TWMS J. App. and Eng. Math. V.12, N.1, 2022, pp. 82-91

DOUBLY CONNECTED PITCHFORK DOMINATION AND IT’S
INVERSE IN GRAPHS

M. A. ABDLHUSEIN!, M. N. AL-HARERE?, §

ABSTRACT. Let G be a finite, simple, undirected graph and without isolated vertices. A
subset D of V is a pitchfork dominating set if every vertex v € D dominates at least j
and at most k vertices of V — D, for any j and k integers. A subset D™ of V — D is an
inverse pitchfork dominating set if D! is a dominating set. The domination number of
G, denoted by v,¢(G) is a minimum cardinality over all pitchfork dominating sets in G.
The inverse domination number of G, denoted by 7, fl(G) is a minimum cardinality over
all inverse pitchfork dominating sets in GG. In this paper, a special modified pitchfork
dominations called doubly connected pitchfork domination and it’s inverse are introduced
when 5 = 1 and k = 2. Some properties and bounds are studied with respect to the
order and the size of the graph. These modified dominations are applied and evaluated
for several well known and complement graphs.

Keywords: Dominating set, pitchfork domination, inverse pitchfork domination, doubly
connected.

AMS Subject Classification: 05C69

1. INTRODUCTION

Let G = (V, E) be a graph without isolated vertices has a vertex set V' of order n and an
edge set E of size m. For any vertex v € V', the degree of v is defined as the number of edges
incident on v and denoted by deg(v). The minimum and maximum degrees of vertices are
denoted by 0(G) and A(G), respectively. The subgraph of G induced by the vertices in
D is denoted by G[D]. The complement G of a simple graph G with vertex set V(G) is
the graph in which two vertices are adjacent if and only if they are not adjacent in G. For
graph theoretic terminology we refer to [9] and [16]. The study of domination and related
subset problems is one of the fastest growing areas in graph theory. For a detailed survey
of domination one can see [10] and [11]. A set D C V is a dominating set if every vertex
in V — D is adjacent to a vertex in D, that is N[D] = V. A dominating set D is said to be
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a minimal dominating set if no proper subset of D is a dominating set. The domination
number v(G) is the minimum cardinality of a dominating set D of G. Ore [15] introduced
the expression dominating set and domination number. The importance of domination in
various applications, led to the appearance of different types domination according to the
purpose used for see for example [4, 5, 6, 8, 12, 13, 14]. Cyman et. al. [7] introduced the
concept of doubly connected domination and gave some of it’s bounds and properties. A
new model of domination in graphs called the pitchfork domination and it’s inverse are
introduced by Al-harere and Abdlhusein [1, 2, 3]. For a finite, simple, undirected graph
and without isolated vertices, a subset D of V is a pitchfork dominating set if every vertex
v € D dominates at least j and at most k vertices of V — D, for any integers j and k.
A subset D™! of V — D is an inverse pitchfork dominating set if D! is a dominating
set. The domination number of G, denoted by 7,¢(G) is the minimum cardinality over all
pitchfork dominating sets in G. The inverse domination number of G, denoted by =y, fl(G)
is the minimum cardinality over all inverse pitchfork dominating sets in G. Here, a new
parameter of domination in graphs called doubly connected pitchfork domination and it’s
inverse are introduced and applied on some graphs with several properties and bounds.
We refer to some results from [1] and [3] which will be depend here.

Proposition 1.1. [3]: Let G = (V, E) be a graph having a mazimum degree A(G) < 2,
then v(G) = vp(G).

Theorem 1.1. [1] The cycle graph Cy; (n > 3) has an inverse pitchfork domination such
that: VP_fI(Cn) = Yps(Cn) = [%1

Theorem 1.2. [1] The path graph P,; (n > 2) has an inverse pitchfork domination such
that:

_ [ 241 if n=0(mod3)
7pfl(P”> - { 3%1 if n=1,2(mod3)

where 'yp_fl (P) =1.
Proposition 1.2. [3] Let G = K, the complete graph with n > 3 , then vp(Ky) =n — 2
Proposition 1.3. [1] The complete graph K, has an inverse pitchfork domination if and
only if n = 3,4 and ’y];fl(Kn) =n—2.
Theorem 1.3. [3] Let G be the complete bipartite graph, then:
m, fn=2Am<3 or n=1Am>2
Yof (Knm) =< m—1, ifn=2,m2>3
n+m—4, ifn,m>2.

Theorem 1.4. [1] The complete bipartite graph K, n, has an inverse pitchfork domination
if and only if Ky m = K12, K22, K2 3, K2 4, K3 3, K3 4 or K4 4 such that:

. [ 2 for Ky 2
’Ypf (Kn,m) - { n+m-—4 an, m = 2, 37 4

Note 1.1. [1] For any graph G of order n and pitchfork domination number vz, if
Yf(G) > § then G has no inverse pitchfork domination.
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2. NEwW PARAMETERS OF PITCHFORK DOMINATION

In this section, the doubly connected pitchfork domination and the inverse doubly con-
nected pitchfork domination are defined. The study of their bounds and properties are
given with an application of these modified dominations on some standard and complement
graphs.

Definition 2.1. Let G = (V, E) be a finite simple and undirected graph without isolated
vertices. A subset D C V(QG) is a doubly connected pitchfork dominating set if D is
pitchfork dominating set of G and both G[D] and G|V — D] are connected subgraphs of G.

Definition 2.2. A subset D C V(G) is a minimal doubly connected pitchfork dominating
set if there is no doubly connected pitchfork dominating subset from it.

Definition 2.3. The minimum dominating set D denoted by *y;;—set 1s the smallest min-
imal doubly connected pitchfork dominating set of G. The doubly connected pitchfork
domination number denoted ’y;;(G) s the minimum cardinality over all doubly connected
pitchfork dominating sets in G.

Definition 2.4. Let G = (V, E) be a graph with Vpi—set D, a subset D 'CV =D isan

inverse doubly connected pitchfork dominating set with respect to D, if D™ is a pitchfork
dominating set of G and both G[D™'] and G|V — D™1] are connected subgraphs of G.

Definition 2.5. A set D™! is a minimal inverse doubly connected pitchfork dominating
set if there is no inverse doubly connected pitchfork dominating subset from it.

Definition 2.6. The minimum inverse doubly connected pitchfork dominating set D!
denoted by, “—set is the smallest minimal inverse doubly connected pitchfork dominating
set of G. The inverse doubly connected pitchfork domination number denoted by ’yp_fCC(G)
1s the minimum cardinality over all inverse doubly connected pitchfork dominating sets in

G.

Observation 2.1. Let G be a graph having a doubly connected pitchfork domination num-
ber v53(G). Then we have:

(1) G be a connected graph.
(2) V(G)] = 2.
(3) 6(G)>1 and A(G)>1.

Lemma 2.1. [15] If G is a graph in which the degree of each vertex is at least 2, then G
contains a cycle.

Theorem 2.1. Every graph G of order n > 3 with end-vertex, has no doubly connected
pitchfork domination. The converse need not to be true.

Proof. Suppose that v be an end-vertex of a graph G, then v is adjacent to only one
support vertex say u. If G has a 7;‘}—Set D then either v € D or v ¢ D. If v € D then
u ¢ D and G[D] disconnected. If v ¢ D then u € D and G[V — D] disconnected. Hence
D isn’t Vps—set and G has no doubly connected pitchfork domination. The converse need
not to be true see for example C, ;n > 5. U

Corollary 2.1. Every graph G of order n > 3 with a doubly connected pitchfork domina-
tion, then G contains a cycle.

Proof. Since n > 3, then 6(G) > 2 and G has no end vertex according to Theorem (2.1).
Therefor each vertex of G has a degree at least 2. Hence G has a cycle by Lemma (2.1). O



M. A. ABDLHUSEIN, M. N. AL-HARERE: DOUBLY CONNECTED PITCHFORK ... 85

According to above Theorem (2.1), we give the following propositions:

Proposition 2.1. For any graph H, the corona H ® K1 and H ® K, (n > 2) have no
doubly connected pitchfork dominating sets.

Proposition 2.2. A tree T' of order n > 3 has no doubly connected pitchfork dominating
set.

Theorem 2.2. FEvery graph with a cut-verter, has no doubly connected pitchfork domi-
nating set. The converse need not to be true.

Proof. Suppose that G be a graph with a cut-vertex u, then G — u disconnected graph
with at least two components W7 and W5. Suppose that G has a ’yl‘j;—set D then either
ue€ Doru¢D. Ifu¢g D then DC G —w and D contains some vertices from W; and
another vertices from Wy, therefor G[D] is disconnected which is contradiction. If u € D
thenu ¢ V—D and V — D C G —u and G[V — D] disconnected since it has vertices from
W7 and W5 which is contradiction. Hence D isn’t ’yﬁ—set and G has no doubly connected
pitchfork domination. The converse need not to be true, see for example C,, ;n > 5. [

Proposition 2.3. Fvery graph with a doubly connected pitchfork domination is a nonsep-
arable (block) graph. The converse need not to be true.

Proof. Let G be a graph with a doubly connected pitchfork domination. Then G is a
nontrivial, connected, and has no cut vertices. Hence G is a nonseparable (block) graph.
The converse isn’t applied on a cycle graph C,, for n > 5. ]

Theorem 2.3. Let G = (V, E) be a graph of order n > 3 with a doubly connected pitchfork
domination, then G has no bridge.

Proof. Let D be a Vpp—set of G, then for a contradiction suppose that G has a bridge
e € E, then G — e is a disconnected graph contains at least two components W7 and Wo.
Where e = ujus such that u; € Wi and us € Ws. There are four cases as follows:

Case 1: If uy, us € D, then e is contained in every vy — v9 path of a vertices from V — D
such that v; € W and vy € Wy. Hence G[V — D] disconnected.

Case 2: If uj, us € V— D , then e is contained in every ¢; — to path of a vertices from D
such that ¢t; € Wy and t; € Ws. Hence G[D] disconnected.

Case 3: If u; € D and ug € V — D, then for any vertex ve from Wy (vy € D) every u; — v
path contains e. Hence G[D] disconnected.

Case 4: If u; € V — D and uy € D, then for any vertex vy from Wy (vy € V — D) every
u1 — v2 path contains e. Hence G[V — D] disconnected.

All above cases give a contradiction with a doubly connected pitchfork domination since
D is a v,3—set of G. Thus G has no bridge. 0

It is clear that 'y;‘}(G) =1 for P, and K3. Now we discuss 75?((1) for any graph with
degree n > 4.

Theorem 2.4. Let G(n,m) (n > 4), be a graph with a doubly connected pitchfork domi-
nation number v;3(G), then 2 < 2% (G) <n — 1.

Proof. Suppose that n > 4 then D must be contains at least two vertices since if D has
only one vertex then this vertex dominates three vertices which is contradict pitchfork
domination definition. O

In the next Theorem, the relation between the size of graph and the doubly connected
pitchfork domination number is given.
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Theorem 2.5. Let G = (n,m) be any graph has a doubly connected pitchfork domination,
then:

5(6) + -2 m < () + GG + (2 w50

Proof. Let D be fy;?— set of G , then:

Case 1: To prove the lower bound, since G[D] and G[V — D] be a connected graphs. Then
let m1 =m(G[D]) = [D|-1=~5—1andmy =m(G[V—-D])=[V-D|-1=n—-75-1
to be G has as few edges as possible. Now by the definition of doubly connected pitchfork
domination, there is at least one edge from every vertex in D to V — D. Then mg = |D| =
fy;jf. Therefor in general m = my + mo + mg > 'y;? —14+n-— yf); -1+ 'y;jf which is the
lower bound.

Case 2: To prove the upper bound, suppose that G[D] and G[V — D] are two complete
subgraphs to be G have maximum number of edges where the number of edges of D and
V — D equal to m; and mgy respectively, then:

DD 1) o0 =)
2 2
_V-D|V-D-1] _ (- - —1)
2 2
Now by the definition of doubly connected pitchfork domination, there exist at most two

edges from every vertex of D to V — D, then the number of edges from D to V — D equal
to 2[D| = 27,%(G) = m3. Hence the number of edges of G equal to

m2

m =mj+ mg+ms3

1 1

=5 (05 =%7] + 5 [0° =g} —n = nagh + (5)° + 53] + 2055
2

n-—n

2
Which is the upper bound. O

= 0577 = mij + 2055 +

The following some theorems are given depending on the fact that on the ordinary
dominating set may be one vertex dominates all other vertices of G. While in the pitchfork
dominating set every vertex in D dominates at most two vertices. Hence the order of
Ypf(G) is equal or more than v(G).

Theorem 2.6. Let G = (n,m) be a graph with a doubly connected pitchfork domination,
then:

(G) < pf(G) < 73(G).

Proof. From the definition of doubly connected pitchfork domination, every doubly con-
nected pitchfork dominating set is a pitchfork dominating set and every pitchfork domi-
nating set is a dominating set. ([l

Theorem 2.7. Let G = (n,m) be a graph with a doubly connected pitchfork domination,
then:

Y(G) < pp(G) < %3(G)

Proof. From the definition of doubly connected pitchfork domination, every doubly con-
nected pitchfork dominating set is a connected pitchfork dominating set and every con-
nected pitchfork dominating set is a connected dominating set. O
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Theorem 2.8. Let G = (n,m) be a graph with doubly connected pitchfork domination,
then:

YUG) < pp(G).

Proof. From the definition of doubly connected pitchfork domination, every doubly con-
nected pitchfork dominating set is a doubly connected dominating set. ([l

Theorem 2.9. Let G = (n,m) be a graph with doubly connected pitchfork domination,
then:

Y(G) < 93(G)

Proof. From the definition of doubly connected pitchfork domination, every doubly con-
nected pitchfork dominating set is a connected dominating set. O

Theorem 2.10. Let G(n,m) (n > 4), be a graph with an inverse doubly connected pitch-

fork domination number v, (G), then 2 <, °(G) <n —2.

Proof. Let D be a doubly connected pitchfork dominating set in G, since D is a Vi —set
and n > 3, then |D| > 2 according to Theorem (2.4). Since |[D~!| > |D| then |D~}| > 2
at least and |[D~!| < n — 2 at most. O

3. AN APPLICATIONS ON SOME GRAPHS

Here, the doubly connected pitchfork domination number and it’s inverse are applied
and evaluated for some standard and complement graphs such as: path, cycle, wheel,
complete, complete bipartite graph and some complement graphs.

Proposition 3.1. Let P, be a path with n > 2, then:
1. P, has doubly connected pitchfork domination if and only if n = 2 such that ’y;fe(Pg) =1.
2. P, has an inverse doubly connected pitchfork domination if and only if n = 2 such that

o) = 1.

Proof. If n = 2, then D has one vertex and V — D = D~! such that D is a Vpp—set and

D7 lis a 'y;fcc—set. For n > 3, then P, has no doubly connected pitchfork domination
according to Theorem (2.1). O

Theorem 3.1. Let C,, be the cycle graph, then:
1. C}, has doubly connected pitchfork domination if and only if n = 3, 4 where Vp (Cn) =

n
,23 ch has an inverse doubly connected pitchfork domination if and only if n = 3, 4 such
that v,7(Cn) = [3].
8. Yp$(Cn) +7,7°(Cn) = n if and only if n = 4.
4 p3(Cn) + 7,7 (Cp) = n— 1 if and only if n = 3.
Proof. If n = 3, let D consists of any vertex of C3, then D is a pitchfork dominating set
and both G[D] and G[V — D] are connected graphs. Therefor D is a 7,¢—set. In the
same way we choose D~!. Hence Vp7(C3) = 7,7°(C3) = 1. If n =4, let D consists of any
two adjacent vertices, then D is a pitchfork dominating set and both G[D] and G[V — D]
are connected graphs. So that D~' =V — D. Hence Vpi(Ca) = 7,7°(Cy) = 2. Thus D
is a v ¢—set and D7 lisa 7,f —set with order two. For n > 5, then every chosen of a

pitchfork dominating set D get G[D] and G[V — D] disconnected graphs. Hence C,, has
no doubly connected pitchfork domination. O
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Theorem 3.2. Let K,, be a complete graph with n > 3, then:

1. Ky has doubly connected pitchfork domination such that vp$(Kn) = vpp(Kn) =n — 2.
2. K, has an inverse doubly connected pitchfork domination if and only if n = 3, 4 such
that v, (Kn) = 'yp_fl(Kn) =n-2.

8. Yy (Kn) + 7,7 (Kn) = n if and only if n = 4.

Proof. 1. Let D be a pitchfork dominating set in K. Since every vertex in D dominates
at most two vertices, then V' — D contains only two vertices which are dominated by all the
other vertices. Since every component of order 2 or more of complete graph is complete,
therefor G[D] and G[V — D] are connected. Hence D be a ;% —set in Ky, with order n—2.
2. It is clear when n = 3, 4 then K, has an inverse doubly connected pitchfork domination
number equals to n — 2 by similar technique of proof 1. But if n > 5 then K, has no
inverse pitchfork domination according to Note (1.1) since 7,3 (Ky) > 3.

3. It is clear from 1 and 2. O

Theorem 3.3. Let K,, , be a complete bipartite graph with n, m > 2, then:

1. Ky m has a doubly connected pitchfork domination if and only if n, m > 2 such that
’Y;;(Kn,m) = Ypf (Kn,m)-

2. Ky m has an inverse doubly connected pitchfork domination if and only if n, m = 2, 3, 4
such that v, (Kn,m) = V;fl(Kn,m).

3. 7;§(Kn,m) + 'Yp_fcc(Kn,m) =n+m fO’I" K2,27 K2,47 K4,4-

Proof. Let A and B are two disjoint sets of vertices of Ky, ,,, such that |A| = n and |B| = m.
1- Three cases are obtained as follows:

Case 1: If n = m = 2 then the ’y;;—set D contains any vertex in A and any vertex in B.
Case 2: If n =2 and m > 3, suppose that A = {v1,v2} and let D contains one vertex of
A such as v; and m — 2 vertices of B, then v; will dominate two vertices. Therefore, all
the m — 2 vertices of B which are in D will dominate vs. Hence, 7;; (Kpm)=m—1.
Case 3: If n, m > 2, then D must be contain n — 2 vertices of A and m — 2 vertices of B
where all the n — 2 vertices will dominate the two vertices of B. Also, all m — 2 vertices
of B which are in D will dominate the two vertices of A that belong to V' — D. Hence,
Vpi (Bnm) =m+n—4.

2- The proof is clear when n,m < 4 by similar technique of 1. If m > 5, since D contains
two vertex of A and m — 2 vertices of B by 1, then if D! contains the other two vertices
of A, it will dominate all the m — 2 vertices of B that belong to D, but m — 2 > 3 which
is a contradiction. Hence, K, ,,, has no inverse doubly connected pitchfork domination.
3. Since D”!'=V —Din K2’2,K2,4,K4,4. O

Theorem 3.4. Let W, be the wheel graph of order n + 1, then:
1. Wy, has doubly connected pitchfork domination such that:

7o (Wn) = { n—2, ifn>4
2. Wy, has an inverse doubly connected pitchfork domination if and only if n = 3, 4 such
that ~,7“(Wn) = 7,3 (Wn).
J. '7;(}(Wn) + Vchc(Wn) =n+1 if and only if n = 3.
4- 7;§(Wn) + ’Yp_fcc(Wn) =n if and only if n = 4.
Proof. 1. If n = 3 let D consist of any two adjacent vertices of the cycle. Then every

vertex of D dominates the two remaining vertices with G[D] and G[V — D] are connected.
Hence D is fy;jf—set of W3 with order two. If n > 4 let D contains all the vertices except
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the central vertex and another any two adjacent vertices of the cycle say w1, ue. Then
every vertex of D dominates the central vertex, except the vertex u, which dominates the
central vertex and u;. Also the vertex ug dominates the central vertex and us. Since both
G[D] and G[V — D] are connected. Hence D is ;% —set of W;, with order n — 2.

2. If n =3 then D™! =V — D. If n = 4 then D consist of the two vertices of the cycle
which are in V — D. Hence D! is Vol fcc—set of W,, with order two. When n = 5 then if

the central vertex belongs to D~! then it is dominates the three vertices of D which is
contradiction, also if the central vertex don’t belongs to D! then there exist one vertex
in D don’t dominated by D~!, hence there is no inverse pitchfork dominating set. If n > 6
then 5% (Wy,) > 241 and there is no D~! according to Note (1.1).

Proof 3. and 4. follow from (1) and (2). O

Theorem 3.5. Let P,, be a complement path graph, then:
1. Py, has a doubly connected pitchfork domination if and only if n > 5 such that

2, ifn="5,6

’y;;(ﬁn) =< 3, ifn=17
n—2, ifn>8.

2. P, has an inverse doubly connected pitchfork domination if and only if n =5, 6, 7 such
that

e/ ) 2, ifn=2>5
%f@W—{[y+L ifn=6,T

3. '7;(}(?71) + ’Yp_fcc(Pn) =n if and only if n =7.

Proof. Since P, is null graph, P3 has an isolated vertex and since every chosen of a
pitchfork dominating set D in P4 give G[D] or G[V — D] disconnected. Hence Py, P3 and
P4 has no doubly connected pitchfork domination.

1. It is clear for n = 5, 6, 7. If n > 8, then the best choice “but not the only one” for
connected pitchfork dominating set is D = {vg, v3, -+, v,—1}. Hence D is a Vi —set with
order n — 2.

2. It is clear for n = 5,6, 7. If n > 8, then P, has no inverse connected pitchfork
domination according to Note (1.1) since 755 (Pn) > %.

3. Since 75?(?7) =3 and fyp_fcc(Fﬁ =4. O

Theorem 3.6. Let C,, be a complement cycle graph, then:

1. Cy has a doubly connected pitchfork domination if and only if n > 6 such that

2, ifn==6
— n—4, ifn=17,8
Yy (Cn) = 6, ifn=9

n—2, ifn>10.

2. Cp, has an inverse doubly connected pitchfork domination if and only if n = 6, 7, 8 such

that
s 2 ifn=6
Y “%W‘{n_a ifn=1,8

3. PY;?”(C") + ’Yp_fcc(an) =n if and only if n = 8.

Proof. Since Cj is null graph, C} is disconnected graph and every chosen of a pitchfork
dominating set D in C5 give G|V — D] disconnected then Cs, Cy and C5 has no doubly
connected pitchfork domination.
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1. There are four cases as follows: If n = 6 let D = {vy, viy3} for any integer 1 < k < 6. If
n = 7 let us label the vertices of C7 as {v;; i =1, 2, ---, 7} and Let D = {v;; iisodd, i #
7} Ifn=8let D = {v;; iisodd}. If n =9 let D consists of the firstly two vertices from
every three consecutive vertices. If n > 10 let D consists of all the vertices except two
vertices, but we must avoid choose V' — D = {v;,v;42} since v;y; don’t dominates any
vertex. In all above cases, D is a pitchfork dominating set, since G[D] so that G[V — D]
are connected graphs, then D is a ’y;‘]i—set of C,.

2. According to the Vpp—set D in proof 1, let us choose D! as follows: If n = 6 then let
D! = {41, vpyq } for any integer 1 < k < 6. If n =7, 8 then let D~ = {uv;; iiseven}.
D! is an inverse pitchfork dominating set, since G[D™!] so that G[V — D~!] are connected
graphs, then D71 is a vp_fcc—set of Cp,. If n > 9 then C,, has no inverse doubly connected

pitchfork domination by Note (1.1) since 7% (Cn) > .

3. It is clear since 7% (Cs)=4= Yy, fcc(ég). O

Notice that K,,, W, and me have no doubly connected pitchfork domination, since
K, is null graph, W,, has an isolated vertex and K, , is disconnected graph contains two
disjoint complete components.

4. CONCLUSIONS

The goal of this paper is to introduce new parameters of domination, doubly connected
pitchfork domination and it’s inverse. Some bounds and properties of these new types of
dominations are studied and applied on some known graphs.

Acknowledgement. We would like to extend our gratitude to the authors of the refer-
ences we have used in this paper.
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