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ABSTRACT

We introduce an evolutionary dynamical model for corruption
in a democratic state describing the interactions between citi-
zens, government and officials, where the voting power of the
citizens is the main mechanism to control corruption. Three
main scenarios for the evolution of corruption emerge depend-
ing on the efficiency of the institutions and the social, political,
and economic characteristics of the State. Efficient institutions
can create a corruption intolerant self-reinforcing mechanism.
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The lack of political choices, weaknesses of institutions and vote traps
buying can create a self-reinforcing mechanism of corruption.

The ambition of the rulers can induce high levels of corruption

that can be fought by the voting power of the citizens creating
corruption cycles.

1. Introduction

Corruption is one of the most relevant issues in political science and related
fields of study in the social sciences. A multitude of economical and socio-
logical effects of corruption have been identified. Moreover, a great deal of
empirical and theoretical studies have been produced, regarding the endemic
characteristics of corruption and its outreaches. Corruption has a large impact
on economies as a whole (see for instance the European Union (EU) (2014)
report on the effects of corruption).! Corruption degrades the welfare of the
individuals and the political, social and economical structure of the society
(see for instance Gupta, Davoodi, and Alonso-Terme (2002)). Corruption can
affect the trust, faith, and legitimacy of democratic regimes (see, for example,
Boswell and Rose-Ackerman (1996); Seligson (2002); Warren (2004)). In
several countries, cycles of corruption have been observed that may be asso-
ciated with electoral cycles and alternation of political parties in power (see, for
example, Sidorkin and Vorobyev (2015) and Soto and Cortez (2015)).
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'The European Union published its first ever anti-corruption report in February 2014, where it concluded that bribery,
embezzlement, financial and tax fraud, money laundering, cronyism, etc., “(...) cost the EU economy 120 billion
euros per year, just a little less than the annual budget of the European Union”.
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In broad terms corruption can be defined as the misuse of public power for
private benefit (as defined by the NGO Transparency International (TI)). Jain
(2001) suggests the following types of corruption: grand corruption, involving
political elites; bureaucratic corrupt practices involving appointed bureaucrats
or officials that deal more directly with citizens and corrupt acts occurring
when they meet the public; legislative corruption, i.e., when voting behavior
and policy making of the legislator are influenced by private interests, and
lobbying. Following Jain (2001), we propose an evolutionary game theoretic
dynamical model to study the evolution of corruption in a democratic state,
where the ruler elite, the officials and the citizens are the main players. The
ruler elite is represented by the elected government. The government can
appoint and support corrupt or honest officials. The officials or bureaucrats,
who represent the state institutions, provide services such as building permits,
licenses to the exploration of natural resources, control of compliance with
laws, control of tax payments, and various other kinds of management of the
state. Corrupt governments may be accomplice of corrupt officials, for
instance, by not applying adequate fines. Oppositely, honest governments, in
order to be efficient, will necessarily need an appropriate judiciary system to
fight corruption. When the government is corrupt, citizens may become
compliant with it in their daily lives because fighting corruption can be too
costly. When corruption persists, citizens may have a gain due to practices that
may be classified as clientelism, cronyism or vote buying.” In a democratic
state with several political parties, the compliant citizens, aware of the long-
run welfare undermining due to high corruption levels, can use their voting
power to overturn the corrupt government or to force the replacement of the
corrupt government members. Hence, the actions of the government toward
corruption depend on citizens’ actions and vice-versa, quoting Victor Hugo
(1864): “Il y a solidarité appréciable et honte partagée entre le gouvernement
qui fait le mal et le peuple qui le laisse faire”.

Evolutionary game theory is a powerful tool to predict the time dynamics of
the agents’ strategic decisions involved in social conflicts, like corruption
phenomena (see Accinelli and Carrera (2012); Accinelli et al. (2017);
Bicchieri and Dufty (1997)). Here, comparing with Accinelli et al. (2017), we
include the citizens as agents of the model. This allows us to study: (i) the time
evolution of the citizens’ strategies; (ii) their (time) dependence/influence on
the evolution of the strategies of the government and officials; and (iii) the
time dependence of the influence and strength of citizens’ voting power in
deterring corruption. The state of the system is the triple (g, o, c), where: (i) g is
the proportion of the corrupt acts by the government; (ii) o is the proportion
of corrupt officials; and (iii) ¢ is the proportion of compliant citizens. The

2A paradigmatic episode of vote buying occurred in XVIII century England in the “Spendthrift election” in
Northamptonshire Grego (1886), when three earls spent over 100,000 pounds each to win a seat.



58 (&) E.ACCINELLIETAL.

agents change their strategies along time with the goal of improving their
respective payofls, taking into account the strategies of the other agents.
Firstly, we focus our attention on the no-corruption scenario (0,0,0). The
stability of the equilibria without corruption is driven by the following main
factors: the government voting valuation for non-compliant citizens (those
who do not perceive or do not care about government corruption) is greater
than what can be obtained with corrupt actions (those that could be supported
by these citizens) that the government could try to implement or practice; and
for the benefits obtained from the penalties imposed on corrupt officials by the
non-corrupt government that turn out to be higher than the benefits obtained
from the corrupt practices of officials. Secondly, we focus our attention on the
full corruption scenario (1,1,1). The stability of the full corruption equili-
brium is driven by the following main factors: the gains with the corrupt
actions of the government and efficient vote-buying practices overcome the
benefits from stopping corruption; the gains of officials with corrupt acts are
large enough to buy the complicity of the corrupt government because of low
punishments; the judiciary system does not work well; and social beliefs of
citizens in the political system to fight corruption are low. Thirdly, we focus
our attention on the corruption cycles scenario. This scenario is driven by the
existence of a saddle-mixed equilibrium with a negative eigenvalue and a pair
of complex eigenvalues with positive real part. The boundary of its two-
dimensional unstable manifold is a stable heteroclinic cycle.” Hence trajec-
tories spiral around the mixed Nash equilibrium toward the stable heteroclinic
cycle implicating the cycles of corruption. The existence of corruption cycles is
driven by the following main factors: when levels of corruption are low, the
gains with corrupt government actions are higher than the effects of voting of
the government from the non-compliant citizens that still do not perceive the
government corruption and so do not oppose corruption; as a result, the
profits of the officials with the corrupt acts are large enough to buy the
complicity of the corrupt government; consequently, the level of corruption
increases, and citizens in general, at least in principle, have to adapt and
comply with corruption in their daily life since fighting corruption carries
a high cost; however, as this occurs, perception of corruption increases in
compliant citizens that do not tolerate high levels of corruption and so fight
corruption by using the power of their vote, and so the corrupt government
sees this as a threat to its goals of staying in power and finds it opportune to
become less corrupt to increase its chances of reelection (or the government
could be replaced by a less corrupt government through elections), the gov-
ernment decreases its corrupt acts and therefore increases sanctions imposed
on corrupt officials, leading again to low levels of officials’ corruption. Now

3An heteroclinic cycle is a path in the phase/state space of a dynamical system connecting different equilibrium
points and eventually ending in the first equilibrium, hence making a cycle. As is the case with fixed points and
periodic orbits, such cycles may be stable or unstable.
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these behaviors are repeated creating corruption cycles. In many cases, it is
observed that even when the ruling elite changes, the cycle repeats (see Soto
and Cortez (2015)).

This paper is organized as follows. In section 2 we introduce the three-
population game and we successively describe the payofts of the players of the
game. In section 3 we introduce the evolutionary dynamical model for corrup-
tion in a democratic state and we discuss the dynamical equilibria of the
system. In section 5 we show the existence of a stable heteroclinic cycle of
corruption. In section 4 we analyze a bi-stable situation where low and high
levels of corruption are stable. The concluding remarks are presented in
section 6.

2. The model

We consider a three-population, two-strategy normal-form game where the
populations are: the citizens, the government, i.e., the political elite (elected
directly by universal suffrage of citizens), and the officials appointed and hired
directly by the government to carry out administrative or bureaucratic tasks of
the State. The government may be regarded as a first-level elite. The officials
may be regarded as a second-level elite. For simplicity we assume that the
group of officials is small while compared to the citizens group. In other words,
since the group of officials is small, it has a negligible influence in elections
since they are heavily outnumbered by citizens. At the end of each electoral
period, citizens reelect the current government or not. The officials must
choose between to accomplish their task in an honest way or to require citizens
an illegal payment for the purpose of performing some task. It may be for the
fulfillment of some service or the payment of some bribe after some infraction
by a citizen. It is up to the ruler elite or government to choose between
punishing or being an accomplice of corrupt officials. In the first case we say
that the government acts in an honest or non-corrupt way and in the second
one we say that the government is acting in a corrupt way. Lastly, citizens may
act compliantly or non-compliantly with corruption. This does not mean that
the citizen is corrupt or not, but only tells us about their reactions toward
corruption. In fact, a typical citizen probably does not like corruption, but can
act in a manner compatible with corruption because it increases its utility.

Summarizing, we have a game with three populations: citizens, government,
and officials, where each one must choose between two pure strategies. This
game is symbolized by the formal expression: I' = {P, S, U}, where

« P = {G, O,C} represents the players or populations of the game where G
denotes the government, O denotes the officials and C denotes the citizens.

¢ S = Sg x Sp x S is the strategy space of the game where Sg = {G, G},
So = {0,0} and S¢ = {C, C} represent the sets of pure strategies for each
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player, namely, to be corrupt or non-corrupt for the government and the
officials and compliance with corruption or not for the citizens. Throughout
this work an over-line will denote non-corrupt or non-compliant behavior.

« U represents the utilities or pay-ofts obtained by each player depending on
his/her own strategy and on the strategies followed by the other players.

Furthermore, as usual, a mixed strategy for each player is a probability
distribution over his/her pure strategies. This mixed strategy can also be seen
as a distribution of a population over its pure strategies. We will denote by
(g,1 — g) the distribution of corrupt and non-corrupt acts of the government,
by (0,1 — 0) a distribution of the officials over the two strategies described
above, i.e. corrupt or non-corrupt officials, and by (c,1 — ¢) we represent
a distribution of the citizen’s population, i.e. compliant or non-compliant
behavior.

In the next three subsections we shall describe the pay-offs of the game that
will reflect several types of corruption and citizens’ reactions to corruption and
several instances it may take in a society.

2.1. The citizens

We consider that citizens have two possible behaviors or strategies: the one of
acting compliantly with a corrupt government, or non-compliantly toward
governmental corruption. This may be interpreted, in the extreme case of vote
buying, that citizens are willing to receive some payment from a corrupt
government. In less extreme cases, it may be regarded as simply compliance
toward corruption - even if displeasing, because of lack of alternatives, or
because corruption prevails so that accepting it can increase their utility. In
other words, the presence of government corruption might locally or in the
short-run increase citizens’ utility and they are thus forced to change their
behavior due to corruption of the system. Of course, no citizen likes corrup-
tion explicitly but for some reason he/she might be compelled to have some
degree of compliance toward a corrupt government. Cases of clientelism and
cronyism may be thought of to interpret this situation. We may also interpret
social inaction to government corruption as silent compliance as being non-
compliant may bear (social) costs and efforts from citizens. In our model,
when there is no corruption (at both government and official level) citizens
will be non-compliant since there is no corruption, deriving some degree of
satisfaction. When the government is corrupt, citizens’ beliefs against corrup-
tion may lead them to change their behavior and become compliant or not
according to the partial benefits they may get from government corruption.
Furthermore, even when the government is non-corrupt citizens may contact
officials which may be corrupt and this might lead them to change their
strategy according to the utility or dis-utility he/she gets from such contact
with corrupt officials. For instance they might be compliant toward the
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government and demand that they punish corrupt officials and diminish
corruption. The question of long-term evolution of government corruption
will then depend on how this change of utility of the citizens might work or
not as a positive or negative feedback in the evolution of corruption, whose
effect is related to citizens voting power, as we shall see further along.

The profits corresponding to each type of citizen are represented in Table 1
and the parameters are as follows:

o —1 is the dis-utility corresponding to the payment that citizens must
make when they encounter a corrupt official. Without loss of generality, we
assume it as the monetary unit.

» Up is the extra dis-utility or dissatisfaction that non-compliant citizens
assign when they encounter corrupt officials when compared to the compliant
citizens. This value represents an extra cost that the corrupt officials impose on
citizens that do not accept to practice non-legal acts.

o Ug is a utility transferred from the government to the compliant citizens
due to government practices in favor of corruption like vote buying, favorit-
ism, clientelism, cronyism, misleading propaganda, among other costs. It is
not due to a socially induced welfare gain but a utility gain due to the corrupt
behavior of the government.

o Ug is an extra utility obtained by the non-compliant citizens when the
judiciary system still works well, or due to moral and/or social beliefs of non-
compliant citizens against corruption.

o Ug is the utility of the citizens by not having to be compliant when the
institutions and the judiciary system work well and protect the citizens.

At this point, for simplification of notation and presentation it is worth
making the following comment regarding a usual type of simplification for the
payoft matrices.

Remark 1. The fact that a compliant citizen assigns payoff 0 and a non-
compliant citizen assigns payoff Ug when government and officials are non-
corrupt is not a restriction for the model and subsequent analysis. More pre-
cisely, instead of assigning 0 to a compliant citizen and Ug to a non-compliant
citizen when facing a non-corrupt government, we could have assigned the pay-
offs Ucg and Ugg, respectively. Indeed, the relevant quantity for the future
analysis is the difference

Ug=AUg = UC‘,G — UC.C'

A similar analysis holds for several other quantities. In particular, this analysis
can help to interpret why some quantities can be positive or negative, because the

Table 1. The pay-off table of the citizens in the three-population game.
G,0 G,0 G,0 G,0
c Ue —1 Uc —1 0
C Ug—(1 +Uo) Us Ug—('| +Uo) U@
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sign can result from this implicit comparison. This simplification is used when
the economic and social interpretations are clear.

The parameter U¢ corresponds to a simplified version of possible royalties
granted by corrupt governments to possible electors. In the case of entrepre-
neurs, it may correspond to public concessions or, in the case of poor families
of developing countries, to certain consumption bundles. In this way, Uc
represents the effect of clientelism, which is usually defined as the exchange
of goods and services for political support, either explicitly or implicitly
through certain asymmetric relationships between different social and political
groups (see Stokes 2005, 2009). In this way it may be seen as a kind of
legislative corruption described in Jain (2001). In more extreme cases, Uc
may be seen as a direct payment received by compliant citizens, as in the case
of vote buying in some countries where electoral frauds sometimes occur (see
Carreras and ‘repo’glu 2013). It may also be interpreted in a latu sensu as
a subjective utility gain of citizens with governmental corruption, for instance
by false propaganda efforts of the government. These pay-offs are implicit
when a citizen is compliant with corruption.* These individual profits are far
from being favorable to the development of social welfare, and moreover, they
are antagonistic to the social interest.

Remark 2. Different groups or individuals typically receive different personal
profits from a corrupt government. Given this disparity, the amount Uc can be
regarded as the average of benefits in a country, or in other words the benefit of
a representative compliant citizen when a corrupt government is in charge.
A similar interpretation holds for other quantities so that we can see them as
typical average values.

The — 1 term in the payoff of a compliant citizen corresponds to a payment
of a bribe to a corrupt official or a dis-utility provoked in the citizens by an
official’s corrupt act. There is an extra dis-utility U of a non-compliant citizen
when meeting a corrupt official. The interpretation of this situation is twofold:
a non-compliant citizen also gets a dis-utility Up>0 in addition to the —1
forced payment because of his/her noncompliance or; a non-compliant citizen
might decide not to pay the official in which case the utility or work due to
money and time involved in all the process to solve the issue or service he/she
requires will be more costly (by an amount Up) than paying the official at once.
The parameter Up may be regarded as an attrition that causes a utility loss

“For instance it is well documented that in some countries some distribution of benefits and/or payments by some
politicians occurs for instance in the context of electoral campaigns (see Brusco, Nazareno, and Stokes (2004)). In
these cases it is often reported that even if people acknowledge these as corrupt practices, they do not explicitly
condemn them, and indeed accept such payments, therefore acting in a compliant way. Another example would
be using fake news to denigrate the image of the political opposition and, by comparison, to make the government
appear as less corrupt which may have an effect on citizens.
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because of the contact of a citizen that is not compliant toward corruption with
a corrupt official.

2.2. The officials

We will consider officials appointed by a central authority (the government) to
provide certain services required by citizens, or necessary to the administra-
tion of the state. Their functions will be to carry out the administrative tasks
that citizens require daily such as building permits, exploitation of natural
resources, control of compliance with laws, control of tax payments, various
kinds of management.

These officials can perform a given duty honestly or dishonestly, which we
will proverbially call non-corrupt and corrupt, respectively. In the former case
the official acts respecting the objectives of his/her functions in accordance
with the law. Dishonesty may have very different forms. A dishonest action
(which we will call a corrupt action) occurs when the official uses his/her
investiture to seek direct personal benefit different from that implied by his/
her functions, or it may take the form of an indirect benefit for himself/herself
from a third party (e.g. family member, an acquaintance, a company). In the
case of this model we use a simplified version summarizing all these nuances.
We evaluate this in a monetary unit + 1.

The payoffs of the officials are given in the following table (Table 2).

o F is the fine imposed by an honest government to a corrupt official.

e Pp is the utility transferred (payments, bribes, fines) from the corrupt
officials to the corrupt government to keep their corrupt behavior unpunished.

* Py is the utility transferred (payments, bribes, fines) from the non-corrupt
officials to the corrupt government to keep their jobs or because of political
alignment.

Fines and punishments by the government are average values observed in
society representing the average/typical pay-ofts for the officials in a society.

2.3. The government

We will consider a central authority or government which has responsibility
and influence in corruption phenomena in a society. Indeed, the government
may be seen as a guardian against corruption at other levels but that may itself
be corrupted. However, there are expected effects of voting that are

Table 2. The pay-off table of the officials in the three-
population game.

G,C G,C G,C
0 1—P 1—P 1—F
0 —Ps — Py 0

,C
—F

o = Q
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characteristic of democracy that influence the actions of the government.
Government non-corruption perceived by citizens is in general an incentive
to vote for the reelection of the government or the political party that supports
it. This incentive is even more important for those citizens who prefer to
follow the legally established norms. On the other hand, perception of govern-
ment corruption can be blurred by lack of information or false news reaching
the citizens.

The pay-oft table for the government is as follows (Table 3).

« V¢ is the voting valuation attributed by a corrupt government for
reelection by compliant citizens.

s Ve is the voting valuation attributed by a corrupt government for
reelection by non-compliant citizens.

* V¢ is the voting valuation attributed by a non-corrupt government for
reelection by compliant citizens.

* Ve g is the voting valuation attributed by a non-corrupt government for
reelection by non-compliant citizens.

These voting valuations represent the estimated influence (in utility terms)
of governmental corruption in the citizens’ vote in favor of reelection of
a government. In other words, they reflect the expected values that
a government assigns to be maintained in power for one period more accord-
ing to the vote of the citizens in an election. In other words it is an assessment
by the government of its actions/behaviors in the public space regarding
relations to the citizens in terms of the expected effects of voting. From the
point of view of citizens these reflect their voting power.

Recalling Remark 1, we consider the quantities V¢ and V¢ given by

Ve=AVe =Vee— Vee and Ve=AV¢ = Vee — Vee:

In the subsequent analysis, the voting valuations V¢ and Vg will be of vital
importance.

For instance, in a well-functioning democracy, the value V¢ can be large
when compliant citizens are concerned with perceived high levels of corrup-
tion because they have to deal with it in their daily life and they might prefer to
live according to the established legal norms. In this case we may say that
citizens have high voting power. Furthermore, the value V; can be smaller
than V¢ because non-compliant citizens may be less aware of government
corruption. In an ill-functioning democracy, the value V¢ can be small (or
negative) when compliant citizens do not have credible alternatives to

Table 3. The pay-off table of the government in the three-population

game.

0,C o,C 0,C 0,C
G Po—L Po Py—L P,
G Ve+F—J Vet F—J Ve Ve
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a corrupt ruling elite and they see corruption as a usual circumstance with
which they have to live, and even more, they would prefer to violate the law
since it is the usual stance in such a state of affairs.

If both values V¢ and V¢ are high enough then the citizens in a democratic
state are able to fight government corruption successfully. However, if the
non-compliant citizens are not aware of corruption then Vi might be small (or
negative), allowing the government to change its practices gradually from non-
corrupt to corrupt acts. If corruption is high but there is a large number of
compliant citizens (and so aware of the high levels of corruption) that want to
use the voting power to fight corruption, then V¢ might be large enough to
impose significant internal changes in the government to become less corrupt
or even to overturn the corrupt government. Conversely, if vote-buying
practices used by a corrupted government are successful and democracy is
undermined, then V¢ can be negative creating a self-reinforcing mechanism
between the compliant citizens and the corrupted government (as in Victor
Hugo’s aforementioned quote).

o ] is a cost related to the maintenance of the judiciary system and other
anti-corruption mechanisms by a non-corrupt government to fight
corruption.

o L is a loss that a corrupt government incurs to influence and increase its
chances of remaining in power by keeping the status quo of corruption. It may
be seen as a cost or a payment by the government to provide fiscal benefits to
some sectors of the population, to buy votes or the costs of propaganda efforts.

It is often observed that whenever a corrupt ruler elite has a short time
horizon it may in some way appropriate property or abrogate previously
signed contracts and generally ignore the long-run economic consequences
of their choices and focus on short-term decisions (see for instance Olson
(1993)). A corrupt elite with such a short time horizon may thus take welfare
even from those who could act as accomplices, in our case the officials. This is
measured by Pp and Py and represents the relations and network of corrup-
tion of a government toward its bureaucracy and lower level elite. When the
government is non-corrupt but corruption exists at the level of the officials, the
quantities F, P and ] interplay. They may be seen respectively as a benefit and
costs of the government’s action against corruption and will be important in
the evolutionary outcomes as we shall see. More precisely, the quantity F —
J — Po is a measure of non-corrupt government’s efficiency in fighting corrup-
tion. This is related to the quality and effectiveness of the justice system of
a non-corrupt government.

3. The evolutionary dynamics of corruption in a society

In this section, taking into account the individual behaviors of the different
protagonists, who in a given society face the dilemma of corruption, we build
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an evolutionary dynamical system model based on the replicator dynamics.
A state of the system, in general terms, measures the distribution of corruption
among society, like the frequency of corrupt acts carried out by individuals or
institutions. The parameters of the game modeling the conflict, in general
terms, describe some socio-political and economical characteristics of
a society. Once an initial condition is given and the values of the parameters
are fixed, the evolutionary trajectories of corruption in such society are
determined by the model. Future evolution will be modified if the initial
condition or the values of these parameters are changed. Based on this
observation, it is possible to dynamically interpret the effects of such initial
conditions and parameters on corruption evolution. Hence, the model gives
an insight into the mechanisms at work and how to define policies and lines of
action which may contribute to combat or prevent the growth of corruption.

We will characterize the evolution of corruption in a society by a system of
three differential equations, each one corresponding to the dynamical behavior
of the strategy or distribution among the two types for each one of the three
populations of the game. The trajectories of this system represent the possible
evolution of corruption in the society in the three levels corresponding to each
one of the players or populations of the game. Taking into account the
classification of various types of corruption presented in Jain (2001), we have
that our dynamical system tracks the evolution of grand corruption at the level
of the political elites, such as the government, the dynamics of petty corruption
that occurs at the level of officials, and finally the dynamics of citizen’s com-
pliance to corruption. The insight of evolutionary game theory is that selection
will act to evolutionarily choose the options which will locally increase the
utilities of the agents in the population. Replicator dynamics assumes that
players in the populations compare the expected utilities from the use of each
one of the pure strategies and will increase the proportions of the pure strategies
that will perform better. Following Weibull (1995), the replicator dynamics
turns into the following set of ordinary differential equations:

We use the notation E(-) for the expected value of a pure strategy of a player/
population given the distribution or mixed strategy of the other players/
populations. After some algebra we have that these equations may be written
in the form:

¢ =g(1 — g)(Ego + Byc + Dy)
0=o0(1—0)(A,g +D,)
¢=c(1—c)(Ag+ Ugo — Ug)
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where
Eg=J]+Po—F—Py
By=Ve—Ve—1L
Dg:P*—V@
A, =F+Pg—Po
D,=1—F

A.=Uc+ Ug — Ug

Once the parameters of the model are fixed, then the dynamical system is
well defined and if in addition the initial conditions are given the system has
a unique solution. Thus the trajectories of the dynamical system will reflect the
possible evolution paths of corruption in the society according to our model.
Societies with similar or even equal initial conditions can evolve to very
different steady states according to the parameters which reflect the character-
istics of the society. This means that changes in public policies or other events
with repercussions in the values of the parameters of the model can give place
to changes in the trajectories of corruption. We will characterize the role of
these parameters and its relevance in the fight against corruption or in the
perpetuation of corruption.

The relevant state space for the dynamics is the unit cube C= [0, 1]°. The
vertices are the states where each agent/population has only individuals of
one type, i.e. all agents following the same pure strategy/behavior. The edges
are the states where agents/population have only individuals of one type,
except for one agent/population that can opt by a mixed strategy, or alter-
natively has individuals of different types. The dynamics close to the vertices
and edges are crucial to help to understand the global dynamics. We observe
that each vertex is a fixed point or equilibria for the dynamics, and each edge
and face of the unit cube are invariant for the dynamics. As usual, the
stability of the equilibria of the dynamical system (1) will be essential in
our analysis.

Each edge of the unit cube has two fixed coordinates and one free coordi-
nate. The dynamics along an edge is obtained by looking at the relevant
equation of the dynamical system (2), i.e. the equation of the free coordinate
and substituting the values of the fixed coordinates. A special feature of the
replicator dynamics is that this value is constant along each edge. After
substitution, the value of the free coordinate will increase if the obtained
quantity is positive and it will decrease if the quantity is negative. If it is
zero, we are in a degenerate case where all the points at the edge are dynamical
equilibria. The quantities characterizing the vector field along the edges of the
unit cube are related to the model parameters and have social, economical and
political interpretations that we will use in the analysis in the following
sections and play a very important role in the overall dynamics. In Figure 1
we depict the behavior of the dynamics along the edges of the unit cube. Each
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(0,0.1)

Up—Ug <0
(Jr(' - [/T(,' >0

(0,0.0) Uc—Ug+Up >0

(0,1.0)

(1,1.0)

Figure 1. The dynamics and relevant quantities on the edges of the unit cube with each player/
population in different colors: black for the government, green for the officials and red for the
citizens.

player/population of the game is represented by a different color. We also
present the relevant quantities determining the dynamics on each edge.

3.1. The interior mixed equilibrium

Apart from studying the stability of the equilibria that are at the vertices, it is
useful to study the interior mixed equilibrium. By some simple algebra, we find
that the interior mixed equilibrium Q* = (g*, 0%, ¢*) is given by:

«_ Do
£TA,
* Ao UG + AcDo
Ao
P (DyUo + E,Ug) + AEgD,

A,B,Uo
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We observe that if the parameters of the model are such that the inequalities
0<g* 0%, ¢ <1 hold then Q" is a mixed steady state for the dynamical system
in the interior of the unit cube and, so, it is a Nash equilibrium for the game
(see Weibull (1995) for the details). This stationary state is characterized by the
fact that government, officials and citizens are indifferent between their pure
actions, i.e.

E(G) = E(G), E(O) = E(O) and E(C) = E(C).

To study the stability of the mixed equilibria we will make use of the
following notation:

When G*O*C* = 0 then at least one of these is zero which means that the
mixed equilibrium is on the boundary of the cube, which may be a face, an
edge, or a vertex. The Jacobian matrix of the linearization at the mixed
equilibrium is

0 GE G'B,
04, 0 0
C'Ac C'Up 0

whose eigenvalues are the roots of the characteristic polynomial:
2 — MG O"EgA, + G*C*BgA,) — G*O*C*ByA,Up .

Since it is a cubic polynomial, there is a real root. Vieta’s formulas imply that
the sum of the three roots of the above polynomial is zero. There are two cases:
1. B;A,Up = 0. Then one of the roots is zero. The other two are either two
conjugate pure imaginary numbers, or two symmetric real numbers. In this
case the point is not hyperbolic and Hartman-Grobman’s is not applicable.

2. B;A,Up#0. Then zero is not a root. Hence the polynomial has a non-zero
real solution and so must have another solution with non-zero real part of
opposite sign. Hartman-Grobman’s theorem implies that the mixed equili-
brium is a saddle.

When B,A,Up = 0 we are again in a degenerate case in which either A, = 0
or By = 0 (since we assumed Up >0). It can be readily seen from the expres-
sions (3) defining the mixed equilibrium that when A, =0 or B, = 0 the
mixed interior equilibrium is not defined. So we conclude that when the
completely mixed equilibrium exists, i.e. it is in the interior of the unit cube,
then it is always a saddle, and it may be a spiraling saddle when there are roots
with non-zero imaginary part.

We cite some useful facts about the replicator dynamics whose proofs may
be found in Weibull (1995). First, in the long run dominated pure strategies
are not used. Most importantly, asymptotically stable states correspond
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precisely to strict Nash equilibria. This implies that a mixed equilibrium is
never asymptotically stable. So only the vertices of the cube can be asympto-
tically stable. Furthermore, the study of the stability of the vertices can be made
by analyzing the behavior of the dynamics along its incident edges. We will
show that the dynamics along the edges have very useful social, economical
and political interpretations in terms of the parameters of the model.

4. Bi-stability: full-corruption vs. no-corruption

In this section we study a scenario where a bi-stable situation occurs, i.e. the
coexistence of two stable equilibria, where nonetheless, one of them is socially
preferable to the other: the no corruption equilibrium and the full corruption
equilibrium are asymptotically stable.

Firstly, we focus our attention on the stability of the no-corruption scenario
(0,0,0), i.e. the equilibrium where both government and officials are non-
corrupt and citizens are non-compliant accordingly. The equilibrium (0, 0, 0)
is asymptotically stable if and only if D, <0, D, <0 and Ug >0 (see Weibull
(1995)). These inequalities are equivalent to the vector field in the three edges
that are incident to the vertex (0,0,0) to point toward the vertex (0,0,0).
Hence, in a neighborhood of the vertex (0, 0,0), we have

¢ =g(1 —g)(Ego+ Bgc + D,) <0
0=0(1—-0)(A,g +D,) <0
¢=c(l1—c)(Ag+ Upo — Ug) <0

We now analyze the social, economical and political implications of the
asymptotic stability of the no-corruption scenario (0,0,0). The government
is non-corrupt when citizens’ compliance is low, officials corruption is low and
Py < V¢ (equivalently D, <0), i.e.

¢ =g(1 —g)(Ego + Byc + Dg) <0.

This occurs when the voting valuation by the government from the non-
compliant citizens is higher than the possible gains from corrupt actions of
the government. The utility Py to be low can also be interpreted as the
judiciary system to be working well, not allowing a corrupt government to
take gains from corrupted actions of officials and institutions. This promotes
a fair relationship between the government and its bureaucracy. The officials
are non-corrupt when government corruption is low and F>1 (equivalently
D,>0), i.e.

0=o0(1—0)(A,g + D,) <O0.

This means that the fines imposed by the non-corrupt government, which is
a cost for the officials, is higher than the benefits from corrupt practices by the
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officials. The citizens are not compliant when officials’ corruption is low,
government corruption is low and Ug >0, i.e.

¢=c(l—c)(Ag+ Upo — Ug) <0.

The utility of the citizens Ug is positive when the institutions and the judiciary
system work well and protect the citizens.

Secondly, we focus our attention on the stability of the full corruption
scenario (1,1,1), i.e. the equilibrium where both government and officials
are non-corrupt and citizens are non-compliant accordingly. The equilibrium
(1,1,1) is asymptotically stable if and only if E, + By + Dy >0, A, + D, >0
and A. + Up — Ug >0 (see Weibull (1995)). These inequalities are equivalent
to the vector field in the three incident edges to the vertex (1,1,1) pointing
toward the vertex (1, 1, 1). Hence, in a neighborhood of the vertex (1,1, 1) we
have

g =8(1 —g)(Eg0+ Byc+D;) >0
0=0(1—-0)(Acg+ D,)>0
c=c(l —c)(Ag + Upo — Ug)>0

Now we analyze the economic social and political implications of the asymp-
totic stability of the no-corruption scenario (1,1,1). The government is
corrupt when citizen compliance is high, officials corruption is high and Py +
J>Vc + F + L (equivalently, E, + B, + D, >0), i.e.

g=g01 —g)(Ego+Bgc+Dg) >0

This means that the gains with the corrupt actions of the government over-
come the fines applied to the corrupt officials even with the associated costs as
vote buying and practices of clientelism. Observe that in this case the democ-
racy is undermined, or we might be in an extreme case of a dictatorship or
authoritarian regime (see Accinelli et al. (2017)), because compliant citizens
are not able to fight corruption using the power of the vote (V¢ is not large
enough to fight corruption). The officials are corrupt when the government
corruption is high and 1 — Pp> — Pg (equivalently A, + D,>0), i.e.

0=0(1—0)(A,g + D,)>0.

This means that the gains of the officials with corrupt acts are large enough to
compensate for utility transferred to the corrupt government. The citizens are
compliant when the government corruption is high, officials corruption is high
and Uc> Ug — Up (equivalently A, + Up — Uz >0), i.e.

¢=c(1—c)(Ag+ Upo — Ug)>0.

This means that the utility transferred from a corrupt government to the
compliant citizens is higher than the extra utility obtained by the non-
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compliant citizens. This can be the case of vote buying or when the judiciary
system does not work well, and the social beliefs of citizens against corruption
are low.

The bi-stability scenario occurs when the no-corruption equilibrium and
the full-corruption equilibrium are asymptotically stable, i.e. the above six
inequalities hold simultaneously. The intuition is that there are two self-
reinforcing mechanisms occurring simultaneously, one for the no-
corruption equilibrium and other for the full corruption equilibrium. We
observe that in this case the initial condition of the society determines to
which equilibrium the society evolves. This situation is akin to a social trap
since there are two stable equilibria, which are also Nash equilibria for the
original game, one of which is Pareto dominated and another one, socially
preferable in the Pareto sense with low levels of corruption (for more on social
traps see Rothstein (2005)).

We plot some trajectories for this bi-stability scenario in Figure 2. The
interior mixed equilibrium is very relevant for the dynamical outcome. In this
situation the interior mixed equilibrium has a positive real eigenvalue and
a pair of complex conjugate eigenvalues with negative real part. Hence it has
a stable manifold with dimension two, whose boundary is an unstable hetero-
clinic cycle, and an unstable manifold of dimension one. The stable manifold
intercepts the cube in a heteroclinic cycle which is a repelling since trajectories
follow the stable manifold in a spiraling way due to a pair of complex
eigenvalues approaching the interior mixed equilibrium, and subsequently,
the trajectories follow the transverse direction influenced by the unstable one-
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,08 ]
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=0.6 _|
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€
804 _|
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g
50.2 _| |
0
0 . 0.2
B — 0.4
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0.4 5 T corrupt
corrupt officials ’ 0.8 ) 1 government

Figure 2. A repelling heteroclinic cycle leading to a bi-stable scenario.
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dimensional manifold of the interior mixed equilibrium, whose boundary
consists of the two asymptotically stable equilibria. In this case there is a two-
dimensional manifold separating the interior of the unit cube into two parts,
which are the basins of attraction of the two stable equilibrium points. Hence,
evolution is initial condition dependent and changes in the initial condition
will give place to important changes in the future evolution of corruption: in
one side of the stable manifold society is evolving to a corruption social trap
and, on the other hand, an equilibrium of low levels of corruption.

5. Corruption cycles

In this section we show the appearance of stable heteroclinic cycles of corrup-
tion. Furthermore, we show that two heteroclinic cycles coexist for a given set
of parameters such that for a subset of these parameters one is stable and for
the other subset of these parameters the other is stable.

The heteroclinic cycles are determined by six-letter words, like GOCGOC,
where the order means the time sequence of the events and each letter means
what will happen along time to that group in the edge under consideration of
the cube. Similarly to the previous section, the behavior of the group along an
edge is determined by the corresponding inequality. Hence, each heteroclinic
cycle is determined by six inequalities that determine the space of parameters,
where the heteroclinic cycle exists (albeit not necessarily stable).

The heteroclinic cycle GOCGOC exists if and only if the following six
inequalities hold. The government gets corrupt when citizen compliance is
low and officials corruption is low when Py > V¢ (equivalently D, >0), i.e.

¢ =g(1 — g)(Ego + Bgc + Dg) >0.

The gains with the corrupt actions of the government are higher than the
voting valuation by the government from the non-compliant citizens. It may
be interpreted as that non-compliant citizens still do not have perceived the
government corruption and so do not oppose, or that citizens are not suffi-
ciently aware of corruption. The officials get corrupt when government cor-
ruption is high and citizen compliance is low when 1 + Py > Py (equivalently
A, + D,>0), i.e.

0=o0(1—0)(A,g + D,)>0.

The gains of the officials with the corrupt acts are large enough to compensate
for utility transferred to the corrupt government. The citizens become com-
pliant when government corruption is high and officials corruption is high
when Uc + Up > Ug (equivalently A. + Up — Uz >0), i.e.

c= C(l — C)(Acg+ Uopo — UG)>O-
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The utility transferred from a corrupt government to the compliant citizens is
higher than the utility obtained by non-compliant citizens. Furthermore, the
dis-utility of non-compliant citizens due to the corrupt officials is high. For
instance, when the judiciary system is weak and the institutions do not work
properly, if the citizens do not pay the bribes asked, they might have to face
a very costly process or put themselves in danger. The government corruption
gets low when citizen compliance is high and officials corruption is high when
Po +]<Vc+ F+ L (equivalently E, + By + Dy <0), i.e.

¢ =g(1 — g)(Ego + Bgc + D) <0.

Hence, the voting valuation V¢ by the government from the compliant citizens
is high enough to force the government to become non-corrupt or the citizens
elect a new government that is less corrupt. The officials get less corrupt when
government corruption is low and citizen compliance is high when F>1
(equivalently D, <0), i.e.

0=o0(1—0)(A,g + D,) <O0.

The fines imposed by the non-corrupt government are higher than the benefits
from the corrupt practices of the officials. The citizens become non-compliant
when government and officials corruption is low when — Ug <0, i.e.

¢=c(1—c)(Ag + Ugo — Ug) <0.

The utility of the citizens Ug when the institutions and the judiciary system
work well and protect the citizens is positive.

We plot some trajectories for this scenario in Figure 3. In this scenario,
there is a heteroclinic cycle connecting vertices of the unit cube and the
connections are the edges of the cube. This cycle is attracting, because any
trajectory beginning in the interior of the unit cube approaches it with the
exception of the mixed steady-state which is an equilibrium of the system. The
interior mixed equilibrium is relevant for the dynamical outcome and the
appearance of the heteroclinic cycle. Indeed, the equilibrium has a negative
real eigenvalue and a pair of complex conjugate eigenvalues with positive real
part. Hence, it has a dimension two (i.e. a surface) unstable manifold and
a transverse stable manifold with dimension one. The dimension two unstable
manifold is topologically like a disk containing the interior mixed equilibrium
inside the unit cube. The heteroclinic cycle is the boundary of such dimension
two unstable manifold with the unit cube whose intersection produces the
aforementioned cycle. So trajectories initially approach the interior mixed
equilibrium and the unstable manifold following the stable manifold of the
interior equilibrium and subsequently follow the unstable manifold going
away from the equilibrium point. Thus they will approach the heteroclinic
cycle in a spiraling way due to the pair of complex eigenvalues of the mixed



THE JOURNAL OF MATHEMATICAL SOCIOLOGY 75

0
C
N
=0.6 _|
[&]
€
S04 _|
Q.
g
0.2 _| |
0
0 > 0.2
0.4
0.2 - .
0.4 0.8 06 corrupt
corrupt officials ' 0.8 ' government

Figure 3. The GOCGOC attracting 6-edge heteroclinic cycle.

equilibrium. In Figure 3, we draw the one-dimensional stable manifold of the
interior mixed equilibrium transverse to its two-dimensional unstable
manifold.

We observe that heteroclinic cycles can co-exist. For instance the hetero-
clinic cycle GOCGOC from above and the heteroclinic cycle GCOGOC can co-
exist. In the heteroclinic cycle GCOGOC, after the government becomes
corrupt, the citizens become compliant and only after that the officials become
corrupt. Hence, the heteroclinic cycle GCOGOC is determined by all the above
inequalities, except the second inequality which is replaced by the follow-
ing one:

A —Ug=Uc—-Ug>0.

Hence, these two heteroclinic cycles co-exist, not necessarily being stable,
when the seven inequalities discussed in this section hold. We observe numeri-
cally that for a subset of these parameters the heteroclinic cycle GOCGOC is
stable (see Figure 3) and for other subset of these parameters the heteroclinic
cycle GCOGOC is stable (see Figure 4).

6. Conclusions

It is well known that corruption is one of the major issues in today’s political
science and sociological studies. In democratic contexts, corruption can work
as a mechanism which erodes democracy and citizenship and the legitimacy
and trust of political systems. One major question is how does corruption
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Figure 4. The GCOGOC attracting 6-edge heteroclinic cycle.

evolve and which mechanisms operate in its evolution and hence how is it
possible to deter this process?

In this work we obtain some insight and heuristic to these questions by
means of an evolutionary dynamical mathematical model of conflict between
different socio/economical/political agents. We consider and analyze the
effects of citizens in the evolution of corruption, who can be the victims of
corruption even if benefiting from it, i.e. exhibiting some compliance to it. We
considered an evolutionary model based on the replicator dynamics where the
agents (considered as players of a multi-population normal-form game) com-
pare their respective expected payoffs and update their behaviors/actions
according to their average performances to attempt to improve their payofts.
The behaviors along time are evolutionarily selected by the replicator
dynamics which appears as a natural mathematical tool to describe the evolu-
tion of corruption in a society, representing the spirit of evolution according to
the strategies or behaviors that perform better in each circumstance. The
dynamics allow us to analyze the possible paths of corruption involving the
evolution of governmental corruption — grand corruption — the corruption of
the officials — bureaucratic corruption - and the citizens’ compliance toward
corruption. The evolution of citizens' behavior/compliance toward corruption
may have a large effect in the long-run evolution of corruption. The para-
meters of the model are interpreted in socio-political and economical terms,
namely that of institutions that have an influence on the dynamics of the game,
and also including parameters relative to citizens’ relation to governmental
and officials corruption.
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The leading role that citizens play in democracy is made particularly clear
by the existence of stable heteroclinic limit cycles. It corresponds to
a functioning democracy where corruption advances but only up to a certain
moment, since eventually low corruption levels are obtained again. Citizens’
exposure to high corruption levels can trigger, by the power of the vote,
subsequent changes in the behavior of the government that becomes less
corrupt or is overturned.

The stability of these cycles will depend on the values of the parameters, so
estimates of these values may be of interest to provide guidelines for the
implementation of public policies aimed at avoiding or at least counteracting
the development of high levels of corruption. Although in the introduction we
have considered examples from the empirical literature as sources of inspira-
tion for this model, future work will consist of expanding the complexity of the
model and analyzing the behavior of the solutions when the values of the
model parameters are modified and contrasting them with real cases. There is
an extensive literature that accounts for the evolution of corruption in differ-
ent countries. We understand that our model adapts well to different scenarios
and will be of great help in understanding and developing public policies
aimed at combating corruption.

We also considered another scenario corresponding to a bi-stable scenario
of two extreme cases: equilibria exempt from corruption and, at the other end,
of those societies where corruption ends up dominating and that may be seen
as configuring a certain kind of a social trap. These cases depend not only on
the influence of citizenship and democracy on corruption, but also on the
status quo of the institutional framework within society such as measures and
its efficiency against corruption.

Taking into account the existence of transient moments of high corrup-
tion there are several related topics regarding corruption and its evolution
that can be envisaged within the game theory framework and tools. These
may include the study of stochastic effects or random shocks in variables of
the models. They may be related for instance due to effects that exogenous
variables may have in the perception of corruption in citizens, particularly
meaningful in periods of high corruption in such heteroclinic cycles. Such
effects may be the result of the media, public influence such as manifesta-
tions, aftermaths of an election and government change, and the important
topic of the effects of fake news and mass media in the public perception of
corruption.
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