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Abstract

Non-idempotent intersection types provide quantitative information about typed programs,
and have been used to obtain time and space complexity measures. Intersection type systems
characterize termination, so restrictions need to be made in order to make typability decidable.
One such restriction consists in using a notion of finite rank for the idempotent intersection
types. In this work, we define a new notion of rank for the non-idempotent intersection types.
We then define a novel type system and a type inference algorithm for the A-calculus, using
the new notion of rank 2. In the second part of this work, we extend the type system and the
type inference algorithm to use the quantitative properties of the non-idempotent intersection
types to infer quantitative information related to resource usage. In the last part of this work,
as a complement to the theoretical results, we implement (in Haskell) the newly defined type

inference algorithms.

Keywords: lambda-calculus,intersection types,quantitative types,tight typings.
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Resumo

Tipos com interse¢des nao-idempotentes podem ser usados para fornecer informacao quantitativa
sobre os programas tipados, e tém sido usados para obter medidas de complexidade. Sistemas de
tipos com intersegoes caracterizam terminacao, por isso é necessario fazer restrigoes de modo a
tornar o problema de typability decidivel. Uma possivel restricdo consiste em usar uma nocao de
rank finito para os tipos com intersecoes idempotentes. Neste trabalho, definimos uma noc¢éo nova
de rank para os tipos com interse¢oes nao-idempotentes. Definimos entdo um novo sistema de
tipos e um algoritmo de inferéncia de tipos para o A-calculus, usando a nova definicdo de rank 2.
Na segunda parte deste trabalho, estendemos o sistema de tipos e o algoritmo de inferéncia
para usar as propriedades quantitativas dos tipos com interse¢bes nao-idempotentes para inferir
informagdo quantitativa relacionada com o uso de recursos. Na ultima parte deste trabalho, como
complemento aos resultados tedricos, implementamos (em Haskell) os algoritmos de inferéncia de

tipos que definimos.

Palavras-chave: lambda-calculus,tipos com intersegoes,tipos quantitativos,tipagens tight.
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Chapter 1

Introduction

The ability to determine upper bounds for the number of execution steps of a program in
compilation time is a relevant problem, since it allows us to know in advance the computational

resources needed to run the program.

Type systems are a powerful and successful tool of static program analysis that are used,
for example, to detect errors in programs before running them. Quantitative type systems,
besides helping on the detection of errors, can also provide quantitative information related to

computational properties.

1.1 Quantitative Types

Intersection types, defined by the grammar o ==« | o1 N---Noy, — o (where « is a type variable
and n > 1), are used in several type systems for the A-calculus [7, 8, 19, 28] and allow A-terms
to have more than one type. For instance, in an intersection type system, it is possible to assign
the type ((a1 —o a2) Na1) — ag to the A\-term Ax.zx — essentially, the first occurrence of x has
the type a; —o a9 and the second occurrence has the type ;. Note that this term is not typable

in a system like the Curry Type System [9, 10] that uses simple types.

Non-idempotent intersection types [3, 13, 16, 21], also known as quantitative types, are a
flavour of intersection types in which the type constructor N is non-idempotent, and provide
more than just qualitative information about programs. They are particularly useful in contexts
where we are interested in measuring the use of resources, as they are related to the consumption

of time and space in programs.

Type systems based on non-idempotent intersection types, use non-idempotence to count the
number of evaluation steps and the size of the result. For instance, in [1], the authors define
several quantitative type systems, corresponding to different evaluation strategies, for which they
are able to measure the number of steps taken by that strategy to reduce a term to its normal

form, and the size of the term’s normal form.
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1.2 Linear Rank

Typability is undecidable for intersection type systems, because they characterize termination —

a A-term is strongly-normalizable if and only if it is typable in an intersection type system.

One way to get around this is to restrict intersection types to finite ranks, a notion defined
by Daniel Leivant in [23] that makes typability decidable [20]. Type systems that use finite-rank
intersection types are still very powerful and useful. For instance, rank 2 intersection type
systems [12, 19, 27] are more powerful, in the sense that they can type strictly more terms, than

popular systems like the ML type system [11].

In Chapter 3, we present a new definition of rank for the quantitative types, which we call
linear rank and differs from the classical one in the base case — instead of simple types, linear
rank O intersection types are the linear types. In a non-idempotent intersection type system,
every linear term is typable with a simple type (in fact, in many of those systems, only the linear
terms are), which is the motivation to use linear types for the base case. The relation between
non-idempotent intersection types and linearity has already been studied by Kfoury [21], de
Carvalho [13], Philippa Gardner [16] and Florido and Damas [15].

Our motivation to redefine rank in the first place, has to do with our interest in using
non-idempotent intersection types to estimate the number of evaluation steps of a A-term to
normal form while inferring its type, and the realization that there is a way to define rank which

is more suitable for the quantitative types.

Further in Chapter 3, we define a new intersection type system for the A-calculus, restricted
to linear rank 2 non-idempotent intersection types, and a new type inference algorithm (based

on Trevor Jim’s [19]), which we prove to be sound and complete with respect to the type system.

1.3 Counting Reductions

One of the main goals in this work is to have a type system and a type inference algorithm capable
of giving quantitative information related to resource usage. So in Chapter 4, we extend the type
system and inference algorithm presented in Chapter 3, to use the quantitative properties of the
linear rank 2 non-idempotent intersection types to infer not only the type of a A-term, but also

the number of evaluation steps of the term to its normal form.

The new type system is the result of a merge between our Linear Rank 2 Intersection Type
System from Chapter 3 and the system for the leftmost-outermost evaluation strategy presented
in [1]. We prove that the system gives the correct number of evaluation steps for a kind of

derivation.
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As for the new type inference algorithm, we show that it is sound and complete with respect
to the type system for the inferred types, and conjecture that the inferred measures correspond
to the ones given by the type system (i.e., correspond to the number of evaluation steps of the

term to its normal form, when using the leftmost-outermost evaluation strategy).

In order to test the new algorithm, we also implement it in Haskell, as well as other type

inference algorithms and procedures to evaluate terms to normal form.

1.4 Contributions

The main contributions of this work are the following:

A new definition of rank for non-idempotent intersection types, which we call linear rank
(Chapter 3);

A Linear Rank 2 Intersection Type System for the A-calculus (Chapter 3);

A type inference algorithm that is sound and complete with respect to the Linear Rank 2
Intersection Type System (Chapter 3);

e A Linear Rank 2 Quantitative Type System for the A-calculus that derives a measure

related to the number of evaluation steps for the leftmost-outermost strategy (Chapter 4);

o A type inference algorithm that is sound and complete with respect to the Linear Rank 2
Quantitative Type System, for the inferred types, and gives a measure that we conjecture to
correspond to the number of evaluation steps of the typed term for the leftmost-outermost

strategy (Chapter 4);

o Implementation of the newly defined type inference algorithms (Chapter 5).

Part of the work from Chapter 3 and Chapter 4 was presented before by us at the TYPES 2022

conference [25].






Chapter 2

Background

In this chapter we present the basic concepts and existing work that underlie our thesis, including

definitions and notations that will be used in subsequent chapters.

2.1 M-Calculus

The A-calculus was introduced by Alonzo Church [4] in the 1930s as part of a system intended
as a foundation for mathematics. That system was shown to be logically inconsistent in 1935
by Kleene and Rosser [22]. So in 1936, Church separately published the consistent part of the
system [5], which we now call the type-free A-calculus. This, along with its typed versions, has
been playing, since then, an instrumental role in computer science, in the theory of programming

languages, as well as in many areas of mathematics, philosophy, linguistics and category theory.

For a more complete view into the A-calculus, please refer to [14]. Some of the definitions in

this section can be found in [2, 18].

Notation 2.1.1. We use x,y to range over a countable infinite set V of variables and M, N to
range over the set A of A-terms. In both cases, we may use or not single quotes and/or number

subscripts.

Definition 2.1.1 (Type-free A-calculus). The terms of the type-free A-calculus are defined by

the following grammar:
M:= x| (MM) | (\zM)

where a term of the form:

x is called a term wvariable;
(M1 Ms) is called an application;

(AxM)  is called an abstraction.
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Example 2.1.1. Some examples of A-terms are:

(z122);
(Az1(z122));
(Az1(z122))23);
(Az3((Az1(2122))23))24)-

An application (M;Ms) can be seen as a function M; being applied to an argument My, and
an abstraction (AxM) is a function definition and can be interpreted as ‘the function that assigns
to x the value M.

Notation 2.1.2. We use the following convention that lets us omit parentheses:

— outermost parentheses are not written;
— applications are left-associative: MMy ... M, stands for (... ((M;Ma)Ms)...M,);
— Az122 ... 2y M stands for (Axy(Aza(... (Azp(M))...))).

Example 2.1.2. Using this convention, the terms in Example 2.1.1 may be written as follows:

Z;

1223
AT1.2122;
(A\z1.2122) 235
(Axs.(Ax1.x129)23)24.

Definition 2.1.2 (Free and bound variables). Every occurrence of a variable in a A-term is
either free or bound. In Ax.M, every occurrence of x in M is said to be bound. An occurrence of

a variable is free if it is not bound.
The set FV(M) of free variables of M is defined inductively as follows:
FV(z) = {z};
FV(MlMQ) = FV(Ml) @) FV(MQ),
FV(Az.M) = FV(M) \ {z}.
M is said to be a closed A-term if it does not contain free variables (FV(M) = 0).

Example 2.1.3. In the A-term (Az1x2.212223)x4, T3 and x4 occur as free variables, x; and 9

occur as bound variables and FV((Az1z2.x12023)24) = {23, 24}.

In the A\-term Az1x9.212922, x1 and z occur both as bound variables and FV (A\x12z2.212922) =

(0, so this term is closed.
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In the A-term x1(Azix9.212923), 1 and x3 occur as free variables, z1 and x2 occur as bound
variables and FV(z1(Az122.212223)) = {z1,z3}. In this case, 1 occurs both as a free variable
(first occurrence) and as a bound variable (second occurrence). With the use of the convention

below, a case like this one will never happen.

Convention 2.1.1 (Barendregt’s Variable Convention). If M, M, My, ..., N, Ny, Na,... occur
in a certain context (definition, proof, example, etc), then all bound variables are chosen to be

different from the free variables.

Computing in the A-calculus is performed using three conversion rules (a-conversion, (-
reduction, n-reduction), which are term-rewriting procedures. We only focus on S-reduction
since it is the one we will consider later on for counting evaluation steps of a program, where we

can disregard a-conversions since we are using the variable convention described above.

Definition 2.1.3 (Substitution). We call substitution to
= [N/x].

S(M) = M[N/z] is the result of substituting the term N for each free occurrence of x in the

term M and can be inductively defined as follows:

z[N/x
x1[N/xo] = x1, if 21 # x93

]=N;
]
(M Mp)[N/z] = (My[N/z])(M2[N/x]);
)IN/z] =
] =

(Ax.M)[N/x] = \x. M,
(Aw1.M)[N/x2] = Aw1.(M[N/x2]), if 21 # 2.
Example 2.1.4. If we apply the substitution [z5/x3] to the first term in Example 2.1.3, we
have:
(Ar1z9.217223) [T5/23)) (T4 [T5/23])
Az1.(Azo.z1223)[T5/23]) ) T4

Azq2o.((212223)[T5/23]) )24

(()\$1l‘2.$11‘21‘3)1‘4)[$5/l‘3]

(

= (

= (

= (Azy22.((21202) w5/ 23]) (23]05 /23]) )24

= (Az12g.(21[5/23]) (22|25 /73]) 5) 24

= (Ar122.21T2%5) X4

Notation 2.1.3. We write M[M; /1, Ma/xa, ..., My /xy,) for (... (M[Mi/z1])[Ma/x2]) ... )[Mp/2x)].
Composing two substitutions &; and S» results in a substitution Sy o §; that when applied,

has the same effect as applying S; followed by Ss.

Definition 2.1.4 (Composition). The composition of two substitutions & = [Ny/z1] and
Sy = [Na/x2], denoted by Sz 0 Sy, is defined as:

82 OSl(M) = M[Nl/afl,Ng/J}Q].
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Also, we assume that the operation is right-associative:
§1080---085,-1085,=810(S0---0(S-108,)...).

Definition 2.1.5 (fS-reduction). S-reduction captures the notion of function application and
the rule states that a term of the form (Az.M)N (called a [-redex) [-reduces to M[N/x] (its
contractum), notation:

(Az.M)N —s 43 M[N/z].

Definition 2.1.6 (S-normal form). A term is said to be in S-normal form if it cannot be further
reduced by the application of the g-reduction rule to its subterms. In other words, if a term

does not contain any (-redex, it is said to be in S-normal form.

Example 2.1.5. The term z((Az2.x2x3)x4) is not in normal form since it contains the S-redex

(Azg.wox3)x4. If we apply the S-reduction rule to that S-redex, we get
(Azg.wox3)s — 8 (Tox3)[T4/T2] = TY3,
and so z1((Aze.x9x3)x4) reduces to xi(x4x3).

The term x(x423) is in S-normal form, since it does not contain any [S-redex.

2.2 Simple Types

The simply typed A-calculus is a typed interpretation of the A-calculus, introduced by Alonzo
Church in [6] and by Haskell Curry and Robert Feys in [10].

There are two main approaches for introducing types into the A-calculus: ‘a la Curry’ (implicit
typing paradigm) and ‘a la Church’ (explicit typing paradigm). We will be focusing on the Curry
Type System, which was first introduced in [9] for the theory of combinators, and then modified
for the A-calculus in [10].

Notation 2.2.1. We use « to range over a countable infinite set V of type variables and 7 to
range over the set Ty of simple types. In both cases, we may use or not single quotes and/or

number subscripts.

Definition 2.2.1 (Simple types). Simple types 7,71, 72, ... € Ty are defined by the following

grammar:
Ti=al|(r—7T)
where a type of the form:
Q is called a type variable;

(11 — 12) is called a functional type.
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Notation 2.2.2. Outermost parentheses are not written; by convention, ‘—’ associates to the
right:
TL — To = +++ — Ty, stands for (11 = (2 = -+ = (Th—1 = Tn) ... ).
Example 2.2.1. Some examples of simple types are:
o;
a1 — (9,

a1 — 0] — (9,
(041 — ] — 042) — Q3.

Definition 2.2.2.
e A statement is an expression of the form M : 7, where the type 7 is called the predicate,
and the term M is called the subject of the statement.
o A declaration is a statement where the subject is a term variable.
e An environment I' is a set of declarations where all subjects are distinct.

Definition 2.2.3. If I' = {x1 : 71,...,x, : 7,,} is an environment, then

o T'is a partial function, with domain dom(T") = {z1,...,z,}, and I['(z;) = 7;
o We define I'y as '\ {x : 7}.

Definition 2.2.4 (Curry Type System). In the Curry Type System, we say that M has type 7
given the environment I'; and write
The M: T,

if ' ¢ M : 7 can be obtained from the following derivation rules:

Fr{z:r}tcax:7 (Axiom)

FTu{z:mn}tteM:m

(— Intro)
ke e M 11 — 1

Fl—chiTl—)TQ F|_CM2:7—1
I'ke MiMs : 1

Example 2.2.2. For the A-term Aziz9.x1 the following derivation is obtained:

(— Elim)

{.%'1 T1,T9 7’2} Fc 1 . T1

{z1:m} ke Axex1 0 =1

l_C )\.7}1.%2..7}1 T —> T2 — T1
And for the A-term (Axj.z1)z2 we obtain:
{.%'1 1 T2,X9 7'2} |—c Tl 1Ty
{33‘2 27'2} }—c )\33‘1.$1 1T — T2 {JJQZTQ} l_C xTo : T9

{ze : 1} Fe (Ax1.21)22 2 T2
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Definition 2.2.5 (Type-substitution). We call type-substitution to

S=1r/al,...,mm/an]
where ay,...,a, are distinct type variables in V and 7y,...,7, are types in Ty. For any 7 in
To, S(1) = 7|11/, ..., Tn/ay] is the type obtained by simultaneously substituting «; by 7; in 7,

with 1 <7 <mn.
The type S(7) is called an instance of the type 7.

The notion of type-substitution can be extended to environments in the following way:

SIT) =A{x1 :S(71), ..., 2n : S(70)} D ={a1:7,...,24 : Tn}

The environment S(I") is called an instance of the environment T'.

Example 2.2.3. For T' = {z; : a1 — ag,22 : a1 — az — a1,23 : a3 — ag} and S =

lag /a1, 00 — a1 /], we have:

S(F) = {151 : S(a1 — Oég),xz : S(a1 — Qg — 041),:63 : S(Oég — 042)}

={z1 a4 = a9, T2 g > ag = ag,x3: (1 = 1) = s}

Definition 2.2.6 (Principal pair). A principal pair for a term M is a pair (I, 7) such that:

1. ke M : T4

2. If " ke M : 7/, then 3S. (S(T') C T and S(7) = 7).

This definition is generalized for all type systems. A type system is said to have the principal

typing property if for every term there exists a principal pair.

In the Curry Type System (and in other type systems), the decision problem of typability
is: ‘given a term M, decide whether there exists an environment I' and a type 7 such that
I' ¢ M : 7. This problem is decidable and there exists an algorithm that given a term M,
returns its principal pair (the Curry Type System has principal typings). Such an algorithm
is called a type inference algorithm and for the Curry Type System there is the Milner’s Type
Inference Algorithm, presented in [24].

2.3 Intersection Types

Even though typability in the Curry Type System is decidable and there is an algorithm that
given a term, returns its principal pair, the system has some disadvantages when comparing to
others, one of them being the large number of terms that cannot be typed. For example, in the

Curry Type System we cannot assign a type to the A-term Az.zz. This term, on the other hand,
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can be typed in systems that use intersection types, which allow terms to have more than one
type. Such a system is the Coppo-Dezani Type System [7], which was one of the first to use

intersection types, and a basis for subsequent systems.

Definition 2.3.1 (Intersection types). Intersection types o,01,09,... € T are defined by the

following grammar, where n > 1:
o= al|loN---No, — 0.

and o1 N---Noy, is called a sequence of types.

Note that intersections arise in different systems in different scopes. Here we follow several
previous presentations where intersections are only allowed directly on the left-hand side of arrow

types and sequences are non-empty [7, 8, 19, 28].

Notation 2.3.1. The intersection type constructor N binds stronger than —: a1 Nay — as
stands for (ag N ag) — as.

Example 2.3.1. Some examples of intersection types are:

a;
a); — ag;
a1 Nog — as;
(1 Nag = ag) — ay;
a1 N (a1 — a2) — as.
Definition 2.3.2 (Coppo-Dezani Type System). In the Coppo-Dezani Type System, we say

that M has type o given the environment I' (where the predicates of declarations are sequences),

and write
T'tep M o,

if ' -ep M : 0 can be obtained from the following derivation rules, where 1 < i < n:

Fru{z:o1N---Nop}tepx:o; (Axiom)

Fru{z:o1N---Noptbkep M : o

(— Intro)
I'tep AeM 01N ---Noy, >0

I'tepMy:oynN---Nop, 0o I'tep My :oq -+ T'lep Ms : oy,
I'tep MiMs : o
Example 2.3.2. For the A-term Ax.xz the following derivation is obtained:

(— Elim)

{z:01N (01 = 09)} Fepx: 01 — 09 {r:01N(01 = 09)} Fep a0y

{z:01N (01 = 02)} Fep zx @ 02

Fep Az.xx 2 o1 N (01 — 02) — 02

This system is a true extension of the Curry Type System, allowing term variables to have
more than one type in the (— Intro) derivation rule and the right-hand term to also have more

than one type in the (— Elim) derivation rule.
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2.3.1 Finite Rank

Intersection type systems, like the Coppo-Dezani Type System, characterize termination, in the
sense that a A-term is strongly-normalizable if and only if it is typable in an intersection type

system. Thus, typability is undecidable for these systems.

To get around this, some current intersection type systems are restricted to types of finite
rank [12, 19, 20, 27] using a notion of rank first defined by Daniel Leivant in [23]. This restriction
makes typability decidable [20]. Despite using finite-rank intersection types, these systems are
still very powerful and useful. For instance, rank 2 intersection type systems [12, 19, 27| are
more powerful, in the sense that they can type strictly more terms, than popular systems like
the ML type system [11].

The rank of an intersection type is related to the depth of the nested intersections and it can
be easily determined by examining the type in tree form: a type is of rank k if no path from the

root of the type to an intersection type constructor N passes to the left of & arrows.

Example 2.3.3. The intersection type a1 N (a1 — ag) — a2 (tree on the left) is a rank 2 type
and (a1 Nag — a3) — ay (tree on the right) is a rank 3 type:

= a3

a1 Qo (05N e%)

Definition 2.3.3 (Rank of intersection types). Let Ty be the set of simple types and Ty =
{mN--NTp | 71, .., Tm € To,m > 1} the set of sequences of simple types (written as 7, 71, 7o, . . .).
The set Ty, of rank k intersection types (for k > 2), can be defined recursively in the following
way (n >3, m>1):

Ty :TQU{F—)U‘FET17O’€T2}
Tn:Tn,1U{F1ﬂ-'-ﬂFm—)0|F1,...,7:'mGTnfl,O'ETn}

Notation 2.3.2. We consider the intersection type constructor N to be associative, commutative

and non-idempotent (meaning that a N « is not equivalent to ).

We are particularly interested in non-idempotent intersection types, also known as quantitative

types, because they provide more quantitative information than the idempotent ones.
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2.4 Quantitative Types

Quantitative types [3, 13, 16, 21] provide more than just qualitative information about programs
and are particularly useful in contexts where we are interested in measuring the use of resources,
as they are related to the consumption of time and space in programs. These systems are based
on non-idempotent intersection types, where non-idempotence has been used to count the number

of evaluation steps and the size of the result.

An intuitive example where we can see the adequacy of the non-idempotent intersection types
over the idempotent ones, regarding quantitative information, is the following: while with non-
idempotent intersection types, the term \fx./(fx) is typed by ((o — o) N (o — @) = a = a,
in an idempotent system that type corresponds to (o« — a) — « — «, which is the same result
as we would obtain with simple types. Although both typings are correct, the type obtained
with non-idempotent intersection types gives us the additional information that |/ occurs twice,

while in the idempotent one, that information is lost.

There is previous work that makes use of the non-idempotent intersection types with unlimited
rank, to obtain quantitative information through type derivations. Namely, in [1], the authors
define typing rules for several type systems, corresponding to different evaluation strategies, for
which they are able to measure the number of steps taken by that strategy and the size of the
term’s normal form. They use a notion related to minimal typings named tightness, where rank 0

types include tight constants.

We now present the type system for the leftmost-outermost evaluation strategy in [1], as we
will define a new type system in Chapter 4, based on that system, with the ultimate goal of
creating a new type inference algorithm capable of inferring the number of evaluations steps of a

term to its normal form.

The type system makes use of the predicates normal, neutral and abs. The predicates normal
and neutral defining, respectively, the leftmost-outermost normal terms and neutral terms, are
in Definition 2.4.1. The predicate abs(M) is true if and only if M is an abstraction; normal(M)
means that M is in normal form; and neutral(M) means that M is in normal form and can never

behave as an abstraction, i.e., it does not create a redex when applied to an argument.

Definition 2.4.1 (Leftmost-outermost normal forms).

- neutral (M) normal(NV) neutral(M) normal(M)
neutral(z) neutral(M N) normal(M) normal(Az.M)

Definition 2.4.2 (Leftmost-outermost evaluation strategy).

M — M’ M — M’ —abs(M)
(Az.M)N — MI[N/x] e M —s Nz M’ MN — M'N

neutral (V) M — M
NM — NM'
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Definition 2.4.3 (Leftmost-outermost size of terms). The leftmost-outermost size | M| of a term
M is defined as follows:

lz] =0
M| = [M] + 1
| My M| = |My| + |Ma] + 1

Definition 2.4.4 (Multi-types). The types 0,01, 09,... of the system (called multi-types) are
defined by the following grammar:

tight := Neutral | Abs (Tight constants)
ou=tight|a|p—o (Multi-types)
wi=[o1,...,on] (n>0) (Multisets)

Note that this definition is similar to the classical definition of intersection types (Defini-
tion 2.3.1). The only differences are that here, a sequence is represented by a (possibly empty)
multiset, and a type can also be a tight constant (Neutral or Abs).

Definition 2.4.5.
e Here, an environment I' is a map from variables to finite multisets p of types such that
only finitely many variables are not mapped to the empty multiset | |;
« dom(I') = {z | I'(z) # []};
o I'y is defined by I'y(z) =[] and Ty (y) = T'(y) if y # x;

o The environment I'y 4+ is defined as (I'y +I'9)(x) = I'1(z) WI'2(x), where W is the multiset

sum.

e We use the notation Tight for multisets with only types of the form tight. Moreover, we
write tight(o) if o is of the form tight, tight(u) if u is of the form Tight, and tight(T") if
tight(I'(x)) for all z, in which case we also say that I is tight.

Definition 2.4.6. In the type system for the leftmost-outermost evaluation presented in [1], we

say that M has type o given the environment I', with indices (b, ), and write
PO Ao
if it can be obtained from the following derivation rules:

{z:[o]} FOO z: ¢ (ax)

e Mo
L, L) Xg M T(z) = o

(funp)
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L&D M tight tight(D(x))

(fun,)
I, O+ g M - Abs '

Iy p-(b1,71) My:p—o Ty | (b2,r2) My
(apps)

[y + Ty FOrtbatbrtra) ppag - o

Ty F@ur) M, : Neutral T F272) M, - tight (app,)
Pl 4 1"2 }_(bl+b27"‘l+r2+1) MlMQ : Neutral '
) (b)) pg - o1 --- I'y, F(onrn) A On (many)

by+-+b .
nT Gt tbn,rittrn) Jf - [01,...,00]

Definition 2.4.7 (Tight derivations). A derivation ending with T' =7 M : & is tight if tight(o)
and tight(T").

In [1], it has been proved that whenever a term is tightly typable with indices (b,7), then b is
exactly the double of the number of evaluations steps to leftmost-outermost normal form and r
is exactly the size of the leftmost-outermost normal form. Moreover, every leftmost-outermost
normalising term has a tight derivation in the system. These two properties are formalized in
Theorem 2.4.1 and Theorem 2.4.2.

The following example of derivation is adapted from [1].
Example 2.4.1. Let M = (\z1.(Az2.xox1)z1)I, where [ is the identity function A\y.y.
Let us first consider the leftmost-outermost evaluation of M to normal form:
(Az1.(Azo.woxy)x1)] — (Axo.xel) — II — I
So the evaluation sequence has length 3 and the leftmost-outermost normal form has size 1.

Let us write Abs for the type [Abs] — Abs. Then for the A-term M, the following tight

derivation is obtained:

{1 : [Abs]} FOO) g : Abs
{22 : [ADS]} FOO) 2y : AbS {1 : [Abs]} FOO) z, : [Abs]

{2 : [ADS], 21 : [Abs]} F(1) 2oz, : Abs {21 : [ADS]} FOO) 2, : Abs
{21 : [Abs]} F29) Azy.azy : [ADS] — Abs {21 : [Abe]} FO0) &, : [Abg]
{z1: [Abs,,ﬁg}} F(3.0) (Axe.xomw1)x1 : Abs
{10 \gy (Azg.araz1 )z - [Abs, AbS] — Abs {1+ I [Abs, Abs|

{}FOD (\ay.(Azg.xomy)z1)T - Abs

So indeed, the indices (6, 1) represent 6/2 = 3 evaluation steps to leftmost-outermost normal

form and a leftmost-outermost normal form of size 1.

Theorem 2.4.1 (Tight correctness). If there is a tight derivation ending with T' &) M : o,
then there exists N such that M —*2 N normal(N) and |N| = r. Moreover, if o = Neutral,
then neutral(V).
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Theorem 2.4.2 (Tight completeness). Let M —* N, with normal(V).
Then there exists a tight derivation ending with I' FC5IND A : 5. Moreover, if neutral(N)

then o = Neutral, and if abs(/N) then o = Abs.

For the proofs of these and other properties of this system (and other type systems for

different evaluation strategies), please refer to [1].



Chapter 3

Linear Rank Intersection Types

In the previous chapter, we mentioned several intersection type systems in which intersection is
idempotent and types are rank-restricted. We followed by presenting quantitative type systems
that, on the other hand, make use of non-idempotent intersection types, for which there is no

specific definition of rank.

The generalization of ranking for non-idempotent intersection types is not trivial and raises
interesting questions that we will address in this chapter, along with a definition of a new

non-idempotent intersection type system and a type inference algorithm.

This and the following chapters cover original work that we presented at the TYPES 2022

conference [25].

3.1 Linear Rank

We noticed that the set of terms typed using idempotent rank 2 intersection types and non-
idempotent rank 2 intersection types is not the same. For instance, the term (Az.xzz)(Afz.f(fz))
is typable with a simple type when using idempotent intersection types, but not when using
non-idempotent intersection types. This comes from the two different occurrences of f in
Afz.f(fx), which even if typed with the same type, are not contractible because intersection is
non-idempotent. Note that this is strongly related to the linearity features of terms. A A-term
M is called a linear term if and only if, for each subterm of the form Az.N in M, x occurs free
in N exactly once, and if each free variable of M has just one occurrence free in M. So the
term (Az.zz)(Afz.f(fz)) is not typable with a non-idempotent rank 2 intersection type precisely

because the term \fx.f(fx) is not linear.

Note that in a non-idempotent intersection type system, every linear term is typable with a
simple type (in fact, in many of those systems, only the linear terms are). This motivated us to
come up with a new notion of rank for non-idempotent intersection types, based on linear types

(the ones derived in a linear type system — a substructural type system in which each assumption

17
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must be used exactly once, corresponding to the implicational fragment of linear logic [17]).

The relation between non-idempotent intersection types and linearity was first introduced by
Kfoury [21] and further explored by de Carvalho [13], who established its relation with linear

logic.

Here we propose a new definition of rank for intersection types, which we call linear rank and
differs from the classical one in the base case — instead of simple types, linear rank 0 intersection
types are the linear types — and in the introduction of the functional type constructor ‘linear

arrow’ —o.

Definition 3.1.1 (Linear rank of intersection types). Let Trg = VU {1 — 7o | 71,72 € Tro} be
the set of linear types and Tpy ={m N+ N7y | 71,..., Tm € Trg,m > 1} the set of sequences
of linear types. The set Ty, of linear rank k intersection types (for k& > 2), can be defined

recursively in the following way (n > 3, m > 2):

Try =TroU{r — 0|7 € Ty, 0 € TLy}
U{mn---Nmp—=0|71,...,7m € Trg,0 € Ty}
T]Ln :T]Lnfl U{F_OO- | T € T]Lnfho- € TLTL}

U{f‘iﬂ'”ﬁﬁn—)(f‘Fl,...,FmETLn_l,UETLn}

Initially, the idea for the change arose from our interest in using rank-restricted intersection
types to estimate the number of evaluation steps of a A-term while inferring its type. While
defining the intersection type system to obtain quantitative information, we realized that the
ranks could be potentially more useful for that purpose if the base case was changed to types
that give more quantitative information in comparison to simple types, which is the case for
linear types — for instance, if a term is typed with a linear rank 2 intersection type, one knows

that its arguments are linear, meaning that they will be used exactly once.

It is not clear, and most likely non-trivial, the relation between the standard definition of
rank and our definition of linear rank. Note that the set of terms typed using standard rank 2
intersection types [19, 27] and linear rank 2 intersection types is not the same. For instance, again,
the term (Azx.zz)(Afx.f(fz)), typable with a simple type in the standard Rank 2 Intersection
Type System, is not typable in the Linear Rank 2 Intersection Type System, because, as the
term (Afx.f(fx)) is not linear and intersection is not idempotent, by Definition 3.1.1, the type
of A\r.zz)(Afx.f(fz)) is now (linear) rank 3. This relation between rank and linear rank is an
interesting question that will not be covered here, but one that we would like to explore in the

future.
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3.2 Type System

We now define a new type system for the A-calculus with linear rank 2 non-idempotent intersection

types.

Note that some of the definitions presented in this section and the next, were already

introduced in Chapter 2, but will now be recalled and adapted.

Notation 3.2.1. From now on, we will use a to range over a countable infinite set V of type
variables, 7 to range over the set Ty of linear types, T to range over the set T of linear type
sequences and o to range over the set Ty o of linear rank 2 intersection types. In all cases, we

may use or not single quotes and/or number subscripts.
Convention 3.2.1. We consider types equal up to renaming of variables.

Definition 3.2.1.

A statement is an expression of the form M : 7, where 7 is called the predicate, and the

term M is called the subject of the statement.
e A declaration is a statement where the subject is a term variable.

o The comma operator (,) appends a declaration to the end of a list (of declarations). The
list (I'y, ) is the list that results from appending the list I'y to the end of the list I';.

o A finite list of declarations is consistent if and only if the term variables are all distinct.

o We call environment to a consistent finite list of declarations which predicates are sequences
of linear types (i.e., elements of Tp;) and we use I' (possibly with single quotes and/or

number subscripts) to range over environments.

o If ' =[xy :7,...,2p : Tp] is an environment, then I' is a partial function, with domain
dom(T) = {z1,..., 2.}, and T'(z;) = 7.

o We write I'; for the resulting environment of eliminating the declaration of x from I' (if

there is no declaration of x in I, then I';, =T).
e We write I'y = I's if the environments I'1 and I'y are equal up to the order of the declarations.

e If I'y and I'y are environments, the environment I'y + I's is defined as follows:

for each x € dom(I'1) U dom(I'y),

I (z) if x ¢ dom(T'2)
(Fl + 1—‘2)(1') = Fg(x) if x ¢ dom(Fl)
I'i(z) NT2(x) otherwise
with the declarations of the variables in dom(I'1) in the beginning of the list, by the same

order they appear in I';, followed by the declarations of the variables in dom(I'2) \ dom(I'y),
by the order they appear in I's.
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Definition 3.2.2 (Linear Rank 2 Intersection Type System). In the Linear Rank 2 Intersection

Type System, we say that M has type o given the environment I'; and write
I'bko M:o
if it can be obtained from the following derivation rules:

[x:7|Fox:T (Axiom)

Dy,z:7,y:m,ITokaM: o

Exch
Flvyifz,l‘:ﬁ,l} Fo M : 0o ( XC ange)
Py, 7,20 : 79, 9o M o (Contraction)
Iy,z: N7, Tobo Mx/x,2/20] 1 0 ontraction
. oo . >
Tyz:m N NTp,bo M : 0o n>?2 5 Tatro)

I'bode M :mN---N1y, >0

'k My:mnN---N1, >0 Wk My:im - Tyl My i1y, n > 2
FvZ?:l Fz |_2 MlMQ:O'

(— Elim)
e:7Ho M : 0o
. I
I'bodeM:7—o0 (—e Intro)
'k My:7—o0 Tobo My : 7 (—o Elim)

Fl,rz |—2 M1M2 .0
Example 3.2.1. Let us write @ for the type (o —o «). For the A-term (Az.zx)(\y.y), the

following derivation is obtained:

[331 : 62’—062’] |—2 I (_JKO—O(_XO [.fg : 640] |_2 X9 . 6?

—o

—o —o —0
[.731 Lx—o, Ty Oé] |—2 1T 1 &

[:(d—oad)Nd]Fyax:a [y:d]boy: @ [y:allay:
[]F2 Ar.zz : (@—@) N d—d []F2 Ady.y: a@—d [JF2 Ayy: @

[]F2 Az.zx)(A\y.y) : o

3.3 Type Inference Algorithm

In this section we define a new type inference algorithm for the A-calculus (Definition 3.3.7),
which is sound (Theorem 3.3.5) and complete (Theorem 3.3.8) with respect to the Linear Rank 2

Intersection Type System.

Our algorithm is based on Trevor Jim’s type inference algorithm [19] for a Rank 2 Intersection

Type System that was introduced by Daniel Leivant in [23], where the algorithm was briefly
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covered. Different versions of the algorithm were later defined by Steffen van Bakel in [27] and

by Trevor Jim in [19].
Part of the definitions, properties and proofs here presented are also adapted from [19].

Definition 3.3.1 (Type-substitution). We call type-substitution to

S=1r/al,...,m/am]
where oy, ..., a, are distinct type variables in V and 71,..., 7, are types in Try. For any 7 in
Tro, S(7) = 7[11 /01, ..., Tn/an] is the type obtained by simultaneously substituting «; by 7; in

7, with 1 <i <n.
The type S(7) is called an instance of the type 7.

The notion of type-substitution can be extended to environments in the following way:

S(F) = [[131 : S(_i),... y Ly * S(’Z_"n)] if ' = [xl . ’7_"1,...,.%” : 7_':,1]

The environment S(T") is called an instance of the environment T'.

IfS) = [ri/a1,...,m/ay] and So = [11/af, ..., 7} /al] are type-substitutions such that the
variables a1, ..., ap,af,...,al, are all distinct, then the type-substitution S; U Sy is defined as
Sl U SQ = [’7'1/0[1, LR Tn/anaT{/O/D IR T?{L/OZ;L]

3.3.1 Unification

Definition 3.3.2 (Unification problem). A wunification problem is a finite set of equations
P={mn=7,...,7n =7} A unifier (or solution) is a substitution S, such that S(r;) = S(7/),
for 1 < i <n. We call S(;) (or S(7})) a common instance of 7; and 7/. P is unifiable if it has at

least one unifier. /(P) is the set of unifiers of P.

Example 3.3.1. The types oy — ag — «; and (a3 — a3) — a4 are unifiable. For the
type-substitution S = [(a3 —o a3)/a1, (g — (a3 — as))/a4], the common instance is (ag —o

az) — az — (a3 — az).

Definition 3.3.3 (Most general unifier). A substitution S is a most general unifier (MGU) of P
if S is a least element of U(P). That is,

SeU(P) and VS; € U(P).3S2.S1 =Sy 0.
Example 3.3.2. Consider the types 71 = (a1 —o o) and 15 = (ag —o a3).

The type-substitution S’ = [(ag — as)/aq, (g —o a5)/ag, (g —o a5)/as] is a unifier of 7
and 79, but it is not the MGU.

The MGU of 7y and 79 is S = [a3/a1, a3/as]. The common instance of 71 and 7 by §/,

(g —o a5) —o (g —o ), is an instance of (a3 —o a3), the common instance by S.
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Definition 3.3.4 (Solved form). A unification problem P = {a; = 71,...,q, = 7,,} is in solved
form if aq, ..., a4 are all pairwise distinct variables that do not occur in any of the 7;. In this
case, we define Sp = [11/aq,...,Tn/ay].

Definition 3.3.5 (Type unification). We define the following relation = on type unification
problems (for types in Ty ):

{r=71}UP = P

{nm—om=m—onlUP = {n=mnmn=n}UP

{mm—om=a}UP = {a=71 —on}UP

{a=7}UP = {a=7}UP[r/a] if v € fv(P) \ fv(7)
{a=7}UP = FAIL ifo€efv(r)and a # 7

where P[r/a] corresponds to the notion of type-substitution extended to type unification problems.
IfP={rn=r1....,7 =7}, then P[r/a] = {ni[r/a] = 7{[r/a],...,m[1/a] = 7}|T/a]}. And
fv(P) and fv(7) are the sets of free type variables in P and 7, respectively. Since in our system
all occurrences of type variables are free, fv(P) and fv(7) are the sets of type variables in P and

T, respectively.

Definition 3.3.6 (Unification algorithm). Let P be a unification problem (with types in Tf).
The unification function UNIFY(P) that decides whether P has a solution and, if so, returns the
MGU of P (see [26]), is defined as:

function UNIFY(P)
while P = P’ do
P =P,
if P is in solved form then
return Sp;

else
FAIL;

Example 3.3.3. Consider again the types a; — a3 and as — a3 in Example 3.3.2. For
the unification problem P = {a; — a3 = as — asz}, UNIFY(P) performs the following
transformations over P:

{a1—oa1:ag—oag}:>{a1:a2,a1:a3}u{} = {Oq:ag,alzag}
= {041 = 062} U {041 = 063}[042/041] = {051 = Q,0 = 063}
= {Ozz :ag}U{al 2042}[0(3/@2] = {041 = (3,09 :ag}

and, since {1 = a3, a2 = a3} is in solved form, it returns the type-substitution [ag/aq, ag /).
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3.3.2 Type Inference

Definition 3.3.7 (Type inference algorithm). Let I" be an environment, M a A-term, o a linear
rank 2 intersection type and UNIFY the function in Definition 3.3.6. The function T(M) = (T, 0)
defines a type inference algorithm for the A-calculus in the Linear Rank 2 Intersection Type

System, in the following way:

1. f M =z, then " = [z : o] and 0 = a, where « is a new variable;
2. If M = Ax.M; and T(M;) = (I'1, 01) then:

(a) if x ¢ dom(I'1), then FAIL;
(b) if (x:7) €Ty, then T(M) = (T'14,7 — 01);
(c)if (x:mN---N7y) €'y (withn >2), then T(M) = (', N - N1 — 01).

3. Lf M = MlMQ, then:

(a) if T(M;) = (I'1, 1) and T(My) = (T'9, 12),
then T(M) = (S(T' +T2),5(as)),
where S = UNIFY ({a1 = a2 —o a3, 72 = a2}) and g, a3 are new variables;
(b) if T(M;) = (T, 71 N---N7), — o}) (with n > 2) and, for each 1 <i < n,
T(M) = (L, 7),
then T(M) = (S(I'} + 32t 1), S(01)),
where S = UNIFY({r; =7/ | 1 <i < n});
(¢) f T(M1) = (T'1,7 —o 01) and T(Ma) = (T'g, 72),
then T(M) = (S(I'1 +I'2),S(01)),
where S = UNIFY ({2 = 7});

(d) otherwise FAIL.

Example 3.3.4. Let us show the type inference process for the A-term Az.xzx.

By rule 1., T(x) = ([ : a1, a1).
o By rule 1., again, T(z) = ([ : ag], ag).

o Then by rule 3.(a), T(zz) = (S([z : a1] + [z : a2]),S(a4)) = (S([z : a1 Na2]),S(aw)),
where S = UNIFY({a1 = a3 — a4, a2 = ag}) = [ag — ay/ay, a3/ as).

So T(zz) = ([r : (a3 — au) Nag), ).

o Finally, by rule 2.(c), T(A\z.zz) = ([ ], (a3 — aq) Nz — ag).
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Example 3.3.5. Let us now show the type inference process for the A-term (Az.zx)(A\y.y).

From the previous example, we have T(Az.zz) = ([ ], (a3 —o a4) Naz — ay).

By rules 1. and 2.(b), for the identity, the algorithm gives T(Ay.y) = ([ ], a1 — aq).

By rules 1. and 2.(b), again, for the identity, T(Ay.y) = ([ ], a2 — a2).

Then by rule 3.(b), T((Az.zz)(Ay.y)) = (S([]+[1+[1),S(aa)) = ([],S(aa)),
where S = UNIFY({a1 — a1 = a3 — ay,as — as = as}), calculated by performing the
following transformations:
{ag o a1 = a3 o ag,a3 — s = a3z} = {1 = a3, a1 = g, a9 — a2 = az}
= {1 = a3, a3 = ag, a9 — ay = ag}
= {a] = ay, a3 = ag, a0 —o ay = ay}
= {a1 = ay,a3 = g, a4 = @y — an}

= {1 =g o ag,3 =g — g, 4 = g —o Az}

So S = [(ag —o ag) /a1, (@ —o az)/as, (ay —o as)/ay]

and T((Az.zz)(A\y.y)) = ([ ], 2 — ag).

Now we show several properties of our type system and type inference algorithm, in order to

prove the soundness and completeness of the algorithm with respect to the system.

Notation 3.3.1. We write & > I'F9 M : ¢ if ® is a derivation tree ending with I' -9 M : ¢. In
this case, |®| is the length of the derivation tree ®.

Lemma 3.3.1 (Substitution). If ® > T k9 M : o, then S(T") ko M : S(o) for any substitution S.
Proof. By induction on |®|.
1. (Axiom): ThenT'=[z:7], M =z and 0 = 7.

So S(I') = [z : S(7)] and S(o) = S(7),
and by rule (Axiom) we have S(I") 2 z : S(0o).

2. (Exchange): Then I' = (I'1,y : 72,z : 71,2), M = Mj, 0 = o1, and assuming that the
premise I'y,x : 71,y : 7o, 's Fo My : 01 holds.

By the induction hypothesis, for any substitution S, S(I'y, x : 71,y : T2, '2) Fo M; : S(01),
which is the same as S(I'1),z : S(71),y : S(72),S(I'2) Fo My : S(o7).
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By rule (Exchange) we get S(I'1),y : S(72),z : S(71),S(I'2) k2 M : S(o1),
which is the same as S(I',y : 7o,z : 71, 2) k2 My : S(01), ie., S(T') Fo M : S(o).

3. (Contraction): Then I' = (I'1,z : 71 N 72, T'2), M = Mi[z/x1,x/x2], 0 = 01, and assuming
that the premise I'1, x1 : 71,22 : T, 2 Fo M7 : 01 holds.

By the induction hypothesis, for any substitution S, S(I'1, x1 : 71, z2 : T2, ') o M7 : S(01),
which is the same as S(I'1), 1 : S(71), z2 : S(72),S(I'2) F2 My : S(01).

By rule (Contraction) we get S(I'1),z : S(71) N S(72),S(T'2) k2 Mi[x/x1, x/x2] : S(o1),
which is the same as S(I'y, x : 71 N 72, T'2) ko My[x/x1, x/x2] : S(01), ie., S(T') Fo M : S(o).

4. (= Intro): Then I' =Ty, M = \e.M;, 0 = 73 N--- N7, — 01, and assuming that the
premise ',z : 7y N+~ N7, o My : o1 (with n > 2) holds.

By the induction hypothesis, for any substitution S, S(I'y,z : 71 N -+ N 7,) b2 My : S(o7),
which is the same as S(I'1), z : S(71) N --- N S(1y,) F2 My : S(o1).

By rule (— Intro) we get S(I'1) Fo Az.My : S(1) N--- N S(1,) — S(o1),
which is the same as S(I'y) Fo Az. My : S(ryN--- N7 — 01), ie., S(T') k2 M : S(o).

5. (= Elim): Then I' = (T'g, >_iv; i), M = M1 Ms, 0 = 01, and assuming that the premises
Lobo My :m0---N7 = op and Ty o My @ 1, for 1 <i < n (with n > 2), hold.

By the induction hypothesis, for any substitution S:

o S(Tg) ke My :S(miN--- N1y — 01),
which is the same as S(I'g) Fo2 M1 : S(71) N -+~ N S(7,) — S(o1);
o S(I'y) Fo Ma : S(7y), for 1 < i < n.
By rule (— Elim) we get S(I'g), >_i; S(I';) 2 M1 Ms : S(o1),
which is the same as S(I'g, Y1y I';) Fo M1 My : S(01), ie., S(T') o M : S(o).

6. (— Intro): Then I' = T'y, M = A\x.Mj, 0 = 7 — o1, and assuming that the premise
I'y,z:7F9 My : o1 holds.

By the induction hypothesis, for any substitution S, S(I';,z : 7) Fo M; : S(07),
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which is the same as S(I'1), z : S(7) Fo My : S(o1).

By rule (—o Intro) we get S(I'1) k2 Az.My : S(1) —o S(01),
which is the same as S(I'1) F2 Ax.M; : S(7 — 01), i.e., S(T') 2 M : S(0o).

7. (—o Elim): Then I" = (I'1,T'3), M = MjMs, 0 = o1, and assuming that the premises
Fl |—2 M1 T —0 01 and FQ |—2 M2 : 7 hold.

By the induction hypothesis, for any substitution S:
o S(I'y) k2 My : S(7 —o 01), which is the same as S(I'1) Fo My : S(7) — S(01);
o S(T'g) ko My : S(7).

By rule (— Elim) we get S(I'1), S(T') k2 M Ms : S(o1),

which is the same as S(I'1,'y) Fo M1 Ms : S(01), ie., S(T) ko M : S(o).

O
Lemma 3.3.2 (Relevance). If ® > T o M : 0, then x € dom(I") if and only if x € FV(M).
Proof. Easy induction on |®|. O
Lemma 3.3.3. If T(M) = (T',0), then z € dom(T") if and only if x € FV(M).
Proof. Easy induction on the definition of T(M). O

Corollary 3.3.3.1. From Lemma 3.3.2 and Lemma 3.3.3, it follows that if T(M) = (I',0) and
It M : o', then dom(I") = dom(T").

Lemma 3.3.4. If &, >T 9 M : 0, x € FV(M) and y does not occur in M, then &3> I'[y/x] ko
M[y/l’] ;0 and ’(I)l’ = ‘@2‘

Proof. By induction on |®1].

(We will only prove the first part of the lemma, since the second (|®;| = |®2|) can be shown

with a trivial induction proof.)

Let x be a variable that occurs free in M and y a new variable not occurring in M.

1. (Axiom): Then I' = [z1 : 7], M = 21, 0 = 7 and = = ;.

By rule (Axiom) we have [y : 7] 2y : T,
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which is the same as I'[y/z] Fo M[y/z] : 0.

2. (Exchange): Then I' = (I'y, 41 : 72,21 : 7T1,1'2), M = Mj, 0 = 01, and assuming that the
premise I'y,x1 : 71, y1 : T2, 1’2 Fo M7 : 01 holds.

Since x € FV(M;) and y does not occur in My,
by induction, (I'1, z1 : 71,41 : T2, T'2)y/z] o Mily/z] : o1,
which is the same as (I'1[y/z]), z1[y/z] : 71, y1[y/z] : T2, (Toly/z]) Fo Mily/x] : 01.

Then by rule (Exchange), (I'1[y/z]),y1[y/x] : T2, z1]y/x] : 71, (D2ly/x]) b2 Mily/x] : o1,
which is the same as T'[y/z] Fo M[y/z] : 0.

3. (Contraction): Then ' = (T'y,2’ : A NT2,T9), M = M2’ /21,2’ /23], 0 = 01, and assuming
that the premise I'1, x1 : 71,79 : 7o, 2 Fo M7 : 01 holds.

There are two possible cases regarding z:

(a) z=2a":

Since y does not occur in M, y ¢ FV(M), so by Lemma 3.3.2, y ¢ dom(I'). So
y ¢ dom(T'y) and y ¢ dom(T').

Then we can apply the rule (Contraction) to I't, 1 : 71,22 : T2, 2 o My : 0
and get I'1,y : 71 N 72, To Fo Mi[y/x1,y/xe] : 01,

which is equivalent to (I'y, 2’ : 71 N7, o) [y/2'] Fo (My[2' /21, 2" Jxo]) [y /2] : 01
and the same as (I'1, 2 : 71 N7, Do) [y/z] bo (M2 /z1, 2" 22)) |y /2] : 01.

So I'y/z| b2 M[y/z] : o.
(b) = # 2’ (and so x € FV(M)):

There are three possible cases regarding y:
i. y# x1 and y # xo:
Since x € FV(M7) and y does not occur in Mj,

by induction, (I'1,z1 : 71,z : T2, o) [y/z] Fo Mily/x] : 01,
which is the same as (T'1[y/x]), z1[y/x] : 71, x2ly/z] : To, (T2ly/x]) b2 Mi[y/x] : o1.
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ii.

Then by rule (Contraction),
(Taly/al), 2" 7 N 7, (Taly/x]) o (Maly/x])[2'/(z1ly/x]), 2"/ (w2ly/x])] < o1

Since z # 2/, ¥’ = 2'[y/z].
So (T1[y/x]), 2" : A N7, (T2ly/x]) = (T1,2" : A N T2, Do) |y/x] = Ty/x].

And zi[y/z] = x1, x2]y/x] = x2 because x # x1,x # w2 (otherwise it would
contradict the assumption that = € FV(M)),
so (Mi[y/=])[2'/(z1ly/x]), ' [ (xaly/x))] = (Mily/])[2" /w1, &' o).

And since x # 1, x # 12, y # 11, Yy # T2 and x # 7/,
then (Mi[y/a])[2' /1, 2" /wo] = (Mi[2'/z1, 2 [22]) [y /2] = My/x].

So I'y/z] ko M[y/z] : o.

Yy =2

So the premise can be written as I'y,y : 71,22 : T, 2 Fo My : 01.
Let 4/ be a fresh variable not occurring in any of the terms and environments

mentioned.

Then by induction, we have (I'y,y : 71,22 : T2, Do)y /y] F2 Mi[y'/y] : o1,
which is the same as I'1,y/ : 71, 22 : 2, Ta Fo My[y'/y] : 01.

As z € FV(M), by Lemma 3.3.2, z € dom(I').
And since x # 2/, then either « € dom(I'y) or z € dom(T's).
This means that x € dom(T'1,y’ : 7,22 : 75,T2), and so by Lemma 3.3.2,

z € FV(Mily'/y)).
And y does not occur in Mi[y'/y].

So we can then apply the induction hypothesis to the derivation ending with
T,y : 7,20 To, Do o Myly' Jy] : o1

and get (I't,y" : 71,22 1 72, To)[y/a] b2 (May'/y])[y/2] - o,

which is equivalent to T'1[y/z|,y : 71, 22 : o, Daly/x] Fo (Mily' /yl)|y/x] : o1.

Then by rule (Contraction),

Tily/], 2’ : 710 7, Doly/a] b2 (Maly' /yDly/2)[a’ [y 2’ [xa] = o1,
which is the same as

(T2 AN T, Do)ly/a] o (Mily'/aa])ly/a)) 'y, 2" [xo] - 01
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This is equivalent to
(T2’ = 7N T, Do)ly/a] o (Mily'/aa])[2" )y 2 [x2]) [y /2] : o,

which is the equivalent to
(T1,2" : 71N 7o, Do) [y/x] bo (My[x' /21, 2" [22]) [y /2] : 01.
So I'y/z] b2 M[y/z] : o.

ili. y = xo:

Analogous to the case where y = x1.

4. (= Intro): Then I' =T, M = A\zy.M;, 0 = 7 N--- N7, — 01, and assuming that the
premise I'1,z1 : 71 N -+~ N7, o My 2 01 (with n > 2) holds.

Since x € FV(M;) and y does not occur in My,
by induction, (I'y, 21 : 71 N -+ N 7)[y/z] Fo Mily/z] : o1,
which is the same as (T'1[y/z]),z1[y/z] : 1 NN Fo Myly/x] 2 01.

Then by rule (— Intro), I'1[y/z] 2 M(z1[y/z]). Mily/z] : 1N --- N1y — 01

Since x # z1 (otherwise it would contradict the assumption that x € FV(M)), z1[y/x] = =1
and A\z1.M[y/x] = (Az1.M1)[y/x].

So we have I'1[y/z] o (Az1.My)[y/z] : 11N --- N1y — 01,
which is the same as I'[y/z] Fo M[y/z] : 0.

5. (= Elim): Then I' = (I, Y"1 1 I;), M = M My, 0 = 01, and assuming that the premises
Ik My:mN---N1, = o1 and Ty o My 2 7y, for 1 < i < n (with n > 2), hold.

Since z € FV(M) and y does not occur in M, then y does not occur in M; nor in Ms and
there are three possible cases regarding x:
(a) x € FV(M1) and = € FV(M3):

Then by induction, I[y/z] Fo Mily/z] : m N --- N7, = o1 and, for 1 < i < n,
Lily/x] Fo Maly/x] « 7.
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So by rule (= Elim), My/x], 35, Tily/a] b2 (Mly/a])(Maly/a]) : o1,
which is equivalent to I'[y/x] Fo M[y/z] : 0.

(b) = € FV(M;) and = ¢ FV(M>):

Then Msly/x] = Ms and T;[y/z] =T, for 1 <i < n.
So I'jy/z] Fo Maly/z] : 7 is equivalent to I'; o My @ 7;, for 1 < i < mn.

By induction, I'[y/x] o Mily/z] : O -+ N7y — 071

So by rule (= Elim), I"[y/=], 35, Tily/a] b2 (Miy/x])(Maly/2]) : o1,
which is equivalent to I'[y/x] Fo My/x] : 0.

(c) x ¢ FV(My) and x € FV(Ms):

Then M ly/x] = M, and I'[y/z] =T".
So I'[y/x] Fo Mi[y/x] : 71N~ --NT, — o7 is equivalent to TV o My : 71N+ --N7, — 07.

By induction, I';[y/x] b2 Maly/x] : 7, for 1 < i < n.

So by rule (= Elim), [My/x], 352, Tily/x] b2 (M[y/x])(Maly/x]) : o1,
which is equivalent to I'[y/x] o M[y/z] : o.

6. (—o Intro): Then I' = T'y, M = Ax1.M;, 0 = 7 — o1, and assuming that the premise
I'y,z1: 79 My : 01 holds.

Since x € FV(M;) and y does not occur in My,
by induction, (I'1,z; : 7)[y/x] ko2 Mi[y/x] : 01,

which is the same as (I'1[y/z]), z1[y/z] : T 2 Mily/x] : 07.
Then by rule (—o Intro), I'i[y/z] Fo A(z1[y/z]).Mly/x] : T —0 071.

Since x # z1 (otherwise it would contradict the assumption that € FV(M)), z1[y/x] = =1
and Ax1.M[y/x] = (Az1.My)[y/z].

So we have I'1[y/z]| Fo (Ax1.My)[y/x] : T — o1, which is the same as I'[y/x] o My/z] : 0.
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7. (—o Elim): Then I' = (I'1,T'2), M = M;M>s, 0 = 01, and assuming that the premises
Fl |_2 M1 T —0 01 and F2 |—2 M2 : 7 hold.

Since x € FV(M) and y does not occur in M, then y does not occur in M; nor in My and

there are three possible cases regarding z:

(a) x € FV(M;) and = € FV(M>):
Then by induction, I'1[y/x] o Mi[y/x] : T — o1 and Taly/z| Fo Maly/z] : 7.

So by rule (—e Elim), I'1[y/x], Ta[y/2] b2 (Mily/x])(Mzly/x]) : o1,
which is equivalent to I'[y/x] o M[y/z] : o.

(b) = € FV(M;) and = ¢ FV(My):

Then Ms[y/z] = My and I's[y/x] = I's.
So Daly/x] o Maly/x] : T is equivalent to I'y o My : 7.

By induction, T'y[y/z] b2 Mily/x] : 7 —o o7.

So by rule (—o Elim), I'1[y/x], To[y/2] k2 (Mily/x])(Maly/x]) : o1,
which is equivalent to I'[y/x] Fo My/x] : 0.

(c) x ¢ FV(M;) and = € FV(Ms):

Then M;|y/xz] = M; and I'1[y/z] =T'.
So I'1[y/z] Fo Mily/z] : T —o 01 is equivalent to I'; Fo M; : 7 —o 07.

By induction, T'o[y/x| o Maly/z] : 7.

So by rule (—o Elim), I'1[y/z], Toly/a] b2 (Mi[y/x])(Maly/x]) : o1,
which is equivalent to I'[y/x] Fo M[y/z] : 0.

O]

Corollary 3.3.4.1. From Lemma 3.3.4, it follows that if I' o M : o, {x1,...,2,} C FV(M)
and yi,...,yn are all different variables not occurring in M, then T'ly1/x1,...,yn/zn] Fo

M[yl/l'lw--,yn/l'n] 1 0.
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Theorem 3.3.5 (Soundness). If T(M) = (I',0), then I' 9 M : 0.

Proof. By induction on the definition of T(M).

1. If M =z, then (I',o) = ([z : o], ), and we have I' kg x : 0 by rule (Axiom).

2. If M = A\z.Mj, we have the following cases:

(a) z € FV(M;) and (I',o) = (I'14,['1(x) — 01), where T(M;) = (I'1,01) and T'y(z) =
T E T]Lo.

By induction, I'y k2 Mj : 01, and by Lemma 3.3.3, x € dom(T'y).

So by applying the rule (Exchange) zero or more times successively, we obtain
Flm,a; T |_2 M1 L 01.

So I' ko Ax.M; : o by rule (—o Intro).

(b) = € FV(M;) and (I',0) = (I'1,, ['1(z) — o1), where T(M;) = (I'1,01) and 'y (z) =
TN N7y, with n > 2.

By induction, I'; Fo M : 01, and by Lemma 3.3.3, x € dom(T';).

So by applying the rule (Exchange) zero or more times successively, we obtain
gz :mNe-Nry o My ok ooy,

So I' o Ax.M; : o by rule (— Intro).

3. If M = MM, we have the following cases:

(a) (T'yo) = (S(I'y + I'2),S(a3)), where T(M;) = (I'1, 1), T(My) = (I'g,72), S =

UNIFY ({an = g —o a3, 72 = a2}) and g, a3 do not occur in I'1, T, a1, 7.
By induction, I'y Fo M7 : a1 and 'y Fo Mo @ 7.

Let 1 = [y1/21, .-, yn/2n] and So = [21/x1, ..., 2n/xy], where dom(T'1) Ndom(T'2) =
{z1,...,2,} (which by Lemma 3.3.2, occur free in M; and Ms) and y1, ..., Yn, 21, -, 2n
are all distinct fresh term variables, not occurring in Mj nor in My (and consequently,

by Lemma 3.3.2, not occurring in I'; nor in I'y).
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By Corollary 3341, Sl(I‘l) |—2 Sl(Ml) Lo and 82<F2) |—2 SQ(MQ) L T2.

By Lemma 3.3.1, 8(81(1“1)) |—2 Sl(Ml) . S(al) and S(SQ(FQ)) f_Q SQ(MQ) . S(Tg).

Since S(72) = S(ag), S(a1) = S(az) — S(as) and (S1(I'1),S2(T'2)) is consistent,
by rule (— Elim) we have (S(S1(T'1)), S(S2(T'2))) F2 (S1(M1))(S2(Ms)) = S(as),
which is the same as S(S1(I'1), S2(T'2)) F2 (S1(M1))(S2(Mz)) : S(as).

For each pair (y; : 75,z : 7/) (for 1 < i < n) in the environment S(S1(T'1),S2(T'2)) in
the previous derivation, let us apply the rule (Contraction) to obtain the environment

with x; : 7; N 7/ instead (and applying the rule (Exchange) as necessary).

After these applications of the rules (Contraction) and (Exchange) (and consequent
applications of (Exchange), if necessary), and by looking at the definition of (+), we
end up with S(I'y + I'y) Fo M1 Ms : S(as).

(b) (Tyo) = (ST + > T),S(01)), where T(M;) = (I, 71 N---N7), — 0}), with n > 2,
T(Ms) = (Ti,7) for 1 <i<n,and S=UNIFY({r; =7/ |1 <i < n}).

By induction, IV o My : 7y N - N7}, — 0]
and I'; Fo My : 7; (for 1 <i <n).
Note that dom(I';) = dom(I'y) = -+ - = dom(I',,—1) = dom(T",,).

Let 81 = [y1/x1, .. yn/xn] and Sy = [21/21, . .., 2n/xy], where dom(I”) Ndom(Ty) =
{z1,...,2,} (which by Lemma 3.3.2, occur free in My and in M) and y1, ..., Yn, 21, - -, 2n
are all distinct fresh term variables, not occurring in M; nor in My (and consequently,

by Lemma 3.3.2, not occurring in I nor in T';, for all 1 <7 < n).

By Corollary 3.3.4.1, S;(T") o S1(My) : 1N ---N 7, — 0}
and 82(1—‘1') FQ SQ(MQ) LT (fOI‘ 1 S 1 S n)

By Lemma 3.3.1, S(S1(I')) Fo S1(My) : S(ry N ---N 1), — o))
and S(SQ(FZ)) |_2 SQ(MQ) : S(Tl) (fOl” 1 < ) < n)

Since S(7;) = S(7]) for all 1 < i < n and (S1(I'), (S2(T'1) + - - - + S2(Ty,))) is consistent,
by rule (— Elim) we have (S(S1(I")), (S(S2(T'1))+- - -4+S(S2(Tn)))) b2 (S1(M1))(S2(M2)) :
(1),

which is the same as S(S1(I"), (S2(T'1) + - -+ + S2(I'y))) F2 (S1(M1))(S2(Ma)) = S(ah).
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For each pair (y; : 7, 2z; : 7;) (for 1 <4 < n) in the environment S(S; ("), (S2(T'1)+- - -+
S2(T',))) in the previous derivation, let us apply the rule (Contraction) to obtain the

environment with x; : 7; N7/ instead (and applying the rule (Exchange) as necessary).

After these applications of the rules (Contraction) and (Exchange) (and consequent
applications of (Exchange), if necessary), and by looking at the definition of (+), we
end up with S(F/ + E?:l Fl) Fo MM, : S(O’ll)

(c) (T,o) = (S(I't + I'2),S(01)), where T(M;) = (I'1,7 — 01), T(Mz) = (T'2,72) and

S=UNIFY({m2 =7}).
By induction, I'y Fo M7 : 7 — 01 and 'y o My @ 7.

Let S1 = [y1/21, .-, Yn/2n] and So = [z1/21, . .., 2n/2y], where dom(T'1) Ndom(Ty) =
{z1,...,2,} (which by Lemma 3.3.2, occur free in M; and Ma) and y1, ..., Yn, 21, -, 2n
are all distinct fresh term variables, not occurring in Mj nor in My (and consequently,

by Lemma 3.3.2, not occurring in I'; nor in I'y).
By Corollary 3.3.4.1, 81(1“1) |—2 S1(M1) T —0 01 and SQ(PQ) |—2 SQ(MQ) :T9.
By Lemma 3.3.1, S(§1(T'1)) F2 S1(M7) : S(1 —o 01) and S(S2(T'2)) Fa S2(Ma) : S(12).

Since S(m2) = S(7) and (S1(I'1),S2(T'2)) is consistent,
by rule (—0 Elim) we have (8(81(1“1)), S(SQ(FQ))) FQ (Sl(Ml))(SQ(MQ)) : S(Ul),
which is the same as S(S1(I'1),S2(I'2)) Fa (S1(M1))(S2(Ms)) : S(oq).

For each pair (y; : 7j, % : 7;) (for 1 <i < n) in the environment S(S;(I'1),S2(T'2)) in
the previous derivation, let us apply the rule (Contraction) to obtain the environment

with ; : 75 N 7/ instead (and applying the rule (Exchange) as necessary).

After these applications of the rules (Contraction) and (Exchange) (and consequent
applications of (Exchange), if necessary), and by looking at the definition of (+), we
end up with S(Fl + Fg) Fo MM, : S(O‘l).

For any other possible case, the algorithm fails (by rules 2.(a) and 3.(d)), thus making the

left side of the implication (T(M) = (I',0)) false, which makes the statement true. O
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Lemma 3.3.6. If T(M) = (T',0), x € FV(M) and y does not occur in M, then T(M[y/x]) =
(Tly/x], o).

Proof. By induction on the definition of T(M).

1. If M =z and let x = x; and y # 1, then (I',o) = ([z1 : af, )
and T(Mly/xz]) = T(M[y/z1]) = T(y) = ([y : o], a) = (Tly/z], o).

(Note that we can choose the same type variable a from T(M) in T(y) as these are

independent, so « is fresh in T(y).)

2. If M = Az1.M; and let x be a variable that occurs free in M and y a new variable not

occurring in M, we have the following cases:

(a) (I'yo) = Ty, Ti(x1) — 01), where T(M;) = (I'1,01) and I't1 (21) = 7 € Tyo.

Since x € FV(M;) and y does not occur in M; (otherwise it would contradict the
assumption that x € FV(M) and y does not occur in M),

by induction, T(Mly/x]) = (I'1[y/x], 01).
And (Fl[y/ac])(:vl) = I‘l(azl) =TE TILO-
So by rule 2.(b) of the inference algorithm, T(Az1.(Mily/z])) = (T1[y/z]),,, T —o o1).

And My/x] = (Ax1.M1)[y/z] = Ax1.(Mi]y/z]), so

T(Mly/x]) = T(Az1.(Mi[y/z]))
= ((Tly/=]),,, 7 — 01)
= (T'1ay [y/2], T1(2z1) —o 071)
= (I'ly/z], 0).

(b) (I'yo) = (T'14,,1(x1) = 01), where T(M;) = (I'1,01) and I'1 (21) = 71 N+ - - N7y, With
n > 2.

Since z € FV(M;) and y does not occur in M, by induction, T(M;i[y/z]) =
(Tily/x], 01).

And (Th[y/z])(z1) =T1(z1) =11 N N Ty
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So by rule 2.(c) of the inference algorithm, T(Az1.(Mi[y/z])) = (T1]y/z]), , 710N

T’
Tn — 01).

And My/x] = (Ax1.M1)[y/z] = Ax1.(Mily/z]), so

T(Mly/x]) = T(Az1.(Mi[y/x]))
= ((T1[y/=])y,, 1O N1y = 01)
= (T'1ay [y/z], T1(2z1) — 01)
= ([y/x],0).

3. If M = M1M> and let x be a variable that occurs free in M and y a new variable not

occurring in M, we have the following cases:

(@) (I'io) = (S(I't + I'2),S(ag)), where T(M1) = (I'i,a1), T(M2) = (I'2,72), S =
UNIFY({a1 = ag — a3, 72 = ag}) and ag, a3 do not occur in I'y, 'y, arg, 5.

Since z € FV(M) and y does not occur in M, then y does not occur in M; nor in My

and there are three possible cases regarding z:

i. z € FV(M;) and = € FV(My):
Then by induction, T(M;[y/z]) = (T'1[y/z], a1) and T(Mz[y/x]) = (T2[y/x], m2).

So by rule 3.(a) of the inference algorithm,

T((Mily/x])(Maly/x])) = (S((T1[y/=]) + (Taly/=])), S(e3))-

(As before, as well as in the following cases, note that we can choose the same
type variables ag, a3 (and, consequently, the same S) in T((M;[y/z])(M2[y/z]))
because they are fresh in this inference and, since they do not occur in I'y and T's,

they also do not occur in I'1[y/z] and I's[y/z] (nor in ay,72).)

And Mly/x] = (Miy/x])(Mzly/x]), so

T(Mly/z]) = T((Mi[y/x])(Ma[y/x]))

= (S((I'1[y/z]) + (T2ly/2])), S(es))
= (S((I'1 + I'2)[y/=]), S(a3))
= ((S(T'1 +T2))[y/=],S(as3))
= (Tly/z], 0).

ii. € FV(M;) and x ¢ FV(Ma):

Then Msly/xz] = Ms and I's[y/x] =
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iii.

So T(Ma[y/z]) = T(Mz) = (T2, 72) = (T2[y/x], 72).
By induction, T(M;[y/z]) = (T'1[y/z], a1).

So by rule 3.(a) of the inference algorithm,
T((Miy/=])(Ma[y/x])) = (S((T1[y/=]) + (T2ly/z])), S(as)).

And My/x] = (Mi[y/a])(Maly/a]), so

x ¢ FV(My) and x € FV(Ms):

Then M|y/xz] = M; and I'1[y/z] =T.
So T(Mly/z]) = T(M1) = (T'1,a1) = (T1[y/z], o).

By induction, T(Ms[y/z]) = (F2ly/z], 72).

So by rule 3.(a) of the inference algorithm,
T((Mily/x])(Mzly/x])) = (S((T1[y/=]) + (T2ly/z])), S(as))-

And My/x] = (Mi[y/a])(Maly/a]), so

(b) (Tyo) = (S(I"+ > 1 T4),S(c})), where T(M;) = (I, 7y N---N 7, = o)), with n > 2,
T(My) = (Ti,7) for 1 <i<mn,and S=UNIFY({r; =7/ |1 <i<n}).

Since x € FV(M) and y does not occur in M, then y does not occur in M nor in My

and there are three possible cases regarding x:

i. z € FV(M;) and = € FV(Ma):

Then by induction, T(M;[y/z]) = (U[y/z], 7 N--- N7, = o))
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and T(Maly/x]) = (Ty[y/z], 1), for all 1 <i < n.

So by rule 3.(b) of the inference algorithm,

T((Mi[y/2])(Mzly/x])) = (S((M'y/=]) + 231 (Tily/2])), S(01))-

And My/z] = (Miy/x])(Maly/z]), so

T(Mly/x]) = T((Mi[y/=])(Mzy/x]))

n

= (S((I"[y/]) + Y_(Tily/2])),S(c%))

i=1

= (S((I" + Z Ii)ly/z]),8(e%))

F'+ZF [y/2],S(01))
= (Ply/z], 0).

ii. x € FV(M;) and x ¢ FV(Ma):

Then Msly/x] = Ma and T';[y/z] =T, for all 1 < i < n.

So T(Msly/x])) = T(Ms) = (I, 1) = (Ti[y/x], 1), for all 1 <i < n.

By induction, T(M;[y/x]) = (I'[y/x], 7 N --- N1, = 7}).

So by rule 3.(b) of the inference algorithm,

T((Mi[y/2])(Mzly/x])) = (S((M'y/=]) + 23 (Tily /1)), S(01))-

And Mly/x] = (Miy/2])(Mzly/x]), so

T(Mly/x]) = T((Mi[y/=])(Mzy/x]))

= (S(@'[y/=]) +Z ily/x])),8(1))

= (S((I" + Z Ii)ly/z]),S(a7))

F'—i—ZF [y/z],S(a}))
= (Lly/z], 0).

iii. « ¢ FV(M;) and = € FV(My):

Then M;[y/z] = My and IV[y/x] =T’

So T(Mily/z]) =T(My) = T, 7in---N7, = o) = (Vy/x], 7 N

N7 = oh).



3.3. Type Inference Algorithm 39
By induction, T(Msly/z]) = (Ts[y/z], ), for all 1 < i < n.
So by rule 3.(b) of the inference algorithm,
T((Miy/=])(Ma[y/x])) = (S(T'[y/x]) + 3251 (Daly/])), S(a1)).-
And Mly/z] = (Mily/=])(Ma[y/x]), so
T(My/z]) = T((Mily/z])(M2[y/z]))
Iy/z]) + Z ily/z)),S(e1))
= S((F,+2Fi)[y/$])’g(al))
ST + ZF [y/z],S(a}))
= (Lly/x], 0).
(c) (T,o) = (S(T'y + T'2),S(01)), where T(M;) = (I'1,7 — 01), T(M2) = (I'y,72) and

S = UNIFY({r, = 7}).

Since z € FV(M) and y does not occur in M, then y does not occur in M; nor in My

and there are three possible cases regarding z:

i. z € FV(M;) and = € FV(My):

Then by induction, T(M;[y/z]) = (T'1[y/z], T —o o1) and T(Mas[y/x]) =

So by rule 3.(c) of the inference algorithm,

T((Mily/x])(Mzly/x])) = (S((T1]y/x]) + (T2[y/2])),S(01)).

And M[y/z] = (Miy/x])(Mzly/z]), so

T(Mly/z]) = T((Mi[y/z])(Mz[y/=]))
(S((T1ly/x]) + (T2ly/x])), S(o1))
(S((T'1 + Ta)[y/ 1), S(01))
((S( )
(

(S(T'1 +T2))[y/z],S(01))
Iy/z], 0).

ii. x € FV(M;) and = ¢ FV(Ma):

Then Msly/x] = My and Tafy/x] =Ty
So T(Ma[y/x]) = T(Mz) = (U2, 72) = (I2[y/x], 72).

By induction, T(M;[y/z]) = (T1[y/z], 7 — o1).

(Taly/z], 2).
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So by rule 3.(c) of the inference algorithm,

T((Mily/x])(Mzly/x])) = (S((Taly/2]) + (T2ly/2])),S(o1)).

And My/a] = (Mi[y/a])(Maly/a]), so

T(Mly/z]) = T((Mi[y/])(Ma[y/=]))
(S((T1[y/=]) + (Taly/2])),S(01))
(S((T'1 + Ta)[y/21),S(01))

((S( )

(

(S(T'y + T'2))[y/x],S(01))
Iy/z],0).

iii. z ¢ FV(M;) and z € FV(My):

Then M;|y/x] = My and T'1[y/z] =
So T(Mly/x]) = T(My) = (T'1,7 — 01) = (I'1[y/z], 7 —o 01).

By induction, T(Masy/z]) = (Te[y/z], 72).

So by rule 3.(c) of the inference algorithm,

T((Miy/2])(Mzly/x])) = (S((T1ly/=]) + (T2ly/x])),S(o1))-

And My/a] = (Mi[y/a])(Maly/a]), so

T(Mly/x]) = T((Mi[y/=])(Mzy/x]))
(S((T1[y/=]) + (Taly/x])),S(01))
(S((T'1 + Ta)[y/x]),S(01))

((S( )

(

(S(T'y + T'2))[y/x],S(01))
Iy/z],0).

Any other possible case makes the left side of the implication (T(M) = (I",0), z € FV(M)

and y does not occur in M) false, which makes the statement true. O
Lemma 3.3.7. If T(M) = (T',0), with ' = (I, y1 : 71, y2 : 2), and y does not occur in M, then
T(Mly/y1,y/y2]) = T, 0), with T = I,y : 71 N 7).

Proof. By induction on the definition of T(M).

1. If M = Ax1.M; and let y be a new variable not occurring in M, we have the following

cases:

(a) (T,0) = T4y, T1(x1) —0 01), with T'= (I, 41 : 71,92 : 72), where T(M;) = (T',01)
and Fl(:cl) =TE T]L(]'
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Since I'y, = (I, y1 1 71,42 : 7o), then Ty = (T, 21 : 7,91 1 71,92 ¢ T2).

And since y does not occur in M; (otherwise it would contradict the assumption that

y does not occur in M),

by induction, T(Mily/y1,y/y2]) = (T'}, 01),
with Ty = (I, 21 : 7,y : 71 N T2).

So by rule 2.(b) of the inference algorithm,

T(Az1.(Mily/y1,y/y2])) = (T, T — 01).
And T, =(I",y: 7 NT).

Let I =

1.1’1 *

Also, My/y1,y/y2] = Ax1.(Mily/y1,y/v2]), so

T(Mly/y1,y/y2]) = T(Az1.(Mily/y1,y/y2]))

— (I,7 o o)

= (I, 0),

with IV = (T, y : 74 N 7).

(b) (T,o) = (T'1y,,Ti(x1) = o1), with T = (I, y1 : 71,92 : 72), where T(M;) = (I'1,01)
and I'1(x1) =71 N--- N7y, with n > 2.

Since I'yy, = (I, y1 1 71,92 0 72), then Ty = (I, 21 : 7 N N7, 1 1 71,920 T2).

And since y does not occur in M; (otherwise it would contradict the assumption that

y does not occur in M),

by induction, T(Mi[y/y1,y/y2]) = ('}, 01),
with Ty = (T, 21 NN,y 2 71N ).

So by rule 2.(c) of the inference algorithm,

Tz (Mily/y1,y/y2])) = (D1, 10 N7 = 01).
And T, =TV, y: 71 N7T).

1z

Let TV =

1931'
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Also, M[y/y1,y/y2] = Ax1.(Myly/y1,y/ys]), so

T(Mly/y1,y/y2]) = T(Az1.(Mily/y1,y/y2]))
=T, N N1 — 1)
— (P//,U)7

with I = (F’,y AN 7?2)

2. If M = My M> and let y be a new variable not occurring in M, we have the following cases:

(a‘) (F,O’) = (S(Fl + F2)78<a3))5 with I' = (F/ayl : FlvyZ : 7?2)7 where T(Ml) = (Fl’al)v
T(Ms) = (Tg,72), S = UNIFY({a1 = ag — a3, 72 = as}) and ag, a3 do not occur in
Fl,FQ,Oél,TQ.

Because y does not occur in M, then y does not occur in M; nor in Ms.

Since S(I'y + T'2) = (I, y1 : 71, y2 : T2) and M is a term variable (otherwise its type
given by the algorithm would not be a type variable), then there are five possible
cases regarding the presence of y; and y2 in dom(I';) and dom(T'2):

i. y1,y2 ¢ dom(T';) and yi1,y2 € dom(T'2):
So 'y = (T, y1 : T3,y2 : T4) (for some 73, 74 such that S(75) = 7 and S(74) = 7).

By induction,
T(Maly/yr1,y/ye]) = T3, 7 — 1), (1)

with P/QI = (F’Q,y D T3 M Th).

And since y1,y2 ¢ dom(I'y), by Lemma 3.3.3, y1,y2 ¢ FV(My),
so Mily/y1,y/ye] = Mi
and then

T(Mily/yr,y/y2]) = T(My) = (T'y, an). (2)

So by rule 3.(a) of the inference algorithm (and (1), (2)),
T(Maly/yry/y2lMaly/y1,y/y2]) = (S(T1 +T9),S(as)).

(Note that we can choose the same type variables ag,as (and, consequently,
the same S) in T(Mi[y/y1,y/y2]Maly/y1,y/y2]) because they are fresh in this
inference and, since they do not occur in I'y, they also do not occur in I'j (nor in
I'1, a1, 72). For analogous reasons, the same can and will be done in the following

cases. )
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ii.

Since I} = (Th,y : 73N 74), Lo = (Th,y1 : 73,92 : Ta) and S(T'y + ) = (I, 41 -
Fl)y2 : 7?2)7
we have S(T'y + %) = (I, y : 71 N T2).

Let I = S(I'y + I'}).

Also, M[y/y1,y/va] = Mily/y1,y/y2]Maly/y1,y/y2], so
T(Mly/y1,y/v2]) = T(Mily/y1, y/y2lMaly/y1,y/y2])
= (FII7S(O‘3))
— (11//’ 0_)7

with I = (T, y : 74 N 7).
y1,y2 € dom(I'2), y1 € dom(T'y) and yo ¢ dom(I'y):

SoT'y = (T, y1 : 73,92 : 71) and 'y = (I}, y1 : 74) (for some 73, 74, T4 such that
S(fé N 7?3) =71 and 8(7_"4) = 7_"2)

By induction,
T(Mzly/y1,y/y]) = (T3, 72), (1)

with T = (Th,y : T3 N 74).

Since y; € dom(I';), by Lemma 3.3.3, y; € FV(M).
So by Lemma 3.3.6, we have T(Mi[y/y1]) = (T1]y/w1], a1).

And since y2 ¢ dom(I'y), by Lemma 3.3.3, y2 ¢ FV(My),

so Mily/y1,y/y2) = Mily/y1]
and then

T(Mily/y1,y/y2]) = T(Mily/v1]) = (T1ly/y1], ca)- (2)

So by rule 3.(a) of the inference algorithm (and (1), (2)),
T(Mily/yr,y/velMaly/y1.y/y2]) = (S(Tily/y1] +T3), S(as)).

Since I'y = (T'h,y : Ts N Ta), T'a = (Th,y1 = 3,92 = T1), Lily/na] = Ty« 75),
I'y = (F’l,yl : 7_'§), S(F1+F2) = (F’,y1 : Fl,yg : 7_"2) and Féﬂ(?g,ﬁ?@ = (Féﬂ?g)ﬂﬁ;,

we have S(T1[y/n1] +1%) = (I, y : A N T2).

Let T = S(T'1[y/y1] +T%).
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iii.

iv.

Also, My/vy1,y/y2] = Mily/v1,y/y2lMaly/y1,y/y2], so

T(MTy/y1,y/v2]) = T(Mily/y1, y/y2]Maly/y1,y/y2])

= (F”7 S(O‘E‘»))
(

with I = (T, y : 71 N 7).

y1,y2 € dom(T's), y1 ¢ dom(I';) and yo € dom(I'y):

Analogous to the previous case.

y1 € dom(I'y), y2 ¢ dom(I'y), y1 ¢ dom(I'y) and yo € dom(I'z):

Since y; € dom(I'1), by Lemma 3.3.3, y; € FV(Mj).
So by Lemma 3.3.6, we have T(M;i[y/v1]) = (Tily/y1], o1).

And since y2 ¢ dom(T'1), by Lemma 3.3.3, yo ¢ FV(My),

so Mily/vy1,y/y2] = Mily/yi]
and then

T(Mily/y1,y/ye]) = T(Mily/y1]) = (Tily/w1], 1)

Since y2 € dom(I'2), by Lemma 3.3.3, yo € FV(My).
So by Lemma 3.3.6, we have T(Ma[y/y2]) = (T2ly/y2], 72).

And since y; ¢ dom(T'2), by Lemma 3.3.3, y1 ¢ FV(Ma),

so Maly/y1,y/y2) = Maly/y]
and then

T(Maly/y1,y/y2]) = T(Maly/y2]) = (Paly/y2], 72).

So by rule 3.(a) of the inference algorithm (and (1), (2)),

T(Mily/y1,y/y2l Maly/y1,y/y2]) = (S(T1ly/y1] + T2ly/vye]), S(as)).

Since S(T'y +T'2) = (I, y1 : 7,92 : T2),
we have S(T'1[y/y1] + Taly/y2]) = T,y : A N 7).

Let I = S(T'1]y/v1] + T2ly/vo])-
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Also, My/vy1,y/y2] = Mily/v1,y/y2lMaly/y1,y/y2], so

T(Mly/y1,y/v2]) = T(Mily/vy1,y/y2]Maly/y1,y/y2])
I S(as))

with TV = (I, y : 71 N 7).
v. y1 ¢ dom(T'1), y2 € dom(I'y), y1 € dom(I'2) and y2 ¢ dom(I'2):

Analogous to the previous case.

(b) (T',0) = ( (T + 2t 19),8(07)), with T' = (I, 91 : 71,92 : 72), where T(M)) =

(T,
Ty, n---n71 — 01) with n > 2, T(My) = (I';,7;) for 1 < i < n, and
S = UNIFY({TZ =7/|1<i<n}).

Because y does not occur in M, then y does not occur in M; nor in Ms.

Since S(T+>"7 1 Ty) = (I, 1 : 71, Y2 : T2), then there are nine possible cases regarding
the presence of y; and y2 in dom(I}) and dom(T;) (for all 1 < i < n):

i y1,y2 € dom(I'"}) and y1,y2 ¢ dom(I):
So Ty = (T, y1 : Ta,y2 : 1) (for some 75,74 such that S(73) = 71 and S(74) = 72).

By induction,

T(Mily/y1,y/ya]) = (T, 710 --- N7y, = aY), (1)

with T = (T, y : Ts N T4).

And since y;,y2 ¢ dom(I';), by Lemma 3.3.3, y1,y2 ¢ FV(M3),

so Maly/y1,y/y2) = Ma
and then

T(Maly/y1,y/y2]) = T(Mz2) = (L'i, 7). (2)

So by rule 3.(b) of the inference algorithm (and (1), (2)),
T(Mily/y1,y/y2lMaly/y1,y/ya]) = (ST + 22351 1), S(a1))-

Since I')' = (T,y : 5N 7), T = (T, 11 : T3,92 : 71) and S(T] + X7, %)
(F,7y1 : 7_"1,3/2 : 7?2)7
we have S(F/{, + Z?:l Fi) = (F/,y TN 7?2)
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ii.

iii.

Let I = S(T'Y + >0, I).

Also, M[y/y1,y/v] = Maly/vy1,y/y2]Maly/y1,y/y2], so

T(Mly/v1,y/y2]) = T(Maly/yr, y/y2l Maly/v1,y/y2])
r",S(01))

with I = (T, y : 74 N 7).

y1,y2 ¢ dom(T)) and y1,y2 € dom(T;):

Analogous to the previous case.
y1,y2 € dom(T)) and y1,y2 € dom(T;):

SoT = (T, vy1: T3,y2: Ta) and I'; = (T, y1 = 75,,y2 : Ta,) (for some 75, T4, T5,, T4,
such that S(Fg N Fgl n---N 7_:3n) =7} and S(ﬁ; N F41 N---N F4n) = FQ)
By induction,

T(Ml[y/ylay/y2]) :( llﬁvT{m"'mTrlzéall)’ (1)
with T = (T, y : Ts N 74);

T(Maly/y1,y/vy2]) = (T}, 7), (2)

with P;’ = (P;a y: F&' N 7_:41)

So by rule 3.(b) of the inference algorithm (and (1), (2)),
T(Mily/yv,y/y2l Maly/y1, y/y2]) = (S(IY + 323, 1Y), S(01)).-

Since IV = (T, y : s N 71), Ty = (T, y1 : Ta,y2 : Ta), T = (Th,y : 75, N 74,),
Ly = (T, y1: Ta,,y2: 74,), S(Ty+ X1 Ti) = (T, 51 : 7, y2 2 72) and (T3 N 7)) N
(F31ﬂf41)ﬂ---ﬂ(F3nﬂF4n):(Fgﬂ?glﬂ~"ﬁF3n)ﬁ(F4ﬂF41ﬂ-~-ﬂf4n),

we have S(ITY" + >0 T7) = I,y : 7 N T2).

Let I = S(T} + Y0, TY).

Also, My/y1,y/y2] = Mily/v1,y/y2lMaly/y1,y/y2], so

T(Mly/y1,y/v2]) = T(Mily/y1, y/y2]Maly/y1,y/y2])
r",8(01))
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47

iv.

with T = (I, y : 71 N 7).

y1,y2 € dom(T)), y1 € dom(T';) and y2 ¢ dom(T;):

SoI'| =
S( N T3 ﬁ'--ﬂTgn):Tl andS(ﬁ; :7_"2).

By induction,

T(Mily/y1,y/ys]) = TV, 7O ---n 7 = o)),

with T = (T, y : T3 N T4).

Since y; € dom(I';), by Lemma 3.3.3, y1 € FV(Ma).
So by Lemma 3.3.6, we have T(Mz[y/v1]) = (Tily/wn1], 7).

And since yo ¢ dom(I';), by Lemma 3.3.3, yo ¢ FV(M>),

so Maly/y1,y/y2] = Maly/y1]
and then

T(Maly/y1,y/v2]) = T(Maly/v1]) = (Tily/y], 7).

So by rule 3.(b) of the inference algorithm (and (1), (2)),
T(Mily/yr, y/y2l Maly/yr,y/y2]) = (S(UY" + 3205, Tily/31]), S(a1)).

(T y1 : Ts,y2 2 7a) and Ty = (T, y1 = 73,) (for some 73, 74, 73, such that

Since IV = (T, y : Ts N 71), Ty = (T, y1 : Ta,y2 : Ta), Dily/w] = (Thy = 73,),

L= Ty 0 75,), S0+ 32051 Ta) = (M yn : 7i,y2 0 72) and (T3 N72) N 73, 0 -

an —(FgﬂFglﬂ---ﬂFg )ﬂﬁ;,
we have S(TY" + Y"1 1 Tily/n1]) = (T, y : 71 N T2).

Let I'" = S(I'Y" + 3232, Lily/w1))-

Also, My/y1,y/y2]l = Mily/y1,y/y2lMaly/y1,y/y2], so

T(Mly/v1,y/y2]) = T(Mily/y1, y/y2]Maly/v1,y/y2])
r",S(a1))

with IV = (F’,y AN 7?2)

. y1,y2 € dom(I'}), y1 ¢ dom(T';) and y2 € dom(T;):

Analogous to the previous case.

N
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vi.

vii.

viii.

y1,y2 € dom(T;), y1 € dom(T}) and y2 ¢ dom(T'}):
Analogous to the previous case.

y1,y2 € dom(T;), y1 ¢ dom(T'}) and y2 € dom(T'}):
Analogous to the previous case.

y1 € dom(T}), y2 ¢ dom(T)), y1 ¢ dom(T;) and yo € dom(T;):

Since y1 € dom(T"}), by Lemma 3.3.3, y; € FV(M).

So by Lemma 3.3.6, we have T(Mi[y/y1]) = (Tily/wa], 71NN 7)), — 0)).

And since y2 ¢ dom(T'}), by Lemma 3.3.3, yo ¢ FV(My),

so Mily/y1,y/y2] = Mily/y1]
and then

T(Mily/y1,y/y2]) = T(Mily/n]) = (Tily/pa], 7 N -0 7, — o).

Since ys € dom(T';), by Lemma 3.3.3, yo € FV(Ma).
So by Lemma 3.3.6, we have T(Ma[y/y2]) = (Ti[y/y2], 7i)-

And since y; ¢ dom(I';), by Lemma 3.3.3, y1 ¢ FV(M>),

so Maly/y1,y/y2] = Maly/yo]
and then

T(Maly/y1,y/y2]) = T(Mz[y/ya]) = (Lily/y2], 7i)-

So by rule 3.(b) of the inference algorithm (and (1), (2)),
T(Mily/y1y/y2lMaly/y1,y/v2]) = (S(Ti[y/v1] + 23 Tily/ya]), S(o1))-

Since S( /1 + Z?:l Fl) = (Flvyl : ?1,1/2 : 7?2)7
we have S(I' [y/y1] + 32 Dily/ye]) = (I, y - 71 N 7).

Let I = S(T [y/y1]) + > i1 Tily/v2)).

Also, My/y1,y/y2l = Mily/y1,y/y2lMaly/y1,y/y2], so

T(Mly/y1,y/y2]) = T(Mily/y1, y/y2] Maly/y1,y/y2])
= (I",8(d}))
— (F”,O’),

with IV = (T, y : 74 N 7).
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ix. y1 ¢ dom(T'}), y2 € dom(T})), y1 € dom(T;) and yo ¢ dom(T;):

Analogous to the previous case.

(C) (F,O’) = (S(P1+F2),S(01)), withI' = (F’,yl P71, Y2 7_"2), where T(Ml) = (Fl,T —o 0'1),
T(M;y) = (T'g, m2) and S = UNIFY ({2 = 7}).

Because y does not occur in M, then y does not occur in M; nor in M.

Since S(T'; + T'y) = (I, y1 : 71, y2 : T2), then there are nine possible cases regarding
the presence of y; and y2 in dom(I';) and dom(I's):

i. y1,y2 € dom(T'1) and y1,y2 ¢ dom(T'):
SoT'1 = (T, y1: T3,y2 : Ta) (for some 73,74 such that S(73) = 71 and S(74) = 7).

By induction,
T(Mily/y1,y/y2]) = (Y, 7 — 01), (1)

with T = (T}, y : 5 N 7).

And since yi,y2 ¢ dom(I'y), by Lemma 3.3.3, y1,y2 ¢ FV(M>),

so Maly/y1,y/y2) = Ma
and then

T(Maly/y1,y/y2]) = T(M2) = (I, 72). (2)

So by rule 3.(c) of the inference algorithm (and (1), (2)),
T(Mily/y1,y/y2lMay/yr,y/y2]) = (S(I'Y +I'2),S(01)).

Since I = (T, y : 5N 74), T'1 = (T}, y1 : 73,92 : Ta) and S(T'y + Tg) = (I, 41 -
7_:17y2 : 7_:2)3

we have S(Tf +T9) = (I, y : 7 N 7).

Let I = S(I/ + Iy).

Also, M[y/y1,y/vya]l = Mily/y1,y/y2]Maly/y1,y/y2], so

T(My/y1,y/v2]) = T(Mily/vy1,y/y2lMaly/y1,y/y2])
I, S(o1))

with I = (T, y : 74 N 7).
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ii.

iii.

iv.

y1,y2 ¢ dom(T'1) and y1,y2 € dom(T'y):

Analogous to the previous case.

y1,y2 € dom(I') and y1,y2 € dom(I'y):

SoT'y = (T, y1: Ta,y2 : 71) and Ty = (Th, 41 : 75, y2 : 7y) (for some 75,7y, T4, 74
such that S(73N74) = 7 and S(74 N 7}) = 7).

By induction,
T(Mily/y1,y/y2]) = XY, 7 —o 01), (1)

with T = (T}, y : Ts N T4);

T(Maly/y1,y/y2]) = (T3, 72), (2)

with T} = (T4, y : 7 N 7y).

So by rule 3.(c) of the inference algorithm (and (1), (2)),
T(Muly/y1,y/v2lMaly/y1,y/y2]) = (S(T] +T5),S(01)).

Since I'{ = (T,y : Ts N 74), 1 = (Th,y1 = Ta,y2 = 7a), T = (Th,y : 5N TY),
FQ:(FQ,yl :7_'§,y2 ) (F1+P2)E( Y Fl,ygifg) and (7_" 7'4)(7(7_'%(77_'1):

(T3 N 75) N (T4 N Ty),
we have S(I'f +T%) = (I, y : 71 N Ta).

Let I = S(I' +T%).

Also, M[y/y1,y/va] = Mily/vy1,y/y2]Maly/y1,y/y2], so

T(MTy/y1,y/va]) = T(Mily/y1,y/yel M2ly/y1,y/y2])
I, S(o1))

with T = (I, y : 71 N 7).

y1,y2 € dom(T'1), y1 € dom(T') and yo ¢ dom(I'y):

SoT'y = (T, y1 : 73,92 : 71) and Ty = (I'y,y1 : 74) (for some 73, 74, 74 such that
S(’f"gﬂfg) 71 and S<T4) —7’2)

By induction,
T(Mily/y1,y/y2]) = T, 7 — 01), (1)
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vi.

vii.

viii.

with T = (T}, y : 5 N 7).

Since y; € dom(I'y), by Lemma 3.3.3, y; € FV(M2).
So by Lemma 3.3.6, we have T(Mz[y/y1]) = (Taly/v1], 72).

And since y2 ¢ dom(T'2), by Lemma 3.3.3, ya ¢ FV(Ma),

so Maly/y1,y/y2] = Maly/y1]
and then

T(Ma[y/y1, y/ya]) = T(Maly/11]) = Taly/u1], 72).- (2)

So by rule 3.(c) of the inference algorithm (and (1), (2)),
T(Mily/y1,y/v2l Maly/y1,y/y2]) = (S(TY + T2[y/y1]),S(01)).

Since Flll = (Fll,y : ?3 07?4), Fl = (Fll,yl : 7?3,3/2 : ?4), Fg[y/yl] = (Fé,y : 7_":2),
Ly = (T5,y1:75), ST14T2) = (I, y1 : 71,92 : 7o) and (T3N7T4) N7y = (TsNT5) N T4,
we have S(TY + Tafy/y1]) = T,y : A N TR).

Let T = S(T'Y + Ta[y/v1]).

Also, M[y/y1,y/va] = Mily/vy1,y/y2lMaly/y1,y/y2], so

T(My/y1,y/v2]) = T(Mily/vy1,y/y2lMaly/y1,y/y2])
', S(o1))

with T = (I, y : 71 N 7).

y1,y2 € dom(T'y), y1 ¢ dom(I'2) and ys € dom(Iy):

Analogous to the previous case.

y1,y2 € dom(T's), y1 € dom(I';) and yo ¢ dom(T'y):

Analogous to the previous case.

y1,y2 € dom(T'), y1 ¢ dom(T'y) and y, € dom(Ty):

Analogous to the previous case.

y1 € dom(T'y), y2 ¢ dom(T'y), y1 ¢ dom(I'y) and yo € dom(I'z):

Since y; € dom(I'y), by Lemma 3.3.3, y; € FV(M7).
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(T",y1 : 71,92 : T2), and y does not occur in M) false, which makes the statement true.

ix.

Any other

So by Lemma 3.3.6, we have T(Mi[y/y1]) = (T1ly/v1], 7 — o1).

And since y2 ¢ dom(I'y), by Lemma 3.3.3, y2 ¢ FV(My),

so Mily/y1,y/y2) = Mily/y1]
and then

T(Mily/y1,y/v2]) = T(Mily/wi]) = (Tily/val, 7 —o 01).

Since ya € dom(I'y), by Lemma 3.3.3, y2 € FV(M2).
So by Lemma 3.3.6, we have T(Ma[y/y2]) = (T2ly/y2], 72).

And since y; ¢ dom(T'2), by Lemma 3.3.3, y; ¢ FV(Ma),

so Maly/y1,y/y2] = Maly/y2]
and then

T(Maly/y1,y/y2]) = T(Maly/ys]) = T2y /2], 72).

So by rule 3.(c) of the inference algorithm (and (1), (2)),
T(Mily/yr, y/v2lMaly/y1,y/y2]) = (S(Tily/y1] + Taly/ya]), S(01))-

Since S(T'1 +T'2) = (I, y1 : 71, y2 : T2),
we have S(T'1[y/y1] + Taly/y2]) = T,y : 72 N 7).

Let I = S(T1[y/vy1] + Ta2ly/vo])-

Also, M[y/y1,y/va] = Mily/y1,y/y2]Maly/y1,y/y2], so

T(Mly/y1,y/v2]) = T(Mily/y1, y/y2lMaly/y1,y/y2])
= (FII7S(01>)
— (11//’ 0_)7

with I = (T, y : 74 N 7).
y1 ¢ dom(I'y), yo € dom(I'y), y1 € dom(I'y) and y2 ¢ dom(I'y):

Analogous to the previous case.

possible case makes the left side of the implication (T(M) = (I',0), with T =

O]
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Theorem 3.3.8 (Completeness). If ®>T 4 M : o, then T(M) = (I, 0’) (for some environment
I'" and type o) and there is a substitution S such that S(¢’) = o and S(I'') =T

Proof. By induction on |®|.
1. (Axiom): ThenTI'=[z:7], M =z and 0 = 7.
T(M) = ([z:a],a) and let S = [7/a].

Then S(¢’) =S(a) = al[r/a]l =T7=0c
and SI") =S([z: a]) = [z : a[r/a]] =[x : 7] =T =T.

2. (Exchange): Then I' = (I'1,y : 72,z : 71,2), M = Mj, 0 = 01, and assuming that the
premise 'y, x : 71,y : To,'s Fo My : 01 holds.

By the induction hypothesis, T(M;) = (I'”,0”)

and there is a substitution S’ such that S'(¢”) = o1 and S'(I") = (T, 2 : 71,y : T2, '2).

By definition, (T'y,z : 71,y : 72, '2) = (I'1,y : 7o,z : 71, '2).
So S/(F”) = (Fl,x : ?1,y . 7_"2,F2) = (Fl,y . 7_"2,1' : ?1,F2) =T.

And T(M) =T(M;) and S'(¢”) = 01 = 0.

SoforI'"=T" 0’ =0¢" and S= ¢,
we have T(M) = (IV,0"), S(0’) = o and S(I") =T.

3. (Contraction): Then I' = (I'1,z : 71 N 72, T'2), M = Mi[z/z1,x/x2], 0 = 01, and assuming
that the premise I'1, x1 : 71,29 : T, 2 o M7 : 01 holds.

By the induction hypothesis, T(M;) = (', o”)

and there is a substitution S’ such that S'(¢”) = o1 and S'(I"”) = (T'y, 21 : 71,22 : T2, ['2).

Because S'(T') = (T'y, 21 : 71,22 : T2, ['2), then dom(I"") = dom(T'y,x1 : 71,22 : T2, '2).

So I = (I's,z1 : 7|, : Ty) for some environment I's and types 7, 75 such that S'(7) = 71,
SI(%%) = 7?2 and S/(Fg) = (Fl,rg).
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Then by Lemma 3.3.7 (z does not occur in M),
T(Mi[z/z1,2/x2)) = (TY,0"), with T = (T, z : 7 N 75).

And SI(F?,,.I‘ : 7_"{ ﬂ’]_"é) = (Fl,Fg,x : ’7_"1 ﬂ7?2) = (Fl,l‘ : ’7_"1 ﬂ’]_"Q,Fg) =T.

Also, M = My[z/x1, 2 /23], so T(M) = T(Mi[x/z1,x/23]) = (T],0").

So for IV =TY, o' =¢” and S =S, we have T(M) = (I',0’), S(¢/) = o and S(I") =T
1

. (= Intro): Then ' =T4, M = Az. My, 0 =71 N--- N1, — 01, and assuming that the

premise ',z : 7y N+~ N7, Fo My : o1 (with n > 2) holds.

By the induction hypothesis, T(M;) = (I, o)

and there is a substitution S’ such that §'(¢”) = o1 and S'(T”) = (T, z: 71 N - N 7y).

There is only one possible case for T(M):

e (z:7N---N7)el” (withm >2). Then T(M) =Tz, 74N---N1), — ")

By S'(I'") = (I'1,z: 1 N---N7,) and the assumption that (z: 7 N---N7) T,

we have S'(7{N---N7 ) =71 N NTy.

Then by that and by S'(¢”) = o1,

we have S'(r{N---N7/ = d"Y=mN-- N7 — 01.

By S'(I'") = (T'y,x : 71 N --- N 7,) and the definition of environment, S'(T”,) =T';.
Sofor IV =1",, ¢/ =7 Nn---N7), =5 " and S = S, we have T(M) = (I",0'),
S(¢’) = o and S(I') =T.

Note that there is not the case where 2z ¢ dom(I"”) because by 'y, z : 1y NNy, Fo My : 07
(with n > 2) and Corollary 3.3.3.1, € dom(I'").

There is also not the case where (2 : 7) € I'”, as the substitution S’ could not exist (because
there is no substitution S’ such that S'(7) =7 N---N7,).

. (= Elim): Then I' = (I'g, >, I';), M = M1 M>s, 0 = o1, and assuming that the premises

Lobo My :mnN---N7, = oy and Ty o My @ 1, for 1 <i <n (with n > 2), hold.

By the induction hypothesis,
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o T(M;) = (T, 0() and there is a substitution S{, such that S{(cy) =7 N -+ N7, — 01
and S,(T'f) = To;
* T(MQ) (F;7 g;

for 1 <i<n.

/) and there are substitutions S} such that S(c}) = 7; and S(I";) = Iy,

There is only one possible case for T(M):

e oyp=71N---N7} — 03 and, for each 1 <i <n, o, =17/
Let P={r] =7 |1<i<n}.

Let us assume, without loss of generality, that I', of, Sj and all I, 0%, S; do not have
type variables in common (if they did, we could simply rename the type variables in
each of the I'}, 0%, S} to fresh type variables and we would have the same result, as we

consider types equal up to renaming of variables).
We have S}(0}) = 7; and o = 7], so Si(7]') = 7, for each 1 <1i < n.

And Sy(op) =nN---N7, — oy and oy =74 N---N 7T}, — 03,
soSé(T{ﬂ---ﬁT,'L—>03):Tlﬂ~--ﬁ7'n—>01

Equivalently, Sy(m1) N---NSH(7},) = Sh(os) =7 N+ N1 — 071
So Sy(o3) = o1 and Sy(7}) = 7, for each 1 < i < n.

Then S5 =S{US] U---US], is a solution to P:

for all 1 <i <mn, S3(7]) = Si(7]) = 7 = Si(7]) = Ss(77).

Let §' = UNIFY(P).

Then we have T(M) = (S'(T) + >i=1 I),S(03)), given by the algorithm.

By Definition 3.3.3 of most general unifier, there exists an S such that
+ZF' S(S'(3))) = (S3(Th + >_T4),Ss(03)). (1)
i=1

And (S(S'(TH + >0 1 17)),S(S'(03))) is also a solution to T(M).

We have dom(T'g) Ndom(T';) = 0, for all 1 < ¢ < n (otherwise I' = Ty, > ; I'; would

be inconsistent),
so Lo, 3 Ti =To + X0, T

Because of that and our initial assumption that I, 0, Sy and all T, o7, S} do not have

type variables in common, we have Sj(I'y) + > iy SH(T%) = Lo, Yoiey I
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And S3(T' + 227, T7) = S6(I') + 22321 Si(1Y),
so S3(I'g + 207, I) = To, 3205, T,
which, by (1), is equivalent to S(S'(I'y + Y1, ') = Lo, >y T

Finally, we have S3(03) = S{(03) and Sj(o3) = 071,
SO 83(03) =01,
which, by (1), is equivalent to S(S'(03)) = o71.

So for I" = S/(T) + > I) and o’ = S'(03), we have T(M) = (I, 0’) and there is an
S such that S(¢’) = o and S(I') =T.

Note that there is not the case where o, = 7{N---N7/), — o3 with m # n, as the substitution
Sy could not exist (because there is no substitution Sy such that Si(r{ N---N 7}, — 03) =

TN N1y — 01, for m # n).

There is also not the case where o, = 7/ —o 03 nor the case where o, = «v as the substitution

Sy (such that Sjy(o() =71 N--- N7, — 01) could not exist.

. (—o Intro): Then I' =T'y, M = Xz.M;, 0 = 7 —o 01, and assuming that the premise

Fl,.’L' T FQ M1 L 01 holds.

By the induction hypothesis, T(M;) = (I, o)

and there is a substitution S’ such that S'(¢”) = 1 and S'(T”) = (T'y, 2 : 7).

There is only one possible case for T(M):

e (x:7)eTl”. Then TM) = T",, 7" — 0").

By S'(I”) = (T'1,x : 7) and the assumption that (z:7') € T,

we have §/'(77) = 7.

Then by that and by S'(¢”) = o1,

we have §'(7" — ¢”) =7 —0 07.

By §/(I') = (', z : 7) and the definition of environment, S'(I"”,) = T';.

So for IV =T1",, 0’ =7 — ¢” and S = §/, we have T(M) = (I',0’), S(¢’) = o and
S(I7) =T.

Note that there is not the case where x ¢ dom(I"”) because by I'1,z : 7 ko M; : 01 and
Corollary 3.3.3.1, € dom(I"”).
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There is also not the case where (z : 7 N---N7,) € I, as the substitution S’ could not

exist (because there is no substitution S’ such that §'(7y N---N7,) = 7).

7. (—o Elim): Then I" = (I'y,I'2), M = M1M>s, 0 = 01, and assuming that the premises
I'tFog My :7 —0 01 and I'y 9 M5 : 7 hold.
By the induction hypothesis,

o T(M;) = (I'},0}) and there is a substitution S} such that S}(c]) = 7 — o1 and
Si(ry) =Ty;

o T(Ms) = (I, 0%) and there is a substitution S such that S5(c%) = 7 and S,(T'y) = I's.
There are two possible cases for T(M):

e of =aj and o} = 1:
Let P ={a; = ag —o a3, 72 = aa}, where ag, a3 are fresh variables.

Let us assume, without loss of generality, that I}, 07, S} and T'), 04, S5 do not have
type variables in common (if they did, we could simply rename the type variables in
I, 0, S} to fresh type variables and we would have the same result, as we consider

types equal up to renaming of variables).
We have S5(05) = 7 and 04 = 72, so Sh(2) = 7.
And S} (0]) =7 —0 01 and ¢} = aq, so Si(a1) =7 —0 07.

Then S3 = S} U S, U [1/ag,01/as] is a solution to P:

— S3(a1) = Si(aq) =7 — 01 = (a2 — a3)[T/ag,01/as] = Sz(az — a3);

- Sg(TQ) = SIQ(TQ) =T = 042[7'/042,01/043} = 83(012).

Let S" = UNIFY(P).
Then we have T(M) = (S/(T'} +T%),S(a3)), given by the algorithm.
By Definition 3.3.3 of most general unifier, there exists an S such that
(S(S'(T + %)), S(S(@3))) = (S5(Iy + 1), S3(axs)).- (1)

And (S(S'(T} + T%)),S(S'(c))) is also a solution to T(M).
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We have dom(T'1) Ndom(T'y) = 0 (otherwise I' = 'y, T's would be inconsistent),
soI'1,I'g =11 + 1.

Because of that and our initial assumption that I}, o1, S] and T, 0%, S} do not have

type variables in common, we have S} (I'}) + S5(I'y) = I'y, T's.

And $3(y +1T%) = §1(T) + S5(TI),
so S3(T} +T%) =T, Ty,
which, by (1), is equivalent to S(S'(I'} +T'5)) =T'1,Ta.

Finally, we have S3(as) = o1,
which, by (1), is equivalent to S(S'(a3)) = o1.

So for I = §'(T'} + T) and o’ = S'(a3), we have T(M) = (I, ¢’) and there is an S
such that S(¢’) = o and S(I'") =T

ol =71 — o3 and o} = To:
Let P = {m =71'}.

Let us assume, without loss of generality, that I}, 07, S} and T'), 04, S5 do not have
type variables in common (if they did, we could simply rename the type variables in
I, o4, Sk to fresh type variables and we would have the same result, as we consider

types equal up to renaming of variables).
We have S, (0h) = 7 and o = 19, so Sh(r2) = 7.

And Sj(o}) =7 — 01 and 0] = 7" —o 03,
so Sj(7' — 03) =T —0 071.
Equivalently, (S} (7)) — (S}(03)) = 7 —0 1.

So Si(7") = 7 and S (03) = 01.

Then S3 = S} US), is a solution to P:
S3(m2) = Sy(72) = 7 = S1(7') = S3(7').

Let §' = UNIFY(P).
Then we have T(M) = (S'(T'] +1'%),S (03)), given by the algorithm.

By Definition 3.3.3 of most general unifier, there exists an S such that

(S(S'(T} +1%)),S(S'(03))) = (S3(T'} + T'5), S3(03)). (1)
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And (S(S'(T} + T%)),S(S'(03))) is also a solution to T(M).

We have dom(I';) Ndom(T's) = () (otherwise I' = ', T's would be inconsistent),
soI',Te =T+ Ts.

Because of that and our initial assumption that I}, o1, S} and T, 0%, S5 do not have

type variables in common, we have S} (I'}) + S,(T',) = I'1, .

And S3(I") + 1) = §1 (') + S5(T),
SO Sg(rll + Fé) =1I,09,
which, by (1), is equivalent to S(S'(I'} +T'%)) =T'1, .

Finally, we have S3(o3) = S} (03) and S} (o3) = 071,
SO 83(0'3) =01,

which, by (1), is equivalent to S(S'(03)) = o71.

So for IV = §'(I'} + T) and ¢’ = §'(03), we have T(M) = (IV,0’) and there is an S
such that S(¢’) = o and S(I'") =T

Note that there is not the case where of = 7/ N--- N7, — 03, as the substitution S} could

not exist (because there is no substitution S} such that S{(7{N---N 7}, = 03) =7 —0 01).

O

Hence, we end up with a sound and complete type inference algorithm for the Linear Rank 2

Intersection Type System.

3.4 Final Remarks

A A-term M is called a AI-term if and only if, for each subterm of the form Az.N in M, x occurs
free in N at least once. Note that our type system and type inference algorithm only type
Al-terms, but we could have extended them for the affine terms —a A-term M is affine if and
only if, for each subterm of the form Ax.N in M, z occurs free in N at most once, and if each

free variable of M has just one occurrence free in M.

There is no unique and final way of typing affine terms. For instance, in the systems in [1],
arguments that do not occur in the body of the function get the empty type []. Since we do not
allow the empty sequence in our definition and adding it would make the system more complex,

we decided to only work with AZ-terms.
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Regarding our choice of defining environments as lists and having the rules (Exchange) and
(Contraction) in the type system, instead of defining environments as sets and using the (+)
operation for concatenation, that decision had to do with the fact that, this way, the system is
closer to a linear type system. In the Linear Rank 2 Intersection Type System, a term is linear
until we need to contract variables, so using these definitions makes us have more control over
linearity and non-linearity. Also, it makes the system more easily extensible for other algebraic
properties of intersection. We could also have rewritten the rule (— Elim) in order not to use

the (4) operation, which is something we might do in the future.

The downside of choosing these definitions is that it makes the proofs (in Chapter 3 and
Chapter 4) more complex, as they are not syntax directed because of the rules (Exchange) and

(Contraction).



Chapter 4

Resource Inference

Given the quantitative properties of the linear rank 2 intersection types, we now aim to redefine
the type system and the type inference algorithm, in order to infer not only the type of a A\-term,
but also parameters related to resource usage. In this case, we are interested in obtaining the

number of evaluation steps of the A-term to its normal form, for the leftmost-outermost strategy.

4.1 Type System

The new type system defined in this chapter results from an adaptation and merge between our
Linear Rank 2 Intersection Type System (Definition 3.2.2) and the one we presented in Chapter 2
(Definition 2.4.6) from [1], as that system is able to derive a measure related to the number of
evaluation steps for the leftmost-outermost strategy. We then begin by recalling and adapting

some definitions that were already introduced in Chapter 2 and Chapter 3.

The predicates normal and neutral defining, respectively, the leftmost-outermost normal terms
and neutral terms, are recalled in Definition 4.1.1. The predicate abs(M) is true if and only if M
is an abstraction; normal(M) means that M is in normal form; and neutral(M) means that M is
in normal form and can never behave as an abstraction, i.e., it does not create a redex when

applied to an argument.

Definition 4.1.1 (Leftmost-outermost normal forms).

- neutral (M) normal(N) neutral(M) normal(M)
neutral(z) neutral (M N) normal(M) normal(Az.M)

Definition 4.1.2 (Leftmost-outermost evaluation strategy).

M — M’ M — M’ —abs(M)
(Az.M)N — MI[N/x] e M —s Nz M’ MN — M'N

neutral (V) M — M
NM — NM'

61
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Definition 4.1.3 (Finite rank multi-types). We define the finite rank multi-types by the following

grammar:
tight == Neutral | Abs (Tight constants)
tu=tight|a|t—ot (Rank 0 multi-types)
te=t|tNt (Rank 1 multi-types)
su=t|t—s (Rank 2 multi-types)

Definition 4.1.4.

o Here, a statement is an expression of the form M : (7, f), where the pair (7, t) is called the

predicate, and the term M is called the subject of the statement.
o A declaration is a statement where the subject is a term variable.

o The comma operator (,) appends a declaration to the end of a list (of declarations). The
list (I'1, ) is the list that results from appending the list I'y to the end of the list T';.

e A finite list of declarations is consistent if and only if the term variables are all distinct.

e We call environment to a consistent finite list of declarations which predicates are pairs
with a sequence from Ty ; as the first element and a rank 1 multi-type as the second element
of the pair (i.e., the declarations are of the form z : (7,%)), and we use I' (possibly with
single quotes and/or number subscripts) to range over environments.

o IfT =[zy:(7,t1),..., %, : (Tn,1n)] is an environment, then T is a partial function, with
domain dom(T') = {x1,...,z,}, and ['(z;) = (%, ;).

o We write I'; for the resulting environment of eliminating the declaration of x from I' (if

there is no declaration of x in I, then I';, =T).
e We write I'y = I's if the environments I'1 and I'y are equal up to the order of the declarations.

e If I'y and I'y are environments, the environment I'y + I's is defined as follows:

for each z € dom(T'1) U dom(T's),

Fl(x) if x ¢ dom(Pg)
(Fl + FQ)(!E) = Fg(.%') if §é dom(Fl)
(_’107_"2,t_'1ﬂ2?2) ifl“l(x):(ﬁ,ﬂ) and FQ(ZL‘):(?Q,{Q)

with the declarations of the variables in dom(I';) in the beginning of the list, by the same
order they appear in I'y, followed by the declarations of the variables in dom(I'y) \ dom(T'y),
by the order they appear in I's.

o We write tight(s) if s is of the form tight and tight(t; N---N¢,) if tight(¢;) for all 1 <7 <n.
For T = [z1 : (71,11),..., % : (Tn,tn)], we write tight(T) if tight(£;) for all 1 <i < n, in
which case we also say that I' is tight.
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Definition 4.1.5 (Linear Rank 2 Quantitative Type System). In the Linear Rank 2 Quantitative
Type System, we say that M has type o and multi-type s given the environment I', with index b,
and write

L M : (o,5)

if it can be obtained from the following derivation rules:

o (] F 2 () xom)
Tz (FLt),y: (R, 82), T FP M : (o, ) (Exchange)
Flay:(_éa_é)?x (_’17_’1)7F2 }_bM (J’S)
Ty, 2 (7, f), @0 0 (7, 12), Do P M : (0, 5) (Contraction)
Ty, 2: (R mq‘—‘27t_'1 me),FQ b Mx/xy,x/x9] : (0,5)
L,z (1, t) F" M : (o, s) (—o Intro)
I e Mo (1 —o 0,t —o 5)
T,z : (7,tight) ¥ M : (o, tight) (—o Introy)
—o Intr
' \2.M : (1 —o o, Abs) t
Loa:(mN--NrtiN---Nt) F' M:(a,s) n>2 (— Intro)
D MM (0 Nty = ot 0 Nty — 5)
Loz: (NN, t) FP M : (o, tight) tight() nz2 (— Introt)
L Az M : (1 N--- N7, — o, Abs) t
Iy F0 My (71— 0,t —o 5) Ty b2 My« (1,1) (—o Elim)
', T b1tz My M - (Ua 8)
Iy F9 My @ (1 — o, Neutral) 'y F°2 My : (7, tight) (—o Elimy)
—o 1My

I, T b1+b2 MM, : (0’, Neutral)

Fl—le:(Tlﬂ"-ﬂTn—>a,t1ﬂ-~~ﬂtn—>s)
Ty F My : (11,81) -+ Dy FO% My 2 (7, t0) n>2 (— Elim)
IND PR Fbotbuttbn AN (o,5)

I My : (rmN---N7, = o,Neutral)
I o1 My : (Tl,tight) R bn M - (Tn,tight) n > 2 (—) Elimt)
L, 30, I BotortFbn N MG ¢ (0, Neutral)
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The tight rules (the t-indexed ones) are used to introduce the tight constants Neutral and
Abs, and they are related to minimal typings. Note that the index is only incremented in rules
(—o Intro) and (— Intro), as these are used to type abstractions that will be applied, contrary to

the abstractions typed with the constant Abs.

Notation 4.1.1. We write ®>T"'° M : (0, s) if ® is a derivation tree ending with I' - M : (o, 5).
In this case, |®| is the length of the derivation tree ®.

Definition 4.1.6 (Tight derivations). A derivation ® > T F M : (0, s) is tight if tight(s) and
tight(T").

Similarly to what has been done in [1] for the type system we presented in Chapter 2, in this
section we prove that, in the Linear Rank 2 Quantitative Type System, whenever a term is tightly
typable with index b, then b is exactly the number of evaluations steps to leftmost-outermost

normal form.
Example 4.1.1. Let M = (\z1.(Az2.xox1)2x1)I, where [ is the identity function A\y.y.

Let us first consider the leftmost-outermost evaluation of M to normal form:
(Ax1.(Azg.woxy) 1) — (Nvg.wol)l — 1T — 1

So the evaluation sequence has length 3.
N —0
Let us write & for the type (o« — «) and Abs for the type Abs — Abs.

To make the derivation tree easier to read, let us first get the following derivation ® for the
term Azq.(Axe.xom1 )Ty

22 : (G—oT, ADS)| FO 2 : (G—of, AbS)  [x3 : (@, Abs)] FO 25 : (@, Abs)

)
22 : (G—oT, AbS), 23 : (&, Abs)] FO w3 : (&, Abs)
23 ¢ (@, Abs)] F! Azg.zozs : (G—o@) —o @, Abs—o Abs) 24 : (G@—ot, ADS)| O 4 : (@—oc, AbS))
(23 : (@, Abs), 24 : (G—oG, AbS)] F! (Azo.zozs)es : (&, Abs)
N (@—o), Abs N Abs)] F' (Aza.za21)z1 : (&, Abs)
[1F2 Az1.(Azg.xa21)2y ¢ (€ N (B—@)) — &, (Abs N A_bg) — Abs)

[.7?1 : (a’

Then for the A-term M, the following tight derivation is obtained:

[y : (a, Neutral)] FV 4 : («, Neutral) [y : (@7, Abs)] 0y : (@, Abs)
o []HY T : (@, Abs) []F 1 : (@—d, Abs)
[1F (Az1.(Azg.z9m1)21)] : (7, Abs)

So indeed, the index 3 represents the number of evaluation steps to leftmost-outermost normal

form.

We now show several properties of the type system, adapted from [1], in order to prove the

tight correctness (Theorem 4.1.7).
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Lemma 4.1.1 (Tight spreading on neutral terms). If M is a term such that neutral(M) and
®>T M : (0,s) is a typing derivation such that tight(I'), then tight(s).

Proof. By induction on |®|.

Note that the last rule in ® cannot be any of the — and — intro ones, because M = A\xz.M;

is not neutral.
1. (Axiom): Then I' = [z : (7,t)], M = x and s = ¢.

Since by hypothesis tight(I"), then ¢ is tight. So tight(s).

2. (Exchange): Then I' = (I'y,y : (f, 1), 2 : (71,11),T2), M = My, s = 51, and assuming that
the premise I'y,z : (71,11),y : (To, t2), T2 F* My : (0, 51) holds.

Since by hypothesis tight(T"), and (I'y,z : (71,%1),y : (72,12),I'2) = T, then tight(I'y, z :
(71,11),y : (To,12),T'9). And since neutral(M) and M = My, then neutral(M;).

So by induction we get tight(s1). And because s = s1, we have tight(s).

Since by hypothesis tight(I'), and all types in (I'y, 2y : (71,11), Zo : (T, 12),T2) appear in T,
then tight(T'y, 21 : (71,11), 22 : (72, 12), T2). And neutral(M;) because neutral(M; [z/21, 2/ x5]).

So by induction we get tight(s1). And because s = s1, we have tight(s).

4. (—o Elim): Then I" = (I'1,I'2), M = M;M,, s = s1, and assuming that the premises
Iy F2 My 2 (1 —o 0,t —o s1) and Ty 2 My : (7,t) hold.

Since by hypothesis neutral(M;Ms), then neutral(M;) and normal(Ma)

All types in I'y appear in I'. Then since by hypothesis tight(I"), we have tight(I'y).

Then we could apply the induction hypothesis to obtain tight(t — s;), which is false.

So (—o Elim) cannot be the last rule in ®.
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5. (— Elim): Similarly to (— Elim), here we would obtain tight(t; N --- N ¢, — s1), so

(— Elim) also cannot be the last rule in ®.

6. (—o Elim¢): Then I' = (I'1,T'2), M = M1 My and s = Neutral.

Since s = Neutral, we already have tight(s).

7. (— Elim¢): Then I' = (I, >7- I';), M = M; M5 and s = Neutral.
Since s = Neutral, we already have tight(s).

O]

Lemma 4.1.2 (Properties of tight typings for normal forms). Let M be such that normal (M)
and ® > T ° M : (0,5) be a typing derivation.

(i) Tightness: if ® is tight, then b = 0.

(ii) Neutrality: if s = Neutral then neutral(M).
Proof. By induction on |®|.
1. (Axiom): Then I' = [z : (7,t)], M =z, b=0 and s = ¢.

Clearly, both properties of the statement are verified in this case.

2. (Exchange): Then T' = (T'y,y : (%, t2),2 : (71,£1),T2), M = My, b = by, s = s, and
assuming ®1 > T, 2 ¢ (71, £1), y ¢ (o, f2), T2 H0 My : (0, 51).

Since by hypothesis normal(M) and M = M;, then normal(M;).

(i) Tightness: if @ is tight, then ®; is tight and by induction, b = b; = 0.

(ii) Neutrality: if s = Neutral, since s = s1, s = Neutral and by induction, neutral(M7).
So since M = M, neutral(M).

3. (Contraction): Then I' = (Fl,ac : (7?1 ﬁ’?z,fl Q{Q),FQ), M = Ml[x/ml,x/xg], b="b1, s = s,
and assuming (I)l > Fl,xl : (_’1,{1),33‘2 : (FQ,'FQ),FQ }—bl M1 : (O‘, 81).

Since by hypothesis normal(M) and M = M;[z/z1,2/x2], then normal(M;).
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(i) Tightness: if ® is tight, then ®; is tight and by induction, b = b; = 0.

(ii) Neutrality: if s = Neutral, since s = s1, s = Neutral and by induction, neutral(M).
So since M = M [z/x1, x/x2], neutral(M).

4. (—o Intro): Then I' = I'y, M = Xa.M;, b = by +1, s = t — s1, and assuming
b > Fl,l’ : (T,t) |—b1 M - (0,81).

Since by hypothesis normal(M) and M = Az.M;, then normal(My).

(i) Tightness: @ is not tight, so the statement trivially holds.

(ii) Neutrality: s # Neutral, so the statement trivially holds.

5. (= Intro): Then ' =11, M = e. M1, b=b1+1, s =t;N---Nt, — $1, and assuming
O >Ty,z: (NN Tty NN ty) F My s (0, 81), with n > 2.

Since by hypothesis normal(M) and M = Az.M;, then normal(My).

(i) Tightness: @ is not tight, so the statement trivially holds.

(ii) Neutrality: s # Neutral, so the statement trivially holds.

6. (— Introy): Then I' = I'y, M = Az.M;y, b = by, s = Abs, and assuming ®; > I',x :
(7, tight) Fo1 M : (o, tight).

Since by hypothesis normal(M) and M = Az.M;, then normal(My).

(i) Tightness: if ® is tight, then ®; is tight and by induction, b = b; = 0.

(ii) Neutrality: s # Neutral, so the statement trivially holds.

7. (= Introy): Then I' = T'y, M = Ax.My, b = by, s = Abs, and assuming ®; > ',z :
(11N -+ N7, 1) FO My - (0, tight), with tight(£) and n > 2.

Since by hypothesis normal(M) and M = Az.M;, then normal(My).

(i) Tightness: if ® is tight, then ®; is tight and by induction, b = b; = 0.

(ii) Neutrality: s # Neutral, so the statement trivially holds.
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8.

10.

11.

(— Elim): Then I' = (I'1,T9), M = MMy, b = by + b2, s = s1, and assuming
Oy > F My : (1 —o 0,t —o 51) and ®o > g 2 My : (7, 1).

Since by hypothesis normal(M) and M = M;j My, then neutral(M;Ms). So neutral(M;)
(and then normal(M;)) and normal(My).

(i) Tightness: this case is impossible. If ® is tight, then I' = (I'y,I's) is tight, and so is
I';. And since neutral(M;), Lemma 4.1.1 implies that the type of M; in ®; has to be
tight, which is absurd.

(ii) Neutrality: neutral(M) holds by hypothesis.

(— Elim): ThenT' = (I", > T), M = MiMa, b=b'+by1+---+by, s = s1, and assuming
YT F My (mn---N7 = oty NNty — s1) and &; > T; F% My« (13,t;), for
1 <i<n,withn > 2.

Since by hypothesis normal(M) and M = M; My, then neutral(M;Ms). So neutral(M;)
(and then normal(M7)) and normal ().

(i) Tightness: this case is impossible. If ® is tight, then I' = (I, > ; I';) is tight, and so
is IV. And since neutral(M;), Lemma 4.1.1 implies that the type of M; in &' has to
be tight, which is absurd.

(ii) Neutrality: neutral(M) holds by hypothesis.

(— Elimy): Then I' = (I'1,T2), M = MMy, b = by + be, s = Neutral, and assuming
&> T4 F0 My (1 —o o, Neutral) and ®9 > I's F22 My : (7, tight).

Since by hypothesis normal(M) and M = M;jMs, then neutral(M;Ms). So neutral(M;)
(and then normal(M;)) and normal(My).

(i) Tightness: if ® is tight, then ®; and ®5 are tight and by induction, b; = 0 and by = 0.
Sob=>b; +by=0.

(ii) Neutrality: neutral(M) holds by hypothesis.

(— Elimg): Then I = (I, 7, Ty), M = MyMs, b=V + by + - + by, s = Neutral, and
assuming @' > I Y M - (r1 N -+~ N7, — o,Neutral) and ®; > T'; F% M, : (1, tight), for
1<i<n,withn>2.

Since by hypothesis normal(M) and M = M; M, then neutral(M;Ms). So neutral(M;)
(and then normal(A;)) and normal(M3).
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(i) Tightness: if ® is tight, then ® and ®; (for all 1 <7 < n) are tight and by induction,
bV=0and b; =0 (forall1<i<mn). Sob=0b+by+---+b, =0.

(ii) Neutrality: neutral(M) holds by hypothesis.

O]

Lemma 4.1.3 (Relevance). If ® > T ° M : (o, 5), then = € dom(T') if and only if z € FV(M).

Proof. Easy induction on |®|. O

Lemma 4.1.4 (Substitution and typings). Let ® > T' - M; : (0,s) be a derivation with
x € dom(l") and I'(x) = (m N -~ N7y, t1 N - Nty), for n > 1. And, for each 1 < i < n, let
P, >T b My : (13, ;).

Then there exists a derivation @' > Ty, S0, T; FoH01++bn £ [My /2] @ (0, s). Moreover, if

the derivations ®, ®q, ..., P, are tight, then so is the derivation ®’.

Proof. The proof follows by induction on |®|.

Without loss of generality, we assume that FV(M;) N FV (M) = 0, so that T'y, > 1o, T is
consistent. Otherwise, we could simply rename the free variables in M; to get M (and the same
derivation ®, with the variables renamed) such that FV(M]) N FV(Ms3) = (. Then, by a weaker
form of the lemma (for M;, My such that FV(M;) NFV(Mz) = (), we would get the derivation &’
(with the renamed variables) and finally we could apply the rule (Contraction) (and (Exchange),
when necessary) to the variables that were renamed in M, in order to end up with the proper

derivation ®’.
1. (Axiom):
Then we have
O [z: (r, )] FO o (11, 1)
Sol'=[z:(r,t)], Te =[], M\i=2,b=0,0 =7 and s = .
By hypothesis we also have:
O >y F My : (11, t)

Given that (Fm,l“l) = ([ ],Fl) = Fl, Ml[Mg/x] = x[Mg/x] = MQ, b+bl = 0—|—b1 = bl,

o =1, and s = t1, then we already have the derivation ® = ®, as we wanted.
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2. (Exchange):

Then we have

Q> F/17y2 : (7?27{2>7y1 : (Flafl)aFIQ '_b M1 : (Ua 8)7

which follows from &) > T, y1 : (71, 1),y : (T, 1), T F* M : (o, 5).

And there are three different cases depending on z:

(a)

T # y and x # Yo

—

Sol' = (F/17y2 : (7?27{2)7y1 : (7—_'17{’1)7F/2) and Fx = (Fllz7y2 : (7?27{2)7y1 : (F17t1)7rl21)‘

Since z : (1 N -+ N7y, t1N---Nty) €T, then either that declaration is in I’} or in T'%,
and ¢ (71N N7, t1 N Nty) € (T 1 1 (R 1), y2 0 (R, £2),Th).
By hypothesis we also have:

®; > T 0 My : (73, t:)

forl1 <i<n.

Given @) and ®;, by the induction hypothesis, there is a derivation ending with
n
Tyt (7L 1),y2 1 (R, 12),Th,, Y Ty FOFOE %0 A My /2] « (o, 5).
i=1
By rule (Exchange), we get the final judgment we wanted:

Ty (FLt),y2 t (R ), Thyy Sory Ty HOH0LEFbn AL (M /2] : (0, 5)
Tyt (Fouta),yn o (71, 61), Ty, Sopy Ty HOHOE4bn AL (M /2] 2 (0, 5)

So there is indeed @' > Ty, S0 Ty Fo+o1+-+bn A (M /7] (0, 5).

T =Y1:

SoI' = (F/17y2 : (7?27{2)73/1 : (7?17{1)7]‘1/2) = (F/17y2 : (?2,?2),1’ : (7?17{1)7F/2) and
Fx = (F/17y2 : (7?2752)71—‘/2)

By hypothesis we also have:

forl1 <i<n.
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Given @) > T,z : (71, 11),y2 : (To,2),T% F? My : (0,s) and ®;, by the induction

hypothesis, there is a derivation

n
' > T, yp ¢ (7, 82), T, Y Ty o0 4bn AL [My /2]« (0, 5),
=1

which is the derivation we wanted.

(c) == yo

Analogous to the case where x = y;.

3. (Contraction):

Then we have

¢ > F/by : (7?1 n 7?27{1 N 52)7F/2 b M{[y/yla y/y2] : (07 3)7
which follows from &) > T, y1 : (71, 1),y : (T, 1), T F* M : (0, 5).
And there are two different cases depending on z:

(a) = #y:

SoT = (T,y : (AN GHNEG)TL), Ty = [,y (N7 NE),Th)), M =
Mily/y1,y/y2], © # y1 and x # ya.

Since z : (1 N+ N7y, t1N---Nty) €T, then either that declaration is in I’} or in T'%,
and @ : (TN N7, by N Nt) € (D, yn 0 (7L 81), 42 0 (7o, 12),Th).
By hypothesis we also have:

P, > T |—bi My - (Ti,ti)

for 1 <i<n.

Given @] and ®;, by the induction hypothesis, there is a derivation ending with

n
Loyt (7 11), 92 1 (2, 12), /2$azri Fobt o A My [2] ¢ (0, 5).
i=1

Note that this implies that y; and yo do not occur free in M,, otherwise, by
Lemma 4.1.3, y1,y2 € dom(I';) and so I' v : (?1,ﬂ),y2 : (FQ,{Q),FIQx,Z?:IFZ’

would not be consistent.

By rule (Contraction), we get the final judgment we wanted:
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Lot (P 1), 2 1 (P, £2), Ty, S0 Ty HOHOEFbn MM, [2] : (o, 5)
L,y (7N T, b1 M), Ty, Sofy Ty o0t ton (MM, /a]) [y /yr, /2] : (0, 5)

Since x # y1, T # yo2, ¢ # y and y1, y2 do not occur free in My,

then (M{[Ms/x])[y/y1,y/y2] = (Mily/y1,y/ya])[M2/x].
And as My = M{[y/y1,y/yz], we have (Mi[y/y1,y/ya])[M2/z] = Mi[M2/x].

So there is indeed ®' > Ty, S0 Ty FoH01++bn A My /2] (0, 5).

T =1y

SoT = (Th,y : (FAN7h,h NE),Th) = (T, z : (7 NT, G Ni),Th), Ty = (Th,T%),
My = Mily/y1,y/ye] = M{[z/y1,x/y2] and @ # y1 and x # y2 (assuming that y # y1
and y # yo, without loss of generality). Let us also assume, without loss of generality,

that y1, 72 do not occur in M.

By hypothesis we have z : (11 N --- N7y, t1 N - Nty) €T and y : (7
Sosince x =y, wehave i N---N7, =71 N and t1N---Nt, =t
So for some 1 < k < n, Wehaveﬁ:Tlﬂ---ﬂTk,FQ:Tk+1ﬂ---ﬂ7'n,ﬂ:tlﬂ'--ﬂtk
andé:tkﬂﬂ---ﬁtn.

By hypothesis we also have:
P, >T l—bi M - (Ti,ti)
for 1 <i<n.
Given @) >T%,y1 : (7N N7, t1 N Ntg)yy2 o (Thgr Do N7y b1 N+ - Nity), Th b

Mj : (0,s) and ®; for 1 < j < k, by the induction hypothesis, there is a derivation
ending with

k
Tyt (Thgt N e N T bt Moo Nty), Ty, Y Ty RO 40 AL A /4] 2 (0, 5).
j=1

Now given that derivation and ®; for k 4+ 1 < j < n, by the induction hypothesis,

there is a derivation

n
O > T, T, Y Ty oottt tbe (A My /y1])[Ma/y2] : (0, ),
j=k+1

which is the derivation we wanted.
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Since = # y1, * # Y2, y1 # y2 and y1, Y2, x do not occur in My and z does not occur
free in M7, then:

(M [z /1)) [Ma/2])[M2/ys]

((Mi[z /1)) [M2/x])[2/y2]) [Ma/]
(Mi[z/ya])[x/ya]) [ M2/ ]

= (Mi[z/y1, z/ya]) [M>/ 7]

(M7 [M3/11])[Ma/ya] =

And as My = M{[z/y1,x/y2], we have (M{[Ma/y1])[Ma/ys] = M1[Ma/z].
Also (I, T%) = Ty and b+ by + -+ + b+ byt + -+ +bp = b+ by + -+ + by,

So there is indeed ®' > Ty, S0 Ty FoH01+-+bn A My /2] (0, 5).

4. (—o Intro):
Then we have
ST Ay M : (1 — o't — &),
which follows from @) > T,y : (1,t) FY M : (¢, s").
So My =X yM,b=b+1,0=7-—o0',s=t—os and v #y.

Since z: (11 N---NTp,t1N---Ntp) €L thena: (NN, t1N---NEy) € (T y 2 (7,8)).

By hypothesis we also have:
P, > T l—bi Mo : (Ti,ti)

forl1 <i<n.

Given @] and ®;, by the induction hypothesis, there is a derivation ending with

n
Doy : (1,1), Y Dy FY 04t MMy /2]« (o, 6).

=1

We can now perform consecutive applications of (Exchange) in order to get

Fx,ZFi,y : (7, 1) FY ottt MMy J2] < (07, 8)).
i=1

Finally, by rule (— Intro), we get the final judgment we wanted:

Lo, S Tiyy ¢ (7,0) FY A0 MMy /o] : (o, o)
Dy, Yoy Dy HV 40 Uy (MM a)) : (1 —o ot —o )
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Since M; = Ay.M and x # y, then \y.(M[Msy/z]) = (A\y.M)[Msz/x] = M1[My/x].
Alsob=V+1,50 +by+--+b,+1=b+by +--+by.

So there is indeed ® > I'y, S0 I'; Fotb1t+bn N [My /2] - (0, 5).

. (— Intro):

Similar to the previous case.

. (—o Introy):

Then we have
O>TH A\y.M : (1 — o', Abs),

which follows from @ > T,y : (7, tight) F* M : (¢’, tight).
So My =Xy M,b=10,0=71—0', s=Abs and = # y.

Since x : (11N N7y, t1N---Nty) €T, then z 2 (7N N7y, 1N+ -NEy) € (T, y : (7, tight)).

By hypothesis we also have:
®; > T, o My : (13, t;)

forl1 <i<n.

Given @) and ®;, by the induction hypothesis, there is a derivation ending with

n
.,y : (1, tight), > Ty FVbrttbn MAL /2] ¢ (o, tight).
=1

We can now perform consecutive applications of (Exchange) in order to get

FI,ZF“ (7, tight) FV'Tb1F+0n MM, /2] - (o, tight).

Finally, by rule (— Introt), we get the final judgment we wanted:

To, 3 i,y o (7, tight) FE 0146 AI[A]) /2]« (0, tight)
Ly i Iy b/ b1t tbn Ay.(M[My/x]) : (1 —o o', Abs)

Since M; = Ay.M and z # y, then \y.(M[Msy/z]) = (A\y.M)[Msz/z] = M1[Mz/z|.
Alsob=0V,s0b +by+---+b,=b+b; +---+b,.

So there is indeed ®' > Ty, S0 Ty Fo+or+-+bn A (M /2] (0, 5).
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7. (— Introy):

Similar to the previous case.
8. (— Elim):

Then we have
&>, T, HH% Ny Ny : (o, ),
which follows from @} > I'} (R Ny : (T —o0,t — s) and @) > T A No: (7,1).

Since x € dom(T") and T" = (T}, '), either € dom(T'}) (and = € FV(Ny), by Lemma 4.1.3)
or x € dom(I'y) (and xz € FV(N2), by Lemma 4.1.3). Note that there is not the case where

x € dom(I"}) and = € dom(T}) simultaneously, otherwise (I'},I'}) would be inconsistent.

So there are two different cases depending on x:

(a) = € dom(I"}) and = ¢ dom(T'%):

Sof‘:( /17F,2),Px:( " PIQ), My = N1Ns andb:b’1+b’2.

13;7
Andz:(miN---N7y,t1N---Nty) €T

By hypothesis we also have:
®; > Ty o My« (13, ;)

for 1 <i<n.

Given @} and ®;, by the induction hypothesis, there is a derivation ending with
n
., Zfi by bt tbn Ny[My/z] : (T —0 0,t —0 8).
i=1
By rule (—o Elim), with T, %2 Ny : (7,t) from ®), we get:

Lo 0 Ty bt N (M [2] (1 —o 0t —o 5) T F% Ny (1,1)
Lo Sy Ty, T RO FbrtFbntbe (N (A /2] )Ny 2 (0, 5)

Note that (I";,,> i, I';,I'y) is consistent because of our initial assumption that
FV(My) N FV(Ms) = 0.

We can now perform consecutive applications of (Exchange) in order to get the final
judgment we wanted:

n
F,lxv é,zri l_b’1+b1+..‘+bn+b’2 (Nl [M2/x])N2 . (U7 8)

i=1
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Since M; = N1N; and = ¢ FV(N3) (by Lemma 4.1.3, since z ¢ dom(T%)), then
(N1[M2/x]) Ny = (N1[Ma/x])(N2o[Ma/x]) = (N1 N2)[Mz/x] = Mi[Ma/x].
Also b= + b5, 50 by +b1+ -+ + by =b+by + -+ by.

So there is indeed ®' > Ty, S0 Ty FoH01+-+bn AL My /2] (0, 5).
(b) = € dom(I'}) and x ¢ dom(I")):

SoT = (I, T%), Ty = (I}, T%.), My = NNy and b= b + b.

And z: (mi N N7yt N Nty) € T4

By hypothesis we also have:

;> Ty Y My« (13, 1)

for 1 <i<n.

Given @), and ®;, by the induction hypothesis, there is a derivation ending with

n
IY,, > Ty Rrtbrttbn Ny[AL 2] 2 (7,8).
i=1
By rule (—o Elim), with T} F%1 N : (1 — 0,t —o ) from @/, we get the final judgment
we wanted:
[y F Ny 2 (7 — 0, — 5) s Sy Ly FO 040 N[ My /2]« (7,)
10 Dy Yoy Ty FO TR HOE 4t N (NG [ My /) : (o, 5)

Note that (I'},T%,,> i, I';) is consistent because of our initial assumption that
FV(M1) N FV(M,) = 0.

Since M; = N1Ny and = ¢ FV(N;) (by Lemma 4.1.3, since z ¢ dom(T})), then
Ni(No[My/x]) = (N1[My/])(No[Ma/x]) = (N1 N2)[My/x] = Mi[My/z].

Alsob="b) + b, s0 0] +b5+by 4+ +b, =b+by + -+ by.

So there is indeed ® > I'y, Y27 I'; Fotb1t=+bn N [My /2] - (0, 5).

Similar to the previous case.
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10. (— Elim):

Then we have .
Q> T/, T F I NN, ¢ (o, 5)

j=1
which follows from ®/ >T" ' Ny : (r{ 0 ---N7, = o, t)N---NL, —s),
O > TN Ny (7, 8,), ..., @ T Fom Nyt (77t ) and m > 2.
Since € dom(I') and ' = (I, 372 I'}), either » € dom(I') (and = € FV(Ny), by
Lemma 4.1.3) or x € dom(T}), for 1 < j < m (and z € FV(Nz), by Lemma 4.1.3).
Note that there is not the case where 2 € dom(I") and = € dom(T";) (for 1 < j < m)

simultaneously, otherwise (I, 37", I';) would be inconsistent.

So there are two different cases depending on «:

(a) z € dom(I") and = ¢ dom(I'}), for 1 < j < m:
SoI'=(I", 2274, 1), Ty = (I, X272, I'), M1 = NiNz and b =0"+ b} + -+ + by,,.
Andz: (N -N7y,t1 NNty €TV

By hypothesis we also have:
[OFN ¥ |—bi M - (Ti,ti)

for1 <i<n.

Given @] and ®;, by the induction hypothesis, there is a derivation ending with

n
s, ZFi [V Hbrtetbn Ni[Ms/z]): (1NN 7) = oty NNt — s).
i=1
By rule (— Elim), with T F1 Ny : (7{,#}), ..., TV, Fm Ny : (7, t)) from &}, ...,
<I>;n, respectively, we get:
Ty, S Ty FY bt Ny (Mo /2] s (70 -0 rl, = oyt NNt — s)
% Ny (7),ty) -+ T0 Fbn Ny o (77, t)

Iy, Sy D, Sy T bt batbidtbos (N (Mo /2]) Ny = (o, 5)

Note that (I, > i T, 2272, ') is consistent because of our initial assumption that
FV(My) N FV(Ms) = 0.

We can now perform consecutive applications of (Exchange) in order to get the final

judgment we wanted:

m n
[, 3T 3T O tbettit o (N3 (Mo 2] N - (0, 5)
j=1

i=1
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Since My = N1 Nz and = ¢ FV(Nz) (by Lemma 4.1.3, since x ¢ dom(I"}) for 1 < j < m),
then (N1[My/2])Ny = (N1[Ma/x])(N2[Ma/x]) = (N1 N2)[My/z] = Mi[Ma/x].
Alsob=00+b +---+0b,, 500 +b1+---+by+ b +---+b,=b+bi + -+ by.

So there is indeed ®' > Ty, S0, Ty FoH01++bn AL My /2] (0, 5).
z € dom(I}), for 1 < j <m, and = ¢ dom(I"):
SoI'= (I, 3275, 1), e = (I, 3505, I ), My = NiNa and b= b+ by + - + by,

And z @ (N Nmpti N2 NE) € 30 F;, which means that the sequences
(1N N7p,t1 N---Nty,) can be split between the environments I, ..., T . Also,
note that this implies n > m (because by Lemma 4.1.3, z € dom(I'}) for all 1 < j < m).

Thenfor 1=k < - <kp<kpri=n+1land 1 <j<m,

. /
let z : (Tkj n--- ﬂTk(jH)—latkj N ﬂtk(j+l)_1) € Fj.

By hypothesis we also have:
®; > Ty Fo My« (73, ;)

forl1 <i<n.

So for each 1 < j < m, given (133- and @, ..., Pk, —1, by the induction hypothesis,
there is a derivation ending with
k(j1)—1

Ty, > Tk G T Ny My [ < (7, 8)).
i=k;

By rule (— Elim), with TV - Ny : (7 N --- N7/, = o,t) N---Nt,, — 5) from &, we

get the final judgment we wanted:

EY Ny (i n-ntl, s o thn--Nt, — s)
T, SR Ty Pttty Ny My ] < (7, 8)) ++ Tl Sy, Ty Fomt oottt No (M foo] - (7,1,
I (T, SR D) o (T, S, To)) Y Ni(N2[ Mo /2]) : (0, 5)

where 0" ="+ (b] + by + -+ + bpy—1) + -+ + (by,, + by, + -+ by).

By our initial assumption that FV(M;)NFV(Ms) = 0, by Lemma 4.1.3, and by looking
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at the definition of (4), we have:
ko—1 n
i=km
ko—1 n
i=1 i=km
T, ZT
7j=1
= ()0 ), T
j=1 =1
=TI, > I
i=1
Since M; = NiN2 and = ¢ FV(N;) (by Lemma 4.1.3, since z ¢ dom(I”)), then
Ni(Na[My/x]) = (N1[My/x])(Nao[Mz/x]) = (N1 Na)[Ma/x] = My [Ma/x].
Also since b=b"+ b} +--- + bl,,, we have:
OV =b + (b4 by 4+ bgy 1)+ (b, + g, e+ by)
=0+ O+ )+ (bt b1+ Dy, e D)
=0+ +4b,)+ (b + -+ by)
=b+by+-+bp.
So there is indeed ®' > Ty, Y0, Ty FoH01++bn AL My /2] (0, 5).
Similar to the previous case.
O

We now show an important property that relates contracted terms with their linear counterpart.

Basically, it says that the following diagram commutes (under the described conditions):

M —— N’

S(M’)l lS(N’)

M — N
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Lemma 4.1.5. Let M — N and M = S(M’) for some substitution S = [x/x1,x/xs] where
x1, 22 occur free in M’ and x does not occur in M’. Then there exists a term N’ such that
N =8(N’') and M' — N'.

Proof. This trivially holds because S simply renames free variables — suppose that in M we
annotate each occurrence of x with the variable it substituted (so that each occurrence is either

2% or x"2). Then M is equal to M’, up to renaming of variables. O

Convention 4.1.1. Without loss of generality, we assume that, in a derivation tree, all contracted
variables (i.e., variables that, at some point in the derivation tree, disappear from the term and
environment by an application of the (Contraction) rule) are different from any other variable in
the derivation tree.

We also assume that when applying (Contraction), the new variables that substitute the contracted

ones are also different from any other variable in the derivation tree.
Lemma 4.1.6 (Quantitative subject reduction). If ® > T F° M : (o, s) is tight and M — N,

then b > 1 and there exists a tight derivation ® such that ® >T =1 N : (o, s).

Proof. We prove the following stronger statement:
Assume M — N, ® >T ° M : (0, s), tight(T'), and either tight(s) or —abs(M).
Then there exists a derivation ® >T' =1 N : (0, 5).

We prove this statement by induction on M — N.

L Rule ~(\p My)Ny —s My[Ny/a]

Assume ® > T' -0 (A\z. M) Ny : (o, s) and tight(T).

So at some point in the derivation ®, either the rule (—o Elim) or (— Elim) is applied
(not (—o Elimy) nor (— Elim) because it is not possible to derive the type Neutral for
an abstraction) and is then followed by zero or more applications of the rules (Exchange)

and/or (Contraction).

Case where the last rule different from (Exchange) and (Contraction) applied in & is:
(a) (—o Elim):
Then at some point in ® we have:

O >Ty F (A M]) : (1 —o oyt —os) By 1>y F2 N : (7,1)
[y, Ty FOrto2 (\x. MI)NY - (0, 5)
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Assume that after the application of this rule, the rule (Contraction) was applied n
times (with n > 0) and (Exchange) zero or more times, and let S = [y, /@n, yn/x}] ©
[Yn—1/Tn—1,Yn—1/2),_1] © -+ o [y1/x1,y1/2}] be the substitution that reflects the n

applications of the rule (Contraction). Then we have:

o My = S(Mj);
o N1 =S(Ny);
e b=1>01 + bo.

Since ®; > Ty F* (A\z.M]) : (T — 0,t —o ), at some point in the derivation ®1, the
rule (—o Intro) is applied, followed by zero or more applications of the rules (Exchange)
and/or (Contraction). So at some point in ®; we have:
I,z (r,t) F MY : (o, s)
Iy FAH A MY 2 (1 —o 0,t —o )

Assume that after the application of this rule, the rule (Contraction) was applied m
times (with m > 0) and (Exchange) zero or more times, and let S1 = [y},/2m, Y}/ 20) ©
(Y 1/ 2m—1sYmy—1/%—1) © - = © [Y] /21, Y} /2]] be the substitution that reflects the m

applications of the rule (Contraction). Then we have:
o M =8 (M);
e b1 = bll + 1.

We can then apply Lemma 4.1.4 for the derivations ®) > I'},z : (1,t) F*1 M/ : (o, s)
and ®y > T'y P2 NJ : (7,1) to obtain

" > T, Ty O+ MUING 2] : (0, 5).

Note that we can assume I}, 'y to be consistent by Convention 4.1.1 and the fact

that I'y,I'y is consistent.

If we perform the m applications of (Contraction) (and the necessary applications
of (Exchange)) over the same variables over which they were performed in ®; after
the application of (—o Intro), i.e., over the variables z1, 21, 29, 25, . .., 2m, 2,,, We can
obtain:

I HA 2 8 (MY [N} fa]) s (0, 9)

where I'; = (I'1,T'2). (By Convention 4.1.1, the variables in I'y are not substituted.)

If we now perform the n applications of (Contraction) (and the necessary applications
of (Exchange)) over the same variables over which they were performed in ® after
the application of (—o Elim), i.e., over the variables x1, 2}, x2, 25, ..., Ty, x,, we can
obtain:

Ty F+02 S(81 (M (N7 /a])) : (0, 5)
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where I's = T.
Finally, since I's = T", we can apply (Exchange) as many times as needed to get the

final judgment we wanted:

[ AT S8 (M{ [N} /a])) : (0, 5)

Since b = by + by and by = b} + 1, then
by =0 —1+4by
=b—-1.
By Convention 4.1.1, we have Sy (M{'[Ni/z]) = (Si1(M{))[N7/x].
Also, M| = &1 (M7'), so

Sy (MY[N/x]) = (Si(M{)[N1/x]
= Mj[Ni/z]. (1)

Because x cannot be in S, then S(M{[N7/z]) = (S(M7))[S(N7)/z].
And since M; = S(M{) and N1 = S(N7), we have (S(M7))[S(N7)/z] = M1[N1/x], so
S(M{[Ni/z]) = (S(M]))[S(Ny) /2]
= Mi[Ny/z]. (2)

Then, by (1) and (2) we have:

S(S1(M{[N1/=])) = S(Mi[Ny/x])
= Ml[Nl/x]

So there is indeed ®' > T' =1 My [Ny /2] : (o, 5).

(b) (— Elim):
Then at some point in ® we have:
IS EY M) (N N7 = ot NNt — 5)
o >1 b1 N{:(Tl,tl) e P> Ty b N{Z(Tk,tk) k>2
T}, 30 Ty FOAO0 (e M{NT + (0, )

Assume that after the application of this rule, the rule (Contraction) was applied n
times (with n > 0) and (Exchange) zero or more times, and let S = [y, /xn, yn/x}] ©
[Yn—1/Tn—1,Yn—1/2),_1] © -+ o [y1/x1,y1/2}] be the substitution that reflects the n

applications of the rule (Contraction). Then we have:
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° N1:8(N{),
o b=bl+b+ -+ b

Since @} > T F (A\z.M]): (11 N---N7, = 0,t1 N---Ntx — 5), at some point in the
derivation @/, the rule (— Intro) is applied, followed by zero or more applications of

the rules (Exchange) and/or (Contraction). So at some point in ®] we have:

OV >TY (110 Nyt N Nty) FY MY 2 (0, 5) k>2
DY EY Y N MY s (NN = oyt N e Nty — )

Assume that after the application of this rule, the rule (Contraction) was applied m
times (with m > 0) and (Exchange) zero or more times, and let Sy = [y,/zm, Y.,/ 7h,] ©
(Y1) 2m—1sYmy—1/2%m—1) © - = © [Y] /21, Y} /7]] be the substitution that reflects the m

applications of the rule (Contraction). Then we have:
« Mj=Si(M);
o V) =0 +1.

We can then apply Lemma 4.1.4 for the derivations ®/ >T%,z: (mmN-- N7, 1NN
tr) by 7 (0,s) and &1 >T FO* N : (11,t1),...,Pp>T% F2% NI : (73, 1x) to obtain

k
@1 T, ST FAT 0 MY N 2] < (0,5).

=1

Note that we can assume I'}, "% | T; to be consistent by Convention 4.1.1 and the

fact that I}, >2F | I'; is consistent.

If we perform the m applications of (Contraction) (and the necessary applications
of (Exchange)) over the same variables over which they were performed in &) after
the application of (— Intro), i.e., over the variables z1, 21, 22, 25, . . ., Zm, 2},,, We can
obtain:

D A S (YN a]) - (09)

where T = (I'},>.F_, I}). (By Convention 4.1.1, the variables in Y.¥ , T'; are not
substituted.)

If we now perform the n applications of (Contraction) (and the necessary applications
of (Exchange)) over the same variables over which they were performed in ® after
the application of (— Elim), i.e., over the variables 1,2}, x9, 2}, ..., zp, 2, we can
obtain:

I ROt S (8 (MY [N /) : (0 5)



84

Chapter 4. Resource Inference

where TV =T.

Finally, since I =T', we can apply (Exchange) as many times as needed to get the

final judgment we wanted:

r '_b'1'+b1+"‘+bk S(Sl(M{/[N{/x])) : (U; S)

Since b = b} + by + -+ + b, and by = b/ + 1, then

b 4+by 4 b =0 —1+b+---+b
=b—1.

By Convention 4.1.1, we have Sy (M{'[Ny/x]) = (S1(M7))[N7/x].
Also, Mj = &1 (M), so

Si(M{'[Ny/z]) = (Si(MY)[N7/x]
= Mj[Ni/z]. (1)

Because x cannot be in S, then S(M7[N7/z]) = (S(M7))[S(N7)/z].
And since M; = S(M{) and N1 = S(NV7), we have (S(M7))[S(N7)/z] = M1[N1/x], so

S(Mi[N1/x]) = (S(M]))[S(N)/x]
= M;[N;/x]. (2)

Then, by (1) and (2) we have:

S(S1(M{[N1/z])) = S(Mi[Ny/x])
= Ml[Nl/x]

So there is indeed ®' > T' F*=1 My[Ny /] : (o, s).

M1—>M2

2. Rul :
B¢ N M — Az M,

Assume ® > T' -0 A\z. M : (0, 5), tight(T') and the premise M; — Mo.

Since abs(Az.M;), we must have hypothesis tight(s).

So at some point in the derivation ®, either the rule (—o Introy) or (— Introy) is applied and

is then followed by zero or more applications of the rules (Exchange) and/or (Contraction).
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As the two cases are similar, we will only show the case in which the last rule different

from (Exchange) and (Contraction) applied in ® is (—o Introy):

Then at some point in ® we have:

> T,z : (7, tight) F¥ M| : (01, tight)
I Y \z.M! : (1 —o oy, Abs)

where 0 = 7 — 07 and s = Abs.

Assume that after the application of this rule, the rule (Contraction) was applied n
times (with n > 0) and (Exchange) zero or more times, and let S = [y, /@, yn/x}] ©
[Yn—1/Tn—1,Yn—1/2h_1] 00 [y1/z1,y1/2}] be the substitution that reflects the n applica-

tions of the rule (Contraction). Then we have:

. M1 = S(M{),
e b=V

Since tight(T"), we have tight(T”, x : (7, tight)).

Since M7 — My and My = S(Mj), by applying Lemma 4.1.5 n times for the substitutions
resulting from the n contractions, we get a term M such that My = S(M3) and M| — M.

Then we can apply the induction hypothesis on ®; and get a derivation ending with
',z : (1, tight) F¥' =1 M} : (oy, tight).
By rule (—o Introt), we have:

',z : (7, tight) F¥' =1 M} : (0y, tight)
I FY'=1 \g M) : (1 —o o, Abs)

If we now perform the n applications of (Contraction) (and the necessary applications
of (Exchange)) over the same variables over which they were performed in ® after the

application of (—o Intro), i.e., over the variables x1, 2!, x2, ), ..., 2y, z,,, we can obtain:

Ty FY' 1 S(Az.M}) : (1 — o1, Abs)

where I'y =T

Finally, since I'y; = I', we can apply (Exchange) as many times as needed to get the final
judgment we wanted:

I HY' Y S(Az.Mb) : (1 —o o1, Abs)
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. Rule

Since b =¥, then d/ —1=0b— 1.
And since My = S(M3) and z cannot be in S, we have S(Az. M) = \x.Mo.

So there is indeed ® > T F'=1 Az My : (o, ).

M, — M2 —\abS(Ml)
M1N1 — M2N1

Assume ® > T'F° M Ny : (o, s), tight(I') and the premises M; — My and —abs(Mj).

So at some point in the derivation ®, either the rule (— Elim), or (— Elimy), or (— Elim),
or (— Elimy) is applied and is then followed by zero or more applications of the rules

(Exchange) and/or (Contraction).

As the four cases are similar, we will only show the case in which the last rule different
from (Exchange) and (Contraction) applied in ® is (—o Elim):
Then at some point in ® we have:

Oy Ty F M (71— ot —s) BTy kb2 NIt (r,8)
[y, Ty FOvto2 MINT (0, 5)

Assume that after the application of this rule, the rule (Contraction) was applied n
times (with n > 0) and (Exchange) zero or more times, and let S = [yn/xn, yn/x}] ©
[Yn—1/Tn—1,Yn—1/2)_1] © -0 [y1/1,y1/x]] be the substitution that reflects the n applica-

tions of the rule (Contraction). Then we have:

o My =S(Mj);
L4 N1 :S(N{ 5
e b=10by + bs.

Since tight(I"), we have tight(I';). And also, as —abs(M7), then —abs(M7) (S simply renames

free variables).

Since My — My and My = S(Mj), by applying Lemma 4.1.5 n times for the substitutions
resulting from the n contractions, we get a term M3 such that My = S(MJ) and M — M.

Then we can apply the induction hypothesis on ®; and get a derivation ending with

[ =t MY (1 — 0,t —o 5).

By rule (—o Elim), with T'y F*2 N7 : (7,t) from ®5, we have:
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Dy FOt MY (1 — ot —s) Ty kb2 Nj:(1,t)
Iy, Ty FOHe=L AN 2 (0, 5)

If we now perform the n applications of (Contraction) (and the necessary applications
of (Exchange)) over the same variables over which they were performed in ® after the

application of (— Elim), i.e., over the variables x1, ], 29,25, ..., zy, z),, we can obtain:

[y E2= L S(MyNY) : (o, 9)

where I's = T.

Finally, since I's = T', we can apply (Exchange) as many times as needed to get the final

judgment we wanted:
I Hort =l S(MINY) : (o, 5)

Since b = by + by, then by + by —1 =056 —1.
And since My = S(M3) and Ny = S(N7), we have S(M)N{) = MyNy.

So there is indeed & > T =1 My Ny : (o, 5).

neutral(N7) My — My
N1M1 — N1M2 ’

4. Rule

Assume ® > I' -2 Ny M : (o, s), tight(I') and the premises neutral(N) and M; — Mo.

So at some point in the derivation ®, either the rule (— Elim), or (— Elimy), or (— Elim),
or (— Elimy) is applied, giving I” F* N{M] : (o, s), and is then followed by zero or more

applications of the rules (Exchange) and/or (Contraction).

Assume that the rule (Contraction) is applied n times (with n > 0) and (Exchange) zero

or more times, and let § = [yn/Tn, Yn/Tn] © [Yn—1/Tn—1, yn-1/@p 1] 0 0 [yr /w1, y1 /1] be
the substitution that reflects the n applications of the rule (Contraction). Then we have:

o N1 = S(Ny);
. My = S(M)).

Then as a premise for any of those four rules, we have a derivation for Nj of the form:
O >Ty F N : (o, 8)

Since neutral(N7), we have neutral(NV]) (S simply renames free variables).
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Also, since tight(T"), independently from the elimination rule that was applied, we have
tight(T').
Then by Lemma 4.1.1, we have tight(s’).

So this means that actually, the last rule different from (Exchange) and (Contraction)

applied in ® must be either (— Elimy) or (— Elimt), and not (— Elim) nor (— Elim).

And as the two cases are similar, we will only show the case in which the last rule different

from (Exchange) and (Contraction) applied in ® is (— Elimy):
Then, before the n applications of the rule (Contraction) and possible applications of
(Exchange) what we have is:

@y > T F Nj : (7 —o o, Neutral) ®y > Ty 02 MY : (7, tight)
'y, T Fo1+02 NI MY - (o, Neutral)

and

e s = Neutral;

o My =S(My);
e b=1>b1 + bo.

Since tight(T"), we have tight(T's).

Since My — My and My = S(M7), by applying Lemma 4.1.5 n times for the substitutions
resulting from the n contractions, we get a term My such that My = S(M3) and M| — M.

Then we can apply the induction hypothesis on ®9 and get a derivation ending with
Dy F271 M - (7, tight).
By rule (—o Elimy), with T'y F?* N| : (7 —o ¢, Neutral) from ®;, we have:

I'y Fo' Ni : (1 —o o, Neutral) [y F02=1 M3 (7, tight)
Iy, Ty Fortb2=1 NIALL - (o, Neutral)

If we now perform the n applications of (Contraction) (and the necessary applications
of (Exchange)) over the same variables over which they were performed in & after the

application of (— Elimy), i.e., over the variables x1, 2}, 22,2}, ..., xy,, 2}, we can obtain:

I3 Fort2=1 S(N{MY) : (o, Neutral)

where I's =T
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Finally, since I's = T', we can apply (Exchange) as many times as needed to get the final
judgment we wanted:
I Fortb2=1 S(NTMY) - (o, Neutral)

Since b = by + by, then by + by — 1 =056—1.
Also, s = Neutral.

And since N1 = S§(N7) and My = S(M}), we have S(N{M}) = Ny M.
So there is indeed & > T =1 Ny My : (o, 5).

O

Theorem 4.1.7 (Tight correctness). If ®>T F M : (0, s) is a tight derivation, then there exists
N such that M —® N and normal(N). Moreover, if s = Neutral then neutral (V).

Proof. By induction on the evaluation length of M —* N.

If M is a (leftmost-outermost) normal form, then by taking N = M and k = 0, the statement
follows from the tightness property of tight typings of normal forms (Lemma 4.1.2(i)). The

moreover part follows from the neutrality property (Lemma 4.1.2(ii)).

Otherwise, M — M’ and by quantitative subject reduction (Lemma 4.1.6) there exists
a derivation ® >T' F~1 M’ : (0,s). By induction, there exists N such that normal(N) and
M’ —b=1 N. Note that M — M’ —*~1 N, that is, M —* N. O

4.2 Type Inference Algorithm

We now extend the type inference algorithm defined in Chapter 3 (Definition 3.3.7) to also
infer the number of reduction steps of the typed term to its normal form, when using the

leftmost-outermost evaluation strategy.

This is done by slightly modifying the unification algorithm in Definition 3.3.6 and the
algorithm in Definition 3.3.7, which will now carry and update a measure b that relates to the

number of reduction steps.
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First, recall the following definition, presented in Chapter 3:

Definition 4.2.1 (Type unification). We define the following relation = on type unification
problems (for types in Ty ):

{r=7}UP = P

{n—on=m—ontUP = {n=m,2=7}UP

{1 om=a}UP = {a=7m —om}UP

{a=71}UP = {a=71}UP[1/q] if v € fv(P) \ fv(7)
{a=71}UP = FAIL ifaefv(r)and a # 1

where P[r/a] corresponds to the notion of type-substitution extended to type unification problems.
If P={m =1...,7n =7,}, then P[r/a] = {n[r/a] = 1{[7/a],...,m[T/a] = 7} [7/a]}. And
fv(P) and fv(7) are the sets of free type variables in P and 7, respectively. Since in our system
all occurrences of type variables are free, fv(P) and fv(7) are the sets of type variables in P and

T, respectively.

Definition 4.2.2 (Quantitative Unification Algorithm). Let P be a unification problem (with
types in Trq). The new unification function UNIFYq(P), which decides whether P has a solution
and, if so, returns the MGU of P and an integer b used for counting purposes in the inference
algorithm, is defined as:
function UNIFYq(P)
b:=0;
while P = P’ do
if P={n —omn=m—ontUP and P'={r = 73,72 = 74} U P, then
b=0b+1;
P =P
if P is in solved form then
return (Sp,b);
else
FAIL;

Let us call Ty -environment to an environment as defined in Chapter 3, i.e., just like the
definition we use in the current chapter, but the predicates are only the first element of the pair

(i.e., a sequence from Tpq).

Definition 4.2.3 (Quantitative Type Inference Algorithm). Let I be a Ty -environment, M a
A-term, o a linear rank 2 intersection type, b a quantitative measure and UNIFYq the function
in Definition 4.2.2. The function Tq(M) = (I', 0,b) defines a new type inference algorithm that
gives a quantitative measure for the A-calculus in the Linear Rank 2 Quantitative Type System,

in the following way:

1. f M ==z,thenI' = [z : o], c = a and b = 0, where « is a new variable;
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2. LfM = )\.%'Ml and TQ(Ml) = (Fl,Ul,bl) then:

(a) if © ¢ dom(T'y), then FAIL;
(b) if (x:7) €'y, then TQ(M) = (I'1,, T — 01,01);
() f (x:mN---N7y) €y (withn >2), then TQ(M) = (T, 71NN Ty — 01, 01).

3. Lf M = MlMQ, then:

(a) if Tq(M1) = (T, 1,b1) and Tq(Mz) = (T2, 72, b2),
then Tq(M) = (S(T'y +T'2),S(ag), by + b2),
where (S, ) = UNIFYq({an = a2 —o a3, 72 = a2}) and ag, a3 are new variables;
(b) if Te(M;) = (T}, 71 N---N 7}, — of,b1) (with n > 2) and, for each 1 < i < n,
Tq(Mz) = (T'i, i, bi),
then To(M) = (S(T} + S1, T),S(04), by + 370, b + by + 1),
where (S,b3) = UNIFYqQ({r; =7/ | 1 <i < n});
(c) if TQ(M;) = (I'1,7 — 01,b1) and TQ(M2) = (I'z, 72, ba2),
then TQ(M) = (S(I'y 4+ TI'2),S(01), b1 + by + b3 + 1),
where (S, b3) = UNIFYqQ({72 = 7});

(d) otherwise FAIL.

Note that b is only increased by 1 and added the quantity given by UNIFYq in rules 3.(b)

and 3.(c), since these are the only cases in which the term M is a redex.

Example 4.2.1. Let us show the type inference process for the A-term Az.xzx.

By rule 1., Tq(z) = ([ : a1], a1,0).

By rule 1., again, Tq(z) = ([x : ag], a2,0).

Then by rule 3.(a), Tq(zz) = (S([z : a1]+[z : a2]),S(au),04+0) = (S([z : cxNaz]),S(au),0),
where (S,_) = UNIFYq({a1 = a3 — ayq, a0 = a3}) = ([as — ay/aq, as/as],0).

So Tq(zz) = ([z: (a3 —o a4) Nas], a4, 0).

Finally, by rule 2.(c), Tqo(Az.zz) = ([ ], (a3 —o aq) N g — 4, 0).

Example 4.2.2. Let us now show the type inference process for the A-term (Az.zz)(Ay.y).

o From the previous example, we have Tq(Az.zz) = ([ ], (a3 — au4) Nz — au,0).
o By rules 1. and 2.(b), for the identity, the algorithm gives Tq(Ay.y) = ([ ], @1 — a1,0).

o By rules 1. and 2.(b), again, for the identity, Tq(Ay.y) = ([ ], a2 — a2, 0).
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o Then by rule 3.(b), Tq((Az.zz)(Ay.y)) = (S([]+[]+1[]),S(eu),04+0+0+b3+1) =
([],S(aa), b3 + 1),
where (S,b3) = UNIFYq({a1 — a1 = a3 —o a4, as — az = as}), calculated by performing

the following transformations:

{ag a1 = a3 —oay,as — ay = a3z} = {a1 = a3, a1 = g,y — ag = az}
= {a1 = a3, a3 = g, a9 —0 ag = asg}
= {041 = Q4,x3 = (x4, —0 Q09 2054}
= {Oél = 04,03 = Q4,04 = OQ —0042}

= {1 =ag — 2,3 = g —o a2, 4 = a9 —o Az}

So S = [(ag — a2)/ay, (aa — ag)/ag, (e —o ag)/ay]

and b3 = 1 because there was performed one transformation (the first) of the form

{nn—on=m—ontUP={rn=m,1n=m}UP.

And then, Tq((Az.zx)(Ay.y)) = ([],2 —0 a2, 1+ 1) = ([ ], a2 —o a2, 2).

Since the Quantitative Type Inference Algorithm only differs from the algorithm in Chapter 3
on the addition of the quantitative measure, and only infers a linear rank 2 intersection type and
not a multi-type, the typing soundness (Theorem 4.2.1) and completeness (Theorem 4.2.2) are

formalized in a similar way.

Theorem 4.2.1 (Typing soundness). If Tq(M) = ([x1 : T1,...,2n : Tp),0,b), then [z :

(FL 1)yt (T )] FY M : (o, s) (for some measure b’ and multi-types s,%1,...,%,).

Proof. The proof follows as in Theorem 3.3.5 (only the non-t-indexed rules are necessary). [

Theorem 4.2.2 (Typing completeness). If ® > [x1 : (71,11),..., %0 ¢ (To,tn)] FP M : (0,5),
then To(M) = (IV,0',b") (for some Ty, -environment I, type ¢’ and measure ') and there is a
substitution S such that S(o’) = ¢ and S(I") = [z1 : 71, ..., Tn : Tn).

Proof. The proof follows similarly to the proof of Theorem 3.3.8 (note that even when t-indexed
rules are used in the derivation, the resulting linear rank 2 intersection type is the same as when

the correspondent non-t-indexed rules are used). O

As for the quantitative measure given by the algorithm, we conjecture that it corresponds
to the number of evaluation steps of the typed term to normal form, when using the leftmost-
outermost evaluation strategy. We strongly believe the conjecture holds, based on the attempted
proofs so far and because it holds for every experimental results obtained by our implementation.
We have not yet proven this property, which we formalize, in part, in the second point of the

strong soundness:
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Conjecture 4.2.1 (Strong soundness). If Tq(M) = ([x1: T1,...,ZTn : Tn),0,b), then:

1. There is a derivation ® t> [z : (F1,21), ..., Zn : (Tastn)] FY M : (0,5) (for some measure b’

and multi-types s,11,...,t,);

2. If ® is a tight derivation, then b =1b'.

Note that the second point implies, by Theorem 4.1.7, that there exists N such that M —® N

and normal(N'), which is what we conjecture.

We believe that proving this conjecture is not a trivial task. A first approach could be to
try to use induction on the definition of Tq(M). However, this does not work because the
subderivations within a tight derivation are not necessarily tight. For that same reason, it is
also not trivial to construct a tight derivation from the result given by the algorithm or from a

non-tight derivation.

Thus, in order to prove this conjecture, it will be necessary to establish a relation between
the algorithm and tight derivations, a result that we do not have yet and for which we think

that we would need a technical development that goes beyond the scope of this thesis.






Chapter 5

Implementation and Experimental
Results

Here, we briefly describe the implementation (in Haskell) of the previously defined systems.

5.1 Implementation Overview

Besides the theoretical work presented in the previous chapters, we implemented the Quantitative
Type Inference Algorithm in Haskell, as well as Milner’s type inference algorithm for simple types
[24], Trevor Jim’s algorithm for rank 2 intersection types [19] and functions to evaluate terms
to normal form for different evaluation strategies. This way, we were able to experimentally

compare and verify the correctness of the empirical results.

Our final software package, in addition to the type inference algorithms, which are a tool
of semantic analysis, is also composed of a lexer and a parser that were made with the parser
generator Happy. As shown in the scheme below, it first performs a lexical and a syntactical
analysis on the input, which generate an Abstract Syntax Tree that is the input of the type

inference algorithms, which then perform the semantic analysis.

T
Lexer Parser ype
Inference

The full Haskell implementation, along with input examples, can be found in

https://github.com/toko18/LinearRankIntersection Types-MastersThesis.
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In Appendix A, we include the code for the main modules of the project, which are organized

in the following way:

e LambdaCalculus (A.1) defines A-terms;

e LinearTypes (A.2) defines linear types and includes the implementation unifyQ of the
Quantitative Unification Algorithm UNIFYq;

e LinearRank2QuantitativeTypes (A.3) defines linear rank 1 and 2 intersection types
and includes the implementation quantR2typeInf of the Quantitative Type Inference
Algorithm Tg;

e Reductions (A.4) defines the functions maximal, normal and applicative that are
called by the reduce function to reduce terms to normal form using the maximal, normal

and applicative evaluation strategies, respectively;

o parser.y (A.5) is the description of the parser to be generated with Happy.
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5.2 Experimental Results

We tested the Quantitative Type Inference Algorithm for several A-terms in order to access
the correctness of the inferred measure. The table below shows some of those results, which
we obtained by running the implemented type inference algorithm and the reduction functions
for the leftmost-outermost strategy (also known as normal order) and the leftmost-innermost

strategy (also known as applicative order).

. Steps Steps
A-Term Environment, Type Count
(normal) | (applicative)
(zy)y [(z, 00 — a5 —o ag), (y, a5 N a2)], a 0 0 0
A\e.zx [], (@2 N (a2 — a3)) — a3 0 0 0
Mz f(fz) []; (a3 — a5) N (@5 — ap)) = (a3 — ag) 0 0 0
Mfx.f(fx))(A\z.z) [], 6 — 3 3 3
(Afz.f(fzx))(Azx.zz)y) [(y, (15 —o a5 —o ag) Na1s N (a9 — a3 —o az) Nag)],az — as 3 3 2
(Az.zz)(Ay.y) [], 4 —o g 2 2 2
(Az.zzz)(Ay.y) [],a7 — ar 3 3 3
Az.zzx)Ay.y)Afz. fx) [], (a12 — a13) —o a2 —o a3 4 4 4
Az.zzz)Afz.f2)(Ay.y) [], @10 — aug 7 7 7
Az f(f(fz)(Mfz.fz) [ (12 —o a13) —0 @12 —o a3 6 6 6
Az.z(z(zz)))(Ay-y) [], 010 — a0 4 4 4
Ay.(Az.zzz)y)(Ax.x) [], 012 — a2 4 4 4
(A\z.zza)y [(y, (ag — a5 —o ag) Nae N as)], a 1 1 1
(Az.zzz)((Az.x)y) [(y, (ag — a5 —o o) Naa Nas)], ap 4 4 2
Mz.zzzz)((Az.z)y) [(y, (g — a5 —o aig —o ag) Nz Nz N )], v 5 5 2
Az.z)((Az.z)(Az.T)) [], 2 —o g 2 2 2
Az.z)((Az.z)(Az.x)) (A2 2) [],a3 —o ag 3 3 3
Ayy(Az.z))(Az.z) [],a1 — 2 2 2
(Azyz.zz(yz))(Az.x) [, (g — ag) —o ((ag N (ag —o ag)) — ag) 2 2 2
Az.(A\y.yz)z)(A\x.x) [], 6 —o ag 3 3 3

Table 5.1: Environment, type and quantitative measure (Count) given by the inference algorithm,
and number of reduction steps to normal form when using normal order (leftmost-outermost

strategy) and applicative order (leftmost-innermost strategy), for each A-term tested.

As shown in these results, as expected, the algorithm correctly gives the number of evaluation
steps of the terms to normal form, for the leftmost-outermost evaluation strategy. Although we

still need to prove the correctness of the quantities inferred, the results obtained are promising.
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Conclusions and Future Work

Quantitative type systems are a powerful tool for static program analysis, but in addition to the
qualitative information, they also provide quantitative information about program evaluations
that can be used to estimate their time and space complexities in compile time, which allows us

to know in advance the computational resources that will be required to run the program.

Intersection type systems characterize termination so, in order to make typability decidable,
one can restrict the intersection types by using the notion of finite rank introduced by Daniel
Leivant [23]. When developing a non-idempotent intersection type system capable of obtaining
quantitative information about a A-term while inferring its type, we realized that the classical
notion of rank was not a proper fit for non-idempotent intersection types, and that the ranks could
be quantitatively more useful if the base case was changed to types that give more quantitative
information in comparison to simple types, which is the case for linear types. We then came up
with a new definition of rank for intersection types based on linear types, which we call linear

rank [25].

Based on the notion of linear rank, we defined a new intersection type system for the A-
calculus, restricted to linear rank 2 non-idempotent intersection types, and a new type inference
algorithm (based on Trevor Jim’s [19]), which we proved to be sound and complete with respect

to the type system.

We then merged that intersection type system with the system for the leftmost-outermost
evaluation strategy presented in [1] in order to use the linear rank 2 non-idempotent intersection
types to obtain quantitative information about the typed terms, and we proved that the resulting
type system gives the correct number of evaluation steps for a kind of derivations. We also
extended the type inference algorithm we had defined, in order to also give that measure, and
showed that it is sound and complete with respect to the type system for the inferred types, and

conjectured that the inferred measures correspond to the ones given by the type system.

Finally, in order to test the new inference algorithm, we implemented it in Haskell, as well as
other type inference algorithms and procedures to evaluate terms to normal form for different

evaluation strategies.
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Although we left unproven the correctness of the quantities inferred by the Quantitative
Type Inference Algorithm, the goals of this work were fulfilled, and we believe that it comprises
a fair contribution to the area. We argue that our Quantitative Type Inference Algorithm is a
first step towards the automatic inference of truly quantitative types, and we also believe that
the Linear Rank 2 Intersection Type System alone can have interesting properties that can be

used in other topics, such as linearity.

Regarding the proofs we presented, we believe that many of them would be much simpler if
we had defined environments as sets and used solely the (4) operation for concatenation, instead
of defining environments as lists and having the rules (Exchange) and (Contraction) in the type
systems. But that was the price we had to pay in order to have a system that is closer to a linear
type system, makes us have more control over linearity and non-linearity, and is more easily

extensible for other algebraic properties of intersection.

In the future, we would like to:

e prove Conjecture 4.2.1;

o further explore the relation between our definition of linear rank and the classical definition

of rank;
o extend the type systems and the type inference algorithms for the affine terms;

o adapt the Linear Rank 2 Quantitative Type System and the Quantitative Type Inference

Algorithm for other evaluation strategies;

o extend them for a simple programming language like Core Haskell (the intermediate

language used by the Haskell compiler GHC).
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Appendix A

Haskell Implementation

A.1 Lambda Calculus

module LambdaCalculus where

data Term = Var TeVar
| Abs TeVar Term
| App Term Term
deriving Eq

data TeVar = TeVar String
deriving Eq

instance Show Term where

show (Var x) = show x
show (Abs x m) = (’(’:’\\’:show x) ++ (’.’:show m) ++ [’) ’]
show (App ml m2) = (’(’:show ml) ++ (’ ’:show m2) ++ [’) ’]

instance Show TeVar where
show (TeVar x) = id x
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A.2 Linear Types

module LinearTypes where
import LambdaCalculus
—— Linear rank 0 intersection types (linear types).
data TLinearRank0 = TVar TyVar | TAp TLinearRankO TLinearRankO
deriving Eq
data TyVar = TyVar String
deriving Eqgq
type EqSet = [(TLinearRank0, TLinearRankO)]
type Sub = (TyVar, TLinearRankO0)
type Subst = [Sub]
data Unifier = Uni Subst | FAIL
deriving (Eq, Show)
instance Show TLinearRankO where
show (TVar a) = show a
show (TAp tl1 t2) = (’(’:show t1) ++ (> ’:>—=’:’0’:’ ’:show t2) ++ [’) ]
instance Show TyVar where
show (TyVar a) = id a
——————Type Unification ——————
—— Given a Sub s=(a,t) and a linear type t0, replaces all free
— occurrences of the type wariable a in the type t0 with type t.
subst Sub —> TLinearRank0 —> TLinearRank0
subst (al, t) (TVar a2) | al == a2 =t
| otherwise = TVar a2
subst s (TAp tl1 t2) = TAp (subst s tl1) (subst s t2)
—— Given a Sub s=(a,t) and an set of equations eqset, replaces all free
— occurrences of the type wariable a in the types in eqgset with type t.
substE Sub —> EqSet —> EqgSet
substE __ [] = []
substE s ((tl1,t2):ts) = (t1’,t27):ts’
where t1’ = subst s t1
t2’ = subst s t2
ts’ = substE s ts
—— Given a Sub s=(a,t) and an a type substitution subst, replaces all free
—— occurrences of the type wvariable a in the types in subst with type t.
substS Sub —> Subst —> Subst
substS _ [] =[]
substS s ((t1,t2):ts) = (t1’,t2’) :ts’
where TVar t1’ = subst s (TVar t1)
t2° = subst s t2
ts’ = substS s ts
—— Checks if a type wvariable occurs (free) in a linear type.
isFVType TyVar —> TLinearRank0O —> Bool
isFVType al (TVar a2) = al == a2
isFVType a (TAp t1 t2) = isFVType a tl1 || isFVType a t2
—— Checks if a type wariable occurs (free) in an equation set.
isFVTypeE TyVar —> EqSet —> Bool
isFVTypeE _ [] = False
isFVTypeE a ((tl, t2):ts) = isFVType a t1 || isFVType a t2 || isFVTypeE a ts
—— Checks if a type variable occurs (free) in a type substitution.
isFVTypeS :: TyVar —> Subst —> Bool
isFVTypeS [] = False
isFVTypeS a ((tl, t2):ts) = isFVType a (TVar t1) || isFVType a t2 || isFVTypeS a ts
— Unification algorithm with counting of quantitative information.
—— (The third element of the tuples is the counter of the gquantitative information.)
unify Q (EqSet, Unifier, Int) —> (EqSet, Unifier, Int)
unifyQ ([], u, count) = ([], u, count)
unifyQ ((tl1, t2):ts, u, count) | t1 == t2 = unifyQ (ts, u, count)
unifyQ ((TAp t1 t2, TAp t1’ t2’):ts, u, count) = unifyQ ((tl, t1’):(t2, t2’):ts, u, count+1)
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unifyQ ((TAp t1 t2,
unifyQ ((TVar a, t)
| isFVType a t

— t):ts,

| isFVTypeE a ts

| otherwise

TVar a):ts, u, count) = unifyQ ((TVar a, TAp t1 t2):ts, u, count)

:ts, Uni s, count)

= error ("FAIL — trying to unify:
Uni s)) — ([], FAIL)
|| isFVTypeS a s = let ts’ = substE (a, t) ts
s’ = substS (a, t) s
in unifyQ (ts’, Uni ((a, t):s’), count)
= unifyQ (ts, Uni ((a, t):s), count)

" 4++ show ((TVar a,
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A.3 Linear Rank 2 Quantitative Types

module LinearRank2QuantitativeTypes where
import LambdaCalculus
import LinearTypes
—— Linear rank 1 intersection types.
data TLinearRankl = T1_0 TLinearRankO | Inters TLinearRankl TLinearRankl
deriving Eq
— Linear rank 2 intersection types.
data TLinearRank2 = T2 0 TLinearRank0 | T2ApL TLinearRank0 TLinearRank2 | T2Ap TLinearRankl
— TLinearRank2
deriving Eq
—— Environments .
type LEnv = [(TeVar, TLinearRankl)]
instance Show TLinearRankl where
show (T1_0 tO0) = show t0
show (Inters tl1 t2) = (’(’:show t1) 4++ (’/’:’\\ ’:show t2) ++ [’) ]
instance Show TLinearRank2 where
show (T2 _0 t) = show t
show (T2ApL t0 t2) = (’(’:show t0) ++ (’ ’:’—’:’0’:’ ’:show t2) ++ [’) ]
show (T2Ap t1 t2) = (’(’:show t1) ++ (’ ’:’—’:’>>’:’ ’:show t2) ++ [’) ]
—— Note: every Int appearing in the last position of a returning tuple or
—— as the last argument of a function, is for generating new type wariables (al, a2, a8, ).
———————Quantitative Type Inference Algorithm ——7m—m7m———
— Given a list of linear rank 1 intersection types, returns a single type
—— consisting of the intersection of the types in the given list.
list Tolnters [TLinearRankl] —> TLinearRankl
listTolnters [t1] = 1
listTolnters (tl:ts) = Inters (listTolnters ts) t1
—— Checks if a linear rank 1 type is also a linear rank 0 type (i.e., if it does mnot have
— intersections).
t1isTO TLinearRankl —> Bool
t1isTO (T1_0 _) = True
t1lisTO __ = False
—— Converts a linear rank 1 type t to a linear rank 0 type, if t is also a linear rank 0 type
— (i.e., if
—— it does mot have intersections); otherwise, fails.
tl1toTO : TLinearRankl —> TLinearRankO
tltoTO (T1_0 t0) = t0
tltoTO t1 = error ("FAIL — t1toTO error: the type " 4+ show t1 4+ " is not a linear rank 0
— type.\n")
— Conwverts a linear rank 2 type t to a linear rank 0 type, if t is also a linear rank 0 type
— it does mot have any intersections); otherwise, fails.
t2toTO TLinearRank2 —> TLinearRankO0
t2toTO0 (T2_0 t0) = t0
t2toTO0 (T2ApL t0 t2) = TAp t0 (t2toTO t2)
t2toT0 (T2Ap tl1 t2) = error ("FAIL — t2toT0 error: the type " ++ show (T2Ap t1 t2) 4++ " is not a
< linear rank 0 type.\n")
— Given a Sub s=(a,t) and a linear rank 1 intersection type t1, replaces all free
—— occurrences of the type wvariable a in the type t1 with type t.
substl Sub —> TLinearRankl —> TLinearRankl
substl s (T1_0 t0) = T1_0 (subst s t0)
substl s (Inters t1 t1’) = Inters (substl s tl1) (substl s t17)
—— Given a Sub s=(a,t) and a linear rank 2 intersection type t2, replaces all free
— occurrences of the type wariable a in the type t2 with type t.
subst2 Sub —> TLinearRank2 —> TLinearRank2
subst2 s (T2_0 t0) T2 0 (subst s tO0)
subst2 s (T2ApL t0 t2) = T2ApL (subst s t0) (subst2 s t2)
subst2 s (T2Ap t1 t2) T2Ap (substl s t1) (subst2 s t2)
— Applies a substitution to a linear rank 2 intersection type.
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substty?2 Subst —> TLinearRank2 —> TLinearRank2
substty2 [] t2 = t2
substty2 (s:ts) t2 = substty2 ts (subst2 s t2)
—— Given a Sub s=(a,t) and an environment env, replaces all free
—— occurrences of the type wvariable a in the types in env with type t.
substEn Sub —> LEnv —> LEnv
substEn _ [] = []
substEn s ((x,t):es) = (x, substl s t):substEn s es
— Applies a substitution to an enwvironment.
substEnv Subst —> LEnv —> LEnv
substEnv [] e = e
substEnv (s:ts) e = substEnv ts (substEn s e)
—— Checks whether or not a term wvariable is in an environment.
isInEnv TeVar —> LEnv —> Bool
isInEnv _ [] = False
isInEnv x1 ((x2, _):es) = x1 == x2 || isInEnv x1 es
—— Given a term wvariable z and an environment env,
— returns a list with all types of z in env.
findAllInEnv TeVar —> LEnv —> [TLinearRankl]
findAllInEnv _ [] =
findAllInEnv x1 ((x2, t):es) | x1 == x2 = t:findAllInEnv x1 es
| otherwise = findAllInEnv x1 es
— Given a term wvariable z and an enviromment env,
—— returns the type of z in env.
—— (It is guaranteed that the function will only be called when
—— there is one and only one occurrence of =z in env.)
findInEnv TeVar —> LEnv —> TLinearRankl
findInEnv x1 ((x2, t):es) | x1 == x2 =t
| otherwise = findInEnv x1 es
—— Removes all occurrences of a term wvariable from an environment.
rmFromEnv TeVar —> LEnv —> LEnv
rmFromEnv _ [] = []
rmFromEnv x1 ((x2, t):es) | x1 == x2 = rmFromEnv x1 es
| otherwise = (x2, t):rmFromEnv x1 es
—— Given an environment, replaces all pairs (z,t1), (z,t2), with a same
—— term wariable z with a single pair (z,t) where t=(t1/\t2/\...), ie,
—— the intersection type of t1, t2,
mergeEnv LEnv —> LEnv
mergeEnv [] = []
mergeEnv ((x, tl):es) = (x, listTolnters (findAllInEnv x ((x, tl):es))):mergeEnv (rmFromEnv x es)
— Awziliar of the type inference algorithm , performs as many type inferences for the given term
—— as the number of linear types of the given linear rank 1 sequence, and returns the environment
— and the generated equations described in the algorithm.
—— (The third element of the returning tuple is the counter of the quantitative information.)
genEqs TLinearRankl —> Term —> Int —> (LEnv, EqSet, Int, Int)
genEqs (T1_0 tau) m nO = (env, [(t2toTO t, tau)], b, nl) — fails if M has a linear
— rank 2 type
where (env, t, b, nl) = quantR2typelnf m nO
genEqgs (Inters tseql tseq2) m n0O = (mergeEnv (envsl+tenvs2), eqgsltteqs2, bsl+bs2, n2)
where (envsl, eqsl, bsl, nl) = genEgs tseql m nO
(envs2, eqs2, bs2, n2) = genEgs tseq2 m nl
—— Type inference algorithm for linear rank 2 intersection types with counting of quantitative
— information .
—— (The third element of the returning tuple is the counter of the quantitative information.)
quantR2typelnf Term —> Int —> (LEnv, TLinearRank2, Int, Int)
quantR2typelnf (Var x) nO = let a = TVar (TyVar (’a’:(show n0))) in
([(x, T1_0 a)], T2.0 a, 0, n0+1)
—
— —— Rule 1.
quantR2typeIlnf (Abs x ml) n0 = let (envl, sigl, bl, nl) = quantR2typelnf ml n0 in
if (isInEnv x envl)
then let t1 = findInEnv x envl
envlx = rmFromEnv x envl
in if (t1lisTO t1)
then (envlx, T2ApL (t1toTO t1) sigl, bl, nl)
—
— —— Rule 2.0
else (envlx, T2Ap tl1l sigl, bl, nl)
—
— — Rule 2.c
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quantR2typeInf (App ml m?2)

else error ("FAIL — Rule 2.(a): " 4+ show x ++ " not in " 4+
< show envl ++ "\n") — Rule 2.a
n0 = let (envl, sigl, bl, nl) = quantR2typeInf ml nO in
case sigl of
T2_0 (TVar al) —> (substEnv s env, substty2 s (T2_0
<~ a3), bl4+b2, n2+2) —— Rule
— 3.a
where (env2, tau2, b2, n2) =
< quantR2typelnf m2 nl
env = mergeEnv
<~ (envl4+env2)
a2 = TVar
< (TyVar (’a’:(show n2)))
a3 = TVar
— (TyVar (’a’:(show (n2+41))))
eqs = [(TVar al,
— TAp a2 a3), (t2toTO0 tau2,
— a2)]
([1, Uni s, _) = unifyQ
<~ (eqs, Uni [], 0)
T2Ap tseq sigl’ —> (substEnv s env, substty2 s sigl’,
— bl+4+bs+b3+1, n2) —— Rule 8.b
where (envs, eqs, bs, n2) = genEgs
— tseq m2 nl
env = mergeEnv
< (envl4+envs)
([], Uni s, b3) = unifyQ
<~ (eqs, Uni [], 0)
T2ApL tau sig —> (substEnv s env, substty2 s sig,
<~ bl+4+b2+b3+1, n2) — Rule
— 3.c
where (env2, tau2, b2, n2) =
< quantR2typeInf m2 nl
env = mergeEnv
<~ (envl4+env2)
eqs = [(t2toTO
— tau2, tau)]
([], Uni s, b3) = unifyQ
— (egs, Uni [], 0)
T2 0 (TAp tau sig) —> (substEnv s env, substty2 s (T2_0
< sig), blt+b24b3+1, n2) — Rule
— 3.c
where (env2, tau2, b2, n2) =
<~ quantR2typelnf m2 nl
env = mergeEnv
< (envl4+env2)
eqgs = [(t2toTO
< tau2, tau)]
([], Uni s, b3) = unifyQ
<~ (eqs, Uni [], 0)
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A.4 Reductions

module Reductions where

import LambdaCalculus
import Data.List

renameFreel (App ml m2) y

Term —>

renameBV (Var x) _

renameBV (Abs (TeVar x) m) xs
— (TeVar x)) xs)

renameBV [TeVar] —> Term

elem (T

renameBV (App ml m2) xs

substitute Sub —> Term —> Term

freeVars (App ml m2)

maximal (App ml m2) — Rule 1

otherwise

| not (inBetaNF m2) && isXParrow ml

type Sub = (TeVar, Term)

removeAll Eq a => a —> [a] —> [a]
removeAll x = filter (/= x)

intersection Eq a => [a] —> [a] —> [a]
intersection 11 12 = nub (intersect 11 12)

inBetaNF Term —> Bool
inBetaNF (Var _) = True
inBetaNF (App (Abs _ _) _) = False
inBetaNF (Abs _ m) = inBetaNF m
inBetaNF (App ml m2) = inBetaNF ml && inBetaNF m2
renameFreel Term —> TeVar —> Term
renameFreel (Var (TeVar x)) y | (TeVar x) == y = Var (TeVar (x++"'"))
| otherwise = Var (TeVar x)

renameFreel (Abs x m) y | x == = Abs x m

| otherwise = Abs x (renameFreel m y)

(renameFreel ml y) (renameFreel m2 y)

Var
Abs

x

eVar x) xs (TeVar (x++"'"))

(renameBV (renameFreel m

Abs
App

(TeVar x)
(renameBV ml xs)

(renameBV m xs)

(renameBV m2 xs)

substitute (TeVar x1, ml) m2 | length (inter) > 0 = substitute (TeVar x1, ml) m2’
where inter = intersection (boundVars m2) (freeVars ml)
m2’ = renameBV m2 inter
substitute (x1, m) (Var x2) | x1 == x2 =m
| otherwise = Var x2
substitute (x1, ml) (Abs x2 m2) | x1 == x2 = Abs x2 m2
| otherwise = Abs x2 (substitute (x1, ml) m2)
substitute s (App ml m2) = App (substitute s ml) (substitute s m2)
boundVars Term —> [TeVar]
boundVars (Var _) = []
boundVars (Abs x m) = x:boundVars m
boundVars (App ml m2) = boundVars ml 4++ boundVars m2
freeVars Term —> [TeVar]
freeVars (Var x) = [x]
freeVars (Abs x m) = removeAll x (freeVars m)

freeVars ml ++ freeVars m2

isFV TeVar —> Term —> Bool
isFV x t = elem x (freeVars t)
777777 Mazimal Beta—reduction Strategy (based on Def. 8.21 (Cap. 8.5) from ’Perpetual Reductions
— 4in Lambda—Calculus ——————
isXParrow Term —> Bool
isXParrow (Var x) = True
isXParrow (App ml m2) = inBetaNF m2 && isXParrow ml
isXParrow __ = False
maximal Term —> (Term, Int)
maximal m | inBetaNF m = (m, 0)
maximal (Abs x m) = let (m’, n) = maximal m
in (Abs x m’, n)
maximal (App (Abs x ml) m2)
| isFV x ml || inBetaNF m2 = (substitute (x, m2) ml, 1)
| otherwise = let (m2’, n) = maximal m2
in (App (Abs x ml) m2’, n)

maximal m2

n)

let (m2’, n)
in (App ml m2’,
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| otherwise

(substitute (x,

m2) ml,

1)

applicative (App ml m2) | not (inBetaNF ml) = let (ml’, n) = applicative ml in (App ml’
<~ m2, n)
| otherwise = let (m2’, n) = applicative m2 in (App ml
< m2’, n)
maxSteps Int
maxSteps = 1000
reduce (Term —> (Term, Int)) —> [Term] —> Int —> ([Term], Int)
reduce strat (m:ms) nO | n0 > maxSteps = (((Var (TeVar ("Limit Exceeded. Current term: " 4+ show
< m))):ms), n0)
| inBetaNF m = ((m:ms), n0)
| otherwise = reduce strat (m’:m:ms) (nO+nl)
where (m’, nl) = strat m

maximal (App ml m2) = let (ml’, n) = maximal ml
in (App ml’ m2, n)
——————Normal Order Beta—reduction Strategy ——————
normal Term —> (Term, Int)
normal m | inBetaNF m = (m, 0)
normal (Abs x m) = let (m’, n) = normal m in (Abs x m’, n)
normal (App (Abs x ml) m2) = (substitute (x, m2) ml, 1)
normal (App ml m2) | not (inBetaNF ml) = let (ml’, n) = normal ml in (App ml’ m2, n)
| otherwise = let (m2’, n) = normal m2 in (App ml m2’, n)
———————Applicative Order Beta—reduction Strategy ———————
applicative Term —> (Term, Int)
applicative m | inBetaNF m = (m, 0)
applicative (Abs x m) = let (m’, n) = applicative m in (Abs x m’, n)
applicative (App (Abs x ml) m2) | not (inBetaNF m2) = let (m2’, n) = applicative m2 in (App (Abs
< x ml) m2’, n)
| not (inBetaNF ml) = let (ml’, n) = applicative ml in (App (Abs
<~ x ml’) m2, n)
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A.5 Parser

{

module Main where

import Data.Char

import LambdaCalculus

import Reductions

import SimpleTypes

import Rank2IntersectionTypes
import LinearTypes

import LinearRank2QuantitativeTypes
¥

Y%mame parse
%tokentype { Token }
%error { parseError }

%token
A\’ { TokenLambda }
v { TokenPoint }
> { TokenSpace }
var { TokenVar $3% }
(7 { TokenOB }
) { TokenCB }
typeinf0 { TokenInf0 }
typeinf2 { TokenInf2 }
qtypeinf2 { TokenQInf2 }
reduceMax { TokenReduceMax }
reduceNorm { TokenReduceNorm }
reduceApp { TokenReduceApp }
steps { TokenSteps }
count { TokenCount }
%left .°
%left > °
%0
Exp TyInf
| Term
| Reduction
Term var
| Abs
| App
| (> Term ’)°
Abs ’\\’ var ’.’ Term
App Term ’ ’ Term
TyInf : typeinfO > ° ’(’ Term ’)°
| typeinf2 ’ ° ’(’ Term ’)°’
| qtypeinf2 > * ’(’ Term ’)°’
| aqtypeinf2 > ’ ’(’ Term ’)’ ’ ’ count
Reduction reduceMax ’ ° ’(’ Term ’)°~
— [$4] 0) Default }
| reduceNorm °* > ’(’ Term )’
— [$4] 0) Default }
| reduceApp ’ ’ ’(’ Term ’)°
— applicative [$84] 0) Default }
| reduceMax > ’ ’(’ Term ’)’ ’ ’ steps
— [$4] 0) Steps }
| reduceNorm ’ > ’(’ Term ')’ ’' ’ steps
— [$4] 0) Steps }
| reduceApp ’ ' ’(’ Term ’)’ ’ ’ steps
— applicative [$4] 0) Steps }
| reduceMax ’ ’ ’(’ Term ’)’ ’ ’ count
<~ [$4] 0) Count }
| reduceNorm ’ ’ ’(’ Term ’)’ ’ ’ count
— [$4] 0) Count }
| reduceApp ’ ' ’(’ Term ’)’ ’ ’ count
— applicative [$4] 0) Count }

{

parseError [Token] —> a

~— -

e

{
{

{

TylInf $1
Term $1

Reduction $1

Var (TeVar $1)

$1
$1
$2

Abs (TeVar $2)

¥
}
}

App $1 $3 }

TyInf0 $4 (simpleTypelnf $4 0) }
TyInf2 $4 (r2typelnf $4 0) }
QTyInf2 $4 (quantR2typelnf $4 0) Default }
QTyInf2 $4 (quantR2typelnf $4 0) Count }

Reduct "

Reduct "

Reduct "

Reduct '

Reduct "

Reduct "

Reduct "

Reduct "

Reduct "

maximal strategy" $4 (

normal strategy

applicative strategy"

maximal $4 (

strategy "

normal strategy"

applicative strategy"

maximal strategy"

normal strategy'

applicative strategy

reduce maximal

$4 (reduce normal

$4 (reduce

reduce maximal

$4 (reduce normal

$4 (reduce

$4 (reduce maximal

$4 (reduce normal

$4 (reduce
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Appendiz A. Haskell Implementation

parseError __

error "Parse error'

data Exp

TyInf TylInf
Reduction Reduction
Term Term

data TylInf

= TyInfO0 Term (Basis, TypeO, Int)
| TyInf2 Term (Env, Type2, Int)
| QTyInf2 Term (LEnv, TLinearRank2, Int ,Int) Mode

data Reduction —
< Number_reductions) Mode__of printing

Reduct Reduction__strategy Term Initial term

" 4++ show term ++ "\n\tBasis

— "\n\tTerm

— ++ "\n\tType = " 4+ show t2 ++ "\n\tCount

show (QTyInf2 term (env, t2, ¢, _) Count) = "\t[——
— types) ——|" ++ "\n\tTerm =
= ["\n’]

instance Show Reduction where

Inference
" 4++ show term 4+ "\n\tCount = v

(Reverse__list_of reductions ,

= Reduct String Term ([Term], Int) Mode
data Mode
= Default —— shows everything (except reduction steps, in the case of Reduct)
| Count —— only shows the counters
| Steps — (only for Reduct) shows everything , with reduction steps
instance Show Exp where
show (TylInf x) = show x
show (Reduction x) = show x
show (Term x) = "Term: " 4+ show x ++ [’\n’]
instance Show TyInf where
show (TyInf0 term (basis, t0, _)) = "\t[—— Inference (simple types) ——]" 4+

" 44 show basis ++ "\n\tType

— = " 44+ show t0 ++ [’\n’]

show (TyInf2 term (env, t0, _)) = "\t[——— Inference (rank 2 intersection types)
— ——]" 4++ "\n\tTerm = " 4+ show term ++ "\n\tEnvironment = " 44+ show env —++
— "\n\tType = " ++ show t0 ++ [’\n’]

show (QTyInf2 term (env, t2, c, _) Default) = "\t[——— Inference (linear rank 2 quantitative
— types) ——]" ++ "\n\tTerm = " 4+ show term ++ "\n\tEnvironment = " 4+ show env

" 4++ show c ++ [’\n’]
(linear rank 2 quantitative

++ show c ++

show (Reduct strat term (terms, c) Default) = "\t[—— Reduction (" 4+ strat 4+4+ ") ——]" ++
— "\n\tTerm = " 4+ show term ++ "\n\tNormal form = " 4+ show (head terms) ++
— "\n\tCount = " 4++ show ¢ ++ [’\n’]
show (Reduct strat term (terms, c) Steps) = "\t[——— Reduction (" 4+ strat ++ ") ——]" ++
— "\n\tTerm = " 4++ show term ++4 "\n\tNormal form = " 44 show (head terms) ++
— "\n\tCount = " ++ show ¢ ++ "\n\tReductions: " ++ show (head (reverse terms))
— 4++ "\n" 4++ concat (map (\x —> "\t —> " 44 show x ++ "\n") (tail (reverse
<> terms)))
show (Reduct strat term (terms, c) Count) = "\t[——— Reduction (" 4++ strat ++ ") ——]" ++
— "\n\tTerm = " 4++ show term ++ "\n\tCount = " 4+ show ¢ ++ [’\n’]
data Token
= TokenLambda
| TokenPoint
| TokenSpace
| TokenVar String
| TokenOB
| TokenCB
| TokenInfO
| TokenInf2
| TokenQInf2
| TokenReduceMax
| TokenReduceNorm
| TokenReduceApp
| TokenSteps
| TokenCount
deriving Show
lexer String —> [Token]
lexer [] = []
lexer (c:cs)
| isAlphaNum ¢ = lexVar (c:cs)
lexer (’\\’:cs) = TokenLambda lexer cs
lexer (’.’:cs) = TokenPoint lexer cs
lexer (’ ’:c¢cs) = TokenSpace lexer cs
lexer (’(’:cs) = TokenOB lexer cs
lexer (') ’:cs) = TokenCB lexer cs
lexVar cs =
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case span isAlphaNum cs of
("ti0" ,rest) ==
("ti2",rest) —>
("qti2" ,rest) =
("reduceMax" ,rest) —>
("reduceNorm" ,rest) —>
("reduceApp" ,rest) —>
("steps" ,rest) —>
("count" ,rest) =
(var ,rest) —>
main = do line <— getLine

let action | all is

(print . parse .

TokenInf0 lexer rest

TokenInf2 lexer rest

TokenQInf2 lexer rest

TokenReduceMax lexer rest

TokenReduceNorm lexer rest

TokenReduceApp lexer rest

TokenSteps lexer rest

TokenCount lexer rest

TokenVar var lexer rest

space line || line!!0 == ’’ = main| line!!0 == ’-’ = putStrLn (tail line)| otherwise =

lexer) lineactionmain
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