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Abstract: We study a generalization of the Holst action where we admit nonmetricity and
torsion in manifolds with timelike boundaries (both in the metric and tetrad formalism). We
prove that its space of solutions is equal to the one of the Palatini action. Therefore, we
conclude that the metric sector is in fact identical to GR, which is defined by the Einstein-
Hilbert action. We further prove that, despite defining the same space of solutions, the Palatini
and (the generalized) Holst Lagrangians are not cohomologically equal. Thus, the presymplectic
structure and charges provided by the Covariant Phase Space method might differ. However,
using the relative bicomplex framework, we show the covariant phase spaces of both theories
are equivalent (and in fact equivalent to GR), as well as their charges, clarifying some open
problems regarding dual charges and their equivalence in different formulations.
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1 INTRODUCTION
The Holst action [1] plays a very significant role in the study of the Hamiltonian formulation of
general relativity (GR) in terms of real Ashtekar variables. Although proposed in a completely
independent way, it has an interesting historical precedent in the work of Hojman, Mukku, and
Sayed (HMS) [2]. These authors constructed an action, that we denote S(m)

HMS(g, ∇̃), based on
the realization that the metric Palatini action S(m)

PT (g, ∇̃) for vacuum gravity, which depends
on a Lorentzian metric g and a general metric-compatible connection ∇̃, could be modified,
without changing the field equations, by adding a parity-violating term built with the help of
the g-volume form and the Riemann tensor determined by ∇̃.

Given a gravitational action such as S(m)
PT (g, ∇̃), it is possible to build a new one in terms of a

tetrad eI and a spin connection ω̃IJ by taking g = ηIJe
I ⊗ eJ (here ηIJ denotes the “internal”

Minkowski metric) and writing the connection ∇̃ in terms of eI and ω̃IJ in an appropriate
way. The ω̃IJ are taken to be antisymmetric i.e. ω̃IJ = −ω̃JI , a condition equivalent to
the metric compatibility of ∇̃. This is the spirit of É. Cartan’s approach to GR (see [3] for an
interesting historical discussion). By proceeding in this way, one gets the Palatini-Cartan action
S(t)

PT(e, ω̃), which has an important advantage over S(m)
PT (g, ∇̃): it allows the coupling of fermionic

matter. When the previous procedure is implemented for S(m)
HMS(g, ∇̃), one gets the Holst action

S(t)
Holst(e, ω̃), which is equal to S(t)

PT(e, ω̃) plus the so-called “dual term”. As a consequence, the
coupling constant that multiplies the parity violating term of the HMS action is closely related
to the Immirzi parameter γ.

When matter fields are not present, the equations of motion derived from the Palatini-Cartan
and Holst actions are completely equivalent. This implies that the presence of the dual term
does not change the Palatini space of solutions in a significant way [4–14]. When gravity is
coupled to bosonic matter fields, the coupling terms are independent of the connection and
therefore the field equations remain unchanged (see, for instance, [15]). However, when coupled
to fermionic matter fields, the critical points of the Holst action are no longer equivalent to
those of the Cartan-Palatini action [16–22] due to the presence of the dual term. This may have
important consequences. In particular, it is clear that the role of γ in general relativity differs
in a significant way from the one of the θ parameter in QCD.

The introduction of a connection as a dynamical variable adds several new geometric ingredients
to the formulation of gravitational theories because, generically, connections will have non-
vanishing torsion and will not be metric compatible. The interest in gravitational theories
which allow both for torsion and nonmetricity dates back to the 1970s when Hehl, Trautman,
and their collaborators developed Cartan’s theory of gravitation [23, 24]. In their approach,
the field equations do not determine the connection uniquely, and the condition ∇̃αgβγ = 0 has
to be added. In [25], Sandberg studied from a variational point of view the situation in which
torsion is allowed and in which the metric compatibility with the connection is not assumed in
general. Latter in the 1990s, Floreanini and Percacci [26] considered a completely general GL(4)-
invariant Palatini formulation of GR in which the conditions of metricity and torsionlessness
are both obtained as dynamical equations by adding appropriate terms to the action.

The study of the Holst action in the tetrad formalism with torsion (but assuming metricity) was
done in [27] in the absence of boundaries. In the presence of boundaries, significant work has
been conducted to understand isolated horizons [28–31] and general surface terms [32–34]. The
equivalence of the Holst action field theories coupled to matter with torsion, nonmetricty, and
boundaries, remains an unexplored topic [20]. We will rely on the relative bicomplex framework
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[35] although it is worth mentioning that an alternative approach has been proposed in [36].

From a physical perspective, the presence of the dual term may modify the conserved charges
of GR. The computation of these “dual charges” has been recently considered in [12], where the
authors relied on symplectic and cohomological methods. They show that, without dressing the
standard presymplectic potential in a suitable way, neither the Hamiltonian nor the Noether
charges written in tetrad variables match the corresponding metric ones. As a consequence, the
problem of figuring out which approach is physically relevant to elucidate if the charges in the
metric and tetrad formalism are equivalent is still open.

In this paper we will study the Holst theory in all generality, i.e. allowing for torsion and
nonmetricity—in both metric and tetrad variables—and in manifolds with boundaries. The
purpose of the present work is threefold:

1. Study the solution spaces of the metric-HMS and tetrad-HMS actions1 and compare them
with the ones obtained in other approaches. As we will see, the presence of the parity
breaking terms does not change the solution spaces with respect to the ones corresponding
to the original Palatini models. In [37], the metric-Palatini action was proved to give GR
on the metric sector, hence the metric sector of the HMS theory is also necessarily GR. In
[38], the metric and tetrad formulations were proved to be equivalent, so the same result
holds for the tetrad formulation.

2. Study boundary terms for the different approaches. We derive a new boundary La-
grangian that guarantees the equivalence of the models considered. This is done in metric-
connection variables and we show that, on translating the boundary term to tetrad-spin
connection variables, we recover the one given in [39] (obtained by assuming nonmetricity).

3. Study the charges in all the cases (including “dual charges”) and show that the cohomo-
logical approach provided by the relative bicomplex framework leads to their equivalence.

As mentioned before, this paper will strongly rely on the relative bicomplex framework [35],
which provides a clean, consistent, and ambiguity-free procedure to obtain the space of solutions,
the presymplectic forms canonically associated with the actions, and some relevant charges
within the covariant phase space (CPS) framework.

In the following we consider a 4-dimensional spacetime manifold M diffeomorphic to Σ × R,
where Σ is a 3-dimensional manifold with boundary ∂Σ (possibly empty). We will refer to
∂LM ∼= ∂Σ × R as the lateral boundary of M and restrict ourselves to the open set of metrics
making ∂LM time-like. Greek letters will denote abstract indices for tensorial objects in M and
barred Greek indices will be used for tensors on ∂LM (quite often the object itself will also carry
a bar). The inclusion map will be denoted as  : ∂LM ↪→M and its tangent map as αα.

2 THE GEOMETRIC ARENA
Given a connection ∇̃, we define its torsion, Riemann, and Ricci tensors as

T̃orαµν(dφ)α := −[∇̃µ, ∇̃ν ]φ ,
R̃iemα

βµνZ
β := ([∇̃µ, ∇̃ν ] + T̃orβµν∇̃β)Zα ,

R̃icβν := R̃iemµ
βµν .

1The action S(m)
HMS(g, ∇̃) proposed by HMS [2] was defined in terms of a metric-compatible connection with

torsion. Nonetheless, we will refer to its generalization with both nonmetricity and torsion also as the HMS action
S(m)

HMS(g, ∇̃) and its tetrad counterpart as S(t)
HMS(e, ω̃).
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If we endow M with a connection ∇̃ and a metric g, we can define the nonmetricity tensor, the
(g,∇̃)-scalar-curvature, the (g,∇̃)-extrinsic-curvature of ∂LM , and its trace

M̃αβγ := ∇̃αgβγ , R̃ := gαβR̃icαβ ,

K̃αβ := 1
2
α
α
β

β

(
∇̃ανβ + gαγ∇̃βνγ

)
, K̃ := gαβK̃αβ ,

where g := ∗g is the metric induced on ∂LM , να the outward unit vector normal to ∂LM ,
and νβ := gβγν

γ . Notice that R̃ and K̃αβ are generalizations of the g-scalar
◦
R and g-extrinsic

curvature
◦
K defined by the g-Levi-Civita (LC) connection

◦
∇.

Given two connections ∇ and ∇̃, their difference is a (2, 1)-tensor Q ≡ ∇̃−∇. For a (1, 1)-tensor
Sβγ we have

(∇̃α −∇α)Sβγ = QβαµS
µ
γ −QµαγSβµ ,

and analogously for higher order objects. It is easy to check that the following equality holds

Qαβγ = 1
2
(
T̃orαβγ − Torαβγ − T̃orβγα + Torβγα + T̃orγαβ − Torγαβ

)
+ 1

2
(
M̃αβγ −Mαβγ − M̃βγα +Mβγα − M̃γαβ +Mγαβ

)
.

(2.1)

From the definition of Q, we have the following relations between geometric objects associated
with ∇̃ and ∇

R̃iemα
βµν = ∇µQανβ +QαµσQ

σ
νβ − (µ↔ ν) + Riemα

βµν + TorσµνQασβ , (2.2)
T̃orγαβ = Torγαβ +Qγαβ −Q

γ
βα , (2.3)

R̃icβν = Ricβν +∇αQανβ +QαασQ
σ
νβ −∇νQααβ −QανσQσαβ + TorσανQασβ , (2.4)

M̃αβγ = Mαβγ −Qβαγ −Qγαβ , (2.5)

R̃ = R+∇α
(
Qαββ −Q

βα
β

)
+QαασQ

σβ
β −Q

αβσQσαβ + TorσαβQασβ , (2.6)

K̃αβ = Kαβ + 1
2
α
α
β

β

(
Qαβµ −Qµαβ

)
νµ , (2.7)

K̃ = K + 1
2
(
Qββµ −Q

β
µβ

)
νµ . (2.8)

By fixing a fiducial connection, usually the g-Levi-Civita one
◦
∇, we can establish a bijection

between connections ∇̃ and (2, 1)-tensors Q. Working with the vector space of tensors is usually
easier than working with the affine space of connections. This is why, in the following, we will
use the variables (g,Q) instead of the equivalent ones (g,∇̃).

In order to describe the solution space and the presymplectic form, we will use the CPS algo-
rithm [35], which essentially consists in introducing a pair of bulk and boundary Lagrangians,
compute their variations, extract the equations of motion and symplectic potentials, and get
the presymplectic form on the space of solutions. The power of this method lies in its cohomo-
logical nature, which renders it ambiguity-free: we can pick any representative Lagrangians and
symplectic potentials to describe the solution spaces and compute the presymplectic form.

3 METRIC-HMS WITHOUT BOUNDARY
3.1 The action
We consider actions of the form

S =
∫
M
L−

∫
∂LM

` ,
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defined in terms of a locally constructed bulk Lagrangian L and a locally constructed boundary
Lagrangian `. In this section we assume ∂LM = ∅, so the second integral vanishes. In the next
section we will consider the case ∂LM 6= ∅. The metric-GR, metric-Palatini, and metric-HMS
actions are respectively defined by the Lagrangians

L
(m)
EH (g) :=

( ◦
R− 2Λ

)
vol , g ∈ F (m)

GR := {g | ∗g is timelike} ,

L
(m)
PT (g,Q) :=

(
R̃− 2Λ

)
vol , (g,Q) ∈ F (m)

PT := F (m)
GR × T2

1 ,

L
(m)
HMS(g,Q) := L

(m)
PT (g,Q)− 1

2γ volαβµνR̃iemαβµνvol , (g,Q) ∈ F (m)
HMS := F (m)

PT .

Where, to ease the notation, we denote vol := volg the g-volume form. Using (2.2), (2.6), and
the first Bianchi identity, it is possible to split the HMS Lagrangian into the standard GR term,
some coupling terms and an exact form:

L
(m)
HMS(g,Q) = L

(m)
EH (g) + L̂

(m)
P-CP(g,Q)− 1

γ
L̂

(m)
H-CP(g,Q) + d

(
ι ~A− ~C+~q/γvol

)
, (3.1)

where

L̂
(m)
P-CP(g,Q) :=

(
CλA

λ −QαβλQλαβ
)
vol ,

L̂
(m)
H-CP(g,Q) := volαβµνQαµσQσνβvol ,

Aα := gβγQαβγ ,

Bβ := Qµβµ ,

Cγ := Qµµγ ,

qµ := volµαβνQαβν .

(3.2)

3.2 Variations
The variation of each Lagrangian is given by (see [37, 38])

dL(m)
EH = (E(m)

EH )αβdgαβ + dΘ(m)
EH ,

dL̂(m)
P-CP = (E(m)

P-CP)αβdgαβ + (E(m)
P-CP) βσ

α dQαβσ ,

dL̂(m)
H-CP = (E(m)

H-CP)αβdgαβ + (E(m)
H-CP) βσ

α dQαβσ ,

where

(E(m)
EH )αβ := −

(
◦
Ric

αβ
− 1

2(
◦
R− 2Λ)gαβ

)
vol ,

(E(m)
P-CP)αβ := 1

2
(
QγασQ

σ β
γ − CσQσαβ + 1

2g
αβ(CσAσ −QγτσQσγτ ) + (α↔ β)

)
vol ,

(E(m)
H-CP)αβ := 1

2volµνηξ
(
δβξ (Q ασ

µ Qσην −Q σ
µν Q α

ση ) + δαηQµξσQ
σβ
ν + gαβQµησQ

σ
ξν + (α↔ β)

)
vol ,

(E(m)
P-CP) βσ

α :=
(
δβαA

σ + gβσCα −Qσ β
α −Qβσα

)
vol ,

(E(m)
H-CP) βσ

α := volξµβν
(
gξαQ

σ
νµ − δσξQνµα

)
vol ,

Θ(m)
EH := ι ~Wvol , with Wα :=

(
gαµgβλ − gαλgβµ

)
∇λdgβµ .

Notice that since the coupling terms have no derivatives, they do not contribute to the symplectic
potentials. Gathering everything together we obtain

dL(m)
HMS =

( E(m)︷ ︸︸ ︷
E

(m)
EH + E

(m)
P-CP −

1
γ
E

(m)
H-CP

)
αβ

dgαβ +
( E(m)︷ ︸︸ ︷
E(m)

P-CP −
1
γ
E(m)

H-CP

)
βσ
α dQαβσ + dΘ(m)

HMS

where the following representative has been chosen as the symplectic potential (see [37, 38])

Θ(m)
HMS := Θ(m)

PT + 1
γ

dι~qvol = Θ(m)
EH + d(ι ~A− ~C+~q/γvol) (3.3)
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3.3 Space of solutions
The goal of this section is to solve the algebraic equation of motion E(m) = 0 for Q. By plugging
this solution into E(m) = 0, we will recover the Einstein equations E

(m)
EH = 0. This will prove

that the space of solutions of L(m)
HMS and L(m)

PT are the same.

Irreducible decomposition of the torsion
In order to solve the first equation of motion, we will use the irreducible decomposition of the
torsion and the metricity. An irreducible decomposition breaks a tensor into simpler objects
with the same symmetries. Some of the terms are always built out of traces while the rest are
traceless. For the torsion, which is antisymmetric in the last two indices, one obtains

T̃orαβσ = τ̃αβσ + Ãαβσ + t̃αβσ (3.4)

The first term is a combination of the trace T̃β := T̃orαβα, the second term is the completely
antisymmetric part of T̃or, and the last one is the remainder components of the tensor:

τ̃αβσ := 1
3(T̃βδασ − T̃σδαβ ) , Ãαβσ := gαµT̃or[µβσ] , t̃αβσ := T̃orαβσ − τ̃αβσ − Ãαβσ . (3.5)

It is easy to check that τ̃ , Ã, t̃ are all antisymmetric in the last two indices. Besides, Ã, t̃ are
traceless and t̃ satisfies the cyclic identity

t̃αβσ + t̃σαβ + t̃βσα = 0 −→ t̃[αβσ] = 0 (3.6)

Finally, since the dimension of the manifold M is 4 and Ã is essentially a 3-form, we can define
its dual 1-form

d̃µ := 4Ãαβσvolαβσµ,

Notice that we have the relation d̃µ = −8qµ (see equation (3.2)). We have obtained a decompo-
sition of any 3-tensor antisymmetric in its two last indices given by (3.5). Conversely, we have
that this decomposition completely characterizes the tensor:

Remark 3.7.
The irreducible decomposition of a 3-tensor antisymmetric in its last two indices is given by two
1-forms (Tβ, dβ) and a 3-tensor tαβσ satisfying

tαβσ = −tασβ , tαασ = 0 , tαβσ + tσαβ + tβσα = 0 . (3.8)

To prove that, notice that a 3-tensor with this symmetry has nn(n−1)
2 components (equal to 24

when n = 4) and the number of independent components of (Tβ, dβ, tαβσ) is

n+ n+ 1
3n(n2 − n) ,

which is also equal to 24 when n = 4. This proves, as intended, that (T̃β, d̃β, t̃αβσ) is the
irreducible decomposition of T̃orαβσ.

Irreducible decomposition of the nonmetricity
The nonmetricity, which is symmetric in the last two indices, has two traces ãα := M̃ β

αβ and
b̃β := M̃α

βα . Its irreducible decomposition can be expressed as

M̃αβσ = (1)M̃αβσ + (2)M̃αβσ + S̃αβσ + m̃αβσ , (3.9)
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where

(1)M̃αβσ := 1
4 ãαgβσ ,

(2)M̃αβσ := 1
36(gβσδµα − 2gαβδµσ − 2gασδµβ)(ãµ − 4b̃µ) ,

S̃αβσ = M̃(αβσ) −
1
18(gαβδµσ + gσαδ

µ
β + gβσδ

µ
α)(ãµ + 2b̃µ) ,

m̃αβσ := M̃αβσ − (1)M̃αβσ − (2)M̃αβσ − S̃αβσ .

All these tensors are symmetric in the last two indices and S̃ and m̃ are traceless. Moreover,
we have also the cyclicity condition analogous to (3.6)

m̃αβσ + m̃σαβ + m̃βσα = 0 −→ m̃(αβσ) = 0

We have obtained a decomposition of any 3-tensor symmetric in its last two indices given by
(3.9). Conversely, we have that this decomposition completely characterizes the tensor:

Remark 3.10.
The irreducible decomposition of a 3-tensor symmetric in its last two indices is given by two
1-forms (aβ, bβ), a completely symmetric and traceless 3-tensor Sαβσ, and a 3-tensor mαβσ

satisfying

m̃αβσ = m̃ασβ m̃α
ασ = 0 = m̃ β

αβ m̃αβσ + m̃σαβ + m̃βσα = 0 (3.11)

To prove that, notice that a 3-tensor with this symmetry has nn(n+1)
2 components, 40 for n = 4,

and (aβ, bβ,Sαβσ,mαβσ) has

n+ n+ 1
6n(n− 1)(n+ 4) + 1

3n(n2 − 4)

components, also 40 for n = 4. Therefore, (ãβ, b̃β, S̃αβσ, m̃αβσ) is the irreducible decomposition
of M̃αβσ.

Expressing the equation of motion in terms of the irreducible decompositions
Once we have decomposed the torsion and nonmetricity, we rewrite the equations of motion in
terms of these irreducible components. Plugging equations (3.4) and (3.9) into the expression
(2.1) of Q in terms of the torsion and nonmetricity (recall that the torsion and the nonmetricity
of the LC connection are zero) leads to

Qαβσ = 1
3(T̃αgβσ − T̃σδαβ ) + 1

36
(
(2b̃σ − 5ãσ)δαβ + (2b̃β − 5ãβ)δασ + (7ãα − 10b̃α)gβσ

)
+ 1

2Ã
α
βσ −

1
2 S̃

α
βσ − t̃ α

βσ + m̃α
βσ

(3.12)

Meanwhile, plugging this expression into E(m) (we do not write the volume to ease the notation)
leads to

Eαβσ := 1
vol
(
E(m))αβσ = 1

vol

(
E(m)

P-CP −
1
γ
E(m)

H-CP

)αβσ
=
(2

3 T̃
σ + 4

9 ã
σ − 7

9 b̃
σ
)
gαβ −

(2
3 T̃

α + 2
9 ã

α + 1
9 b̃

α
)
gσβ − 1

18(ãβ − 4b̃β)gσα

− Ãαβσ + S̃αβσ − t̃βσα + m̃αβσ

− 1
2γ

{2
3(2T̃µ + ãµ − b̃µ)δσν δαρ + (Ãσµν + t̃σµν)δαρ −

(
Ãαµν + t̃αµν − 2m̃ α

νµ

)
δσρ

}
volρβµν

(3.13)

– 6 –



Since there are three free indices, these are 64 equations (not all of them independent) in the
variables (T̃β, d̃β, t̃αβσ, ãβ, b̃β, S̃αβσ, m̃αβσ) which, as we mentioned before, have 64 independent
components in total.

Solving for T̃ , d̃, ã, b̃

Consider the following system of equations

E ασ
α = 0 2T̃ σ + 3

2 ã
σ − 3b̃σ − 1

8γ d̃
σ = 0

Eσββ = 0 ≡ 2T̃ σ + 1
2 ã

σ + b̃σ − 1
8γ d̃

σ = 0

volαβσµEαβσ = 0 γ

4 d̃µ + 4T̃µ + 2ãµ − 2b̃µ = 0 ,

(3.14)

where we have used that volαβσµt̃αβσ = 0, which follows from (3.6). The solutions to this system
of linear equations are

ãσ = −8Uσ b̃σ = −2Uσ T̃ σ = 3Uσ d̃σ = 0 (3.15)

for an arbitrary vector field Uσ on M .

Solving for S̃
Plugging the solutions (3.15) into (3.13) leads to

Eαβσ = S̃αβσ − t̃βσα + m̃αβσ − 1
2γ
{

volαβµν t̃σµν − volσβµν
(
t̃αµν − 2m̃ α

νµ

)}
(3.16)

By completely symmetrising this expression, all terms vanish except for the first one, so

S̃αβσ = 0 (3.17)

Solving for m̃

Plugging (3.17) into (3.16), symmetrizing in (α, σ), using the cyclicity of m̃, and imposing it to
be zero leads to

m̃αβσ + 1
γ

(
volαβµνm̃µνσ + volασµνm̃µνβ

)
= 0 (3.18)

or equivalently

m̃αβσ =Mαβσ
µνκm̃

µνκ where Mαβσ
µνκ := −1

γ

(
volαβµνδσκ + volασµνδβκ

)
(3.19)

Applying this equation recursively leads to

m̃αβσ =Mαβσ
µνκm̃

µνκ =Mαβσ
µνκM

µνκ
ξρτm̃

ξρτ (3.11)= − 9
γ2 m̃

αβσ −→ m̃αβσ = 0 (3.20)

Solving for t̃

Plugging the solutions (3.17) and (3.20) into (3.16) and imposing it to be zero leads to

t̃αβσ = T αβσµνκ t̃µνκ where T αβσµνκ := 1
2γ
(
volαβµνδσκ − volασµνδβκ

)
(3.21)

Applying this equation recursively leads to

t̃αβσ = T αβσµνκ t̃µνκ = T αβσµνκ T
µνκ

ξρτ t̃
ξρτ (3.8)= − 1

γ2 t̃
αβσ −→ t̃αβσ = 0 (3.22)
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Final space of solutions
By solving the equation of motion E(m) = 0, we have obtained for the independent variables
(T̃β, d̃β, t̃αβσ, ãβ, b̃β, S̃αβσ, m̃αβσ) the following necessary conditions:

ãσ = −8Uσ b̃σ = −2Uσ T̃ σ = 3Uσ d̃σ = 0 t̃αβσ = S̃αβγ = m̃αβγ = 0 (3.23)

for an arbitrary Uσ. Plugging these into (3.13) shows they are also sufficient, so the first equation
of motion is completely solved. Moreover, if we insert (3.23) into (3.12), the expression of Q
over the space of solutions is given by

Qαβσ = δασUβ (3.24)

Substituting back this result into the other equation of motion, it is straightforward to check
that it vanishes, hence only the Einstein equations remain:

0 = E(m) := E
(m)
EH + E

(m)
P-CP −

1
γ
E

(m)
H-CP

(3.24)= E
(m)
EH

This means that (g,Q) is a solution for metric-HMS action if and only if Qαβσ = δασUβ and g
satisfies the Einstein equations:

Sol(m)
HMS = {(gαβ, δαγUβ) | g ∈ Sol(m)

GR , Uβ arbitrary} [37]= Sol(m)
PT (3.25)

This result proves that the metric sector of the metric-HMS theory is equivalent to the metric-EH
theory as explained in [37, 38]. We have the following on shell identities:

R̃iemα
βµν =

◦
Riemα

βµν + gαβ (dU)µν ,
R̃icβν =

◦
Ricβν + (dU)βν , R̃ =

◦
R ,

K̃αβ =
◦
Kαβ −

1
2(U ∧ ν)αβ , K̃ =

◦
K ,

M̃αβγ = −2gβγUα , T̃orγαβ = δγβUα − δγαUβ ,
L̂

(m)
P-CP = 0 , L̂

(m)
H-CP = 0 .

(3.26)

3.4 Presymplectic form
Taking the d -exterior derivative of (3.3) we obtain:

dΘ(m)
HMS = dΘ(m)

PT = dΘ(m)
EH

Thus, the metric-HMS presymplectic form HMS
(m) defined over the space of solutions Sol(m)

HMS
is the same as the one of metric-Palatini HMS

(m) which, in turn, has the same functional form
as the metric-EH presymplectic form EH

(m) (see [37, 38]). In fact, if we define the projection
π(m)(g,Q) = g, the presymplectic forms canonically associated with the three actions can be
related as

HMS
(m) = PT

(m) = π∗(m)
EH
(m) (3.27)

4 METRIC-HMS WITH BOUNDARY
4.1 The action
In this section, we consider a manifold with non-empty boundary. The action over the space of
fields F (m)

HMS := {(g,Q)|∗g Lorentzian} is given by

S(m)
HMS :=

∫
M
L

(m)
HMS −

∫
∂LM

`
(m)
HMS ,
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with the same bulk Lagrangian (3.1) and a boundary Lagrangian

L
(m)
HMS := L

(m)
PT −

1
2γ volαβµνR̃iemαβµνvol `

(m)
HMS := `

(m)
PT + 1

γ
∗ι~qvol (4.1)

where we recall that qµ = volµαβνQαβν . The first term of the boundary Lagrangian is the
generalized Hawking-Gibbons-York term introduced by Obukhov in [40] (see also [37])

`
(m)
PT (g,Q) := −2K̃ volg , `

(m)
GHY(g) := −2

◦
K volg ,

while the second term is a new one introduced to cancel the exact terms coming from the
variation of the bulk Lagrangian. It is interesting to note that, using equation (2.8), the HMS
boundary term can be written as

`
(m)
HMS(g,Q) = `

(m)
GHY(g) + ∗ι ~A− ~C+~q/γvol ,

which, in view of equation (3.1), shows why this is a natural choice of boundary Lagrangian.

4.2 Variations
From the computations of the previous section, we obtain the same result in the bulk

dL(m)
HMS = (E(m))αβdgαβ + (E(m)) βσ

α dQαβσ + d
(
Θ(m)

EH + d(ι ~A− ~C+~q/γvol)
)

Now, following the CPS algorithm [35], we compute on the lateral boundary

d`
(m)
HMS − ∗Θ

(m)
HMS = d`

(m)
GHY + d∗ι ~A− ~C+~q/γvol− ∗Θ(m)

EH − 
∗d(ι ~A− ~C+~q/γvol)

= d`
(m)
GHY − ∗Θ

(m)
EH = b

αβ
(m)dgαβ − dθ(m)

HMS ,

where in the last equality we have the usual quantities of EH (see for instance [38])

b
αβ
(m)(g) =

( ◦
Kαβ −

◦
Kgαβ

)
volg ,

θ
(m)
HMS := θ

(m)
EH = ιV̄ volḡ , (4.2)

Vα = −αανβdgαβ .

4.3 Space of solutions
Although the manifold we are considering has a boundary term, the boundary equations only
involve the metric, and hence we recover the same result (3.25). This implies that the boundary
only plays a role in the metric sector of the solution space Sol(m)

EH (discussed in detail in [38],
where both Dirichlet and Neumann boundary conditions were considered). The same techniques
used here apply if one considers other boundary terms to impose different boundary conditions.

4.4 Presymplectic form
We have seen that θ(m)

HMS = θ
(m)
PT = θ

(m)
EH . This together with (3.3) leads once again to (3.27).

5 TETRAD-HMS WITH BOUNDARY
5.1 The action
The tetrad-HMS action is defined as S(t)

HMS := S(m)
HMS ◦ ΦHMS where

ΦHMS(e, ω̃) := ΦPT(e, ω̃) [37]=
(
ηIJe

I
µe
J
ν , E

β
Ke

J
α

(
ω̃ K
µ J −

◦
ω K
µ J

))
= (gµν , Qβµα) ,
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As usual, eIα are the tetrad 1-forms, EαI the dual cotetrad vector fields, ηIJ the internal Lorentz
metric, ω̃IJ is the generic 1-form connection (no symmetries in the internal indices), and ◦

ωIJ is
the Levi-Civita 1-form connection associated with the metric gµν = ηIJe

I
µe
J
ν .

ΦHMS is almost a change of variables from tetrads and spin connections (e, ω̃) ∈ F (t)
HMS to metrics

and 3-tensors (g,Q) ∈ F (m)
HMS: it is surjective but not injective. In fact,

ΦHMS(e, ω̃) = ΦHMS(e′, ω̃′) ←→ ∃ local Ψ ∈ SO(1, 3) e′I = Ψ J
I eJ

ω̃
′ J
I = Ψ K

I ω̃ L
K ΨJ

L + Ψ K
I dΨJ

K

(5.1)

Moreover, it is not too hard to check that dΦHMS is surjective.

Remark 5.2.
Naively, one might think that the fact that ΦHMS is almost a change of variables implies that
the results derived in the metric formalism can be easily transferred into the tetrad formalism.
However, this is not the case since dΦHMS involves derivatives of deIα (due to the variation of
◦
ω K
µ I := eKα

◦
∇µEαI ). These derivatives will appear in the computation of the symplectic potentials

and charges.

From the aforementioned definition of the tetrad-HMS action, we choose the following repre-
sentatives as the tetrad-HMS Lagrangians

L
(t)
HMS(e, ω̃) := L

(m)
HMS ◦ ΦHMS(e, ω̃) , `

(t)
HMS(e, ω̃) := `

(m)
HMS ◦ ΦHMS(e, ω̃) . (5.3)

In this case, it is not really useful to write the Lagrangian as the sum of the EH-term and
some coupling terms (in analogy with (3.1)). It is better to split the 1-form connection in its
antisymmetric and symmetric parts in its internal indices,

ω̃IJ = ω̂IJ + SIJ ,

and consider the equivalent variables (e, ω̂, S). Following [37, 38], one obtains the following
explicit expressions for these Lagrangians

L
(t)
HMS(e, ω̂, S) = 1

2HIJKL

(
F̂ IJ − Λ

6 e
I ∧ eJ + SIM ∧ SMJ

)
∧ eK ∧ eL

`
(t)
HMS(e, ω̂) = −1

2HIJKL

(
2N IdNJ − ω̂IJ

)
∧ eK ∧ eL − 1

γ
deI ∧ eI

where H KL
IJ = ε KL

IJ + 1
γ (δKI δLJ − δLI δKJ ), F̂IJ = dω̂IJ + ω̂IK ∧ ω̂KJ , eI := ∗eI , ω̂IJ := ∗ω̂IJ ,

and N I = ναeIα . Notice that if we set S = 0 we recover the Holst Lagrangian on the bulk

L
(t)
HMS = L

(t)
Holst + 1

2HIJKLS
I
M ∧ SMJ ∧ eK ∧ eL

while the boundary term is the one defined in [39] (although in that reference it is derived by
working from the beginning with a Lorentz connection i.e. S = 0). Notice in particular that
the tetrad-HMS action can be interpreted as the generalization of the Holst action for GL(4)
connections.

5.2 Variations
Computing the variations, one easily obtains

dL(t)
HMS = E

(t)
L ∧ deL + E(t)

KL ∧ d ω̂KL + E
(t)
JM ∧ dSJM + dΘ(t)

HMS ,

d`
(t)
HMS − ∗Θ

(t)
HMS = b

(t)
I ∧ deI − dθ(t)

HMS ,
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where the Euler-Lagrange equations are

E
(t)
L := HIJKL

(
F̂ IJ + SIM ∧ SMJ − Λ

3 e
I ∧ eJ

)
∧ eK ,

E(t)
KL := −1

2D̂(HIJKLe
I ∧ eJ) ,

E
(t)
JM := 1

2
(
HIKLJδ

R
M +HIKLMδ

R
J

)
S I
R ∧ eK ∧ eL ,

b
(t)
I := εIJKL(2NKdNL − ω̂KL) ∧ eJ + 2εMJKLN

L(ι
E
JdeK) ∧ eMNI −

2
γ
D̂eI ,

(5.4)

here D̂αI = dαI + ω̂ J
I ∧ αJ . We take the symplectic potentials

Θ(t)
HMS := 1

2HIJKLe
I ∧ eJ ∧ d ω̂KL , θ

(t)
HMS := εIJKLe

I ∧ eJ ∧NK ∧ dNL − 1
γ
eI ∧ deI . (5.5)

5.3 Space of solutions
One way to obtain the space of solutions is to prove that dΦPT is surjective. Then, because

d (e,ω̃)S
(t)
HMS = d (e,ω̃)(S

(m)
HMS ◦ ΦPT) = dΦPT(e,ω̃)S

(m)
HMS ◦ d (e,ω̃)ΦPT (5.6)

we have
Sol(t)HMS

(5.6)= Φ−1
PTSol(m)

HMS
(3.25)= Φ−1

PTSol(m)
PT

[37]= Sol(t)PT (5.7)

Although it is not too hard to prove that dΦPT is surjective, here we will use the techniques
of section 3.3 to solve E

(t)
JM = 0. To that purpose let us first expand SIJ = SMIJe

M with
SMIJ = SMJI to rewrite the third equation in (5.4) in the form

εKLNPH
IKL

(M SNJ)I = 0 ,

which is equivalent to

− 2S I
I(M δ P

J) + 2S P
(MJ) −

1
γ
SNL(M ε

NLP
J) = 0 . (5.8)

We use now the irreducible decomposition (3.9) (notice that we are allowed to do that despite
the different “nature of the indices”) to write

SIJK = (1)SIJK + (2)SIJK + ΣIJK + σIJK (5.9)

with

(1)SIJK := 1
4AIηJK ,

(2)SIJK := 1
36(ηJKδLI − 2ηIJδLK − 2ηIKδLJ )(AL − 4BL) ,

ΣIJK = S(IJK) −
1
18(ηIJδLK + ηKIδ

L
J + ηJKδ

L
I )(AL + 2BL) ,

σIJK := SIJK − (1)SIJK − (2)SIJK − ΣIJK ,

where all these tensors are symmetric in the last two indices, Σ(IJK) = ΣIJK , ΣIJK and σIJK
are traceless and, finally, σIJK + σKIJ + σJKI = 0. We now solve (5.9) in steps. First, by
contracting it with δJP we get

S I
MI − 4S I

IM = 0 ←→ AM − 4BM = 0 .

– 11 –



By symmetrizing (5.9) in the indices MJP we find

S(JMP ) − SI(M
IηJP ) = 0 ←→ ΣJMP + 1

6(A(J − 4B(J)ηMP ) = 0 .

We then conclude that (2)SIJK = 0 and ΣIJK = 0, so that SIJK = 1
4AIηJK + σIJK and (5.9)

becomes

σPJM = N TUV
PJM σTUV N TUV

PJM := 1
2γ (δUM εT V

J P + δUJ ε
T V
M P ) .

Now,
σPJM = N TUV

PJM σTUV = N TUV
PJM N ABC

TUV σABC = − 3
γ2σPJM ,

as a consequence of the tracelessness of σIJK and its cyclicity. We then conclude σPJM = 0 for
all γ ∈ R, and the general solution for SIJ has the form

SIJ = ηIJUKe
K

with UK arbitrary. Plugging this solution into E(t)
KL = 0 of (5.4) removes the dependence in S

and the system becomes the ones studied in [13, 41], where we found the solution ω̂IJ = ◦
ωIJ .

Finally, once we plug the solutions for S and ω̃, eI has to satisfy the Einstein equation coming
from E

(t)
L .

5.4 Presymplectic form
From (5.5) and [37, 38], we have

Θ(t)
HMS = Θ(t)

PT + 1
γ
eI ∧ eJ ∧ d ω̂IJ , θ

(t)
HMS = θ

(t)
PT −

1
γ
eI ∧ deI . (5.10)

Alternatively, defining the contorsion CIJ := ω̂IJ − ◦
ωIJ , we can write

Θ(t)
HMS = Θ(t)

PT + 1
γ
eI ∧ eJ ∧ dCIJ + 1

γ
eI ∧ eJ ∧ d ◦ωIJ =

= Θ(t)
PT + 1

γ
eI ∧ eJ ∧ dCIJ − 1

γ
d(eI ∧ deI) .

The last equality follows from the expression of ◦ω in terms of
◦
D and the fact that

◦
DeI = 0 (since

the connection is the LC one, there is no torsion). Gathering the previous equations and using
the relative bicomplex framework [35], we obtain(

Θ(t)
HMS, θ

(t)
HMS

)
=
(
Θ(t)

PT, θ
(t)
PT

)
+ 1
γ

(
eI ∧ eJ ∧ dCIJ , 0

)
− 1
γ

d
(
eI ∧ deI , 0

)
(5.11)

Notice that, off-shell, the HMS and Palatini symplectic potentials are not equal in the relative
cohomology due do the term involving dCIJ . Moreover, we see that the relative cohomology
class of the HMS symplectic potentials depends on γ while in the Palatini case, of course, it does
not. However, C = 0 on-shell and we obtain, as in the metric case, the expected equivalence
over the space of solutions and the independence of γ.

6 CHARGES IN THE METRIC FORMALISM
6.1 The HMS and Palatini Lagrangian pairs are not equal in relative cohomology
The space of solutions and the symplectic structure of metric-HMS is the same as in metric-
Palatini. However, the Lagrangians are not the same at all. In fact, they are not even in the
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same relative cohomological class so, in principle, the associated charges computed with the
CPS algorithm may differ. Indeed, from our previous computations we have that

d(L(m)
HMS − L

(m)
PT ) = −1

γ

(
E

(m)
H-CP

)αβ
dgαβ −

1
γ

(
E(m)

H-CP

)
βσ
α dQαβσ + 1

γ
d
(
dι~qvol

)
d(`(m)

HMS − `
(m)
PT )− ∗(Θ(m)

HMS −Θ(m)
PT ) = 0

giving non-trivial equations of motion. This shows that the HMS Lagrangians and Palatini
Lagrangians are not in the same relative cohomology class.

6.2 Definition of ξ-charges
In this subsection we quickly summarize the definition of ξ-charges (we follow the notations,
definitions, and results of [35]). Consider a pair of Lagrangians (L, `) over the space of fields
F = {φ tensor field} defining a good action principle. This means that we have

dL = E ∧∧dφ+ dΘ d`− ∗Θ = b∧∧dφ− dθ

Given some vector field ξα tangent to ∂LM , we define the ξ-currents and the ξ-charge associated
with a Lagrangian pair (L, `) as

Jξ := ιξL− XξΘ
ξ := −ιξ`− Xξθ

Qı
ξ :=

∫
(Σ,∂Σ)

ı∗(Jξ, ξ)

where is the interior product of F , dφ(Xξ) = Lξφ, and ı : (Σ, ∂Σ) ↪→ (M,∂LM) is a Cauchy
embedding. The ξ-charges depend on the embedding off-shell but are independent on-shell.
Moreover, in general they also depend on the Lagrangians chosen within the cohomological
class. However, if we only allow Diff-invariant representatives, the charge does not depend on
the choice.

Finally, lemma III.54 of [35] shows that

dQı
ξ = Xξ

ı +
∫

(Σ,∂Σ)
ı∗
(
ıξ(E, b) ∧ dφ

)
+
∫

(Σ,∂Σ)
ı∗(Lξ − X̃ξ

)
(
Θ, θ

)
(6.1)

If we have, as we do in our case, Diff-invariant representatives (Θ, θ), the last integral is zero.
Meanwhile, if we restrict ourselves to the space of solutions : Sol ↪→ F , then the first integral
vanishes. Thus, we have that Xξ|Sol is a Hamiltonian vector field with Hamiltonian Qξ := ∗Qı

ξ

(Qξ is said to be integrable).

6.3 HMS vs Palatini vs GR ξ-charges
Let us prove that the HMS and Palatini ξ-charges coincide and that they are both equal to the
ξ-charges of GR after pulling back to the metric sector.

From (3.3), (4.2), and [37], we have

(Θ(m)
HMS, θ

(m)
HMS) = (Θ(m)

PT , θ
(m)
PT ) + 1

γ
d(ι~qvol, 0)

= (Θ(m)
GR , θ

(m)
GR ) + d(ι ~A− ~C+~q/γvol, 0)

(6.2)

and (
L

(m)
HMS, `

(m)
HMS

)
= (L(m)

PT , `
(m)
PT )− 1

γ

(
L̂

(m)
H-CP, 0

)
+ 1
γ

d(ι~qvol, 0)

=
(
L

(m)
EH , `

(m)
GHY

)
+
(
L̂

(m)
P-CP −

1
γ
L̂

(m)
H-CP, 0

)
+ d(ι ~A− ~C+~q/γvol, 0)

(6.3)
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Then we have

QHMS,ı
ξ,(m) − Q̃GR,ı

ξ,(m) =
∫

(Σ,∂Σ)
ı∗
(
ιξ(L

(m)
HMS, `

(m)
HMS)− Xξ(Θ

(m)
HMS, θ

(m)
HMS)− ιξ(L

(m)
EH , `

(m)
GHY) + Xξ(Θ

(m)
GR , θ

(m)
GR )

)
=
∫

Σ
ı∗ιξ

(
L̂

(m)
P-CP −

1
γ
L̂

(m)
H-CP

)
+
∫

(Σ,∂Σ)
ı∗
(
ιξd(ι ~A− ~C+~q/γvol, 0)− Xξd(ι ~A− ~C+~q/γvol, 0)

)
=
∫

Σ
ı∗ιξ

(
L̂

(m)
P-CP −

1
γ
L̂

(m)
H-CP

)
+
∫

(Σ,∂Σ)
ı∗(Lξ − d ιξ)ι ~A− ~C+~q/γ(vol, 0)−

∫
Σ
ı∗( Xξ − d Xξ)ι ~A− ~C+~q/γvol

=
∫

Σ
ı∗ιξ

(
L̂

(m)
P-CP −

1
γ
L̂

(m)
H-CP

)
+
∫

Σ
ı∗(Lξ − Xξ)ι ~A− ~C+~q/γvol =

∫
Σ
ı∗ιξ

(
L̂

(m)
P-CP −

1
γ
L̂

(m)
H-CP

)
To get the last line we have used the relative Stokes’ theorem together with ∂(Σ, ∂Σ) = ∅ and
the fact that = 0 over 0-forms in the space of fields. Finally, the last equality follows because
ι ~A− ~C+~q/γvol does not depend on any background object (over such objects Xξ = Lξ). Finally,
(see (3.26)), we use that the coupling Lagrangians are zero on-shell to prove the equality of the
charges.

Notice that we have written Q̃GR,ı
ξ,(m), instead of simply QGR,ı

ξ,(m), to remind the reader that, although
they have the same functional expression, they live in different spaces. The former lives in the
Palatini/HMS space F (m)

PT (= F (m)
HMS) while the latter lives in the GR space F (m)

GR (they are equal
after pullback/projection).

Since QHMS
ξ,(m) := ∗QHMS,ı

ξ,(m) = ∗Q̃GR,ı
ξ,(m) does not depend on γ, we obtain QHMS

ξ,(m) = QPT
ξ,(m) = Q̃PT

ξ,(m)
and all the charges are equivalent (the particular expression is given in [38, III.4]). Moreover,
from (6.1) it follows that these charges are the Hamiltonian of Xξ

Xξ
HMS
(m) = dQHMS

ξ,(m) , Xξ
PT
(m) = dQPT

ξ,(m) , Xξ
GR
(m) = dQGR

ξ,(m) . (6.4)

7 CHARGES IN THE TETRAD FORMALISM
7.1 HMS and Palatini Lagrangian pairs are NOT equal in relative cohomology
We have seen that (L(m)

HMS, `
(m)
HMS) and (L(m)

PT , `
(m)
PT ) are different in the relative cohomology but,

as mentioned on remark 5.2, this does not imply that the tetrad counterparts (L(t)
HMS, `

(t)
HMS) and

(L(t)
PT, `

(t)
PT) are different in relative cohomology. However, proceeding as in section 6.1 allows us

to show that they are different in the relative cohomology as well.

7.2 HMS vs Palatini vs GR ξ-charges
Let us prove that the HMS and Palatini ξ-charges are equal and that they are both equal, after
pulling back to the metric sector, to the ξ-charges of GR.

To this end first notice that
ω̃IJ = ◦

ωIJ + CIJ + SIJ ,

The Lagrangian pairs of the three theories are related by

(L(t)
HMS, `

(t)
HMS) = (L(t)

PT, `
(t)
PT) + 1

γ

(
eI ∧ eJ ∧ (CIM ∧ CMJ + SIM ∧ SMJ ), 0

)
+

+ 1
γ

d
(
eI ∧ eJ ∧ CIJ , 0

)
=

= (L(t)
EH, `

(t)
HGY) + 1

2
(
HIJKLe

I ∧ eJ ∧ (CKM ∧ CML + SKM ∧ SML), 0
)
+

+ 1
2d
(
HIJKLe

I ∧ eJ ∧ CKL, 0
)
,

(7.1)
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while their symplectic potentials are related by

(Θ(t)
HMS, θ

(t)
HMS) = (Θ(t)

PT, θ
(t)
PT) + 1

γ
(eI ∧ eJ ∧ dCIJ , 0)− 1

γ
d(eI ∧ deI , 0)

= (Θ(t)
GR, θ

(t)
GR) + 1

2(HIJKLe
I ∧ eJ ∧ dCKL, 0)− 1

γ
d(eI ∧ deI , 0) .

(7.2)

Using again the relative Stokes’ theorem, the fact that there are no background objects and the
relative Cartan’s magic formula, we get

QHMS,ı
ξ,(t) − Q̃GR,ı

ξ,(t) =
∫

(Σ,∂Σ)
ı∗
(
ιξ(L

(t)
HMS, `

(t)
HMS)− Xξ(Θ

(t)
HMS, θ

(t)
HMS)− ιξ(L

(t)
EH, `

(t)
GHY) + Xξ(Θ

(t)
GR, θ

(t)
GR)

)
=
∫

Σ
ı∗
(1

2 ιξ
(
HIJKLe

I ∧ eJ ∧ (CKM ∧ CML + SKM ∧ SML) +HIJKL(LξeI) ∧ eJ ∧ CKL
)
.

On shell, CIJ = 0 and SIJ is proportional to the identity ηIJ . Thus, on shell, the previous expres-
sion vanishes and we have once again the equivalence of the charges (the particular expression
is given in [38, IV.8]) and the fact that these charges are the Hamiltonian of Xξ.

Once again, we have reached the expected equivalence between the metric and tetrad formalism.
However, it is interesting to note that in the tetrad formalism we have an additional symmetry
which is absent in the metric formalism. To introduce it, we need to take a small detour and
speak about Kosmann derivatives, d-symmetries, and general charges.

7.3 Kosmann ξ-charges
In the metric formalism, g-Killing vector fields ξ ∈ X(M) satisfy Lξg = 0. If the metric is
written in terms of tetrads as g = ηIJe

I ⊗ eJ , the condition Lξg = 0 is equivalent to requiring
that LξeI = −λ̂IJeJ for some λ̂IJ antisymmetric but non-zero in general. This observation
leads to the introduction of the Kosmann derivative KξeI := LξeI + λ̂IJe

J , choosing λ̂IJ so that
it vanishes for every Killing vector field. The Kosmann derivative has been used, among other
things, to study black hole entropy [42] (see also [43] for a more geometric discussion).

In the bicomplex formalism, this construction can be defined as follows: consider a λ̂-dependent
vector field Zλ̂ given by Zλ̂e

I := λ̂IJe
J and such that

Xξ+Zλ̂e
I = 0 ≡ LξeI + λ̂IJe

J = 0 (7.3)

for every Killing vector field ξ. By demanding that (7.3) holds, we can get the explicit form of
λ̂IJ in the following way

λ̂IK = λ̂[IK] = ηJ [K λ̂
I]
J = eJαE

α[K λ̂
I]
J = −Eα[K(LξeI])α = −Eα[K

( ◦
∇~ξ e

I]
α + e

I]
β

◦
∇αξβ

)
= ξβe[I

α

◦
∇βEαK] − EαKEβI

◦
∇[αξβ] = ıξ

◦
ωIK − 1

2E
αKEβI(dξ)αβ ,

where
◦
∇ is the Levi-Civita connection. With the previous choice of λ̂IJ , we have:

( Xξ+Zλ̂e
I)α = 1

2E
Iβ(Lξg)αβ

which indeed vanishes if ξ is a Killing of the metric.

Now we have to prove that Zλ̂ is a symmetry and compute the associated charges.
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7.4 Definition of X-charges
A d-symmetry is a vector field X over F such that XL is exact when no boundary is considered.
If we assume that the base manifold has a non-empty boundary, then we have to rely on the
concept of relative d-symmetry (or d-symmetry for short) introduced in [35]: a vector field X
over F such that X(L, `) is relative exact. That means that there exists some (SX, sX) such
that

X(L, `) = d(SX, sX) := (dSX, ∗SX − dsX) .

Now we can define the X-currents and X-charge

(JX, X) := (SX, sX)− X(Θ, θ) , Qı
X :=

∫
(Σ,∂Σ)

ı∗(JX, X) .

The charge Qı
X is independent of the chosen representatives. Moreover, restricting ourselves to

the space of solutions we see that it does not depend on the embedding and it is the Hamiltonian
of X. Finally, a comment is in order: if we apply these definitions to Xξ, we recover the ones
given in section 6.2 (although notice that those are defined even if Xξ is not a d-symmetry).

7.5 Definition of λ-charges
Now we have to prove that Zλ̂ is a d-symmetry. In fact, we are going to prove something stronger,
that Zλ is a d-symmetry for every scalar field λIJ antisymmetric in its internal indices. Let us
define the vector field Zλ over F (t)

PT by

Zλe
I = λIJe

J , Zλω̂
IJ = −D̂λIJ , ZλS

IJ = −λIKS J
K − λJKS I

K

From (5.1) and (5.3), it is clear that Zλ is a d-symmetry of (L(t)
HMS, `

(t)
HMS) and we can take

(SZλ , sZλ) = (0, 0). We now compute the Zλ-currents to obtain

JZλ = − ZλΘ(t)
HMS = 1

2d(HIJKLλ
KLeI ∧ eJ)−HIJKLλ

KLCIR ∧ eR ∧ eJ ,

Zλ = − Zλθ
(t)
HMS = εIJKLλ

RJeK ∧ eLN INR + 1
γ
λIJeI ∧ eJ .

These expressions can be rewritten in a relative form as

(JZλ , Zλ) = 1
2d
(
HIJKLλ

KLeI ∧ eJ , 0
)
−
(
HIJKLλ

KLCIR ∧ eR ∧ eJ , 0
)

+

+ 1
2
(
0, εIJKL(2N INRλ

RJ − λIJ)eK ∧ eL
)
.

Finally, notice that the last term is zero as a consequence of ε[IJKLNR]N
IλJReK ∧ eL = 0.

We end by computing the Zλ-charge (λ-charge for short) as the integral of the Zλ-currents

QHMS,ı
λ :=

∫
(Σ,∂Σ)

(JZλ , Zλ) = −
∫

Σ
HIJKLλ

KLCIR ∧ eR ∧ eJ ,

which is zero on-shell (since over the space of solutions CIJ := ω̂IJ − ◦
ωIJ vanishes). Moreover,

from (7.2) and the relative Stokes’ theorem, we have

QHMS,ı
λ = QPT,ı

λ − 1
γ

∫
Σ
eI ∧ eJ ∧ ZλCIJ = QGR,ı

λ − 1
2

∫
Σ
HIJKLe

I ∧ eJ ∧ ZλC
KL .

We see that the λ-charges do not coincide off-shell in GR, Palatini, and HMS. However, as
expected since there is no metric counterpart, they all vanish on-shell.
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8 CONCLUSIONS AND COMMENTS
In this paper we have studied in full detail the relation between the metric-HMS and tetrad-
HMS formulations for general relativity on manifolds with or without boundary. First we have
proven that the spaces of solutions of the metric-HMS action and the metric-Palatini action
are the same. Then we have studied the correspondence between the solution spaces in the
metric and tetrad formalisms. Although the simple relationship between them can be justified
on general grounds by relying on the properties of the transformation ΦHMS and its tangent
map (in particular, by the fact that both are onto), we have checked this explicitly by solving
the relevant sector of the field equations. In order to do this, we have used the irreducible
decompositions of the tensors involved. We would like to insist on several facts:

• We have done this in full generality, i.e. by taking from the start completely general
connections with torsion and non metricity. In particular, in the tetrad formalism we have
the Holst action plus another term that depends on the symmetric part of the connection.
To the best of our knowledge, this has not been considered before.

• We have derived a new boundary Lagrangian to recover GR also at the boundary, and
used the transformation ΦHMS to find its tetrad counterpart. The latter coincides with
the boundary Lagrangian proposed in [39] by Bodendorfer and Neiman (although they
only work with Lorentz connections).

• As expected, the equivalence of the solution spaces extends to the case of manifolds with
boundaries.

As far as the (pre)symplectic forms are concerned the situation is very simple in the metric
case as the symplectic potential corresponding to the different formulations (Einstein-Hilbert,
Palatini, and HMS) differ by a d -exact term. In fact, they coincide both off-shell and on-shell.
The tetrad case is more complicated. This is to be expected on general grounds because the
transformation ΦHMS involves derivatives. As we have shown, the HMS and Palatini symplectic
potentials are not equal on the relative cohomology: they are different off-shell but coincide
on-shell as a consequence of the dynamical vanishing of the contortion CIJ .

Finally, regarding the charges we have shown that they also differ off-shell, but coincide on shell
(again as a consequence of the fact that CIJ = 0). A similar analysis has been performed for
the λ-charges (which include the Kosmann charges) proving that, in fact, they all vanish.
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