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Abstract

We study the qualitative properties of functions belonging to the corresponding De Giorgi
classes
&(z, |V(u—k)x|)de <~ / @(z, (Uairk)ﬂ:) dz,
Br(1-0)(z0) By (o)

where o, r € (0,1), k € R and the function @ satisfies the non-logarithmic condition

<r” / [P (, ;)]S dm) : <r” / [P (, ;)]4 di’?)% < e(K)A(xo,7), <0< KAr),

BT(IU) BT(IU)

under some assumptions on the functions A(r) and A(xo, ) and the numbers s, ¢ > 1. These
conditions generalize the known logarithmic, non-logarithmic and non uniformly elliptic
conditions.

In particular, our results cover new cases of non uniformly elliptic double-phase, degen-
erate double-phase functionals and functionals with variable exponents.

Keywords: non-autonomous functionals, non-logarithmic conditions, continuity, Har-
nack’s inequality.
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1 Introduction and main results

To explain the point of view of this research consider the energy integrals [ @;(z, |Vul)dz,

Q
&i(x,v) =vP +ar(z)v?, ai(x) =0, o(sc ap(z) <ArTP. A>0, v>0.
B (xo
Do (x,v) = vP (1 + az(z)log(1l +v)), as(z) =0, osc az(r) < —, A>0, v>0.
B, .’L‘Q) log F

In particular, these conditions imply

sup &;(, 2) <(K) inf &z, E), r<v< K, i=1,2. (1.1)

By (z0) T By (z0) T
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It is well known (see [9]) that the minimizers of the corresponding integrals of the calculus
of variations satisfy Harnack’s type inequality, or more generally (see [24]), Harnack’s type

inequality is valid under the conditions

() < A[log 2]" 7 ( )<A[1°g1°g%]L
osc ai(z) < og —|"r?P osc as(r) < A——"T
By (z0) ! & T Br(z0) 2 log %

)

if L > 0 is sufficiently small. These conditions yield

v v 1. L
sup @1(x,—) <y(K) inf &1(z,-), r<v<KAr), XMr)=|log—| <2, 1.2
o 1o ) <) . 1) (). Alr) = [log ] (12)
and
v ) v 1.1
sup Po(z,—) < y(K)A(r) inf Po(z,—), r<v<K, A(r)=[loglog=]". (1.3)
B (w0) r By (zo) r T

To take into account the non-uniformly elliptic case, we set

a(x) = |log | log HLI, xg € Q,

|z — 0|

and let @1(v) = vP 4+ v, Py(v) = vP(1+log(1l + v)), then
v a(z)®i(v) < Bi(x,v) <y Bi(v), L1 <0, i=1,2,

VL Bi(v) < Bi(x,0) < ya(z)Bi(v), Ly >0, i=1,2

provided that B,(xo) C Br(z¢) C 2 and R is sufficiently small and the bounded local solutions
of the corresponding elliptic equations satisfy Harnack’s type inequality [25] if

ﬁ € LY(Q) and a(z) € L¥(Q) (1.4)

with some ¢, s > 1, i.e. if L; is sufficiently small. In this paper, our aim is to combine logarith-

mic, non-logarithmic and non uniformly elliptic conditions ([LI)—(L4]). Obviously, conditions

(CI)-(T4) imply for i=1,2

(- f [@i(x,g)]sczxf(r—n [ e Do) < M), <0< KAG)

By (zo) By (z0)

with some s, t and the precise choice of A(r) and A(zo, ).

Another interesting example is the energy integral [ @3(z,|Vul)dz,
Q

~—

lim fi(r) = oo, lim pi(r) =0, v>0.

b _ p(x) < ﬂ(?“
3('%'7 U) v ) 0SC p(l’) 0 750 log%

By (x0) log 1’

I
It is known that the solutions of the corresponding equations and the minimizers of the corre-
sponding integrals satisfy the Harnack type inequality ( [1]) if u(r) = const, or more generally
(see [5H7L49]) if p(r) = Llogloglog 1, i.e. under conditions (I3). The bounded local solutions

of the corresponding elliptic equations, as well as the minimizers of the corresponding integrals
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belong to the corresponding De Giorgi’s classes, i.e. for k € R, o, r € (0,1) the following

_ 1\ P@)
/ IV (u— k) |P® de < ~ / (u k) dx.
or ),

B.(1-¢)(z0) By (o)

inequalities hold

Mo(k p(z)—p-
Set ay(x, k,r) = <M> , My(k,r) = sup (u—k)+ and p_ = min p(z), then
r B;(z0) By (o
by the Young inequality

p—
/ at(z,k,7)|V(u —k)x|P- do < 'ya”(%) / ay(z, k,r)dz.
Br(1-0)(%0) By (20)N{(u—k)+>0}

There are two possibilities how to use this inequality. The first one is almost standard, by our

assumptions on the function p(z) we obtain

My (k,r)

r

[ IV bapde <o et o) (
B'r(lfo')(xo)

> By(20) N {(u — k) > 0},

provided that My (k,r) > r. This estimate leads us to the condition (see e.g. [5H7./49])

B dr
/eXp (=7 exp(r2 r) ) — = oo, (1.6)
0
with some 71,72 > 0. The function i(r) = Lloglog log% satisfies (LO)) if L > 0 is sufficiently
small.

This condition can be improved, namely, it turns out that the function ay(z,k,r) with
IOg lOg ‘1‘_—1$0|

plx)=p+ L oz m satisfies the condition (see [48])
1 1
(r_" / [ax(z, k)] d:c> t <7“_" / l[ay (z, k,7)]° dm) | <A(t,s), t,s>0, (1.7)
B (z0) By (zo)
provided that
1 _ _loglog Tér

— +7 =<1, and 7 < My(k,r) <2M = 2sup |u,

log log 15 log 15 Q

with sufficiently large 4 > 0. This condition leads us to the standard Harnack type inequality
for solutions of the corresponding p(z)-Laplace equation. Obviously, inequalities (7)) can be
generalized by conditions (LHl).

In this paper we also consider the integrals of this type. And, of course, it would be
interesting to unify our approach. More precisely, we will prove continuity and Harnack’s
inequality for functions belonging to the corresponding non uniformly elliptic De Giorgi classes
DGg(Bpg(x0)).

We write W1?(Bg(z0)) for the class of functions u € Wh!(Bg(z¢)) with

[ @(z,|Vu|)dz < co and we say that a measurable function u : Bg(z¢) — R belongs to the
Br(zo)
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elliptic class DG%(Bg(x0)) if u € WH®(Bg(xo)) N L>(Br(x)) and there exist numbers ¢ > 0,
g > 1 such that for any ball B,(z9) C Bgr(zo), any k¥ € R and any o € (0,1) the following

inequalities hold:

/gzs(x,yvu\)@(x)dxgc /@(w, M)dm, (1.8)

or
AL, A,
here (u — k)+ := max{+(u — k), 0}, A,j;r = Br(z9) N {(u—k)+ > 0}, {(x) € C§°(B,(x0)),

0 < ((z) <1, ((z) = 1in By_g)(w0) and |V((z)| < %. We also say that u € DG (Q)
if u € DG3(Br(wo)) for any Bgp(zg) C Q. We set also DGg(Br(z)) = DGy (Br(xo)) U
DG} (Br(z0)) and DGg(2) = DG4 (2) U DG ().

Further we suppose that @(z,v) : Br(zg) x Ry — Ry is a non-negative function satisfying
the following properties: for any x € Br(z¢) the function v — &(z,v) is increasing and

lim ¢(z,v) =0, lim &(z,v) = +oo. We also assume that
v—0 v—+00
(®g) There exists ¢y > 1 such that for any x € Br(zg) there holds
et < P(x,1) < cp.
(@) There exist 1 < p < g such that for x € Br(zo) and for w > v > 0 there holds
w\P _ P(x,w) w\ e
) <Few <)
v &(x,v) v
(@5‘\ 930) There exist continuous, non-decreasing function 0 < A(r) < 1 and continuous, non-

increasing function Ay (xo,7) > 1 on the interval (0, R) such that for any B, (x¢) C Bgr(zo),
for any K > 0 there holds

v
sup A@ (1’0, T, ;) g Cl(K)A)\(I'O, T)7

r<v< K A(r)
1 1 1 1
— — < — t e 1, —— € (1
tp+sp ) (max( 7p_l),oo]7 s € (1, 00],

here ¢;(K) is some fixed positive number depending on K, s and ¢ and

Ag (20,7, ;) = A_ (a0, %) Ay (o, %),

1 1
v n v t v . Vs s
A,@,(azo,r, ;) = <r / [CP(:C, ;)] td:ﬂ) ,A+,qs(:c0,r, ;) = (r / [CP(:C, ;)] d:c> .
By (zo) By (z0)
We will also write (915?‘\) if condition @X,mo) holds for any Br(z¢) C Bsr(zg) C Q and set

Ax(r) == sup Ax(zo, 7).
20€Q,Bgr(x0)CQ

Remark 1.1. Note that in the logarithmic case, i.e. if N(r) = Ax(r) = 1 functions from

DGg(2) belong to the standard De Giorgi class DGP%(Q), pt_%l > 1 (see Lemmal[Z.2 below),
i

so continuity and Harnack’s inequality follow directly from results of [32] and [20)].
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Remark 1.2. We note that condition (@f‘\) generalizes known conditions on the function @, for
example, that is condition (Al —n) from [27H29] in the logarithmic case, i.e. if N(r) = A1(r) =
= const. This condition generalizes conditions @y and ®,, (see [2])]) in the non-logarithmic
case. Moreover, this condition generalizes the non-uniformly elliptic condition(see [25]). And

finally, condition @Xmo includes conditions of the type (LT).
Sometimes we will also need the following technical assumption

(M) There exist positive constants ¢ and cg such that

Cc2 c3
A(p)<<§) A(r), A,\(ﬂco,r)§<§> Ax@o.p) 0<T<p.

We refer to the parameters n, p, ¢, t, s, ¢, co, M(R) :== sup |ul, c1(M(R)), ¢z and c3 as our
Br(zo)
structural data, and we write  if it can be quantitatively determined a priory in terms of the

above quantities. The generic constant v may change from line to line. In general, we assume

that M :=sup |u| and ¢; (M) are also the data. Our first result is the interior continuity of the
Q

functions belonging to the corresponding De Giorgi classes.

Theorem 1.1. Let u € DGg(Bgr(x0)) and let conditions (Py), (P), @X,mo) be fulfilled. There
exist numbers C1, B1 > 0 depending only on the data such that if

/exp (C’l [A)\(CC(],T)]BI)% < 400, /)\(7“) exp ( - [A)\(xo,’l“)]ﬁl)% =400, (1.9)
0 0

then u(z) is continuous at point xg.
If additionally, u € DGg(R), condition () holds and

/exp (Cq [A)\(r)]ﬁl) % < +o0, /)\(7“) exp (— C4 [A)\(’I“)]Bl) % = 400, (1.10)
0 0

then u(zx) € C(Q).

Here some typical examples of the function @ which satisfies the conditions of the above
theorem .
e The function @;(x,v) = vP + a(x)v? satisfies condition (5151\7960) with A(r) = [log 2|7 and

Ax(zo,7) =1if osc a(x) < Ar?7P[log %]L(q_p) and a(zg) = 0. Condition (L9) holds if L < 1.

By (x
If a(zp) > 0, then (a(()u)v) = a(xo), provided that R is small enough, condition (@1, ) holds with
A(r) = Ai(xg,7) = 1. Condition (L9) is always satisfied.
The function & (x,v) satisfies condition (@} , ) with A(r) = 1 and Ay(zg,r) = [loglog L,
L > 0 provided that [loglog |$_1x0‘]_L < a(x) < 1. Condition (LI) holds if L 8; < 1.
e The function @3(z,v) = vP(1 + a(z)log(1l + v)) satisfies condition (45/1\710) with A(r) =1
[log log %]L

and Aj(zg,r) = [loglog 2]F if Soc a(z) < A and a(xg) = 0, provided that R is

- (20) log &

sufficiently small. Condition (L9) holds if Lg; < 1. It a(zp) > 0, then a(z) < a(xp), provided

that R is small enough, condition (@}, ) holds with A\(r) = Aj(x9,7) = 1. Condition (LJ) is

17$0
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always satisfied.

The function ®y(z,v) satisﬁes condition (45/1\710) with A(r) = 1 and Aq(zo,r) = [loglog 2],

L > 0 provided that [log log = ‘]*L < a(z) < 1. Condition (L9) holds if L 3; < 1.
e The function @3(z,v) = vp(““") satisfies condition (&1 zo) With A(r) =1 and

log log log

A1(zo,7) = [loglog 1]F if Josc p(z) < L . Condition (9] holds if Lp; < 1.
r{Z0

The function ®3(x, v) satisfies condition (@on) with A(r) = Aq(zo,r) =1, if

log 1 p

L > 0, provided that R is small enough. Condition (L9)) is always

holds.

e The function @4(z,v) = v”(1 + log(1 + a(z)v)) satisfies condition (@{‘JO) with
A(r) = [log 1]=1 and Aq(zo,7) = 1 if Bo(sggzo)a(x) < Arflog 11F and a(zp) = 0. Condition (L9)
holds if L < 1. If a(zg) > 0, then a(;) =< a(zp), provided that R is small enough, condition
(@ixo) holds with A(r) = Ay(zg,r) = 1. Condition (LI) is always satisfied.

Next result is the Harnack inequality. We will distinguish several cases, first we will assume
that Ay(r) < const, 0 < r < R. Note that the case hm Al( ) = oo is possible.

Theorem 1.2. Let u € DGy (), u > 0, let conditions (Do), (), (9}), (\) be fulfilled. Then
there exist numbers Co > 0, 6 € (0,1) depending only on the data such that

1
g
<p" / u? dm) { min u+p}, 0<p<R, (1.11)

Bp (z0)
By (z0)

provided that Bsr(zg) C .
In addition, if u € DGg(Q) and condition () holds , then there exist numbers Cs, B2 > 0
depending only on the data such that

max ugC;J,M{ min u+p}, 0<p<R, (1.12)
By (o) Alp) B (wo0)

provided that Bsr(zg) C Q.

We formulate our next theorem under the assumption A\(r) = 1, moreover, its formulation
requires more complicated conditions on the function A;(r), so we will prove it only in the

model case, namely, we will assume that A;(r) = [loglog 1]%, L > 0.

Theorem 1.3. Let u € DGg(Q) NC(Q), u > 0 and let conditions (Do), (D), (P}) be fulfilled.
Let A1(p) = [loglog %]L, p € (0,1), L > 0. Then there exists number Cy > 0, depending only
on the data and L such that

1
u(zo) < Cylog={ min u+ p}, 0<p<R, (1.13)
p = Bg(xo)

provided that Bgg(xg) C Q and L is small enough.

We prove our most general result only for solutions of the corresponding equations. More

precisely, we are concerned with elliptic equations

dm( (& Vel s |2> =0, 2. (1.14)
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We say that a function u is a weak sub(super)-solution to Eq. (LI4) if v € WH?(Q) and the
integral identity

Vu
/ b(z, \Vu])WVndx <(2)=0, (1.15)

holds for all non-negative test functions 7 € WO1 ().

The next result is Harnack’s inequality under the point condition (@5‘\ xo)‘

Theorem 1.4. Let u be a non-negative bounded weak super-solution to Eq. (LI14]) and let
conditions (®g), (D), (Cﬁf‘\wo) and () be fulfilled. Assume also that

(@) s P D)€ -0 >0, ECERY §£( e (L10)
Then there exist numbers Cs, Cs > 0, 6 € (0,1) depending only on the data such that
1
0 1
(p" / u? dm) < ——exp (Cs [AA(:co,p)}C6){ min u+ p}, (1.17)
B A(p) B (x0)
p\T0

provided that Bg,(xg) C Q.
In addition, if u is a non-negative bounded weak solution to Eq. (L14), then

max u < L exp (C7 [AA(xo,p)}Cs){ Bm(in U+ p}, (1.18)
p (o

Bp(wo) — Ap) )

provided that Bg,(xo) C Q. Here C7, Cg > 0 depend only on the data.

Before describing the method of proof, a few words about the history of the problem. Qual-
itative properties of functions belonging to the corresponding De Giorgi classes in the standard
case, i.e. if p = ¢ are well known(we refer the reader to the well-known monograph of Ladyzhen-
skaya and Ural’tseva [32] and to the seminal paper of DiBenedetto and Trudinger [20]).Harnack’s
inequality for non uniformly elliptic equations has been known since the well-known paper of
Trudinger [51].

The study of regularity of minima of functionals with non-standard growth has been ini-
tiated by Zhikov [52H55,57], Marcellini [37,138], and Lieberman [36], and in the last thirty
years, the qualitative theory of second order elliptic equations with so-called log-condition ( if
A(r) = Ay (zp,7) = 1) has been actively developed.Moreover,many authors have established lo-
cal boundedness, Harnack’s inequality and continuity of solutions to such equations without or
with singular lower order terms, as well as of local minimizers, (Q-minimizers, and w-minimizers
of the corresponding minimization problems(see, e.g. [1H4,[RHI7, 21H23] 26130} 40,45, 50] and
references therein).

The case when conditions (@?\,xo) hold differs substantially from the logarithmic case. To
our knowledge there are few results in this direction. Zhikov [56] obtained a generalization of
the logarithmic condition which guarantees the density of smooth functions in Sobolev space
WP()(Q). This result holds if 1 < p < p(z) and

ndr

|log | log p(|z — yl)|| / -
p\xr) —ply < 5 x,yGQ, x%y7 ulr P — = 400,
Ip(z) — p(y)| oz [z — 1 O(()) "
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Particularly, the function p(r) = (log 1)% satisfies the above condition if L < 2.

Interior continuity, continuity up to the boundary and Harnack’s inequality to the p(x)-
Laplace equation were proved in [4,[7,/49] under the condition (LI]). These results were gen-
eralized in [411[47] for a wide class of elliptic equations with non-logarithmic Orlicz growth.
Particularly, Harnack’s inequality was proved in [47] under condition (L6]). In the proof, the
authors used Trudinger’s ideas [51]. Qualitative properties for solutions of non uniformly ellip-
tic equations with non-standard growth under the non-logarithmic conditions were considered
in [25].

As it was mentioned, in this paper we cover the non-uniformly elliptic case and the case of
variable exponent of the type (LT).

The main difficulty arising in the proof of the main results is related to the so-called theorem
on the expansion of positivity. Roughly speaking, having information on the measure of the

" positivity set” of u over the ball B, (Z):
{z € Br(7) : u(z) > N} > o(r)| B, ()],

with some 7, N > 0 and a(r) € (0,1), we cannot use the classical approach of of Krylov and
Safonov [31], DiBenedetto and Trudinger [20] as it was done in the logarithmic case, i.e. if o is
independent of r(see e.g. [9]). Difficulties arise not only due to the presence of a constant «/(r)
depending on r, but also because in the process of iteration from B,(Z) to B,(xo) an additional
factor arises, which can be estimated only under conditions of Theorems and [L3l So, first

we prove the following expansion of positivity theorem.

Theorem 1.5. Letu € DGg(2),u > 0, let xg € Q be such that Bsr(xo) C Q,and let conditions
(®0), (®), (DY), (N) be fulfilled , assume also that

{B:(y) : u> N} = alBr(y)], (1.19)

with some a € (0,1), some 0 < N < M and B,(y) C B,(x9) C Br(xo), then there exist

numbers €q,7, ¢, 3,711,720 > 0 depending only on the data such that

p

N)\([))Oén < o (g) exp (c/[AA(s)]ﬁ%){Br;(lfo) U+ P}a r= €0a2A)\(r) .

(1.20)

7

The main step in the proof of Theorem is the following local clustering lemma due to
DiBenedetto,Gianazza and Vespri [18] (see also [19,35,50]).

Lemma 1.1. Let K, (y) be a cube in R™ of edge r centered aty and let u € WH(K,.(y)) satisfies
1w = ) _llwragny < Kk and [{EKo(y) : u > K} > alK(y)], (1.21)

with some a € (0,1), k € RY and K > 0.Then for any € € (0,1) and any v € (0,1) there exists
z € K, (y) and e =e(n) € (0,1) such that

HEKF(Z):u= €k} > (1 —v)|K:(y)|, 7:= 5@2& 7. (1.22)
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As it was already mentioned during the iteration from B, (Z) to B,(zo) an additional factor
arises, that even in the case A(zg,p) < const cannot be estimated. To overcome it and to
prove Theorem [[.4] we use a workaround that goes back to Mazya [39] and Landis [33]34]. For
the proof of the following expansion of positivity theorem we use the potential-type auxiliary
solutions. We also note that by the presence of the function A(r) in condition @X,mo) we cannot
use Moser’s method, adapting the ideas of Trudinger [51] (see, e.g. [4,[7,41,49]).

Theorem 1.6. Let u be a non-negative weak super-solution to Eq. (LI4) in Q, let conditions
(Pog), (P) and (515;\&7330) be fulfilled, assume also that condition (ILI6]) holds. Then there exist
positive constants vy, B3 and B4 depending only on the data, such that for any 0 < N < M and
any Bg,(xg) C §) there holds

[E(p, N

B3
o > < v exp (7 [Ax(zo, B)]B4){ min_u+ p}, (1.23)

4 B% ($0)

)

where E(p, N) := B,(xo) N {u(x) > N}.

To prove Theorem we consider the solution w of the following problem

Vw

> =0, ze€D:=DBg,(xvg) \E, w—mye WOI’QS(D), (1.24)

where E C By(xg), m € (p, A(p)M) is some fixed positive number and 1) € Wol’qs(ng(xo)),
Y =1on E.

In Section [ we prove upper and lower bounds for solutions of problem (L24]), from which
Theorem[L6lis obtained as a simple corollary. Thanks to the use of auxiliary solutions of problem
([I24)), it is possible to avoid the appearance of an additional factor during the iteration from
B,(x0) to By(xo).

The rest of the paper contains the proof of the above theorems. In Section [2 we collect
some auxiliary propositions and required integral estimates of functions belonging to the corre-
sponding De Giorgi classes. Section [3] contains the proof of continuity, Theorem [[LT] expansion
of positivity, Theorem and the proof of Harnack type inequalities, Theorems and [[3]
Upper and lower bounds of auxiliary solutions are proved in Section @l A variant of the expan-
sion of the positivity theorem, Theorem is also proved in Section @l Finally, in Section 4 we
sketch a proof of Harnack’s inequality, Theorem [[L4] leaving the details to the reader.

2 Auxiliary material and integral estimates

2.1 Auxiliary Lemma

The following lemma will be used in the sequel, it is the well-known De Giorgi-Poincare lemma
(see [32], Chapter 2).

Lemma 2.1. Let u € WY(B,(y)) for some r >0, and y € R™ . Let k,l be real numbers such
that k < 1. Then there exists a constant v depending only on n such that

(1= DA B )\ 4y < [ Vi,

A N\AL L

L,r
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where Ay = B, (y) N {u < k}.

2.2 Local energy estimates

b(z,v)
v
the definition of the De Giorgi class DGg(Bgr(xo)) and of the following analogue of the Young

For 6 € (0,p] and v > 0 set pp(z,v) = The following lemma is a consequence of

inequality

wo(z,a)b? < e 0 D(x,a) + b7 pp(x,eb), e,a,b>0, 6¢€(0,p)], (2.1)

indeed, if b < e~ ta, then @y(z,a)b? < e7%a? py(x,a) = e 9P(x,a), and if b > ¢~ 'a, then since
by condition (®) @g(z,-) is non-decreasing g (z,a) b? < b? py(z, eb).

Lemma 2.2. Let u € DGg(BRr(xy)), then for anyr < R, any k € R , any o € (0,1) and any
VRS [1,pt%] next inequalities hold

/|Vu|9Cq(:U)dx < - <M>€r" [Ag (20, T, Migﬁ’”)ﬁ( |Atr >1tpsp. (2.2)

a
+ 0-917 "
Ak,r

Here  My(k,r) :=esssup(u —k)x, ((x) is the same as in (L8) and A@(xo,r, Mif,k’r)) was
By (zo)
defined in (sﬁ;\\,xo).

Proof. We use the Holder inequality and inequality (2.1 for the function ¢,(x,-) with

My(k
a:M,b:]Vu\pandszl
T

[ vupe e dn <
+

Ak:,r
= p 9 » ’ <
A,fr " Akiw T
< <Mi(k’,r)>pt+l</¢($,|vu|)gq(ﬂf)d$—|—/@(x’ Mi(k’r))gq(x)dx>mx
A;ﬁt,r Aki,r
B R e R
By (z0) o
[ R ) (] et B ) a2,
Br(zo) By (x0)

from which by the Holder inequality the required (2.2]) follows. This proves Lemma O

In what follows, we will use only inequalities (Z.2]), which can be taken as the definition of

the corresponding De Giorgi DGg(2) classes.
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2.3 A Variant of Expansion of the Positivity Lemma

The following lemma will be used in the sequel. In the proof we closely follow to [32, Chap. 2].

Let M(r) > sup u, m(r) < Bir(lf )u, w(r) == M(r) — m(r) and set vy(x) := M(r) — u(z),
BT(Z'O (L0

v_(z) :=u(x) — m(r).

Lemma 2.3. Let v € DGg(Bgr(zg)) and let conditions (), (), (@?\,xo) be fulfilled. Let

€ €(0,1) and assume that with some ag € (0,1) there holds

|{z € By, /a(x0) : v (r)}] < (1 — ag) | Bsyja(zo)l- (2.3)

Then for any v € (0,1) there exists number C, > 1 depending only on the known data, g, £

and v such that either
, _

w(r) < ) exp (C*[Ax(xo,r)]ﬁl), (2.4)
[{Bsyar(w0) 1 v (x) < w(r) A(r) exp (= CulAx (w0, 7)]™ ) } < v[Bsap (o), (2.5)

here 31 is some fized positive number depending only on the data.

Proof. We provide the proof of (2.5]) for vy, while the proof for v_ is completely similar. We
set kj := M(r) — Mw(r), j=[log1/¢] +1,2,...,js where j, to be chosen. We will assume

Y
A(r
for all j € [[log1/¢] +1, ji] that M, (k;,3/4r) > 2(+Z

is violated then the required (ZI) with C. > j. + 1 is evident. If (24]) is violated, then
M (kj,r) = My (kj,3/4r) = r and since 2777 w(r) A(r) < My (kj,7) < 277 w(r) A(r) <
< 2M(R)A(r), by (Cﬁf‘\wo) we obtain that

w(r), because if for some j this inequality

M) < 2% (20,7, Mw(r)) < A (2o, 7).

Ag (o, Y

Therefore , if (2.4)) is violated, inequality (2.2)) with § = pt% can be rewritten as

0 +q Alr) - ’ ’Azj’r‘ .
+/ Vulf ¢ dm<7<2jr W(T)> " [Ax(wo,7)] (IBr(fﬂo)l

kj,'r
1 0 0 ~ .
where——l—g—% H—le and ( € C§°(B (0)),0<C<1,C:11HB3,,/4(3U0),
|IV(| < 4/r. From this by Lemma [2.I] we obtain
A(r) g
2j+1w(r)’A2—j73/47” S a—or / [Vul(?dx <
\ kjt1.m
< ( / Vul? qum> AY e <
J+17
Akj,r

1

AL L\ T
‘B (;0)‘ ’BT(xO)L

D=

+ + 1-
'7 )\(T) 1 |Akr,r Ak~+1,r|
< — —2w(r) [Ax(zo,7)]? 1 !
ag 27 (o)l ( By (o)
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raising the left and right hand-sides to the power and summing up the resulting inequal-

6—1
ities in j, j = [log1/¢] +1,2,..., j« ,we conclude that

_0_

‘A]j; 3 47.’ 6—1 __0 0
(Jx — [log1/€] — 1) (m) < Yoy ! [Ax (wo,r)]PW—I).

Choosing j, by the condition

0 —5% _60 t
—[log1/¢] =12 yv o1 o7} ot [A/\(ﬂfo,r)]pw_l), 0= pt+—1’
we obtain inequality (2.3]), which proves Lemma 2.3 with
*# ___pt = t
Cy>1+logl/¢ + vy v ®-Dt-1 and S = m

2.4 De Giorgi Type Lemma

The following theorem is the De Giorgi type Lemma, the proof is almost standard (see e.g. [32]).

Lemma 2.4. Let u € DGg(Bgr(xo)) and let conditions (o), (P), (515?;7330) be fulfilled. Fiz
&,n € (0,1), there exists number vy € (0,1) depending only on the data and n, such that if

{z € By(0) : va(2) < Ew(r)} < w1 [Ax(zo, )] 2| Br(wo)], (2.6)

then either
n(l—=n)fw(r) < ﬁ (2.7)
vie(z) = (1= n)?EA(r)w(r), = € B (w). (2.8)

Here 3y is some fized positive number, depending only on the data.
i+ 74
2 )
1_
by = M) =0 (2 = A w(r) - LA i), and et ¢ € CR (B, (a0)).

0<¢ <1, G=1in B, (x0), and ]VQ\ < 727. We assume that

My (koo,7/2) = n(1 —n)&EX(r)w(r), because in the opposite case, the required (2.8]) is evident.
If (Z7) is violated then My (koo,r/2) > r. In addition, since (1 —n)§ A(r)w(r) < M4 (k;,r) <
< EANr)w(r) for 7 =0,1,2,..., then by @X,mo) we obtain that

M)y ¢ (1= )9 (o, 75, £ 242
’I“j Tj

Proof. For j =0,1,2,... we set r; := f(1—{—2_]'), Ty =

Azo.rs, w(r) < (1 —n) s (0, 7).

Therefore inequality (2:2]) with § = 1 can be rewritten as

1
) |A+,r.| 23
/ IVl ¢ dar < v 277 % (1=) "% EA(r) ()" [Ax (o, )] <W T

A+
kj,'rj
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From this, by the Sobolev embedding theorem we obtain

| z : | . _4q _9_4 1 X
Yj1 = ﬁ;’o’;‘l <270 P (1 —n) P [A)\(I'Q,T)]Pyjl.+’£, j=0,1,2,..,
T

1 1 1 1 1 -
where k = — — 14+ — = — — — — — > 0. Choosing vy, 82 from the condition
K9 n n sp t

q
2y = 1

_ 9
=y (1-n) ", B

= ZQ—K/’
and iterating the previous inequality we arrive at the required (Z.8]), which completes the proof

of the lemma. O

3 Continuity and Harnack’s Type Inequality , Proof of
Theorems [I.THI.3] and

3.1 Continuity

Let r, p be arbitrary such that 0 < r < p < R, where R is small enough. We assume that the

following two alternative cases are possible:

v € By, (wo) u(@) > M(r) — () b <
{ i

or

{x € By, (x0) : ulx) < m(r) + %W(T)H < % B

Assume, for example, the first one. Then Lemmas 23] 2.4l the choice of constant C, in Lemma

_ t
23 and the choice of v in Lemma [Z4] ensure the existence of 83 = 51 + 52# such that
p —_— fe—
r AT 3 r 3
o(5) < (1= 2 ey (=4 lha @0, ) i) + 7 exp (Aa(a0, )] ).
2 4 A(r)
where 31, 2 were defined in Lemmas 23], 24] .
Iterating this inequality, we obtain
7 d i d
3.\ ds 3 s
w(r) < 2M(R) exp ( - ’Y/)\(S) exp ( — y[Ax(z0, 5)]™) ?> + /GXP (Y[Ax (o, 8)]7) )

r r
2

from which the required continuity follows. This completes the proof of Theorem [l

3.2 Proof of Theorem

Let B,(y) C By(xo) C Bgy(xg) C 2 and let the following inequality holds

{Br(y) :u= N} = alB(y)l, (3.1)
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for some 0 < N < M, a € (0,1).

Let 7 < r be some number which we will fix later, we will assume that sup (v — NA(7))—
Br(y)

2 %)\(f) because in the opposite case the required inequality (20]) is obvious. If N > r, then
by (#}), using the fact that A\(7) < A(r) if 7 < 7, we have with any 0 < 7 < r
M_ (N7 A(T
Moy, BTy o (0, ANy < 20, () < 2000,
r r

apply inequality (22) with 6 = 1 for (u — A\(7) N)_ over the pair of balls B,(y) and Ba,(y) and
with arbitrary 0 < 7 < r to obtain

/ IV (1 — A(F) N)_| dz < 7 [Ax(r)]7 A(F) N2,
Br(y)

1
The local clustering Lemma [T with k = A7) N, v = 1, € = 3, K = 7[A\(r)]» implies the
existence of a point € B,.(y) and € € (0,1) depending only on the data such that

B A(T) 1 B . ea? r
{B#(7) :u>—=>N}| > —|B:(7), T=—-——7.
2 4 EIWGIE

3 . . . .
Set g9 := 3 then the previous inequality can be rewritten as
g

1B:@) ru> 20Ny > L o). (3.2

From this by Lemmas 23] and 2.4] we obtain
AT 3 3 3 .3
u@) > W Nexp (< @) e Bu@). Bi=Bi+ B

provided that

pt
p—1t—-1’

2 3
= Ay (97)]53
L exp (1120 %),
where (31, (2 are the constants defined in Lemmas 2.3] 24l

Repeating this procedure j-times we obtain

N>

27 +1y
. 5. d
u(@) > 29NN exp (— 7 [ D), o € Byla),
2
provided that
. 2i+1p
207 5. ds
N > Ay ()] =2).
NG €xp (7 / [Ax(s)] s)
2

Choosing j from the condition 2/7 = p and using condition ()), from the previous we obtain

2p
_1 A7) 27 o ds
uw) > 77 Lk N exp (- !ﬂxn e
A(p) ™ 7 d
-1 AP o (Z) exp (- 5))Pe
AW <p> P WZ[AA( )=
>y A(p) Na™ (%) exp (— 'V/U\A(S)]Bf’gs)a € By (o),
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provided that

N > yﬁa‘“ (—)TQ exp ('YZ)[AA(S)]BBCLS)7

which completes the proof of the theorem.

3.3 Proof of Theorem

Inequality (LII)) of Theorem [[.2] follows immediately from Theorem [L5with Ay(p) < v, indeed

set
(p) = ﬁ{%ﬁ)u(m s

By Theorem with 7 = p we obtain for 6 € (0 L)

77—1

o [ atde =0 [ By a) s ue) > NY| NN < m(p)’+
0

BP(JCO)

N

() [ NN < 2 )", (33)
m(p)

which proves inequality (LITI).

To prove (LI2) fix o € (0, %), s € (%p, %p) and let My := sup u, M, :== sup wu. Fix

‘ Bs(wo) Bs(l—a)(xo) '
T € By1_s)(z0) and for j = 0,1,2,.... set p; := s3(1 +277), By := B, (7), kj = k(1 —277),
where k£ > 0 and suppose that (u(Z) — k)4 = p, then sup(u — k;)1+ > p. We will use inequality

J

([22), by condition (®}) with K = M we have

Ao (%, pjrsup(u = kj)+/ps) < V(M)A1(@, ;) < ¥As(p).

J

Hence, inequality (2.2]) can be rewritten as

1B; N {u > /gj}\>1fpip

Y 55 n—1 1
dr < L9277 M, A
Fulds < 227 3y s )7 (P

Bjy1n{u>k;}
Since 7 is an arbitrary point in By _q) (7o) this inequality by standard arguments ( see e.g. [32])
yields
. . L 1 1 1
My = <yo™ " Mg [Ar(p)]Pr P"/ wde +~yp\te, k=>— = = >0,

n tp sp
By

which by the Young inequality implies for any €,6 € (0,1) that

1
0
Mo<€Mo+70W[Al(/))]’"lie<pn/uedx> +p
Bo
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Iterating this inequality we arrive at

1

9
sup u <y [Ay(p)) 7 <p_" / u’ dfﬂ) +7p. (3.4)
Bg (Z‘O) BO

1

Collecting (LIT) and ([B.4) with 6 = 5 we arrive at the required (ILIZ) with 82 = (2pkT1) ™!,
T

which completes the proof of Theorem EEZL

3.4 Proof of Theorem [1.3

Construct the ball B, (zg), 7 € (0,1) and set ug := u(xg), M; := Bmf(ix)u,
pT(Z0
¥(p)

U _ Ll Ll s
N; := 70 (1—7)"h exp <l2 [loglog ﬁ] ° —ly[loglog %] 3> exp (C¢((1[T)p) [log log {]-7 %),
where ¢ and 8 the numbers defined in Theorem [[.5], I1, 3,13 > 0 will be chosen depending only

on the known data and

Y(r) = cga(r)r floglog 1],

here g9 € (0,1) is the number, defined in Theorem and «a(r) € (0,1) is continuous non-

increasing function, which will be defined later. Consider the equation
MT - NT' (35)

Further we will assume that .
ug = ly p log =, (3.6)
1)

with some I; > 0 to be fixed later.
Let 79 € (0,1) be the maximal root of equation ([B.5]) and fix y by the condition
u(y) = max u. Since Be_.)(y) C Be(144)(20), setting r = §(1 — 70) we have
BPT() (wo) 2 2
P(2r)

1 1 1.745d
gif(%u < u(y)2" exp (lg([log log ;]ng — [loglog E]Ll3)> exp (¢ / [log log E]Lﬁf) <

Y(r)
L Ll Lt g ¥(2r)
< u(y)2 exp <12 loglog — — | loglog — > exp (c|log log log .
Let us estimate the terms on the right-hand side of the previous inequality. If
1,21
Lis <1 and 2l [log 2—] <1, (3.7)
p

then . .
lo([loglog ;]ng — [log log Q—T]Ll?’) <1

By our assumption a(r) is non-increasing, therefore choosing p sufficiently small we have

2 log log 1]& log log 11&
¥(2r) _,a?(2r) [loglog,]" _ [loglog] <4

o(r) a?(r) [loglog %]L h [log log %]L
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Moreover

1 log log 11F 1
log log —— = loglog M < 2loglog —,
(r) goro(r) r
provided that p is small enough and
1 1
2log —— < log —. 3.8
©8 a(r) %8 (38)

Therefore

1
max u < u(y) 24+ exp (8Lﬁ ¢ [loglog —]Lﬁ).
Br(y) r

Claim. There exists a positive number v € (0,1) depending only on the known data and [,

such that

U 1, 7 1
{oe B uto) > > v rogtog 1175 xp (L8 clloglon 117 5,0,

where 35 is the number defined in LemmaPZ4land x = + — + — L > 0.
Indeed, in the opposite case we apply Lemma [2.4] with the choices

M(r) = u(y) 2" exp (857 ¢ [loglog 1177, Ew(r) = (M(r) — tu(y)),

M(r) — %M?ﬂ) 2 1
l-n=—"F""——] <landn> exp (— 858 ¢ [loglog %]Lﬁ .
< M(r) = ju(y) 7(h) ( )
By Lemma 2.4]it follows that if
n(l=nfw(r)=r (3.9)
then "
u(y) < max u < M(r) — (1 = n)*6w(r) = —u(y),
Br(y) 16

reaching a contradiction, which proves the claim.

We note that inequality (B.9) is a consequence of (3.6]), provided that p is small enough and
Lp<1 and Iy >~(l). (3.10)

We set . )
a(r) := v [loglog =] 772 exp ( — Lgls, [log log —]L6>
T PR T

and apply Theorem with o = a(r), 7 = goa®(r)r[loglog 1]7F and N = %, note that by

our choices 7 = (), so we obtain

P
r\ 2 1 ds
min u >~y u(y)a™ ()| = ex —c/lo lo —L5—>2
By (o) 7 ulg)an( )<P) p( a loglog 3] §
- ) r 1.,,d 1
r — S
> u(y)<_> [log log =] =727 exp<_c / llog log ] = — ¢-L8"?[log log _]Lﬁ)
p r s s PK r
¥(2r)
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1 1
If p is small enough, then loglog — < P log log —, hence from the previous we obtain
r oo p

l1—1—72—fBa71 1. - 1
min u > vt ug <£> [log log =] =727 exp ( — la[log log =] )
By (o) r P P
p
1 1 1.,5d
X exp <l2 llog log ~]" — ¢-L.8"[log log —]L5> exp(—c [ [loglog =]X8%%).
r Pk T s s
¥(p)

Fix l1,ls and I3 by the conditions
h=1+m+pm, lb=crt8 I3=3,
DK

then the last inequality can be rewritten as

p
1. 53 1 1.75d
min u > 1 v ug [loglog =]~ exp < — Iy[loglog =]* — ¢ / [loglog —]L6—8>.
Bg(mo) p p /) S s
P(p

Using the fact that log log ﬁ < vloglog %, log E& < v[log log %]Lﬁ and [loglog %]3271 <

< exp (v[loglog %]Lﬁ ) if p is small enough, from the previous we arrive at

min u >~}

1
vt ug exp (— ~[loglog —]Lﬁ).
By (wo) P

Choose Iy sufficiently large, according to (B.10), choose L sufficiently small, according to
B7), (310), choose p small enough, according to the second inequality in (3.7) and note that
(B:8) holds by our choice of «(r), we arrive at

min u >y vt ——
Bé(xo) 7 ! lOg—

provided that inequality (B.6) holds. This completes the proof of Theorem [[.3]

4  Pointwise Estimates of Auxiliary Solutions, Proof of
Theorems 1.4 and

We will assume that the following integral identity holds:

Vw

/QS(CU, |Vwl|) |vw|2V77 de =0 forany ne€ Wol’Q(D). (4.1)
D

The existence of the solutions w follows from the general theory of monotone operators. Testing
#I) by n = (w —m)4 and by n = w_ we obtain that 0 < w < m < A(p) M.

To formulate our next result, we need the notion of the capacity. For this set

1.
Ce(E, Bgy(xo);m) := — veli)glth) / &(z, m|Vv|) dz,

Bsp (w0)



Continuity and Harnack inequalities.... 19

where the infimum is taken over the set 9M(E) of all functions v € Wol’qs(ng(xo)) with v > 1
on E. If m = 1, this definition leads to the standard definition of C¢(FE, Bg, (o)) capacity (see,

g. [27]).
Further we will assume that
Cs(E,B ;
Ajrlmo 8p< 45(1 ) 8p<x0)7m)> > e, (42)
TOSPN L [An (o, p) |7
. . . P(z,v) o
where A+ 0 Sp( ) is the inverse function to A4 ,(xo,8p, ), ¢(z,v) := ————=, v >0and ¢,¢; > 0
v

to be chosen later depending only on the data.

4.1 Upper bound for the function w

We note that in the standard case (i.e. if p = ¢) the upper bound for the function w was proved
n [42] (see also [43] Chap. 8, Sec. 3], [44]).

Lemma 4.1. There exists § > 0 depending only on the data such that

3 C¢(E,B8P(5'30)§m)>’ v e Ks

w(z) <7 pA+?mO,8p<[AA<~’Uo, 7)) 8o = Dsp(20) \ By (z0).

pnfl
Proof. Fix 0 € (0,%), s € (1 +0)p, (8 —0)p) and let My := sup w, M, := sup w. Fix
Ks,Sp Ks(l+o),8p )
T € Ky140)8p and for j = 0,1,2,.... set p- = s3(1+27 ]), Bj = B, (), kj = k(1 —277),
where k£ > 0 and suppose that (w(Z) [A g, p ] , then sup(w — k;j)4+ > p. We will

i
use inequality (Z2)), by condition (7} xo) with K = M, using the fact that sup(w — k;)4 <
i

<m < A(p)M we have
Ag (f,pj,sgp(w —kj)+/p;) < (M)A, pj) < YAx(20, p)-
J

Hence, inequality (2.2 with § = ptj%l can be rewritten as

1—-6 _ 6
0 g My o (|BjN{w > k;}| tp sp
/ |[Vw|” dx < 0“/2 ( P > [A)\(mo,p)]p< B :

Bjp1n{u>k;}

Since Z is an arbitrary point in T € K, (144)g, this inequality by standard arguments ( see

e.g. [32]) yields

.9+l _ 1 1y=
M <9 My Mo F o [ ufde o7 (Ao )] O
Ks,Sp
where xk = % — % — sip > 0. Using the Young inequality we obtain for any ¢ € (0, 1)

1
o - ¢
M, < eMy+y o~ e "[Ax(zo, )]P‘)N <p” / wedx> +7 p[A (20, p)] 7, H:pH—l. (4.3)
Ks,Sp
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Let us estimate the second term on the right-hand side of (£3]). For this we assume that
M, >co p [A,\(xo, p)]cl > p, because otherwise, by ([@2]) the upper estimate is evident. Set

wyy, = min{w, My}, by the Poincare and Holder inequalities we have with arbitrary ; € (0,1)

—-n Gd é _ -n 0 d % < —n 0 é
p w dr) =|p wy, dr ) < yp(p [Vwng | dz ) <
D

5,8p 5,8p
1 1
My P My -— pt
( /|VwM0| op(z, 61— 5 )dm) (p" / [ep(z, 6170)] tdx> "
Bs,(x0)
1
M B 1
— e1 M (p" [ W Poyfea i) a ) ( [ e tdm) "<
D Bsp(0)
M, v
< ve1 My (p_"/@(x,]VwMo‘)dx—i-p_" / @(1‘,5170) dac) X
D BBp(fL'O)
1
‘ <pn / [@(x,el%)]_tdx>p . (44)
BSp(xO)

above we also used inequality (2.1]) with e = 1. Fix €1 by the condition
IS
g1 =y telto7 [AA(ﬂUmP)] pUFas),
The second term on the right-hand side of ([@4) we estimate using condition (7} zp)- By our
choice e1 My > e1¢o™7 [A(mo, p)] clp > p, provided that ¢ > —1= v and c; > (1+ Gn) moreover
e1My < m < A(p)M, therefore by condition (&} o)

1 1
(p" / [@(x, €1 %)]s dw) " (p" / [@(x, €1 %)] -t dw) " <
Bsp (o) Bsy(z0)
1

My 1 My -1
< fy[A+,¢<xo,8p,al7°)] v [A_ a(xo, 8p,517°)] b < y[Ax(zo, )]

3=

(4.5)

Combining estimates ([L3)—(L5]) and using condition (®) we arrive at

[un

[Ax(z0,p)] 7

1

P _
M, < 2eMy + vMo 1 <pn/¢(x’ |va0| d$> +p [AA(QJO,P)] “ <
p

My
[A+ ¢($0,8Pa51— ]
Ba 1
Ax( e
< 2eMy +~ve "o " My [ Ao, p ;\4 T <p_"/515(x, |Vwag, | dx) ’ +’YP[A>\($07P)] Y
[A+,q§($0,8p, P) )]p D

(4.6)

where 84 = %(1 + (g — 1)%)
We need to estimate the integral on the right-hand side of (L6). Let ¢ € VVO1 ’¢(ng(xo)),

¢ =1on E, be such that = [ &(z,m|Vi|)dz < yCo(E, Bs,(x0); m) + vp", test identinty
BSP(JfO)
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(&I) by n = w — map, using inequality (2.1)) with § = 1, a = |[Vw|, b = |V¢| and sufficiently

small € we obtaint

/@(m, |Vwl|)dx < v / D(x,m|Vy|)de < ymCs(E, Bgy(x0); m) + ymp".

D Bgp (o)

M,
Now testing identity (1) by n = way, — —Ow, using (2.1)) and the previous inequality we obtain
m

My
[t Funde <970 [ @la,Vul) do <y MoColE, Buglan)sm) + yMog".  (47)
D D
Combining estimates (£.6) and (£.1), using the fact that A4 o(zo, 8p, %) = %AjL,@(xo, 8p, %)
and using our assumption that My > ¢p [A)\ (zo, ,0)]51 we obtain

[Ax (0, p)] ™ z

My < 2eMy +ve 7o "My TR (P"MOC¢(E,B8p(ﬂ?0);m) + Mo) +
[A+7¢,($0, 8p, 70)] P

3=

[Ax(z0,p)] &

[A (0, 8p, 0] z
[Ax(z0,p)] .

[At (0, 8p, 20)] z

—i—’yp[/\)\(.%'o, )] (2€+ Y Mo+~ "o M (pI”Cq;(E,ng(xo);m)—i-p)

<p1—”0@(E, Bg,(0); m)) ’

< (2e+ = )MO + e Yo" T My

By the fact that A, g(,(xo,,o,e()%) < 6871A+7¢(3:0,p,%), g0 € (0,1) and using (2.I) with

1
a = ¥2, b =1, ¢ replaced by aoMO and ¢p(z,-) replaced by [A4 o(zo,p,-)]? from this we
obtaln
M, 1 M, M, 1 MO 1
A $078P7 P A $078Pa » 4+ |A x078p7€0_ P g
(Ao p < g Bl ; =)+ (Al 5 )]
M MO 1 p=t MO 1
< Ay, (x0,8p, P +e0” |Ay (0,80, —) |7 <
EOM[—HP(OPP)] o[ﬂo(opp)]

1
My 41 I 3 n 3
( +2€0+C)[A+¢(x0,8p, p )]P—i—'yao le™ g V[I\A(gzco,p)]ﬁ4 <p1 Co(E, ng(xo);m)>

24P
Fix €, ¢ by the conditions ¢ = %60 e i—z, g0 € (0,1), then the last inequality yields

3=

M, ;1 M, I 3 n
|:A+7go(x07 8/’7 7)] P g €0 [A-l—,cp(x(% 8P7 70)] +7€0 ,YU v [A)\(I'O, p)] & <p1 C@(E7 BSp(xO); m))

Iterating this inequality we arrive at

Moy} <y [Ar(o, p)] ™ <pl—"c¢<E, Be (20): m>> "

[A+,<P('I05 Spa 70)]

Al

t+1
ptk *

which proves the required upper bound with 8 = pBy = 1+ (¢ — 1) This completes the

proof of the lemma. O

=
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4.2 Lower bound for the function w

The main step in the proof of the lower bound is the following lemma.

Lemma 4.2. There exist numbers €, 9 € (0,1), B > 0 depending only on the data such that

Cs(E, fﬁp_(lm);m)> H <

'{K%pAp cw(z) < EpA_T_}mep <
< (1= 9 [An@o, )] ) 1K, 4l (48)

Proof. Let (i(z) € C5°(Bsp(x0)), 0 < Ci(z) < 1, (i(x) = 1 in Byy(xg) and |V(| < %. Test
@I) by n = w — m(? and use the Young inequality (21) with # = 1 we obtain with any
€1 € (p, MA(p))

/ P(x, |Vw|)dx < ’y% / o(z, |[Vw|) ¢ dz < ’y? / P(x, |Vw|) de+
1

D Kap,3p K2p,3p
1
#02 [ <s [ o Valds om0 [ e D) i) <
g K2p,3p ! ' K2p,3p Bsgp(z0) g
< 7? &(x, |Vw|) dx + vmpn_1A+,¢(x0, 8p, ﬂ)
1K2p’3p p

Let (2(z) € Cg° (K3p4p) < Gr) <1, G(x) = 11in K,9, and [V(o| < %. Testing (£ by
n = w7 and using the Young inequality (2.I]) we estimate the first term on the right-hand side

of the previous inequality as follows

/@(m,]Vw])dxg / D(z, |Vw|) (§de < v / @(m,%)dw.

K K K
2p,3p 3p.ap 3p.4p

Combining the last two inequalities and using the definition of the capacity we obtain

1 w _ €
Co(E, Bgy(x0); E/ z, |Vwl|)d / @(m,;) dx+~p" 1A+7¢(x0,8p,;1). (4.9)
D

K
30749

Choose €1 by the condition vp" 1A (0, 8p, %1) = %C@(E, Bg,(xg);m), i.e.

Cs(E, Bg,(xo);m) _ 1 1 Ce(E, Bgy(xg);m)
4’)’[)/;—1 > (47) Pt pA-l—,a:mSP . ’

€1 = pA+ mo78p<

pnl

Hence inequality (£9]) implies

C@(E, ng(.%'o); m) < 61 / @(1‘, E) dx. (4.10)
1K3 p
9 P4p

Let us estimate the integral on the right-hand side of inequality (£I0), for this we decompose

Ks,yp a8 Ky, = K'UK", K" := Ks ,y 0 {w < epd(p,m)} and K" := Ks,,,\ K,
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3(p,m) = AL

Cs(E,Bsp(xo);m)
+,ZBO,8P

e > By (®) and our choice of £; we have

S

w eP n s
= ¢($a—)d$<L5(p,m)p"<p / [p(x,8(p,m))] dw) <
€1 p €1

K’ Bs,(x0)

< e p" A o (20,8p,0(p,m)) < 4P Ca(E, Bp(wo);m).  (4.11)

Similarly, by (®), Lemma 1] and our choice of ¢;

_ 1 1—1
Y w Y n a8 _n s s KI/ s
L [ 2y de < Zopom o iatan o)l (570 [ [etwdtpom)”ds) (G

€1 p €1 1l
K" BBp(lBO) 2 P3P

= " 1-
<vc¢<E,ng<wo>;m>[AA<wo,p)ff( 7] ) C(412)

Collecting estimates (4.I0)-(412]) we obtain

choosing ¢ from the condition &P = %, from the previous we arrive at the required (4.8) with

Bs = ﬁqg, which completes the proof of the lemma. O

The following lemma is the main result of this Paragraph.

Lemma 4.3. There exist numbers & € (0,1), Bs, B7 > 0 depending only on the data such that

_ Br _
[{Bgpap s < emlaton ) (B1) Y < (1= 0 [l #)imy, ) 013)

Br ]
m ('p%') > g[AA(mo,p)]%, (4.14)

where By, ¥ > 0 were defined in Lemma [[.3

provided that

Proof. To prove inequality (£I3]) we need to estimate the term on the left-hand side of (4.]).
Let ¢ € W&’@(ng(xo)), Y(z) =1for x € E and fix § € (1 + 1,p). By the Poincare and Hélder
inequalities and using (2.1]) with € € (0,1) we have

miEl<m [ Wldr<qp [ Vmo)lde <

Bsp(z0) Bsp(z0)
1 1—1
S Y A R O B (TP
Bsg,(x0) Bsp(z0)
1 1
<omp' (=5 [ et Voo (5 [ (o2 )" )
Bsg,(z0) Bgp(z0) ’

><<p" / [@(w,m)]_tdm>et. (4.15)

Bsp (o)
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Let us estimate the terms on the right-hand side of (ZI5]). Since p < m < A(p)M, by (D) 20)

we have
= 1
<p" / [é(:c,@)]sdxys (,o” / [@(x,m)]_tdx>9tgfy[AA(xo,p)]é, (4.16)
Bgp (o) P Bs, (o) P

therefore, choosing € from the condition

11 . o |B| 725
0" (A (20, )] = Il de e =(2y) 70 [Ax(zo, p)] = p <1,

we obtain from (4.13]), (4.16])
EN’ A
7—1ge(u> < (20, ) ot [ e V) ds

v <p—n / [ds(x,%)]sdx)S By (20)

Bsp(z0)

From this, using the definition of capacity and using the fact that @(x,v) = vp(z,v), v > 0, we

obtain

|E]
A $078Pa <
+<p( p) o

which yields by our choice of ¢

pA+lmo,8p<C¢(E,B8p(x0);m)> > m <59 [Ax(mo,p)]_1<@>9>pll =

pn 1 pn

) B ’YgieA)\(x07p)plinCQ(EEBSp(xO);m)7

_ -1 w(IENT o p g W
= m ol () A= gy B gy 4

Therefore, inequality (£13)) is a consequence of (A.8]), provided that (£2)) is valid. By (@I7),
inequality (@2), in turn, is a consequence of ([@I4), provided that € is large enough and ¢, > f.

This completes the proof of the lemma.

4.3 Proof of Theorems [1.4] and

Let u > 0 be a super-solution to Eq. (II4) in © and construct the sets E(p, N) := B,(xg) N
N{u > N} and E\(p,N) := B,(zo) N{u > AXp) N}, 0 < N <M, E(p,N) C Ex(p,N). Let w
be an auxiliary solution to the problem (L24]) in D = Bg, \ Ex(p, N). Since u > w on 9D, by
the monotonicity condition (LI6) v > w in D and Lemma [4.3] with m = A\(p) N implies

‘{ng(xo) cu < éA(p)N[A)\(xo,p)] <‘E>‘ ) }‘ (1 ¥ [A)\ xo, p )} _35)|ng(x0)|, (4.18)

provided that

B

N i
A(p) N <M> P A0, p)] ™, (4.19)

p" g

with some positive 35, 85, 7 and ¥ € (0,1) depending only on the data.
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We use Lemmas 23], 2.4] with oy = ’lg[A)\(CC(),,O)] —Ps and v defined in Lemma 24l These

lemmas ensure the existence of C, fs = 1 + pB1Bs + pBiP2 > 0, where B1, B2 > 0 were defined
in Lemmas 23] and 2.4l depending only on the data, such that

A

(p)N<|EJ(£7’nm)|>67 < A(P)N(@;’#N>ﬁ7 .
< [A)\(-%'m P)] —Pe exp (C [A)\(.%'m P)] Bs) {Birg:o) . p} g

< exp (C[Ax(xo, p)] ) inf -+t p}.
35(330)

This completes the proof of Theorem

the

The proof of the weak Harnack-type inequality (ILI7]) and the upper bound (LIS]) is almost
same as for Theorem [[.2] inequalities (LIT]) and (LI2), see Section B3] for details, we leave

them to the reader.

O
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