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ON A SUBCLASS OF MEROMORPHIC FUNCTIONS DEFINED BY
HILBERT SPACE OPERATOR

P. T. REDDY"*, B. VENKATESWARLU?, H. NIRANJAN?, R. M. SHILPA?, §

ABSTRACT. In this paper we introduce and study a new subclass of meromorphic func-
tions associated with a certain differential operator on Hilbert space. For this class, we
obtain several properties like the coefficient inequality, growth and distortion theorem,
radius of close-to-convexity, starlikeness and meromorphically convexity and integral
transforms. Further, it is shown that this class is closed under convex linear combina-
tions.
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1. INTRODUCTION

Let ¥ be denote the class of functions of the form
1 o
FE =S+ 3 e 1)
m=

which are regular in domain £ = {z : 0 < |z|] < 1} with a simple pole at the origin with
residue 1 there.

Let X5, ¥*(a) and Xi(a),0 < a < 1 be denote the subclass of ¥ that are univalent,
moromorphically starlike of order a and meromorphically convex of order a respectively.
Analytically f(z) of the form (1) is in ¥*(«) if and only if

Re {—z]{;ij)} >a, z€E. 2)
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Similarly, f € X («) if and only if f(z) is of the form (1) and satisfies

Re {— <1 + ZJ{,Z?)} >a, z € E. (3)

It being understood that if & = 1 then f(z) = 1 is the only function which is ¥*(1) and
Yr(1).

The classes X*(a) and X (a) have been extensively studied by Pommerenke [7], Clunie
[2], Royster [8]and others.

Since, to a certain extent the work in the meromorphic univalent case has paralleled
that of regular univalent case, it is natural to search for a subclass of Y that has properties
analogous to those of T*(«). Juneja and Reddy [6] introduced the class 3, of functions of
the form

FE) =2+ an™, an 20, (@

Yo(a) =X, N ¥ (a).

For functions f(z) in the class ¥, we define a linear operator D™ by the following form

Df(z) = f(2)

Df() = 2 + 8z + das? 4 - = <2fz<>>
D*f(z) = D(D'f(2))
D" f(z) = D(D""f(2)) = 1 + 37 (m +2) a2
m=1
:w form=1,2,---. (5)

z

Let H be a Hilbert space on the complex field and L(H) denote the algebra of all
bounded linear operators on H. For a complex- valued function f analytic in a domain F
of the complex plane containing the spectrum o(7) of the bounded linear operator T, let
f(T) denote the operator on H defined by the Riesz-Dunford integral [3]

J(T) = = / (oI — T)"\ f(2)dz,

2mi
C
where [ is the identity operator on H and C is positively oriented simple closed rectifiable
closed contour containing the spectrum o(7') in the interior domain [4]. The operator
f(T) can also be defined by the following series

m=0

m:

which converges in the norm topology.
The class of all functions f € ¥ with a,, > 0 is denoted by X,,. The object of the preset
paper is to investigate the following subclass of ¥, associated with the differential operator

D"f(z).
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Definition 1.1. For 0 < <1 and 0 < a < 1, a function f € ¥, given by (1) is in the
class op(a, 5,T) if

IT(D" f(T))" = {(B = 1)D" f(T) + BT(D" f(T))'}
< TD"F(T))" + (1 = 20){(8 — 1)D"f(T) + BT(D" £(T))"}I.

The main object of the paper is to study some usual properties of the geometric
function theory such as coefficient bounds, growth and distortion properties, radius of
convexity, convex linear combination and convolution properties, integral operators and
d—neighbourhoods for the class o, (e, 8,T).

2. COEFFICIENT BOUNDS

We first give a characterization of the class op(«, 3, T) by finding necessary and sufficient
condition for a functions in the class. This characterization implies coefficient estimates.

Theorem 2.1. A function f € ¥, given by (4) is in the class op(ax, 5,T) for all contraction
T with T # 0 if and only if

D Im+a—af(m+1)](m+2)"am < (1-a). (6)
m=1

The result is sharp for the function

1 11—« m
&) = et Dm s - ™2t @

Proof. Suppose that (6) is true for 0 < 5 <1 and 0 < o < 1. Then

|T(D"£(T)) = {(5 = D)D" £(T) + BT(D" (1))}
— ||T(D"F(T)Y + (1 = 20){(8 — )D" (T >+ﬁT (D" F(T))'}

= Z(m—i— (1 =p8)(m+2)"a,T™
m=1
- 120 —a)T i (1-2a) (B—l—i—ﬁm)](m—i—Q)"ameH
m=1

< Y (m+ 11— B)(m+2)"an|T|™ = 2(1 - )| T

m=1
+ ) [m+(1=2a)(8 = 1+ Bm)](m +2)"an|T™|
m=1
= 2 Z [m 4+ a — aB(m + 1)](m + 2)"an||T™| — 2(1 — )| T
m=1

< 2(1—a)—2(1 —a) =0, by using (6)

and so f € Xp is in the class o,(a, 5,T).
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Conversely suppose that f € op(«, 3,T) satisfies the coefficients inequality (6).
Since f € op(e, 8, T) then

IT(D" (1)) = {(8 = 1)D" £(T) + BT(D" (1))}

< || T(D"F(T)) + (1 = 20){(8 = D" f(T) + ﬁT (D" (7))} -
From this inequality, it is obtained that

o0

> (mA+ 1)1 = B)(m+2) anT™!

m=1

21 —a) = > [m+(1—22)(8— 1+ pm)](m +2)"anT™!
m=1

<

By choosing T'=rI(0 < r < 1) in above inequality, we get

Z (m+1)(1 = B)(m + 2)"a,r™H!
m=1 < 1.

21— a) = 3 [m+ (1-20)(8 — 1+ fm))(m + 2)ay

m=1

Letting » — 1 in the above inequality, we obtain the assertion (6).
This completes the proof of the theorem. O

From Theorem 2.1, we have the following result.
Corollary 2.1. If a function f(z) € £, given by (4) is in the class op(cv, B, T) then

o < — (L=a) Cm>1). (8)
> Im4a—aB(m+1)](m+2)"

m=1

The result is sharp for the function f of the form (7).

3. DISTORTION BOUNDS

In this section, we obtain growth and the distortion bounds for the class o,(a, 5,T).

Theorem 3.1. If f € op(a, B, T) then 0 < |z| =7 < 1,

1 (1-a)
1 (1-a)
IO < 1+ 5y gag 1T ©
The result is sharp for
1 (1-a)
T =t i ra— a8 ° (10)

Proof. Suppose f(z) is in op(a, 8,T). By Theorem 2.1, we have

31+ a — 2af] mijl am < mi;(m +2)"m+a—af(m+ Da, < (1 —a).

Therefore Z am < m
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Also, if f(T)=T"1+ > a,T™, then

m=1

am||T"™ < |[F(D) < 725 + D amlIT[™.
IITH Z ||T|| Z

Since ||T'|| < 1, the above inequality becomes

=71 ) am < F (D) < 7 + T ) am.
HTH Z HTH Z

Using (11), we get the result.
Theorem 3.2. If f(z) € op(c, B,T) then

! 1 (1 — a)
IO 2 17 = 3+ a— 208
! 1 (1 — a)
PN < R ¥ 3t o208 -
The result is sharp for
f) =1t g

z 31+ a-—2ap] :
4. EXTREME POINTS
In this section, we obtain extreme bounds for the class op(c, 5, 7).
Theorem 4.1. Let fo(z) =1 and
1 l-«
Jm(2) = 2t ivas aﬁ((m —{—)1)](m T 2)m
Then f € op(er, B,T) if and only if can be expressed in the form

- i Tmfm(z)v Tm > 0 and io: Tm = 1.
m=0

m=0

Proof. Assume that f(z) = Y mfm(2), (1 >0, >, 7 =1, m=0,1,2,--
m=1 m=0
Then we have
= Z Tmfm(z)

= 10fo(2) + Z Tm fm (2

R 1 -« -
_z+;1[m+a—a/3<m+1)](m+2)"z '

Therefore Y- [m + a — a(m + D)(m + 2) i prra—apim s D[on T2
m 1
=(1—a) Z Tm=(1—-a)(1-7)<(1-a).
m=1

Hence by Theorem 2.1, f € op(c, 8, T).

zZ" m=1,2,---.

(11)

(15)
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Conversely, suppose that f € o,(«, 3,T). Since, by Corollary 2.1,

l-«
am < , m>1,
"7 mta—af(m+1)](m+2)"

[m+a—af(m+1)](m+2)™

setting 7, = - am, m>land p=1— > 7.
m=1
We obtain f(z) = 1ofo(z) + Z T fm (2).
This completes the proof of the theorem. U

Theorem 4.2. The class f € op(a, B,T) is closed under convex combination.

Proof. Let the functions f(z) = 1 + Z amz™ and g(z) = 1 + 3 by,2™ be in the class
m=1
op(a, 5,T). Then by Theorem 2.1, we have

o0

D Im+a—aB(m+1)](m+2)"am < (1—a),

m=1
)

Z m+a—af(m+1)](m+2)"b, < (1-—a).
m=1
For 0 < 7 < 1, define the function h(z) as h(z) = 7f(z) + (1 — 7)g(2).
Then we get h(z) = + 3 [ray, + (1 — 7)by)2™. Now we obtain

m=1

D [m+ o —aB(m+ 1)](m +2)"[ram + (1 = 7)by]

=7 [m+a—aBlm+DI(m+2)"am + (1—7) Y _[m+a—af(m+1)](m+2)"by
m=1 m=1

7(17— a)+(1—-7)(1—a)
=(1-a).

So, h € op(a, 5,T). O

IN

5. RADII OF CLOSE-TO-CONVEXITY, STARLIKENESS AND CONVEXITY

Theorem 5.1. Let f € op(a, 5,T). Then f is meromorphically close-to-convex of order
v (0 <7 < 1) in the disc |z| < 11, where

L

(I—=9y)m+a—apf(m+1)|(m+2)"]m 1'

ri= I m(l—a) (16)
The result is sharp for the extremal function given by (7).
Proof. It sufficient to show that
1F(DT2 4+ 1] < (1= 7). (17)

By Theorem 2.1, we have

am < 1.

i [m+a—af(m+1)](m+2)"

11—«
m=1
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So the inequality

o0 o0
£ (DT + 1) =Y manT™ ) <Y ma | T < (1-7)
m=1 m=1
holds true if
m|| T+ - [m+a—af(m+1)](m+2)"
1—v — 1-a ’
Then (15) holds true if

HTHmH < (I—=7y)m+a—apf(m+1)|(m+2)"
B m(l — a)

which yields the close-to-convexity of the function and completes the proof.

, m>1

Theorem 5.2. Let f € op(a, 5,T). Then f is meromorphically starlike of order v (0 <
v < 1) in the disc |z| < ro, where

1
1— — 1 2)" | mtt
ry= g |[LZVIm e —aflmt Dlm+2) (18)
meN (m+2—-7)(1—-a)
The result is sharp for the extremal function given by (7).
Proof. Let f(T) =T7!+ Z amT™. Since f € op(a, 5,T) is meromorphically starlike of
order ~,
T /
H ST H <(1-9). (19)
Substituting for f, the above mequahty becomes,
oo 2 o
> () i te, < 1. (20)
m=1 -
By Theorem 2.1,
> - 1 2)"
Z [m+a—af(m+1)](m+2) <1, (21)
= l-«
Then, (20) will be true if (m+2 ) |||+ < [mta— aﬂ(m+1)}(m+2)”
1
: (1) [m+a—aB(m+1)|(m+2)" | m+1
That s |[T]| < | U= ecebn i lim ) [ O

Theorem 5.3. Let f € o,(a, 5,T). Then f is meromorphically convex of order v (0 <
v < 1) in the disc |z| < rs, where

rg = inf

[(1 —)[m+a—af(m+1)](m+2)" ]+
meN

m(m+2—7v)(1 —a)
The result is sharp for the extremal function given by (7).
Proof. By using the technique employed in the proof of the Theorem 5.1, we can show
that

T(T)
f(T)

for |z| < r3 and prove that the assertion of the theorem is true. g

+2H<1—7
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6. HADAMARD PRODUCT

Theorem 6.1. For function f,g € X, defined by (1) and (2) respectively, let f,g €
op(a, 5,T). Then the Hadamard product f x g € op(p, 5,T), where

o (1 - a’(m +1)(1 - )
p= (1—-a)Pl-3m+1D)]+[m+a—abf(m+1)2(m+2)"
Proof. We need to find the largest p such that

i [m+p— pﬁ(lﬂ:r) 1)](m + 2)"

ambm < 1.
m=1

Since f,g € op(e, 3,T), by Theorem 2.1, we have

i [m +a — aB(m + D](m + 2)"

am < 1 (22)
= 11—«
and Z [m—i—a—aﬁl(njl—l)](m—i-@"bm <1. (23)
m=1

From (22) and (23), we find , by means of the Cauchy-Schwartz inequality, that
$= [+ e ag(m 1) +2)”

l—«

b, < 1. (24)
m=1
We want only to show that
[m+p— pB(m + 1)](m + 2)"@ b < m+a—af(m+1)](m+2)"
1—p mem = 11—«
= Vao < U=plmta—ab(m+1)]
(I —a)[m+p—pB(m+1)]
On the other hand, from (24), we have
(1-a)
Vb S G e a(m ¥ D](m 2" (26)
Therefore in view of (25) and (26), it is enough to find the largest p that
(1-a) _ (L= p)m+ o~ aflm+ 1)
[m+a—apf(m+1D](m+2)" = (1 —a)fm+p—pbm+1)]

mbm

(25)

which yields
[m+a—af(m+1)]2(m+2)" —n(l —a)?
m+a—af(m+1)P2(m+2)"+ (1 —a)?[l — B(m+1)]

(1—a)?(m+1)(1—-p)
TP T AP = Bm+ 1]+ [m + a— aB(m + D (m + 2

pE

]
Theorem 6.2. For function f,g € X, defined by (1) and (2) respectively, let f,g €
op(c, B,T). Then the function k(z) = 1+ § (a2, + b2,)2™ is in the class o,(p, 8,T),
where "
2(1 — a)?(m+2)"[1 — B(m+ 1)+ m]
{[m+a—aB(m+1)](m+2)"}* +2(1 — a)2(m + 2)[1 — B(m + 1)]

p<1-—
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Proof. Since f,g € op(c, 8,T'), we have

[ee] n 2
Z [[m%—a—aﬁl(rf;—l)](m—i-@ am] <1 (27)
m=1
oo n 2
md}jﬁm+g_aqﬁznwn+mb4 <1. (28)
m=1
Combining the last two inequalities, we get
o] ni2
Z [[m%—a—aﬁl(n_l;—l)](m—l—Q) } (a2 +82) <1. (29)

m=1

But we need to find the largest p such that

3 [[m+p— pB(m +11§<;n+ 2)" (ap + b%ﬂ} <1 (30)
m=1
The inequality (30) would hold if
[m+p—pBm+D](m+2)" _ 1 [[m+a—ab(m+ 1)](m+2)”]2
1—p =2 1-a ‘
Then we have
(Im + o — aBlm + D](m + 2)")? = 2m(1 — a)*(m + 2)"
= (Im+a — aBm + )](m + 2" + 21 — a)2(m + 2)"[1 — B(m + 1)]
L 2(1 — a)?(m + 2)"1 — B(m + 1) + m]
 (Imt+a—aB(m+1)](m+2)")% +2(1 - a)?(m+2)"[1 - B(m + 1)’
O

7. INTEGRAL OPERATORS

In this section, we consider integral transforms of functions in the class op(«, 3,T) of
the type considered by Goel and Sohi [5].

Theorem 7.1. Let the function f € ¥, given by (1) be in the class o,(cv, 8,T). Then the

integral operator
1

F(z):c/ucf(uz)du,0<u§1,0<c<oo (31)
0
is in the class op(p, B,T), where
(1—-—a)(1+28)+c
(1+a—-2aB8)(c+2)+ (1—a)(l-28)c

The result is sharp for the function

p=1-

1 (1—-a)
1@ =t a2

Proof. Let f € ¥, given by (1) be in the class op(a, 5,T"). Then

C

F(z) = L
(z) =c z+c+m+1a

2 (32)

o —__
IS
o
=
I
&
QU
N
Il
| =
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We have to show that

— [clm+p— pB(m+1)](m +2)"
mz:;[ (1—p)c+m+1) om < 1. (33)
Since f € op(e, 8,T), we have
i mra _aﬁfnjz Ditm+2)" <1,

m=1
The inequality (33) satisfied if
cm+ p—pB(im+1)] < [m+a —af(m+1)]
1-=p)(c+m+1) — -«

Then we get
[(m+a—af(m+D(m+c+1)—(1-a)em
m+a—af(m+1D](m+c+1)+c(l —a)l —B(m+1)]
(1-a)(14+B(m+1)+cm
m+a—af(m+D](m+c+1)+c(l—a)[l —B(m+1)]
(I—a)(1+B8(m+1)+cm

m+a—af(m+1D](m+c+1)+ce(l —a)l —B(m+1)]
is an increasing function of m, m > 1. We obtained the desired result. ([l

p =

Since ¢(m) =1 —
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