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Streszczenie

W niniejszej pracy prezentujemy uogdlniong teorie pol multiwektorowych, ktora w
swej pierwszej postaci zostata przedstawiona w [21]. Bezposrednim poprzednikiem teorii
pol multiwektorowych jest teoria kombinatorycznych pél wektorowych Robina Formana,
ktora z kolei wywodzi sie bezposrednio z dyskretnej teorii Morse’a. Jednym z celéow tej
rozprawy jest stworzenie kombinatorycznego odpowiednika pél wektorowych obecnych
w teorii cigglych uktadéw dynamicznych oraz stworzenie odpowiednich narzedzi do ich
analizy.

U podstaw uogdlnienia opisywanej teorii lezg trzy fundamentalne modyfikacje za-
tozeni. Po pierwsze, definiujemy pola multiwektorowe dla szerszej rodziny skoriczonych
przestrzeni topologicznych, w przeciwiefistwie do [21], gdzie konstrukcja dotyczyta kom-
plekséw Lefschetza. Po drugie, odrzucamy wymaganie istnienia unikalnego elementu
maksymalnego w multiwektorze. W rezultacie jedynym elementem definicji multiwek-
tora jest zalozenie o jego lokalnej domknietosci. Uzyskujemy w ten sposdéb znaczna
elastyczno$é w konstruowaniu pola multiwektorowego. Po trzecie, zostata uproszczona
definicja odwzorowania wielowartoéciowego indukowanego przez pole multiwektorowe i
reprezentujacego kombinatoryczng dynamike. Przektada sie to na uproszczenie dowodow
i algorytmicznego aspektu wyznaczania rozktadéw Morse’a oraz prowadzi do nowej inter-
pretacji multiwektora jako dynamicznej "czarnej skrzynki".

Przy nowych zatozeniach teorii definiujemy kombinatoryczne odpowiedniki obiektéw
znanych z teorii ciggltych uktadéw dynamicznych oraz badamy ich wtasnogci. Wséréd nich
mamy: zbidr izolowany niezmienniczy, pare indeksowa, indeks Conley’a, zbiory graniczne,
atraktor, czy rozktad Morse’a. Pokazujemy réwniez pozadane whasnosci jakich oczeki-
waliby$Smy od wymienionych wyzej obiektéw, m.in. addytywnoéé indeksu Conley’a oraz
nieréwnoéci Morse’a. Nowe zatozenia pociggaja za sobg konieczno$é przeprowadzenia
nowych dowodéw wszystkich wlasnosci.

W dalszej czesci pracy korzystamy z podstawowego narzedzia topologicznej analizy
danych, tj. homologii persystetnych, do analizy strukturalnej trwatosci zbioréw Morse’a.
W tym celu konstruujemy modut persystentny zygzak dla stabych rozktadéw Morse’a oraz
rozktadéw Morse’a.

Nastepnie prezentujemy eksperymenty numeryczne bazujace na omawianej w tej roz-
prawie teorii. Przedstawiamy algorytm konstrukcji pola multiwektorowego z chmury wek-
toréw. W szczegdlnosci uzyskujemy je poprzez préobkowanie wybranych ciagtych uktadéow
dynamicznych. W jednym z eksperymentéw odtwarzamy graf Conley’a-Morse. Natomiast
w kolejnych przyktadach korzystamy z homologii persystentnych w celu zbadania ewolucji
struktury zbioréw Morse’a wzgledem wybranego parametru modyfikujacego dynamike.
Eksperymenty prezentuja potencjat dalszego wykorzystania wypracowanych narzedzi do
analizy danych o dynamicznej naturze.



Abstract

In this work, we present a generalization of the theory of multivector fields first
introduced in [21]. The direct predecessor of the multivector fields theory is the theory
of combinatorial vector fields by Robin Forman. His work, in turn, is a natural conse-
quence of a discrete Morse theory. One of the main goals of this thesis is to construct a
combinatorial counterpart of vector fields induced by continuous dynamical systems and
to create tools for its analysis.

The generalization involves three fundamental changes in the setting of the theory.
First, we define multivector fields for a broader family of finite topological spaces, in
comparison to [21] where Lefschetz complexes are used. Secondly, we lift the assumption
that a multivector must have a unique maximal element. Thus, a multivector simply be-
comes a locally closed subset of space. This results in a greater flexibility in constructing
multivector fields. Finally, we define less restrictively the multivalued map induced by a
multivector field that defines a combinatorial dynamical system. Consequently, we can
simplify the computational aspects of the theory, and we can introduce a new interpreta-
tion of a multivector as a dynamical "black box."

With a new setting of the multivector fields theory, we define combinatorial counter-
parts of multiple objects from the classical theory of dynamical systems; among others:
isolated invariant set, index pair, Conley index, limit set, attractor, or Morse decompo-
sition. We also show that the desirable properties as additivity of a Conley index and
Morse inequalities hold. Even though the theory’s general structure is preserved, new
proves and ideas are required by the new setup.

In the further part, we use persistent homology — the topological data analysis main
tool, to study the robustness of the structure of Morse sets. In particular, we construct
a zigzag persistence module for weak Morse decomposition and Morse decomposition for
multivector fields.

Finally, we show some numerical experiments based on the presented theory. We
discuss the algorithm for constructing the multivector field from a vector cloud. As a
proof of concept, we study vector clouds obtained by sampling chosen continuous vector
fields. In the first experiment, we algorithmically reconstruct the Conley-Morse graph. In
the further experiments, we use the persistence homology to study Morse sets’ evolution
with respect to a parameter modifying a dynamic. These experiments show the potential
of the multivector fields theory as a new analysis tool for data with a dynamical nature.
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Introduction

The combinatorial approach to dynamics is originally attributed to Robin Forman.
The study of his discrete Morse theory gave rise to the concept of the combinatorial
vector field on CW-complexes [11]. In the following paper [10] Forman studied a broader
family of combinatorial vector fields, including non-gradient-like combinatorial flows. He
also studied homological properties of such vector fields by proving Morse inequalities.

Despite being strongly inspired by dynamical systems, Forman’s work does not pro-
vide a formal correspondence with the classic, continuous theory. The first efforts in this
direction are presented in [15] and [4], where authors show that Forman’s combinatorial
vector field induces a flow-like multivalued map on a geometrical realization of a simplicial
complex, i.e., an upper semi-continuous, acyclic-valued map that is homotopic to iden-
tity. Moreover, they introduce the concepts of isolated invariant set, Conley index, and
Morse decomposition in the context of Forman’s theory. They show that these notions
correspond directly to their counterparts in classical multivalued settings.

A formal tie between continuous and combinatorial dynamics should involve connec-
tions in both directions. Thus, another important question is how to approximate a
continuous dynamical system with a combinatorial model. Forman’s theory is a natural
starting point for that. However, one can easily produce examples of continuous vector
fields which can not be modeled with Forman’s combinatorial vector fields. To overcome
these limitations, an extension of the idea of Forman to combinatorial multivector fields
has been proposed in [21] in a more general setting of Lefschetz complexes. Both Lef-
schetz complexes and CW-complexes can be considered as a partial order or equivalently,
by Alexandrov theorem, as a finite topological space. We can view Forman’s combinato-
rial vector field as a partition of space into singletons and pairs of simplices where one is
a face of the other of codimension 1. On the other hand, a multivector field of [21] is a
partition of space into convex subsets (in the sense of order) with a unique maximal ele-
ment. This extension leads to a much richer family of combinatorial vector fields. Hence,
it enables us to model a greater variety of dynamical systems.

Our recent work [17], the basis for this dissertation, extends the idea of multivectors
even further. There are three fundamental modifications. First, we replace Lefschetz
complexes by the more general finite topological spaces. Secondly, we lift the assumption
that a multivector must have a unique maximal element. Finally, we define the associated
combinatorial dynamical system less restrictively, simplifying the computational aspects
of the theory. The new setup preserves the general structure of the theory but requires
new ideas and proofs in the study of all key dynamical concepts: Conley index, attractors,
repellers, and Morse decomposition for multivector fields. By proving their properties, we
also show that the Morse inequalities and Morse equations hold.

The modifications in combinatorial multivector field theory introduced in [17] simplify
the theory’s computational aspects. It also makes the theory better adjusted to the theory
of persistence, which was presented in [7], where we study Morse decomposition’s homo-
logical persistence for combinatorial dynamical systems. In particular, it sets foundations



for the study of persistence of the Conley index [8].

The Morse decomposition and the associated Morse-Conley graph provide a compact
global descriptor of a dynamical system. This type of qualitative summary is useful in
the case of dynamical systems not available in a closed analytic form as a differential
equation. This is often the case for systems known only from sampled data collected from
experiments, observations or simulations.

The results of this thesis contribute to the program of building a combinatorial ana-
logue of the classical theory of topological dynamics. In particular, the multivector field
theory serves as a framework for modeling continuous vector fields, while the persistence
of Morse decomposition brings additional tools for studying the Morse set’s robustness.

This dissertation summarizes the process of development of the multivector field theory
over the last five years. It mainly focuses on [17] and [7], in which the author of this thesis
was involved.

The organization of the thesis is as follows. In Chapter 1, we set up basic definitions
and concepts. We also present the basic properties of finite topological spaces (based on
Section 3.4 from [17]). Chapter 2 is a short review of the algebraic topology, in particular
the homology theory. We present the construction of homology groups via simplicial and
singular complexes. Then we show our results on how to study the homology in the
context of finite topological spaces (based on Section 3.5 from [17]). Finally, we recall the
theoretical basics for zigzag persistence homology. Chapter 3 is dedicated to dynamical
systems and for building the intuitions. First, we briefly review the concepts in continuous
dynamics that we reconstruct in the following chapter in the combinatorial fashion. Then,
we introduce the general definition of combinatorial dynamical systems and we present
some examples of those. In Chapter 4, we present the main theoretical results. We define
multivector fields and develop the combinatorial counterparts of the isolated invariant set,
index pair, Conley index, attractor, limit sets, and Morse decomposition. We also show
their properties. This chapter is extensively based on [17], particularly on Sections 4, 5, 6,
and 7. Chapter 5 presents the theoretical results of 7], where we combine multivector field
theory with persistent homology. It provides a tool for studying Morse sets’ robustness.
Finally, in Chapter 6, we consider the problem of applying the presented theory to data.
We show an algorithm originally presented in [7] that translates a vector cloud into a
multivector field. As a proof of a concept we present several experiments for vector fields
derived from differential equations.

The author of this dissertation is the author of all proofs included in this thesis except
for Proposition 2.1.2 and Theorem 2.4.3 where he is a co-author. Propositions and theo-
rems without any reference were proved for this thesis’s purposes and were not published
anywhere else.



Chapter 1

Preliminaries

In this chapter we recall basic concepts and fix the notation needed in the sequel. We
follow the exposition presented in [17].

1.1 Sets and maps

We denote the sets of integers, non-negative integers, non-positive integers, and pos-
itive integers, respectively, by Z, Z*, Z~, and N. Given a set A, we write #A for the
number of elements in A and we denote by P(A) the family of all subsets of A. A multi-
set is a set where multiple instances of a single elements can occur. Formally it is a map
m : A — Z" which denote the multiplicity of elements of a set A.

We say that a family A of nonempty subsets of X is a partition of X if UA = X
and AN A" = 0 for all A,A" € A. Given two partitions A and B of X we say that A
is inscribed in B and write A C B, if for every A € A there exists a B € B, such that
A C B. Given a family A of mutually disjoint subsets of a set X, we use the notation

A ={UA | A C A} (1.1)
Let B be another family of mutually disjoint subsets. Then we write
ANB.={ANB|Ace A, BeB}. (1.2)

We write f : X - Y for a partial map from X to Y, that is, a map defined on a
subset dom f C X, called the domain of f, and such that the set of values of f, denoted
im f is contained in Y.

A multivalued map F': X — Y is a map F : X — P(Y) which assigns to every point
x € X asubset F(x) CY. Given A C X, the image of A under F is defined by

F(A):= | F(a).

z€A
For two multivalued maps F,G : X — Y we write F' C G if F(A) C G(A) for all
A € P(X). By the preimage of a set B C Y with respect to I’ we mean the large
preimage, that is,
FYB)={reX | Fla)nB+#0}. (1.3)
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In particular, if B = {y} is a singleton, we get

Fi({y}:={xe X | ye F(X)3 (1.4)

Thus, we have a multivalued map F-1 . Y X given by F-1(y) := F-1 ({y}). We call
it the inverse of F.

1.2 Relations and digraphs

Let X and Y be finite sets. A relation is a subset of X x Y. A map, a partial map
and a multivalued map are all special cases of relations. Inverse of a relation R C X x Y
is a relation R-1 := {(y,x) e Y x X | (X,y) e R}

We say that a relation R ¢ X x X is

o reflexive if: rxx (X, X) e R,

« symmetric if: (X,y) e R (v,X) e R,

o antisymmetric if: (X,y), (¥, X) eR X =y,

o transitive if: Yxyzex (X, ¥) e RA(Y,22 eR (X,2) e R
The transitive closure of relation R C X x X is a relation R defined as

R =RU{(XX") e X x X | 3xixz..xnex (X,Xi), (Xi,X2),..., (Xn,X") e R}.

Relation is an equivalence relation if it is reflective, symmetric and transitive. An equiv-
alence relation R C X x X partitions a set X into subsets of elements that are mutually
related. These sets are called equivalence classes of a relation R. Every point x e X falls
into a unique equivalence class, we denote it by [X]r.

If X = Y then we can identify relation R ¢ X x X with a digraph Gr = (X, R).
The set X provides nodes of the digraph and the ordered pairs of relation R constitute
directed edges (see Figure 1.1).

Figure 1.1: An example of a directed digraph on a set of vertices X = {A, B, C, D}.
The associated relation is the family of pairs R = {(A, B), (C, B), (C, D), (D, C), (D, D)}.
The digraph contains one self-loop: (D, D) and a family of closed paths of the form:
(B,C,D, D, ... D,B) where point D can occur an arbitrary number of times. All points
except A are recurrent.



A path in a digraph G = (X, R) is a sequence of elements 7 = (Xo, X1,..., Xn) such
that (xi xi+1) E R for all i E {0,1,... ,n — 1} If additionally xo = xn then we say that
Y is a closed path. A (self-)loop is a closed path consisting of only two elements (n = 1),
that is, a path y = (xo, Xi), where xo = Xi.

A vertex is recurrent if it belongs to a closed path. In particular, every vertex with
a self-loop is recurrent. The digraph is recurrent if all its vertices are recurrent. Vertices
X and y are in path relation if there exists a closed path containing X and y. If G is a
recurrent digraph, then path relation is an equivalence relation Its equivalence classes are
called strongly connected components of G. If a digraph consists of exactly one strongly
connected component, then we say it is a strongly connected digraph. A subset A C X of
a digraph G = (X, R) is a strongly connected set if a subgraph Ga := (A, RA (A x A)) is
a strongly connected digraph.

1.3 Orders and posets

Let X be a finite set. We recall that a reflexive and transitive relation < on X is
a preorder and the pair (X, <) is a preordered set. Given a preorder < on X we write
X <y meaning X <y and x =y. If < is also antisymmetric, then it is a partial order and
(X, <) is a partially ordered set (or poset). A partial order in which any two elements are
comparable is a linear (total) order.

Given a poset (X, <), we say that a set A C X is convex if given X,z E A, y E X
inequalities X <y < z imply y E A. It is an upper set if x <y with x E Aandy E X
implies y E A Similarly, A is a down set with respect to < if giveny E A and x E X
inequality x <y imply x E A A chain is a linearly ordered subset of a poset. We say
that point x E X covers pointy E X ify < x and there isno z E X suchthaty <z < x
See Figure 1.2 for examples of convex, down and upper set.

Figure 1.2: An example of a poset and a convex set (blue), a down set (green), and an
upper set (red).
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For A C X we write

AS i ={a € X | Jes a < b},
A= A5\ A

Proposition 1.3.1. [17, Proposition 3.2] Let (X, <) be a poset and let A C X be a
convex set. Then the sets AS and A< are down sets.

Proof. Clearly, A< is a down set directly from the definition. To see it for A<, consider
an a € A< and an element b € X such that b < a. Then a € A. The definitions of A= and
A< imply that there exists an element ¢ € A such that a < c¢. Since A< is a down set we
also have b € AS. We cannot have b € A, because otherwise b < a < ¢ which contradicts
the convexity of A. Hence, b € A< which proves that A< is a down set. O

Given preordered sets (X, <) and (Y, <) amap f: X — Y is called order-preserving
if ¥ <2/ implies f(x) < f(') for all z,2’ € X.

1.4 Topological spaces

Given a set X we say that T C P(X) is a topology on X if the following conditions

are satisfied:

(T1) 0, X €T,

(T2) U,V eT = UnVeT,
(MY UcT = UUEeT.

We say that a pair (X, T) is a topological space. When the topology T is clear from
the context we simply write X. Given two topologies T and 7" of a space X we say that
T is a finer topology than 7" if 7/ C 7. The elements of T are referred to as open sets.
A set A is closed if there exists an open set B € T such that A = X \ B. A set N is
a netghborhood of a set A if there exists an open set U € T such that A C U C N. A
map f: (X, Tx) — (Y,Ty) is continuous if for every U € Ty we have f~YU) € Tx.
A bijective map f: X — Y is a homeomorphism if both f and f~! are continuous. The
following proposition is straightforward.

Proposition 1.4.1. Let [ : (X,Tx) — (Y,Ty) be a continuous map. If Ty is a finer
topology on X than T x then f: (X,T"%) — (Y, Ty) is continuous.

If a topological space (X, 7T) satisfy additional condition:
(T2YYUcT = NUEeT.
then we refer to it as an Alexandrov (topological) space. We say that X is a finite topological
space if X is a finite set. It follows from (T2*) that every finite topological space is an
Alexandrov space.
The interior of a set A C X is the union of all open sets contained in A. The closure
of a set A C X is the intersection of all closed sets containing A. We denote the interior
and closure of A C X with respect to 7 by int7 A and cly A, respectively. We define the

11



mouth of A as the set mor A := cly A\ A. If X is finite, we also distinguish the minimal
open superset (or open hull) of A as the intersection of all the open sets containing A. By
(T2*) open hull is open. We denote it by opny A. We note that when X is finite then
the family 7 := {X \ U | U € T} of closed sets is also a topology on X, called dual or
opposite topology. The following proposition is straightforward.

Proposition 1.4.2. [17, Proposition 3.3] If (X,7T) is a finite topological space then for
every set A C X we have opny A = clyo A.

If A = {a} is a singleton, we simplify the notation intr{a}, clyr{a}, mor{a} and
opnr{a} to intra, clra, mora and opnra. When the topology T is clear from the
context, we drop the subscript 7 in this notation. Given a finite topological space (X, T)
we briefly write X°P := (X, T°P) for the same space X but with the opposite topology.

We recall that a subset A of a topological space X is locally closed if every x € A
admits a neighborhood U in X such that AN U is closed in U. Locally closed sets are
crucial in the sequel. In particular, we have the following characterization of locally closed
sets.

Proposition 1.4.3. [9, Problem 2.7.1] Assume A is a subset of a topological space X.
Then the following conditions are equivalent.
(i) A is locally closed,
(i) mor A:=clyr A\ Ais closed in X,
(iii) A is a difference of two closed subsets of X,
(iv) A is an intersection of an open set in X and a closed set in X.

As an immediate consequence of Proposition 1.4.3(iv) we get the following proposi-
tions.

Proposition 1.4.4. [17, Proposition 3.5] The intersection of a finite family of locally
closed sets is locally closed.

Proposition 1.4.5. [17, Proposition 3.6] If A is locally closed and B is closed, then A\ B
is locally closed.

Proposition 1.4.6. [17, Proposition 3.7] Let (X,7T) be a finite topological space. A
subset A C X is locally closed in the topology T if and only if it is locally closed in the
topology T°P.

We recall that the topology T is Ty or Hausdorffif for any two different points x,y € X,
there exist disjoint sets U,V € T such that x € U and y € V. It is Ty or Kolmogorov if for
any two different points x,y € X there exists a U € T such that U N{x,y} is a singleton.

Finite topological spaces stand out from general topological spaces by the fact that the
only Hausdorff topology on a finite topological space X is the discrete topology consisting
of all subsets of X.

12



Proposition 1.4.7. [17, Proposition 3.8] Let (X, T) be a finite topological space and let

A Cc X. Then

clA = cla and opnA= opna.
agA acA

Proof. Let A' := Uagacla. Clearly, A C A' C cl A Since X is finite, A" is closed as a
finite union of closed sets. Therefore, also cl A C A" Since X is finite, and therefore an
Alexandrov space, the second formula is dual. O

A remarkable feature of finite topological spaces is the following theorem.

Theorem 1.4.8. (Alexandrov Theorem [1]) For a preorder < on a finite set X, there
is a topology T< on X whose open sets are the upper sets with respect to <. For
a topology T on a finite set X, there is a preorder <t where x <t y if and only if

X G clTy. The correspondences T <t and <  T< are mutually inverse. Under these
correspondences continuous maps are transformed into order-preserving maps and vice

versa. Moreover, the topology T is To (Kolmogorov) if and only if the preorder <t is a
partial order.

Figure 1.3: An example of the correspondence between a finite topological space and a
partial order provided by Alexandrov Theorem. Left: a finite space X = {A,B,C,D}

with a topology T = {0, {A} {D} {A, B} {A,B,D} {A,B,C,D}} Right: the poset
associated to the topological space (X, T).

The correspondence resulting from Theorem 1.4.8 lets us translate concepts and prob-
lems between topology and order theory (see the example in Figure 1.3). It follows directly
from the theorem that closed sets can be identified with down sets and open sets with
upper sets. We can also easily find similar identifications for other types of sets.

Proposition 1.4.9. [17, Proposition 3.10] Let (X, T ) be a finite topological space. Then,
for A X we have

opnT A = {X G X | 3asA X =T a},
cle A = {X G X | 3aeA X <t a},

iNtTA={aG A |Vxex X>Ta X G A}

In other words, clT A is the minimal down set with respect to <t containing A, opn A
is the minimal upper set with respect to <+ containing A and intT A is the maximal upper
set with respect to <T contained in A
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Figure 1.4: Left: a finite topological space (X, T) with a partition into two sets A =
{{A,D,E, G}, {B,C,F}}. Right: the same space X with the disconnecting topology
T (A). Poset associated to the new topology consists of two components.

Proposition 1.4.10. [17, Proposition 3.11] Assume X is a To finite topological space
and A C X. Then A is locally closed if and only if A is convex with respect to <t

Proof. Assume that A is locally closed. Let X,y E A. By Proposition 1.4.3 we can write
A = U A D, where U is open and D is closed. By Theorem 1.4.8 we know that U is an
upper set and D is a down set with respect to <T. Let X,z E A and let y E X be such
that x <ty <t z Since x E U and U is an upper set, it follows, that y E U. Since z E D
and D is a down set, it followsy E D. Thusy E UA D = A.

Conversely, assume that A is convex with respect to <. By Proposition 1.4.3(ii) it
suffices to prove that mor A = cl+ A\ A is closed. Suppose the contrary. Then there
exist an x EmoT A and ay E moT A such that x E clry, that is x <t vy. It follows from
Proposition 1.4.9 and y E moT A C clT A that there exists an element z E A such that
y <t z In consequence we get X <t z, and therefore x E cl—A In view of X E moTA
this implies x E A, and the assumed convexity of A then gives y E A which contradicts

y E mot A O

We say that sets A, B C X are disconnected if there exist open and disjoint sets U and
V such that A ¢ U and B C V, otherwise they are connected. A connected set A C X is
a connected component of X if there is no connected set B C X such that A C B. Note
that the family of connected components of a topological space X forms a partition of X

A partition A is T -disconnected if each set A E A is open in topology T, other-
wise A is T -connected In particular, the partition of X into connected components is
T-disconnected. Observe that A* (see (1.1)) is the smallest topology in U A such that A
is A=-disconnected.

Theorem 1.4.11. [7, Theorem 5.1] Assume (X, T) is an arbitrary topological space and

A is a finite family of mutually disjoint, nonempty subsets of X. Then T(A) (= (AAT)-
(see (1.2)) is a topology on ~A. Moreover,
(i) if T is a To topology, then so is T(A);

14



(ii) for every A € A, the topology induced on A by T coincides with the topology
induced on A by T(A);
(iii) the family A is T (A)-disconnected;
(iv) if additionally JA = X and each set in A is T-connected, then the connected
components with respect to 7 (A) coincide with the sets in A.
We say that T(A) is the disconnecting topology on U A induced by 7 and A (see
Figure 1.4).

If Ais a singleton, say A = {A}, then we write T(A) := 7T (A). Note that in this case
the disconnecting topology and topology induced by 7 in A coincide. In particular 7(A) =
{AYNT)* ={UNA|U € T}. We have the following straightforward observation.

Corollary 1.4.12. Let (X, T) be a topological space and A is a finite family of mutnally
disjoint, nonempty subsets of X. Then the disconnecting topology T (.A) is finer then the
topology induced by 7 in U A, that is T(U.A) C T(A).

1.5 Algebra

A pair (G, +) is called a group if the sum operator + : G x G — G satisfies:
(i) Yapeea (@+b) +c=a+ (b+ c) (associativity),

(i) J.eq Vaeo €+ a = a = a + ¢ (neutral element),

(ili) Veeq Tee a +b=¢e = b+ a, where ¢ is the neutral element (inverse elements).
If additionally

(iv) Vapec a +b =0+ a (commutativity),
then we say that (G,+) is an abelian group. A subset H C G is a subgroup if a+b € H
for any a,b € H. Then (H,+g) is a group, where +p denotes the restriction of the sum
operator to H. A group consisting of only one element is called a trivial group and is
denoted by 0. If n ne N then we write na for the sum of n copies of an element a € G,

thatisna=a+a+ ... +a. Aset B C G is called a basis of a group G if for every a € G
there exists a unique set of integers {n,}sep such that

a— anb.

beB

An abelian group G is free if it admits a basis. Every basis of a free abelian group G has
the same number of elements [16, Theorem 7.3]. An abelian group with a finite basis is
called a finitely generated abelian group. The rank of a finitely generated group G is the
cardinality of its basis. We refer to elements of a basis as generators.

Let Gy,..., Gy be a finite family of groups. The direct product of these groups is the
Cartesian product G; X Gy X ... x (G with the sum operator:

+ ((hhh?) .- '7hk>7 (h17h27 . 7hk>> — (gl +1 hlyg2 +2 g2, .., gk +i gk)

Direct product of groups gives a new group. We denote direct product by Gi G, .. DGy,
or &, G;.
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Let (G, +¢) and (H, +5) be groups. A map h : G — H is a homomorphism if for every
a,b € G we have h(a +¢ b) = h(a) +y h(b). We call h a monomorphism, epimorphism
or isomorphism respectively when h is injective, surjective or bijective. The image of a
homomorphism is the set imh := {h(a) € H | a € G}. The kernel of a homomorphism is
the set kerh := {a € G | h(a) = ex}, that is a set of elements mapped into the neutral
element of H.

A sequence of abelian groups and homomorphisms

ho hn
7 X2 > . > Xﬂr‘rl

is an exact sequence if for every i € {0,1,...,n — 1} we have imh; = kerh; ;. The
following two propositions are straightforward.

Proposition 1.5.1. If the sequence

0oL B4 ,c_",p

is exact then the map ¢ is an isomorphism.

Proposition 1.5.2. If in the following exact sequence

hy

h
X1 > X2 2

hsg ha
Xg > X4 > X5

hy is surjective and hy is injective, then X3 = 0.

Lemma 1.5.3. (The Steenrod five-lemma)[22, Lemma 24.3] Suppose one is given a com-
mutative diagram of abelian groups and homomorphisms

Ay » Ay > A » Ay » As

R A O

Bl ‘Bg ‘Bg >B4—)B5

in which the horizontal sequences are exact. If Ay, ho, hy, and hs are isomorphisms, so is
hs.

Let H be a subgroup of an abelian group (G,+). The quotient group G /p is the
group consisting of the family of equivalence classes

{lollgeGr={g+t HCGlgeGt={{g+h|heH}|ge G}
with the sum operator given by
+:G /g xG /g sl b) =g +heC/h.

A triple (R, +,-) with operators +,- : R x R — R is a ring if (R, 1) is an abelian
group and:
(1) Vapeer (a-b)-c=a-(b-c), (associativity)
(17) Yapeer a- (b+c¢)=a-b+a-c, (distributivity)
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(i99) Vapeer (a+b)-c=a-c+b-c. (distributivity)
If additionally

(10) JeerVaer € a = a = a- ¢ (neutral element),
we say that R is a ring with unity. The neutral element of the sum operator is usually
denoted by 0 and the neutral element of the product operator by 1. We say that (R, +,)
is a field if conditions (i)-(vi) are satisfied, where

(v) Veer\fo} Fer a-b=1=1b-a, (inverse elements)

(vi) Yaper a-b=10"a. (commutativity)

Let (M, +) be an abelian group and (R, &, ®) a ring with unity. We say that (M, R, -)
is an R-module if - : R x M — M is an operator, called external multiplication, such that
for every x,y € M and a,b € R:

(i) a-(z+y)=a-x+a-y,
(i) (a®b)-z=a-xz+b-x,
(ili) (a®@b)-z=a-(b-x),
(iv) lgp-x==.
An R-module (M, R,-) where R is a field is called a vector space M over a fleld R. A
triple (N, R, -), where N C M is a subspace of a vector space M if for every v,w € N and
a € R we have a- (v +w) € N. We then write N C M.
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Chapter 2

Algebraic topology

In this chapter we recall concepts from algebraic topology needed in sequel. The
Sections 2.1-2.3 are based on [22]. In Sections 2.4 and 2.5 we follow the exposition in [17]
and [6], respectively.

2.1 Simplicial theory

2.1.1 Geometric simplicial complexes

A set of points V = {vg,v1,...,v,} C R%is affinely independent if
Ztﬂ}i =0 and Ztl =0
i=0 i=0

implies that ¢; = 0 for all i € {0,1,...,n}. Let (vo,v1,...v,) C R? denote the family of
barycentric combinations of vertices V', that is points x € R? satisfying

T = Ztﬂ% such that Zti =1, where Vg1, nti > 0. (2.1)
i=0 i=0
We say that (v, v1,...v,) is a set spanned by V. A set o spanned by V', a collection of
n + 1 affinely independent points, is called an n-simplex. Then n is referred to as the
dimension of ¢ and denoted dimo. Coefficients ¢; uniquely define every point x € o and
are called the barycentric coordinates of x with respect to V. A simplex 7 spanned by a
subset W C V is called a face of the simplex o; we denote this by 7 < ¢. In this case we
also say that o is a coface of 7. If W C V' then 7 is a proper face of ¢ and ¢ is a proper
coface of 7. The union of proper faces of a simplex o is called the combinatorial boundary
of o and is denoted Bd 0. The combinatorial interior of o is defined as Int o := ¢\ Bdo.
The star of a simplex ¢ denoted st o is the union of the combinatorial interiors of the
cofaces of o, that issto = U{Int 7 | ¢ < 7}.

A finite collection of simplices K in R? is called geometrical simplicial complex or
briefly a simplicial complex if the following conditions are satisfied:

1) if o € K and 7 is a face of o then 7 € K,

2)ifo,7re Kthenonre K.
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The dimension of K, denoted dim K is the maximum of dimensions of simplices in K.
A subset L C K is said to be a subcomplex of K if L is a simplicial complex. In particular,
the collection K, of all simplices of K up to dimension n forms a subcomplex. We call
it an n-skeleton of K. Note that the family of simplices of K of exactly dimension n,
denoted by K{,, is not a subcomplex of K. A simplex o € K is a toplex in K if there is
no proper coface of ¢ in K. The union U,ex o C R?, denoted | K|, is called the polytope
of K.

A complex L is a subdivision of a complex K if |L| = |K| and for every simplex 7 € L
there exists a ¢ € K such that 7 C o. There is a standard way to construct a subdivision.
To this end we define the barycenter of a simplex o = (vg, vy, ...,v,) as the point

n
o= Z
i=0

1
7+

1U¢.
The collection of simplices
sd K := {{60,61,...,0p) |00 <01 <...<0p,and o, € K fori € {0,1,...,p}}

is called the first barycentric subdivision of complex K (see Figure 2.2, left and right

panel).
Let K be a simplicial complex. Every point x € |K]| is contained in the interior of a
unique simplex (vg, vy, ...,v,) = 0 € K. This means that
= Ztm, for some t; > 0. (2.2)
i=0

Thus, we can generalize the concept of the barycentric coordinate of an x € | K| to a map
ty : |[K| x Vo = [0,1]. Let € Int o and let ¢; be as in (2.2). Then we set

t; if v =y,

0 otherwise.
A simplicial map is a map [ : Kqg — Lg such that

(Vo,v1,...,up) € K = (f(w), f(v1),..., f(v,)) € L.

A simplicial map f: Ky — Ly can be linearly extended to a continuous map |f|: |K| —
|L| by the formula

(@)= > tu(@)f(v).

veE Ky

We call |f| the linear extension of the simplicial map f.

Lemma 2.1.1. |22, Lemma 2.8] Let f : Ky — Lo be a bijective simplicial map such that
J~!is also a simplicial map. Then |f|: |K| — |L] is a homeomorphism.
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2.1.2 Abstract simplicial complexes

An abstract n-simplex is a finite set ¢ of n + 1 elements. The dimension of a o is
the number of its elements minus one. An abstract simplicial complex is a collection A of
abstract simplices such that if ¢ is in A, then all non-empty subsets of ¢ are also in A. A
subcollection B C A is a subcomplex of A if B is an abstract simplicial complex itself.

A map [: Ay — By between 0-skeletons of abstract simplicial complexes A and B is
a simplicial map in the context of abstract simplicial complexes if

{zo,x1,..., 20} €A = {f(xo), f(x1),..., f(xn)} € B.

We say that a simplicial map [ : Ag — By is an isomorphism of a simplicial complexes if
f is a bijection such that f~! is also a simplicial map. Two abstract simplicial complexes
A, B are isomorphic if there exists an isomorphism [ : Ag — By.

We can think of an abstract simplicial complex as a regular simplicial complex with
dropped geometric information. More precisely, if K is a simplicial complex, then the
collection

{{vo,v1,.. s on, } | (vo,v1, ..., 0n,) =0 € K}

is an abstract simplicial complex called the vertex scheme of K. We say that simplicial
complex K is a geometric realization or polytope of an abstract simplicial complex A if
a vertex scheme of K is isomorphic to A. We refer to an isomorphism p : Ay — Ky as
embedding map of an abstract simplical complex A. By Lemma 2.1.1 polytopes of any two
geometric realizations of an abstract simplicial complex A are homeomorphic. Thus, the
geometric realization of an abstract simplicial complex is unique up to a homeomorphism.
We denote the geometric realization of an abstract simplicial complex A by | A|.

2.1.3 Order complex

The nerve of a finite topological space (X, 7)) is the collection of all nonempty chains
in (X, <7). We denote it K(X,T), or briefly (X)) if the topology T is clear from the
context. It forms an abstract simplicial complex that we call the order complex of (X, T)
(see Figure 2.1). As already mentioned, for every point o € |[IC( X, T')| there exists a unique
o € K(X,T) such that o € Int 0. It follows that there exists a chain xp < 1 < ... <z, in
(X, <7) such that o = (p(xo), p(x1),...,p(x,)) where p: X — K(X,7T) is an embedding
map. We call this chain the support of a and we denote it supp o := {xg, 1, ..., %, }.

The construction of the order complex, similarly to the barycentric subdivision, is
based on subchains. In fact, both constructions are related. Let K be a simplicial
complex. It naturally induces a partial order (K, <) where < is the face relation between
simplices. The vertices of the order complex of this poset are the simplices of K and
the geometric realization of the order complex is the first barycentric subdivision, that is
sd K = K(K, 7<) with the embedding map p : Ko(K, 7<) — (sd K)o, given by p(c) ==&
(see Figure 2.2).
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Figure 2.1: Left: an example of a poset (a finite topological space). Right: the associated
order complex.

Figure 2.2: A simple simplicial complex K (left), a partial order (K, ) induced by the
face relation of K (center) and the associated order complex K(K, 7~) (right).

Proposition 2.1.2. [17, Proposition 3.1] Let (X, <) be a poset and let A, B ¢ X. Then

KANnB) = KA) nK(B) and |K(An B) = |K(A) n |K(B)| (2.3)
Moreover, if A and B are down sets, then

KAUB) = K(A)UK(B) and |K(AUB) = |K(A) U IK(B)I (2.4)
Proof. Property (2.3) and inclusions K(A) U K(B) C K(A U B), |K(A) U |IK(B) C
|[K(A U B)| are straightforward. To see that K(AU B) C K(A) U K(B) and |[K(AU B)| C

IK(A)| U |[K(B)| consider a chain X1 < X2 < ees < Xk in K(A U B). Without loss of
generality we may assume that xk e A. Since A is a down set, the elements of chain

X1 < X2 < v < Xk are in A Thus, {Xo, X1,..., Xk} e K(A) C K(A) U K(B). Hence,
K(AUB) Cc K(A)UK(B). Clearly, an embedding of {Xo, X1, . . ., Xk} is in |K(A)|, therefore

the inclusion |[K(A U B)| C |K(A)| U |K(B)| follows.

Let f: (X, Tx) (Y, Tv) be a continuous map between two To topological spaces.
By Alexandrov Theorem (1.4.8) it preserves the partial orders <t x and <tv. Therefore,

a continuous map T induces a simplicial map K(F) : K(X, Tx) K(Y, Tv).
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2.1.4 Simplicial homology

Let o be a simplex, either abstract or regular, of dimension 1 or higher, defined
or spanned by set of points V' = {wy,v1,...,v,}. Up to even permutations, we can
distinguish two classes of the orderings of those points. We call these equivalence classes
the orientations of a simplex 0. An oriented simplex is a simplex o = |vy, vy, . .., v,| with
the orientation induced by the order vy, vy, ..., v,. We denote simplex ¢ with the opposite
orientation by —o. Let K be a complex, abstract or geometric. Denote by K (p} the set
of all oriented simplices in K of dimension p. Note that K 0y = K{oy, because 0-simplices
have only one possible orientation. Let R be a fixed commutative ring with unity. A map

¢y Kypy — R

satisfying ¢(—o) = —c(o) when p > 0 is called a p-chain on K over R. An elementary
chain for an oriented simplex ¢ is defined by

1 ifr=o0
Co(T) = —1 ifr=—0

0 if otherwise.

Since for p = 0 we have only one possible orientation, every map ¢ : Kq — R is a 0-chain.
In particular, an elementary 0O-chain associated with a 0-simplex ¢ is a map given by

1 ifv=o,
co(v) =
0 otherwise.
In the sequel we identify an elementary chain ¢, with the simplex o itself, that is we
write ¢ = ¢,. For p € {0,1,...,dim K} the simplicial chain group, denoted C'pA(K), is
the family of all p-chains in the simplicial complex K, with pointwise addition of chains
as the group operator. For p & {0,1,...,dim K} we take C'pA(K) as the trivial group.

Lemma 2.1.3. 22, Lemma 5.1] The simplicial chain group C2(K) is a free abelian group
with a basis consisting of all the elementary p-chains in C2*(K).

Now, we can introduce the boundary operator, the central homomorphism for homol-
ogy theory
A A
Oy Co(K) — Cp(K).

It is defined for basis elements by

p .

Ao = Oplvg, v1, ..., up] =D (=1) [vo, ..., Diy o, ),

i=0

where 9; means the absence of the ¢th point. It is easy to prove that for every p we

have 9, o 0,11 = 0. The group of p-cycles is defined as the kernel of 9, and the group of
p-boundaries is the image of d,.;. We denote them by

ZPA(K) :=kerd, and BPA(K) = 1mJpy.
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The quotient group
A
HR (K) = 2(K) [ pa (k)

is called the p-th homology group of K.

In particular, if R = F is a field, then C'pA(K) is a vector space over F, and so is
HPA(K ). Note that the chain group and homology groups are in fact R-modules with
pointwise defined external multiplication. This is important in the persistence homology
theory (see Section 2.5), which encounters technical difficulties with non-fields [24].

2.1.5 Relative simplicial homology

Let K be a simplicial complex and let K’ be its subcomplex. A quotient group of
p-chains CpA(K) /CPA(K/) is the group of p-chains in K relative to K'. We denote it by
CH(K,K'). In particular, p-chains ¢, d € C2(K) are considered identical in C (K, K') if
¢c—de CHK).

Omne can easily verify that the boundary operator 9, induces its relative variant

Oy CHK,K') = C (K, K'),
which also satisfies 9,_1 0 J, = 0.
Thus, we may define the relative group of p-cycles, p-boundaries and p-homologies
respectively by,
Z3(K,K') == ker 0,,
BMK,K') = im 0,4,
A
HR (K, K') = 2 (KK [ pa e Ky
We present two classical results for simplicial homology theory that we will use in the
sequel.

Theorem 2.1.4. (Excision theorem [22, Theorem 9.1]) Let K be a simplicial complex
and let K’ be its subcomplex. Assume that U is an open set contained in |K’| such that
|K|\ U is a polytope of a subcomplex L of K and L’ is the subcomplex of K whose
polytope is |K'| \ U. Then the inclusion (L, L") — (K, K') induces an isomorphism
HAL, L) = HA(K,K")

in simplicial homology.
Theorem 2.1.5. (Relative simplicial Mayer-Vietoris sequence 22, Chapter 25 Ex.2]) Let
K be a simplicial complex. Assume that L and M are subcomplexes of K such that
K =LUM. Let L' and M’ be subcomplexes of L and M, respectively. Then there is an
exact sequence

o HY LN M, L' M) — HL, L) ® H>(M, M") —

HAMLUM,L'UM)) — H2 (LM, L'0oM'). ..,

called the relative Mayer-Vietoris sequence.
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2.2 Chain complexes and chain homology

The homology theory for chain complexes may be generalized to the abstract setting
of chain complexes. A chain complez is a family C = {Cy, 9y} 7 of R-modules Cj, and
homomorphisms

8p : Cp — Cp—l

such that 9,00, = 0 for every p. Then, we define the group of p-cycles and p-boundaries
of chain complex C respectively by

Z,(C) :=kerd, and B,(C):=im0d,;,.
The homology of a chain complex C with coefficients in R is defined by

H,(C) = Z(C) /B (C)-

In the case of field coefficients the rank of H,(C) is called the pth Betti number of C and
it is denoted (,(C). Chain groups of a simplicial complex together with the boundary
operators provide an example of a chain complex.

Let C = {C,,05} and D = {D,,dP} be chain complexes. A collection of maps
{ny : C, = D,}, written for short as : C — D, is a chain map if 8;7 07y = Np—1 © 85 for
all p. A chain map induces a homomorphism

(o)« : Hy(C) 3 [ole — [n(o)]lp € Hy(D) (2.5)

where o € Z,(C) and [-]¢, [ |p are equivalence classes in homology groups of C and D.
In particular, a simplicial map f : Ko — Lo induces a chain map fy : Co(K) — C3(L)
defined on an elementary o = (vg, vy, ..., v,) by

0 otherwise.

(f(vo), f(v1),..., f(vy)) ifall f(v;) are pairwise different,
Ju(o) =

Therefore, a simplicial map also induces a homomorphism in homology f. := (f4 )« defined
as in (2.5).

2.3 Singular theory

2.3.1 Singular chain complex

Several topological spaces, in particular most finite topological spaces cannot be rep-
resented as solids of simplicial complexes. Singular homology theory, on the other hand,
applies to all topological spaces; in particular to finite topological spaces. However, sin-
gular theory operates on a generally uncountable family of objects. This makes it compu-
tationally inapplicable, at least directly. Thus, a method is to encode the singular theory
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into the computationally feasible simplicial theory. It may be a bit counter-intuitive, but
to extract some topological invariants of a finite space, we need to go through a relatively
sophisticated object (singular theory) just to reduce it to a combinatorial one (simplicial
theory) again.

Consider the vector space RN of real-valued infinite sequences with pointwise addition
and multiplication by scalars. Let Ree denote the subspace consisting of sequences which
are non-zero only for a finite number of arguments. Let i > 0, then by ei we denote the
vector in Re with Os for every coordinate except the ith one. Thus, we have

e1:=(1,0,0,0,...),
e2:=(0,1,0,0,...),

es:=(0,0,1,0,...),

Denote by Ap the simplex spanned by vectors e1,e2,..., ep+1. It is called the standard
p-simplex (see Figure 2.3 for an example). In particular Ap = (e1,e2,..., ep+1).

Now, let X be a topological space. A continuous map 0p : Ap X is a singular
p-simplex. Let Sp(X) denote the free abelian group generated by the singular p-simplices.
It is called the singular chain group of X in dimension p and its elements are referred to
as singular p-chains of X. Hence, a singular p-chain may be written as a finite formal
sum i nidi of p-simplices 6i : Ap X with ni E Z

To construct a chain complex we still need a boundary operator. To this end we
introduce inclusion maps lg : Ap-1  Ap defined for i E {1,... ,p} by

li((X1,X2,.. Xp,...)) = (X1, X2,.. Xi_1’ i xp ,00 . ..).

ith (p+1)th
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The image of l; is a p — 1 dimensional face of the standard singular p simplex. We define
the singular boundary operator 0, : S,(X) — S,_1(X) on the basis elements of S,(X) by

Opd ==Y (1) ol

The singular boundary operator satisfies d,00,11 = 0. Thus, we get a well defined singular
chain complex S(X) = {S,(X),0,}. We apply it to the construction from Section 2.2 to
obtain singular homology. We denote the pth singular homology group of a topological
space X by H,(X) := H,(S(X)).

In a similar way one can define singular homology modules with coefficients in a com-
mutative ring with unity. In the case of field coefficients and finitely generated homology
we denote the pth Betti number by 8,(X) := §,(S(X)).

Let f: X — Y be a continuous map between topological spaces. It induces a chain
map fy : S(X) — S(Y) defined for 4§, € S(X) by (f,)4(d,) = f o d,. Chain map, in
turn, induces a homomorphism H(f): H(X) — H(Y). We also write f, := H(f).

The above construction works also for relative complexes. Let A be a subset of a
topological space X. A chain complex S Jisa subcomplex of S(X). Hence, we have the
quotient chain complex S(X, A) / S(A , the induced boundary homomorphism
and homology groups, denoted by (X A) = (S (X, A)).

Theorem 2.3.1. [22, Chapter 24, Exercise 1] Let B C A C X be a triple of topological
spaces. The inclusions induce the following exact sequence, called the exact homology
sequence of the triple:

.= H,(A,B)— H,(X,B) > H,(X,A) - H,_1(A, B) —

If a topological space X has finitely generated homology, i.e. it has only a finite
number of nonzero homology groups and each of them is finitely generated, we define the
Poincaré polynomial

= B (2.6)

Similarly, for a topological pair (X, A) we put
pxalt) == Bi(X, A)t'. (2.7)
i1

Finally, the following theorem shows that the simplicial homology groups of a simplicial
complex K are isomorphic to the singular homology groups of its polytope |K|.

Theorem 2.3.2. |22, Theorem 34.3 & Theorem 34.4] Let K be a simplicial complex.
There exists a chain map 5 : C*(K) — S(|K|) that sends simplicial chains of K into
singular chains of the polytope |K|, such that 7, is an isomorphism of simplicial and
singular homology. Moreover, 1, commutes with homomorphisms induced by simplicial

maps.
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2.4 Homology of finite topological spaces

This section contains results from Section 3 in [17].

We have noted in Section 2.1.3 that there is a natural correspondence between finite
topological spaces and simplicial complexes. It also provides a geometrical intuition for
understanding finite topologies. However, if we want to consider homology of a finite
topological space, we need to use singular theory, which is still well-defined for finite
setting (see Figure 2.4). In order to make the notation more explicit, we use H and
H* for, respectively, singular and simplicial homology functor. In particular, for a finite
topological space X and its order complex K(X), we write H(X) and H*(K(X)).

A bridge that connecting finite topological spaces and simplicial complexes was devel-
oped by McCord [18]. Let (X, T) be a finite topological space. The map

o : [K(X,T)| 2 a— maxsuppa € (X, T),

where the max refers to the partial order <7, is called the McCord map. Actually, McCord
uses convection identifying down sets with open sets and puts i x,7)(a) = minsupp a.
However, the duality of open and closed sets in finite topological spaces (Proposition
1.4.2) justifies this modification.

The following theorem is a consequence of [3, Theorem 1.4.6 and Remark 1.4.7] and
[12, Proposition 4.21].

Theorem 2.4.1. (McCord Theorem) The map px,7) is continuous. If f: (X, Tx) —
(Y, Ty) is a continuous map of two finite Ty topological spaces, then the diagrams

KX, T B2 ey, 7)) H X, TN S 1k, 7))
lM(X,TX) J{M(KTY) lM(X,TX)* J{M(Y,Ty)*
(X, Tx) —L— (¥, Ty) H(X,Tx) —L— H(Y,Ty)

commute. Moreover, the homomorphisms px7+), and py,1y), are isomorphisms of sin-
gular homologies.

Consequently, the homology of a finite space is the same as of the polytope of its order
complex. We can further combine isomorphism px, with isomorphism 7, introduced in
Theorem 2.3.2, to establish a complete bridge between the singular homology of a finite
topological space and the simplicial homology of its order complex:

H(X) = H(IK(X)]) = HS(K(X)).

We extend this correspondence to relative homology as well (see Figure 2.5 for geometrical
interpretation).

Proposition 2.4.2. [17, Proposition 3.12] Let A, B be subsets of a finite topological
space X such that B C A. Then IC(B) is a subcomplex of K(A) and

H(A, B) =~ HAK(A),K(B)).
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Figure 2.4: Map 8 shows an example of a continuous embedding of the 2-standard simplex
into a finite topological space. Thus 8 is a a singular 2-simplex in a finite topological space.

Figure 2.5: To "see" relative homology in the context of finite topological spaces it is
enough to consider the simplicial homology of the corresponding order complexes. Given
a finite topological space (left) and sets A, B, C we have H(A, B) = Ha (K(A), K(B)) and
H(A,C) = HA(K(A), K(C)). Order complexes K(A), K(B) and K(C) are highlighted in
blue, red and green color, respectively.
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Proof. The McCord map puy restricted to A and B naturally induces a homomorphism
tx, (A, B) in relative homology. Consider the commutative diagram

Ho(|K(B)]) = Ha(|K(A)]) — Ha(IK(A)]IKB)]) — Hoa(IK(B)]) — Haa (IK(A)])

lﬂx* lﬂx* lux* (A,B) lux* lux*

H,B) —— H,(A) —— H,(A,B) ———— H, (B) —— H,_1(A)

The Five Lemma [22, Lemma 24.3| implies that px,(A, B) is also an isomorphism. Simi-
larly, the chain map 7 induces a homomorphism 7. (A, B). Thus again, the commutative
diagram

H}(K(B)) — Hp(K(A)) — H(K(A),K(B)) — Hp ((K(B)) — H(K(A))

lm ln* ln*(A)B) ln* ln*

Hy(IK(B)]) = Ha(IC(A)) = Ha([K(A), [K(B)) = Hpi([K(B)]) = Hp 1 ([K(A)])

together with the Five Lemma implies that 7,(A, B) is an isomorphism. It follows that
tx, (A, B)on (A, B) is also an isomorphism. O

In the sequel, we also need the variants of the excision theorem and Mayer-Vietoris
sequence for finite topological spaces.

Theorem 2.4.3. [17, Theorem 3.14] Let (X,7) be a finite topological space and let
A, B,C, D be closed subsets of X such that B C A, D C C and A\ B = C\ D. Then
H(A,B) = H(C,D).

Proof. We first observe that K(A) \ K(B) = K(C) \ K(D). Indeed, consider a chain ¢
in A which is not a chain in B. Let ¢y be the maximal element of ¢. Then ¢y &€ B,
because otherwise, since B is a closed set, and therefore a down set with respect to <7,
we get ¢ C B. Hence, qp € A\ B = C\ D. Since C is a down set as a closed set,
it follows that ¢ C C and clearly ¢ ¢ D. Thus, ¢ € K(C) \ K(D) which proves that
K(A)\ K(B) C K(C)\ K(D). The proof of the opposite inclusion is analogous.

Define B := [IC(A)]\ |K(cl(A\ B))| (see Figure 2.6). Clearly, B is open in [IC(A)|. We
will show that B C |K(B)|. Let a € B. Set r := supp () and ry := max(r). Suppose
that ro &€ B. Then, 1y € A\ B and r C cl(A\ B) which implies a € |r| C |[K(cl(A\ B))|,
a contradiction. Hence, r C B and «a € |r| C |[K(B)].

Moreover,

KA B = KA (KA KA BY)]) = [K(l(A\ B))
and by Proposition 2.1.2

K(B)I\ B = [K(B)|NK(cl(A\ B)| = [K(BNel(A\ B))|
= [K(cl(A\ B)\ (AN B))| = K(mo(A\ B))|.

29



Figure 2.6: A geometrical interpretation of a set B for A = {a, b, ¢, d, e} and B = {c, e}
Note that e G B.

Analogous properties hold for D = \K(C)| \ |K(cl(C \ D)) in \K(C)|. Therefore, by
Theorem 2.1.4 we have the following isomorphisms

HA(K(A), K(B)) HA(K(clI(A\ B), K(mo(A\ B)),

HA(K(C), K(D)) Ha(K(cl(C\ D), K(mo(C\ D)).

Note that according to A\ B = C\ D we have K(cl(A\ B)) = K(cl(C \ D)) and
K(mo(A\ B)) = K(mo(C \ D)). Thus, with Proposition 2.4.2 we get

H (A, B) = Ha(K(A), K(B)) = Ha(K(cl(A \ B), K(mo(A \ B)))
= Ha(K(cl(C \ D), K(mo(C \ D))) = Ha(K(C), K(D)) H (C, D),

which completes the proof of the theorem. O

Theorem 2.4.4. (Relative Mayer-Vietoris sequence for finite topological spaces [17, The-
orem 3.17]) Let X be a finite topological space. Assume that Yo G Xo,Yi G Xi are pairs
of closed sets in X such that X = Xo U Xi. Then there is an exact sequence

Hn(Xo n Xi,Yon Yi) Hn(Xo, Yo) e Hn (Xi,Yi)
Hn(Xo U Xi,YoUYi) Hn-1(Xon Xi,YonYi)....

Proof. By Proposition 2.1.2 we have K(X) = K(Xo) U K(Xi) and K(Yo U Yi) = K(Yo) U

K(Yi). Thus, the proof follows from the relative simplicial Mayer-Vietoris Theorem 2.1.5
and Proposition 2.4.2, O
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2.5 Persistent homology

In this section we summarize the zig-zag persistence theory following [6].

2.5.1 Zigzag persistence

Let V denote a sequence (V;)?_, of vector spaces with coefficients in a field F together
with connecting maps (hi)?:_f. Every connecting map can be a forward map h; : V; — Vi1
or a backward map h; : Vi1 — V;. We write such a sequence as

Vi Vel v el (2.8)

and we call it a zigzag module. Directions of maps in the sequence define its type. If all
maps are forward (or backward) we refer to (2.8) as the persistence module. A module W
is a submodule of V if both have the same type, each W; is a subspace of V; and for every
map, depending on its direction, either h;(W;) C Wiy or hi(Wii1) C W;. A submodule
W is a summand of V if there exists another submodule X of V such that V, = W, & X,
for every i. In that case V is a direct sum of zigzag modules W and X, and we write
V=W & X. A module is said to be decomposable if it can be written as a direct sum of
two nonzero submodules. It is indecomposable otherwise. An elementary example of an
indecomposable module is the interval module 1(b,d)

I(b,d): Iy « I y oo —— I, (2.9)

where [; = F (a field fixed at the beginning of this section) if b6 < i < d and 0 otherwise.
The integer b defining interval module is the birth time and d is the death time of the
interval.

According to Gabriel Theorem [6, Theorem 2.5, we can decompose every zigzag mod-
ule V into a direct sum of interval modules. In particular

V= ]I(bl,d1> D ]I(bg, dg) D...P ]I(bN, dN> (210)
We can gather births and deaths from the above decomposition into a multiset
Pers(V) = {(b;,d;) | i € {1,2,...,N}}.

We refer to the elements of Pers(V) as the zigzag persistence pairs of V.

2.5.2 Interpretation of persistent homology

We are particularly interested in a zigzag persistence of homology vector spaces. Simi-
larly to zigzag modules we can consider a sequence of simplicial complexes (or topological
spaces) together with either forward or backward simplicial maps (or continuous maps),

which we write as

X: X< N y X 2, ...<f”71>Xn.

31



Each simplicial map (or continuous map) f; induces homomorphism f;, in homology (see
Section 2.2 and 2.3.1). Thus, for a fixed dimension p, we obtain a zigzag module

Ho (X)) 2 1 () <20y 87 1 x,). (2.11)

Each interval in the decomposition (2.10) of (2.11) represents a basis element of H,(X;)
which persists trough the interval. Left end of the interval, referred to as the birth,
indicates at which step the generator appears. Similarly, the right end point of the
interval, referred to as the death, indicates when the generator vanishes. Consider the
sequence of simplicial complexes in Figure 2.7 and the following sequence:

KO—>K1(—Kg—>K3<—K4—>K5(—K5m6—>K6(—K6m7—>K7<—K8,

(2.12)

where every map is an inclusion, Ksng := K5N K¢ and Kgnr := KgNK7. Now, by applying
the homology functor, we get a zigzag module

V: H(Ky) — H(K,) + H(Ky) = H(K3) < H(K,) — H(K5) <
— H(K5m6> — H(K(;) — H(K(;m?) — H(K7) — H(Kg),

and the associated multiset of persistence zigzag pairs Pers(V). We can graphically present
Pers(V) using persistence barcode (see Figure 2.8), where every pair (b;,d;) is represented
by a separate bar with endpoints given by birth and death. Persistence barcode sums up
the evolution of homology groups as the underlying space morphs. The vertical section of
a barcode gives us the exact number of homology generators for a particular parameter
value (e.g., for i = 5, we have 2 generators in the Oth dimension and 1 in 1st dimension).
Looking at the barcode in Figure 2.8, we can also deduce that one of the cycles (1st
dimensional homology generator) lives for a wide range of parameters, which may be
interpreted as its robustness.
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Figure 2.7: A sequence of simplicial complexes. Every complex Ki is a subcomplex of a
simplicial complex K drawn in the last picture.

Figure 2.8: A persistence barcode for a zigzag persistence module V (2.12) for a filtration
from Figure 2.7. Red-colored bars represent persistence pairs of dimension 0, while blue
bars correspond to the 1st dimension.
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Chapter 3

Dynamical systems

3.1 Continuous dynamical systems

The principal object of interest of this thesis is the theory of combinatorial dynam-
ical systems. However, we first recall some basic concepts of the theory of continuous
dynamical systems.

In this section we assume that X is a locally compact metric space.

Definition 3.1.1. A continuous dynamical system on X, or a flow, is a continuous map
v : X xR — X such that for every x € X and ¢, s € R we have

p(x,0) =x and p(p(x,t),s) = plx,t+s).

A solution of a point x € X, is the map ¢, : R — X given by ¢,(t) := ¢(z,t). The
invariant part of a set S C X is the set InvS := {x € S | p(x,R) C S}. In particular,
S is an invariant set if S = Inv.S. A compact set N C X is an isolating neighborhood if
Inv N C int N. We say that an invariant set S is an isolated invariant set if there exists
an isolating neighborhood N such that S C int N. Figure 3.1 shows basic examples of
isolated invariant sets with corresponding isolated neighborhoods marked in green.

We can algebraically describe the nature of an isolated invariant set using the Conley
index. Its construction involves a technical object called the index pair. We follow here
the exposition presented in [19]. A pair P = (Py, P») of closed sets such that P, C P is
an index pair for an isolated invariant set S if

(1) S =Inv(cl(P \ %)) and cl(P; \ P») is a neighborhood of S,

(2) P, is positively invariant in Py; that is given x € P, and ¢,([0,t]) C N, then
SOI([O)tD C I,

(3) P, is an exit set for Py; that is given an x € P, and a ¢; > 0 such that ¢, (t;) &€ Py,
there exists a ty € [0, ;] for which . ([0,t]) C P, and p.(ty) € Ps.

The following theorem guarantees the existence of an index pair.

Theorem 3.1.2. [19, Theorem 3.5 Given an isolated invariant set S, there exists an
index pair for S.
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Figure 3.1: Examples of isolated invariant sets with their Conley indices: attracting point
(left), saddle point (center) and repelling periodic orbit (right). Green sets represent
isolating neighborhoods for given isolated invariant sets. For each example, the green set

together with the beige set (it is empty in the first case) as an exit set form an index pair
(P1,P2).

An example of an index pair is provided by Wazewski set. We say that a compact set
N is a Wazewski set if N- := {x G N | Ve>0 p(X, [0,€]) / N} is closed. One can show
that then N is an isolating neighborhood and (N, N-) is an index pair for Inv N. Note
that if N is a Wazewski set then N \ N- is locally closed.

Theorem 3.1.3. [19, Theorem 3.12] (Wazewski principle) If N is a Wazewski set and
H (N,N-) =0 then InvN = 0.

Even though index pairs are not unique, they carry common information. In particular,
we define the homology Conley index of an isolated invariant set S as H(P1, P2), where

(P1,P2) is an index pair for S
Theorem 3.1.4. [19, Theorem 3.8] The Conley index is well defined, that is if (P1, P2)
and (P, P2) are index pairs for an isolated invariant set S then H(P1, P2) = H(Pr, P2).

Conley index is used twofold. Firstly, by the Wazewski principle, if the Conley index
for an isolating neighborhood N (that is the Conley index for Inv N) is non-trivial, then
the invariant part of N is non-empty. See Figure 3.2 that the inverse implication is not
valid. Secondly, the Conley index can serve as descriptor of an isolated invariant set.
Notice that every example in Figure 3.1 has a different index.

Let x G X. An a- and w-limit sets of x for a dynamical system p are defined as

aXx):=cl o px ((-oe, -1)),
1tER+

u(x) :=cl px ((t, +oe)).

torT

Limit sets capture the ultimate past and the ultimate future of a point x G X (see Figure
3.3).
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Figure 3.2: The isolated invariant set S in the left picture consists of two stationary points
and the orbit connecting them. The green and the beige set forms an index pair (Pz1, P2)
for S resulting in a trivial Conley index. The isolated invariant set in the right picture
is empty, yet the pair (P1,P2) is still a valid index pair. This shows that the Conley
index may fail to distinguish qualitative properties of the dynamics inside the isolating
neighborhood (the green set) presented in both panels.

A compact invariant set A C X is an attractor if there exists a neighborhood U of
A such that w(U) = A Similarly, a compact invariant set R C X is an repeller if there
exists a neighborhood U of R such that a(U) = R.

Definition 3.1.5. Let p be a dynamical system for a locally compact topological space
X and let (P, <) be a finite partial order. A collection M = {Mp | p E P} of X is a Morse
decomposition of X if

(i) M is a collection of mutually disjoint isolated invariant subsets of X,

(if) for every Xx E X\ M there exist p,q E P such that p < q and

a(x) € Mp and u(x) C Mq
We refer to the elements of M as Morse sets.

The second condition means that the order imposed on Morse decomposition reflects
the existence of trajectories between Morse sets. The Hasse diagram of the poset labeled
with Conley indices of Morse sets in its nodes is called the Morse-Conley graph of the
Morse decomposition[2]. The graph captures the global behavior of the dynamical system.
Figure 3.4 shows an example of a Morse decomposition and its Morse-Conley graph.
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Figure 3.3: The «-limit set for a point x is the stationary point highlighted in green and
its w-limit set is the blue periodic orbit.

Figure 3.4: An example of a Morse decomposition and the associated Morse-Conley graph.
Green and orange sets represent index pairs for each Morse set.
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3.2 Combinatorial dynamical systems

Here, we present the general framework for combinatorial dynamics on finite topolog-
ical spaces. It is mostly based on Section 4.1 and 4.2 in [17] and 2.3 in [7].
Assume that X is a finite topological space.

Definition 3.2.1. By a combinatorial dynamical system or briefly, a dynamical system
in X we mean a multivalued map II : X x Z* — X such that for every x € X and
m,n € Z" we have

(x,0) =2 and I (II(x,m),n)=I(z,m+n). (3.1)

Let II be a combinatorial dynamical system in X. Consider the multivalued map
" : X — X given by I1"(z) := [(z,n). We call IT' the generator of the combinatorial
dynamical system II. It follows from (3.1) that the combinatorial dynamical system II
is uniquely determined by its generator. Thus, it is natural to identify a combinatorial
dynamical system with its generator. In particular, we consider any multivalued map
II: X — X as a combinatorial dynamical system Il : X x Z" — X defined recursively
by

(z,1) = Il(x),
1z, + 1) = 1(Il(z, 7)),
as well as II(x,0) := {x}. We call it the combinatorial dynamical system induced by a

map II. In particular, the inverse II7! (see Section 1.1) of 1T also induces a combinatorial
dynamical system. We call it the dual dynamical system.

3.2.1 Combinatorial solutions and paths

A set is a Z-interval if it is of form Z N I where [ is an interval in R. If a Z-interval
has a minimum, we say it is left bounded; otherwise, it is left-infinite. It is right bounded
if it has a maximum; otherwise it is right-infinite. If it is both right and left bounded,
then it is bounded.

A solution of a combinatorial dynamical system II : X — X in A C X is a partial
map o : Z - A whose domain, denoted dom ¢, is a Z-interval and for any 7,7+ 1 € dom ¢
the inclusion ¢(i + 1) € (p(i)) holds. The solution ¢ is stationary if ¢(t) = z for all
t € domyp for some x € X. The solution passes through x € X if x = (i) for some
i € domy. The solution ¢ is full if domy = Z. It is a backward solution if dom ¢ is
left-infinite. It is a forward solution if dom ¢ is right-infinite. It is a partial solution or
simply a path if dom ¢ is bounded.

If ¢ is left-bounded, then we call the value of ¢ at the minimal value of its domain
the left endpoint of p. If ¢ is right-bounded, then we call the value of ¢ at the maximal
value of its domain the right endpoint of p. We denote the left and right endpoints of ¢,
respectively, by o= and p-.
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A full solution ¢ : Z — X is periodic if there exists a T € N such that ¢(t+7T) = ¢(t)
for all t € Z. Note that a path ¢ satisfying o= = ¢~ maybe extended to a periodic
solution.

By a shift of a solution ¢ we mean the composition ¢ o 7,,, where the map

T {k—n|kedomp} >5m—m+necdomyp

is an n-translation. Given a right-bounded solution ¢ and a left-bounded solution ¢ such
that ¥~ € II(¢7), there is a unique shift 7,, such that

o(t) if t € dom
(Yor,)(t) iftedomr,

Z>t-» e X

is a solution. We call this union of paths the concatenation of v and ¢ and we denote it
by ¢ - 1. We also identify each x € X with the trivial solution ¢ : {0} — {z}. Given a
full solution ¢, we denote its restrictions to Z* by ¢* and to Z~ by ¢~. We finish this
section with the following straightforward proposition.

Proposition 3.2.2. [17, Proposition 4.1] If ¢ : Z — X is a full solution of a dynamical
system [1: X — X then Z 5t — p(—t) € X is a solution of the dual dynamical system
induced by 117!, We call it the dual solution and denote it ¢°P.

3.2.2 Examples of combinatorial dynamical systems

In this section we briefly present and compare three examples of combinatorial dy-
namical systems arising from a combinatorial analogue of the classical vector field. See
[7] for another example of a combinatorial counterpart of a discrete dynamical system
constructed from a sampled data.

The following examples show the evolution of the theory that we present in the next
chapter. Note that a combinatorial dynamical system 11 : X — X may be identified with
the relation {(z,y) € X x X |y € ll(x)} in X. Therefore, we can visualize it as a graph
(see Section 1.2).

All three presented theories have slightly different general settings: CW-complexes,
Lefschetz complexes and finite topological spaces. The examples we present are con-
structed in a simplicial complexes, a natural common-ground for all three settings.

Forman’s combinatorial vector field

Robin Forman [10| who introduced the concept of combinatorial vector field does not
study combinatorial dynamical systems in our sense. However, they are present in his
work implicitly via the concept of paths.

Let K be a finite simplicial complex. A Forman’s combinatorial vector field on K is a
map V : K — K U {0} such that

(i) it V(o) # 0, then dim V(o) = dimo + 1, and 0 < V(0);
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(ii) if V(o) =7 # 0, then V(1) = 0;
(iii) for all o € K, #V~'o < 1.

A combinatorial vector field induces a partition {{o,V (o)} | o € K, V(o) # 0} for o
such that V(o) # o and singletons {c} for o such that V(o) = ) and ¢ € imV. These
doubletons and singletons are called combinatorial vectors. We can easily visualize this
idea on the simplicial complex. Consider the example in Figure 3.5 where red dots denote
singletons and doubletons are represented by red arrows from o to V(o). Condition (i)
says that an arrow starting from o can only go to a coface of o of codimension 1. The
second condition asserts that the head of an arrow cannot be a tail of another arrow.
The third condition means that a simplex o can be the head of at most one simplex.
One can show that this is equivalent to a partitioning the finite topological space induced
by the face relation in a simplicial complex into singletons and connected locally closed
doubletons (Figure 3.5, middle).

Forman defines V-paths of index p to be a sequence

Y i00,70,01,T1sy.+ 3y Tp—1,0p

such that forall i =0,1,...,r—1

(i) dimo; = dimo, = p, dim7, = p+ 1,

i) = Vl(o),

(iii) oy # 0ix1 < 7.
These conditions imply that a path of index p alternates between simplices of dimension
p and p + 1. The movement from o; to 7; goes along the combinatorial vector, while the
step from 7; to 0,1 is a descent to one of the faces of 7;,. Sequence vy, eg, vy, €1, V2, €2, 1y
is an example of a V-path of index 0 for the combinatorial vector field at Figure 3.5. We
can wrap up this idea by reversing the arrows within combinatorial vectors in a poset
and adding self-loops for singletons (see Figure 3.5, bottom). The resulting directed
graph G(V') contains all V-paths. The corresponding combinatorial dynamical system
Il : K — K in the finite topological space (K, T <) is given by

(o) :=V(e)U{r € K| o covers 7} \ V(o).

Combinatorial multivector field in the sense of [21]

Theory of combinatorial multivector fields [21] is the direct predecessor of the theory
presented in this dissertation. The theory is defined for Lefschetz complexes, but for the
sake of this presentation, we stick to simplicial complexes. Let (K, 7<) be a finite topolog-
ical space induced by a simplicial complex. A multivector V is a convex subset of K with
a unique maximal element. We say that a multivector V is critical if H®(clV,mo V) # 0.
A combinatorial multivector field is a partition of K into multivectors (see Figure 3.6
middle). We denote this family of multivectors by V. For ¢ € K we denote by |o| the
unique multivector to which o belongs. The combinatorial dynamical system I1: K — K
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Figure 3.5: An example of a Forman's combinatorial vector field on a simplicial complex
(top), its equivalent representation in terms of partitioning the poset (middle), and a
directed graph capturing the combinatorial dynamics induced by the Forman's vector
field.
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Figure 3.6: An example of combinatorial multivector vector field in the sense of [21] on a
simplicial complex (top), its equivalent representation in terms of partitioning the poset

(middle), and a directed graph capturing the combinatorial dynamics n induced by V.
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associated with V is defined for ¢ € K by

(cle\ [o])U{o} if o is maximal in [o] and [o] is critical,

(o) = {clo\ |o] if o is maximal in [¢] and [o] is regular,

opno N |o] otherwise.

Therefore, there are three types of arrows, the upward arrows inside multivectors, down-
ward arrows from the maximal element in a multivector to its faces and a self-loop for
a maximal element of a critical multivector. Again, we can translate this into a directed
graph by starting with a poset, and then reversing arrows within multivectors, adding
self-loops to the maximal elements of critical multivectors, and removing all down-arrows
that do not start in a maximal element of a multivector. We also should add arrows
resulting from upward or downward transitivity (e.g. from vy to ¢y and ty to v,), but
we skip them to keep the graph more readable. Figure 3.6 bottom shows an example an
example of such a graph.

Combinatorial multivector field in the sense of [17]

Finally, we present an example of a combinatorial dynamical system associated to
the multivector field theory which constitutes the main topic of this thesis. Let (K, 7%)
be the finite topological space induced by a simplicial complex. The multivector V is
simply a convex subset of K. A combinatorial multivector field V is a partition of K into
multivectors (see Figure 3.7 middle). The unique multivector to which point ¢ belongs
is denoted by [o]y. Then the associated combinatorial dynamical system Il : K —o K is
defined by

Iy(o) = ||y Uclo.

This definition immediately translates itself into a graph build upon a poset with addi-
tional upward arrows within multivectors and self-loops at every point (see Figure 3.7
bottom).

To see one of the examples of why larger multivectors, compared to [21] can be ben-
eficial consider the family of continuous dynamical systems on R given by differential
equation

Zit)=t—a (3.2)

_11
202
stationary point at coordinate o (see Figure 3.8 top). Suppose we have a fixed simplicial

with parameter a € | |. For every value of the parameter we observe a repelling

complex

K:={{p|pe{-2-1,012}} U{{p,p+1)|pe{-2,-1,0,1}},

and our goal is to construct the best combinatorial representation of (3.2) on K for
different values of «. For example, if a = % then the repeller lies at barycenter of a
I-simplex and we can model this situation by creating multivector {(0, 1)} which behaves
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Figure 3.7: An example of a combinatorial multivector field in the sense of [17] on a
simplicial complex (top), its equivalent representation in terms of partitioning the poset

(middle), and a directed graph capturing the combinatorial dynamics nv induced by V.
Note that multivector {v2, e2, e3} is not a proper multivector in terms of [21] because there

is no unique maximal element.
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as a repeller (see Vi in Figure 3.8 middle). Similarly, for a = —1 we model the repeller
with {(—1,0)} (see Vo in Figure 3.8 middle). The problem appears for a = 0 when the
repeller is located exactly at the O-simplex (0). We do not want to model the repeller
with multivector {(0)} because, by the definition of nv it would behave as an attractor.
We can make an arbitrary choice and accept one of the two models obtained for a = —1
or a = 1 as "close enough” models. However, if the subject of interest is the family of
models for all values of a, then for a = 0, we observe a sort of "discontinuity.” Namely,
for a G [—1,0), we have multivector field Vo and V1 for a G (2, 1] (see Figure 3.8 middle).
Thus, at a = 0 we have to rearrange multivectors to get from vo to vi. On the other
hand, if we allow multivectors without a unique maximal element, then for a = 0 we can

model the repeller with multivector {(—1, 0), (0), (0,1)} (see V2 in Figure 3.8). Moreover,
the transition from Vo to V1 via V2 consists of simpler, called atomic rearrangements, that

is, a split of a single multivector into two multivectors, or the reverse operation. This idea
will be explored further in future work.

Figure 3.8: Top: a schematic representation of a vector field given by (3.2). Middle: three

multivector fields, Vo, Vi1 and V2 corresponding to a = —1, a = 1, a = 0, respectively.
Bottom: a direct graph representing the combinatorial dynamics induced by v2.
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Chapter 4

Combinatorial multivector fields
theory

This chapter is largely based on sections 4, 5, 6, and 7 of [17]. The author of this
thesis wrote or partook substantially in writing all of the included proofs.

4.1 Multivector fields

As we already mentioned, the idea of the combinatorial multivector fields was intro-
duced in [21]. It was inspired by Forman’s combinatorial vector fields [10] informally
reviewed in Section 3.2.2. Here, we present a generalization of the theory presented in
[17].

The generalization, in comparison to [21] is trifold. Firstly, the Lefschetz complexes
and Lefschetz homology are replaced with the more general setting of finite topological
spaces and singular homology. Secondly, multivectors are no longer assumed to have a
unique maximal element. This assumption was introduced in [21] to simplify proofs but
turned out to be too restrictive for the further development of the theory. Thirdly, the
induced combinatorial dynamical system is defined more liberally. These fundamental
changes lead to a theory more convenient for applications. However, new proofs are
required.

4.1.1 Combinatorial multivector fields for finite topological

spaces

Let (X, T) be a finite topological space. A combinatorial multivector in X is a non-
empty, locally closed subset of X. We define a combinatorial multivector field (MVF)
as a partition ¥V of X into multivectors (see an example in Figure 4.1). The following
proposition, an immediate consequence of Proposition 1.4.4, provides an example of a
property that is not true in the setting of [21]. To see this consider Y = X \ {to} with X
and V as in Figure 3.6.
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Figure 4.1: An example of a combinatorial multivector field v = {{A, C, G}, {D}, {H},
{E, 1, J}, {B, F}} on a finite topological space consisting of ten points. There are two
regular multivectors, {A, C, G} and {E, I, J}, the others are critical.

Proposition 4.1.1. [17, Proposition 4.2] Assume V is a combinatorial multivector field
on a finite topological space X and A C X is a locally closed subspace. Then

VA ={VnA |V eV,vynA =0}
is @ multivector field in A. We call it the multivector field induced by v on A. O

The following theorem provides more features of multivector fields not satisfied in the
setting of [21].

Theorem 4.1.2. [7, Theorem 5.4 (ii),(iii)] Let X and Y be finite topological spaces. Let

V be a combinatorial multivector field on Y. If £: X Y is a continuous map then
f-1(V) = {f-1(V) | VE Vv}

is a multivector field on X. If W is another multivector field on X, then v Aw is also

a multivector field on X such that VAW OV and VAW O W.

Every point x E X has a unique multivector in Vv to which x belongs. We denote this
multivector by [x]v. If the multivector field Vv is clear from the context, we write briefly
[X] := [X]v. We say that a set A C X is V-compatible if for each X E A we have [x]Jv C A
The following proposition is a basic consequence of the definition of v-compatibility.

Proposition 4.1.3. [17, Proposition 4.3] The union and the intersection of a family of
Vv-compatible sets is V-compatible.

With every multivector field v we associate a combinatorial dynamical system on X
induced by the multivalued map nv : X X given by

nv(x) := [X]v U clx. (4.1)

Note that in a single time-step a point X can jump to any other element of V = [X]v.
Moreover, the only way to escape V is through moV = cl V\ V. Intuitively, we can think
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of a multivector as a dynamical black-box. The behavior inside a multivector is unknown,
but we know where flow escapes. Thus, we can interpret a multivector as a Wazewski set
with (¢l V,mo V') as the associated index pair (see Section 3.1). We distinguish two types
of multivectors. We say that a multivector V' is critical if the relative singular homology
H(clV,mo V) is non-zero. We say that a multivector is regular if it is not critical. Thus,
a critical multivector may be interpreted as the Wazewski set with a non-empty invariant
subset and a regular multivector may be interpreted as a Wazewski set with all solutions
flowing through. A point x € X is critical (respectively regular) with respect to V if [x]y
is critical (respectively regular). Note that the combinatorial dynamical system associated
with a multivector field in the sense of [21] depends on the criticality of points, which is
not the case here.

Proposition 4.1.4. Let V and W be a multivector fields on X. If V C W then IIy C Ily.
Proof. Let x € X. We have lly(z) = [z]y U cx C [zjw U dx = Iy(x). O

Recall that the preimage notation with the respect to a multivalued map means the
large preimage (1.3). Note the duality of 1y (4.1) and I1,,~" (4.2).

Proposition 4.1.5. [17, Proposition 4.5] Let V be a combinatorial multivector field on
(X, T). If AcC X, then

IL,~'(A4) = | ([z]y Uopna).

€A
In particular, if A = {x} is a singleton we have

I Y(z) == 10"'({z}) = [x]y Uopn . (4.2)

Proof. Assume y € I1y7'(A). By (1.3) there exists an = € A such that x € Ily(y), that
is, x € cly U [y]ly = [Iy(y). If x € cly, then from Proposition 1.4.8 we have x <7 y. It
follows from Proposition 1.4.9 that y € opnx. If x € [y]y then [x]y = [y]y 2 y. Hence,
y € opnx U [x]y and consequently

Iy~ (A) C | [x]y U opna.
z€A
In order to show the opposite inclusion consider an x € A and a y € opnz U [z]y.
If y € [z]y, then clearly x € [y]y C Ily(y) which implies x € IIy(y) N A # 0. Thus
y € IIy™'(A). If y € opnwx, then by Proposition 1.4.9 we have x <7 y and therefore
x € cy. Thus, x € Ily(y) and again [y(y) N A £ §. Hence, y € 1Iy"'(A) which
completes the proof of the opposite inclusion. O

Note that by Proposition 1.4.6 a multivector in a finite topological space X is also a
multivector in X°P, that is, in the space X with the opposite topology. Thus, a multivec-
tor field V in X is also a multivector field in X°P. We indicate this in notation by writing
VP for the multivector field V considered with the opposite topology. It induces a com-
binatorial dynamical system I} := Tlyopr : X°P —o X given by [lyes () := [x]y U clyop .
As an immediate consequence of Proposition 1.4.2 and Proposition 4.1.5 we get following
result.
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Figure 4.2: An example of a finite topological space X and Xop consisting of four points
and with the same partition into multivectors v = {{a}, {b}, {c}, {d}}. In X multivectors
{b}, {c} and {d} are critical, while in Xop only {a} is critical. Blue and green subcom-
plexes in the bottom row represents respectively K(cl{b}) and K(mo{b}) for X and Xop.

Figure 4.3: An example of a finite topological space X and Xop consisting of five points
and with the same partition into multivectors v = {{a, b}, {c,d}, {e}}. Either in case of
Vv and Vop the only critical multivector is {e}. Multivectors {a,b} and {c,d} are regular in

both cases. Blue and green subcomplexes in the bottom row show respectively K(cl{a, b})
and K(mo{a, b}) for X and Xop.
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Proposition 4.1.6. [17, Proposition 4.6] The combinatorial dynamical system II3} is
dual to the combinatorial dynamical system Ily, that is, we have I3} = II3;".

Note that the duality of a multivector fields V and V" does not mean that the regu-
larity /criticality is preserved because some critical multivectors can become regular and
vice versa due to the topology change (see examples in Figure 4.2 and 4.3).

4.1.2 Essential solutions

Let V be a multivector field on a finite topological space X. We say that ¢ is a solution
(full solution, forward solution, backward solution or path) of V if ¢ is a solution (full
solution, forward solution, backward solution or path) for Ily, (see Section 3.2.1). Given a
solution ¢ of V we denote by V(¢) the set of multivectors V' € V such that V Nim ¢ # 0.

Given a subset A C X, we denote the family of all paths of V in A by Pathy(A).
Similarly, we denote the family of full solutions of V in A (respectively backward or forward
solutions in A) by Soly(A) (respectively Sol;(A), Soly;(A)). Sometimes we are interested
in paths and solutions passing through a particular point or with fixed endpoints. In that

case we write

Soly(x, A) == {¢ € Soly(A) | (0) =z},
Pathy(z, A) := {¢ € Pathy(A) | ¢(0) =z},
Pathy(x,y, A) := {¢ € Pathy(A) | ¢~ =z and ¢~ = y}.

Note that (4.1) implies = € II(x). Thus, every point admits a full stationary solution
and every path may be extended to a full solution. This may suggest that every point is
somehow invariant. To make the theory more distinctive, we follow the "dynamical black
box" intuition. We know that a critical multivector V may be interpreted as a Wazewski
set with a non-empty invariant set inside. Hence, a solution entering V' may stay there
forever. On the other hand, a regular multivector W may be interpreted as a Wazewski
set with a passing-through flow. Thus, a trajectory entering W should exit W in a finite
amount of time. With this motivation in mind, we introduce the concept of the essential
solution.

We say that a backward solution ¢ : Z - X is left-essential (respectively forward solu-
tion is right-essential) if for every regular point x € im ¢ the set {t € dom g | ¢(t) & [x]v }
is left-infinite (respectively right-infinite). We say that a full solution ¢ is essential if it
is both left- and right-essential. We say that a point x € X is essentially recurrent if an
essential periodic solution passes through x. The following proposition is straightforward.

Proposition 4.1.7. A periodic solution ¢ is essential if and only if either #V(p) > 2 or
the only multivector in a singleton V() is critical. O

We denote the set of all essential solutions in A C X (respectively left- or right-
essential solutions in A) by eSoly(A) (respectively eSol;;(A), eSoly;(A)) and the set of all
essential solutions in a set A C X passing through a point x by

eSoly(x, A) := {p € eSol(A) | ¢(0) = x}.
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We have the following straightforward proposition.

Proposition 4.1.8. Let ¢ € eSol;(A), ¥ € eSol,;(A) and p € Pathy(A) be such that
Y~ = p~and p~ = " Then ¢ p- ¢ € eSol(A). =

For a given x € X we can always construct a right-essential solution starting at x.
We prove this in the following proposition. However, this is not true for left-essential
solutions. To see this, consider a point a in the first example in Figure 4.2 (upper-left).
Since [Ty~ (a) = a, every left-infinite solution is eventually constant in a. But, multivector
{a} is regular which makes the solution not left-essential.

Proposition 4.1.9. Let x € X, then eSoly,(x, X) # 0.

Proof. Let x = xg € X. If [xg] is critical then a stationary solution in xy is an essential
solution. If [zg] is regular, we can construct right-essential solution ¢ in the following
way. Let ©(0) := xo. If there exists a yo € [xo] such that clyg \ [xo] # ) then we put
(1) == yo and (2) = x; where x; € clyo \ [xo]. Again, if there exists a y; € [x1] with
clyy \ [x1] # 0, we put ©(3) := y1 and p(4) := x5 for an x2 € cly; \ [x2]. We proceed

by induction up to infinity unless we reach an x, such that mo[r,] = () when we set
(k) =z, for k > 2n. Then H(cl[x,], ) # 0, which means that [z,] is critical. Thus, in
both cases ¢ is right-essential. O

With the notion of essential solution, we can now introduce the concept of invariance
that will not degenerate in our settings.

Definition 4.1.10. The invariant part of A C X is the set
Invy A:={x € A| eSol(x, A) # 0} . (4.3)

Moreover, we say that A is an invariant set for V if Invpy A = A. In the sequel if a
multivector field V is clear from the context we drop the subscript V in Soly, eSoly, and

IHVV.

Note that in contrast to the classical theory, the invariant part of a dynamical system
to an invariant set needs not be invariant. More precisely, if A is invariant for V then A
may not to be invariant for V4. Consider multivector field in Figure 4.2(left). The set
A = {b, ¢} is invariant because either {b} and {c} are critical multivectors for V. However,
the restriction V4 of multivector field V to set A changes the status of multivector {b}. In
particular {b} is regular in V4. Thus, we get {c} = Invy, A # Invy A = A. On the other
hand if B = {b,¢,d} then Invy B = Invy, = B.

More generally, Proposition 4.1.13 distinguishes some situations when the restriction
to a subspace does not affect the invariance. We need first the following propositions.

Proposition 4.1.11. The invariant part of a closed and V-compatible set A C X is
closed. In particular the invariant part of the whole space X is closed.
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Proof. Let x € Inv A, ¢ € eSol(x, A) and y € cle C A. By Proposition 4.1.9 we can
find a ) € eSol"(y, X). Since A is closed and V-compatible we have II,,(4) = A. Thus,
for every z € A we get IIy(2) € A and 9 € eSoly;(y, A). Hence, ¢~ -4 € eSol(y, A) and
consequently v € Inv A. O

Proposition 4.1.12. Let A C X be a V-compatible set. Then Inv A is V-compatible.

Proof. Let x € Inv A and let y € [x]y. Since A is V-compatible we have y € A. Select
a solution ¢ € eSol(x, A). Then ¢~ -y - ¢* is a well-defined essential solution in A.
Therefore, eSol(y, A) # 0 and y € Inv(A). Hence, Inv A is V-compatible. ]

Proposition 4.1.13. Let A C X be closed and V-compatible. Then Invy A = Invy, A.
In particular Invy X = Invyny x X.

Proof. Let V€ V such that V. C A. Therefore V € V4. Since A is closed we have
cxV=clyV and mox V =mo, V. It follows that V is critical in V4 if and only if V is
critical in V. Thus, eSoly(A) = eSoly, (A) and Invy A = Invy, A.

By Propositions 4.1.11 and 4.1.12 Invy X is closed and V-compatible. Hence, the
second assertion is proved. O

We have the following straightforward proposition.

Proposition 4.1.14. Let A be an invariant set. Then the family {V € V| VN A #£ 0}

contains at least one critical multivector or two regular ones. O

Proposition 4.1.15. [17, Proposition 4.7] Let A, B C X be invariant sets. Then AU B

is also invariant.

Proof. Let x € A. By the definition of an invariant set there exists an essential solution
¢ € eSol(x, A). Clearly eSol(x, A) C eSol(x, AU B). Thus, ¢ € eSol(x,AU B) and
x € Inv(AU B). The same holds for x € B. Hence, AU B C Inv(AU B). The opposite

inclusion is obvious. 1
Proposition 4.1.16. Let A C X be locally closed. Then Inv A is also locally closed.

Proof. Let x,z € Inv A and y € A such that z <7 y <7 x. Let ¢ € eSol(x, A) and
Y € eSol(z, A). Then ¢~ -y -+ € eSol(y, A). Hence y € Inv A. O

We can capture the lack of essential solutions with homology.

Theorem 4.1.17. [17, Lemma 5.8] Let A be a V-compatible, locally closed subset of X
such that there is no essential solution in A. Then H(cl A, mo A) = 0.

Proof. Let A:={V €V |V C A}. Since A is V-compatible, we have A = JA. Let <4
denote the transitive closure of the relation <4 in A given for V,W € A by

V=W & VadWw £10. (4.4)
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We claim that <4 is a partial order in A. Clearly, <4 is reflective and transitive. Hence,
we only need to prove that <4 is antisymmetric. To verify this, suppose the contrary.
Then there exists a cycle V,, <4 Vi =4 - 24 Vo =V, with n > 1 and V; # Vj for
i # jandi,j e {1,2,...n}. Since V;NclV;_y # ) we can choose v; € V; NeclV,_; and

vi_y € Vi_y such that v; € clv)_;. Then v; € Uy(v]_,) and v;_, € ly(v;—1). Thus, we can

construct an essential solution
/ / / / /
Ct U U U] U Uy U U U UL

This contradicts our assumption and proves that <4 is a partial order.
Moreover, since a constant solution in a critical multivector is essential, all multivectors

in A have to be regular. Thus,
H(cdlV,moV)=0 forevery V €A (4.5)

Since <4 is a partial order, we may assume that A = {V;}, where the numbering of V;
extends the partial order <4 to a linear order <4, that is,

Vi<aVo<y - <uVa
We claim that
i<j = dVi\V;=cdV. (4.6)
Indeed, if this were not satisfied, then V; N clV; # () which, by the definition (4.4) of
<4 gives V; <4 V; as well as V; S V;, and therefore 7 < 4, a contradiction. For
k € {0,1,...m} define set W := Ule\/j. Then W, = () and W,, = A. Now fix a
k € {0,1,...m}. Observe that by (4.6) we have

k m k k
AW \NA=UJdV;\ UV, = JdV;\ UV = d Wi \ Wi, = mo W,

j=1 j=1 j=1 j=1
Therefore,
moWy, =clWy\ACclA\A=moA.

It follows that W, Umo A = ¢l W, Umo A. Hence, the set Z;, :== W, Umo A is closed. For
k > 0 we have

Zk\Zk—l = Wk\Wk_l\moA: V}gﬂA: ‘/}gzcl‘/}g\mOVk
Hence, we get from Theorem 2.4.3 and (4.5)
H(Zk, Zk—l) — H(Cl Vk,mo %) =0.

Now it follows from the exact sequence of the triple (Zx_1, Zi, cl A) that (see Theorem
2.3.1 and Proposition 1.5.1)

H(Cl A, Zk> = H(Cl A, Zk_1>.

Note that Zog = WoUmo A =mo A and Z,, = W,, Umo A = AUmo A = cl A. Therefore,
we finally obtain

H(clAmoA)=H(clA, Zy) = H(cl A, Z,,) = H(cl A, cl A) = 0,

which completes the proof of the Theorem. O
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Figure 4.4: A multivector field v (right) for a simplicial complex (left) and two isolated
invariant sets S = {vo, v1,v2,e0,e1,e2} and T = {to}. Notethat S CcIT.

4.1.3 Isolated invariant sets

The next step is to define the isolation in the settings of finite topological spaces. Due
to the shortage of open sets, we considerably relax, compared to the classical settings, the
conditions for the isolation.

Definition 4.1.18. [17, Definition 4.8] A closed set N isolates an invariant set S C N,
if the following two conditions hold:

(a) Every path in N with endpoints in S is a path in S,

(b) Nnv(S) c N
In this case, we also say that N is an isolating set for S. An invariant set S is isolated if
there exists a closed set N meeting the above conditions.

Note that we use the notion of an "isolating set" instead of an "isolating neighborhood"
to emphasize the difference with the classical definition (see Section 3.1). First, due to a
finite space's sparseness, it may be the case that two isolated invariant sets do not admit
disjoint neighborhoods (see Figure 4.4). Therefore Definition 4.1.18 is relative, meaning
that we need to specify which isolated invariant set is isolated by a given isolating set.
Secondly, the invariant part of an isolating set N does not need to be contained in the
interior of N. Even more, it is possible that int N = 0 and still Inv N = 0 (consider
N =cl S in Figure 4.4). Thirdly, in the finite setting, there exists a minimal isolating set.
This situation is not true in the continuous case. We have the following simple yet handy
observations.

Proposition 4.1.19. [17, Proposition 4.9] The whole space X isolates its invariant part
Inv X, In particular, Inv X is an isolated invariant set. O

Proposition 4.1.20. [17, Proposition 4.11] Let N be an isolating set for an isolated
invariant set S. If M is a closed set such that S C M C N, then S is also isolated by M.
In particular, cl S is the smallest isolating set for S

Proof. The first part is straightforward. The second statement follows because cl S is the
smallest closed set containing S and contained in N. O
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There is a fundamental relation between the V-compatibility, local closedness, and

isolated invariant sets.

Proposition 4.1.21. [17, Proposition 4.10, 4.12, 4.13] Let S C X be an invariant set.
Then S is the isolated invariant set if and only if S is locally closed and V-compatible.

Proof. Assume first that S is an isolated invariant set. Suppose S is not V-compatible.
Then there exists an x € S and a y € [x]y \ S. Let N be an isolating set for S. It follows
from Definition 4.1.18(b), that y € Ily(x) C N. Since [z]y = [y]v we have x € Ily(y).
Thus the path x -y - x is a path in N with endpoints in S, but it is not contained in S
which in turn contradicts Definition 4.1.18(a).

Now, suppose that S is not locally closed. By Proposition 4.1.20 the set N := ¢l S
is an isolating set for S. By Proposition 1.4.10 there exist x,z € S and a y & S such
that * <7 y <7 2. Hence, it follows from Theorem 1.4.8 that z € clyy and y € cly 2.
Therefore, x € Ily(y) and y € ly(2). In particular, x,y,z € ¢l S. Thus, ¢ .=z -y-xisa
solution in ¢l S with endpoints in S. In consequence, y € S, a contradiction.

To show the opposite implication assume that S is a V-compatible and locally closed.
To this end we will show that N := ¢l S isolates S. We have

y(S)= |JdaU [Jzly =cdSUS =clS = N.
zes zes
This proves condition (b) of Definition 4.1.18.

We will now show that every path in N with endpoints in S is a path in S. Let
Q=10 X1 ... T, be a path in N with endpoints in S. Thus, x¢,x, € S. Suppose that
there is an ¢ € {0,1,...,n} such that x; ¢ S. Without loss of generality we may assume
that ¢ is maximal such that x; ¢ S. Then x;, 1 # x; and i < n, because x,, € S. We have
xiv1 € Hy(x;) = [x]y Ucla,. Since z; € S, 2,41 € S and S is V-compatible, we cannot
have x;1 € |x;]y. Therefore, z; ;1 € clx;. Since ¢ is a pathin N = ¢l S, we have x; € ¢l S.
Hence, x; € cl z for some z € S. It follows from Proposition 1.4.10 that x; € S, because
Tit1,2 €5, xiy1 € cla;, x; € clz and S is locally closed. Thus, we get a contradiction
proving that also condition (a) of Definition 4.1.18 is satisfied. In consequence, N isolates
S and S is an isolated invariant set. O

The next corollary is a straightforward consequence of Propositions 4.1.12, 4.1.16 and
4.1.21.

Corollary 4.1.22. Let A be a locally closed and V-compatible. Then Inv A is an isolated

invariant set.

4.1.4 Multivector field as a digraph

Let V be a multivector field in X. As mentioned in Section 1.2, we can think of a
multivalued map 1l as a digraph. We denote it by Gy. Figure 4.5 gives an example of
how the partition in Figure 4.1 translates to the digraph. In particular, we can identify
solutions of V with paths in Gy. In this section we will show that some properties
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Figure 4.5: Digraph Gv for a multivector field Figure 4.1. Black edges are induced by
closure relation, while the red bi-directional edges represent connections within a mul-
tivector. For clarity, we omit the edges that can be obtained by the inter-multivector
transitivity (e.g., from A to G and from | to J). Nodes that are part of a critical multi-
vector are additionally bolded in red.

of multivector field may be phrased in the language of graph theory. Nevertheless, we
should keep in mind that the theory of multivector fields cannot be reduced to graph
theory because we still have an additional intrinsic structure - the topology. We did not
use it extensively so far, except for determining the criticality of multivectors, but this
will change soon. Let v be a multivector field on X and let Gv be the associated digraph.

Proposition 4.1.23. [17, Proposition 4.14] Assume A C X is strongly connected in Gv.
Then the following conditions are pairwise equivalent.
(i) There exists an essentially recurrent point x in A, that is, there exists an essential
periodic solution in A through X,

(i) A is non-empty and every point in A is essentially recurrent in A
(iii) InvA =o0.

Proposition 4.1.24. Let A be a strongly connected set in Gv. Then there exists a full
periodic solution p in A such that imp = A

Proof. For convenience, we index all points in A, that is A = {ao,a1,...,an}. Since A is
a strongly connected set we can find a path pi,j E Pathv(ai,aj, A) fori,jJ E {0, 1,...n}
A full periodic solution

P=..Pno+Po1'P12" ... Pn-1n'Pn0"'Po1" ...
clearly satisfies the assertion. O

Proposition 4.1.25. [17, Proposition 4.15] IfC C X is a strongly connected component
of Gv, then C is V-compatible and locally closed.

Proof. Let x E Cand lety E [X]v. Then x'y E Pathv(x,y, X) and y+x E Pathv(y, x, X)
proving that y E C. Hence C is VV-compatible.
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Let 2,z € C and let y € X be such that x <7 y <7 2. Since C' is strongly connected
we can find a path p from x to z. By Proposition 1.4.9 and (4.1) we have y € II(z) and
x € lly(y). Thus y-p € Pathy(y, 2z, X) and z -y € Pathy(z,y, X). Since we can construct
a path to/from a point of a strongly connected component, we can extend it to any other
element of C. It follows that y € C. Hence, C' is convex and, by Proposition 1.4.10, C is
locally closed. 0

Theorem 4.1.26. [17, Proposition 4.16] If C' C X is a strongly connected component of
Gy such that eSol(C) # ), then C is an isolated invariant set.

Proof. According to Proposition 4.1.21 it suffices to prove that C'is a V-compatible, locally
closed invariant set. It follows from Proposition 4.1.25 that C' is V-compatible and locally
closed. Thus, we only need to show that C' is invariant. Since InvC' C C, we only need
to prove that C' C InvC. Let y € C. Since eSol(C) # (}, we may take an x € C and a
¢ € eSol(x,C). Since C is strongly connected we can find paths p and p’ in C from z to
y and from y to x respectively. Then by Proposition 4.1.8 the solution ¢~ - p- p' - " is
a well-defined essential solution through 3 in C. Thus, eSol(y, C') # (), which proves that
we have y € Inv C'. O

4.2 Index pairs and Conley index for MVF

In this section we introduce homological Conley index of an isolated invariant set of
a combinatorial multivector field. To this end we need a technical concept of an index
pair. We prove that for a given isolated invariant set an index pair always exists and its
homology depends exclusively on the isolated invariant set.

4.2.1 Index pairs and their properties

An index pair may be considered as an isolating set P, with a distinguished exit set P..
More precisely, we have the following definition.

Definition 4.2.1. Let S be an isolated invariant set. A pair P = (P, P2) of closed
subsets of X such that P, C P, is called an index pair for S if

(IP1) x € B, y e lly(x) N P, = y € P (positive invariance),

(IP2) x € P, lly(x)\ P # 0 = x € P, (exit set),

(IP3) S = Inv(P; \ %) (invariant part).

An index pair P is said to be saturated if S = P, \ P». The pair ({B, F,1,J},{I,J})
is an example of a saturated index pair for the multivector field in Figure 4.1 and the set
{B, F'}.

We write P C @ for index pairs P, Q whenever P, C @, for i = 1,2. We say that
index pairs P, ) of S are semi-equal if P C @) and either P, = ()1 or P, = Q)».

Proposition 4.2.2. [17, Proposition 5.2] Let P be an index pair for an isolated invariant
set S. Then P; isolates S.
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Proof. According to our assumptions, the set Py is closed, and by (IP3) we have
S:IHV(Pl\P2>CP1\P2CP1.

Thus, it only remains to be shown that conditions (a) and (b) in Definition 4.1.18 are
satisfied.

In order to verify (b) of Definition 4.1.18 consider a path ¢ := x¢-x1-... 2, in P,
such that xg,r, € S. First, we will show that im¢ C P, \ F,. To this end, suppose the
contrary. Then, there exists an i € {1,2,...,n— 1} such that x; € P, and ;11 € P\ Ps.
Since 1 is a path we have z;,; € Ily(x;). But, property (IP1) implies ;.1 € P, a
contradiction. Since S is invariant and xg,z, € S, we may take a ¢y € eSol(xg, S) and a
©n € eSol(x,, S). The solution gy - - ¢, is an essential solution in P, \ P, through ;.
Thus, x; € Inv(P, \ P») = S. This proves that every path in P, with endpoints in S is
contained in S, and therefore Definition 4.1.18(a) is satisfied.

In order to verify (b), let « € S be arbitrary. We have already seen that then x €
P\ P, C Pi. Now suppose that Hy(x) \ P # 0. Then (IP2) implies x € F», which
contradicts x € P\ Po. Therefore, we necessarily have Iy (x)\ Py = 0, that is, [Iy(x) C P,
which immediately implies (b). Hence, P, isolates S. O

As we said earlier, we can exit a multivector only through its mouth. This pattern ex-
tends to invariant sets, and we capture this future in the following proposition. Moreover,
the fact that there exists a minimal isolating set (Proposition 4.1.20) lets us effortlessly

construct the minimal index pair.

Proposition 4.2.3. [17, Proposition 5.3] Let S be an isolated invariant set. Then the
pair (cl.S,mo S) is a saturated index pair for S.

Proof. To prove (IP1) assume that z € mo S and y € IlIy(x) Ncl S. Since by Proposition
4.1.21 S is V-compatible we have [x]y NS = (). Therefore, [x]y NeclS C el S\ S =moS.
Due to Propositions 1.4.3 and 4.1.21 mo S is closed, therefore clax C mo S C ¢l S. Hence,

yelly(x)NnelS=(lxlyUcaz)necS=(lzlyncS)U(cdznclS) CmosS.
To see (IP2) note that by the V-compatibility of S we have

Iy(S) = |J (daUlz]y) = | cdzUS =clS.
x€S x€S
Thus, if z € S, then IIy(x) \ ¢l S = 0. Therefore, IIy(z) \ clS # 0 for x € P, = clS
implies x € cl S\ S = mo S.
Finally, since S is invariant locally closed set we get Inv(cl.S \ moS) = InvS = S.
This proves (IP3), as well as the fact that (cl.S,mo S) is saturated. O

Proposition 4.2.4. [17, Proposition 5.6] Assume S is an isolated invariant set. Let P
be an index pair for S. Then the set P, \ F» is V-compatible and locally closed.
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Figure 4.6: Schematic depiction of the two possible cases of set A(P, Q).

Proof. Assume that P1 \ P2 is not v-compatible. This means that for some x E P1\ P2

there exists ay E [X]Jv\ (Pi\P2). Then eithery E P2 or y E Pv Consider the case y E P2.

Since [X]y = [y]v, we have X E nv(y). It follows from (IP1) that x E P2, a contradiction.

Consider now the case y E Pi. Then from (IP2) one obtains x E P2, which is again a
contradiction. Together, these cases imply that Pi \ P2 is v-compatible.

Finally, the local closedness of Pi \ P2 follows immediately from Proposition 1.4.3(iii).

O

The remaining part of this subsection consists of a sequence of propositions and lemmas
that lead us to the proof of the following theorem, which, together with Proposition 4.2.3
enables the definition of Conley index in Section 4.2.2

Theorem 4.2.5. [17, Theorem 5.16] Let P and Q be two index pairs for an invariant set
S. Then H(Pi, P2) = H(Qi, Q2).

First we will show that this property holds for saturated index pairs as well as semi-
equal index pairs.

Lemma 4.2.6. [17, Lemma 5.5] Assume S is an isolated invariant set. Let P and Q be
saturated index pairs for S. Then H(Pi, P2) = H(Qi,Q2).

Proof. By the definition of a saturated index pair Qi \ Q2 = S = Pi \ P2. Hence, using
Theorem 2.4.3 we get H(P1,P2) = H(Q1,Q2).

To show the property semi-equal pairs consider two semiequal index pairs such that
P C Q and define

Qi\P1 ifP2=0Qz2
Q2\P2 if Pt = Q1

AP.Q) :=

Proposition 4.2.7. [17, Proposition 5.4] Let P and Q be semi-equal index pairs for S.
Then there is no essential solution in the set A(P, Q).

Proof. By the definition of A(P, Q) we have to analyze two cases. If P2 = Q2 (see Figure
4.6, left) then

AP,Q) =Qa\P1 CQa\P2=Qa\Q2 4.7
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and
AP,Q)N (PA\ P) CAP,Q)N P =1, (4.8)

Similarly, if P, = @y (see Figure 4.6, right) then
AP,Q)=\BRCQ\R=P\P and AP Q)N(Q1\Q2) =1
By (IP3) and (4.7) we get in the first case that
InvA(P,Q) CInv(Q1\ Q) = S =Inv(P\ %),

which together with 4.8 implies Inv A(P, Q) = . Exactly the same arguments applies to
the second case. Thus, by the definition of the invariant part (Definition 4.1.18) there is
no essential solution in A(P, Q). O

Proposition 4.2.8. [17, Proposition 5.7] Assume S is an isolated invariant set. Let
P C @ be semi-equal index pairs for S. Then A(P, Q) is V-compatible and locally closed.

Proof. Our assumptions give P, )y C P, and P, Q)3 C Q1. Therefore, if P, = ()5, then

AP,Q) =1\ PL=(Qi\ )\ (P1\ P2) = (Qi1\Q2) \ (1 \ ).
Similarly, if P, = @)1, then, denoting by B° the complement of B C X in X, we have
AP,Q) =\ P, =Q:NP; = (PNP)NQs = (P \ )N Q;
= (PA\P)N(@QiNQ3)" = (P\ )N (Qi\Q2)" = (P \ )\ (@1\ Q2),

Thus, by Proposition 4.2.4, in both cases, A(P, ) may be represented as a difference of
V-compatible sets. Therefore, it is also V-compatible.
The local closedness of A(P, Q) follows from Proposition 1.4.3. M

Lemma 4.2.9. [17, Lemma 5.9] Let P C () be semi-equal index pairs of an isolated
invariant set S. If P, = @1, then H(Q2, P») = 0, and analogously, if P, = @2, then
H(Ql) P1> — O

Proof. By Proposition 4.2.8 the set A(P, Q) is locally closed and V-compatible. Hence,
the conclusion follows from Proposition 4.2.7 and Lemma 4.1.17. O

Lemma 4.2.10. [17, Lemma 5.10] Let P C @ be semi-equal index pairs of an isolated
invariant set S. Then H(P, %) = H(Q4,0)2).

Proof. Assume P> = Q2. We get from Lemma 4.2.9 that H(Q1, P;) = 0. Thus, Theorem
2.3.1 applied to the triple P, C P C () implies

H(P1, P) = H(Qy, ) = H(Q1,Q2).

Similarly, if P, = @1 we consider the triple P, C Q)5 C @)1 and obtain

H(P, Py) = H(Q1, )= H(Q1,Q2).
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We define the push-forward and the pull-back of a set A C B by
W;)F(A, B) = {ZC eB | ElgaGPathv(B) QOE € A, gpj = l’}, (49)
W;(A, B) = {l’ cB | ElgaGPathv(B) gOE =, g&j € A} (410)

Given an index pair P for S we consider the set P c P ofall points x € P; such no path
starting in x enters S, that is

P=A{xeP | m5x,P)NS =0} (4.11)

Consider the pairs

P = (SUP,P),

P = (SUP,P).
We will show that P* and P** are index pairs. See Figure 4.7 for an example of these
auxiliary index pairs.
Proposition 4.2.11. [17, Proposition 5.11] If A C X, then m;(A4, X) (respectively
(A, X)) is closed (respectively open) and V-compatible.

Proof. Let x € m)5(A, X). By definition (4.9) of push-forward there exist a point a € A
and a path ¢ € Pathy(a,z, X). For any y € [z]y the concatenation ¢ -y is also a path.
Thus, y € 7, (A, X) and consequently 7y, (A, X) is V-compatible.

To show closedness, consider a z € clx. Then the path ¢ - 2z is a path from A to z,
implying that z € 7}, (A, X) and clz C 75(A, X). Since X is finite obtain

dmp(A,X)=  |J dxcmi(AX),
z€llf(AX)
and therefore 7 (A, X) is closed. The proof for 7}, (A, X) is analogous. O

Proposition 4.2.12. [17, Proposition 5.12] If P is an index pair for an isolated invariant
set S, then SN P =0 and P, C P.

Proof. We get the first assertion directly from (4.11). In order to see the other take an
x € P, and suppose that = & P. This means that there exists a path v in Py such that
o= =z and p~ € S. The condition (IP1) of Definition 4.2.1 implies im ¢ C P,. Therefore,
v~ € Pyand PN S # () which contradicts S C P, \ P, given by (IP3). O]

Proposition 4.2.13. [17, Proposition 5.13] If P is an index pair for an isolated invariant
set S, then mo S € P. Moreover, IIy(S) ¢ SU P.

Proof. To prove that mo S C P assume the contrary. Then there exists an x € mo S,
such that 7y, (x, 1) NS # (). It follows that there exists a path ¢ in P, from x to S.
Since x € mo S C ¢l S, we can take a y € S such that x € cly C Ily(y). It follows that
1 =y - is a path in P; through x with endpoints in S. Since, by Proposition 4.2.2, P,
isolates S, which contradicts x € mo S.

Finally, by V-compatibility of S guaranteed by Proposition 4.1.21, we have the inclu-
sion Iy(S) C IS € SUmMoSUP = S U P because we proved that moS C P. This

proves the remaining assertion. O
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Figure 4.7: Consider a multivector field for a space X (top) and an isolated invariant
set S = {dh, ei,deih}. Pair (P1,P2) = (X, {a,b,c,j,ab,bc}) is an index pair for S. The
bottom figure shows set P which we use to construct auxiliary index pairs P+~ and P»~
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Proposition 4.2.14. [17, Proposition 5.14] Let P be an index pair for an isolated invari-
ant set S. Then the sets P and P U S are closed.

Proof. Let x € P and let y € cla. Then y € IIy(x). Moreover, y € P;, because Pch
and P is closed. Consider a z € 7 (y, P,). Let ¢ be a path from y to z in P;. Then z- ¢ is
a path from x to z in P;. Tt follows that z € 7);(z, P1). Therefore, 7 (y, P1) C 7 (x, P1).
Since, by (4.11), the latter set is disjoint from S, so is the former one. Thus, y € P, which
proves that P is closed.

Hence, using Proposition 4.2.13 we get cl(SU]S) —clSUclP=SUmoSUP = SUP,
and the closedness of S U P follows. OJ

Lemma 4.2.15. [17, Lemma 5.15] If P is an index pair for an isolated invariant set S,
then P* := (SU P, B,) is an index pair for S and P** := (S U P, P) is a saturated index
pair for S.

Proof. First consider P*. By Proposition 4.2.14 set P = SU P is closed. By Proposition
4.2.12 we have I, C PcsuPp.

Let x € P; = P and let y € Ily(x) N Pf. Then y € IIy(x) N Py. 1t follows from (IP1)
for P that y € P». Thus, (IP1) is satisfied for P*.

Now, let x € P} = SU P and suppose that there is a y € Iy(z)\ P} # 0. We have
x & S, because otherwise ITy(z) C I S C ¢l(S U P) and then Proposition 4.2.14 implies
Iy(z) C c(SUP) = SU P C P} which contradicts IIy(z) \ Py # 0. Hence, z € P.
We have y ¢ P, because otherwise y € m)(x, P;) C P c Py, a contradiction. Thus
y(x) \ P # (. Since x € P; C Py, by (IP2) for P we get x € P, = P;. This proves
(IP2) for P*.

Clearly, P\ Py = P\ P, C P;\ Pz, and therefore we have the inclusion Inv (P} \ PJ) C
Inv (P, \ P,) = S. To verify the opposite inclusion, let x € S be arbitrary. Since S is an
invariant set, there exists an essential solution ¢ € eSol(x,S). We have

ime C S cC(PUS)\ P,= P\ P},

because P, NS = 0. Consequently, x € Inv(P} \ Py) and S = Inv(P} \ Py). Hence, P*
also satisfies (IP3), which completes the proof that P* is an index pair for S.

Now, consider the second pair P**. lLet x € PJ* = P be arbitrary and choose a
y € y(x) N P = Hy(z) N (PUS). Since x € P we get from (4.11) that ITy(x) NS = 0.
Thus, y € [Iy(x) N PcpP= Py*. This proves (IP1) for the pair P**.

To see (IP2) take an z € P;* = P U S and assume Iy(z) \ P £ 0. We cannot have
z € S, because then ITy(z) C Iy(S) and Proposition 4.2.13 implies Iy(z) € SUP = Pr*,
a contradiction. Hence, € P = Py* which proves (IP2) for P**.

Since SN P = () by Proposition 4.2.12, we set P/*\ P* = (SUP)\ P = S and

Inv(P/*\ P5*) =Inv S = 5.
This proves that P** is saturated and satisfies (IP3). O

We are now ready to present the proof of Theorem 4.2.5.
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Proof of Theorem 4.2.5. Let P and @) be arbitrary two index pairs for S. It follows from
Lemma 4.2.15 that P* and P as well as P* and P** are semi-equal index pairs. Hence,
by Lemma 4.2.10 we have isomorphisms

Similarly, we obtain
H(Q1,Q2) = H(Q7,Q3) = H(QT",Q3").

Since both pairs P** and Q** are saturated, we get from Lemma 4.2.6 that H(P;*, Py*) =
H( T*, §*> It follows that H(Pl, Pg) = H(Ql, Qg) ]

4.2.2 Conley index and its properties

Let S be an isolated invariant set for a combinatorial multivector field. We define
the homology Conley index of S as H(Py, P2), where P = (P, ) is an index pair for S.
We denote it by Con(S). Theorem 4.2.5 together with Proposition 4.2.3 guarantee that
Conley index is well defined. In this subsection we show the Wazewski property and the
additivity property of the Conley index.

Recall (see Section 2.4) that singular homology and Betti numbers are well defined
for finite topological spaces, in particular for subsets of a finite topological space. Given
a locally closed subset A of a finite topological space X we define the ¢th relative Betti
number of A by 5;(A) := B;(cl A, mo A) = rank H;(cl A,;mo A). Furthermore, we define
the relative Poincaré polynomial of set A by pa(t) ‘= paamoa(t) (see (2.7)). Note, that
if Ais closed then 3;(A) = B;(A) and pa(t) = pa(t).

Proposition 4.2.16. [17, Lemma 5.17| If (P, P) is an index pair for an isolated invariant
set S, then

ps(t) +pry(t) = pp () + (1 +1)a(t), (4.12)

where ¢(t) is a polynomial with non-negative coefficients. Moreover, if
H(P1> — H(Pg) @D H(ClS,mOS)
then ¢(t) = 0.

Proposition 4.2.17. (Wazewski property) Let A be an locally closed and V-compatible
set. If Inv A # () then Con(Inv A) = H(cl A,mo A). If Inv A =0 then H(cl A,;mo A) = 0.
In other words if Con A # 0 then Inv A £ ().

Proof. If Inv A = ) then eSol(A) = (. Thus, by Theorem 4.1.17 we get H(cl A, mo A) = 0.
Let S := Inv A # (). By Propositions 4.1.12, 4.1.16 and 4.1.21 set S is an isolated invariant
set. We will show that (cl A, mo A) is an index pair for S. Condition (IP3) is clear because
Inv(cl A\ moA) =InvA=S. To show (IP1) note that

[y(moA)NeclA=(moAU [J [y)NclA=moA

yEmo A
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because A is V-compatible and [y] N ¢l A C mo A for every y € mo A. Condition (IP2) is
also immediate because IIy,(A) = cl A. Therefore Ty (x) \ ¢l A = () for every x € A. By
the definition of Conley index Con(S) = H(cl A, mo A). O

We say that an isolated invariant set S decomposes into the isolated invariant sets S’
and S”if S = S"US" as well as " NclS" = (@ and S'Necl S = 0.

Proposition 4.2.18. [17, Lemma 5.18| Assume an isolated invariant set S decomposes
into the isolated invariant sets S’ and S”. Then Sol(.S) = Sol(S") U Sol(S").

Theorem 4.2.19. [17, Lemma 5.19] Assume an isolated invariant set S decomposes into
the isolated invariant sets S” and S”. Then we have

Con(S) = Con(S") & Con(S").

Proof. In view of Proposition 4.2.3, the two pairs P = (¢l S’, mo S") and @ = (c1 8", mo S")
are saturated index pairs for S’ and S”, respectively. Consider the following exact sequence
given by Theorem 2.4.4:

o= (PINQyL PaNQg) = Hy(Pr, P) @ Ho(Qr,Q2)

4.13
—>Hn(P1UQ1,P2UQ2)—>Hn_l(leQl,Png2>—>.... ( )

Set S decomposes into sets S’ and S”, therefore we get "N Qy C S'NclS” = B and
similarly S” N P, = (. Since both P and @ are saturated and S’ NS” = 0 we get

PiNnQy=(S"UPR)N(S"UQ,)
= (S'NSHYU(SNQ)U(PaNS"YU(PaNQy) = PNQs.

Thus, H(P; N Qq, P, N Q) = 0, which together with the exact sequence (4.13) implies
H(PUQ, P,UQy) = H (P, P) ® H,(Q,Q2). (4.14)

Notice further that S’ N Qy = 0 implies S\ Qy = S’. Similarly S” \ P, = S”. Therefore,
since P and () are saturated, we obtain the identity

(PUQN)\ (PUQ2) = (P\ R2\Q2)U(Q1\Q2\ %)
— (S'\ Q) U(S"\P) =S US"=5.

Hence, by Theorem 2.4.3,
H(ClS,moS)§H(P1UQ1,P2UQ2). (415)
Finally, from (4.14) and (4.15) we get

Con(S)= H(clS,moS) = H(PLUQ, P,UQ>)
= H(Pl, Pg) D H(Ql) Qg) — COH(S/> ©® COH(S”>,

which completes the proof of the theorem. O

65



4.3 Attractors, repellers and limit sets

For the rest of Chapter 4, we fix our topological space X and a multivector field V
on X. We also assume that X is an invariant set for V. In general, every point admits
some right-essential solution, but not necessarily a left-essential one (Proposition 4.1.9).
The invariance of X allows us to build an essential solution at every point of X. It will
be crucial to obtain a duality between attractors and repeller.

Note that the invariance of X is not a particularly limiting assumption because we
can simply restrict a space X to its invariant part. We already know that restricting a
multivector field V to a subspace X' := Invy X is still a proper multivector field Vx: (see
Proposition 4.1.1). Proposition 4.1.13 guarantees that X' is invariant for the restricted
multivector field Vx/. Moreover, an invariant part is V-compatible (Proposition 4.1.12)
and closed (Proposition 4.1.11). It follows that for a multivector V' C X we have clx V =
clxy' V and mox V = moyx/ V. Thus no multivector will be modified and will not change
its criticality.

4.3.1 Attractors, repellers and minimal sets

We define an attractor as an invariant set A C X such that I, (A) = A. Dually, a
repeller is an invariant set R C X such that I1;;'(R) = R.

Proposition 4.3.1. The whole space X is both an attractor and a repeller.

Proof. To see that X is an attractor observe that the inclusion I1y(X) C X is obvious
and the opposite inclusion follows from the general assumption that X is invariant. The
proof for the repeller is analogous. O

We can state the equivalent condition for an attractor or repeller using, respectively,
push-forward and pull-back defined earlier (see (4.9) and (4.10)).

Proposition 4.3.2. [17, Theorem 6.1] Let A be an invariant set. Then A is an attractor
(respectively a repeller) in X if and only if 7);(A, X) = A (respectively 7, (4, X) = A).

Proof. Let A be an attractor. The inclusion A C 7);(A, X) is true by the definition
of push-forward. To show inclusion 7);(A, X) C A, assume that there exists a y €
7 (A, X)\ A. Then by (4.9) we can find an x € A and ¢ € Pathy(x,y, X). This implies
that there exists a k € Z such that ¢(k) € A and p(k +1) & A. But A is an attractor
and p(k + 1) € Ty(p(k)) C TIy(A) = A, a contradiction. Therefore, 7);(A, X) = A. Now
assume that 7;(A, X) = A. Then IIy(A) = Ty(m) (A, X)) = m) (A, X) = A, proving
that A is an attractor.

The proof for the repeller is analogous. O

Theorem 4.3.3. [17, Theorem 6.2] The following conditions are equivalent:
(1) A is an attractor,
(2) A is closed, V-compatible, and invariant,

66



(3) Ais a closed isolated invariant set.

Proof. Let A be an attractor. It follows immediately from Propositions 4.3.2 and 4.2.11
that condition (1) implies condition (2). Moreover, Proposition 4.1.21 shows that (2)
implies (3). Finally, suppose that () holds. By Proposition 4.1.21 set A is V-compatible.
Since i is also closed, we have

y(A) = [JedaU[zly = Jedou [Jzly = dAU A= 4,

r€EA rEA rEA

which proves that A is an attractor. O

Theorem 4.3.4. [17, Theorem 6.3] The following conditions are equivalent:
(1) R is a repeller,
(2) R is open, V-compatible, and invariant,
(3) R is an open isolated invariant set.

Proof. Assume R is a repeller. It follows from Propositions 4.3.2 and 4.2.11 that condition
(1) implies condition (2), and Proposition 4.1.21 shows that (2) implies (#). Finally,
assume that condition (%) holds. Then R is V-compatible by Proposition 4.1.21. The
openness of R and Proposition 4.1.5 imply

I (R) = | J opnz U [z]y = | opnz U | J[z]y = R,

zER zER zER

which proves that R is a repeller. O

Note that Theorem 4.3.4 does not hold if X is not invariant. We can examine the
example from Figure 4.2(left). Neither of the open sets is invariant because {a} does not
admit an essential solution. Actually, there is no repeller in this example. As mentioned,
we can fix this by restricting X to Inv X = X \ {a}. This modification makes singleton
{b} a repeller. In general, "forward" results hold without assuming the invariance of X
(Proposition 4.1.9), while "backward" results may fail without this assumption.

Let ¢ be a full solution in X. We define the ultimate backward and ultimate forward
image of ¢ respectively by

wim™ g = () @ ((—00,),
el

uim” ¢ = () ¢ ([t, +0)).
teZ”

Note that in a finite space a descending sequence of sets must eventually stabilize. There-
fore, we get the following result.

Proposition 4.3.5. [17, Proposition 6.4] Let ¢ be a full solution in X. There exists a
k € N such that uim™ ¢ = ¢((—o0, —k|) and uim™ ¢ = ¢([k,+00)). In particular, the
sets wim™~ o and uwim™ ¢ are always non-empty. O
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Proposition 4.3.6. [17, Proposition 6.5] If ¢ is a right-essential (respectively a left-
essential) solution in X, then we can find an essential solution ¢ such that im C uim™ ¢
(respectively im ) C uim™ ¢). In other words eSol(uim™ ) £ .

Proof. Let ¢ be a right-essential solution in X. By Proposition 4.3.5 there exists a
k € Z such that uim™ ¢ = p([k,+00)). If there exists a critical vector V such that
V Nnuim™ ¢ # 0, then we can take as ¢ the stationary essential solution through a point
in V Nuim™ ¢. Otherwise, since ¢ is right-essential, we have at least two different regular
multivectors V,W € V such that V. Nuim™ ¢ # 0 4 W Nuim™ ¢. Then there exist
t,s,u € Zsuch that k <t <s <u, p(t) € V, p(s) € W, ¢p(u) € V and the periodic
extension ... @i - @litw - - .- of @iy is essential by Proposition 4.1.7.

The proof for a left-essential solution is analogous. O

For a full solution ¢ in X. We define sets of multivectors that are visited by ¢ infinitely
many times by

Vo (p) = {V €V|Vnum p £}, (4.16)
Vi) = {V eV|Vnuim' ¢ £0}. (4.17)

We refer to a multivector V'€ V() (respectively VT (p)) as a backward (respectively
forward) ultimate multivector of ¢. The families V™ () and V' (¢) will be used in the
sequel to define combinatorial limit sets, but for now, we use them in the proof of the
following theorem.

Theorem 4.3.7. [17, Theorem 6.10] Assume the whole space X is invariant. Let A C X
be an attractor. Then A* := Inv (X \ A) is a repeller in X. It is called the dual repeller
of A. Conversely, if R is a repeller, then R* := Inv (X \ R) is an attractor in X. It is called
the dual attractor of R. Moreover, the dual repeller (respectively the dual attractor) is
nonempty, unless we have A = X (respectively R = X).

Proof. We present the proof for an attractor. The proof for repeller is analogous.

Assume that A* is non-empty. We will show that A* is open. Let x € A*. It is
sufficient to prove that opnx € A*. Thus, take a ¥ € opnx. Then we have x € cly by
Proposition 1.4.9. Since A is closed as an attractor (Proposition 4.3.3), we get y € A. The
invariance of X lets us select a ¢ € eSol(y, X). Then imp~ N A = (), because otherwise
there exists a t € Z~ such that ¢(t) € A and p(t 4+ 1) ¢ A which leads to a contradiction
with

Pt +1) € Ty(g(t)) € TTy(A) — A

Now, let ¢ € eSol(x, X \ A). Since x € cly C ly(y), we get ¢~ - 9™ € eSol(y, X \ A). Tt
follows that y € Inv(X \ A) = A* which proves that X C A*. Therefore, the set A* is
open.

Since A is V-compatible, also X \ A is V-compatible. Therefore, by Proposition
4.1.12 the set A* is also V-compatible. Altogether, the set A* is invariant, open and
V-compatible. Thus, by Theorem 4.3.4 it is a repeller.
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Finally, we will show that A* # () unless A = X. Suppose that X \ A # ), and let
x € X\ A. Since X is invariant, there exists a ¢ € eSol(z, X'). As in the first part of the
proof one can show that imp~ N A = (), that is, we have imp~ C X \ A. According to

Proposition 4.3.6 there exists an essential solution ¢ such that im+ C uim™ ¢ C imy~ C
X \ A, and this immediately implies imv) C A* = Inv (X \ A) £ 0. O

Definition 4.3.8. We say that a non-empty invariant set A C X is minimal if the only
non-empty attractor in A of the restriction V4 is the entire set A.

The following proposition is straightforward.

Proposition 4.3.9. Let A C X. Then we have m),(z, A) = m), (x, A) and 7y, (z, A) =
7y, (2, A).

Proposition 4.3.10. Let A be a non-empty invariant set for V. Then A is minimal if
and only if the following implication holds

BcC A, ni(B,A)=B = B=A. (4.18)

Proof. Let A be minimal. Assume there exists B C A such that m;(B,A) = B. By
Proposition 4.3.9 we have 7y, (B, A) = m, (B,A) = B. Thus, B is closed in A and V-
compatible by Proposition 4.2.11. Set Invy, B is non-empty by Proposition 4.1.9 and
closed by Proposition 4.1.11. Hence, by Theorem 4.3.3 set Invy, B is an attractor for Vy.
It follows that A is not minimal, a contradiction.

Now assume that (4.18) holds. Suppose that A is not minimal. Then there exists an
attractor B C A for V4. By the definition of attractor and Proposition 4.3.2 we have

B =11y, (B) = ), (B, A). This contradicts (4.18). M

Proposition 4.3.11. Let A C X be a non-empty set. Then Invy, (my,, (z, A)) # 0 for any
point x € A.

Proof. Since x € 7T$A (x,A) it is non-empty. By Proposition 4.1.9 there exists a ¢ €
eSoly, (2, A). By Proposition 4.3.6 we can construct an essential solution ¢ such that
im C uim™ ¢ C m), (x, A). Thus, § # im) C Invy, 7y, (z, A). O

Proposition 4.3.12. [17, Proposition 6.7] Let A C X be a non-empty invariant set.
Then A is minimal if and only if A is a strongly connected set in Gy.

Proof. Let A be minimal. If A is not a strongly connected then there exist x,y € A such
that Pathy(x,y, A) = 0. Tt follows that y & 7y, (x, A). Clearly 7 (7 (x, A)) = m(x, A)
A. Thus, m),(x, A) does not satisfies (4.18) and consequently by Proposition 4.3.10 set A
is not minimal.

On the other hand, if A is a strongly connected set then for any B C A we have
7y (B, A) = A. Hence, the only set satisfying (4.18) is A. By Proposition 4.3.10 set A is
minimal.

O
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Corollary 4.3.13. Let A C X be a strongly connected component of Gy with a non-

empty invariant part. Then A is a minimal isolated invariant set.
Proof. The implication follows from Theorem 4.1.26 and Proposition 4.3.12. O

The duality given by the invariance of X allows us to adapt the proof of Proposition
4.3.12 to get the following proposition.

Proposition 4.3.14. [17, Proposition 6.8] Let R be a non-empty invariant set. Then R
is minimal if and only if the only non-empty repeller in R for the restriction Vg is the
entire set R.

Proof. Assume that R is minimal. By Proposition 4.3.12 the set R is a strongly connected
set in the graph Gy. Thus, for every set A C R we have 7}, (A, R) = R. Consequently,
by Proposition 4.3.2 the only repeller in R for Vy is the entire R.

Now suppose that R is the only non-empty repeller in R for Vg. Thus, Invy, R = R.
Let A C R be an attractor in R for Vg. Consider its dual repeller A*. If A* £ () then
we get A* = R, because we assumed that R is the only possible repeller in R. Therefore,
A = () because R = A* = Invy,(R\ A) C R\ A. On the other hand, if A* = () then
by Theorem 4.3.7 and Proposition 4.3.2 we have A = R. Hence, the only non-empty
attractor in R for Vg is the entire set K. This proves that R is minimal. O

Proposition 4.3.15. [17, Proposition 6.9] Let S C X be a minimal invariant set and let
A C X be an attractor or a repeller. If AN S +# 0 then S C A.

Proof. Let A be an attractor. Let x € AN S and let ¥y € S. Since, by Proposition
4.3.12, S is strongly connected, there exists a path ¢ € Pathy(x,y,S). We will prove
by induction that ¢(k) € A for k € dom . This is obviously true for k¢ := min dom ¢,
because ¢(ko) = x € A. Hence, assume k, k + 1 € dom g and (k) € A. Clearly,

ek +1) € y(p(k)) C IIy(A) = A.

Therefore, y = ¢(max dom ) € A. This proves that S C A. The proof for a repeller is
analogous. O

4.3.2 Limit sets

We define the V-hull of a set A C X as the intersection of all V-compatible, locally
closed sets containing A. We denote it by (A4),,. Figure 4.8 gives an example of a set whose
V-hull is much larger than the original set. As an immediate consequence of Proposition
1.4.4 and Proposition 4.1.3 we get the following result.

Proposition 4.3.16. [17, Proposition 6.11] For every A C X its V-hull is V-compatible
and locally closed. O
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Figure 4.8: The figure shows the finite topological space X and the multivector field

consisting of 7 multivectors v = {{a,c}, {b,d}, {e, g}, {f, h}, {i,k}, {J, I}, {m,n}}. Let

S = {a,b}. Note that the only v-compatible, locally closed set containing S is X. Thus,

Sy =X

Definition 4.3.17. We define the a- and w-limit sets of a full solution p respectively by
a(”™ = (uim-

V(<p) = (uim+ <p)v.

Some examples of limit sets are presented in Figure 4.9. The following proposition is
a simple consequence of Proposition 1.4.6.

Proposition 4.3.18. [17, Proposition 6.12] Assume ip is a full solution of v and "op is
the associated dual solution of Vop. Then

a(p) =e(™op) and @(¢) = a(™op). O

The following proposition shows that we can equivalently define limit sets in terms of
ultimate multivectors.

Proposition 4.3.19. [17, Proposition 6.13] Let p be a full solution. Then

a(v) = (Uv-("pv

and

eM = (uVv+M}V

Proof. Clearly

um-p Cc ULV £V IV AUM-p =0} = uUuV-(®)

and therefore
a(”™) = (uim- C (U V-(M}v
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Figure 4.9: Left: a multivector field with two exemplary essential solutions y (blue) and
Vy (green). Right: limit sets for and
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Now let x € UV~ (¢). Then there exists a y € [x]y such that
y € uim™ ¢ C <uim_ gp>v = a(yp).

Hence, since a(y) is V-compatible, we get x € a(y), which proves UV~ (¢) C a(y). Since
a(p) is locally closed and V-compatible, it follows that

(UV (), Caly).

The proof for w(yp) is analogous. O

Lemma 4.3.20. [17, Lemma 6.14] Assume ¢ : Z — X is a full solution of ¥V and V= ()
(respectively VT (i
such that V C afy

) contains at least two different multivectors. Then for every V € V

~— s S

(respectively V' C w(y)) we have

(IMy(MI\NV)Nale) £ 0 (respectively (TIn(V)\ V) Nw(p) # 0) (4.19)

and

(I (V)N V) Nalp) # 0 (respectively (Iy™' (V)\ V) Nw(yp) # ). (4.20)

Lemma 4.3.21. Let ¢ be a full solution in X. Then limit sets a(¢) and w(y) are strongly
connected sets in Gy.

Proof. Consider points x,y € a(yp). We will show that Pathy(x,y, a(p)) # 0. For the rest
of the proof we use abbreviations V, := [z]y and V}, := [y|y. Since a(y) is V-compatible
by the definition, both V, and V), are subsets of a(y) but they need not be members of
V= (). Thus, we consider four cases.

Case 1. V., V, € V(). In this case we get directly from the definition of V= that
Pathy(z, y,a(p)) # 0.

Case 2. V, € V™ (¢) and V, € V™ (p). By Case 1 it is enough to show that there exists
at least one point z € UV~ (p) such that Pathy(x, z,a(p)) # . Suppose the contrary.
Then

y(Ve,ale) UV~ () = 0. (4.21)

By Proposition 4.2.11 set m), (Va, a(p)) is a closed and V-compatible subset of a(y). By
Proposition 1.4.5 set A := a(p)\m)(Va, ap)) is locally closed. Clearly, A is V-compatible
and by (4.21) it contains UV~ (¢). It follows that a(p) = (UV (¢)) C A C a(y), a
contradiction.

Case 3.V, € V™ (p) and V,, € V™ (). Similarly to the previous case it suffices to prove
that there exists a point z € (UV~(¢)), such that Pathy(z,y,a(p)) # 0. Assume the
contrary. Then

\ \
=

>V, ale)) nUV (y (4.22)
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By Proposition 4.2.11 the set 7y, (V},a(y)) is V-compatible and open. Hence, B :=
a(p) \ m (Vy, ap)) is a V-compatible, locally closed set containing J V™ (¢). It follows
that a(y) = UV~ (¢)), C B C aly), a contradiction.

Case 4. V., V, & V (¢). Fixa z € UV (). Using Case 2 we can find a path
1 € Pathy(x, z,a(p)) and by Case 3 a path v, € Pathy(z,y,a(p)). Then, ¢ - ¢y €
Pathy(x,y,a(y)). This finishes the proof that a(yp) is strongly connected.

The proof for w(y) is analogous. O

Theorem 4.3.22. [17, Theorem 6.15] Let ¢ be an essential solution in X. Then both
limit sets a(y) and w(y) are non-empty minimal isolated invariant sets.

Proof. The nonemptiness of a(y) and w(y) follows from Proposition 4.3.5.

The sets a(p) and w(y) are V-compatible and locally closed by Proposition 4.3.16. In
order to prove that they are isolated invariant sets it suffices to apply Proposition 4.1.21
as long as we prove that a(y) and w(y) are also invariant.

To this end assume that x € a(y). Suppose that V= (p) is a singleton. Then by
Proposition 4.3.19, o) = [x]y. Since y is essential, this is possible only if |x]y is critical.
It follows that the stationary solution ¢)(¢) = x is essential and a(y) is an isolated invariant
set.

Assume now that there are at least two different multivectors in V~(y). Then the
assumptions of Lemma 4.3.20 are satisfied and, as a consequence of (4.19), for every x €
a(ip) there exist a point 2’ € [z]y and a point y € a(p) such that y € (ILy(2") \ [x]v)Na(p).
Hence, we can construct a right-essential solution

/
To Ty TL XY T Ty, (4.23)

where xy = x, z; € [x;]y such that (IIy(x)\ [z:]) Na(p) # 0, and x4 € (TTp(a)) \ [x:]y) N
a(p). Property (4.20) provides a complementary left-essential solution. Concatenation of
both solutions gives an essential solution in a(y). Hence, we proved that a(y) is invariant
and consequently an isolated invariant set.

To better see why the constructed solution is of form (4.23) consider solution ¢ in
Figure 4.9. Let x; = I then Uy(x;) = {[,KI,IH,IKH} = [x;]. Hence to exit [x;] we
must first move, for example, to the point z; = ITK H. Now Ily(z}) \ [x;] # § and we can
choose x;,1 which is in a different multivector.

Finally, by Lemma 4.3.21 set «a(y) is strongly connected in Gy and the conclusion
follows from Proposition 4.3.12. The proof for w(y) is analogous. l

Let A, B C X. We define the connection set from A to B by:

C(A,B) = {x € X | Jpeesaiwx) o) C Aand w(y) C B}. (4.24)

Proposition 4.3.23. [17, Proposition 6.17] Assume A, B C X. Then the connection set
C(A, B) is an isolated invariant set.
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Proof. To prove that C(A, B) is invariant, take an x € C(A, B) and choose a solution
¢ € eSol(x,X) from A to B as in (4.24). It is clear that p(t) € C(A, B) for every
t € Z. Thus, ¢ € eSol(x,C(A, B)), and this in turn implies x € Inv C(A, B) and shows
that C'(A, B) is invariant. Now consider a point y € [x]y. Then the solution p = ¢~ -y- "
is a well-defined essential solution through y such that a(p) C A and w(p) C B. Thus,
C(A, B) is V-compatible.

In order to prove that C(A, B) is locally closed, consider z,z € C(A,B), and a
y € X such that z <7 y <7 x. Select essential solutions ¢, € eSol(x,C(A, B)) and
@, € eSol(z,C(A, B)). Then ¢ := ¢ -y - ¢ is a well-defined essential solution through
y such that a(¢) C A and w(y) C B. It follows that y € C'(A, B). Thus, by Proposition
1.4.10, C(A, B) is locally closed. Finally, Proposition 4.1.21 implies that C'(A, B) is an
isolated invariant set. O

Proposition 4.3.24. [17, Proposition 6.18] Assume A is an attractor. Then C(A, A*) =
(). Similarly, if R is a repeller, then C(R*, R) = 0.

Proof. Suppose there exists an x € C(A, A*). Then by (4.24) we can choose a ¢ €
eSol(xz, X) and a t € Z such that ¢(t) € A and ¢(t + 1) € A. However, since A is an
attractor, ¢(t) € A implies ¢(t + 1) € A, a contradiction. The proof for a repeller is
analogous. O

4.4 Morse decomposition, Morse equation, Morse in-
equalities

In this section we define Morse decompositions and prove the Morse inequalities for
combinatorial multivector fields. We recall our general assumption that X is invariant.

4.4.1 Morse decomposition

Definition 4.4.1. Assume X is invariant and (P, <) is a finite poset. Then the collection
M= {M,|peP}is called a Morse decomposition of X if the following conditions are
satisfied:
(i) M is a family of mutually disjoint, isolated invariant subsets of X.
(ii) For every essential solution ¢ in X either imp C M, for an r € P or there exist
p,q € P such that ¢ > p and

alp) C M, and w(p) C M,.

We refer to the elements of M as Morse sets.

Note that there are a few differences between the combinatorial and classical definition
of Morse decomposition (see Definition 3.1.5). First, the condition (ii) is expressed in
terms of solutions not points. It is caused by the multivalued nature of combinatorial
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dynamics. Moreover, solutions can jump from one Morse set to another in a single time-
step. Hence, we need to check condition (ii) for every essential solution and every point
in X, not only in between Morse sets, that is, in X \ U M. Without this assumption, we
could construct a degenerated example where recurrent behavior is not encapsulated in a
Morse set (see Figure 4.10).

The attractor-repeller pair that is the subject of Theorem 4.3.7 is the simplest example
of a non-trivial Morse decomposition of X into two Morse sets. We will show it now.

Proposition 4.4.2. [17, Proposition 7.2] Let X be an invariant set and let A C X be
an attractor. Assume A*, its dual repeller, is nonempty. Furthermore, define M; := A,
M, = A*, and let P := {1,2} be an indexing set with the order induced from N. Then
M = {M;, My} is a Morse decomposition of X.

Proof. By Theorems 4.3.3 and 4.3.4 both A and A* are isolated invariant sets which are
disjoint by their construction. Let x € X and let ¢ € eSoly(x, X). By Theorem 4.3.22 the
set w(y) is a minimal, isolated invariant set. By Proposition 4.3.15 it is either a subset
of A or a subset of Inv(X \ A) = A*. The same holds for a(y).

We therefore have four cases. The situation a(yp) C M, and w(yp) C M, is consistent
with the Morse decomposition definition. The case a(y) C M; and w(p) C M, gives
a contradiction, because it implies that there exists ¢t € Z such that ¢(t) € M, and
e(t + 1) € My while M; is an attractor. Now suppose that we have a(y) C M; and
w(yp) C M. It follows that there exists a t € Z such that ¢((—o0,t])) C A. Since A is an
attractor we therefore have ¢(t + 1) € Ily(p(t)) C A, and an induction argument implies
imp C A = M;. The analogous argument holds if a(y),w(y) C M. O

Corollary 4.4.3. An invariant set S C X is minimal if and only if the only Morse
decomposition M of S is M = {S}.

We recall that Gy stands for the digraph associated with the multivalued map 11y of
the multivector field ¥V on X. We have the following theorem which reduces the problem
of constructing the Morse decomposition to graph-theoretic algorithms.

Theorem 4.4.4. [17, Theorem 7.3] Assume X is invariant. Consider the family M of
all strongly connected components M of Gy with eSol(M) # 0. Then M is a Morse
decomposition of X.

Actually, the following proposition shows that Theorem 4.4.4 provides a recipe for the
finest Morse decomposition.

Proposition 4.4.5. Let M be the Morse decomposition X given by Theorem 4.4.4. Then
for any other Morse decomposition M’ of X we have M & M’'. We call it the minimal
Morse decomposition of X. We denote it by M(V).

Proof. Let M’ be a Morse decomposition of X. Since M € M is a strongly connected
component of Gy, by Proposition 4.1.24 there exists a full periodic solution ¢ such that
imp = M. It follows from Proposition 4.1.14 that ¢ is a full essential solution. By
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Figure 4.10: A sample combinatorial multivector field v = {{A,D,F,G}, {B,C,E,H}}
on the finite topological space X = {A,B,C,D,E,F,G,H} with Alexandrov topology
induced by the partial order indicated by arrows. If we consider M = Vv, then one obtains

a partition into isolated invariant sets with X\ M = 0. Note that ... D-H'B'F'D ...
is a periodic trajectory which passes through both “Morse sets.”

Proposition 4.1.25 set M is V-compatible and locally closed. Thus, we have a(<p) = M.
Hence, by Definition 4.4.1 there exists M' G M such that M = a(*>) ¢ M" This proves
the minimality of M with respect to . O

Proposition 4.4.6. Let M be a Morse decomposition of X, Then M is the minimal
Morse decomposition if and only if every Morse set M G M is a minimal isolated invariant
set.

Proof. Let M be the minimal Morse decomposition of X, Then the implication follows
directly from the construction (Theorem 4.4.4 and Proposition 4.4.5) and Corollary 4.3.13.

Let M- = M(V) be the minimal Morse decomposition and M' G M- such that
M' C M for an M G M. By Proposition 4.4.5 Morse set M" is a strongly connected
component. Morse set M is a strongly connected set (Proposition 4.3.12) such that
MAM =0 Thus, M c M" It follows that M = M' and M = M-

4.4.2 Weak Morse decomposition

For reasons that will be clear in Chapter 5, we introduce a concept of the weak Morse
decomposition.

Definition 4.4.7. Assume X is invariant and (P, <) is a finite poset. Then the collection
M = {Mp|p G P}is called a weak Morse decomposition of X if the following conditions
are satisfied:
(i) M is a family of mutually disjoint locally closed subsets of X,
(i) For every full solution in X either im C Mr for an r G P or there exist p,q G P
such that q > p and
a(™ ¢ Mg and C Mp.

We refer to the elements of M as weak Morse sets.

In the above definition, we modified Definition 4.4.1 by replacing essential solutions
with full solutions and isolated invariant sets with locally closed sets. Since every multi-
vector admits a full stationary solution, every point belongs to a weak Morse set. Hence,
we get the following corollary.
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Corollary 4.4.8. Let V be a multivector field for X. Then a weak Morse decomposition
M of X is a partition of X.

Proposition 4.4.9. Let M € M be a weak Morse set. Then M is V-compatible.

Proof. Let M be a weak Morse set and let x € M. Assume y € [z] is such that y # .
Consider a full solution ¢ : ...z -y-z-y-x-.... Clearly a(p) = w(y) = [z]. Condition
(ii) of Definition 4.4.7 implies that y € M. O

Now we will show that the construction of the weak Morse decomposition can also be
reduced to the computation of strongly connected components.

Theorem 4.4.10. Assume X is invariant. Consider the family M of all strongly con-
nected components M of GGy. Then M is the minimal weak Morse decomposition of
X.

Proof. For convenience, assume that M = {M; | i € P} is bijectively indexed by a finite

set P. By Proposition 4.1.25 every M € M is V-compatible and locally closed. Since sets

in M are strongly connected components of Gy they are clearly mutually disjoint.
Define a relation < on the indexing set P as

p<Lq & ElgaePathv(X) <PE = Mq and Sﬁj < Mp-

It is clear that < is reflexive. To see that it is transitive consider M;, M;, M, € M such
that k < j <. It follows that there exist paths ¢ and ¢ such that o= € M;, o=, ¢~ € M;
and ¢~ € M. Since M; is strongly connected we can find p € Pathy(p=, 9=, X). The
path ¢ - p -4 clearly connects M, with M; proving that k& <.

In order to show that < is antisymmetric consider sets M;, M; with ¢+ < j and j < 4.
It follows that there exist paths ¢ and ¢ such that ¢, ¢~ € M, and ¢~,9~ € M;. Since
the sets M;, M, are strongly connected we can find paths p and p' from ¢~ to ¥~ and
from ¥~ to ¢- respectively. Clearly, p € Pathy(p=, o=, X) and p- - p' € (p7, 0=, X).
This proves that M; and M; are the same strongly connected component.

Let ¢ be a full solution in X. By Lemma 4.3.21 sets a(y) and w(p) are strongly
connected sets. Hence, there exist strongly connected components M,, M, € M such
that a(p) C M, and w(p) C M,. We have p < ¢ directly from the construction of
relation <. O

Theorem 4.4.11. Let M be the weak Morse decomposition of X given by Theorem
4.4.10. Then for any other weak Morse decomposition M’ of X we have M C M'. We
call it the minimal weak Morse decomposition of X. We denote it by M (V).

Proof. Let M’ be a weak Morse decomposition of X. Since M € M is a strongly con-
nected component of Gy, by Proposition 4.1.24 there exists a full periodic solution ¢ such
that im ¢ = M. By Proposition 4.1.25 set M is V-compatible and locally closed. Thus,
we have a(p) = M = w(p). Hence, by Definition 4.4.7 there exists M’ € M’ such that
M = a(p) = w(yp) € M'. This proves the minimality of M with respect to the relation
C. O
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Proposition 4.4.12. Let M be a weak Morse decomposition of X. Then M is the
minimal weak Morse decomposition if and only if every weak Morse set M € M is either

a minimal isolated invariant set or a regular multivector.

Proof. Let M be the minimal weak Morse decomposition and let M € M. By Proposition
4.4.9 set M is V-compatible and by Theorem 4.4.11 it is a strongly connected component
of Gy. Note that there are two possible cases. First, there exists a regular multivector
V € V such that V = M which satisfies the conjecture. Otherwise, M contain a critical
multivector or at least two regular ones. Thus, by Propositions 4.1.24 and 4.1.7 we can
construct a full essential solution passing through all points of M. Thus, by Proposition
4.1.21 it follows that M is an isolated invariant set. Finally, by Proposition 4.3.12 it is
minimal.

Now let M be a weak Morse decomposition of X. A weak Morse set M such that M
is a regular multivector cannot be decomposed into a smaller weak Morse sets because of
4.4.9. If M is a minimal isolated invariant set then by Proposition 4.3.12 Morse set M
is a strongly connected set. Suppose there is a weak Morse decomposition M’ such that
there exist M), M, e M"and M), M), C M € M. Let x € M) and y € M|. There exists a
path ¢ € Path(x,y, M) that can be extended to a full solution ¢, == ...-x-z-¢-y-y-.. ..
Clearly a(y) C M) and w(y) C M,. It follows that ¢ < p. Similarly we can show that
g < p by constructing a full solution ),,. This gives a contradiction with the assumption
that M’ is a weak Morse decomposition. O

We show in Theorem 4.4.14 that weak Morse decomposition leads to a Conley-Morse
graph that is substantially the same as the one obtained from Morse decomposition. It
is mainly due to the following corollary that is an immediate consequence of Wazewski
property 4.2.17.

Corollary 4.4.13. Let M be a weak Morse decomposition of V and let M € M. If
Inv M # (0 then Con(Inv M) = H(cIM,moM). If InvM = () then H(clM,moM) =
0. O

Theorem 4.4.14. Let M be a weak Morse decomposition. Then family M := {Inv M |
M e M, InvM # 0} is a Morse decomposition. If M is the minimal weak Morse
decomposition, then M is the minimal Morse decomposition. Moreover, the Morse-Conley
graph of M is the Morse-Conley graph of M restricted to the nodes corresponding to the
weak Morse sets satisfying Inv M # 0.

Proof. Assume M = {M, | p € P} and let P := {p € P | Inv M, # 0}. Then M =
{Inv M, | M, € M, p € P}. By Corollary 4.1.22 Inv M is an isolated invariant set for
M € M. Since elements of M are mutually disjoint, so are the elements of M. Thus
condition (i) for Morse decomposition is satisfied.

Let ¢ € eSol(X) C Sol(X). There exist p,q € P such that a(p) C M,, w(y) C M,
and p > g. By Theorem 4.3.22 sets a(y) and w(y) are non-empty isolated invariant set.
Therefore, § # a(p) C Inv M, and 0 # w(y) C Inv M, and Inv M, Inv M, € M. Suppose
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imy C M, for some p € P. Then, since ¢ € eSol(M,), we get imy C Inv M, € M. A
partial order on PP restricted to P is clearly an order satisfying condition (ii) of a Morse
decomposition definition.

The minimality follows from Propositions 4.4.12 and 4.4.6. The correspondence of
Morse-Conley graphs follows from Corollary 4.4.13. O

4.4.3 Properties of Morse sets

Let M = {M, | p € P} be a Morse decomposition for V. For a subset I C P we define
the Morse set of I by
M) = |J C(M;, M;).
ijel
Proposition 4.4.15. Let i € [ then M, C M(I). In particular M; = C(M;, M;).

Proof. Let x € M;. Since M, is an isolated invariant set there exists ¢ € eSol(x, M;). We
have im ¢ C M,;. By Proposition 4.1.21 set M; is locally closed and V-compatible. Thus,
alp),w(yp) C M;. Consequently, x € C(M;, M;).

Now, suppose that x € C(M;, M;) and x ¢ M,. Then there exists ¢ € eSol(x, X) such
that a(p),w(y) C M;. Since M is a Morse decomposition it follows that ¢ < ¢. This
contradicts condition (ii) of definition 4.4.1. O

Theorem 4.4.16. [17, Theorem 7.4] The set M (1) is an isolated invariant set.

Proof. Observe that M(I) is invariant, because, by Proposition 4.3.23, every connection
set is isolated invariant and V-compatible by Proposition 4.1.21. Set M (1) is V-compatible
as a union of V-compatible sets and invariant as the union of invariant sets (Proposition
4.1.15). We will prove that M(I) is locally closed. To see that, suppose the contrary.
Then, by Proposition 1.4.10, we can choose a,c € M(I) and a point b ¢ M(I) such that
¢ <7 b <7 a. There exist essential solutions ¢, € eSol(a, X) and ¢, € eSol(c, X) such
that a(p,) € M, and w(p.) C M, for some p,q € I. It follows that ¢ :== ¢ - b oF
is a well-defined essential solution such that a(y)) C M, and w(y) C M,. Hence, b €
C(My, My) € M(I) which proves that M(I) is locally closed. Thus, the conclusion
follows from Proposition 4.1.21. O

Theorem 4.4.17. [17, Theorem 7.5] Let I be a down set in P, then M(I) is an attractor
in X.

Theorem 4.4.18. [17, Theorem 7.6] If I C P is convex, then (M (=), M(I<)) is an index
pair for the isolated invariant set M([I).

Proof. By Proposition 1.3.1 the sets IS and I< are down sets. Thus, by Theorem
4.417 both M(I=) and M(I<) are attractors. It follows that ITy,(M(IS)) C M(I=)
and IIy(M (<)) € M(I<). Therefore, conditions (IP1) and (IP2) of an index pair are
satisfied.

Let A := M(I=)\ M(I<). To prove (IP3) we first show that M(I) C Inv(A). By
Theorem 4.4.16, M([I) is an isolated invariant set. Therefore, it is sufficient to prove
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M(I) C A. Theset Ais V-compatible as a difference of V-compatible sets. By Proposition
1.4.3 it is also locally closed, because M(I=) and M (I<) are closed as attractors (see
Theorem 4.3.3). Assume that M(I) ¢ A. Select an x € M(I)\ A. By the definition
of M(I) we can find an essential solution ¢ through x such that w(y) C M, for some
p € 1. Since M(I) C M(IS) and v ¢ A we get x € M(I<). But M(I<) is an attractor.
Therefore w(yp) C M(I<), which in turn implies p &€ I, a contradiction.

To prove the opposite inclusion take an x € Inv(A) = Inv(M(I=)\ M(I<)). Then we
can find an essential solution ¢ € eSol(z, A). Then im ¢ C M(I=)\ M(I<). In particular,

uim- N M(IS)=0 and uim™ N M(I<)=1. (4.25)

We also have ¢ € eSol(x, M(I=)), which means that there exist p,q € I= such that p > ¢,
a(p) C My, w(p) C M,. We cannot have p € I<, because then we get () # uim™ ¢ C
a(y) € M, € M(I<) which contradicts (4.25). Therefore, p € I=\ I< = I. By an
analogous argument we get ¢ € I. It follows that x € C(M,, M,) C M(I). O

Note that if I is a down set then I< = (). Hence, an immediate consequence of Theorem
4.4.18 we get the following Corollary.

Corollary 4.4.19. [17, Corollary 7.7] If I is a down set in P, then IS = I, I< = () and
(M(I),0) is an index pair for M(1).

Theorem 4.4.20. [17, Theorem 7.8] Assume X is invariant, A C X is an attractor and
A* is its dual repeller. Then we have

pa(t) + pa(t) = px(t) + (L + t)q(t) (4.26)

for a polynomial ¢(¢) with non-negative coefficients. Moreover, if ¢ # 0, then C'(A*, A) #
0.

Proof. Let P := {1, 2} with the order induced from N. Set M; := A and M, := A*. Then,
by Proposition 4.4.2 M := {Mj, M5} is a Morse decomposition of X. For I := {2} one
obtains IS = {1,2} and I< = {1}. Yet, this immediately implies that M (/=) = X and
M(I<)= M({1}) = A. We have

ﬁx(t) — pM(IS)(t> and ﬁA(t) — ]5M(]<)(t). (427)
By Theorem 4.4.18 the pair (M (I=), M(I<)) is an index pair for M(I) = A*. Thus, by
substituting Py := M(I=), Pr:= M(I<) and S := A* into (4.12) in Corollary 4.2.16 we get
(4.26) from (4.27). By Proposition 4.3.24 we have the identity C'(A, A*) = 0. Therefore, if
in addition C'(A*, A) = (), then X decomposes into A and A*, and Theorem 4.2.19 implies

H(P)) =Con(X)=Con(A) & Con(A*) = H(FP,) & H(A"),

as well as ¢ = 0 in view of Proposition 4.2.16. This finally shows that ¢ # 0 implies
C(A*, A) £ 0. U
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4.4.4 Morse equation and Morse inequalities

The following two theorems follow from the results of the preceding section by adapting
the proofs of the corresponding Theorems in [21].

Theorem 4.4.21. [17, Theorem 7.9] Assume X is invariant and P = {1,2,...,n} is
ordered by the linear order of the natural numbers. Let M := {M, | p € P} be a Morse
decomposition of X and set A; :== M({i}=), Ag := 0. Then (A;_1, M;) is an attractor-
repeller pair in A;. Moreover,

n n

> b (t) = px(t) + (1 +1) D> a(t)

i1 i1
for some polynomials ¢;(t) with non-negative coefficients and such that ¢;(t) # 0 implies

C(MZ‘,Ai_1> # @ for ¢ = 2, 3, T

Theorem 4.4.22. [17, Theorem 7.10] Assume X is invariant. For a Morse decomposition
M of X define

me(M) =3 B(M,).
T‘GIP

Then for any k € Z" we have the following inequalities.
(i) The strong Morse inequalities:

mk(/\/l) — mk_l(/\/l) +..=£ mo(./\/l> > ﬁk(X) — ﬁk_l(X) R = ﬁo(X),
(ii) The weak Morse inequalities:

82



Chapter 5

Persistence of Morse Decomposition

The first section of this chapter presents the main theoretical concepts from [7] (in
particular, from Sections 5 and 6). The second section shows some simplifications leading
to a better visualization.

As we mentioned in Chapter 3 isolated invariant sets are always compact in the classical
setting of semiflows on locally compact Hausdorff spaces. Therefore, every Morse set forms
a distinct connected component in the space obtained as the union of all Morse sets with
the topology induced from the ambient space. This is because Morse sets are always
disjoint and, in that case, also closed. In particular, the space between the Morse sets is
'filled" with solutions connecting them.

This need not be true in the setting of finite topological spaces. In the case of multivec-
tor fields, attractors are the only closed isolated invariant sets (Theorem 4.3.3). Moreover,
Morse sets are not disconnected in general (see Fig. 4.4). Thus, to study the evolution
of Morse sets, we modify the topology of the space. This is where we utilize the idea of
disconnecting topology introduced in Section 1.4 with Theorem 1.4.11.

5.1 Persistence modules of weak Morse decomposi-
tion
Recall that T(A) stands for the disconnecting topology on U.A induced by T (see
Theorem 1.4.11). Let us begin this section with the following theorem.

Theorem 5.1.1. [7, Theorem 5.2] Let X and Y be finite topological spaces. Let A
(respectively B) be a family of mutually disjoint subsets of X (respectively V). Assume
that a continuous map f : X — Y inscribes A and B, that is f(A) T B, where f(A) :=
{f(A)| Ae A}. Then, the map

fas: (UATA) 32 f) e (UBTB))
is well defined and continuous.

Theorem 5.1.1 is slightly more general than what we need. In particular, we are
interested in the case where families A and B are weak Morse decompositions. We recall
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that M (V) stands for the minimal weak Morse decomposition of V and by Corollary
4.4.8 we have UM (V) = X.

Corollary 5.1.2. [7, Corollary 5.3] Consider two finite topological spaces X and Y with
corresponding combinatorial multivector fields V and W. Then the map

Furopaeon  (UMEW), TMOV) 2 20 flz) € (UMW), T(MW)

is continuous under the assumption that folly C Il o f, that is, f(Ily(x)) C Hw(f(x))
for every x € X.

Let (X*, 7)™, be a family of finite topological spaces. Assume V; is a combinatorial
multivector field on X’ with the weak minimal Morse decomposition M; := M™*(V;). Let
(fi : X' — X" be a sequence of continuous maps such that

fio Iy, € Hviﬂ of; and fz(Mz> C M.
Then we have continuous maps
Fir= (Fdmomens + (X5 T (M) = (XL T (M) (5.1)
that induce homomorphisms in singular homology
H(f;): H (X THM)) = H (X T (M)
which yield the persistence module of the weak Morse decomposition

H (x0T M) S B (3T M) 2B (0 T (M)

We refer to the persistence barcode of this module as the persistence barcode of the minimal
weak Morse decomposition. Moreover, we can replace some of the maps from the sequence
{f;} with backwards maps, that is f; : X*™' — X*  which satisfy

fiolly,, Clly, o f; and fi(Mir1) EM;
and induces
o= (Bmeom s (XL T M) = (XTI M) (5.2)

Then we get the zigzag persistence module of the minimal weak Morse decomposition

H (XL T M) &5 1 (2, 2 my)) &5 Y e ) (53)

where the direction of H(f;) depends on the direction of an underlying map f;.

The next step is to guarantee that we can always construct continuous maps (5.1) and
(5.2) to build a persistence module for any multivector fields sequence. Note that f~1(W)
and V N f~1(W) are proper multivector fields by Proposition 4.1.2. To simplify further
the notation we put Ty = T(M™(V)).
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Figure 5.1: Example of two multivector fields v and w, and the third multivector
field VPW obtained by the intersection (middle). Minimal Morse decomposition for
each multivector field are M(Vv) = {{ab}, {d,e,de}}, M(wW) = {{ac}, {c, e, ce}} and

M(V nWw) = {{a}, {c}, {ab}, {ac}}

Proposition 5.1.3. [7, Theorem 5.4 (iv)] Let Vv be a multivector field on finite space X
and W be a multivector field on Y. Let ¥: X Y be a continuous map. Then the map
induced by the identity

K = idvnf-i(w),v | (X Twvn f—1(W)) (X Tv)
and the map induced by f

A= funfa (W),W D (X Tvn fo1(w)) Y Tw)
are both continuous.

We can now explain why weak Morse decomposition is useful. For simplicity assume
that f is identity. If we consider two multivector fields v and w on X, we can not
guarantee that any of the following inclusions hold for Morse decomposition:

UM(V) ¢ aM(VVn W),
uUMN/NW) ¢ 3IM(V).

Figure 5.1 shows an example when both inclusions fail simultaneously. Consequently,
maps k and A from Proposition 5.1.3 will not be well defined. However, if we consider
weak Morse decomposition, the problem disappears because then the union of all weak
Morse sets will always give the entire space.

Now, using Proposition 5.1.3 we obtain the comparison diagram between weak Morse
decompositions for arbitrary multivector fields v and w:

X, T K, Tuvnfoaw)) — (Y, Tw).

Thus, assume a sequence of finite topological spaces (Xi, Ti)i=1 with corresponding com-
binatorial multivector fields V2 and connecting continuous maps fa : X:  Xi+1 are given.
Then the diagram
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1L} 171 A, 272 ) "2 2 2 A2
(X ’TV1> (X ’Tvmffl(vg)) (X ’TV2> (X ’Tvzﬁfgl(vg))

An—2 _ 1 K1 _1 1 An—1
. 3 n—1 n , o n} n
(X ’mm) — (X Tznmfnuvn)) = ()

alfter applying singular homology functor produces the following zigzag persistence mod-
ule

i 1 H(x1) i 1 H(x) 2 2 , H(x2)
H(X'\TL )&= H (X ’Tvmf;1<v2>) — S H(X%T3) 4
H(An—2) 1 1\ Hsn-1) 1 1 H(An-1) n Tn
H(X ,T’;%l) <—H<X ’Tznmfnllwn)) " H (X T )

5.2 Persistence modules of Morse decomposition

The results of the previous section show how to track all the weak Morse sets simul-
taneously. However, in practice, since every regular multivector may be a weak Morse
set on its own, that strategy can lead to an excessive number of tracked components. In
order to focus our analysis only on sets that carry the qualitative information about the
flow, we relax our assumptions. In particular, we do not consider the components of the
intermediate spaces to be Morse sets.

Let V be a multivector field on a finite topological space (X, 7). We denote the union
of all Morse sets as Dy = JM(V). We endow set Dy with the disconnecting topology
Ty = TX(MOV)).

Proposition 5.2.1. Let V be a multivector field on a finite topological space (X, 7T°)
and let W be a multivector field on (Y, 7). Assume that f : (X, 7%) = (V,7") is a
contimous map. Denote Dy := Dy N f7YDw) and Tyw == Ty (fH{(M(W))) — the
disconnecting topology induced by 7y and the counterimages of Morse sets for W. The
map induced by the identity

B =idyw : (Dvw, Tvw) = (Dy, Ty)
and the map induced by f

vi=fow: (Dyw, Tow) = (Dw, Tw)
are continuous.

Proof. Consider the diagram
(Dyw, Tow) —— (Dvow, To(Dvw)) —— (Dy, Tv)

where maps ¢ and j are induced by the identity. Since 7y(Dy ) is the topology induced
in Dyw by Ty and j is an inclusion of the subspace we get the continuity of j. By the
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construction, Ty yy is a finer topology than Ty(Dy ). It follows by Proposition 1.4.1 that
map ¢ is also continuous. Hence, 3 is continuous as a composition of continuous maps.

Now, let A € Ty. It follows that there exists a U/ € 7" such that A = U nJM(W).
Since f is continuous we have f~'(U) € 7. Thus,

Y HA) = AN Dyw = U N FH(DW) N Dyw = YUY N Dyw € Tow,
because Dy yw C f‘l(DW). This proves that v is continuous. O

Using Proposition 5.2.1 we construct the comparison diagram between Morse decom-
positions for arbitrary multivector fields V and W:

(Dy,T) <2 (Dyw, Tow) — (D, Tow)

Now, consider a sequence of finite topological spaces (X', 7"), with corresponding

combinatorial multivector fields V; and connecting continuous maps f; : X* — X", We
use the notation as in the Proposition 5.2.1. Then the diagram

(DV17R1) <B—1 (DV1,V27R1,V2) L) (DV27R2) <B—2 (DV27V37R2,V3) L)

o Tn2 ? (Dvn,177¥7n,1> ?"_71 (Dvn,l,vwnn,l,vn) E) (Dvwnn)

after applying singular homology functor produces the following zigzag persistence module
of the minimal Morse decomposition

H(v1) H(Bz2)

H
H(Dvy, Ton) €2 H (Do, vy, Toy ) H(Dy,, To,)

H(’Yn72) H(anl)

H(Dy, ,, T, ) +—'H (Dvn,l,vwnn,l,vn)H(v—ﬁl)H(Dvwﬁn)~

Note that theorems in this and the previous section are more general than we need for
computational purposes presented in the next chapter. In the next chapter, among others,
we will study the behavior of a dynamical system with respect to the change of equation
or algorithm parameter. Space X will stay fixed, and only a multivector field will be
changing. Thus, X =Y and the map f: X — Y will always be identity. Therefore, the
assumption f(Ily(x)) C Iw(f(x)) from Section 5.1 simplifies to [y(x) C Hw(x). Thus,
in terms of multivector fields it suffices to assume that V is a finer multivector field than
W, that is V & W.

Note also that in this chapter, we study the homology of a (weak) Morse set M that
is H(M). This homology group coincides with the Conley index Con(Inv M) only if M
is an attractor. Nevertheless, H(M) carries information on whether M contains an orbit
or a fixed point, but we lose the information if it is an attracting or repelling set. Let us
note that the study of the persistence of the Conley index itself is undertaken in [8].

87



Chapter 6

Numerical experiments

In this chapter we present some possible applications of the multivector field theory.
Here, as data, we take vector clouds sampled from differential equations. Previous chap-
ters provided us with the theoretical background. However, there is still a crucial gap
that has not been covered yet. Namely, there is an open question, how to construct a
multivector field from a vector cloud? There is no canonical answer to that. In [7] we
introduces a greedy algorithm dependent on an angle parameter. A non-parametric algo-
rithm is mentioned in [13]; however, its details are not published. In this thesis we focus
on the greedy algorithm.

6.1 From a vector cloud to a multivector field

Table 6.1 presents the greedy algorithm CVCMEF that computes a multivector field
from a cloud of vectors. The input for the algorithm consists of:

- a simplicial complex K with vertices in a cloud of points P = {p; | i = 1,2,...,n} C
Rd
- the associated cloud of vectors V := {v; | i = 1,2,...,n} € R such that vector v

originates from point p; (vectors are assumed to be normalized),
- an angular parameter a.
The algorithm builds a map m : K — K that sends simplex to one of its co-faces. The
family of preimages {m~!(s) : ¢ € K} provides the requested multivector field. The idea
is to map simplices consistently with the input vectors. The angular parameter controls
the algorithm’s tendency to assign simplices to lower-dimensional simplices — the higher
the parameter, the "flatter" a multivector field is. The map m is initialized as the identity
map, and the algorithm consists of three main steps of refining it:
o The first loop assigns a simplex o to a toplex in the star of ¢ pointed by the vector
v, computed as a mean of vectors in vertices spanning o. To determine this toplex,
we attach v, to the barycenter of o (see Figure 6.1).

o The second loop focuses on assigning vertices. It decides if a vector v; assigned
to p; should be aligned with a lower-dimensional co-face. Namely, if a vector v; is
almost parallel to a subspace spanned by some co-face of p;, then it is aligned with
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1: procedure CVCMF[7](K, V, a)

2 m < an identity map idg : K — K. > Initialization of a map
3 for all o € K do > Initial assignment to toplexes
4 m(o) < any toplex in the star of o pointed by mean of {v; € V | p, <o}

5: for alli=1,2,...,ndo > Aligns vectors
6 S« {(dime, L(0,v;),0) | 0 € K and p; = 0 and L(0,v;) < '}

7 S" « sort S using lexicographical order on first two positions > (dim, £, )
8 (_, ,0) <« first element of S

9 mlpi| + o

10: for all ¢ € K in descending dimension do > Remove convexity conflicts
11: while exists 7 < o s.t. 7 <o <m(r) and m(r) # m(o) do

12: m(7r) < o and m(o) < o

13: Ve {mo)|oe K}
14: return V.

Table 6.1: An algorithm constructing a combinatorial multivector field from a sampled
vector field. By £(o,v;) we denote the angle between a vector v; and the hyperplane
spanned by a simplex o. Notation (_, , o) means that we only retrieve the third element
of the returned triple.

this subspace. The "almost" is determined by the angular parameter «, that is v;
is flattened to 7 if the angle between the vector v; and the hyperplane spanned by
simplex o is less than a. (see Figure 6.2).
o The last loop handles the convexity issue. If there is a simplex ¢ such that 7 < o <
m(7) then both simplices are remapped to o. In particular, this operation deals
with conflicts presented in Figure 6.3.
Finally, we obtain the multivector field V = {m~!(¢) : ¢ € K}. Note that since simplices
can be assigned only to their co-faces, the algorithm produces a partition into multivectors
with a unique maximal element. This means that the resulting multivector field satisfied
the more restrictive definition of multivector field considered in [21].

Proposition 6.1.1. Algorithm presented in Table 6.1 terminates and produces a multi-
vector field V. Moreover, every multivector V' € V have a maximal element.

Proof. The first loop (line 3) iterates over all simplices assigning them a maximal-dimen-
sional coface. Similarly, the second loop (line 5) iterates over all vertices. The value of
m(o), where o is a vertex, may be changed to some other coface of o.

Note that the nested while-loop (line 11) terminates for any simplex ¢ € K. In the
extreme case it sets m(7) = m(c) = o to all faces 7 of o. Thus, the third for-loop also
terminates because it iterates over all simplices of K.

The goal of the third loop (line 10) is to make sure that

Vs rek such that 7 < o either m(o) = m(r) or o A m(7). (6.1)
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Figure 6.1: We attach vector vo + vi to the barycenter of eo in order to determine the
value of m(eo) in the first loop of the algorithm. The pointed toplex in this example is to.

Figure 6.2: The vectors originating in vertices are flattened out if they are almost aligned

with a lower dimensional simplex. In this case, vector Vi is flattened to eo because

Z(V1,eo0) < a, where a is an angular parameter.

Figure 6.3: Third loop of the algorithm resolves convexity conflicts. Consider the case
as in the figure with a map m(po) = to, m(pi) = ti, and m(eo) = ti. We will get
po -< eo < m(vo) = to that will be resolved by setting m(po) = m(eo) = eo. In the next

step we will also set m(pi) = m(eo) = eo.
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We will show that (6.1) is achieved after the third loop is finished. It processes
simplices in descending order given by simplices’ dimension. Consider ¢ € K and assume
that n := dime = dim K. The condition (6.1) restricted to K,y hold trivially. Since
there is no simplex v € K such that ¢ < v the conditions in line 11 are never satisfied.
Consequently, no reassignment in line 12 of the algorithm is performed. Inductively,
assume that dimo = k < n and that (6.1) holds for all simplices in K \ K}, (that is
simplices of dimension higher than k). Let v € K \ K such that ¢ < v. The case
when v < m(o) would be resolved while processing v. In particular the algorithm would
set m(o) = m(v) = v. Thus (6.1) holds for K \ Kj_1 before processing k-dimensional
simplices. While processing k-dimensional simplex o it may happen that the algorithm
sets m(o) = o if there exists some 7 < o such that ¢ < m(r) and m(o) # m(r).
Nevertheless, in that case, for any v € K \ K} such that 0 < v we have ¢ = m(o) < v.
Hence, (6.1) is not disrupted for K \ Ky_;. This proves that after finishing the third loop
the condition (6.1) is satisfied.

Let 0 € K. We will show that V, := m™!(¢) has maximal element if it is non-empty.
At each step of the algorithm only faces of o can be assigned to o, that is m(7) = ¢ where
T =< o. It follows that if V, # 0 then for every 7 € V, we have 7 < ¢. Thus ¢ is maximal
in V,.

The condition (6.1) guarantees that V := {m~!(¢) : ¢ € K} is a multivector field. To
see that assume the contrary. Then there exists o € K such that m™'(o) is not convex.
It follows that there exists 7,v € K such that 7 < v < m(7) = 0 and m(v) # o but this
contradicts (6.1). O

6.2 Experimental setup

In the next section, we present examples of computations based on the developed
theory. The first example presents the generation of the Morse-Conley graph from a
sampled vector field. Thus, for a given simplicial complex K, sampled vector field V' and
angle parameter o, we use algorithm 6.1 to get multivector field V. Then, according to
results in Sections 4.4.1 and 4.4.2, it is enough to extract strongly connected components
of the graph GGy and filter out those corresponding to a single regular multivector to obtain
the minimal Morse decomposition for V. The partial order on the collection of Morse sets
is given by connections between them. Conley index for a Morse set M is computed using
simplicial homology as H*(K(cl M), K(mo M)). We can summarize this as the following
simple procedure

IV« CVCMF(K,V a)
2. (M, G) + MC-graph(K,V)

In the first line, we use the algorithm presented in Table 6.1. The second line captures
the procedure of obtaining Morse decomposition described above. It returns two elements:
M — the obtained minimal Morse decomposition (family of subsets of K') and G — the
corresponding Morse-Conley graph.
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Experiments 2-4 present some of the possible applications of the persistence of Morse
decomposition. To this end, we use the pipeline presented in Table 6.2. The input for
this procedure is a simplicial complex K and a sequence of pairs {(Vi, a;)}!= consisting
of sampled vector fields and values of the angle parameter used by the greedy algorithm.
In Experiments 2 and 4, we keep the angle parameter fixed across the sequence. In
Experiment 3, we specifically test the influence of the angle parameter, and therefore
the sampled vector field is fixed across the sequence. The first for-loop (line 3) of 6.2
computes the sequence of multivector fields V;, corresponding Morse decompositions M;
and McCord complex X; corresponding to Dy, = JM(V;). In the second for-loop (line 7),
we create McCord complexes corresponding to the intermediate spaces Dy (see Section
5.2). In particular, we need them for the comparison diagram between two consecutive
Morse decompositions. Let us recall that (K, T<(M)) stands for the order complex of
a finite topological space K (we consider simplicial complex as a finite topological space)
with the disconnecting topology on K induced by the topology given by a face relation
7< and M. Finally, we compute the persistence barcodes for the sequence of complexes.
The zigzag persistence is obtained with Dionysus software [20]. The greedy algorithm
(6.1) and Morse-Conley graphs computations are part of RedHom library [14].

1: procedure MDPERSISTENCE(K, {(Vi, a;)}77))

2 X[2n + 1] < Initialize an empty array of simplicial complexes of size 2n + 1

3 for allt=0,1,....,n—1do > Compute Morse decompositions
4: V + CVCMF(K,V,,«;)

5 (M, ) < MC-graph(K,V)

6 X[2i] + K(UM,T<(M)) > Compute McCord complex
7: for allt=0,1,....,n—2do > Compute the intermediate spaces
8 X120+ 1] « X2 N X2 + 2

9: PB < ZigZagPersistence({ X} 1)
10: return PB.

Table 6.2: A pipeline for computing persistence of Morse decomposition for a given se-
quence of sampled vector fields.

We sample the following vector fields to obtain data for our experiments:
1. the double periodic orbit:

{x/ = cy—x(@® +y*—a)(a® +y*—D) (6.2)

v = —cx —ylx® +y?—a)(x? +y*—b)

2. Lotka-Volterra prey-predator model (see [5, Chapter 2, equations (2.13) and (2.14)]):

{ZC/ =z (1 - %) - (Zfi'/ , (63)

/a3y

Y = e —9Y
where a; = (1—%) (b+1)and ay = g(b+1).

92



3. Sel’kov glycolysis model (see [23, Example 7.3.2 and 7.3.3]):

(6.4)

' = —x+ay + 2%y
v =b—ay—2*y

We construct complexes used in the experiments by first building a regular triangular
mesh, and then we perturb vertices. Next, for every vertex we compute the associated
vector and we normalize it. This procedure guarantees a vaguely uniformly distributed
cloud of vectors with some randomness introduced.

6.3 Experiments

6.3.1 Experiment 1: Morse-Conley graph

The first example presents a simple computation of the Morse-Conley graph for the
multivector field derived from equation (6.2). The angular parameter « in the algorithm
in 6.1 is set to 21 degrees, and the equations parameters are a =2, b =1 and ¢ = 1.4.

The outcome is presented in Figure 6.4. We see that both periodic orbits and their
Conley indices are correctly retrieved. The attracting point at the origin gets divided
into two Morse sets: Mj (green) and My (purple) with the Conley index of an attracting
periodic orbit and a repelling stationary point, respectively. At first glance, this may
look incorrect. However, by merging M3 and M, into a single Morse set M3 U M, we get
an isolated invariant set with the index of an attracting fixed point. If we zoom in and
analyze the vector field close to the origin, we will notice a strong rotation (see Figure
6.5). With the given mesh resolution and the assumption that we do not know the real
equation, the outcome with two Morse sets is acceptable.

6.3.2 Experiment 2: influence of noise

In the second experiment, we test the influence of noise on the Morse decomposition
reconstruction. We analyze the system (6.2), and we set again the angle parameter to
a = 21. We fix a simplicial complex and we normalize vectors as before. Then, we perturb
every vector by taking v. = v; + ¢; x r, where ¢; is a randomly chosen vector such that
lleil] < 1 and r € [0,1] is a noise level. We get a sequence of vector fields by changing
the value of r. In the next step we use the algorithm to build a sequence of multivector
fields and then a sequence of Morse decompositions. We summarize the analysis with the
persistence of this sequence.

Results are presented in Figure 6.6. As one can expect, the higher the noise level, the
more artificial Morse sets emerge, and the less accurate reconstruction of the dynamic
is. Below the noise level r = 0.37, we can see that results are consistent with the Morse
decomposition obtained in the Experiment 1. There are four 0-dimensional generators
responsible for four Morse sets. Since three of those sets are periodic orbits, we get
three 1-dimensional generators. At r = 0.4 both periodic orbits merge together and split
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Figure 6.4: Experiment 1: Morse-Conley graph. Top: Four Morse sets detected by the
algorithm. Bottom: computed Morse-Conley graph.
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Figure 6.5: Zoom to the stationary attracting point for the example in Figure 6.4. Green
simplices corresponds to Morse set M3 (attracting periodic orbit) and the purple simplex
corresponds to set M4 (repelling stationary point). The given resolution and strong rota-
tion around the attracting point do not facilitate the proper distinction of the attracting
point.

again at r = 0.45. Above r = 0.71, the noise dominates, and one of the periodic orbits
disappears completely. The additional "hole" (1st-dimensional generator) emerges above
r = 0.75 because a new critical cell is created within a periodic Morse set.

The outcome of this experiment would vary significantly depending on the random
seed. We use it just to demonstrate the noise impact.

6.3.3 EXxperiment 3: angle parameter

In the third experiment, we study the Lotka-Volterra model (6.3) with parameters
a=39 b=1.2 and c = 05. We vary the angle parameter from 0 to 40 in steps of 2 to
obtain another Morse decompositions sequence. Using persistence, we try to analyze the
robustness of Morse sets. Moreover, we can observe the algorithm's behavior depending
on the angular parameter a.

The barcode (Figure 6.7, bottom-right) shows that three generators, two 0-dimensional
and one 1-dimensional, survive the entire filtration. Indeed, they correspond to the re-
pelling stationary point in the center and the attracting periodic orbit. We can see other
short-living orbits in the intermediate steps (Figure 6.7, top-right and middle-right). How-
ever, they have a trivial Conley index, which confirms them as the algorithm's artifacts.

Note that the small values of the angle parameter produce a thin and more precise
orbit. However, it also increases the chances of producing small, critical multivectors -
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Figure 6.6: Experiment 2: noise influence. Morse sets detected by the algorithm for the
double periodic orbit equation (6.2). Noise level by rows starting from top-left: r = 0.2,
r =04, r =06, r =0.8, r = 1.0. Bottom-right: persistence barcode for Experiment 2
with coordinates on X-axis given by the noise level; red bars correspond to persistence
pair of dimension 0, while blue bars correspond to the 1st dimension.
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artifacts, as in the center and the bottom left part of the top-right panel in Figure 6.7.
On the other hand, increasing the parameter leads to more expansive multivector fields,
where the orbit is highly overestimated.

6.3.4 Experiment 4: Hopf bifurcation

In the last experiment, we study the evolution of a system going through the Hopf
bifurcation. The Hopf bifurcation refers to the situation where a periodic orbit emerges
from a stationary point [23, Chapter 8.2]. For a fixed parameter a = 0.08, Syl’kov system
(equation 6.4) admits an attracting limit cycle for approximately b € (0.346,0.848) with
a repelling stationary point in the middle [23, Example 7.3.3]. At the boundary values of
this interval, the orbit collapses into an attracting fixed point. Thus, sliding the parameter
b from 0 to 1.3, we should observe the Hopf bifurcation twice.

A few steps of the filtration for selected values of a are presented in Figure 6.8. In
the barcode, we can see a long single 0-dimensional generator that survives most of the
filtration and a single 1-dimensional interval [0.425,0.95]. Both of them are responsible for
a detected periodic orbit. The 1-dimensional generator persists for a shorter time because
as the continuous vector field evolves, the multivector field generated by the algorithm
changes in a discrete fashion. For some transitions, orbits may differ significantly. As
a result, the intermediate multivector fields created for the comparison diagram (see
Chapter 5) may fail to detect continuation of an orbit. Nevertheless, the interval in
which the orbit is the most stable, approximately coincides with the expectations from
the analytical computations. Moreover, for the higher values of the parameter a, where we
know that the periodic orbit does not exists, the rotation still dominates the attraction.
Consequently, we can still observe a Morse set with the Conley index of an attracting
orbit (Figure 6.8, bottom-left). This is a similar case to the one observed in Experiment
1.

Note that this framework could be used to analyze the evolution of a dynamical system
in time. The X-axis of the barcode may be interpreted as a timeline, and persistent
barcodes represent the long-lasting isolated invariant sets that form during the evolution.

6.4 Further research

Experiment 3 shows that the angle parameter used by algorithm 6.1 can significantly
affect the results. The low values of the parameter lead to large multivectors containing
maximal-dimensional simplices. Such a multivector field tends to create an expanding
combinatorial flow, which may highly overestimate the real flow as presented in Figure 6.9.
On the other hand, too aggressive aligning (i.e., small values of the angular parameter)
may fail to detect periodic orbits or create artificial critical multivectors. Figure 6.10
shows an example where aligning vectors to lower-dimensional simplices misinterprets a

simple passing-through flow.
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Figure 6.7: Experiment 3: angular parameter. Morse sets detected by the algorithm for the
Lotka-Volterra model (6.3) for different values of angular parameter. Starting from top-left:
a =234, a=24 a =18 a = 16, a = 6. Bottom-right: persistence barcode for Experiment 3
with coordinates on X-axis given by values of the angular parameter; red bars correspond to
persistence pair of dimension 0, while blue bars correspond to the 1st dimension.

98



Figure 6.8: Experiment 4: Hopf bifurcation. Morse sets detected by the algorithm for the
Sel'kov model (6.4) for different values of parameter a. Starting from top-left: a = 0.225,
a = 0.5, a=0.75 a = 0.925, a = 1.225. Bottom-right: persistence barcode for Experiment 4

with coordinates on X-axis given by values of parameter a; red bars correspond to persistence

pair of dimension 0, while blue bars correspond to the 1st dimension.
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The above observations raise the question if a more efficient, adaptive and possibly
parameterless algorithm for constructing a multivector field from data is possible. This
would be especially useful in the framework of Experiment 4 where we can use the idea
of persistence of Morse decomposition to study the evolution of a dynamical system in
time.

Algorithm 6.1 creates a multivector field in the sense of [21]. Another natural step
in developing the algorithm is a modification that will allow for constructing the gener-
alized multivector fields. As explained in this thesis, it should provide more flexibility in
modeling dynamical systems.

With the generalized theory of multivector fields and the tools it provides, it should
be easier to investigate the topic of continuation in the combinatorial setting raised in
[21] and mentioned briefly at the end of Section 3.2.2.
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Figure 6.9: An effect of the expansion caused by large multivectors. Both pictures present
a multivector field for a parallel flow. For low values of the angular parameter we get
large multivectors that allow solution less consistent with the actual flow (blue, vertical
trajectory). Flattened vectors (right) produce a more adequate representation.

Figure 6.10: Artificial critical cells may be produced with too aggressive flattening of
vectors. In the picture we can see a simple flow with no invariant sets, yet aligning

vectors leads to creating an attractor and a saddle.
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dynamical system, 38
boundary operator, 22 ) )
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