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Estimation of Harmonics in Partly Monitored
Residential Distribution Networks With

Unknown Parameters and Topology
Pablo Rodríguez-Pajarón , Graduate Student Member, IEEE, Araceli Hernández , Member, IEEE,

and Jovica V. Milanović , Fellow, IEEE

Abstract—The generalized adoption of power-electronic-based
loads in residential networks is leading to increasing concern
about harmonic distortion levels. At the same time, residential
distribution systems are insufficiently monitored to provide a
reliable analysis of harmonic limits compliance at the point of
common coupling of customers. To address this problem, this
paper proposes a practical method to estimate voltage harmonic
levels in real time at all connection points of residential con-
sumers. The proposed methodology assumes unknown network
parameters and topology according to the limited data avail-
ability which is usual in low voltage residential networks. The
proposed harmonic estimation method uses information gathered
from conventional smart meters typically installed in the network
(which register fundamental voltage and power) and from a
reduced number of installed power quality monitors. A penetra-
tion of power quality meters below 10% has proved to provide
accurate estimations of voltage harmonic levels at the whole
network. The paper also proposes a methodology to optimally
locate these power quality meters in the network. Validation of
the methodology is performed in two different European distribu-
tion test networks with 55 buses and 471 obtaining satisfactory
results. The method’s robustness and the parameters affecting
accuracy are also analyzed in the article.

Index Terms—Distribution network, harmonic distortion,
power quality, probabilistic analysis, residential distribution
system, unknown parameters.

NOMENCLATURE

δ Correlation threshold.
κh

i,j Equivalent radial impedance between buses i
and j for order h.

C Correlation matrix.
Cbin Binary correlation matrix.
h Harmonic order h.
Ih
k Harmonic current of order h injected at bus k.
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Iij Fundamental current between buses i and j.
P Active power.
Q Reactive power.
r Real part of radial equivalent impedance.
V(t)

k Fundamental voltage at bus k and time t.
Vh

k Harmonic voltage of order h at bus k.
x Imaginary part of radial equivalent

impedance.
y Monitor location binary array.

I. INTRODUCTION

VOLTAGE harmonic distortion in residential distribution
networks (RDN) is arousing increasing concern

and interest from both, distribution system operators
(DSO) and academia [1]–[6]. With the aim of improving
efficiency and decarbonizing the economy, a generalized
adoption of power-electronic-based devices has taken place
in recent years in the residential sector, leading to an increase
in voltage and current distortion levels [7], [8]. That is the
case, for instance, of lighting, where conventional linear loads
(i.e., incandescent lamps) have been massively replaced by
compact fluorescent lamps (CFLs) and later by light-emitting
diodes (LEDs) [9]. Also different motors of household
appliances, such as washing machines or refrigerators,
are being increasingly fed through variable speed drives
(VSD) [2], [10].

Despite the increase in harmonic levels that is foreseen in
a near future, and the potential threats that it may cause, the
low voltage distribution network has two particularities that
make the assessment of harmonic distortion complicated. First,
these networks are usually poorly monitored [11]–[13] due to
the associated costs; and, second, the network parameters and
even topology are very frequently unknown [14], [15].

To overcome the first of the aforementioned difficulties,
some of the past reports have proposed different harmonic
state estimation (HSE) methods relying on using phasor mea-
surement units [11], [16] or regular power quality (PQ)
meters [12], [13], [17], and have analyzed their optimal loca-
tion [18], [19]. None of these methods, however, overcome the
second difficulty, i.e., the unavailability of network parameter
data. In [20], uncertainty of network parameters is assumed,
whilst some network information is required and the topology
is supposed to be known.
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In addition, previous HSE works typically estimate har-
monic injections from historical data gathered from past
measurement campaigns [12], [13], [21]. These past mea-
surements may not be representative of present system loads
if there have been changes in the devices connected to the
system after the measurements were carried out. In compari-
son, the proposed method is based on a real time estimation
of injected currents which is continuously updated and, there-
fore, considers the actual characteristics of loads connected at
present.

In short, this work proposes a new practical and computa-
tionally non-intensive method to estimate voltage harmonics
in residential networks with entirely unknown parameters and
topology. The main contributions of the paper compared to
the past works are as follows: i) The proposed methodol-
ogy assumes that network parameters and network topology
are unknown as it is commonly the case in LV residential
grids. All the previous approaches existing in the literature
for harmonic estimation consider the network parameters as
known [11]–[13], which is very unusual in practice [14],
[15]; ii) Only conventional smart meters (SM) (which measure
power and fundamental voltages) installed at residences and a
reduced number of PQ monitors (at about 10% of the buses)
are necessary to obtain the harmonic estimation in the whole
network. On the contrary, most of the previously reported
methods have more restrictive monitoring requirements such as
the need for expensive PMUs [11], [16]; iii) An optimization
procedure is developed to minimize the number of PQ moni-
tors in the network and to connect them to the most appropriate
buses yielding full harmonic observability in the network.

The proposed methodology is computationally efficient (less
than 2 sec of CPU time for near 500 bus network). It has been
validated on two RDN using harmonic pseudo-measurements
with stochastic characteristics to ensure representative sce-
narios. The key parameters affecting the performance of the
method have been also assessed.

The paper is structured as follows: Section II shows an
overview of the complete methodology. The algorithm to opti-
mally locate PQ monitors is described in Section III and
the method to estimate harmonic voltages is explained in
Section IV. The strategy followed to validate the method and
the results of its application are described in Section Vand VI.
Finally, a discussion on the robustness and accuracy of the
method is included in Section VII, followed by general
conclusions.

II. METHODOLOGY OVERVIEW

The methodology proposed utilizes harmonic measurements
collected at a reduced number of monitored buses in a resi-
dential LV network to estimate voltage distortion levels at all
non-monitored locations. Network parameters and topology
are not known in this method in accordance with the com-
mon practical approach in LV systems where network models
are rarely available. The methodology assumes that consumer
buses are equipped with a conventional meter, capable of
recording active and reactive demand and fundamental volt-
age magnitude. In addition, a small number of PQ monitoring

Fig. 1. Overview of the proposed methodology for estimating harmonic
voltages.

devices will be installed at certain buses. The number and loca-
tion of these PQ meters will be further discussed in Section III.
The required inputs of the method and the obtained output are
schematically summarized in Fig. 1.

The proposed methodology basically consists of two stages:
1) PQ monitor location. A reduced number of PQ monitors

are installed at certain buses. The optimal location of
these monitors is selected by means of the information
provided by conventional consumers’ meters. This stage
is performed just once and the location is afterwards
fixed for the rest of the estimation process. The number
of available PQ monitors will determine the accuracy
of the harmonic estimations. This stage is discussed in
Section III.

2) Voltage harmonic estimation. With the information
extracted from PQ monitors located according to Stage
1 and the data provided by conventional meters for the
rest of consumers, harmonic voltages are estimated all
over the network. This stage will be discussed in detail
in Section IV.

III. PQ MONITOR LOCATION

To perform voltage harmonic estimation, it is convenient to
determine first the optimal number and location of PQ meters.
The aim of this stage of the method is finding such locations.

In order to find the optimal placement of PQ monitors,
in this method the information provided by conventional SM
(installed at every consumer bus) will be used. These meters
(widely installed in today RDN) provide active and reac-
tive power measurements as well as fundamental voltage
magnitude [22], [23]. In particular, the voltage magnitude mea-
surement will be a key parameter to establish groups of buses
whose voltage levels are correlated at fundamental frequency.
It has been found that these buses also show high correla-
tion in harmonic voltage levels. This finding is supported by
the fact that electrically close buses will have high correla-
tion of respective fundamental voltages. These buses will also
be electrically close for harmonics orders and, therefore, will
be characterized by a high THD correlation provided that the
currents injected in different residential buses have a similar
distribution.

This idea is illustrated using a practical example in Fig. 2.
In the right part of this figure, the correlation matrix between
voltage total harmonic distortion (THD, computed up to 17th

harmonic order) values obtained at the 55-buses of the IEEE
LV European test feeder [24] network is shown with a color
map. Each term of this matrix shows the Pearson correlation
factor between the series of THD values obtained during one
week in 10-minute intervals at each pair of buses defined at
each element of the matrix. For instance, element (1,2) of
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Fig. 2. Correlation matrices for �Vk (left) and THD (right).

the matrix on the right of Fig. 2 represents the correlation
between the weekly voltage THD at buses 1 and 2. THD values
have been estimated by considering simulations with stochastic
harmonic injections (that vary randomly in time and from one
customer to another) generated for each consumer using the
procedure explained in detail in Section V-B. On the left, the
figure shows the Pearson correlation matrix of �Vk obtained
at each bus during the studied week in 10-minute intervals by
using the same colour map. Parameter �Vk is defined as:

�Vk = (
Vt

0 − Vt
k

) −
(

Vt+1
0 − Vt+1

k

)
(1)

where Vt
0 and Vt+1

0 are the fundamental voltage values at the
secondary of the main substation transformer at a certain time
interval t and at the following one t+1; and Vt

k and Vt+1
k refer

to the fundamental voltage at bus k at a certain time interval
t and the next one t + 1.

By observing Fig. 2, it can be seen that these two matrices
present very similar colour maps or, in other words, buses
with highly correlated �Vk also have highly correlated THD
values. It is important to highlight that values of the matrix on
the left, �Vk, are available just by measuring the fundamental
voltages, i.e., with conventional SM.

The basic idea of this monitor location method relies on
placing a PQ monitor in each group of buses with high THD
correlation among them. Considering the properties explained
and illustrated in Fig. 2, buses with high THD correlation can
be identified by looking at the correlation between �Vk which
is known from conventional meters.

Therefore, in order to establish the power quality monitor
placement method, the following steps are followed:

1) Correlation of �Vk is obtained for all pairs of buses
with the information from regular meters during a certain
number of past weeks (typically, one week will be used
in this work). A matrix C with correlation between every
bus (like the one in the left of Fig. 2) is built.

2) Location of monitored buses will be chosen so that any
non-monitored bus must have high correlation with a
monitored one.
To this aim, the following optimization process is
followed:

a) A correlation threshold value δ is chosen in
order to consider the minimum correlation required
between monitored and non-monitored buses (typ-
ically, this correlation threshold will be a value

around 0.9, but the influence of this parameter will
be further discussed in Section VII).

b) A new binary correlation matrix Cbin is built
from C. A generic element cbin(i, j) of Cbin is
obtained by means of the following expression:

cbin(i, j) =
{

1, if c(i, j) ≥ δ

0, otherwise
(2)

where cbin(i, j) and c(i, j) are the element i, j of
matrices Cbin and C respectively.
If the element cbin(i, j) is equal to 1, it means that
buses i and j are highly correlated.

c) A binary array y is defined for the placement of
power quality monitors. This array has Nb ele-
ments, where Nb is the total number of buses in the
system. If a generic element i of y is y(i) = 0, it
means that there is not a monitor in bus i, whereas
y(i) = 1 means that a power quality monitor is
installed in i.
The minimum number of meters that allows
monitoring the whole network has to be found.
This means that the objective function of this
optimization problem is:

min
y

Nb∑

i=1

y(i) (3)

d) In order to guarantee that any bus in the network is
within the observability area of a monitor, a high
correlation between a non-monitored bus and any
monitored bus is needed. Relating this statement to
previously defined matrices, this implies that ele-
ment cbin(i, j) must be equal to 1 for any generic
non-monitored bus i and at least one monitored bus
j. Therefore, the product of any row i of matrix
Cbin multiplied by the array y should be greater
than 1, meaning that there is at least one mon-
itored bus j with high correlation to bus i. This
can be mathematically expressed in the form of
the following optimization problem:

min
y

Nb∑

i=1

y(i) subject to

{
y(i) = {0, 1}
Cbin · y ≥ {1, 1, . . . , 1}T

(4)

The solution of this minimization problem assures
that there is a correlation higher than the selected
threshold δ between every non-monitored bus and
a monitored one. When a bus is highly correlated
to more than one monitored bus, it is assigned to
the bus with the highest correlation.

If some PQ monitors are already installed in the network
or their location is decided by any other criterion,
they can be integrated in this approach by forcing the
optimization problem to place a monitor in a specific
bus, i.e., forcing y(i) = 1 at that bus i.

It is important to note that the procedure to locate PQ mon-
itors is performed just once, while the estimation algorithm
is performed on a continuous basis for continuous distortion
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estimation. The estimation methodology that will be described
in Section IV relies on this decision of PQ monitoring.

IV. METHOD FOR HARMONIC ESTIMATION

Once the location of PQ monitors is decided in the RDN,
harmonic voltages can be estimated at non-monitored buses.
It is important to bear in mind that one of the difficulties of
this step is that network parameters and topology are assumed
unknown in this method. The estimation methodology consists
on two steps:

a) Modeling of harmonic current injections: the harmonic
current injections of all the system buses are modeled.

b) Algorithm for harmonic voltages calculation: the esti-
mated harmonic current injections from each residence
are used to calculate harmonic voltages in the whole
network.

These two steps are explained in the two following
subsections.

PQ monitors installed according to the methodology
explained in Section III are capable of recording harmonic
voltages and harmonic currents at the point of connection
of residential customer (mainly single-phase). Examples of
low-cost PQ analyzers can be found in [25]–[28].

Note that, in the developed methodology, buses without
PQ monitor are supposed to be equipped with a conventional
smart meter, as it is common in European residential distribu-
tion systems [23]. The averaging time resolution for both, PQ
meters and smart meters, will determine the time resolution for
the estimation of harmonic distortion at non-monitored buses.
In the tests conducted in this work, 10-minutes resolution has
been selected.

A. Modeling of Harmonic Current Injections

Harmonic currents are directly known at buses with a PQ
monitor installed. This information is used to build a model
of harmonic injections which will be applied to estimate the
injected harmonic currents in the rest of non-monitored buses.

Some previous approaches have been based on obtain-
ing statistical distributions of injected harmonics from data
gathered in measurement campaigns performed in a specific
moment in the past [12], [13], [29]. These statistical distribu-
tions were afterwards sampled to simulate harmonic currents
that ideally match the real ones. This approach has been
improved in two different ways in this work. First, instead of
basing the injection models on past measurement campaigns,
continuous information collected from PQ monitored buses is
used to extract typical distributions of injections for the whole
network. This assures a continuous updating of demand con-
ditions. Otherwise, if demand conditions change (e.g., because
of the inclusion of new types of loads, such as LED lighting
in the past 10 years [30]), models obtained from past mea-
surements can lack representativity. The same can happen if
measurements were performed under some specific conditions
that do not represent the complete variability of the scenarios
(e.g., harmonic injection measured during the winter is not the
same as harmonic injection during the summer [13], [31]).

In addition, in this work, kernel non-parametric (kNP) dis-
tributions [32] are used to model harmonic current injections at
network buses. Kernel density estimation is a non-parametric
method to estimate probability distributions. A kNP distribu-
tion can be interpreted as a mixture of Gaussian distributions
that fits the data accurately and smooths any type of com-
plicated histogram [32]. For fitting to a specific kNP, in this
work, MATLAB Statistics and Machine Learning Toolbox is
used [33]. While typical parametric statistical distributions
(such as normal, log-normal, etc.) are simple to use and char-
acterize, very often do not include the variety and complexity
of data that multiple order harmonic injections have and, con-
sequently, they can have some inaccuracies fitting the real data.
One advantage of non-parametric functions is that they can be
adjusted much more precisely to the real distribution of data.
All kNP calculated in this work use normal smoothing function
and a theoretical optimal bandwidth, computed automatically
by MATLAB Statistic and Machine Learning Toolbox [33].

Thus, harmonic currents measured continuously during one
week with the data provided by PQ meters at monitored buses
are used to obtain the parameters of kNP distributions. These
kNP distributions are then used to estimate harmonic currents
of the ongoing week at non-monitored buses.

For obtaining kNP distributions, demand is segmented into
different per-unit powers and each current magnitude is mod-
eled piecewisely [13]. By doing this, harmonic currents can be
modeled in % without misleading the influence of fundamental
current demand.

For modeling phases, a similar methodology is followed, but
segmentation is done in harmonic magnitudes. To explain the
variability of harmonic phases, different intervals of demanded
power could be used, as it was done to characterize harmonic
magnitudes. However, to better understand which variable bet-
ter explains the variability of phases, a principal component
analysis [32] has been conducted. The principal compo-
nent analysis concluded that the variability of arguments is
better explained by magnitudes (second contributor to prin-
cipal components obtained in the analysis, with variance of
2119) than by demanded power (the least important vari-
able, with variance of 0.06). With this, it can be concluded
that segmenting phases data in demanded power intervals is
less representative than segmenting according to magnitude
intervals.

An example of kNP modeling is shown in Figs. 3(c)
and 4(c). Fig. 3(c) shows the probability distribution func-
tion (PDF) of current magnitudes for 3rd and 5th harmonics
measured in 20 different dwellings in Madrid, Spain, during
one week (in blue) and the obtained kNP distribution (in red)
for different intervals of demanded power (P).

Fig. 4(c) presents the kNP distribution for 3rd and 5th har-
monic current phases for the same measured dwellings. In this
case, as in phase modeling, segmentation is done for different
intervals of current magnitudes. Fig. 4(c) shows the probabil-
ity distribution function of the actual phases measured during
a week in 10-minute interval at customer permises and its kNP
distribution (in red).

Therefore, in the proposed method the following steps are
followed for estimation of harmonic currents injection:
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Fig. 3. Probability distribution function for harmonic magnitudes segmented
in demanded power intervals (blue) and its kNP distribution (red).

Fig. 4. Probability distribution function for harmonic phases segmented in
current magnitude intervals (green) and its kNP distribution (red).

1) Non-parametric probability distributions are obtained for
harmonic magnitudes and phases with the real data mon-
itored at PQ monitors. These distributions are segmented
by power values (magnitudes) and by magnitude values
(phases).

2) The harmonic injection of each residence is obtained
by sampling the non-parametric probability distribu-
tion (according to the measured demand on each bus)
calculated for each harmonic order.

B. Algorithm for Harmonic Voltages Calculation

In the previous step, harmonic injections from each res-
idence were estimated by means of the obtained kNP dis-
tributions. With the estimated harmonic current injections,
harmonic voltages at non-monitored buses must be estimated.
The difficulty to do this estimation lies in the fact that the
network parameters are assumed unknown as it is usual in
practice in LV networks.

To overcome this lack of network data, a mathematical
algorithm is proposed in this work which relates current injec-
tions to voltage harmonics. This algorithm, although based
on simplifying hypothesis, has proved to provide good results
as it will be shown later. This mathematical algorithm can
be understood in a more intuitive way through the electrical

Fig. 5. Radial equivalent electric circuit.

equivalent circuit shown in Fig. 5. However, it is important to
bear in mind that this equivalent circuit does not pretend to
be and exact representation of the real physical elements and
topology of the network, but to work as an equivalent that
allows representing the mathematical equations obtained and
the relation among variables throughout an electrical simplified
representation.

In the first stage of the process (Section III) PQ moni-
tors were located so that any other bus of the network has
a high �Vk correlation with one monitored bus. Therefore,
each monitored bus has a high correlation area made up of
buses that have high �Vk with it. The process that will be
described hereafter is applied to each group of buses made up
of a monitor and the buses inside its monitoring area. Fig. 5
represents the group of buses inside the correlation area of a
certain monitor. As stated above, this circuit is not intended
as a real representation of the network configuration, but as a
model. Each of the buses in the group is equipped with a con-
ventional smart meter that provides the value of fundamental
voltage, as well as active and reactive power (the possibility of
non-available reactive power is also studied in Section VI-D).
Therefore, these magnitudes are collected at each bus. Buses
are numbered according to their value of fundamental voltage
magnitude, so that bus number 1 will be the bus with the high-
est value of fundamental voltage and bus Nr will be the bus
with the lowest fundamental voltage in the group, where Nr

is the number of buses in the monitor group. That is, Vi > Vj

with i < j, where i and j are two generic buses inside the same
correlation group. Buses in the group are sorted by the same
descending order in the radial equivalent.

All the buses in the group ordered in this way will be
assumed to be electrically connected in an “equivalent radial
connection” by means of coefficients κi,j with impedance
dimensions. Assuming this type of equivalent, voltage at each
pair of buses (which are known by measurements), can be
related with the following expression:

κi,j � Vj − Vi

Iji
(5)

where Vi represents the voltage at a generic bus i, Vj represents
voltage magnitude at a generic bus j with i < j, and current
Iji is the total current injected from bus j to bus i.

Expression (5) is approximate since just voltage magni-
tudes are used for the calculation instead of complex values,
because fundamental voltages Vi and Vj at different buses in
the network have a small phase difference, usually below 5◦
or 0.1 rad [15]. Voltages Vi and Vj in the numerator of (5) are
directly obtained from conventional monitors installed at each
residence. Current in the denominator of (5) can be approxi-
mated by the sum of the active and reactive power demanded
by all loads connected to the right side of bus j, i.e., by
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Fig. 6. Radial equivalent electric circuit for harmonic frequencies.

any generic bus k with k ≥ j. This can be mathematically
expressed by:

κi,j � Vj − Vi
√∑Nr

k=j

(
P2

k+Q2
k

)
/Vj

(6)

where Pk and Qk represent the active and reactive power
demand at any generic bus k.

Equation (6) allows calculating parameter κi,j for each pair
of buses from values that are known from measurements per-
formed by means of the conventional smart monitors installed
at each bus. Note that the parameter κi,j has impedance units
(�) and that in (6) active and reactive losses are neglected
since just loads consumption is considered.

The mathematical model obtained for fundamental magni-
tudes can be extended now to harmonic orders by extending
the relations previously obtained to harmonic frequencies as
shown in Fig. 6 where:

• Voltage harmonic is known just at one bus of the group,
which is the bus equipped with a PQ monitor (the
monitored bus is considered bus i in the figure).

• Harmonic current injection is measured at the PQ moni-
tored bus, bus i, and it has been estimated at the rest of
the buses as discussed in Section IV-A.

• Parameter κi,j which expressed the relation between vari-
ables for fundamental magnitudes according to (6), has
to be corrected for harmonic frequencies. For a certain
harmonic order h, the corrected coefficient κh

i,j can be
expressed as:

κh
i,j = κi,j(r + jh · x) (7)

where r and x are factors to transform κi,j into a complex
number preserving its magnitude so that:

√
r2 + x2 = 1 (8)

The ratio r/x is a value typically comprised between 5 and
10 which is similar to the R/X ratio of lines in European
RDNs [34], [35]. Its value and the dependency of r with
frequency will be further discussed in Section VII-B.

Harmonic voltages at a generic bus j adjacent to bus i (with
the PQ monitor) are calculated as follows:

Vh
j = Vh

i + κh
i,j

Nr∑

k=j

Ih
k (9)

where Vh
i has been obtained from the PQ meter, κh

i,j is
obtained from (7) and (8), and Ih

k are estimated as explained
in Section IV-A. In this way, by applying (9) repeatedly
to different buses, harmonic voltages can be estimated in a
straightforward way for all system buses.

Fig. 7. Flowchart of the methodology.

This process is applied with the time resolution provided by
the monitors. Ideally, if monitors provide sufficient time reso-
lution, the methodology should be applied every 10 minutes, in
order to compare to PQ standard EN50160 [36]. Equations (6)
and (9) are very simple equations that allow a very fast compu-
tation time which permits the calculation of harmonic voltages
at non-monitored buses in a very efficient way and practically
in real time.

Results, examples and method accuracy are shown and
discussed in next sections.

C. Discussions on the Practical Application of the Method
for DSO

After explaining each of the stages of the methodology, this
section summarizes the overall process in a practical way in
a process that is illustrated in Fig. 7.

1) PQ monitor location is decided based on the voltage
magnitudes registered during a week by conventional
SM. This process is performed just once.

2) Harmonic currents are monitored during a week at buses
equipped with a PQ monitor. With this measurements,
statistical distributions are obtained that will be applied
to determine injections at non-monitored buses.

3) Determination of parameters κh
i,j with (6) and (7), with

real time data from the convention SM.
4) Sampling of current injection distributions of step 2)

according to the power demanded by the load and
registered in the SM.

5) Equation (9) is applied to obtain voltage harmonics at
each time step.

This methodology has been developed to be applied in LV
residential networks, which usually have radial or almost radial
topologies.

Its application depends on the deployment of PQ meters in
a small number of buses, whereas all customers are supposed
to have a smart meter installed. All customers connected to the
network are supposed to be residential, with similar demand
patterns.
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Fig. 8. One-line diagrams of test feeders used for validation.

V. STRATEGY FOR VALIDATION OF

THE ESTIMATION METHOD

This section presents the strategy and assumptions fol-
lowed to validate the proposed methodology. The consid-
ered test networks and the procedure to synthetically obtain
pseudo-measurements that account for the stochastic nature of
injections are also described.

A. Test Networks

To validate the proposed methodology, two different LV
residential networks have been used, one of them being
small, and the other medium-large. Both of them are realistic
networks representing residential distribution feeder archi-
tecture and characteristics for Europe. They are based on
published models [24], [37], so that results can be replicated.

The first one is the IEEE LV European test feeder [24].
This is a RDN with 55 residential single-phase customers con-
nected to the LV side of a 11/0.4 kV transformer. The one-line
diagram of the network is shown in Fig. 8.

The second case study corresponds to a more realistic
and larger size network, the LVN test network #7 [37]. This
network is composed of 471 residential customers connected
to the LV side of a 11/0.4 kV transformer through 7 different
feeders, and is shown in Fig. 8(b). In the single-line diagram,
black squares represent switches, that are originally opened in
the network.

B. Simulation of Harmonic Pseudo-Measurement

In order to test the performance of the proposed method in
different scenarios and under a wide range of conditions, in
this work, harmonics injected by residences have been synthet-
ically simulated using a probabilistic approach that accounts
for the stochastic nature of the phenomenon.

Fig. 9. Example for pseudo-measured 3rd harmonic currents at two random
residences

Current injections of residences have been generated follow-
ing a bottom-up approach, by combining the demand model
developed by CREST [38] and the measured harmonic spec-
trum of household loads available in PANDA database [39]
including associated uncertainties and stochastic behavior.
These synthetically generated current harmonics will be used
for validation purposes.

As a first step in the process of pseudo-measurement sim-
ulation, the number and type of appliances in each residence
and their ON-OFF operation are simulated using the proba-
bilistic demand models included in [40]. Once the operation
state of the loads is probabilistically estimated considering
their high stochastic nature, the magnitude and phase angle
of harmonic currents injected during the ON state are syn-
thetically generated. Their values are obtained by sampling
characteristic multivariate Gaussian distributions which have
been previously obtained for each type of residential appli-
ance by performing cluster analysis techniques [32] to the
set of harmonic currents measured in PANDA database [39].
In this way, the variability in the harmonic injection among
different devices of a certain type of appliance is incor-
porated in the model. For devices with very little data
available in PANDA, additional measurements have been
performed.

This bottom-up approach allows obtaining the total har-
monic current injection of each residential consumer con-
nected to the network.

An example of weekly pseudo-measured 3rd harmonic cur-
rent is showed in Fig. 9 for two random residential consumers.
Day and night periods can be differentiated from the figure,
but the time evolution is highly random.

These synthetically generated currents are considered as
the real currents injected in the test network. By using these
currents, fundamental and harmonic voltages at each bus are
obtained from simulation with OPENDSS using a conventional
power flow and a harmonic load flow. Loads are modeled
as constant P and Q loads at fundamental frequency and as
Norton equivalents at harmonic frequencies [41].

Voltage values calculated in this way are used as real
values in order to compare with the harmonic voltages esti-
mated by means of the proposed method, and to assess its
accuracy.

In the estimation process, just the values that would be
measured are assumed to be data of the estimation method,
i.e., fundamental voltage magnitude, active power and reactive
power at all consumer buses and current and voltage harmonics
at a reduced number of buses equipped with PQ monitors.

Network parameters and topology are not used in the
process to estimate harmonic voltages in the proposed
methodology.
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C. Validation Assumptions

The following conditions have been used for the calculation
of the results presented in the following sections:

• In the IEEE LV European test feeder [24] 3 PQ meters
are considered, while in the LVN #7 [37] 48 PQ meters
were assumed to be connected. The location and area of
correlation of these monitors will be further discussed in
Section VI-A.

• In the estimation method, the probability distribution of
harmonic current injections of each consumer is estimated
with the measurements registered by PQ monitors during
the previous week.

• A ratio r/x = 5 is used for the parameters shown in (8).
• In the primary side of the main transformer, a background

voltage distortion is assumed for the 5th and 7th harmonic
voltages as reported in [42]. This background distortion
is assumed to make simulations more realistic, but the
main source of harmonic distortion in LV busbars is har-
monic injections and not background distortion coming
from MV side [43].

• The analysis performed has studied odd harmonic order
up to 17th order. A time step of 10-minute has been used
for calculations and the estimation has been performed
during a period of one week.

VI. VALIDATION RESULTS

This section shows the result obtained using proposed
method in different case studies, i.e., those used for the
validation.

A. Analysis of Stage 1: PQ Monitor Location

The method for PQ location was described in Section III.
According to this method, PQ monitors must be located so
that each bus of the network non-equipped with a PQ meter
must be inside the area with high �Vk correlation with one of
the monitored buses. The application of this monitor location
criterion to the IEEE LV European test feeder leads to placing
3 PQ monitors at buses 5, 8, and 38 when 0.9 is set as the
correlation threshold.

Fig. 10(a) shows the �Vk correlation matrix already
depicted in Fig. 2 for all the buses. This matrix would be
built with the fundamental voltages measured at all system
buses during one week using conventional smart meters. On
the right, in Fig. 10(b), columns corresponding to the three
monitored buses are extracted from the whole matrix, i.e.,
columns 5, 8, and 38, which are shown slightly enlarged.
By looking at all the rows in these two columns, it can be
seen that any bus of the network (associated to a row) has a
high correlation at least with one of the three monitored buses
corresponding to one of the three columns.

A similar result is shown for the LVN test network #7.
In this case, 48 PQ meters are installed and a 0.93 cor-
relation threshold is applied to associate the non-monitored
buses with the monitored ones. In a similar way to Fig. 10,
Fig. 11(a) shows the correlation matrix for the whole network
(471 buses). In the middle, Fig. 11(b), shows (with a small
enlargement for a better view) just the columns corresponding

Fig. 10. �Vk correlation matrices for all the buses (a) and for PQ monitored
buses (b) in the IEEE LV European test feeder.

Fig. 11. �Vk correlation matrices for all the buses (a), for PQ monitored
buses (b), and correlation area of monitors (c) in the LVN test network #7.

exclusively to the 48 monitored buses. In this case, it can be
seen that some rows (corresponding to certain buses of the
network) are highly correlated with more than a monitored
bus. In such cases, non-monitored buses are allocated to the
area of the monitored bus with the highest correlation with
the non-monitored one. Finally, in Fig. 11(c), on the right, the
final correlation area of each monitored bus (represented by
a column) is shown by applying the aforementioned criterion.
Therefore, in Fig. 11(c), for each row, a single column is high-
lighted indicating to which monitor’s correlation area the bus
is allocated.

B. Analysis of Estimation of Current Harmonic Injections

As explained in Section IV-B, the second stage of the
method requires modeling the harmonic current injection of
each residence in order to estimate voltages harmonics at all
system buses. This modeling was performed by using non-
parametric distribution functions from values recorded at the
limited number of meters.

The performance of this step is analyzed here for the LVN
test network #7. In Fig. 12, the probability distribution function
of harmonic current magnitudes injected by the 471 residences
of the network during a week is shown for 3rd, 5th and 7th

harmonic orders. Colored in blue, the synthetically-generated
distribution of currents injected during a week is shown. This
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Fig. 12. PDF of real and estimated magnitude of harmonic current injections.

Fig. 13. PDF of real and estimated phase of harmonic current injections.

Fig. 14. Voltage THD during one week for three different buses (13, 31,
and 50) of IEEE LV test feeder.

distribution, referred as real in Fig. 12, would be unknown in a
field application. Colored in orange, the distribution obtained
for the same week with the proposed estimation method is
shown. It can be seen that the proposed estimation method
(based on randomly sampling kNP distributions modeled with
the data registered by PQ monitors during the previous week)
provides a highly similar distribution of harmonic magnitudes.

Fig. 13 shows a similar comparison of probability distribu-
tion functions but, in this case, refers to the phase angles of
3rd, 5th and 7th harmonic currents. Again, a good performance
of the estimation method is observed.

C. Performance of the Harmonic Estimation Method

Previous sections showed partial results of the method in
order to provide a better understanding of the performance of
different steps. In this section, the accuracy of the complete
methodology is assessed. The test networks used are described
in Section V-A and the validation conditions were explained
in Section V-C.

In Fig. 14, the evolution of THD values during one week is
shown for three randomly chosen non-monitored buses of the

Fig. 15. Voltage THD during one week for three different buses (71, 336,
and 434) of LVN #7 test feeder.

Fig. 16. Weekly 95th voltage THD percentile for network buses.

IEEE LV European test feeder. A similar result is shown in
Fig. 15 for three non-monitored buses of the LVN #7 network.
In both networks, it can be observed a very variable evolution
of THD values along the week at different buses. However, a
good fitting is observed in all the cases between the real THD
experienced at the non-monitored buses and the THD esti-
mated by the method. THD is calculated here with 10-minute
time resolution. Therefore, 1008 THD values are estimated in
each week for each bus. The 95th percentile of these values
is subjected to limits compliance in accordance with stan-
dard [36]. Hence, the estimation of the 95th percentile at each
bus can be of interest in order to compare with standard limits.

Fig. 16 presents the real and estimated 95th THD per-
centile in a week for all the buses at the IEEE LV European
test feeder. Fig. 16(b) shows a similar result for the larger
471-bus network. In both networks, a good performance
of the estimation method is achieved for the estimation of
the 95th THD percentile, with a mean estimation error of
0.04% and 0.027% for the IEEE LV European test feeder
and for the 471-bus network, respectively. The maximum
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Fig. 17. Weekly 95th percentile for different voltage harmonic orders at all
system buses.

absolute estimation errors in these two networks were 1.17%
and 2.14%.

The proposed estimation method has also been checked
for the estimation of individual voltage harmonics. Figs. 17
and 17(b) show the real and estimated 95th percentile of har-
monic voltages of orders 3, 5 and 7 at all the buses at the
IEEE LV European test feeder and at the LVN #7 network,
respectively. These values can be compared with standard lim-
its to assess standard compliance and, as it can be observed
in Figs. 17 and 17(b), a good performance of the estimation
method is also observed for the estimation of individual har-
monic voltages. For instance, the average and the maximum
absolute error of estimation of 3rd harmonic in the IEEE LV
European test feeder are 0.09% and 1.22%, respectively, and
0.05% and 2.62% in the 471-bus network.

D. Estimation of Reactive Power Demand

It is common that smart meters installed in residential cus-
tomer’s point of common coupling record voltage and energy
consumed in a certain time interval [44]. From these values,
mean demanded active power can be easily obtained.

In some cases, reactive power demand, needed in this
work in (6), could be an unknown data due to smart meter

Fig. 18. Weekly 95th voltage THD percentile for network buses of the LVN
#7 network with known and estimated reactive power.

Fig. 19. CDF of relative error in the estimation of 95th THD percentile with
known and estimated reactive power at buses of the LVN #7 network.

limitations. If this is the case, this section proposes a method-
ology to estimate their values. This methodology is based on
a similar technique as the one followed to estimate harmonic
currents at non-monitored buses in Section IV-A.

The methodology proposed consists of:
1) Reactive power is registered during one week at the

buses with an installed PQ monitor.
2) Registered reactive power consumption is segmented in

different intervals according to the value of active power
demand at the same time interval, as it was proposed for
segmenting measured harmonic currents.

3) A kernel non-parametric distribution of reactive power
values is built for each considered active power interval.

4) In order to apply (6) when estimating real-time harmonic
voltages, the reactive power demanded at a certain bus
is estimated by randomly picking a sample of the kernel
non-parametric distribution corresponding to the interval
with the active power demanded at a that bus.

The utilization of estimated reactive powers leads to an
increase of the error of the overall estimation at certain buses,
but, as it is shown in Fig. 18 (weekly 95th percentile of THD)
and Fig. 19 (CDF of relative error in estimating 95th percentile
of THD), the performance of the methodology is still accurate.
This figure compares the case study presented in Section VI-C,
and the same case study where reactive power is unknown.

VII. DISCUSSION ON ACCURACY AND ROBUSTNESS

Several variables of the proposed method can influence its
performance. In this section, the values adopted in this work
are discussed and their influence on the accuracy of the method
is assessed.

A. Number of Monitors

Number of PQ monitors installed is a key aspect in
the application of the methodology. The decision on this
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Fig. 20. �Vk correlation threshold (δ) and number of monitors.

Fig. 21. CDF of relative error on estimating THD 95th percentile for different
number of monitors.

number depends on economical constraints (number of PQ
meters available to install by the DSO), and on the desired
performance of the method, since accuracy is influenced by
the PQ meter deployment.

To illustrate this idea, several simulations have been run in
the LVN #7. PQ monitors have been placed according to the
strategy described in Section VI-A but, in this case, the number
of monitors has been modified by modifying the correlation
threshold required to define the correlation area of a PQ mon-
itor. To illustrate this fact, Fig. 20 compares the number of
monitors (in the left axis) obtained for different δ. Fig. 20,
referring to the right axis, also plots the number of PQ meters
that monitor only three or less buses. It can be observed that
when the number of monitors increases, there are more mon-
itors that cover only a small number of buses. This means
that, while the cost of monitoring increases, the increase of
accuracy affects a small area of the network around each new
monitor.

In order to assess the influence of the number of monitors on
accuracy, Fig. 21 shows the cumulative distribution function
(CDF) of relative errors in estimating THD 95th percentile at
non-monitored buses. For small numbers of monitors deployed
in the network, THD 95th errors are greater; whereas higher
penetration of PQ monitors leads to smaller errors in most of
the buses.

To provide a simple metric that can help to decide how
many PQ meters need to be installed, depending on the desired
accuracy of the methodology, Fig. 22 presents the mean and
maximum relative errors in estimation of THD 95th percentile
with different number of PQ meters. Connecting the PQ mon-
itors to over 10% of the network buses produces a very slight
decrease in errors. The error remains at about 2% once the
number of monitored buses is 10% or more.

B. Ratio r/x and Dependency of r With Frequency

In Section IV it was stated that) a ratio r/x between 5 and
10 was adequate in (7), based on past experience [34], [35].

Fig. 22. Mean and maximum relative error on estimating THD 95th percentile
with different number of monitors.

Fig. 23. Mean and maximum relative error in estimating THD 95th percentile
with different r/x ratio and model of dependency of r with frequency.

The case studies presented in Section VI were run consid-
ering a ratio r/x = 5 in the estimation algorithm. Different
values of this parameter have been applied for both IEEE
LV European test feeder and LVN #7 network and the accu-
racy of the method has been assessed. The dependency of r
with the frequency has also been explored by considering the
model [45] expressed as:

κh
i,j = κi,j

[
r · (0.187 + 0.582 · √

h) + jh · x
]

(10)

Fig. 23(c) shows the mean relative error (in the left verti-
cal axis) and maximum relative error (right vertical axis) in
the estimations of weekly 95th THD percentile in both tested
networks and for the models defined in (7) and (10). It can
be seen that the variation of this parameter between 5 and
10 does not have, if at all, a significant effect on the method
accuracy. However, very low values (typically lower than 2)
of this ratio lead to higher errors. Infinite r/x ratio has also
been tested with no improvement on accuracy. Models given
by (7) (neglecting the dependency of r with frequency), and
model (10) (including this dependency) provide similar results.

C. Influence of the Period of the Year

Results shown in Section VI have been obtained for the
power demand and harmonic injection of a random summer
week. Demand and therefore, harmonic injections, are influ-
enced by the period of the year (outside temperature, light
hours, etc.). In order to justify the validity of the method for
different weeks in different times of year, this section presents
results for the harmonic estimation in four different weeks
(each corresponding to a season: winter, spring, summer and
fall) with the same number and location of PQ meters as
proposed in Section VI.

Fig. 24 presents the CDF of relative error in the estima-
tion of 95th percentile of THD at all the buses of the LVN #7
network for four different weeks, each of them in one season
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Fig. 24. CDF of relative error in the estimation of 95th THD percentile for
different weeks in the year at buses of the LVN #7 network.

Fig. 25. Weekly 95th voltage THD percentile for network buses in PV
scenario.

of the year. Although results are different and show some vari-
ability due to the randomness of the values, similar accuracy is
obtained in different weeks. Note that location of monitors is
the same for all the tested weeks, as PQ monitors are installed
in its location only once.

D. Influence of PV Generation

Today’s residential network is subject to many changes,
including the increasing spread of distributed generation,
mainly PV.

In order to analyze if the presence of single-phase PV
inverter interfaced devices jeopardizes the performance of the
method, this case study is presented. This case study considers
the same networks and assumptions described in Section VI-C,
but 40% of residences are assumed to have PV distributed gen-
eration, as a high penetration scenario [46]. The same number
and location of power quality monitors of Section VI-C has
been considered in this case study.

Fig. 25(c) presents the real and estimated 95th THD per-
centile during one week for all the buses at the IEEE LV
European (a) and the 471-bus network (b).

As it can be seen in Fig. 25(c), a very good performance
of the method is achieved when the PV generation is widely
deployed in the network, showing that the methodology is
capable of estimating harmonic voltages in a grid with high
penetration of inverter-based resources.

Fig. 26. Weekly 95th voltage THD percentile for network buses in case with
closed switches.

Fig. 27. CDF of relative error on estimating THD 95th percentile for different
transformer leakage reactances (X) in LVN #7.

E. Network Topology

Two different networks with distinct radial configurations
have been tested, and results, included in previous sections,
showed comprising results. In this section, changes on topol-
ogy in a network where PQ meters are already installed is
studied. This case study focuses on analyzing the situation in
which the estimation methodology is being used in a network,
with installed PQ monitors, but some topology variations occur
in the network (i.e., some switches change their position due
to operational needs).

This situation is studied by applying the PQ monitor loca-
tion explained in Section VI-A (48 monitors in LVN #7) and
analyzing the performance of the estimation method when
switches are closed. Switches are marked as black squares
in Fig. 8(c), and are closed in this case study.

Fig. 26 shows the estimated and pseudo-measured THD 95th

percentile at network buses. Results show a good performance,
leading to a slight THD underestimation at some buses. In
any case, estimations are still close to real THD values, with
relative errors in estimating THD 95th percentile below 10%
in 90% of the buses.

F. Transformer Leakage Reactance

The last proposed robustness analysis studies how differ-
ent leakage reactance of the main substation transformer can
interfere with the performance of the methodology. Leakage
transformer reactance has been identified as one of the key
parameters that determine the harmonic distortion in LV side
of the network [47]. In this section different transformer reac-
tances are assumed in LVN #7 test feeder, leading to different
levels of harmonic distortion in the network. The performance
of the method under these conditions has been assessed.

A comparison between the relative errors in estimating THD
95th percentile when main transformer presents different leak-
age reactances is included in Fig. 27. As it can be seen, similar
results are achieved for all the cases, with a better performance
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when the leakage reactance is larger, due to the higher values
of harmonic distortion obtained, that tend to minimize relative
errors.

VIII. CONCLUSION

This paper presents a new practical method to estimate har-
monic voltages at all buses in a residential distribution system
of unknown parameters and topology when only a partial PQ
monitoring program is implemented.

The method gathers information from conventional smart
meters and from a limited number of PQ monitors. It has been
demonstrated that a good estimation of voltage harmonics can
be achieved in real time at all system buses with only 10%
or less of the buses equipped with PQ monitors. The location
of this reduced number of monitors is established using an
optimization algorithm proposed in this paper and based on
voltage correlations.

The voltage harmonic estimation method proposed can be
used to verify compliance with PQ standards and to iden-
tify current and future harmonic issues in the network. The
robustness of the method and the effect of several parame-
ters on accuracy (topology, transformer leakage reactance, PV
generation) has been studied. The performance of the method
with different number of available PQ meters has also been
assessed, which can help DSO to decide what is the appro-
priate number of PQ monitors that should be installed in their
network.

Finally, some future areas of research have been identi-
fied, such as applying the methodology to higher voltage level
networks, to different types of clients rather than residential,
and the implementation of the methodology in a real network.
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