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CONCORDANCE OF DYNAMIC FRACTIONAL INEQUALITIES
INTERCONNECTED ON TIME SCALES

M. J. S. SAHIR', §

ABSTRACT. In this work, we present an extension of dynamic reverse Minkowski’s in-
equality by using the time scale Riemann-Liouville type fractional integrals. By using
the definitions of delta and nabla time scales Riemann-Liouville type fractional integral
operators, we find other general dynamic fractional inequalities. Our findings unify and
extend some continuous, discrete and quantum analogues.
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1. INTRODUCTION

Bougoffa [11] proved the following result concerning reverse of Minkowski’s inequality.
Let f and g be positive functions satisfying

O<m§M§M, Yy € [a,b].
9(y)
Then . ) .
b > b > b >
( / f”(y)dy> n ( / gP(y)dy) <q ( [ tw +swy dy) , 1)
where p > 1 and ) = %

The following result is given in [17].
Let f,g € LP(a,b) be two positive functions, with p > 1. If 0 < m < ?;E—Z) <M
Yy € [a,b] for m, M € (0,00), then

(/abfp(y)dyf + </abg”(y)dy>i >0y </ab fp(y)dy>; (/abgp(y)de’ @)

m+1)(M-+1
(AL _ 9,

—

)

where 2y =
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In 2012, Sulaiman [20] proved an integral inequality as follows:

Let f,g > 0. prZlandl<m§%§Mforallye[a,b],then

43 (for-sors)< ([ o) ([ rom)

<mtl (/ab(f(y) —g(y))pdyy. 3)

“m-—-1

We will investigate the unification and extension of the above given results on time
scales. The theory of time scales (initiated by Stefan Hilger [13]) is applied to combine
results in one comprehensive and hybridized form. The theory of time scales is more
general in its nature and is utilized to unify differential calculus, difference calculus, and
quantum calculus. The three main partitions of the theory of time scales are delta calculus,
nabla calculus, and diamond—« calculus. Generalizations, refinements and extensions of
the theory and applications of dynamic inequalities concerning the calculus of time scales
have been recently explored.

The usual notation [a, b]T denotes the intersection of a real interval with the given time
scale with a,b € T and a < b. Moreover, we suppose that all considerable integrals exist
and are finite.

2. PRELIMINARIES

We recall basic results related to the delta calculus. The concepts of delta calculus are
derived from monographs [8, 9].

A time scale T is an arbitrary nonempty closed subset of the real numbers. For t € T,
the forward jump operator o : T — T is defined by

o(t):=1inf{s € T:s > t}.

The mapping p : T — Rf = [0, +00) such that u(t) := o(t) —t is called the forward
graininess function. The backward jump operator p: T — T is defined by

p(t) :==sup{s € T: s < t}.

The mapping v : T — Ry = [0,+00) such that v(t) := t — p(t) is called the backward
graininess function. If o(t) > t, we say that t is right—scattered, while if p(t) < ¢, we say
that t is left—scattered. Also, if t < sup T and o(t) = ¢, then ¢ is called right—dense, and if
t > inf T and p(t) = t, then ¢ is called left-dense. If T has a left-scattered maximum M,
then TF = T — { M}, otherwise T* = T.

For a function f : T — R, the delta derivative f2 is defined as follows:

Let ¢ € T*. If there exists f2(t) € R such that for all € > 0, there is a neighborhood U
of t, such that

[f(0(t) = f(s) = fRO(a(t) = s)| < elo(t) — s,

for all s € U, then f is said to be delta differentiable at t, and f2(t) is called the delta
derivative of f at t.

A function f : T — R is said to be right—dense continuous (rd—continuous), if it is
continuous at each right—dense point and there exists a finite left—sided limit at every
left—dense point. The set of all rd—continuous functions is denoted by C,4(T,R).

The next definition is given in [8, 9].
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Definition 2.1. A function F : T — R is called a delta antiderivative of f : T — R,
provided that FA(t) = f(t) holds for all t € T*. Then the delta integral of f is defined by

b
/ F(OAL = F(b) — F(a).

The following results of nabla calculus are taken from [7, 8, 9].

If T has a right-scattered minimum m, then Ty = T — {m}, otherwise Ty, = T. A
function f : T} — R is called nabla differentiable at ¢ € T}, with nabla derivative fV(t),
if there exists fV(t) € R such that given any e > 0, there is a neighborhood V of ¢, such
that

[F(p(1)) = f(s) = ¥ (1) (p(t) = 5)| < elp(t) — s,
for all s e V.

A function f : T — R is said to be left-dense continuous (Id—continuous), provided it
is continuous at all left-dense points in T and its right-sided limits exist (finite) at all
right—dense points in T. The set of all ld—continuous functions is denoted by Cj4(T,R).

The next definition is given in [7, 8, 9].

Definition 2.2. A function G : T — R is called a nabla antiderivative of g : T — R,
provided that GY (t) = g(t) holds for all t € Ty. Then the nabla integral of g is defined by

The following definition is taken from [4, 6].

Definition 2.3. Let f € C.q. For a > 1, the time scale A—Riemann—Liouville type
fractional integral is defined by

To0(t) = / haa(t, o(7)) F(r)AT, (4)

which is an integral on [a,t)t, see [10] and ho : T x T — R, o > 0 are the coordinate wise
rd—continuous functions, such that ho(t,s) =1,

hati1(t,s) = /t ha(T,8)AT, Vs,t € T. (5)
Notice that S
0= [ 0
which is absolutely continuous in t € [a,b]T, ;Lee [10].
The following definition is taken from [5, 6].

Definition 2.4. Let f € Ciyy. For a > 1, the time scale V—-Riemann—Liouville type
fractional integral is defined by

TEf(H) = / o (1, p(7)) (1) VT, (6)

which is an integral on (a,t]T, see [10] and ho : TX T — R, a > 0 are the coordinate wise
ld—continuous functions, such that ho(t,s) =1,

t
hoa(t,5) = / ho(r,8)Vr, Vst € T. 7
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- / v,

which is absolutely continuous in t € [a,b]r, see [10].

Notice that

We need the following results.
The following Minkowski’s inequality [3] holds:
Let w, f,g € Crq([a,b]T,R) and p > 1. Then

(/ ()1 @) + g(w)l”Aw>; | |
</ @I |pr)”+(/ab|w<x>|\g<x>|m)p. ®)

The following Young’s inequality [3] holds:
11 b
avbr <242, 9)
p q

Wherea,bZOand%+%:1Withp>1.

3. MAIN RESULTS

To present our main results, first we give a simple proof for an extension of dynamic
reverse Minkowski’s inequality on time scales by using the A-Riemann—Liouville type
fractional integral.

Theorem 3.1. Let w, f,g € Cyq([a,b|T,R) be A—integrable functions, ho—1(.,.) > 0 and
p>1. Then for a > 1, we have

(Z (lw(@)||f(@)P)7 + (T8 (Jw(z)|lg()P))7
< Q3 (72 (lw(@)| (|f @) + lg@))?)7 , (10)

3=

with some positive constants m1, meo, My and My such that ]\mT ‘f( ‘ % on the set
[a,a]r, ¥z € [a,blr, where Qg = Ml N Mol sma),
Proof. From the given conditions, we obtain
My p
P < i P 11
P < (5 ) (1l (1)

and

9P < (=2 (£l + s, ¥y € la,2] (12)

g\y)|I” > mi+ M, Y g\y y VY a,T|T.

Multiplying by ha—1(z,0(y))|w(y)|, where ho—1(x,0(y)) > 0, Vz € [a, bt on both sides of
inequality (11) and integrating with respect to the variable y, we get

[ st 0@l Py

= (mff_M) [ hacate ol (7] + o)) 0. (13
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Thus, it follows from (13)

T2 (@ f@P)F < 570 @2 (@] (7@ +lg@))F . (19
Similarly, we get from (12)

T2 (hoe)lg@)P)? < 22 @ (@) (£@)]+ @) ()
Adding (14) and (15), we get the desired claim. O

Next, we give an extension of dynamic reverse Minkowski’s inequality on time scales by
using the V-Riemann-Liouville type fractional integral.

Theorem 3.2. Let w, f,g € Ciq([a,blr,R) be V—integrable functions, ﬁa_l(., ) >0 and
p>1. Then for a > 1, we have

(T2 (w(@)|| f@))7 + (T2 (Jw(@)|lg(x)[P))r
< Q3 (T2 (Jw(@)| (|f@)] + g(@))P)7 . (16)
fly

3 =

with some positive constants m1, meo, My and My such that J\mT ‘(—‘ M on the set
M +Mo)+Mo(Mi+

[a, z]r, Vz € [a,b]T, where Q3 = 1(m1+733)(m12-(1-]\/}2)m2)'

Proof. Similar to the proof of Theorem 3.1. O

Remark 3.1. Leta =1, T=R, z =0, w=1, f,g € (0,400), m = 1 and M =
Then (10) reduces to (1).

m2

Theorem 3.3. Let w, f,g € Crq([a,b]T,R) be A—integrable functions, ho—1(.,.) > 0 and
p>1. Then for a > 1, we have

(T (lw(@)|| f(2)[7) 7 + (T2 (Jw(z)||g(x)[?)) 7
> O (T2 (Jw(@) || f@)) 7 (22 ([w@)|lg@))7r, (17)

with some positive constants m1, mo, M1 and My such that %— < ‘fT‘ < M; on the set

la, 2], Va € [a,b]r, where Qy = (M1+77\/2[1)§\21+M2) —2.

Proof. Multiplying (14) and (15), we have that

(22 (lw(@)||f(@)P))7 (22 (Jw(z)||g(z)[”))
< M7 Moy
(M1 +mg2)(m1 + Ma)

By applying dynamic Minkowski’s inequality similar to (8) on right—hand side of (18), we
obtain

(T2 (w(@)|[F@) )7 (T2 (w(@)llg(@)"))r
MMy o P))» o (|w(z)||g(z)P))? ’

< G e (@R + @ (@)} 19

Inequality (19) directly yields (17). O

SAIN

(Z& (@) (1f @) + 1g(@)D)F) 7 . (18)
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Theorem 3.4. Let w, f,g € Ci4([a,b]r,R) be V—-integrable functions, ﬁa_l(., ) >0 and
p>1. Then for a > 1, we have

(T2 (Jw(@) || f(@)P)7 + (T2 (jw()]lg(@)P)
> 0, (72 (Jw(@)|| f(2)[7))

LSRR
9
80
—
S
—
8
-
[y
—
8
~
e
N—
S~—
SEE
~—~
[\~}
S
S—

with some positive constants m1, mo, M1 and My such that % < ‘%‘ < M; on the set
la, z]T, Vo € [a,b]r, where Qq = (M1+77J\L/211)5\Zl+M2) -2
Proof. Similar to the proof of Theorem 3.3. g

Remark 3.2. Leta=1,T=R, z=b, w=1, f,g € (0,400), m = 37 and M = ]\m/[—;
Then (17) reduces to (2).

Theorem 3.5. Let w, f,g € Cyq([a,b]T,R) be A—integrable functions, ho—1(.,.) > 0 and
p > 1. Then for o > 1, we have

T @ (w@)| (7@~ lg(@))7)?

< (Zg (lw(@)[|f (@)["))

<

(22 (lw(@)||g(x)"))

+
L (2 (@) ()]~ g7 (21)

=

B =

with some positive constants ¢, m and M such that 0 < ¢ < m < ‘%‘ < M on the set
la, z|T, where Yz € [a,b].

Proof. We note that
f
m—c<|—=%|—-c<M-—c¢, Yy € [a,z]r.

Therefore

M —c m—c

(V=AW ¢ pyp < (P00 oy oo, o)

Multiplying by ha—1(x,0(y))|w(y)|, where ho—1(z,0(y)) > 0, Yz € [a, b]T on both sides of
inequality (22) and integrating with respect to the variable y, we get

Ml_ - (T2 (Jw(@)] (1f ()] = elg(@))"))

D=
D=

< (Zg (lw(@)[lg(=)]))

< - (@ (@) (If (@)] = elg()])")

m —

S =
—
[\]
W
~—

To obtain similar analogue, we have that

(37) 061 = sty < 17w < () 1= cloti? . @1
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Yy € [a, z]r. Multiplying by ha—1(x,0(y))|w(y)|, where ho—1(z,0(y)) > 0, V € [a,b]T on
both sides of inequality (24) and integrating with respect to the variable y, we get

S (T2 (@) ()]~ clg@)?)7F < (2 (@I F @)
< (g (@) (@)~ clg(@))P)? - (25)
Combining (23) and (25), we get the desired claim. O

Theorem 3.6. Let w, f,g € Cjy([a,b]T,R) be V—integrable functions, ila_l(., ) >0 and
p>1. Then for a > 1, we have

(I (@) (17|~ elg(@)))
< (72 (@)1 F@)P)? + (2 (@) o))
< P20 (G2 (@) (@)~ clg@P)? . (26)

with some positive constants ¢, m and M such that 0 < ¢ < m < ‘%‘ < M on the set
[a, z|T, where Yx € [a,b]y.
Proof. Similar to the proof of Theorem 3.5. g

Remark 3.3. Leta =1, T=R,c=1, 2 =0, w=1 and f,g € (0,400). Then (21)
reduces to (3).
Theorem 3.7. Let w, f,g € Cyrq([a,b]T,R) be A-integrable functions, ho—1(.,.) > 0,

a>landp>1. If0o<m< ‘%’ < M, for M > 1 on the set [a,x]T, Vx € [a,b|T, then

(T2 (w(@)||f (@)P))7 + (T2 ([w(@)llg@)P)? < 2T (w@)|AP (f ()], lg@)))7, (27)
with

ALl = max o (5 41) 1701 = arlg(1).

Proof. 1t follows from given hypothesis that

f(y)‘ < M, Yy € [a, z]T.

9(y)

m

(m+M)|g(y)|—|f(y)\}_

O<m<m+M-—

Therefore

o)) < IOy (p)1 ), W e faele. (29

Multiplying by ha—1(x,0(y))|w(y)|, where ho—1(x,0(y)) > 0, Yz € [a, b]T on both sides of
inequality (28) and integrating with respect to the variable y, we get

(22 (Jw(@)llg(@)P)? < (Z2 (w(@) AP (|£()], lg(@)]))5 - (29)
It also follows from given hypothesis that
1 1 1 9(y) 1
MSerM‘f(y)‘ §E7 Vy € [aal‘]T'

Thus,

RIS

)] < ( n 1) )] - Mlg(y)| Yy € [a,alr,
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and

< (o +1) 176 - Mgl ) < AU loD. W€ fasale. (30

Multiplying by ha—1(z,0(y))|w(y)|, where ho—1(x,0(y)) > 0, Vz € [a,b]r on both sides of
inequality (30) and integrating with respect to the variable y, we get

(T3 (lw@)|f(@)P)F < (T2 ()4 (£(@)]. lg@)]) (31)
Combining (29) and (31), we get the desired claim. O

D=

Theorem 3.8. Letw, f,g € Cy4 ([a, b, R) be V—integrable functions, }Ala_l(., J)>0,a>1
andp>1. If0 <m < ’%‘ < M, for M > 1 on the set [a, x|, Vz € [a,b]T, then

(T2 ([w@)|[f(@)P)7 + (T2 (w(@)llg@)P) < 2T (w(@)|AP (f ()], lg@)))7, (32)
with

Aot = max {31 ( (3241 11| - drlgt1 ), P HDIZ I,

m

Proof. Similar to the proof of Theorem 3.7. 0
Remark 3.4. Leta=1,T=R, x2=b, w=1 and f,g € (0,+00). Then (27) reduces to

</ab ! p<y>dy>; +(/ b g%y)dy); <(/ " A (Fla) o) dy)’i o ®

(m+ M)g(y) — f(y) }

where

A g(0) =max {31 ((22+1) £0) - () )

The inequality (33) may be found in [20].

m

Theorem 3.9. Let w, f,g € Cyrq([a,b]T,R) be A—integrable, ho—1(.,.) > 0 and % + % =1
with p > 1. Then for a > 1, we have

Z (Jw(@)[[f(x)g(x)]) < % {22 (Ju@)[[f (@)P) + I3 (lw(@)llg(2) ")}
+ % {Za (Jw@)[[f(@)|*) + Zg (lw(@)llg(=)[*)},  (34)

fy

=

with some positive constants m and M such that 0 < m < ‘@’ < M on the set [a,z]T,
P q
Va € [a, b, where Q5 = %p (ML-H> and Qg = % (#H) .
Proof. From 0 < m < ‘%) < M, Yy € [a, x|, we have that
W) < o (1F)] + l9w)) (35)
Y= M1 ) g\y
and
1
l9(y)| < (F @I+ lg(w)D) - (36)

m—+1
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By applying Young’s inequality (9), we get

/rw IF )9l Ay

< 5 [ wnswrsy /!w llg(w)|*Ay
: 11?<M+1> [ 1w (w1 + a7 Ay

i ;(m+4>_/lw Yl + 197 Ay

: ;<M+1> / @ (1@ + lgw)I) Ay
* ;<m+1> 2‘“/ ()] (£ ()17 + lg@)Y) Ay,

we have used the elementary inequality, such that
B+ <227HBP +47), p> 1, B,y € [0,+00).

Replacing |w(y)| by ha—1(x,0(y))|w(y)|, where ho_1(z,0(y)) > 0, Vz € [a,b]T, we con-
clude the desired result. U

Theorem 3.10. Let w, f,g € Cj4 ([a, blr,R) be V—integrable, ﬁa_l(., ) >0 and %4—% =1
with p > 1. Then for a > 1, we have

Ta' (lw(@)||f(z)g(z)]) < g {75 (w(@)[|f(@)[P) + T3* (Jw(@)llg(x)[")}
+ % (75" (lw(@)[|f (@)|") + Tg* (lw(@)llg(@)[")},  (37)
with some positive constants m and M such that 0 < m < %} < M on the set [a,z]T,
Vx € [a,b]T, where Q5 = %p (Mlﬂy and Qg = % (ﬁ)q.
Proof. Similar to the proof of Theorem 3.9. U
Remark 3.5. Leta=1,T=R, 2 =0, w=1 and f,g € (0,+00). Then (34) reduces to

[ 1wy
<[ o+ [ v} + 2] [ owas [ rwal. 69

The inequality (38) may be found in [17].

4. CONCLUSION

By using the definition of a fractional integral, recently proposed by Katugampola, many
generalized Minkowski type fractional inequalities are proved, see [18]. By using the defini-
tion of the Riemann-Liouville fractional integral, some new results of integral inequalities
related to the Minkowski inequality are also established, see [12]. The integral inequality
concerning reverse of Minkowski’s inequality is proved in generalized form in [19]. Some
inequalities involving Hadamard—type k—fractional integral operators are proved in [1]. An
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extension by means of w—weighted classes of the generalized Rieman—Liouville k—fractional
integral inequalities is explored in [2].

By considering an axiomatic definition of fractional calculus on time scales, many results
have been developed concerning the time scale Riemann—Liouville type fractional integrals,
see [4, 5, 6, 14, 15, 16].

In the future research, we may generalize several classical inequalities and their appli-
cations on time scales. If a result is established on time scales, then we get its discrete
version by setting T = N and continuous version by setting T = R. Further, we get
quantum form of a result by general setting of T = ¢V = {¢’ : t € Ny}, where ¢ > 1.
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