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SIGNED TOTAL DOUBLE ROMAN DOMINATION NUMBERS IN
DIGRAPHS

J. AMJADI}, F. POUR HOSSEINI!, §

ABSTRACT. Let D = (V, A) be a finite simple digraph. A signed total double Roman
dominating function (STDRD-function) on the digraph D is a function f : V(D) —
{-1,1,2,3} satisfying the following conditions: (i) EIEN,(U) f(x) > 1 for each v €
V(D), where N~ (v) consist of all in-neighbors of v, and (ii) if f(v) = —1, then the
vertex v must have at least two in-neighbors assigned 2 under f or one in-neighbor as-
signed 3 under f, while if f(v) = 1, then the vertex v must have at least one in-neighbor
assigned 2 or 3 under f. The weight of a STDRD-function f is the value >y (p) f(2)-

The signed total double Roman domination number (STDRD-number) v,z (D) of a di-
graph D is the minimum weight of a STDRD-function on D. In this paper we study
the STDRD-number of digraphs, and we present lower and upper bounds for 7%,z (D) in
terms of the order, maximum degree and chromatic number of a digraph. In addition,
we determine the STDRD-number of some classes of digraphs.

Keywords: signed total double Roman dominating function, signed total double Roman
domination number, directed graph
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1. INTRODUCTION

Let G be a finite and simple graph with vertex set V(G), and let Ng(v) = N(v) be the
open neighborhood of the vertex v. The concept of signed total domination number of an
undirected graph was introduced by B. Zelinka in [1] and has been studied in [2, 3, 4, 5],
and concept of signed total Roman domination number of a graph investigated by L.
Volkmann in [6, 7]. Recently the concept of signed double Roman domination in graphs
has been studied in [8, 9]. A signed total double Roman dominating function (STDRD-
function) on a graph G is defined in [10] as a function f : V(G) — {-1,1,2,3} such
that (i) every vertex v with f(v) = —1 is adjacent to least two vertices assigned 2 under
f or to at least one vertex w with f(w) = 3, (ii) every vertex v with f(v) =1 is adjacent
to at least one vertex w with f(w) > 2 and (iii) f(N(v)) = X ,en(p) f(z) = 1 holds for

each vertex v € V(G). The signed total double Roman domination number ~:,5(G) of
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G is the minimum weight of a STDRD-function on G. A 4%, (G)-function is a STDRD-
function on G of weight v, ,(G). Following the ideas in [10, 11] and [12], we study the
STDRD-functions on digraphs D.

Suppose D is a finite simple digraph with vertex set V(D) and arc set A(D) (briefly
V and A). The order and the size of D are integers n = n(D) = |V(D)| and m =
m(D) = |A(D)| respectively. If wv is an arc of D, then we also write u — v, and we
say that v is an out-neighbor of uw and u is an in-neighbor of v and we also say that
u dominates v. For each vertex v, the set of in-neighbors and out-neighbors of v are
denoted by N~ (v) = N, (v) and NT(v) = N (v), respectively. Assume that N, [v] =
N~[v] = N~ (v) U {v} and Nj[v] = NT[v] = N*(v) U {v}. We write d*(v) = d},(v) for
the out-degree of a vertex v and d~(v) = dj;(v) for its in-degree. We denote the minimum
and mazimum in-degree and the minimum and mazimum out-degree of D by 6~ (D) =4d~,
A~ (D)=A",6"(D) =461 and AT(D) = AT, respectively. A digraph D is called r-out-
regular if 67 (D) = AT(D) = r. In addition, suppose § = §(D) = min{é"(D),d (D)}
and A = A(D) = max{A"(D),A™ (D)} is the minimum and mazimum degree of D,
respectively. A digraph D is called a directed cycle if its underlying graph is an n-cycle
and d},(v) = d(v) =1 for every v € V(D). A digraph D is called regular or r-reqular if
0(D) = A(D) = r. The distance dp(u,v) from a vertex u to a vertex v is the length of
the shortest directed u — v path in D. For every set X C V(D), D[X] is the subdigraph
induced by X. For a real-valued function f : V' — R the weight of fisw(f) = > oy f(v),
and for S C V, we write f(S) = >, cq f(v), so w(f) = f(V). Consult West [13] for the
notation and terminology which are not defined here.

A vertex subset S of a digraph D is called a dominating set of D if every vertex not in S
is adjacent from at least one vertex in S. The minimum cardinality of a dominating set in
D is the dominating number (D). A dominating set S of D is called a total dominating
set (TD-set) of D if the subdigraph of D induced by S has no isolated vertices. The
total domination number of D, denoted by ~¢(D), is the minimum cardinality of a total
dominating set of D. A signed total dominating function on a digraph D is defined in [14]
as a function f : V(D) — {—1,1} such that 3 .y, f(z) = 1 for every v € D. The
minimum cardinality of a signed total dominating function is the signed total domination
number vst (D). The concept of signed total roman domination number in digraphs was
introduced by Volkmann in [15] and has been studied in [16, 17].

A signed total double Roman dominating function (STDRD-function) on D is a function
[ V(D) — {-1,1,2,3} such that (i) }_,cy-(y) f(2) = 1 for every v € V(D), (ii) every
vertex u for which f(u) = —1 has at least one in-neighbor z with f(z) = 3 or at least
two in-neighbor v, w for which f(v) = f(w) = 2, (iii) every vertex v with f(v) =1 has at
least one in-neighbor z with f(z) > 2. The weight of a STDRD-function f on a digraph
Disw(f) = > ,ev(p) f(v). The signed total double Roman domination number (STDRD-

number) vt (D) is the minimum weight of a STDRD-function on D. The signed total
double Roman domination number exists when =~ > 1. Thus we assume throughout this
paper that 6~ (D) > 1.

In this paper we study the STDRD-number of digraphs, and we establish lower and
upper bounds for 7%, (D) in terms of the order, maximum degree and chromatic number
of a directed graph. In addition, we determine the STDRD-number of some classes of
digraphs.

The associated digraph D(G) of a graph G is defined as a digraph obtained from G if
each edge e of GG is replaced by two oppositely oriented arcs with the same ends as e. Since

e [v] = Ng|v] for each vertex v € V(G) = V(D(G)), we have the next result.
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Observation 1.1. If D(G) is the associated digraph of a graph G, then

Year(D(G)) = 72ar(G).
Proposition 1.1. Let u be a vertex of indegree one in D and let f be a STDRD-function
on D. Then the following holds.
(1) f assigns a positive value to the vertex of N, (u).
(2) If f(u) =1, then f assigns the weight at least two to the vertex of N (u).

Proof. (1) Since f(Np(u)) > 1 and [N, (u)| = 1, the results follows.
(2) Since f(u) = 1, the vertex u must have at least one in-neighbor assigned 2 or 3

under f and hence f assigns the weight at least two to the vertex of Ny (u).
O

Corollary 1.1. If C, is the directed cycle on n vertices, then 7' n(Cy) = [22].

Proof. Let C,, = viva...v,v1 where the arc goes from v; into v;41 for 1 <¢ <n—1 and
from vy, into v1. First we show that v!,,(Cy) > [22]. Let f be a 4!,(Cy)-function. By
Proposition 1.1 (2), we have

n n—1

29Lar(Cn) =2 f(3) = (f(va) + f(01) + D (f(vi) + f(vig1)) > 3n
i=1 i=1
and this implies that 7%, (Cy,) > [22].

Now we show that 7!,,(Cy) < [22]. Define f : V(D) — {—1,1,2,3} by f(vai41) = 2
and f(vei+2) = 1 for each 0 < i < "7_2 when n is even, and by f(v,) = 2, f(veiy1) = 2
and f(vgi42) = 1 for each 0 < i < ”T_3 when n is odd. Clearly f is a STDRDF of C,, of
weight [22] yielding 7! z(Cp) < [22]. Thus v,5(Cp) = [32]. O

In [10], the authors determine the STDRD-number of some classes of graphs including
complete graphs, complete bipartite graphs and cycle.

Theorem A. If n # 4, then v, ,(K,) = 3 and 7,5 (K4) = 4.
Theorem B. Ifn # 5, then v,5(Cy) = n and %, 5(C5) = 6.
Theorem C. For 1 <m <mn,
4, (m=n=2,4),(m=2,n=4), or (m=1,n>2)
Viar(Kmn) =<2, (m=3n%#4) orm>5
3 otherwise.

Let K;,C;, and K7, , are the associated digraphs of K, Cp, and K, ,, respectively.
Using Observation 1.1 and Theorems A, B and C we obtain next result.

Corollary 1.2. (1) If n # 4, then 7'z (K}) = 3 and % p(K}) = 4.
(2) If n # 5, then 7L,z (Ck) =n and 4L,z (CE) = 6.
(3) For 1 <m <mn,
4, (m=n=2,4),(m=2,n=4), or (m=1,n>2)
Py‘zdR(K:n,n) - 2a (m = 37” 75 4) orm =5
3 otherwise.
The proof of the following result can be found in Szekeres-Wilf [18].
Theorem D. For any graph G,
X(G) <1+ max{d(H) | H is a subgraph of G}.
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2. BASIC PROPERTIES

In this section we investigate basic properties of the STDRD-functions and the STDRD-
numbers of digraphs. The definitions immediately lead to our first proposition.

Proposition 2.1. For any STDRD-function f = (V_1,V1, Vo, V3) on a digraph D of order
n?
(a) [Voa|+ Vi| + [Va| + V3] = n;
(b) w(f) = [VA] +2[Va| + 3[V5] — [V ;
(¢c) ViuVaU V3 is a total dominating set of D. In particular, |V1 U Vo U V3| > 44(D)
where (D) is the total domination number of D.

Proposition 2.2. If f = (V_1,V1, Vo, V3) is a STDRD-function on a digraph D of order
n with maximum out-degree A" and minimum out-degree 6+, then
(i) BAT = D[V5[ + (2AT = 1)|Va| + (AT — 1)[V1] = (67 + D[V_4];
(i) (BAT +dT)[V5| + (2AT + ) |Va| + (AT +67)[Vi| > n(67 +1);
(iif) (AT + 0" )w(f) = n(6" — AT +2) + (07 — AF)(2[V5] + [Va));
(iv) w(f) >n(6T —3AT +2)/(BAT +8T) + |Va| + 2| V3]

Proof. (i) Proposition 2.1 (a) implies that
Vil + [Vi] + V| + | V]

< Z Y f
veV (D) zeN~(v)
— Z df(v
veV (D)
= > 3dhw)+ ) 2df(v)
vEVS veEVY
+ > dhw) = Y df)
veV] veEV_1
< BAT|V3| + 247V

+A+|V1| — (5+’V_1|.
This inequality chain leads to the desired bound.
(ii) Using Proposition 2.1 (a) and Part (i), we arrive at (ii).
(iii) This part can be obtained from Proposition 2.1 and Part (ii) as follows
(AT +60)w(f) = (AT +07)(4Va] +3|Va| + 2V = n)
> 2n(67 +1) = 287 (2[V3| + [Va|) + (AT + ) (2[V5] + [Va| = n)

= n(0" = AT+2)+ (57 - ATV + Va).
(iv) The inequality chain in the proof of Part (i) and Proposition 2.1 (a) implies

n < 3A+’V1UV2UV3‘—5+’V_1|
= BAMVIUVRU V3| =6 (n— ViU Vo U VE|)
= BAT+6N)VzUVLUVL| —né"
and so
n(6t +1)

ViUTa UV >7
ViUV UVsl 2 37—
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Applying above inequality and Proposition 2.1, we get
w(f) = 2(ViuVau Vs —n+|Va| +2|V5]

2n(6t 4+ 1)
= Baryer VIR
n(6t —3AT +2)
= AT g T Ival 2w
and the proof is complete. O

Corollary 2.1. For any r-out-regular digraph D of order n with r > 1, v, (D) > n/r.
Applying Corollary 2.1 and Observation 1.1, we obtain the next known result.

Corollary 2.2. (Ahangar et al. [10]) For any r-regular graph G of order n with r > 1,
Vear(G) = n/r.
If D is not out-regular, then we can get the next lower bound on the STDRD-number.

Corollary 2.3. If D is a digraph of order n with minimum out-degree %, maximum
out-degree AT and 67 < AT, then

36T —3AT +4
t

>
fYSdR(D) e ’V 3A+ +(5+ -‘

Proof. Multiplying both sides of the inequality in Proposition 2.2 (iv) by At — §* and
adding the resulting inequality to the inequality in Proposition 2.2 (iii) leads to the desired
result. g

Since AT(D(G)) = A(G) and 67 (D(G)) = §(G), Observation 1.1 and Corollary 2.3
leads to the next known result.

Corollary 2.4. [10] If G is a non-regular graph of order n, minimum degree 6 > 1 and
maximum degree A, then

' (30 —3A+4)n
Vsar(G) = [ 3A 46 1

3. BOUNDS ON THE SIGNED DOUBLE ROMAN DOMINATION NUMBER
We start with a simple but sharp upper bound on the STDRD-number of a digraph.

Proposition 3.1. For any non-empty digraph D of order n with minimum in-degree
6~ >1,9,x(D) < 2n.

Proof. Obviously the function f defined on D by f(z) = 2 for each x € V(D), is a
STDRD-function on D yielding 7%,,(D) < 2n. O

The bound in Proposition 3.1 can be improved if = (D) > 2.

Theorem 3.1. If D is a digraph of order n with minimum in-degree 6~ > 2, then

-1
fyﬁdR(D)§2n—3P 5 1+1.

Proof. Assume that t = [‘YT_W It follows from

n-AYD)> Y df@)= ) d(x)=n-67(D),

er(D €V (D)
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that AT(D) > 6 (D) > t. Suppose u € V(D) is a vertex with out-degree A™(D), and let
B = {wj,wy,...,w} be a set of ¢ out-neighbor of u. Define the function f on V(D) by
f(u) =3, f(z) = =1 for x € B and f(z) = 2 for x € V(D) — (B U {u}). Then for each
vertex z € V(D) we have

FINT(2) > —t+2(0" —t)=20" =3t >1
and so f is a STDRD-function with weight 3 —t+2(n —t —1) = 2n — 3t + 1. This implies
that 7¢,(D) < 2n — 3[5L] + 1. O

Next we present a bound on the signed total double Roman domination number in
terms of the order and signed total domination number of digraphs.

Theorem 3.2. For any digraph D of order n > 2 with 6~ > 1,
Year(D) < 1+ 275(D).

Proof. Let f be a 7g(D)-function and let P = {v|f(v) = 1} and M = {v|f(v) = —1}.
Clearly, |P| = "222) ang |M| = 2=542) Define g : V(D) — {—1,1,2,3} by g(v) = 3
for v € P and g(v) = —1 for v € M. It is easy to see that g is a STDRD-function of D
and hence v, (D) < 3|P| — |M| =n+ 2vx(D). O

Proposition 3.2. For any digraph D of order n,
Year(D) > 1+ A7 (D) —n.
Moreover, this bound is sharp.

Proof. Assume v € V(D) is a vertex with in-degree A~ (D), and f is a !, 5(D)-function.
By definition we have

Year(D) = Z f(x)+ Z f(z)
)

zeN~ (v €V (D)\N~(v)
> 1+ > f@
z€V(D)\N~(v)
> 1—(n—(A7(D)))
= 1+4A7(D)—n
as desired.

To show the sharpness, let n,t be integers such that n > 3 and 2t +3 < n — 1, and
let Ki,-1 be a star centered at u with leaves w1, ug, ..., up—1. Assume D; is a digraph
obtained from K ,_1 by orienting the arcs from u into leaves and adding arcs (ug,u),
(uj,uq) for 2 <4 < 2t + 3. Define g on V(D) by g(u) = 3 and g(u2) = ... = g(us) =

g(ut41) = 1 and g(x) = —1 otherwise. One can see that ¢g is a STDRD-function on Dy
with weight 4+ 2¢t —n = 1+ A~ (D;) — n implying that v, (D) <14+ A~ (D;) —n and so
vtr(Di) =1+ A~ (Dy) — n. Therefore the bound of Proposition 3.2 is sharp for A~ (D)
odd.

Assume now that ¢ > 2 be an integer with 2t + 4 < n — 1 and let Do; be the digraph
obtained from Kj,_; by orienting the arcs from u into leaves and adding arcs (ug,u),
(uj,uy) for 2 < ¢ < 2t + 4. Define h on V(Day) by h(u) = 3,h(u2) = 2 and h(us) =
h(us) = ... = h(ugs1) = 1 and h(z) = —1 otherwise. Clearly h is a STDRD-function on
Dy with weight 542t —n = 1+ A~ (D) —n. It follows that v, 5(Da) = 1+ A7 (Da) —n
by Proposition 3.2. Hence the bound of Proposition 3.2 is sharp for A7 (D) even too. [
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Theorem 3.3. For any digraph D of order n > 3,
Year(D) > 6 —n.
Furthermore, this bound is sharp.

Proof. Consider a ~%,,(D)-function f. If f(u) > 1 for each v € V(D), then we have
Yr(D) > n+1>6—n as desired. Hence we assume that V_; # (. By definition there
exist two vertices v and v in Vi U V5 U V3 such that f(u) 4+ f(v) > 4. This implies that
Vp(D) >4 — (n—2) =6 —n as desired.

To show the sharpness, we let K;,-1 (n > 3) be a star centered at u with leaves
UL, U2, ..., Up—1. Assume D is a digraph obtained from Kj,_; by orienting the arcs from
u into leaves and adding arcs (uj,u). Define g on V(D) by g(u) = 3 and g(u;) = 1 and
g(z) = —1 otherwise. One can see that g is a STDRD-function on D with weight 6 — n
implying that v/,z(D) = 6 — n. O
Proposition 3.3. For any digraph D of order n with A*(D) > 2,

2—At)n  2AT -2
tan(0) > B8 28 22 )

Proof. Let f = (V_1,V1,Va,V3) be a ~!,,(D)-function. Assume that S = V_; N NT(V3)
and T'= V_1\ S. Since each vertex in V3 dominate at most A™ of S, we have |S| < AT|V3].
Also, since each vertex in V5 dominate at most AT vertices of 7' and since each vertex in
T has at least two in-neighbors in Vs, we get 2|T'| < |E(V2,T)| < AT|V3| implying that
T < A5|Va|. Thus |V_q| = [S| + |T| < AT|Va| + A5|Va|. Thus

ATyLr(D) = AT(|Vi|+2|Va| + 3|Va| — [V_1])
AT (VL] + [Va| + |V3]) 4 247 V5| + AT Vs — ATV, |

> AT(Vi|+ Vol 4 [V5]) + (2 — AT) V4|

= (AT =2)(IVi| + [Va| +[V3]) + (2= AT)n

> (2AT —2)y(D)+ (2 AT)n, (since V;UVoUVzisa TD-set of D)
and this leads to the desired bound. O

Next we present a lower bound in terms of the order and the (total) domination number.
Theorem 3.4. For any digraph D of order n > 2, 4%, (D) > (D) + 2v(D) — n.

Proof. Consider a ~,p(D)-function f = (V_1,V1, V2, V3). Note that v(D) < |Va] + |V3]
because Vo U V3 dominates D, and (D) < |Vi| + |Va| + |V3| since Vi U Va U V3 totally
dominates D. Hence

YVear(D) = [Vi|+2|Va| + 3|V3| — |V
> (D) +2y(D) —n+ |V
> (D) +2y(D) —n.

O

For any digraph D, the complement D of D is the digraph with vertex set V(D) such
that for any two distinct vertices v and v, (u,v) € D if and only if (u,v) ¢ D. Next we
present a lower bound on the sum +%,(D) + 7%,z (D) for r-regular digraphs.

Theorem 3.5. Let D be an r-regular digraph of order n. Then
4dn
n—1

Vear(D) + viar(D) >
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4(n—1)
n—2

If n is even, then ~%, (D) + ' r(D) >

Proof. Since D is r-regular, its complement D is (n —r — 1)-regular. Corollary 2.1 implies
that
' P - 1 1
Vsar(D) +Vsar(D) = ”(; + m)
The conditions » > 1,n —r — 1 > 1 imply that 1 < r < n — 2. Since the function

g(z) = é + —L - takes its minimum at 251 for 1 < z < n — 2, we obtain

— 2 2 4dn
Lir(D L n(D) > ( )
Vsdr(D) + Vsar(D) =1 T

n—1’
and this is the desired bound. For even n, the function g takes its minimum at r = x =
(n—2)/2 or r =x =n/2, because r is an integer and we have

— 1 1 2 2 4(n—1
’YﬁdR(D)‘i"YﬁdR(D)Zn(*"‘i) 2”<*+ 2) = (n—2)'

r n—r—1 n n-—

and the proof is complete. ]

4. A LOWER BOUND IN TERMS OF CHROMATIC NUMBER

In this section we establish a sharp lower bounds on STDRD-number in terms of the
order, the maximum degree and the chromatic number of D.

Theorem 4.1. If D is a connected digraph of order n > 3 and k is a nonnegative integer
such that 6T (D) > k, then

3
han(D) 2 X(G) + |5 = AG)] +4
where G is the underlying graph of D.

Proof. Let f = (V_1,V1, Vs, V3) be a+%,n(D)-function. Since §~ (D) > 1, we have A(G) >
2. First let A(G) = 2. Then G is a path or a cycle and k < 1 because §~ (D) > 1. We
claim that £k = 1. Let, to the contrary, ¥ = 0 and let v € V(D) be a vertex for which
d*(z) = 0. Assume that P is a longest directed path that ends at v. If u is the first vertex
of P, then obviously d~ (u) = 0 which is a contradiction. Therefore d*(z) = d~(z) = 1
for each x € V(D) and G is a cycle and D is directed cycle and the result follows from
Theorem 3.3.

Assume that A(G) > 3. We show that & < A(G) — 2. Suppose, to the contrary,
that k£ > A(G) — 1. Since k < d*(z), d () > 1 and d™ (z) + d*(z) < A(G) for each
x € V(D), we have d~(z) = 1 for each z € V(D). But then A(G) =1 < L3 | d¥(z) =
LS wevd (z) = 1 and this leads to a contradiction. Hence k < A(G) — 2 and so p =
BA(G)-3k—1 - |

4 -
For each x € V_1, we have

B(V_1,2)| < 3|E(Va, )| + 2| E(Va,2)| + [E(V1,2)| - 1

and so
A(G) > deg(a) = |B(V-1,a)] + [B(V )| + BV, 2)] + BV, )] +d* ()
2NE(Va, E(W,
> 1B(s, )]+ AECR D EVLI iy, 0y
4|E(V_ 1
BV ),

- 3 3
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which implies that |[E(V_1,z)| < w = p. Assume H = DI[V_4] is the subdigraph
induced by V_; and let H' = G[V_41] be the underlying graph of H. Let H; be an
induced subdigraph of H. Then d™(z) < |E(V_1,z)| < p for each x € Hj, and hence
Yeevdt (@) = Ypevad™ (x) < p|V(Hy)|. Hence there exists a vertex z € V(Hy)
such that d*(z) < p. It follows that §(H]) < 2u, where H] is the underlying graph of Hj.
We conclude from Proposition D that

x(H") < 1+ max{6(H")| H" is a subgraph of H'}
< 14 2u.

Since 3|V3| + 2|Va| + [V4| > 3, we have 3 — [V_1| < 7%,z(D). On the other hand, since
Vil + [Val + V3] =n — [V_4| < n+'7£dR(D) — 3, we have

X(G) < x(GVAa]) +x(G1uV2 U Vs])}
< 2u4 1+ || + [Vl + V3]
< 2p+n++e(D) - 3.
Thus 7! ,5(D) > x(G) + w + 3 — n, as desired. O
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