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Residential Harmonic Injection Models
Based on Field Measurements

Pablo Rodrı́guez-Pajarón, Student Member, IEEE, Araceli Hernández,
Member, IEEE, Hugo Mendonça, Member, IEEE, and Jovica V. Milanović, Fellow, IEEE

Abstract—In recent years, harmonic current levels have in-
creased in residential distribution networks due to the growing
penetration of nonlinear loads at customer premises. To properly
model the harmonic current injection of residences, probabilistic
models that account for the stochastic behavior of domestic loads
are needed. As a part of the study reported in this paper, a field
measurement campaign was performed in 24 dwellings during a
one-week period with a one-minute resolution. Harmonic current
magnitudes and phase angles of odd harmonic orders up to
the 25th as well as the active and reactive power demanded
were recorded. By applying two different unsupervised learning
techniques (i.e., nonparametric density estimation and Gaussian
mixture models) to these measurements, two probabilistic models
of harmonic injection of individual residential sites have been de-
rived. Statistical probability distributions have been determined
for the magnitude and phase of each harmonic order segmented
in different power demand intervals. The developed models are
validated on a test feeder by comparing harmonic voltages caused
by the injection of the synthetically generated currents with those
obtained from measurements. Both field measurement results
and the detailed data defining the probabilistic harmonic current
models are made public in an Open Science database repository.

Index Terms—Harmonic currents, power quality, residential
network, stochastic models.

I. INTRODUCTION

HARMONIC distortion in distribution networks is becom-
ing an increasing concern for industry. Usually, driven

by energy saving policies, a growing number of nonlinear
(NL) loads are connected to the network [1]. These NL loads
(such as switching-mode power supplies or variable speed
drives) inject harmonic currents. At present, their proliferation
in residential premises can cause harmonic distortion in the
supply voltage and affect other loads connected to the same
network [2]–[7]. For example, extensive field measurement
data collected from various locations in North America show
that the harmonic current distortion levels of residential feeders
are much higher than those of the industrial and commercial
feeders [2].]. In the near future, this potential impact is
expected to be even more noticeable, due to the increasing
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penetration of new loads such as electric vehicles (EVs)
and electronic-based home appliances. Furthermore, different
international standards, such as EN 50160 [8] or IEEE Std.
519 [9], are enforcing compliance with voltage waveform
requirements in public low voltage distribution networks.

To analyze the scenarios that may jeopardize voltage dis-
tortion levels and compromise compliance with the standards
limits in low voltage power distribution systems, it is critical to
realistically model the harmonic injection of residential loads.
The aim of this research is to develop realistic (based on
field measurements) harmonic injection models of residential
loads and to incorporate their characteristic stochastic behavior
(by using a probabilistic approach). To expand the usability
of developed models and to facilitate further research, the
developed probabilistic models and the measurements that they
are based on , have been made publicly available in an open
science repository [10].

The models for harmonic current injection from individual
residences, developed in this study, can be used for har-
monic propagation studies, assessment of harmonic voltages
and verification of compliance with standard limits in any
network. The probabilistic nature of the proposed models
allows consideration of the uncertainty in harmonic injections
and, therefore, quantification of the variation in the expected
harmonic voltages by means of probabilistic techniques such
as the Monte Carlo [4], [11], [12] method or the most advanced
surrogate techniques. The characteristics of the network (and,
in particular, its short circuit power level) will influence the
voltage distortion reached at network buses and, therefore, the
compliance with standard limits such as EN50160 [8] or IEEE
Std. 519 [9].

Different approaches have been followed in the past to
develop residential harmonic current models. Modeling of res-
idential harmonic injections can be performed by developing
appropriate equipment models or aggregated models [13], [14].
The former is based on modeling each of the electric devices
that are typically found in at the residential customer site
individually. The models for linear loads are usually modeled
as a constant power load or a constant admittance load, while
models for NL loads, which are the most important regarding
harmonic analysis, are more complex. Two main alternatives
have been widely used to represent NL loads of household
appliances: time-domain and frequency domain models.

Time-domain models consist of a detailed representation of
electronic circuits integrated in the appliance. These models
require a deep analysis and knowledge of the device, which is
sometimes difficult to obtain and very often not applicable to
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a similar device with different design characteristics. These
models are also highly computationally demanding. Some
examples of NL time-domain models can be found in [15]–
[17].

Frequency domain models are the most commonly used
in electrical simulations. NL loads can be simulated as ideal
current sources, either neglecting the influence that distorted
voltages may have on injected currents [18] or considering it
[19]. NL loads can also be modeled as coupled or uncoupled
Norton equivalent models ( [20], [21] or [22]–[24] respec-
tively).

The abovementioned equipment models are often too de-
tailed to study harmonic currents or voltages in residential
distribution systems and lead to an excessive complexity and
detail in the load modeling. In contrast, aggregate models
represent the injected currents of a group of components,
with no need to model in detail each of them. Depending
on the study performed, a different level of aggregation may
be needed: from individual household aggregation (models
that represent a single residence including all its household
devices) to models of several aggregated dwellings.

Harmonic assessment of low voltage residential networks
usually requires the level of detail given by individual dwelling
aggregated models, whereas studies on medium voltage sys-
tems can be sufficiently accurate with models that aggregate
harmonic contribution by several dwellings. Harmonic models
for several aggregated dwellings have been reported in the past
[25]–[27]; however, models of harmonic injection of individual
residences are much less frequent. Different techniques can be
applied to build these aggregated harmonic injection models.
They can be generally classified as bottom-up models and
measurement-based models. Bottom-up models consider the
residence by modeling equipment or types of devices, which
are then combined correctly to form an aggregate model of the
whole residence [4], [11], [12], [28], [29]. Measurement-based
models are built from real data extracted from the network.
They usually analyze measurements with some statistical
method to take into account the random behavior of the har-
monic injections [26], [27], [30]–[32]. While the accuracy of
bottom-up models relies on the correct modelling of multiple
uncertain variables, the advantage of the measurement-based
harmonic injection models such as the one proposed here is
the fidelity of the model to realistic data.

Most of the above models are either valid for an aggregation
of several residences [25]–[27], [32] or do not take into
account the high variability of residential harmonic currents
[4], [12], [30], [31] and consider the harmonic injection of a
type of device invariable. Other models statistically analyze
some residence measurements to determine their contribution
to the total harmonic distortion but do not provide complete
probabilistic harmonic characterization of the residential loads
[2], [33]. To fill this gap, this study proposes two different
models for harmonic injections of individual residences. These
models are probabilistic to account for the stochastic nature
of the loads and are based on measurements performed in 24
houses during a one-week period.

The contributions of this study are both methodological
and research enabling: i) first, two methodologies, one based

on nonparametric density estimation and the other on Gaus-
sian Mixture Models, are developed to obtain probabilistic
harmonic models of individual residences based on field
measurements performed on 24 dwellings; and ii) second, the
measured data as well as the developed statistical injection
models are made available to researchers in an open database
that can be accessed in [10].

II. FIELD MEASUREMENTS

A. Description of the Measurement Campaign
There are several databases that offer data from individual

residential sites. However, some of them do not include
harmonic injections at all [34], [35] (only related to power
consumption), whereas others only offer current total harmonic
distortion (THDI ) [36], [37], which is not sufficient to build
complete models of harmonic emission. Some other databases
offer current waveforms but usually for a small number of
dwellings, such as in [38] or [39] (including data for 1 and 3
dwellings respectively). None of them offer harmonic current
injections for a sufficient number of sites or with sufficient
detail to build representative models. This lack of real and
available data of residential harmonic injections justifies the
measurement campaign that took place during 2020 and 2021
in Madrid, Spain.

The measurements performed include harmonic current
magnitudes and phase angles for odd harmonic orders up to
the 25th as well as active and reactive power demanded by the
individual dwellings [40]. The measurements were performed
during a one-week period with a one-minute sampling rate
recording one-minute average values of measured quantities.
Measurements were performed with a Fluke 435 Power Qual-
ity Analyzer or a Fluke 435-II Power Quality Analyzer and a
Fluke i30s current clump. Measurements complied with IEC-
61000-4-7 [41]. According to that, harmonic current phase
angles refer to the fundamental voltage at the measuring site.
All measurements were taken at single-phase supply points.

During the campaign, the measurements were taken at
24 different residential sites. All the measurement data are
made public for researchers to use for their own purposes
and research. Measurements are available in the database
called MEMORIA (MEasureMents Of Residential Injections
of hArmonics) which can be freely accessed in [10]. In this
database, the measured values can be downloaded together
with a data sheet indicating the characteristics (household
appliances, squared meters, etc.) of the measured dwelling.

TABLE I
SUMMARY OF THE PROPORTION OF DWELLINGS WITH DIFFERENT

NUMBERS OF DEVICES.

1 appliance 2 appliances 3 or more appliances
TVs 33% 17% 50%

Computers 8% 33% 55%
Refrigerators 83% 12% 5%

The measured sites include apartments (71% of samples)
and single houses or semidetached (29%). Table I includes
the percentage of dwellings with different numbers of TVs,
computers and refrigerators, as three of the most typical resi-
dential devices. Approximately 70% of the refrigerators were
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(a) Site 4: harmonics. (b) Site 12: harmonics. (c) Site 14: harmonics.

(d) Site 4: power. (e) Site 12: power. (f) Site 14: power.

Fig. 1. Weekly profile of the 3rd, 5th and 7th harmonic current magnitudes of three measured sites (left) and their apparent power demand (right).

purchased before 2005, whereas only 30% were purchased
after 2015. When looking at washing machines, a different
situation is found, as 89% of dwellings have one and more
than half of them were purchased after 2015. Tee washing
machine purchase year is an important variable to consider, as
modern devices may include a variable speed drive that has an
impact on harmonic injection [42], [43]. Similar consideration
should be given to the presence of an induction hob, which
was present in 58% of dwellings. The rest of them used a
noninduction electric hob. None of the measured sites included
PV generation or EV chargers.

B. Overview of Measured Harmonic Currents

The measured harmonic currents at residential sites show
a stochastic behavior over time. This stochastic behavior is a
common characteristic of all measured sites, but the shape of
the harmonic profiles is very different from one site to another.
These two attributes are illustrated in Fig. 1, where harmonic
magnitudes for the 3rd, 5th, and 7th currents are plotted on the
left for three different dwellings in the dataset (sites 4, 12 and
14) during a week as an illustration of the mentioned variable
harmonic profiles. Fig. 1 also shows the power demand (in
kVA) for the same selected sites (right part of the figure).

From Fig. 1, two main conclusions can be drawn. First,
by comparing the left and right sides of the figure, some
similarities can be found between harmonic emission and
power. This fact is further discussed in the next section and is
one of the starting points in harmonic model development.

Second, harmonic weekly profiles of individual dwellings
do not show a clear cyclic behavior, which means that mod-
eling their emissions by means of time series is not a suitable
option, as it could be for aggregated residential profiles with
smoother shapes [14]. For this reason, the time instant is
not considered in the developed harmonic models as the key
influential parameter, and the proposed stochastic modeling
of harmonics during the week omits this variable. By doing
so, the probability distribution functions of harmonic current
magnitudes measured during the one-week period can be

calculated. These functions are plotted in Fig. 2 for harmonic
currents injected by the residences included in the dataset (due
to space limitations, only 3rd, 5th and 7th harmonic orders are
plotted).

Fig. 2. Probability distribution functions for harmonic current magnitudes of
all measured sites.

Fig. 3 shows the probability distribution function (PDF) of
the phase angles of the main harmonics (3rd, 5th and 7th). The
3rd and 5th harmonic currents exhibit a clearly prevailing phase.
In the case of the 7th harmonic, the phase angle distribution
is much wider, and different values can be found. Increasing
the harmonic order beyond the 7th makes the phase angle
distributions even more disperse.

Fig. 3. Probability distribution functions for harmonic current phase angles
of all measured sites.

III. SEGMENTATION OF HARMONIC MEASUREMENT DATA

A. Harmonic current magnitudes

A simple model could be developed where each harmonic
order is modeled by the corresponding probability distribution
function extracted from Figs. 2 and 3, but it would omit
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important information about the time dependency or corre-
lation between different harmonic orders. On the other hand,
a complete model in which time dependency and interdepen-
dency among harmonic orders are considered (e.g., by means
of multivariate time series) would be very complex because
harmonics of single dwellings are very stochastic and do not
show clear cyclic behavior. An intermediate solution is adopted
in this work where time dependency is not directly included
in the model but its effect is incorporated by considering the
dependency of different harmonic orders on the demanded
fundamental power (i.e., active power demanded at the funda-
mental frequency).

Indeed, different values of demanded fundamental power
lead to different probability distributions on harmonic in-
jections [27], as illustrated in Fig. 4 for the 3rd harmonic.
This figure presents all values measured for the 3rd harmonic
magnitude at all the time intervals in all measured sites (in y-
axis) and the demanded fundamental power in the residence at
the same time interval (in the x-axis). Each measured sample
is represented as a colored dot. In the upper part of the
figure, the probability distribution of the harmonic magnitudes
is represented, but only for values in the specified range of
demanded fundamental power (approximately 0.3 kW, 1.8
kW and 3.1 kW). The distributions of harmonic currents are
different for different demanded powers. The same procedure
shown here as an example for 3rd harmonic order applies to
other harmonic orders.

With this, the probability distribution proposed in Fig. 2 can
be segmented into different distributions according to a speci-
fied range of demanded power for each of them. In this study,
a total of 15 demanded power intervals are used to segment
harmonic magnitudes as a trade-off between the accuracy and
size of the model. Fig. 5 illustrates this idea for the probability
distribution function of the harmonic magnitudes of the 3rd

harmonic order. The intervals of power in which distributions
are divided are indicated in the upper part of the figures. Note
that the probability distribution functions in Fig. 5 are only 3rd

harmonic magnitudes, whereas all other harmonic orders up
to 15th have been segmented using the same power intervals
with a similar procedure.

Fig. 4. Example of distributions of harmonic magnitudes for the 3rd order in
different segments of the demanded fundamental power.

By adopting harmonic magnitude segmentation according
to the demanded fundamental power, time dependency is
implicitly considered, as the demanded power can be modeled
in time, according to probabilistic models representing the
residence occupants’ habits (e.g., by the bottom-up approach
as reported in [44]).

Segmenting harmonic modeling into different demanded
power intervals implicitly accounts for the interdependency
between harmonic orders, since probability models of all
harmonic orders are developed and referred to the same power
segments. For example, if the harmonic injection of a dwelling
is to be simulated in a time interval when the demanded power
is 800 W, a sample will be taken from the specific probability
distribution of the 3rd harmonic current for 800 W demanded
power, as well as a sample from the probability distribution
of the 5th harmonic current and the probability distribution of
the rest of the harmonic orders extracted for the same interval
of 800 W. Probability distributions of individual harmonics
for 800 W are different from the probability distributions of
the corresponding harmonics for different demanded powers.
This approach based on the dataset segmentation offers a
good compromise between accuracy and simplicity compared
to alternative approaches based on multivariate probabilistic
techniques, such as Gaussian Copulas [45], [46] or multivariate
Gaussian Mixtures. Its validity o will be further analyzed and
discussed in section VI and specifically shown in Fig. 21.

Note that the methodology proposed provides the harmonic
currents for each residence as an aggregation of all the devices
included in the residence. In the same way, the power indicated
refers to the power consumed by the whole residence and not
by each individual appliance. Therefore, the previous example
refers to the harmonic content of the current absorbed by
the house when the total power demanded (by the residence
as a whole) was 800 W. This power does not necessarily
correspond to the demand of a single device (such as a power
electronic converter) but to a combination of switched on
appliances in the house with total demanded power of 800W.

Finally, demanded power from single dwellings can be
easily simulated from the multiple models available in the
literature (such as [44], [47], [48]) or directly taken from
real residences with smart-meter data, which are now widely
installed in European distribution systems [49].

B. Harmonic current phase angles

Harmonic phase angles also show great variability, as seen
in Fig. 3. To understand which variable better explains the
variability of phase angles, a principal component analysis
(PCA) [50] was conducted. PCA is a statistical technique that
helps to decide which variables better explain the source of
variability in multivariate samples. Geometrically speaking,
principal components represent the directions of the data
that lead to the largest variance. The larger the contribution
to the variance of a variable, the more important is the
source of variability influencing that variable. In the analysis
conducted to understand where the variability of harmonic
angles comes from, the most important variables identified
were harmonic magnitudes (with contribution to the variance
of 32%), whereas fundamental power demand appears to be
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Fig. 5. Segmented probability distribution functions for 3rd harmonic mag-
nitudes.

significantly less decisive, with contribution to the variance of
19%.

Therefore, according to the performed PCA, it can be
concluded that the variability of phase angles is more affected
by, or a consequence of, the harmonic magnitudes than the
demanded power.

As observed in measurements [10], [38], [39], in general,
there is a prevailing harmonic phase angle for high magnitudes
and a more dispersed harmonic phase when the harmonic
magnitude is low. In Fig. 6, the distribution of phase angles
for different segments considered in this work is presented
for the 3rd harmonic order. A similar procedure is followed
for all the other harmonic orders. For all harmonic phase
angles, 6 intervals are used to segment the data. Intervals are
selected according to the maximum registered value of the
harmonic current of the same order, I(max)

h . Selected intervals
are shown in Table II, and applied for 3rd harmonic order in
Fig. 6. The number of intervals is selected to accurately fit the
measurements while avoiding the existence of intervals with
similar distributions.

TABLE II
INTERVALS OF MAGNITUDE FOR SEGMENTATION OF ARGUMENT DATA.

Interval 1 2 3 4 5 6

Initial value (×I
(max)
h ) 0 0.1 0.2 0.25 0.33 0.5

Final value (×I
(max)
h ) 0.1 0.2 0.25 0.33 0.5 1

Fig. 6. Segmented probability distribution functions for 3rd harmonic phase
angles.

C. Contrast Analysis of Segmented Data Distribution

Previous works for statistical harmonic modeling have
modeled harmonic injections of several aggregated residences
with different parametric statistical distributions [13], [25],
[27], [51]). Parametric distributions assume that sample data
come from a population that can be adequately modeled by a
probability distribution that has a fixed set of parameters. Most
well-known statistical distribution functions are parametric:
e.g., constant, normal or lognormal distributions. However,
in the case of aggregation of several residences, harmonic
injection distributions are smoother than in the case of single
residences. In addition, the aforementioned models [13], [25],
[27], [51] do not take into account interdependency among
different harmonic orders.

In this study, a contrast analysis was performed to find
the probability distribution that properly fits the data. In
this section, both harmonic magnitudes and phase angles
for odd harmonic orders up to the 15th are contrasted with
Kolmogorov-Smirnov and Chi-squared tests [52] to test if the
distribution follows a known statistical distribution. Normal,
lognormal, Weibull, exponential and gamma distributions with
parameters automatically obtained with Matlab Statistics and
Machine Learning Toolbox [53] for the dataset of each har-
monic order and power segment (or magnitude segment) were
tested. In total, 735 parametric probability distributions (525
for harmonic magnitudes and 210 for harmonic phase angles)
were contrasted with the aforementioned statistical tests. All
statistical analysis were performed with a 95% confidence
value and are run in MATLAB, through MATLAB Statistics
and Machine Learning Toolbox.

The results of these tests have shown that most of the
probability distributions for different harmonic orders in both
magnitudes and phase angles cannot be characterized by the
aforementioned parametric distributions with the specified
confidence level and the tests performed. In particular, only
in twelve of the distributions tested (out of a total of 735
distributions) one of the tests concluded that data could be
fitted by the parametric distribution, but p-value is close to
reject the hypothesis. As an example, this is illustrated in
Fig. 7, where p-values of the 15 tests conducted for different
distributions of 3rd harmonic magnitudes corresponding to
different power segments are shown.
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Normal Exponential Lognormal Weilbull Gamma

Fig. 7. Contrast analysis p-value for distributions of 3rd harmonic magnitudes
with chi-squared (top) and Kolmogorov-Smirnov (bottom) tests
. The null hypothesis considers that the data come from the

tested distribution.

A similar contrast analysis has been performed to distribu-
tions of current phase angles, resulting in the same conclusion:
with the confidence level and the tests performed, data cannot
be characterized by the tested parametric distributions.

Thus, considering that data cannot be fitted with known
parametric distributions with sufficient confidence, this paper
proposes modeling harmonic injections with nonparametric
distributions or Gaussian mixture models, which will be pre-
sented and discussed in the next sections.

IV. NONPARAMETRIC HARMONIC INJECTION MODELS

To overcome the inaccurate fitting that classical parametric
distributions have on the segmented probability distribution
of harmonic current injections, this paper proposes modeling
them through nonparametric kernel distributions (kNP). Such
probabilistic techniques have been previously used for model-
ing other power quality disturbances [54]–[56] such as voltage
sags and voltage fluctuations.

Kernel density estimation is a nonparametric method to
smooth histograms by finding multiple local parametric distri-
butions around sampling data. The number, type, and extension
of parametric distributions that conform to the kNP distribution
(namely, number of points, kernel smoother and bandwidth)
are adjusted during the fitting of the kNP distribution [50]. In
this work, as is commonly done, a normal distribution is used
as smoothing function, so nonparametric density estimation is
similar to a Gaussian mixture model, where the number of
Gaussians is not predefined before building the model.

The following expression defines the kNP distribution and
analytically describes the explanation given before:

f̂b(x) =
1

n · b
·

n∑
i=1

K(
x− xi
b

) (1)

where f̂b(x) is the estimated kernel distribution, xi with
i = 1...n are random samples of the available data, n the
sample size, K(...) is the kernel smoothing function (in this
study, the Gaussian function has been used) and b is the
bandwidth. Estimation of f̂b(x) is performed with MATLAB
Statistics and Machine Learning Toolbox [53], which finds the
optimal b (using Silverman’s rule [57]) for estimation. As an

example, Fig. 8 shows the frequency distribution of value b for
the kNP models built for harmonic magnitudes. These models
have been defined for 7 odd harmonic orders segmented in
15 power intervals, i.e. Fig. 7 shows the value of b in 105
modeled harmonic magnitude distributions. The parameter b
for all the proposed distributions can be found in the open
access database [10], where the distributions are provided in
Matlab format.

Fig. 8. Frequency distribution of bandwidth parameter “b” used in the kNP
models of harmonic magnitude distributions.

Fig. 9 shows a simple example where six random samples
(green histogram) are used to build a kNP distribution (in red).
The kernel estimation technique smooths the histogram, and in
this example, it is built from six different normal distributions
(orange dashed lines), each of which locally models each data
sample. The obtained nonparametric distribution describes the
finite data in the form of a continuous distribution that can be
used to extract new randomly generated synthetic samples.

Fig. 9. Example of kNP distribution (red) built from sampling data (green)
and composed of multiple normal distributions (dashed blue).

When this procedure is applied to the segmented mea-
sured distribution data presented in Figs. 5 and 6, the kNP
distributions shown with a red line in Figs. 10 and 11 are
obtained for magnitudes and phase angles, respectively, of
3rd harmonic currents. The similarity of these figures to the
original measured data represented in blue or green can be
clearly observed.

The same procedure of building the kNP distribution for
harmonic currents and phase angles was performed for all the
defined data segments and all the harmonic orders included in
the measurement dataset.

Kernel nonparametric distribution modeling is an automatic
way to represent discrete data in the form of probability
distributions. Its accuracy will be discussed in section VI.
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Fig. 10. kNP distribution for segmented PDF of 3rd harmonic magnitudes.

Fig. 11. kNP distribution for segmented PDF of 3rd harmonic phase angles.

V. GAUSSIAN MIXTURE HARMONIC INJECTION MODELS

The previously presented model based on kNP distribution
accurately fits measured data to nonparametric distributions. In
addition, this methodology can be automatically applied to any
other measurement datasets without supervision. Despite these
advantages, it has two main shortcomings. First, it requires
high computational effort for both building the model out of
data and, more importantly, for obtaining random samples
from the built distribution, especially when the number of
samples conforming to the model is large. Second, in a

nonparametric model, the definition of the probability distri-
bution functions is given by the measured samples and the
bandwidth instead of a reduced set of parameters (such as
the mean or standard deviation) that would define a classical
distribution. This feature makes sharing or applying a pre-
defined model difficult, as no parameter can characterize the
modeled distribution and the measurement dataset is needed
each time the model is used.

To overcome these two issues, in this work, a second unsu-
pervised technique is proposed to model individual residential
harmonic currents: Gaussian mixture models. This statistical
approach has been used in the past for other power quality
indices [58] and analyzed for characterizing harmonics [59],
[60].

A Gaussian mixture model (GMM) is a probabilistic method
used for data clustering and data mining that assumes that the
dataset is generated from a mix of a finite number of Gaussian
distributions with unknown parameters [61] that can be used to
model the dataset distribution when it does not fit any known
parametric distribution. The GMM model also returns the
probability that any point belongs to any given cluster. There
are different methods to establish the most appropriate number
of Gaussian distributions (or components) of the GMM for
each dataset. In this model, the silhouette criterion is applied
[61]. In this work, Gaussian mixture models (GMMs) are
used to cluster the distributions of measured harmonic currents
(magnitudes and phase angles) for each harmonic order and
each power segment presented in section III. This means
that for each of the aforementioned probability distributions,
different groups or clusters are identified, and parameters that
define a Gaussian distribution that fits each of the clusters are
obtained.

Fig. 12 illustrates the idea of obtaining a Gaussian mixture
model. The left part of the figure shows a distribution of data,
described with its histogram. If these data points were to be
modeled with a Gaussian mixture model, an identification of
groups or clusters would be performed, as shown in the middle
plot, where 2 clusters have been identified. With it, each of the
clusters is modeled with a univariate Gaussian distribution, as
shown by the blue dashed lines in the right part of Fig. 12,
which together form the Gaussian mixture model distribution
shown by red line.

Fig. 12. Example of GMM.
The ideas presented in Fig. 12 are based on the following

procedure.
• Calculation of the number N of Gaussian components

(i.e., the number of clusters in which the data are divided).
The number of clusters that define the Gaussian mixture
model is a key parameter in this method. In this paper,
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to find a representative number of clusters the silhouette
criterion is used. This criterion compares how similar
a sample is to other samples in the same cluster to
maximize this similarity by selecting appropriate clusters
[62].
Once the number of clusters is decided, the centroid
of each of them is selected, usually with the EM
(expectation-maximization) algorithm [50], [61]. Expec-
tation maximization is an algorithm that finds maximum
likelihood estimators of a distribution (in this case, cen-
troids for clusters) in datasets where not all variables of
the model are known.

• Calculation of the weight wi of a specific cluster i. This
parameter represents the probability of a sample being in
a specific cluster i. Once the number of components and
the center of each component are found, the weight of a
sample represents the distance to its center. For instance,
if the sample is in the center of cluster i, the weight will
be 1 for cluster i and 0 for all the other clusters. If it
is half-way between two clusters, its weight is divided
accordingly [50].

• Calculation of the mean µi and standard deviation σi of
cluster i. These parameters define the Gaussian density
function that fits data in cluster i. µi and σi are computed
considering the weights of each sample in cluster i.

All the aforementioned characteristics have been obtained
for the segmented measurement dataset of harmonic magni-
tudes and phase angles with MATLAB Statistics and Machine
Learning Toolbox [53].

Once the Gaussian distributions are characterized, to obtain
a random value of the Gaussian mixture model, a similar pro-
cedure must be followed: first, one of the clusters is randomly
selected by considering its weight, and then a random sample
is obtained from the specific normal distribution.

An example of the Gaussian mixture distributions obtained
for the 3rd harmonic magnitude and phase are shown in Figs.
13 and 14, respectively. These figures show the same shape
as distributions in Figs. 5 and 6, and so are very similar to
Figs. 10 and 11, although the method to obtain them is very
different. Further comparison of these two models is provided
in section VI. Additionally, figures show how the shape of
Gaussian mixture distributions is not as close to real data as
it was for kNP.

As stated when explaining the nonparametric model, note
that for each interval and harmonic order, independent and
univariate GMM distributions are built. Each of the distribu-
tions that conform to the residential harmonic model is built
from all data measured.

For each harmonic order, 15 distributions for magnitudes
and 6 for phase angles are obtained in accordance with the
segmentation used. Each of the 21 distributions is composed
of several Gaussian distributions, so in this model harmonic
currents are represented by a large number of simple classical
distributions.

Gaussian mixture model accuracy is discussed in the next
section. Obtaining Gaussian mixture models is computation-
ally demanding, as with kNP models. Nevertheless, obtaining
a random sample of preexisting Gaussian mixture model

Fig. 13. GMM distributions for segmented PDF of 3rd harmonic magnitudes.

Fig. 14. GMM distributions for the segmented PDF of 3rd harmonic phase
angles.

distributions is computationally easy and less demanding when
compared to the kernel. Additionally, GMMs can be shared
and used without the need to have the whole dataset. For
instance, for sharing the model for 3rd harmonic magnitude
and first demanded power interval built with nonparametric
distributions, the whole dataset of this distribution is needed
(i.e., 40,768 bytes when treated as a MATLAB array of doubles,
with size 5,096x1), whereas the Gaussian mixture model
associated with this distribution is only formed by two weights,
two means and two standard deviations (48 bytes when treated
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as a MATLAB array of doubles, with dimensions of 3x2). The
two developed harmonic injection distribution models have
been made available for the research community and can be
accessed in [10].

VI. VALIDATION OF MODELS

A. Validation of Harmonic Currents

The models proposed in this paper characterize the proba-
bilistic distribution of measured harmonic currents and allow
generating synthetically harmonic current values with the same
probability as real values.

To validate the proposed methodology, harmonics were
measured at 5 additional residences during a period of one
week following the same measurement procedure described
in section II. Harmonic currents measured at these residences
were not used in model development. The validation process
is based on:

1) Obtaining the distribution of individual harmonics mea-
sured at the 5 additional residences.

2) Sampling the probability distributions obtained in the
model. Since the modelled harmonic distributions are
segmented for different power intervals, the distribution
sampled at a particular time instant is allocated to the
power interval corresponding to the demanded power
measured at the same instant.

3) The distribution of all measured values and the distri-
butions obtained from the sampling in the models are
compared.

In Fig. 15, the values of the harmonic currents obtained
from the 5 measured residences and those obtained from
the modeled distributions are illustrated as a PDF for both
magnitude and phase angle. In this figure, the magnitudes for
the 3rd, 5th and 7th harmonic orders of all the measured (and
synthetically generated) sites overlap, as they are very similar.
Regarding phase angles, Gaussian mixture model distributions
are slightly different, especially for the 7th harmonic order.

Fig. 15. Probability distribution functions of measured and modeled harmonic
currents.

A two-sample Kolmogorov-Smirnov test [63] was per-
formed to analyze whether nonparametric models and Gaus-
sian mixture models can be considered as distributions equiv-
alent to real measured data distributions. In Table III, p-values

of the test comparing models for the 3rd, 5th and 7th harmonic
magnitudes and phase angles are shown. All tests confirm the
null hypothesis that models and measurements can be taken
as the same distribution with a 95% confidence level (p-value
> 0.05), except for the phase angle of the 7th harmonic order
(p-value ≥ 0.02), which is close enough to be accepted.

TABLE III
CONTRAST ANALYSIS P-VALUES BETWEEN MODELS AND MEASURED

DISTRIBUTIONS.

Magnitudes phase angles
kNP GMM kNP GMM

3rd 0.14 0.10 0.14 0.06
5th 0.19 0.26 0.09 0.34
7th 0.09 0.34 0.02 0.04

The latter representation did not consider the differences
among different residences, as it shows harmonic currents of
different measured residences included in the same dataset. To
check the performance of the method to model individual res-
idences, Fig. 16 shows a boxplot of the harmonic magnitudes,
for the 3rd, 5th and 7th harmonic orders of each measured site
and the synthetically generated samples.

The boxplots in Fig. 16 show that the harmonic current
magnitudes for individual dwellings are very similar for the
two proposed methods and closely match the real measured
currents, having a similar variability and range. This proves
that the real harmonic distributions of individual residential
sites can be properly modeled by the proposed models just by
knowing the realistic distribution of the demanded real power
of the residence. The same similarities in values and variability
are also obtained for phase angles,which are omitted here due
to space limitations.

B. Validation of Harmonic Voltages in a LV Network

Harmonic current models are mainly used to compute har-
monic voltages in a distribution network. To validate whether
the model provides accurate harmonic voltages, both the
measured harmonic currents and the synthetically obtained
ones are injected into a low voltage test feeder. The test feeder
used is LVN#3 - Feeder 5 [64]. This network consists of
21 residential consumers connected through a feeder to an
11/0.416 kV transformer, whose rated power has been set to
100 kVA. Each of the consumers is allocated to one phase of
the network and is chosen among one of the 24 measurements;
that is, consumers are single-phase and the network is three-
phase. Fig. 17 shows a single line diagram of the test feeder.

Harmonic currents are injected into the test feeder, and a
current injection problem is solved with OPENDSS simulator
and in the MATLAB environment. To do so, residential con-
sumers are considered constant P and Q loads at fundamental
frequencies and as Norton equivalents for harmonic frequen-
cies.

According to this procedure, Fig. 18 shows the voltage
THD obtained at each of the three phase angles of the
secondary bus of the main substation (ES) and at each of
the consumer points of common coupling when injecting
measured and synthetic harmonic currents. Data are presented
in the form of a boxplot. Additionally, Fig. 19 shows the 95th
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(a) 3rd harmonic magnitude.

(b) 5th harmonic magnitude.

(c) 7th harmonic magnitude.

Fig. 16. Boxplot for measured and generated harmonic current magnitudes.

percentile of voltage THD at network buses, a typical value in
voltage harmonic standards [8], which is accurately estimated
with both methodologies.

The three plots in Fig. 18 show the same voltage THD .
Synthetically generated harmonic currents lead to the same
level of voltage harmonics as measured currents, and only
minor differences can be detected at some buses regarding the
maximum values of THD . As previously explained, although
the kNP distribution model provides very accurate results,

Fig. 17. Representative European Network #3 - Feeder 5 single line diagram.

Fig. 18. Voltage THD .

its simulation is very time-consuming, as obtaining random
samples for each time interval of the simulated week for
every harmonic order requires high computational effort. For
instance, sampling harmonic injections every minute in the
week (10,080 intervals) requires 3 minutes with Gaussian
mixture models and 31 minutes with kNP models when
simulated in an AMD Ryzen 3960X CPU @ 3.8-4.5 GHz
with 128 GB RAM.

Measured Estimated kNP Estimated GMM

Fig. 19. 95th percentile of voltage THD .

To look closer at individual harmonic voltages, distortion at
the substation secondary is assessed. This allows us to study
how harmonic models are accurate enough to sum or cancel
considering their magnitudes and phase angles as real currents
do. In Fig. 20, the 3rd, 5th and 7th harmonic voltages at the
secondary bus of a transformer during one week are shown
in the form of cumulative distribution functions. A very slight
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overestimation of the 5th harmonic voltages can be observed,
whereas the 3rd and 7th harmonic voltages are very accurately
obtained. The kNP model slightly better replicates the real
voltage values, although the Gaussian mixture models also
provide sufficiently accurate results.

Fig. 20. Cumulative distribution function (CDF) of voltage harmonics at the
secondary of substation.

C. Validation of the segmentation procedure

Finally, to justify the method applied based on segmenting
distributions into different power ranges, Fig.21 is presented.
It follows the same idea presented in Fig. 18, but in this case,
the kNP harmonic model is developed based on only one
real power interval (from 0 to 8000 W) to generate synthetic
current profiles, i.e., no segmentation of data according to
power is applied.

Harmonic voltages are highly overestimated in this case
due to the omission of the interdependency between harmonic
orders and the time, which is achieved through power segmen-
tation. This results in higher harmonic summations, i.e., the
correlation of harmonics is underestimated.

Fig. 21. Voltage THD obtained with the measured harmonic currents and
with kNP distribution functions when a single power demand interval is used.

VII. CONCLUSION

In this paper, different alternatives to model residential har-
monic injections have been described. The proposed methods
are applied to and validated against harmonic and real power
measurements carried out in 24 individual residences over a
one-week period with a 1 min resolution in Madrid, Spain, in
2020 and 2021.

The first proposed method models the distribution of har-
monics in each power segment with kernel density estimation,
while the second applies Gaussian mixture models to fit the

data. To obtain stochastic models, all harmonic data were seg-
mented according to different levels of demanded power, and
probability distributions were obtained for each of the intervals
for harmonic magnitudes. A similar procedure was followed
to model harmonic phase angles, but in this case segmentation
was performed based on different values of corresponding
harmonic magnitudes. Both models resulted in an accurate
fitting of the measured data. Further validation was carried out
to compare harmonic voltages across the test feeder caused
by the injection of the synthetically generated currents and
measured currents. This validation confirmed that the results of
kNP models are slightly more accurate, but very close to those
of the GMM models which, on the other hand,kNP models
are simpler to use and require less memory resources as they
parameterize the modelled probability functions.

A comparison between patterns of harmonic injection
of individual residential costumers from different coun-
tries/locations has been identified by the authors as a future
line of research.

All developed models and harmonic measurement data are
included in an Open Science database and are available for
researchers for further study and validation.

APPENDIX
GAUSSIAN MIXTURE MODELS

A Gaussian Mixture Model (GMM) is a function that
is comprised of several Gaussians, each identified by i ∈
{1, · · · , CN}, where CN is the total number of clusters (or
components) of the dataset. In a univariate (one-dimensional)
case, each Gaussian i in the mixture is characterized by means
of the following classical Gaussian equation:

N (x | µi, σi) =
1

σi
√
2π

exp

(
− (x− µi)

2

2σi

)
(2)

where µi is the mean σi is the variance of the i-th Gaussian
component.

In addition, the GMM is defined by the mixture of compo-
nent weights which provide a weight or probability factor φi
that expresses the probability of a data point x to belong to a
certain component i-th as follows:

p(x) =

CN∑
i=1

φiN (x | µi, σi) (3)

The probability factor φi of each component must fulfill the
following constrain:

CN∑
i=1

φi = 1 (4)

So that the total probability distribution normalizes to 1.
In order to determine the parameters of GMM models,

the Expectation-Maximization (EM) algorithm is used. EM is
an iterative method which assumes random components and
computes for each data point a probability of being generated
by each component of the model. Then, the model parameters
are adjusted to maximize the likelihood of the data given those
assignments. This is repeated iteratively until converge to a
local optimum.
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