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MAXIMUM AND MINIMUM DEGREE ENERGIES OF p-SPLITTING

AND p-SHADOW GRAPHS

K. S. RAO1, K. SARAVANAN1, K. N. PRAKASHA2, I. N. CANGUL3, §

Abstract. Let vi and vj be two vertices of a graph G. The maximum degree matrix of
G is given in [2] by

dij =

{
max {di, dj} if vi and vj are adjacent

0 otherwise.

Similarly the (i, j)-th entry of the minimum degree matrix is defined by taking the
minimum degree instead of the maximum degree above, [1]. In this paper, we have
elucidated a relation between maximum degree energy of p−shadow graphs with the
maximum degree energy of its underlying graph. Similarly, a relation has been derived
for minimum degree energy also. We disprove the results EM (S′(G)) = 2EM (G) and
Em(S′(G)) = 2Em(G) given by Zheng-Qing Chu et al. [3] by giving some counterexam-
ples.
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1. Introduction

The adjacency matrix of a graph G is known to be a {0, 1} matrix with the (i, j)-th
entry 1 if vi and vj are adjacent, and 0 if vi and vj are non-adjacent. Gutman introduced
the notion of energy of a graph contingent on adjacency matrix which was emanated by
the motivation of Hückel molecular orbital approximation, [5]. He defined the energy of a
graph as the sum of the absolute values of eigenvalues of the adjacency matrix. Due to the
intensive use of the adjacency matrix, many other graph matrices have been introduced
which are related to different properties of graph, see e.g. [4, 7, 9]. Distance matrix,
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Randic matrix, Laplacian matrix, partition matrix, sum connectivity matrix, minimum
covering matrix etc. are some of such matrices.

Let G be a simple graph with n vertices {v1, v2, · · · , vn} and let di be the degree of
vi for i = 1, 2, 3, · · · , n. The maximum degree matrix is defined by Adiga and Smitha
in [2] as

dij =

{
max {di, dj} if vi and vj are adjacent

0 otherwise

Let µ1, µ2, · · · , µn be the maximum degree eigenvalues of M(G). As the maximum
degree matrix is a real symmetric matrix with zero trace, these maximum degree eigenval-
ues are real with sum equal to zero. The maximum degree energy of a graph G is defined
similarly to the classical adjacency energy as

EM (G) =
n∑

i=1

|µi| .

It is shown that if the maximum degree energy of a graph is rational, then it must be
an even integer [2]. K.Srinivasa Rao, et al. [8] obtained bounds on the maximum degree
eigenvalues for a general graph and as well as some frequently used graph classes. Several
unicyclic graph classes are defined and their maximum degree eigenvalues and energy are
calculated [8].

The minimum degree matrix, [1], is defined similarly to the maximum degree matrix
with the change in (i, j)-th entry. Here the (i, j)-th entry is the minimum of the degrees
of two adjacent vertices vi and vj . Let ρ1, ρ2, · · · , ρn be the minimum degree eigenvalues
of the minimum degree matrix. The minimum degree energy is defined as

Em(G) =
n∑

i=1

|ρi| .

Proposition 1.1. [6] Let A ∈Mm, B ∈Mn. Let λ be an eigenvalue of A corresponding
to an eigenvector x and µ be an eigenvalue of B corresponding to an eigenvector y. Then
λµ is an eigenvalue of A⊗B corresponding to the eigenvector x⊗ y.

2. Maximum and minimum degree energy of splitting graphs

A derived graph is a graph which is obtained from a given graph according to some set
of rules. One of the derived graphs is called splitting graph. The splitting graph S

′
(G) of

a graph G is obtained by adding a new vertex u
′

to each vertex u such that u
′

is adjacent
to every vertex that is adjacent to u in G. See Fig. 1 as an example:

Figure 1
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2.1. Errors. Zheng-Qing Chu et al., [3], gave the following relations between EM (S′(G))
and EM (G) and also between Em(S′(G)) and Em(G). These two results are proven in this
paper to be incorrect. We provide some counter-examples which disprove these results.
First we recall the erroneous results:

Theorem 2.1. [3] For a graph G,

EM (S′(G)) = 2EM (G).

Theorem 2.2. [3] For a graph G,

Em(S′(G)) = 2Em(G).

Maximum and minimum degree matrices of G and S
′
(G) given in Fig. 1 are

M(G) =

 0 2 2
2 0 0
2 0 0


and

m(G) =

 0 1 1
1 0 0
1 0 0


and also

M(S
′
(G)) =


0 4 4 0 4 4
4 0 0 2 0 0
4 0 0 2 0 0
0 2 2 0 0 0
4 0 0 0 0 0
4 0 0 0 0 0

 and m(S
′
(G)) =


0 2 2 0 1 1
2 0 0 2 0 0
2 0 0 2 0 0
0 2 2 0 0 0
1 0 0 0 0 0
1 0 0 0 0 0

 .

Here EM (G) = 5.6569, Em(G) = 2.8284, EM (S′(G)) = 20.3961 and Em(S′(G)) = 10.198.
We can easily observe that EM (S′(G)) 6= 2EM (G) and Em(S′(G)) 6= 2Em(G). With this
example, we can conclude that Theorem 1 and Theorem 2 of [3] are not correct. This is
due to the wrong construction of M(S′(G)) and m(S′(G)) in the proof of Theorem 1 and
Theorem 2.

2.2. Maximum degree energy of p-splitting graphs. The p-splitting graph S
′
p(G) of

a graph G is obtained by adding p new vertices, say {u1, u2, · · · , up}, to each vertex u of
G such that for 1≤ i ≤ p, ui is adjacent to each vertex that is adjacent to u in G.

In this section, we consider an r-regular graph G and obtain the maximum degree energy
of a p-splitting graph S

′
p(G) in terms of the maximum degree energy of the graph G. Also

we obtain the maximum degree energy of p-splitting graphs of some classes of r-regular
graphs.

Theorem 2.3. If G is an r-regular graph, then

EM (Sp
′(G)) = (p+ 1)(

√
1 + 4p)EM (G).

Proof. Let {u1, u2, · · · , un} be the vertices of an r-regular graph G. Then the maximum
degree matrix M(G) is of order n where (i, j)-th entry is given by

M(G)(i, j) =

{
max(di, dj) if ui and uj are adjacent,

0 otherwise.
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Let {u1i , u2i , · · · , u
p
i } be the vertices corresponding to each vi which are added to G to

obtain S
′
p(G) such that N(u1i ) = N(u2i ) = · · · = N(vpi ) = N(vi) for i = 1, 2, · · · , n. The

maximum degree matrix of S
′
p(G) is a block matrix of the form

M(S
′
p(G)) =


(p+ 1)M(G) (p+ 1)M(G) · · · (p+ 1)M(G)
(p+ 1)M(G) 0 · · · 0
(p+ 1)M(G) 0 · · · 0

...
...

. . .
...

(p+ 1)M(G) 0 · · · 0



=


p+ 1 p+ 1 · · · p+ 1
p+ 1 0 · · · 0
p+ 1 0 · · · 0

...
...

. . .
...

p+ 1 0 · · · 0

⊗M(G) = A⊗M(G)

where O is a null matrix and A=


p+ 1 p+ 1 · · · p+ 1
p+ 1 0 · · · 0
p+ 1 0 · · · 0
· · · · · ·

p+ 1 0 · · · 0

.

The spectrum of A is

 0
(p+ 1)(1 +

√
1 + 4p)

2

(p+ 1)(1−
√

1 + 4p)

2
p− 1 1 1

.

Hence the spectrum of M(S
′
p(G)) is(

0µ1 · · · 0µn Xµ1 · · · Xµn Y µ1 · · · Y µn

p− 1 · · · p− 1 1 · · · 1 1 · · · 1

)

where X =
(p+ 1)(1 +

√
1 + 4p)

2
and Y =

(p+ 1)(1−
√

1 + 4p)

2
. Hence

EM (S
′
p(G)) =

n∑
i=1

∣∣∣∣(p+ 1)

(
1±
√

1 + 4p

2

)
µi

∣∣∣∣
= (p+ 1)

n∑
i=1

|µi|
(

1 +
√

1 + 4p

2
+

√
1 + 4p− 1

2

)
= (p+ 1)(

√
1 + 4p)EM (G).

�

Corollary 2.1. If G is a cycle graph of order n ≥ 3, then

EM (S
′
p(Cn)) = 4(p+ 1)

√
1 + 4p

n−1∑
k=0

∣∣∣∣cos
2kπ

n

∣∣∣∣ .
Proof. If G is a cycle graph Cn (n ≥ 3), then EM (Cn) = 4

∑n−1
k=0

∣∣∣∣cos
2kπ

n

∣∣∣∣, [8].

Since Cn is a 2-regular graph, we have the required result using Theorem 2.3. �
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Corollary 2.2. If G is complete graph of order n, then

EM (S
′
p(Kn)) = 2(p+ 1)

√
1 + 4p(n− 1)2.

Proof. If G is the complete graph Kn, then EM (Kn) = 2(n−1)2, [2]. Since Kn is an n−1
regular graph, using Theorem 2.3, we have the required result. �

Corollary 2.3. If Kn,n is a complete bipartite graph, then

EM (S
′
p(Kn,n)) = 2n2(p+ 1)

√
1 + 4p.

Proof. If G is a complete bipartitie graph, then EM (Km,n) = 2
√
mn3 for m ≥ n, [8].

Therefore EM (Kn,n) = 2n2. Hence by Theorem 2.3, we have the required result. �

Corollary 2.4. If G is a crown graph on 2n vertices, then

EM (S
′
p(G)) = 4(p+ 1)

√
1 + 4p(n− 1)2.

Proof. If G is a crown graph on 2n vertices then EM (G) = 4(n − 1)2, [8]. Hence by
Theorem 2.3, we have the required result. �

2.3. Minimum Degree Energy of p-Splitting Graphs. If G is an r-regular graph,
then m(G) = M(G). Hence we have the following result:

Theorem 2.4. If G is an r-regular graph, then

Em(G) = EM (G).

Theorem 2.5. If G is an r-regular graph, then

Em(Sp
′(G)) =

√
(p+ 1)2 + 4pEm(G).

Proof. Let {u1, u2, · · · , un} be the vertices of an r-regular graph G and m(G) be the
minimum degree matrix. Let {u1i , u2i , · · · , u

p
i } be the vertices corresponding to each vi

which are added in G to obtain S
′
p(G) such that N(u1i ) = N(u2i ) = · · · = N(vpi ) = N(vi),

i = 1, 2, · · · , n. Then the minimum degree matrix of S
′
p(G) is a block matrix of the form

m(S
′
p(G)) =


(p+ 1)m(G) m(G) · · · m(G)

m(G) O · · · O
m(G) O · · · O

...
...

. . .
...

m(G) O · · · O



=


p+ 1 1 · · · 1

1 0 · · · 0
1 0 · · · 0
...

...
. . .

...
1 0 · · · 0


p+1

⊗m(G)

=A⊗m(G)
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where O is a null matrix and A=


p+ 1 1 · · · 1

1 0 · · · 0
1 0 · · · 0
· · · · · ·
1 0 · · · 0

. Hence the spectrum of A is

 0
p+ 1 +

√
(p+ 1)2 + 4p

2

p+ 1−
√

(p+ 1)2 + 4p

2
p− 1 1 1

 .

Now the spectrum of m(S
′
p(G)) is

(
0µ1 · · · 0µn Pµ1 · · · Pµn Qµ1 · · · Qµn

p− 1 · · · p− 1 1 · · · 1 1 · · · 1

)

where P =
p+ 1 +

√
(p+ 1)2 + 4p

2
and Q =

p+ 1−
√

(p+ 1)2 + 4p

2
. Hence

Em(S
′
p(G)) =

n∑
i=1

∣∣∣∣∣p+ 1±
√

(p+ 1)2 + 4p

2
µi

∣∣∣∣∣
=

n∑
i=1

|µi|

(
p+ 1 +

√
(p+ 1)2 + 4p

2
+

√
(p+ 1)2 + 4p− (p+ 1)

2

)
=
√

(p+ 1)2 + 4pEm(G).

�

Corollary 2.5. If Cn is the cycle graph of order n (n ≥ 3), then

Em(S
′
p(Cn)) = 4

√
(p+ 1)2 + 4p

n−1∑
k=0

∣∣∣∣cos
2kπ

n

∣∣∣∣ .
Corollary 2.6. If Kn is the complete graph of order n, then

Em(S
′
p(Kn)) = 2(n− 1)2

√
(p+ 1)2 + 4p.

Corollary 2.7. If Kn,n is complete bipartite graph, then

Ep(S
′
(Kn,n)) = 2n2

√
(p+ 1)2 + 4p.

Corollary 2.8. If G is crown graph with 2n vertices then

Ep(S
′
(G)) = 4(n− 1)2

√
(p+ 1)2 + 4p.

3. Maximum and minimum degree energies of p-shadow graphs

The shadow graph D2(G) of a connected graph G is constructed by taking two copies

of G say G
′

and G
′′

and joining each vertex u
′

in G
′

to the neighbors of the corresponding
u

′′
in G

′′
. For example The p-shadow graph Dp(G) of a connected graph G is similarly

constructed by taking p copies of G, say G1, G2, · · · , Gp and then joining each vertex u
of Gi to the neighbors of the corresponding vertex v in Gj , for 1 ≤ i, j ≤ p. For example
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Figure 2. The shadow graph of P3

3.1. Maximum degree energy of p-shadow graphs.

Theorem 3.1. For a graph G, we have

EM (Dp(G)) = p2EM (G).

Proof. Let {u1, u2, · · · , un} be the set of vertices of a graph G. Then the maximum
degree matrix of G is the same with the one in the proof of Theorem 2.3. Consider p-
copies of graph G, say G1, G2, · · · , Gp with vertices u11, u

2
2, · · · , u

p
n. To obtain Dp(G),

each vertex v in Gj is joined to the neighbors of the corresponding vertex v in Gj , for 1
≤ i, j ≤ p. Then M(Dp(G)) is a block matrix of order np and it is of the form

M(Dp(G)) =


pM(G) pM(G) · · · pM(G)
pM(G) pM(G) · · · pM(G)
pM(G) pM(G) · · · pM(G)

...
...

. . .
...

pM(G) pM(G) · · · pM(G)



=


p p · · · p
p p · · · p
p p · · · p
...

...
. . .

...
p p · · · p

⊗M(G)

= pJp ⊗M(G).
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Since the spectrum of pJp is

(
0 p2

p− 1 1

)
, the spectrum of M(Dp(G)) is(

0µ1 · · · 0µn p2µ1 · · · p2µn
0 · · · 0 1 · · · 1

)
.

Hence we deduce

EM (Dp(G)) =
n∑

i=1

|p2µi|

= p2EM (G).

�

In the following corollaries, we obtain the maximum degree energies of shadow graphs
of some classes of graphs:

Corollary 3.1. If G is a cycle graph of order n ≥ 3, then

EM (Dp(Cn)) = 4p2
n−1∑
k=0

∣∣∣∣cos

(
2kπ

n

)∣∣∣∣ .
Corollary 3.2. If G is a complete graph of order n, then

EM (Dp(Kn)) = 2p2(n− 1)2.

Corollary 3.3. If Km,n is the complete bipartite graph with m ≥ n, then

EM (Dp(Km,n)) = 2p2
√
mn3.

Proof. Since EM (Km,n) = 2
√
mn3 for m ≥ n [8], EM (Dp(Km,n)) = 2p2

√
mn3. �

Corollary 3.4. If G is a path graph on n vertices, then

EM (Dp(Pn)) = 4p2
n∑

k=1

∣∣∣∣cos
kπ

n+ 1

∣∣∣∣ .
Proof. If G is a path graph on n vertices, then EM (Pn) = 4

∑n
k=1

∣∣∣∣cos
kπ

n+ 1

∣∣∣∣, [8]. There-

fore EM (Dp(Pn)) = 4p2
∑n

k=1

∣∣∣∣cos
kπ

n+ 1

∣∣∣∣ . �

Corollary 3.5. If G is a crown graph with 2n vertices, then

EM (Dp(G)) = 4p2(n− 1)2.

3.2. Minimum degree energy of p-shadow graphs. In this section, we obtain the
minimum degee energy of a p-shadow graph in terms of minimum degree energy. Also
obtained the minimum degree energy of p-shadow graphs of some classes of regular graphs.

Theorem 3.2. For a graph G, Em(Dp(G)) = p2Em(G).

Proof. Let m(G) be the minimum degree matrix of G. Then, mimimum degree matrix of
p-shadow graph of G is block matrix of order pn and it is of the form

m(Dp(G)) =


p ·m(G) p ·m(G) · · · ·m(G)
p ·m(G) p ·m(G) · · · p ·m(G)

...
...

. . .
...

p ·m(G) p ·m(G) · · · p ·m(G)

 = Jp ⊗m(G).
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Since the spectrum of pJp is (
0 p2

p− 1 1

)
,

the spectrum of m(Dp(G)) is(
0ρ1 · · · 0ρn m2ρ1 · · · m2ρn
0 · · · 0 1 · · · 1

)
.

Hence

Em(Dp(G)) =
n∑

i=1

|p2ρi| = p2Em(G).

�

We now obtain the minimum degree energy of shadow graph of some classes of graphs
in the following corollaries:

Corollary 3.6. If G is a cycle graph of order n ≥ 3, then

Em(Dp(Cn)) = 4p2
n−1∑
k=0

∣∣∣∣cos
2kπ

n

∣∣∣∣ .
Corollary 3.7. If G is a complete graph of order n, then

Em(Dp(Kn)) = 2p2(n− 1)2.

Corollary 3.8. If G is crown graph with 2n vertices, then

Em(Dp(G)) = 4p2(n− 1)2.

Corollary 3.9. If Kr,s is the complete bipartite graph with r ≥ s, then

Em(Dp(Kr,s)) = 2p2
√
rs3.
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