We have

Hu8(07 ) - Ué(oﬂ ‘)HLQ(O,L) + Hatu&(()? ) - atv&(07 ')HLQ(O,L) = 38\/57

limsupve(t,z) =1—e¢.

tllglo ug(t, z) = oo, PR

Moreover, as € — 0,
ve(t, ) — cos(V2t).

us(ta x) -1,

The energies associated to (3.10) and (3.11)) are
L 2 2 2
Oruc(t Opue(t, 2
R e e ) L
0

2
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L ve(t,x))? Ve (t, 2))?
55(75):/0 <(6t (t,2)) —{2—(6 (t,2)) +<I>(va(t,x))> dr = (1 —¢)%L,

respectively.

3.3. Regularity. This subsection is devoted to the maximal regularity we can expect for the dissi-
pative solutions of . We show that if the ¢t and x derivative of the solutions at time ¢ = 0 are
bounded then we have locally Lipshitz continuous solutions. In the following section, using a first
order formulation of we will show that we cannot expect more regularity even if we consider more
regular initial data.

Theorem 3.2. Let ug and uy be given and assume |(H.1), |(H.2). If u is a dissipative solution of
1) and

(3.12) ug € WH*(0, L), u; € L>(0, L),
then
(3.13) u € C([0,00) x [0, L]) N WH((0,T) x (0, L)),

for every T > 0.
Proof. Let u be a solution of (2.1). Consider the function @ : [0, c0) xR — R defined as the 2L—periodic

(in space) extension of the function (¢,z) € [0,00) x [-L, L] — u(t,|z|). u is the unique solution of the
Cauchy Problem

0Zv = 92,v — @' (u), t>0,z €R,
(3.14) v(0,2) = up(x), z €R,

at'U(O,ﬂf) = al(x)a z €R,
where ug and u; are the 2L—periodic extensions of the functions = € [—L, L] — ug(|z|) and = €
[—L, L] — uy(|z]), respectively. Therefore, the following representation formula holds

~ ~ _ 1 1,‘ $+ t S
(3.15) it z) = uo(z + 1) -;uo(:v t) + 2/ u1(s)ds + = / / - u(s,y))dsdy.
r—t t—s

We have that
[u(t, z) —a(t',z")|
_ao(z +1) —uo(2" + )| + [uo(z — t) — uo(2’ —t')]

2
1 T+t o'+t 1 o'+t '+t

+ = / ui(s)ds —/ ui(s)ds| + = / ui(s)ds —/ uy(s)ds
2 r—t 2 x' —t 2 —t!
1 +(t— s) t/ +(t— s)

+3 / / u(s,y))dsdy — / / u(s,y))dsdy
2 (t-) -
1 4 t 5) #

+3 / / u(s,y))dsdy — / / u(s,y))dsdy
2 (t—s) (t—
1 t' px+(t'—s) t px +(t’—s)

+3 / / u(s,y))dsdy — / / u(s,y))dsdy
2 (t'—s) '—(t'—s)

a1l ooy 3
<H OHLOO(R f() T3 H(I)/HLOO(R) t+t) | (Ja—a|+ ]t —1]).

Thanks to (3.12) we have
(3.16) e C([0,00) x Ry NWI>((0,T) xR), T >0,
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and then (3.13)). 0

The following simple example shows that we cannot expect C? regularity on the solutions. More
precisely, we start with constant initial data and we explicitly construct conservative solutions exhibit-
ing a singularity in the second derivative. The insurgence of such singularity is due to the lack of
continuity of the nonlinear source @'.

Example 3.4. Consider the function
V2 sin(v/2t , if 0
(3.17) u(t,z) = (vai) f
V2t+1-1, if t
Clearly, u solves the problem

OZu = 02,u — &' (u), t>0,z R,

u(0,z) =0, x € R,
O (0, ) = 2, x € R,
but
ueCh\ C2
Indeed
lim wu(t,r) =1, lim+u(t,x):1,
taﬁ tﬁﬁ
lim Qu(t,z) = V2, lim N O (t, ) = V2,
t—)ﬁ t%ﬁ
lim Oiu (t,x) = —2, lim . Oiu (t,x) = 0.
t%ﬁ t%ﬁ

The energy associated to (3.17)) is
L 2 )
E(t):/ <(3t“e(tv:v)) + (Dpuc(t, 7))
0

5 + q)(ug(t,x))> dx = 2L.

4. DISCONTINUITIES, DEBONDING AND PROPAGATION OF SINGULARITIES

In this section we shall focus on some qualitative analysis aimed to investigate the occurence of
singularities in the solutions of and the interplay of such singularities with debonding process.
Based on a first order system associated to , we give a qualitative description of the discontinuity
curves of the first derivatives of the solutions. These are the loci where the dissipation of energy occurs.
Moreover, we show that we cannot expect more regularity even if we consider more regular initial data.

We can rewrite the equation in as a first order system in the following way

(4.1) 0Z + AdZ = B(Z),
where
Z1 8tu 0 -1 0 —Q)/(z:;)
Z=\z|=1|0ul|, A=|-1 0 0], B(Z) = 0
23 U 0 0 0 21

Since Z — B(Z) is discontinuous the solution Z of (4.1) may develop discontinuities. Let ¢ —
(t,~(t)) be a discontinuity curve for Z. Thanks to the qualitative analysis of [2 Chapter 10] v is
locally Lipschitz continuous and the Rankine-Hugoniot condition [2, Section 4.2] holds

A(Z(t () = Z(707) =70 (A0 = ZEA07),  ac t,
where

Z(t,y(t)F) = lim Z(t,s).

s—y(t)*E
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Since the eigenvalues of the matrix A are —1, 0 and 1, we must have
v (t) € {—1,0,1}, a.e. t,

namely ¢ — (¢,7(t)) is a polygonal of the plane (¢, z) with slopes —1, 0 and 1.

Several remarks are needed. In addition to the propagation velocities 1, —1 of the wave equation
here we have one more characteristic speed. This feature is coherent with the one obtained in [I]. There
the appearance of the stationary characteristics was generated by a third order hyperbolic operator
and a smooth nonlinear source term f(u) in one spatial dimension. In [11] the authors completed the
picture showing that if the operator is of the second order and the nonlinear source term f(u) is smooth
we can only have two characteristic speeds. Here, we are able to obtain the third characteristic speed
even with a second order wave operator because our nonlinear source term ®'(u) is discontinuous.

System admits the following entropy/entropy flux pair

’2’2 21
(4.2) n(Z) = o q(Z) = —2z1 29, Z=|z|eR.
Z3
Coherently with Definition the solutions of (4.1]) satisfy the following entropy inequality
(4.3) On(Z) + 9.q9(Z) <1/ (Z2)B(Z),

in the sense of distributions. When a shock occurs the inequality in becomes strict. Indeed, we
consider dissipative solutions [13].

The interplay between the propagation of singularities and debonding is described by the following
necessary condition relating the singular points in space-time with the occurrence of attachment-
debonding in the characteristic cone.

Theorem 4.1. Let u be a dissipative solution of (2.1) and (to,xz0) € (0,00) x (0,L). We have
that if u is not C1 in (to,xo) then for all ¢ > 0 there exist (t1,71), (t2,z2) € Te(to, o) such that
lu(ti, z1)] < 1 < |u(te,x2)|, where

Te(to, x0) = U (max{O,xo—E+(t—t0)},min{x0+€— (t—to),L}).
max{to—e,0}<t<to

Proof. We argue by contradiction, namely we prove that if there exists ¢ > 0 such that for all (¢,x) €
Te(to, zo0), |u(t,x)] < 1 or for all (¢t,) € Te(to, x0), |u(t,x)| > 1 then u is C! in (to, o).
We can always choose € so small such that

(4.4) to—e >0, O<zg—26<z0+2<0L,

in this way

(4.5) Tolto,xo) = | (a:o—€+(t—t0),xo+5— (t—to)).
to—e<t<tg

Assume that
lu(t,z)| <1, (t,z) € Te(to, xo),
and consider a C'! function ® such that
lu| <1 = ®(u) = ®(u).
Let w be the solution of the Cauchy problem

92u=02u—9 (1), t>ty—c,z R,
ﬂ(to - & x) - u(tO - & x)X[IQ—Q&‘,xo-‘r?E] (:L'), z €R,
Onu(to — €,2) = u(to — €, %) X[wo—2e,00+2¢) (T), T ER.

Due to the finite speed of propagation of the wave operator we have

u="u in 7 (to, zo)-
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Using the first order reformulation (4.1) of the equation for @ we see that @ is not developing any
singularity in 7z (to, zo).
In the case
’U(t, .%')‘ > 1, (ta .%') € 72@0?1'0)7
we have only to consider a C'! function ® such that
lu| > 1= ®(u) = ®(u),
and use the same argument. O

4.1. Qualitative analysis. By virtue of Theorem we have that the debonding-attachment phe-
nomena induces the loss of regularity of the solution u. In order to deepen the comprehension of
this behavior it is important to understand which of the two physical quantities d,u and J;u is more
affected from the singularity appearance. We remark that the second order derivatives of w cannot
be considered due to the Definition [3.1] In order to make the discussion more transparent, we will
perform the analysis for short time and compactly supported initial data. Therefore, we can consider
the Cauchy problem associated to instead of the Neumann one, indeed:
e due to the finite speed of propagation, the Cauchy and Neumann problems share the same
solution for short time and compactly supported initial data;
e explicit formulas for the solutions of the Neumann problem involve Fourier series whereas the
ones for the Cauchy problem only relies on the more direct D’Alembert formula.

Let us consider the system

Z + A0, Z =
(4.6) o7 + A0, 0
Z(0,z) = Zp(x)
where
21 O 0 -1 0
Z=\2z|=10u]|, A=1|-1 0 O
23 m 0 0 0
and
21,0
Zo=|2,0] :R—R3
23,0

is the vector of the initial conditions. If we diagonalize the matrix A we obtain that A = P~!DP,
where

10 0 1 01 L (1 -1 o
D=0 0 0|, P=|-10 1}, Pt=—1l0 0 2
00 —1 0 1 0 2\1 1 o
If we define W = PZ and Wy = PZ;, we gain

wn {&W+D@W:O

W(0,x) = Wy(x)
that can be easily solved as
wi(t,x) = wiolr — 1),
(4.8) wa(t, x) = wap(x),
ws(t,x) = wzp(x + ).
Now, since Z = P~'W, we have that Z = S;Z;, where

z10(x —t) + z30(x — t) + 210(x) — 230()
StZO = 5 22’2’0(.%' + t)
z10(x —t) + z30(x —t) — z10(x) + 23 0()
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If we consider the Cauchy problem

(d.

we

&7 + Ad,Z = B(Z),

2 Z(0,z) = Zy(x),

obtain

t
Z(t,x) = SiZy +/ Si—sB(Z(s,x)) ds
0

1t —®'(z3(s,2 — (t —8))) + z1(s,2 — (t — 8)) — D'(23(s,2)) — 21(s, )
= StZO + 2/ 0 dS,
0 \=(z3(s,2— (t —9))) + z1(s,z — (t — 5)) + D' (23(s,2)) + 21 (s, x)

where

to

The fact that the evolution of zo = d,u only involves S; implies that the new singularities of u, due
debonding-attachment, may occur only in O.u(t,-). From the physical point of view, this means

that the stretching d,u is not sensitive to debonding-attachment phenomena.
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