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NEIGHBORHUB NUMBER OF GRAPHS

V. MATHAD!, S. I. KHALAF!*, V. RAIKAR?, §

ABSTRACT. Let G be a graph. A neighborhub set (n-hub set) S of G is a set of vertices

with the property that for any pair of vertices outside of S, there is a path between them

with all intermediate vertices in S and G = |J < N[v] >. The neighborhub number
veS

(n-hub number) h,(G) is then defined to be the size of a smallest neighborhub set of G.

In this paper, the neighborhub number for several classes of graphs is computed, bounds

in terms of other graph parameters are also determined.

Keywords: Neighborhood number, Connected neighborhood number, Hub number, Total
hub number, Neighborhub number.
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1. INTRODUCTION

Consider a transportation network, for example a network of locations(streets) in a
city. We want to identify minimum locations of this network such that there is an easy
passage between other locations of this network that passes solely through these identified
locations. Converting it into graph theoretic terms, let a graph G = (V, E') represent this
network. Now, our concern is with a set S C V of minimum cardinality such that any
v;,vj € V'\ S are connected by a path having only elements of S. By a graph G = (V, E),
we mean a finite, undirected graph without loops or multiple edges, §(G) denote the
minimum degree among the vertices of G. For graph theoretic terminology, we refer to
[2].

The open neighborhood N (v) of a vertex v in G is the set of vertices adjacent to v
and its closed neighborhood N[v] = N(v) U{v}. For a set S C V, its open neighborhood
N(S) = U N(v) and its closed neighborhood N[S] =S U N(S). For any two graphs G

vES
and Go having disjoint vertex set Vi and V5, and edge sets E7 and Fs, respectively, their
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corona GG1 o G9 is the graph obtained by taking one copy of G of order p; and p; copies
of Gy, and then joining the i** vertex of G to every vertex in the i'” copy of Gy. For
every v € Vi, denote by G9, the copy of G2 whose vertices are attached one by one to the
vertex v [2].

A subset D of G is called a dominating set of G if each vertex of V' \ D is adjacent to
at least one vertex of D. The domination number of G denoted as 7(G) is the minimum
cardinality of a dominating set in G [3].

A dominating set D of a connected graph G is called a connected dominating set if the
induced subgraph (D) is connected. The minimum cardinality of a connected dominating
set of G is called the connected domination number of G and is denoted by ~.(G) [3].

A subset S of V is called a neighborhood set of G if G = |J < NJv] >. A neighborhood
vES
set S is said to be minimal if no proper subset of S is a neighborhood set. The minimum

cardinality of a minimal neighborhood set of G is called the neighborhood number of G
and is denoted by n(G) [16]. Various types of neighborhood numbers have been defined
and studied by several authors. E. Sampathkumar and Prabha S. Neeralagi [17] intro-
duced the concept of connected neighborhood number of graphs. A neighborhood set S
of G is called a connected neighborhood set if the induced subgraph < S > is connected.
The minimum cardinality of a connected neighborhood set of G is called the connected
neighborhood number of G and is denoted by 7.(G).

For v € V(G), the contraction of v in G (denoted by G/v) is the graph obtained by
deleting v and putting a clique on the (open) neighborhood of v. If two neighbors of v are
already adjacent, then they remain simply adjacent [18]. Suppose that H C V(G) and let
z,y € V(G). An H-path between x and y is a path where all intermediate vertices are
from H, (this includes the degenerate cases where the path consists of the single edge zy
or a single vertex z if x = y; call such an H-path trivial) [18].

A set S C V(G) is a hub set of G if it has the property that, for any z,y € V(G) \ S,
there is an S-path in G between x and y [18]. The smallest size of a hub set in G is called
a hub number of G and is denoted by h(G) [18]. A hub set S of G is a restrained hub set
of G if for any two vertices u,v ¢ S, there is a path between them with all intermediate
vertices in V' '\ S, the minimum cardinality of S in G is called a restrained hub number
of G and is denoted by h,.(G) [7]. Various types of hub numbers have been defined and
studied by several authors [6, 8, 9, 10, 11, 12, 13, 14].

Theorem 1.1. [18] Let S be a subset of V(G). Then G/S is complete if and only if S is
a hub set of G.

Theorem 1.2. [1] For any connected graphs G and F such that |V(G)| > 2, h(Go F) =
V(G|

2. NEIGHBORHUB NUMBER AND CONNECTED NEIGHBORHUB NUMBER

A set S C V(G) is a neighborhub set (n-hub set) of G if it has the property that, for

any =,y € V(G)\ S, there is an S-path in G between z and y and G = |J < N[v] >. The
veS
smallest size of an n-hub set in G is called a neighborhub number of G, and is denoted

by hn,(G). A neighborhub set S of G is called a connected neighborhub set (cn-set) if
< S > is connected. The minimum cardinality of a connected neighborhub set is called
the connected neighborhub number of G and is denoted by he,(G).
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We now proceed to compute h,(G) for some standard graphs.
Proposition 2.1.
(1) For any path P,,

(2) For any cycle C,,,

n—2,ifn<5b;
hn(C")_{ n—3, ifn>6.

) For any complete graph K, h,(K,) =1, for all n > 1.

) For the complete bipartite graph Ky, n, by (K, n) = min{m,n}.

) For the wheel W, 11 = C), + Ky, hy(Wyy1) = 1.

) For a disconnected graph G having k components G1, Ga, - - - , G of orders ny, na, - -+ , ng,
respectively such that ny < ng < -+ < ng, hy(G) =n1+n2+---+ng_1+ hn(Gg).

Proposition 2.2. For any connected graph G, h(G) < hp(G) < n.(G).

(3
(4
(5
(6

Proof. Every n-hub set is a hub set. So, h(G) < h,(G). Also, since every connected
neighborhood set of G is a n-hub set, we have h,(G) < n.(G). O

Remark 2.1.

(1) A hub set of G need not be a n-hub set of G. For example, consider a cycle on
five vertices, C5 = (v1,v2,v3,v4,v5,v1). S = {v1,v3} is a hub set of C5, but it is
not a n-hub set because C5 # |J < Nv;] >.

v; €S

(2) A n-hub set need not be a connected neighborhood set. For example, consider a
cycle on six vertices Cg = (v1,v2, v3, V4, U5, Vg, v1). Here S = {v1,vs,v5} is a n-hub
set of Cg, but it is not a connected neighborhood set.

Proposition 2.3. For any connected graph G, v(G) < hy(G).
Proof. Since every n-hub set is a dominating set, we have v(G) < hy(G). O

Remark 2.2. A dominating set of G need not be a n-hub set of G. For example, in a
cycle Cs = (v1,v2,v3,v4, v5,01),{V1,v3} is a dominating set but not a n-hub set.

Theorem 2.1. Let S be a n-hub set of G. Then G/S is complete graph.

Proof. Let S be a n-hub set of G. Since every n-hub set is a hub set, it follows that S is
a hub set of G. By Theorem 1.1 it follows that G/S is complete graph. U

The converse of above Theorem is not true. For example, consider a cycle on four
vertices Cy = (v1,v2,v3,v4,v1) and let S = {v;}. Then G/S = K3, the complete graph.
But S is not a n-hub set of G.

Theorem 2.2. For any connected graph G, h,(G) < a1(G), where ay is an edge covering
number of G.

Proof. Let L = {x1, 22, -z} be an edge cover for G. Then we can select a vertex v;
incident with each edge x; such that {vy,ve,- - v} is a n-hub set of G. Hence, h,(G) <
a1 (G) OJ

Equality in above Theorem holds for G = Kos.
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Theorem 2.3. For any connected graph G, n(G) < h,(G).

Proof. Let S be a n-hub set of G. Let W be a set of vertices such that W NS = {v} and
no vertex of W\ {v} is adjacent to any vertex of S\ {v} (nor in S themselves). If there
exist u,w € W, u # v, w # v such that v and w are connected only by a trivial path in G,
then either v is not adjacent to u or w or both, and G # |J < NJ[z]| >, a contradiction

€S
to the fact that S is a n-hub set. So, v must be adjacent to all vertices of W. Then
G = U < NJz| >, so that S is a neighborhood set of G. Hence, n(G) < h,(G). O

€S

Theorem 2.4. For any connected graph G, hen(G) < 1:(G).

Proof. Let S be a connected neighborhood set of G. Then for any x,y € V \ S, there

exists an S-path between them and G = |J < N[v] >. This is stronger condition than
veS
that for a connected n-hub set. So, any connected neighborhood set is also a connected

n-hub set. O

Theorem 2.5. For any connected graph G with diameter d(G), hy,(G) > d(G) — 1 and
the inequality is sharp.

Proof. Since h(G) < h,(G), and h(G) > d(G) — 1, we have d(G) — 1 < h,(G). The bound
is sharp for path P,,n > 3 for which d =n — 1 and h,(P,) =n — 2. O

Theorem 2.6. Let G = Ky, m,,...m, be a complete k—partite graph. Then

(1) If m; > 2,1 <i <k, then h,(G) = 2.
(2) If mj =1, for some i, 1 <i <k, then h,(G) = 1.

Proof. (1) Let S = {u, v}, where u, v are any vertices of G belonging to different parts.
Then, there is a {u, v}-path between any two vertices of V/(G) \ S. So, S is a hub
set of G. By the definition of complete k-partite graph, N[u] U N[v] = V(G) and
also, < N[u] > U < N[v] >= G. So, S is a n-hub set of G. Since {w} is not a
n-hub set of G for any w € V(G), it follows that S is a minimum n-hub set of G.
Hence, h,(G) = 2.

(2) Since m; = 1, for some i, 1 <i < k, let v be the vertex in the part of size one, then
by the definition of complete k—partite graph N[v] = V(G) and < N[v] >= G.
Hence {v} is a minimum n-hub set of G, therefore h,(G) = 1.

([l

Theorem 2.7. Let T be a tree with order n > 3 and [ leaves. Then
ho(T) =n —1.

Proof. Let S be the set of all nonleaf vertices and let v € V(T')\ 9, then v is a leaf of T" and

v should be adjacent to a vertex of S. Therefore N[S] = V(T) and so T = |J < NJu] >.
u€eS
Since < S > is connected and every vertex not in S is adjacent to a vertex of S, S is a

n-hub set of T. Suppose that S is not minimum, let S’ C S be a n-hub set of T, there is
a nonleaf vertex w such that w ¢ S’; so there is a leaf vertex z adjacent to w only. Now
x € V(T) and z ¢ N[S], hence S’ is not a n-hub set of T. Therefore S is a minimum
n-hub set of 7. O

Corollary 2.1. For the double star Sy, m, hn(Spm) = 2.
Corollary 2.2. For the star K1 p—1,n > 3, hp(Kip—1) = 1.
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Theorem 2.8. For a minimum n-hub set S of G, if there exists a vertex v € V(G) \ S,
such that N(v) C S, then

ha(G) < h(G) + 1.

Proof. Let S be a minimum n-hub set of G, and v € V(G)\ S be a vertex with Ng(v) C S.
Then in G, [V(G) \ S] € Ng[v], and so Ng[S U {v}] = V(G), where SU {v} is a hub set

of Gand G= |J < N[z]>. Therefore h,(G) < h(G) + 1. O
zeSU{v}

Proposition 2.4. Let S be any hub set of a graph G, if there exists a verter u € S, such
that N(u) C S. Then S is a n-hub set of G.

Proof. Let S be any hub set of a graph G, assume that there exists a vertex u € S with

Ng(u) € S. Then, in G, (V(G)\ S) C Ngfu]. Since w € S and G = |J < Ngfz] >, S is
x€S

a n-hub set of G. Hence, we get the result. O

Theorem 2.9. For any graph G, hy(G) < hy(G) + 1.

Proof. Let G be a graph, and S be a minimum restrained hub set of G. Let C = N|[S]

and J =V (G)\ C. Since J = V(G) \ N[S] and by the definition of the restrained hub set

of G, any vertex v € J, must be adjacent to every vertex of J, it follows that < J > is a

complete graph. Therefore N[S|U N[v] = V(G) and G = (|J < N[z] >)U < N[v] >. So
zeS

S U{v} is a n-hub set of G. O

Theorem 2.10. Every nontrivial connected graph G of order n satisfies hp,(G) < n —1
with equality if and only if G = K.

Proof. Let G be a connected nontrivial graph of order n. Clearly, for any v € V(G),
V(G) \ {v} is a n-hub set but is not minimal. So, h,(G) < n — 1. Now, let V(G) =
{v1,v2, -+ ,v,} and without loss of generality, S = {vo,v3, -+ ,v,} be a minimum n-hub
set of G. Then V' \ S = {v1} and v; € N(v;) for some v; € S. Contrarily suppose n > 2,
we consider the following cases.

Case 1: N(v;) = {v1}. Since G is connected and n > 3, there exists v; € S\ {v;} such
that v1 € N(vj) and N(v;) \ {va} € S. Then (S \ {vi,v;}) U {v1} is a n-hub set of G,
contradicting the minimality of .S.

Case 2: N(v;) # {v1}. Then there exists v; € S such that v; € N(v;). Since N(v;)\{vi} C
S and N(vj)\{v1,vi} C S, it folows that (S\ {v;,vj})U{v1} is a n-hub set, a contradiction
to the minimality of S.

Hence n = 2. 0

Corollary 2.3. If G is a (n,m) graph with §(G) > 1 and k components G1,Ga,--- ,Gy
of orders n1 < ng, < -+ < ny, respectively, then h,(G) < n — 1, with equality if and only
if every component of G is Ks.

Proof. Follows from Proposition 2.1 and above theorem. O
Corollary 2.4. For any nontrivial graph G of order n, h,(G) + hy,(G) < 2(n — 1) and
hn(G) - ho(G) < (n—1)2.
3. NEIGHBORHUB NUMBER OF JOIN AND CORONA OF GRAPHS
Here we determine the neighborhub number of the join and corona of two graphs.

Theorem 3.1. Let Gi and Ga be two graphs such that |V (G1)| = 1. Then hy,(G1+G2) =
1.
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Proof. Let V(G1) = {v}, then by the definition of G; + G2, v is adjacent to every vertex
of Go, < v >= G1 + G4. Also v is the only vertex in a path between any two vertices of
G2, hence {v} is a minimum neighborhub set of G; + Gbs. O

Corollary 3.1. Let Gy be a graph with |V (G1)| =1 and Gy be any graph. Then hy,(Gj o
Go) = 1.

Proof. Suppose |V (G)| = 1, then G10Gj is just G1+Ga, therefore by the previous theorem
hn(Gl o GQ) =1. O

Proposition 3.1. Let G1 and Gy be any two non complete graphs such that |V(G1)| > 2
and |V (Ge)| > 2. Then h,(G1 + G2) = 2.

Proof. Let v € V(Gy), u € V(G2). Let S = {u,v}, then v is adjacent to u in G1 + Go, let
w,z € V(Gy + G3), we discuss the following cases:

Case 1: Let w,z € V(G1). By definition of G + G2 the vertices w, z are adjacent to u.
So, there is a {u}-path between w and z in G + Ga.

Case 2: Let w,z € V(G2). Using similar argument as in Case 1, there is a {v}-path
between w and z in G + Gs.

Case 3: Let w € V(G;) and z € V(G2). Then we observe by the definition of Gy + G,
that w is adjacent to u, and z is adjacent to v. Since v is adjacent to u, wuvz is an
S-path in G1 + G2. Note that, by the definition of G1 + G, v is adjacent to every vertex
of G2 and wu is adjacent to every vertex of Gi. So, N[v] U N[u] = V(G1 + G2) and
< N[v] > U < N[u] >= G + G2, this implies that S is a n-hub set of G; + Ga.

From all the above cases, we have h,(G1 + G2) < 2. Since G; and Gy are noncomplete
graphs, neither {u} nor {v} is a n-hub set of G; + G2. Hence h,(G1 + G2) < 2. O

Theorem 3.2. Let G1 be a connected graph of order n > 2, and let G2 be any graph.
Then hn(Gl o Gg) = n.

Proof. Let G1 be a connected graph with order n > 2, and let V(G1) = {v1,v2, ..., v, },
then for a vertex v; € V(G1), by the definition of corona of G; and G2 we conclude that
G5 C Nv], for every i, 1 <i <n. So, N[V(G)] = V(G o G2), now let S =V (Gy), then
by Theorem 1.2, S is a minimum hub set of G1 o G2 and |J < N|z| >= G; o G3, the

€S
result follows. m

REFERENCES

[1] Cuaresma, E. C. Jr. and Paluga, R. N.; (2015), On the hub number of some graphs, Annals of Studies
in Science and Humanities, 1, pp. 17-24.

[2] Harary, F., (1969), Graph Theory. Addison Wesley, Reading Mass.

[3] Haynes, T. W., Hedetniemi, S. T. and Slater, P. J., (1998), Fundamentals of Domination in Graphs,
Marcel Dekker, Inc.

[4] Johnson, P., Slater, P. and Walsh, M., (2011), The connected hub number and the connected domination
number, Networks, 58, pp. 232-237.

[5] Khalaf, S. I., Mathad, V. and Mahde, S. S., (2018), Hubtic number in graphs, Opuscula Math., 38(6),
pp. 841-847.

[6] Khalaf, S. I., Mathad, V. and Mahde, S. S., (2018), Edge hubtic number in graphs, Int. J. Math.
Combin., 3, pp. 141-146.

[7] Khalaf, S.I. and Mathad, V., (2019), Restrained hub number in graphs, Bull. Int. Math. Virtual Inst.,
9, pp. 103-109.

[8] Khalaf, S. I. and Mathad, V., (2019), On hubtic and restrained hubtic of a graph, TWMS J. Appl.
Eng. Math., 9, pp. 930-935.



V. MATHAD, S. I. KHALAF, V. RAIKAR: NEIGHBORHUB NUMBER OF GRAPHS 1355

[9] Khalaf, S. I., Mathad, V. and Mahde, S. S., (2019), Edge hub number in graphs, Online J. Anal. Comb.,
14, pp. 1-8.

[10] Khalaf, S. I., Mathad, V. and Mahde, S. S., (2020), Hub and global hub numbers of a graph, Proc.
Jangjeon Math. Soc., 23, pp. 231-239.

[11] Mahde, S. S., Mathad, V. and Sahal, A. M., (2015), Hub-integrity of graphs, Bull. Int. Math. Virtual
Inst., 5, pp. 57-64.

[12] Mahde, S. S. and Mathad, V., (2016), Some results on the edge hub-integrity of graphs, Asia Pacific
Journal of Mathematics, 3, pp. 173-185.

[13] Mahde, S. S., Khalaf, S. I., Shawawreh, Y. N., Shanmukha, B. and Nour, A. M., (2020), Laplacian
minimum hub energy of a graph, International Journal of Mathematics And Its Applications, 8, pp.
59-69.

[14] Mathad, V., Sahal, A. M. and Kiran S., (2014), The total hub number of graphs, Bull. Int. Math.
Virtual Inst., 4, pp. 61-67.

[15] Mathad, V. and Mahde, S. S., (2017), The minimum hub energy of a graph, Palest. J. Math., 6, pp.
247-256.

[16] Sampathkumar, E. and Prabha S. N., (1985), The neighbourhood number of a graph, Indian J. Pure
Appl. Math., 16, pp. 126-132.

[17] Sampathkumar, E. and Prabha S. N., (1994), Independent, perfect and connected neighbourhood
numbers of a graph, J. Comb. Inf. Syst. Sci., 19, pp. 139-145.

[18] Walsh, M., (2006), The hub number of a graph, Int. J. Math. Comput. Sci., 1, pp. 117-124.

Veena Mathad for the photography and short autobiography, see TWMS J. App. and Eng. Math.
V.12, N.1.

Shadi Ibrahim Khalaf for the photography and short autobiography, see TWMS J. App. and Eng.
Math. V.9, N.4.

Vidya Raikar was born in India. She got her M.Sc, and M.Phil. degrees in Math-
ematics from Karnataka University, Dharwad, India in 1995 and 1996 respectively.
She is working as an assistant professor in the Department Of Mathematics, and she
is also an associate NCC officer in Government First Grade College, P. G. center,
Dharwad. Her research interests are Graph Transformations, Domination numbers,
emi graphs and hub parameters.




