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FIXED POINT THEOREMS OF FUZZY PARTIAL METRIC SPACES

AANCHAL TEHLAN!, VIJAY KUMAR!, §

ABSTRACT. Fuzzy metric space has been defined using fuzzy numbers by many re-
searchers. Recently Xia and Guo [20] have introduced fuzzy metric space using fuzzy
scalars which is similar to the classical metric space. In this work we have generalized a
fuzzy metric space to a partial fuzzy metric space using fuzzy scalars and its fixed point
theorem have been established.
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1. INTRODUCTION

Metric is a function which defines distance between two points of the set and metric
space is a set together with a metric on that set. It generalized the notion of distance
function in Euclidean n-dimensional space. Mathews [13] developed the theory of par-
tial metric spaces, which helps in the generalization of metric spaces. Many researchers
have used fuzzy set theory in various disciplines of research. Michalek and Kramosil [11]
introduced the concept of fuzzy metric spaces, which are closely related to the class of
probabilistic metric spaces. Kaleva [9] and Dia [4] used fuzzy numbers to define metric
spaces for measuring distances in fuzzy sets. Felbin [5] investigated various fixed point
theorems, some useful results and properties of these spaces were investigated by George
[6] who utilized fuzzy numbers to define fuzzy metric space. Chaudhri [3], Diamond [4]
and Boxer [2] used similar type of approaches in their work under different kind of fuzzy
environment, which leaves unique impact in the development of the theory. Among various
approaches to define these spaces, Xia [20] used fuzzy scalars to define fuzzy metric space,
which became a stronger form in fuzzy topological spaces as fuzzy metric spaces. Related
work in this direction is seen in the works of Mazaheri [14] and Khalik [10]. Recently,
Wu [19] and Gregori [7] used fuzzy numbers to define partial metric space. In this work,
Banach’s fixed point theorem has been proved for fuzzy partial metric space by using fuzzy
scalars.
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2. PRELIMINARIES

Definition 2.1 (Fuzzy point). Xia [20] defined fuzzy point. In this paper, we denote
(z,\) as fuzzy points and a set containing all the fuzzy points of X as Pp(X). Also, when

= {x : z is a real number} are called fuzzy scalars, and is written as Sp(R). For
non-negative fuzzy scalars, set is defined as S;(R).

Definition 2.2 (Fuzzy Scalars). According to Singh [17], consider, (z,\), (y,7) as any
two fuzzy scalars. Then:

(2.2.1) (a,A) > (b,7), ifa>=0b or (a,A) = (b,7).

(2.2.2) (a, ) is said to be not less than (b,7) if a > b, then (a, A) = (b, or (b,y) < (a, \)
(2.2.3) (a,\) is non-negative if a > 0.

Definition 2.3 (Partial Fuzzy Metric Space). Let X be a non-empty set and let a mapping
pr : Pp(X)x Pp(X) — SE(R), then (Pr(X),py) is said to be partial fuzzy metric space, if

for every fuzzy scalars (z,\), (y,7), (z,p) C (Pr(X,)pr) satisfies the following conditions:
() O<pF(( ) (xv)‘)) <pF((x7/\)7(y7'7))
(i) pr((x.A). (2. 0) = pr((@. M), (41.7) = pr((.7), (0.7)) then =y and A=~ =1
(ii)) pr((2, A)(y,7) ( 7); (€, 4))

)=p
(iv) pr((z;A), (2,0)) <p

Example 2.1. Suppose (X
in Pp(X) is defined as

pr(
(y,
F((x, N)(,7) + pr((y,7), (2,0) —r((¥:7), (¥,7))
)

p) is a partial metric space, then the distance of (z,\), (y,7)

pr((z, M), (y,7)) = {p(z,y), min(A, )}

where p(x,y) defines the distance between points x and y.

Here, we shall show that pp satisfies all the conditions, given in (2.3).

Given that p(x,y) is a partial metric and p(z,y) > 0.

We have pr((z,\)(y,7)) = {p(x,y),min(A\, )}, which is non-negative as 0 < p(z,x) <

p(x,y).

Symmetric. Consider, (z,\)(y,7v) C Pr(X) we have:

(,A)(y,7)) = {p(z,y), min(A,7)}
(,A\)(y,7)) = {p(y, ) = min(y, A)}
which gives,
pr((z, ) (y,7) = pr((y,7), (¥:7))
Triangularity. Consider, (z,\), (v,7), (2,p) C Pr(X), hence
pF(:U’ )‘)a (Za 10) = {p(x, Z)7 min()‘a ,0)}
pF($7 )‘)a (Za 10) = {p((x, y) + (yv Z) - (ya y)v min()‘v s /0))}
= {p((z,y), min(A, )} + {p((y, z), min(y, p)} — {p((y, y), min(y,7)}
=pr(z,A), (¥,7) + pr(y,7), (2, 0) — PP (y,7), (¥,7)

Definition 2.4. Consider any sequence (zy, \,) in some fuzzy partial metric space (x,\) €
Pp(X). Then, (z,, \n) will converge to any fuzzy point (x,\) € X if h_}m pr((Tn, A\n), (2, ) =
n oo

0x ¥ v € (0,1], where A <+, (x, ) is the limit of (xn, A\n) given as li_>m (T, A\n) = (x, ).

Definition 2.5. Any sequence defined using fuzzy points (xn, A\n) € (Pr(X),pr) is cauchy
iffOT’ any A€ (07 1]; ham pF((xm—‘rny )\m-i-n)a (‘Tm )\n)) = 0x fO’f’ allm € N.
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Example 2.2. Consider, X = [0,00) and (Pr(X),pr) = {p(z,y),min(\,v)} where
p(z,y) = max(x,y) which means (Pr(X),pr) is a partial fuzzy metric. Consider, {x,} =
{1,2,1,2,...}. Then sequence will converge for all x > 2, when

nll_{gopF((l‘m )‘n)a (337 7)) = pF((J:’ )‘)7 (gj, ’7))

therefore L(xy) = {xn, € X : x,, =& x} = [2,00).
But li_}m PE((Tmatn, Amtn)s (Tn, An)) does not exist and hence (zy, \,) is not Cauchy.

Lemma 2.1 (Masihaa [12]). A partial fuzzy metric space is complete if for some cauchy

sequence belonging to it there will exist some unique limit in the space.

Moreover, lim (zp, A\n) = 0 iff pr((z,A), (x, ) = lim pp(xn, An), (2, A) = Im pp(Tn, An), (Tm, Am)
n—oo n—oo n—oo

Since every cauchy sequence which has fuzzy points will have some unique limit point as

fuzzy point, as in the classical case.

Definition 2.6 (Masihaa [12]). Let ¢ : [0,1] — [0, 1] satisfying;
(i) #(0) =0 and ¢(t) > 0 for each t > 0.
(ii) @ is right lower semi-continuous
(iii) For any sequence {ry} with le rn, = 0, there exists, a € (0,1) and n, € N such

that ¢(ry,) > ary, for each n > n,.

3. MAIN RESULTS

Theorem 3.1. Suppose we have (X, <) as some set which is partially ordered and pp on
Pp(X) is a fuzzy partial metric space which is complete. Let T : Pp(X) — Pp(X) be a
map which is continuous and non-decreasing :

pr(T(x,A),T(y, 7)) < pr((z,A), (¥,7)) — e{pr((z,A), (y,7))} (3.1.1)

V x,y € X where x, y are comparable and ¢ satisfies Definition 2.6.

Whenever, we have an (zg,yo) € Pr(X) so that (zo,y0) < T(z0,y0), then T will have a
unique fized point which means there will exist (x,\) € Pp(X) and T'(xz,\) = (x, \).
Proof. Let T(xg, Ao) = (20, Ao) then there is nothing to prove.

Let (xo, Ag) # T(x0, Ao). Also, let (zp, A\n) = T((zn—1, An—1)-

We need to show that (2,,, Any) = (Tng+1, Ang+1) Which gives that (x,,, An,) is a fixed
point of T

Therefore, let (xn41, Ant+1) 7Z (Tn, An).

As, (z0, M) < T((x0,N)), and T is non-decreasing for every n € N. Therefore

(:Uno?)\no) < (3717)\1) < (1'2;)\2) <-... < (xn,)\n) < ((xn+1>)\n+1)>

As (p—1, A1) < (Tp, \p) using inequality (3.1.1). Therefore

PF(((Tnt1, A1), (T, An)) = pr(T (X0, An)), T((Xn—1, An—1))
< PpF(@ns An)s (Tn—1, An—1))) — ¢(PF(Tn, An)s (Tn-1, An—1)))
< PF(@ns An) (@1, An—1))
Therefore, py, = {(pr(@n—1, An=1), (xn,A\n)} is @ non-negative and decreasing sequence.
Therefore, it has a limit p. Let p > 0 then 3 ng € N such that ¢(ps,) > ¢(p) > 0 for all

n>ne and py, < pf, ., — ¢(Pf,_1) S Pf_ — O(D)-
Let n — oo we get:

p<p—9o(p)<p
which gives a contradiction that pp = 0.
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Now, we need to show that (z,, \,) is a cauchy sequence.
Since, h_)m PF((Tn, An), (Xn—1, An—1) = 0 from (iii) of ¢ there exists 0 < a < 1 and ng € N
n—oo

such that ¢(pr((zn, An)s (Xn—1, An—1)) = a(Tnt1, Ant1), (Tn, An), for all n > ng.
Also,
PF((Tnt1, Ant1)s (Tn, An) < pr((Tn, An)s (Tn-1, An—1) — ¢(pF((n, An)s (Tn-1, An-1))
< (L= a)pr((zn, An), (Tn-1, An-1) (3.1.2)
By this we get:
(1 = a)pr((Tn41, Ant1)s (Tns An) <
(1= a)"pr((z1, A1), (z0, Ao)- (3.1.3)

pF(($n+17 )‘TLJrl)v (:Un? An)

VARVA

We fix K = (1 — a), therefore,

PFP((Znt1, Ant1)s (Tns An) = 20F(Tnt1, Ant 1), (Tns An) — PE((Tn41, A1)y (g1, A1)
+ pFr((Tns An)s (0, An)
< 4K"pp((w1, M), (20, Ao))
Therefore, nILH;opF(x”H’/\"H)’ ((zn,An)) = 0 therefore (zp,A,) is cauchy and hence
JLIEOPF(:EW Am)s (Tn, An) = 0.
Using Lemma 2.1 we get:
pr((e, A), (@, 0) = T pi(an, A, (@ 2) = 1 pr(ea M), (@A) =0 (3.1.4)

Hence, (zy, \,) is Cauchy.
Also, as ,}LIEOPF((QC”“’ An+1)), T((x, N)) = pr((T(x,A), T(x,\)), and
pr((z,A), T(z,A)) < pr((z,A), (@n41, Ant1)) + Pr((@n+1, Ant1)), T'(@, A))
= PF((Tn+1, Ant1))s (Zng1, A1)
< pr((@n+1, Ant1)), (2, A)) + pr((@n41, Angr)), T, A)).
Letting n — oo we get:
pr((x,A), T(2,\)) < pr((T(x,A), T(z,\))
< pr(z,A), (2, A) = d(pr(z, A), (2, A)) = 0.
Therefore pp((z, A), T(xz,\)) = 0.
Hence, T'(z,\) = (x, A). O

Theorem 3.2. Suppose (X,<) and (Pr(X),pr) is the same as in Theorem 3.1. Let
T : Pr(X) — Prp(X) be a non-decreasing map as below:

pF(T($, )‘)a (y, 7)) < pF((xa )‘)a (y, 7)) - Cb{pp((l', )‘)7 (ya '7))}

V x,y € X where x,y are comparable and ¢ satisfies Definition 2.6.
Let {(zn, \n)} be increasing such that (xy,, \p) — (x,\) in Pr(X) which implies (xn, An) < (z,A)
V. If 3 (20, Xo) € Pp(X) with (z9, No) < T(x0, o) such that (x,\) = T(x,\)

Proof. As in Theorem 3.1, we will be able to have a sequence (2, An,) in Pr(X) by using
xp = T(xp—1) such that

(w0, Ao) < (w1, A1) < (21, A1) < (w2,A2) < -+ < (T, An) < (g1, Any1)
Also, we will prove that {(xy, A\y)} is cauchy (Pp(X),pr) and 3 = € X giving
pF((:L’, )\)7 (a;, A)) = nlgn;opF((mna An)a (.T, A)) = TELH;OPF((xna >\n)7 (xma >\m) =0
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We claim that T'(z,\) = (x,\). Suppose pp((z,\),T(x,\)) > 0 by conditions of Theo-
rem 3.1:

pr((z,A), T(x, X)) < pr((2,A), (Tni1; Ans1))) + P (@041, Angr)), T2, X))
— pF((Zn41, Ans1), (Tng1, Angr))
< pr((@ni1; Ant1)), (2, 2) + pr((@ni1, Ant1)), T2, A)))
Letting n — oo we have, pp((x, ), T(xz,\)) = 0. O

We will now give a condition which sufficiently proves the uniqueness of fixed point theo-
rems in both Theorem 3.1 and 3.2. The condition is stated below:

for every (x,\), (y,7) € pr(X) 3 either some lower bound or upper bound.  (3.2.1)
By [12] this condition is same as the following condition:

V x,y € X there shall exist some z € X comparable to (z,A) and (y, ). (3.2.2)

Theorem 3.3. We now prove the uniqueness of T in Theorems 3.1 and 3.2 using the
condition (3.2.2).

Proof. Let there exist (z,p) and (y,7) € pr(X) as the two different fixed points of T'.
Therefore, pr((z, p), (y,7)) > 0. Now, we will be considering two cases:
Case I: If (2, p) and (y ) are comparable then

T"(z,p) = (2,p) and T"(y,7v)) = (y,) are comparable for n =0, 1,2
By condition (3.1.1), we have
pr((z,0), (y,7)) < pr(T"(2,p), T"(y,7))
<pr(T" 2, 0), Ty, 7)) = (T (2, 0), T H(y, )
=pr((2,0),(y,7) = o(pr((2p), (¥,7))

< pr((z,p), (y,7)) which is a contradiction.

Case II: If (z, p) and (y, ) are comparable then 3 2 € X comparable to z and y.
Since, T is increasing therefore (7" (z) is comparable to T"(z, p) = (z, p) and

T"(y,v) = (y,7) for n=0,1,2
Therefore
pr((2,p), T"(x)) = pp(T" (2, p), T" (2, \))
pr(T" 1(2 p), T, ) = d(pp(T" (2, p), T (2, N))
pr(
(

IN

pr((z,p), T ((2,N)) — ¢pr((z,p), T" ' ((, N)))
<pr((z,p), T"" 1(a: A))

Therefore, we have got that pr((z, p), T"(x, \)) is a sequence which is non-negative and
non-decreasing, having a limit let it be b > 0. By last inequality we get that:

b<b—(b) <b
Therefore, a = 0, In the same manner we can show that li_>rn pr((y,7), T" Yz, \)) = 0.
pr(z,0), (y,7) < pr(z,p), T" (2, A) = pp(T"(x, A), T" (2, A)
< pr(z,p), T"(@,A) + pp(T"(z, A), T" (2, A)

taking limit n — oo gives pr(z, p), (y,y) = 0 which is a contradiction as pr(z, p), (y,v) > 0.
Hence, proved. O
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4. CONCLUSION

We have generalized a fuzzy metric space to a partial fuzzy metric space using fuzzy scalars
which have many practical applications.
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