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THE COMBINATORICS OF C*-FIXED POINTS IN GENERALIZED
CALOGERO-MOSER SPACES AND HILBERT SCHEMES

TOMASZ PRZEZDZIECKI

ABSTRACT. In this paper we study the combinatorial consequences of the relation-
ship between rational Cherednik algebras of type G(I,1,n), cyclic quiver varieties and
Hilbert schemes. We classify and explicitly construct C*-fixed points in cyclic quiver
varieties and calculate the corresponding characters of tautological bundles. Further-
more, we give a combinatorial description of the bijections between C*-fixed points
induced by the Etingof-Ginzburg isomorphism and Nakajima reflection functors. We
apply our results to obtain a new proof as well as a generalization of the g-hook
formula.
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1. INTRODUCTION

Rational Cherednik algebras were introduced by Etingof and Ginzburg [12]. They
depend on a complex reflection group as well as two parameters h and ¢. In the case
of Weyl groups they coincide with certain degenerations of double affine Hecke algebras
introduced earlier by Cherednik [5]. When ¢ = 0, rational Cherednik algebras have large
centres and the corresponding affine varieties are known as generalized Calogero-Moser
spaces. In this paper we consider cyclotomic rational Cherednik algebras at ¢ = 0, i.e.,
the rational Cherednik algebras Hy, := H;— n(I's,) associated to complex reflection groups
L, :=(Z/IZ) ¢ S, of type G(I,1,n). The associated generalized Calogero-Moser spaces
are especially interesting because they admit a realization as Nakajima quiver varieties.
This fact was exploited by Gordon [I6], who established a connection between generalized
Calogero-Moser spaces and Hilbert schemes of points in the plane.

Let us recall the framework of [16] in more detail. Assume that the variety V), :=
Spec Z(Hl,) is smooth. Etingof and Ginzburg showed in [12] that )}, is isomorphic
to a cyclic quiver variety Xp(nd) (see §3.2) generalizing Wilson’s construction of the
Calogero-Moser space in [36]. Considering Xyp(nd) as a hyper-Kdhler manifold, one can
use reflection functors, defined by Nakajima in [30], to construct a hyper-Kihler isometry
Xp(nd) — X_1(7) between quiver varieties associated to different parameters. Further-
more, rotation of complex structure yields a diffeomorphism between X’ 1 (7) and a certain
GIT quotient M_1(7) (see §3.2). The latter is isomorphic to an irreducible component
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Hil% of Hﬂ%{/lz, where Hilg denotes the Hilbert scheme of K points in C2. The following
diagram summarizes all the maps involved:

yh E} Xg(né) Refl.Fun. X_%(’Y) Rotation M—l(’)’) SN HﬂZI)(/lZ ) (1)

Let us explain the parameters. The affine symmetric group S; acts on dimension vectors
and the parameter space associated to the cyclic quiver with [ vertices (see 44.9).
We apply this action to the dimension vector nd and the parameter f% = ,%(1’ o1
Fix w € S; and set 0 := w™! - (—%) and v := w xnd. Then v = nd + v, where 7 is
the [-residue of a uniquely determined I-core partition v. Set K :=nl + |v|. The relation
between the parameters h and 6 is explained in §3.3]

Both YV, and Hilg carry natural C*-actions with respect to which is equivariant.
It follows from [I5] that the closed C*-fixed points in )}, are labelled by [-multipartitions
of n. On the other hand, the C*-fixed points in Hilg correspond to monomial ideals in
Clx,y] of colength K and are therefore labelled by partitions of K. In particular, the C*-
fixed points in Hilj, are labelled by partitions of K with I-core v. Since is equivariant,
it induces a bijection

P(l,n) «+— Py (K), (2)
where P, (K) denotes the set of partitions of K with I-core v and P(l,n) the set of I-
multipartitions of n.

Our main result is an explicit combinatorial description of . We note that such a
description already appeared in [I6], but its proof in loc. cit. is incorrect (see Remark
. Our result has a number of interesting applications. We use it to establish a higher-
level version of the combinatorial identity called the g-hook formula - a g-analogue of the
well-known relationship between the dimension of a Specht module and hook lengths in the
corresponding Young diagram. Our main result has also recently been used by Bonnafé
and Maksimau [3] in their study of fixed-point subvarieties in Calogero-Moser spaces.
Moreover, the combinatorial description of is a key ingredient in several older results,
such as Bezrukavnikov and Finkelberg’s [4], as well as Losev’s [26], proofs of Haiman’s
wreath Macdonald positivity conjecture.

1.1. Main results. Our first result gives a classification as well as an explicit description
of C*-fixed points in quiver varieties associated to the cyclic quiver. We also consider
tautological bundles on these varieties and calculate the characters of their fibres at the
C*-fixed points.

Theorem 1.1. Let u € 5’1, E:=uxnd =nd+ & and let w be the transpose of the l-core
corresponding to &. Set L := nl + |w|. Let o € Q' be any parameter such that X, (€) is
smooth. Let V,(§) denote the tautological bundle on X, (&) (see §3.3). Then:

a) The C*-fized points in X, (§) are naturally labelled by P,(L). We construct them
explicitly as equivalence classes of quiver representations.
b) Let u € P,(L). Then the C*-character of the fibre of Vo (§) at p is given by

chy Vo (&) = Res, () == 7).
Oep

This theorem combines the results of Theorem [5.14] Proposition[5.15]and Corollary[5.16]
below. Let us briefly explain our description of the C*-fixed points. To each partition
u € P, (L) we associate a quadruple of matrices depending on «, £ and the Frobenius form
of . Our construction can be regarded as a generalization of Wilson’s description of the
C*-fixed points in the (classical) Calogero-Moser space [36, Proposition 6.11]. One can
also interpret our construction in terms of unravelling the cyclic quiver into the infinite
linear quiver A.,. This connects our results with earlier work on quiver varieties of type
Ao [13,134).

Our second result describes the bijection between the C*-fixed points induced by the
Etingof-Ginzburg isomorphism.

Theorem 1.2 (Theorem . The map Yn £, Xy (nd) induces a bijection
P(l,n) — Py(nl), Quot(u)’ — pu,
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where Quot(u)’ denotes the reverse of the l-quotient of p (see and & is the
empty partition.

The proof of Theorem [I.2] occupies sections[6land [7] We use the Dunkl-Opdam subalgebra
of Hy, to construct a commutative diagram

yh EG
~ o

c/S,

Xg (n§)

where p; sends a fixed point labelled by A to its residue and po sends a quiver representation
to a certain subset of its eigenvalues. Given a partition u, we use our description of the
corresponding fixed point from Theorem to obtain an explicit formula for ps(p) in
terms of the Frobenius form of p. We then use a combinatorial argument to show that
this formula describes the residue of Quot(y)”.

We next consider reflection functors, which were introduced by Nakajima [30] and also
studied by Maffei [27] and Crawley-Boevey and Holland [7, [§]. Assuming smoothness,
reflection functors are U(1)-equivariant hyper-Kéhler isometries between quiver varieties
associated to different parameters. They satisfy Weyl group relations and have been used
by Nakajima to define Weyl group representations on homology groups of quiver varieties.

Let us explain the role reflection functors play in our setting. To each simple reflection
o; € ), we associate a reflection functor R; : X, (&) = Xy, .a(0; % £). One can show that
oix& =nd+o; x&, where o; * & is the [-residue of a uniquely determined I-core w’. Then
the reflection functor 9R; induces a bijection between the labelling sets of C*-fixed points

R;: Pw(L) - P(w’)t (L/)v (3)

where L’ := nl + |w/'|.

Our third result gives a combinatorial description of this bijection. We use the action
of S; on the set of all partitions defined by Van Leeuwen in [25]. This action involves
combinatorial ideas reminiscent of those describing the sl;-action on the Fock space. More
precisely, if p is a partition then o;*p is the partition obtained by simultaneously removing
and adding all the removable (resp. addable) cells of content ¢ mod ! from (to) the Young
diagram of p. It is noteworthy that this action also plays a role in the combinatorics
describing the Schubert calculus of the affine Grassmannian [23] [24].

Theorem 1.3 (Theorem [9.11)). Let u € P, (L). Then
R;(p) = (0% p')".

Combining Theorem with (iterated applications of) Theorem allows us to give
an explicit combinatorial description of bijection .

Theorem 1.4 (Theorem [10.3)). The map induces the following bijections

e — o))" — i)Y — Hilp)©
P(l,n) —  Pgnl) — Pu(K) — P,K)
Quot(p)” +— U s (wxph)t — wxpl

Moreover, v = w * J.

Let us rephrase our result slightly. Given w € S;, we define the w-twisted [-quotient
bijection to be the map

Tw: P(l,n) = P,(K), Quot(u)+— w* p.
Corollary 1.5 (Corollary [10.4)). Bijection is given by
A T(AY).

One of Gordon’s motivations in [16] was to give a geometric interpretation of highest
weight structures on category Oy for rational Cherednik algebras H;—; h(I'y) at ¢ = 1.
Consider the combinatorial ordering <°™ on P(I,n) defined by

p=R" A = (M) (e,
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where < denotes the dominance ordering on partitions. It was shown by Dunkl and Grif-
feth [I0, Theorem 1.2] that Oy, is a highest weight category with respect to this ordering.
There is also a geometric ordering <> on P(l,n), defined by the closure relations be-
tween the attracting sets of C*-fixed points in Mag(nd). Using Corollary and the
results of Nakajima from [29] we deduce the following partial geometric interpretation of
the combinatorial ordering.

Corollary 1.6 (Corollary [10.6). Let pu,A € P(l,n). Then p <§° A = p =™ A\

We remark that the statements of Corollaries and first appeared in [I6] (see
Proposition 7.10 and its proof). However, the proof of Proposition 7.10 in [I6] is incorrect
- see Remark for an explanation.

1.2. The higher-level g-hook formula. Our results have several interesting applica-
tions. One of them is a new proof as well as a generalization of the g-hook formula:

SO [, 30 Aig ()

Oep Atp TH

where p is a partition of n, ¢(0) is the content of (0 and f,(t) is the fake degree polynomial
associated to p. The sum on the RHS ranges over subpartitions of u obtained by deleting
precisely one cell in the Young diagram of . Note that the RHS of can also be
reformulated in terms of Schur functions and hook length polynomials. The g-hook formula
has been proven by Kerov [22], Garsia and Haiman [I14] and Chen and Stanley [6] using
probabilistic, combinatorial and algebraic methods. We prove the following generalization.

Theorem 1.7 (Theorem [B.1). Let pu € Py (nl). Then:
it
Z 1@ _ [nl]t Z A( ) (5)

Oep ATMQuot(p)P f%(ﬂ)b (t)

We call the higher-level g-hook formula. Setting I = 1 we recover the classical g-hook
formula. Our proof of Theorem is geometric in nature. Let us briefly explain the main
idea behind it. Let e, denote the symmetrizing idempotent in I';,. The right e, Hpe,-
module Hye,, defines a coherent sheaf on )},. Since we are assuming that the variety Vp
is smooth, this sheaf is also locally free. Let Ry, denote the corresponding vector bundle.
It was shown in [I2] that there exists an isomorphism of vector bundles RE"’I = Vy(nd)
lifting the Etingof-Ginzburg isomorphism My, — Xy(nd). Let u € Py(nl). By Theorem
the Etingof-Ginzburg map sends the fixed point labelled by Quot(x)® to the fixed
point labelled by p. We obtain the higher level g-hook formula by comparing the
C*-characters of the corresponding fibres (RE"’I)QLM(#)» and Vy(nd),,.

1.3. Other applications. Let us mention a few other applications of our results. The
first is related to Finkelberg and Bezrukavnikov’s [4] as well as Losev’s [26] proofs of
Haiman’s wreath Macdonald positivity conjecture. The original positivity conjecture,
proven by Haiman in [I9], asserts that Kostka-Macdonald polynomials, which express
the change of basis between transformed Macdonald functions and Schur functions, have
non-negative coefficients. Haiman [20] later proposed a generalized conjecture, known as
the wreath Macdonald positivity conjecture, in which the ring of symmetric functions is
replaced by the space of virtual characters of the group I',,.

We will now explain the role the description of the bijection from Corollaryplays
in the above-mentioned proofs of the wreath Macdonald positivity conjecture. The key
step in Bezrukavnikov and Finkelberg’s proof is a characterization of the support of certain
Verma modules in positive characteristic [4, Proposition 2.6]. Losev’s proof also relies on
a calculation of the supports of certain quotients of Procesi bundles [26] Proposition 5.3].
The proofs of these two statements invoke [4, Lemma 3.8]. But the latter implicitly uses
Corollary (see also [4, §2.3]).

We mention two other applications of ours results. Gordon and Martino [I7] gave a
combinatorial description of the blocks of the restricted rational Cherednik algebra of type
G(l,1,n) (also for parameters h for which the corresponding Calogero-Moser space YV, is
singular) in terms of J-classes of partitions. Corollary is an important ingredient in
their proof.
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More recently, Bonnafé and Maksimau [3] studied the irreducible components of the
fixed point subvariety under the action of a finite cyclic group on a smooth Calogero-
Moser space. They use Theorem to give an explicit description of these components
for Calogero-Moser spaces of type G(I,1,n).

Acknowledgements. The research for this paper was carried out with the financial
support of the College of Science & Engineering at the University of Glasgow. The material
will form part of my PhD thesis. I would like to thank G. Bellamy for suggesting the
problem to me as well as his support and encouragement. I am also grateful to C. Stroppel
for comments on a draft version of this paper and to I. Gordon for discussing [16] with me.

2. RATIONAL CHEREDNIK ALGEBRAS

We begin by recalling the definition and basic properties of cyclotomic rational Chered-
nik algebras at ¢ = 0. We work over the field of complex numbers throughout the paper.

2.1. Partitions and multipartitions. Let k be a non-negative integer. A partition \ of
k is an infinite non-increasing sequence (A1, A2, As, ... ) of non-negative integers such that
o2 A = k. We write |\| = k and denote the set of all partitions of k by P(k). Let £())
be the positive integer ¢ such that A; # 0 but A\;11 = 0. We say that p = (u1, 2, g3, - . .)
is a subpartition of A if y is a partition of some positive integer m < k and p; < \; for all

1=1,2,... . A subpartition p of X is called a restriction of A\, denoted p 1 A, if |u| = k—1.
Let @ = (0,0,...) denote the empty partition.
An l-composition « of k is an I-tuple («o, ..., a;—1) of non-negative integers such that

Zi;é a; = k. An l-multipartition \ of k is an I-tuple (A\°, ..., AI=1) such that each A\ is a
partition and Zi;é [A{| = k. We consider the upper indices modulo I. Let P(l,k) denote
the set of [-multipartitions of k. We say that u = (u°, ..., put=1) is a submultipartition of
) if each ' is a subpartition of A\*. We call a submultipartition p of A a restriction of A,
denoted p 1 A, if S =k -1

If ) is a partition we denote its transpose by AL. If A = (A\?, ..., AI=1) € P(1, k), we call
A= (A0, (A D) the transpose multipartition and A’ := (A\'71, A2 A%) the
reverse multipartition. Finally, we set P := [ ;. P(k) and P =], P k).

2.2. Wreath products. Let us fix once and for all two positive integers n,l. We regard
the symmetric group S,, as the group of permutations of the set {1,...,n}. For 1 <
1 < j < nlet s;; denote the transposition swapping numbers ¢ and j. We abbreviate
$;i=8ii41 fori=1,...,n—1. Let C; :=Z/IZ = (¢) and set I, := C;1.S,, = (C})"™ X Sy,
the wreath product of C; and S,,. It is a complex reflection group of type G(I,1,n). For
1<i<mnand1<j<I-—1let eg denote the element (1,...,1,¢/,1,...,1) € (C;)™ which
is non-trivial only in the i-th coordinate. Let e, := (I"n!)~! del‘n g be the symmetrizing
idempotent and let triv denote the trivial I',,-module.

We regard S, _1 as the subgroup of 5,, generated by the transpositions so, ..., s,_1. We
also regard (C;)"~! as a subgroup of (C;)" consisting of elements whose first coordinate
is equal to one. This determines an embedding I',,_; < I',,. Note that (CI,)'»—t =
en—1CT,, and |(CT,) 1| = nl.

Isomorphism classes of irreducible I',,-modules are naturally parametrized by P(I,n).
We use the parametrization given in [33] §6.1.1]. Let S()A) denote the irreducible I',-
module corresponding to the [-multipartition A. We will later need the following branching
rule [31, Theorem 10].

Proposition 2.1. Let A € P(l,n). Then S(A)|p,_, = Resll::_1 S(A) = @S(ﬁ).
prA

2.3. Rational Cherednik algebras. Let us recall the definition of the rational Chered-
nik algebra of type G(I,1,n) at t = 0. Set n := €>™/!. Let b be the n-dimensional
representation of I',, with basis y,...,y, such that ¢;0.y; = n_éivf'(j)yg(j) for any o € S,,.
Let z1,...,x, be the dual basis of h*.
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Definition 2.2. Let us choose a parameter h = (h, Hy,...,H;_1) € Q' and set Hy =
—(Hy+...+ H;—1). The rational Cherednik algebra Hy, (at t = 0) associated to T',, is the
quotient of the cross-product T'(h @ h*) x CI',, by the relations

o [z;,z;] = [yi,y;] =0forall 1 <i,j<n,

o [2i,yj] = —h Y gnsijebe;F forall 1 <i+#j <n,

o [zi,yil =h>, . 22;10 si,jefej_k' + 22;1()(25;:10 n~™kH,, )€k for all 1 <i < n.
Let Zy, denote the centre of Hy,. By [12, Theorem 3.1], the map

Zn — e Hpe,, z— 2-€e,

is an algebra isomorphism. It is called the Satake isomorphism. Consider the C*-action
on Hy, defined by the rule t.x; = ta;, t.y; =t 'y; and t.g = g, where 1 < i <n, geTl,
and t € C*. This action restricts to actions on e, Hye, and Zy, with respect to which the
Satake isomorphism is equivariant. Note that the C*-action on H, can also be interpreted
as a Z-grading such that degx; =1, degy; = —1 and degg = 0.

Notation. Given a Z-graded vector space V with finite-dimensional homogeneous com-
ponents, let ch; V' € Z[[t,t~]] denote its Poincaré series. Since a Z-grading is equivalent
to a C*-module structure, we can regard ch; V' as the C*-character of V.

Definition 2.3. Let C[h]}* (resp. C[h*]"") denote the ideal of C[h]™ (resp. C[h*]™")

generated by homogeneous elements of positive (resp. negative) degree, in the grading
defined by the C*-action on Hy. The quotient

Hy := Hn /Hp. (C[o]3" + C[H*])
is called the restricted rational Cherednik algebra. It is a finite-dimensional algebra.

Let C[h]<°I™ := C[h]/C[h].C[h]}" be the algebra of coinvariants with respect to the T',,-
action. It follows from the PBW theorem for rational Cherednik algebras [12] Theorem
1.3] that there is an isomorphism of graded vector spaces Hy, 2 C[h]*°I'» @ C[h*]*°T'» @ CT,,.
Moreover, C[h*]*°I'» x CT,, is a subalgebra of Hy,.

Definition 2.4. Let A € P(I,n). The irreducible CI';,-module S(A) becomes a module

over C[h*]°°'» x CT,, by means of the projection C[h*]*°'» x CT',, — CI',. The baby
Verma module associated to A is the induced module

A(A) = ﬁh ®C[h*]eeTn CTy S(A)

We consider A()) as a graded Hy-module with 1 ® S()) in degree 0.

Proposition 2.5 ([I5, Proposition 4.3]). Let A € P(I,n). The baby Verma module A(\)
is indecomposable with simple head L(X). Moreover, {L(\) | A € P(I,n)} form a com-
plete and irredundant set of representatives of isomorphism classes of graded simple Hy,-
modules, up to a grading shift.

2.4. The variety )Jy,. Let )y, := Spec Z,. We will always assume that the parameter h
is chosen so that the variety My, is smooth. A criterion for smoothness can be found in e.g.
[16, Lemma 4.3].

Let Irrep(Hy,) denote the set of isomorphism classes of irreducible representations of
Hy. If [M] € Irrep(Hy, ), let xar : Zn — C denote the character by which Zy, acts on M.
By [12, Theorem 1.7], there is a bijection

Irrep(Hy, ) «— MaxSpec Zy, [M] — ker xar. (6)

We are now going to recall another description of V.

Definition 2.6. Let Reper, (Hp) be the variety of all algebra homomorphisms Hj, —
Endc(CT,) whose restriction to CI',, C Hy, is the CI'y,-action by left multiplication, i.e.,
the regular representation. This is an affine algebraic variety.

Let ¢ € Repcr, (Hp). The one-dimensional vector space e, CI',, is stable under all the
endomorphisms in ¢(e,Hpe,). Therefore, ¢|e, m,e, composed with the Satake isomor-
phism yields an algebra homomorphism x4 : Zn = e,Hne,, — Endc(e,CI',) = C. We
obtain a morphism of algebraic varieties

7 : Repep, (Hn) — Vh, ¢ — ker xy. (7)
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The C*-action on H}, induces C*-actions on the varieties Repcr, (Hp) and Vi, with respect
to which 7 is equivariant.

Let Autr, (CT',) be the group of C-linear I',,-equivariant automorphisms of CT',,. The
group Autr, (CI',,) acts naturally on Repcr (Hy): if g € Autr, (CI',) and ¢ € Reper, (Hn)
then (g.¢)(2) = gop(2)g~?, for all z € Hy,. By [12, Theorem 3.7], there exists an irreducible
component Rep¢r (Hp) of Reper, (Hp) such that induces a C*-equivariant isomor-
phism of algebraic varieties

Rep?r, (Hy) / Autr, (CT,) = V. (8)

Next, consider the (Hy,e,Hpe,)-bimodule Hye,, together with the C*-action inher-

ited from Hy. The bimodule Hye, defines a C*-equivariant coherent sheaf Hype, on
Specep,Hpe, = Yn. Since we are assuming that Y}, is smooth, [12], Theorem 1.7] implies
that this sheaf is locally free.

Definition 2.7. Let Ry, denote the C*-equivariant vector bundle whose sheaf of sections

is Hype,.

The group I';, acts naturally on every fibre of Ry, from the left. Let RE"“ =e,_1Rn
be the subbundle of Ry, consisting of I',,_j-invariants and let (R}Fl”’l) a denote its fibre

at XA-

2.5. C*-fixed points. Let us recall the classification of C*-fixed points in )}, in terms of [-
multipartitions of n from [15]. By [12, Proposition 4.15], the subalgebra C[h]' @ C[p*]'»
of Hy, is contained in Zp and Zy is a free C[h]' ® C[h*]'»-module of rank |I',|. The
inclusion C[p]'» @ C[h*]'"» — Z}, induces a C*-equivariant morphism of algebraic varieties

T: V= bh/T, xh*/T,,.

The only C*-fixed point in §/T,, x h* /T, is 0. Since the group C* is connected and the
fibre Y=1(0) is finite, Y5~ = Y~1(0). By Theorem 5.6 in [I5], there is a bijection between
the closed points of T~1(0) and isomorphism classes of simple modules over the restricted
rational Cherednik algebra Hy,. Hence there is a bijection

P(l,n) +— (MaxSpec Z1)¢, A ker X1,

We will also write x for xy)-

3. QUIVER VARIETIES

In this section we recall the connection between rational Cherednik algebras and cyclic
quiver varieties via the Etingof-Ginzburg isomorphism.

3.1. The cyclic quiver. Let Q be the cyclic quiver with [ vertices and a cyclic orienta-
tion. We label the vertices as 0,1,...,] — 1 (considered as elements of Z/IZ) in such a
way that there is a (unique) arrow i — j if and only if 5 = + 1. Let Q be the double of
Q, i.e., the quiver obtained from Q by adding, for each arrow a in Q, an arrow a* going
in the opposite direction. Moreover, let Q. be the quiver obtained from Q by adding an
extra vertex, denoted co, and an extra arrow a, : oo — 0. We write Q_, for the double
of Quo.

Let d = (do,...,di—1) € (Z>0)'. We interpret d as the dimension vector for Q so that
the dimension associated to the vertex i is d;. For each i =0,...,1—11let V; be a complex
vector space of dimension d;. Set V= @i;é V,;. Moreover, let V, be a one-dimensional
complex vector space and set V:=V & V. Define

-1 -1
Rep(Q.., d) := @) Hom(V;, V; 1)o@ Hom(V;, V;_1)@Hom(Vy, Voo )&Hom (Vo Vo).
=0 =0

We denote an element of Rep(Q.,,d) as (X,Y,I,J) = (Xo, ey X1, Yo, Y, 1L )
accordingly. There is a natural isomorphism of varieties Rep(Qo,d) = T* Rep(Qoo, d),
through which we can equip Rep(Q_,,d) with a symplectic structure.
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X] XQ
° \
2\
° Y, Y, o
X, 1 3
J e
o
oo e - L) 0
I Yo
X1 11
-1
°-
X2

The algebraic group G(d) := Hi;(l) GL(V;) acts on Rep(Q,,,d) by change of basis. If
g=1(90,---,91-1) € G(d) and (X,Y,I,J) € Rep(Q,,d) then

g'(X7Ya I’ ']) = (ngogO_17 N ag(JXl—lg[:lp gl—l%g()_lv s 791—25/1—191_7117 Ig()_lv QOJ)

The action of G(d) on Rep(Q,,,d) is Hamiltonian. The moment map for this action is
given by

ta : Rep(Qu,d) = g(d)* = g(d) = LieG(d), (XY, I,J) — [X, Y] + JLI.

3.2. Quiver varieties. If d € (Z>o)! and 6 = (0y,...,0,-1) € Q!, we will also write
0= (90 idg, 61 idq, ..., 0,1 idl_l) S g(d), where id; = idvi (Z =0,...,1— 1). Define

Xy(d) = pg"(0) J G(d) == Spec Clug " (0)]% .

We will always assume that the parameter 6 is chosen in such a way that the variety Xp(d)
is smooth. Moreover, define the GIT quotient

Mo(d) := p1g*(0) /o G(d) = Proj €D Clug (0)]%,
i>0
where g : G(d) — C* is the character sending g to [](det g;)% and C[ug*(0)]X¢ denotes
the space of semi-invariant functions on u;l(O), i.e., those functions f satisfying g.f =
X4(g)f. By definition, the space C[ug'(0)]X¢ is zero unless i6 € Z!.

The varieties Xp(d) and Mpy(d) can be endowed with hyper-Kéhler structures (see
e.g. [16] §3.6]). Moreover, the group C* acts on Rep(Q,,d) by the rule t.(X,Y,I,J) =
(t7'1X,tY,I,J) for t € C*. This action descends to actions on Xy(d) and My(d). By
Xp(d)®™ and My(d)®" we will always mean the sets of closed C*-fixed points.

Let us recall the definition of the tautological bundle on a quiver variety. Assume
that the group G(d) acts freely on the fibre u'(f) and consider the trivial vector bundle
Vo(d) := gt (0) x V on g (0). We regard Vo(d) as a C*-equivariant vector bundle by
letting C* act trivially on V. Let G (d) act diagonally on 179(d). The vector bundle ﬁg(d)
descends to a C*-equivariant vector bundle

Vo(d) = pig" (0) XDV = (g (0) x V) / G(d)
on Xp(d), which is called the tautological bundle.

Notation. We will always consider the subscript ¢ in the expressions d;, V;, g;, X;, Y5, 0;
modulo [ (unless i = c0).

3.3. The Etingof-Ginzburg isomorphism. Throughout this subsection we assume
d = nd, where ¢ := (1,...,1) € Z'. Given h as in Definition set

gh:(90,...,91_1):(7h+H0,H1,...,Hl_1). (9)

Since we are assuming that the parameter h is generic, the group G(nd) acts freely on the
fibre 1,5 (On) (see [I2, Proposition 11.11]). We abbreviate

Ch := Xp, (nd), Vi := Vp, (nd).



C*-FIXED POINTS IN CALOGERO-MOSER SPACES AND HILBERT SCHEMES 9

Consider (CT,,)T-! as a module over (e;) = Z/IZ. It decomposes as a direct sum of
Fnoa
X

n-dimensional isotypic components (CT,,), ", where Y; is the character x; : €; — 7. Fix

a linear isomorphism
(CT,)'m 1t -V (10)

~! onto V,. It induces an isomorphism of endomorphism algebras

@ : Endg ((CT,,) 1) — Endc (V). (11)

Definition 3.1. Recall Repcr, (Hp) from Definition Each ¢ € Reper, (Hp) defines
endomorphisms ¢(z1), ¢(y1) : CI';, — CI',, where z1,y1 € Hy, are as in Definition
Set

mapping each ((CFn)if’

X(9) = (6@l cryra ) Y(9) = @ (600l er,yres ) -

Consider the maps

U: Repgr, (Hn) = Rep(Q,nd), ¢+ (X(¢),Y(9)), (12)
p: Rep(Q,,nd) — Rep(Q,nd), (X,Y,I,J)+— (X,Y) (13)

Lemma 3.2. The maps ¥ and p are C*-equivariant.

Proof. The equivariance of p is obvious. Let t € C*,¢ € Reper, (Hn) and z € Hy. We
have (t.¢)(z) = ¢(t~1.2), so (t.¢)(w1) =t~ 1¢(x1) and (t.8)(y1) = té(y1). Hence

U(t.p) = (w (fl¢(x1)| (m)rn,l) @ (t¢(y1)| (m)rn,l))
=(t"'X(¢),tY (¢)) = t.(X(9), Y (9))- O

The proof of [I2], Proposition 11.24] carries over directly to yield the following general-
ization.

Theorem 3.3. Maps and induce a C*-equivariant isomorphism of varieties
EG: yh —N—> Ch (14)

and vector bundles
Ry Vn. (15)
We call the Etingof-Ginzburg isomorphism.

4. COMBINATORICS

We recall several combinatorial notions which will be used throughout the paper.

4.1. Young diagrams. If ;i is a partition of k, set n(p) := > ;% piy1. If Ais an
[-multipartition of k, define r()\) = Ei:z - |Al. Recall the notations [n], = % =
IL+...+t" tand (t), = (1 —t)(1 —¢3)... (1 —t").

Let 4 = (u1,.-,t4m,0,...) be a partition of k, where p1,...,t,, are non-zero. Let
Y(u) = {(4,4) | 1 <i<m, 1 <j < \} denote the Young diagram of p. We will
always display Young diagrams according to the English convention. We call each pair
(1,7) € Y(u) a cell. We will often use the symbol O to refer to cells. Sometimes we will
also abuse notation and write p instead of Y(u) where no confusion can arise, e.g., 0 € p
instead of 0 € Y(p). If O = (4,5) € Y(u) is a cell, let ¢(0) := j — i be the content of
0. We call Res,(t) :== > ne, M) the residue of . We also call ¢(00) mod ! the I-content
of O and >, te(@modl the [-residue of . Tt is clear that a partition is determined
uniquely by its residue.

Now suppose that A is an l-multipartition of k. By the Young diagram of A we mean
the I-tuple Y()) := (Y(A?),..., Y(A'"1)). By acell O € Y(\) we mean a cell in any of the

Young diagrams Y(\?). Let e = (eq,...,e;—1) € Q'. We define the e-residue of A to be

-1
Resj (t) == » % Resyi(t).
1=0

For sufficiently generic e, an [-multipartition is determined uniquely by its e-residue.
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4.2. Hook length polynomials. Let u be a partition and fix a cell (,5) € Y(u). By
the hook associated to the cell (i,7) we mean the set {(i,7)} U {(¢',5) € Y(p) | &' >
iy U{(i,7) € Y(p) | 4/ > j}. We call (¢,7) the root of the hook, {(i',75) € Y(u) | ¢/ > i}
the leg of the hook and {(¢,5) € Y(u) | 7/ > j} the arm of the hook. The cell in the leg
of the hook with the largest first coordinate is called the foot of the hook, and the cell in
the arm of the hook with the largest second coordinate is called the hand of the hook.

By a hook in Y(u) we mean a hook associated to some cell O € Y(u). If H is a
hook, let arm(H) denote its arm and let leg(H) denote its leg. If OJ is the root of H, let
a,(0) := |arm(H)| and 1,(0O) := |leg(H)|. Set h,(O) := 1+ a,(0) + {,(8). The hook
length polynomial of the partition p is

Hy(t) = [J (= t").
DEH
Hook length polynomials are related to Schur functions by the following equality
(1)
()

su(l,t,t2,..) =

4.3. Frobenius form of a partition. By a Frobenius hook in Y(u) we mean a hook
whose root is a cell of content zero. Clearly Y(u) is the disjoint union of all its Frobenius
hooks. Suppose that (1,1),(2,2),...,(k, k) are the cells of content zero in Y(u). Let F;
denote the Frobenius hook with root (i,7). We endow the set of Frobenius hooks with the
natural ordering F; < Fy < ... < Fy. We call F} the innermost or first Frobenius hook
and Fj, the outermost or last Frobenius hook. Let a; = a,(i,4) and b; = 1,,(i,7). We call
(aty...,ak | b1,...,bg) the Frobenius form of p.

4.4. Bead diagrams. Let us recall the notion of a bead diagram (see e.g. [21], §2.7]). We
call an element (¢,5) of Z<_1 x {0,...,l — 1} a point. We say that the point (i, ) lies to
the left of (4,") if j < j’, and that (4, j) lies above (¢, 7) if ¢’ < 4.

A bead diagram is a function f : Z<_1 x {0,...,1 =1} — {0, 1} which takes value 1 for
only finitely many points. If f(i,j) = 1 we say that the point (,7) is occupied by a bead.
If f(i,5) = 0 we say that the point (i,7) is empty. Suppose that a point (¢,7) is empty
and that there exists an i’ < 7 such that the point (¢/,7) is occupied by a bead. Then we
call the point (4,7) a gap.

We say that a point (i,7) € Z<_1 x{0,...,l—1} is in the (—i)-th row and j-th column
(or runner) of the bead diagram. We call the i-th row full (empty) if every point (i, k)
for k =0,...,1 — 1 is occupied by a bead (is empty). A row is called redundant if it is a
full row and if all the rows above it are full. A graphical interpretation of the notion of a
bead diagram can be found in Example We only display the rows containing at least
one bead or gap.

Definition 4.1. Let € P and p > £(u). Set
B =pi+p—i (1<i<p).
We call {87 | 1 <i < p} aset of f-numbers for u. Note that [{A | 1 <i < p}| = p. From
each set of S-numbers one can uniquely recover the corresponding partition .
Definition 4.2. Given a set of S-numbers {87 | 1 <i < p} we can naturally associate to
it a bead diagram by the rule
fi,j)=1 = —(i+1)-l+je{p|1<i<p}

Let p be as in Definition If p is the smallest multiple of | satisfying p > £(u) we
denote the resulting bead diagram by B(u). The diagram B(u) has no redundant rows
and the number of beads in B(x) is a multiple of I.

Remark 4.3. Conversely, if we are given a bead diagram f, the set {—(i + 1) -1+ j |
fli,7) = 1} is a set of S-numbers for some partition. The relationship between bead
diagrams, sets of S-numbers and partitions can therefore be illustrated as follows

{bead diagrams} <— {sets of S-numbers} — {partitions},

where the set of partitions contains partitions of an arbitrary integer.
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4.5. Cores and quotients. Let f : Z<_; x {0,...,l —1} — {0,1} be a bead diagram.
Suppose that the point (4,7) with ¢« < —1 is occupied by a bead, i.e., f(i,7) = 1, and that
fle+1,7) =0. To slide or move the bead in position (7, j) upward means to modify the
function f by setting f/(¢,7) =0, f/(i + 1,j) =1 and f’ = f otherwise.

Definition 4.4. Let p be a partition. Take any bead diagram f corresponding to . We
obtain a new bead diagram f’ by sliding beads upward as long as it is possible. We call
the partition corresponding to the bead diagram f’ the I-core of u, denoted Core(u). Let
Q(l) denote the set of all I-cores. We set

P, (k) :={n e P(k) | Core(u) = v}.

Definition 4.5. Consider the bead diagram B(u). Each column of B(u) can itself be
considered as a bead diagram for [ = 1. Let Q‘(x) denote the partition corresponding to
the i-th column. We call the [-multipartition Quot(u) := (Q°(n), Q' (), ..., Q" 1(x)) the
l-quotient of p.

A partition is determined uniquely by its {-core and I-quotient [2I, Theorem 2.7.30]. In
particular, there is a bijection

Po(nl) = P(i,n), 1~ Quot(n).

Example 4.6. Consider the partition u = (6,5, 3, 3,1, 1) and take [ = 3. The first-column
hook-lengths are 11,9,6,5,2,1. They form a set of S-numbers. The bead diagram below
on the left illustrates B(u) while the diagram on the right illustrates the effect of sliding
all the beads upward.

Cee 00
OO0 e e e
® OO OO0 e
®eCe

Let us read off the 3-core of p from the diagram on the right. We can ignore all the
beads before the first empty point, which we label as zero. We carry on counting. The
remaining two beads get labels 1 and 4. These form a set of S-numbers, which we can
interpret as the first-column hook-lengths corresponding to the partition (3,1). It follows
that Core(p) = (3,1). To determine the 3-quotient of 1 we divide the diagram on the left
into three columns and consider each separately. We read off the S-numbers as before -
they are 2,3 for the first column, 0 for the second column and 1 for the third column. It
follows that Quot(u) = ((2,2), 2, (1)).

4.6. Rim-hooks. The rim of Y(u) is the subset of Y(u) consisting of the cells (7, j) such
that (i + 1,5 4+ 1) does not lie in Y(p). Fix a cell (¢,7) € Y(u). Recall that by the hook
associated to (i,7) we mean the subset of Y(u) consisting of all the cells (i, k) with k& > j
and all the cells (k,j) with k& > i. We define the rim-hook associated to the cell (i, 7)
to be the intersection of the set {(i',j") | i > 4,57’ > j} with the rim of Y(u). We call
a rim-hook an [-rim-hook if it contains [ cells. The l-core of y can also be characterised
as the subpartition p’ of u obtained from u by a successive removal of I-rim-hooks, in
whichever order (see |21, Theorem 2.7.16]).

Lemma 4.7 ([2I, Lemma 2.7.13]). Let R be an l-rim-hook in p and set ' := u — R.
Then Quot(p') = Quot(p) — O for some O € Quot(u).

4.7. The Si-action on partitions. Assume for the rest of this section that [ > 1. All
subscripts should be regarded modulo [. Let S; denote the affine symmetric group. It has
a Coxeter presentation with generators og,...,0;—1 and relations

2 .
o; = 1, 0;0i4104 = 044100441 (O S 1 S [ — 1)

Let us recall the Sj-action on the set P of all partitions from [25, §4]. We will later use
this action to describe the behaviour of the C*-fixed points under reflection functors. We
need the following definition, reminiscent of the combinatorics of the Fock space.
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Definition 4.8. Let k € {0,...,] — 1}. Consider the Young diagram Y(u) as a subset of
the Z~o X Z~o space. We say that a cell (4,7) € Y(u) is removable if Y(u) — {(4,5)} is
the Young diagram of a partition. We say that it is k-remowvable if additionally ¢(i,j) =
j—i=1Fk mod I. Wecall acell (4,7) ¢ Y(u) addable if Y(u)U{(¢, )} is the Young diagram
of a partition. We call it k-addable if additionally c(i,j) = j —i =k mod .

We discuss the combinatorics of removability and addability in more detail in We
will, in particular, require Lemma proven there.

Definition 4.9. Suppose that p € P and k € {0,...,1 — 1}. Define Tj(p) to be the
partition such that

Y(Tx(u)) = Y(p) U{O is k-addable} — {OJ is k-removable}. (16)
The group S, acts on P by the rule
opxpu=T;(u) (peP,icl/lZ).

This action also plays a role in the combinatorics of the Schubert calculus of the affine
Crassmannian, see [23, §8.2] and [24, §11]. By [24, Proposition 22], we have S; & = ().
Let us recall how the Sj-action behaves with respect to cores and quotients. Consider the
finite symmetric group S; as the group of permutations of the set {0,...,I—1}. Let s; € S
(i =1,...,1 — 1) be the transposition swapping ¢ — 1 and i. Let sy be the transposition
swapping 0 and [ — 1. Note that our conventions for S; differ from those for .S,, introduced
in The finite symmetric group S; acts on the set P of all [-multipartitions by the rule

w-A=\O ATy e )
Consider the group homomorphism
pr:S; =S, o (i=0,...,1—1).
Proposition 4.10 ([25, Proposition 4.13]). Let p € P and o € S,. Then
Core(o * pu) = o * Core(n), Quot(c * ) = pr(c) - Quot(y).
4.8. Partitions and the cyclic quiver. Let N;()) be the number of cells of [-content i
in Y(X). Using this notation, the l-residue of A equals Zi;é N;(\)tt. Consider the map
0:P =7 ANesdyi=(No(N), ..., Nisi (V). (17)

We interpret this map as assigning to every partition a dimension vector for the cyclic
quiver with [ vertices. Let

Zo ={d € (Z>¢)" | d = d, for some v € V(1)}

be the set of all dimension vectors corresponding to I-cores. By [2I, Theorem 2.7.41] an
l-core is determined uniquely by its [-residue. Hence restricts to a bijection

0:9() +— Zo, ve—d,.
There is an S’l—action on Z' defined as follows. Let d € Z'. Then o; +d = d’ with
dy =dj (j #1i) and
di=diq1+din—di (i#0), dy=di+di-1—do+1 (i=0).
The following proposition follows by an elementary calculation from Lemma [9.10

Proposition 4.11. The following diagram is S’Z—equivarmnt

p— 2 7

]

Il ——— Zo

Let 0; € S; and v € Q(I). Then oy * (nd +d,) = nd + 0; *d,, and o; * d,, = 0(0; * V).
By [2I], Theorem 2.7.41] any partition A of nl + |o; * v| such that () = nd + o; * d, has
l-core o; * v. Hence

Poiwv(nl + o xv]) =07 (nd +0; % d,).
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4.9. Reflection functors. The group S, also acts on the parameter space Q! for the
quiver Q. by the rule o; - § = 6’ with

0p=—0i, 0,1 =0i1+0;, 0 =01+06;, 0;=0; (G¢{i—1,4i+1})

Fix i € {0,...,l —1}. Let 6 € Q' be such that §; # 0. Choose v € O(l). Let
Ri: Xp(nd+dy) = Xy.o(nd + o+ dy) (18)

be the reflection functor associated to the simple reflection o; € S;. These functors were
defined by Nakajima [30], §3] and Crawley-Boevey and Holland [7, §2], [8, §5]. One can
endow the varieties Xp(nd + d,), Xy,.9(nd + o; * d,,) with hyper-Kéhler structures with
respect to which the reflection functor R; is a U(1)-equivariant hyper-Kéhler isometry.

5. C*-FIXED POINTS IN QUIVER VARIETIES

In this section we explicitly construct the C*-fixed points in the quiver varieties Xp(nd+
d,), assuming smoothness, as conjugacy classes of quadruples of certain matrices. Our
description generalizes the work of Wilson, who classified the C*-fixed points in the special
case [ = 1 in [36], Proposition 6.11]. Our construction depends on the Frobenius form of a
partition. In we define the matrices representing the fixed points in the special case
when a partition consists of a single Frobenius hook. In §5.2) we define more general ma-
trices for arbitrary partitions. In we interpret our matrices as quiver representations
and show that the corresponding orbits are in fact fixed under the C*-action. We finish
by computing the character of the fibre of the tautological bundle at each fixed point.

5.1. The matrix A(m,r). Fix § € Q!. The subscript in 6; should always be considered
modulo [. Suppose that M is a matrix. Let M;; denote the entry of M in the i-th row
and j-th column.

Definition 5.1. Let m > 1 and 1 < r < m. We let A(m) denote the m x m matrix with
1’s on the first diagonal and all other entries equal to 0. Let A(m,r) denote the m x m
matrix whose only nonzero entries lie on the (—1)-st diagonal and satisfy

J
> 0, if 1<j<r
=1
Alm,r)jp1, = m_zj_l
- 9—m+r+i if r S] S m — 1.
=0

Lemma 5.2. The matriz [A(m), A(m,r)] is diagonal with eigenvalues
HT,]' Zf 1 S .7 # r S m

m—r—1

r—1
- Z Or_i — Z O-mir+i if J=r.
i=1 i=0

[A(m>7 A(m, r)]]}j =

Proof. Let aj :== A(m,7);41,;. We have A(m)A(m,r) = diag(ai, o, ..., 0m—1,0) and
A(m,r)A(m) = diag(0, a1, aa, ..., am—_1). Hence [A(m), A(m,r)] = diag(a, a2 — a1, .. .,
Um—1 — Oy —2, _am—l)- U

Example 5.3. Let [ = 3,m = 8,r = 5. Then A(m,r) is the following matrix

0 0 0 0 0 0 0 0
01 0 0 0 0 0 0 0
0 61+6 0 0 0 0 0 0
0 0 Oz 4 01+ 09 0 0 0 0 0
0 0 0 02 + 201 + 6 0 0 0 0
0 0 0 0 —03 — 01 — by 0 0 0
0 0 0 0 0 —0,—-6, 0 O
0 0 0 0 0 0 —0y 0
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5.2. The matrix A(u). Let v € O(l) and p € P,(nl + |v|). Let us write it in Frobenius
form pu = (ar,...,ar | b1,...,bk) (see §4.3). For each 1 < i < k, let ; = b; + 1,
m; =a; +b;+1and §; = 0y + Z::ll Or,—i + ZZ‘:J”_I O mtriti-
Definition 5.4. We define A(u) to be the matrix with diagonal blocks A(u)* = A(m;,r;)
and off-diagonal blocks A(u)¥, where A(u)™ is the unique m; x m; matrix with nonzero
entries only on the (r; — r; — 1)-th diagonal satisfying
A(mi) A(w)7 — A(n)7 A(my) = =B B(ry, ;) (19)

where E(r;,r;) is the m; x m; matrix with E(r;,rj)s; = 0 unless s = r;,t = r; and
E(T“Tj)riﬂ“j =1

Explicitly, if i > j then the non-zero diagonal of A(u)¥ has 7; entries equal to f3;

followed by m; — r; entries equal to zero. If i < j then the non-zero diagonal of A(u)¥
has 7; — 1 entries equal to 0 followed by n; — r; 4 1 entries equal to —f3;.

Example 5.5. Let [ =3 and p = (3,1 2,1). Then my = 6,mg = 3 and r; = 3,79 = 2.
Set h =03 + 01 + 6p. Then A(p) is the matrix

0 0 0 0 0 0|0 0 0
02 0 0 0 0 00 0 0
0 6;+6; 0 0 0 0|0 0 0
0 0 —0y — 01 — 6y 0 0 00 -2 O
0 0 0 —0,—-6, 0 0|0 0 —2h
0 0 0 0 —0y 0|0 0 0
h 0 0 0 0 00 0 0
0 h 0 0 0 016, O 0
0 0 0 0 0 0|0 -6 0

Definition 5.6. Let A(u) = @le A(m;). Setting ¢; = 22;11 ms + r;, let J(u) be the
nl x 1 matrix with entry §; in the g;-th row (for 1 < ¢ < k) and all other entries zero.
Furthermore, let I(u) be the 1 x nl matrix with entry 1 in the ¢;-th column (for 1 <i < k)
and all other entries zero. Finally, we set

A(p) = (M), A(p), I(p), J (1))

5.3. The fixed points. Let us fix an l-core v and a parameter § € Q' such that the
variety Xp(nd + d) is smooth, where 7 = v*. Let d, := (do,...,d;—1) and d = nd +d,.
Fix a complex vector space V7 of dimension n+d; for eachi = 0,...,[—1. Additionally, let
V., be a complex vector space of dimension one. Set V™ = @é;é VIiand VT = V7o V.

We are now going to interpret A(u) as a quiver representation. With this goal in
mind we choose a suitable ordered basis of the vector space V7. We show that the
endomorphisms of V7 defined by A (u) with regard to this basis respect the quiver grading
and thus constitute a quiver representation. We next show that this quiver representation
lies in the fibre of the moment map at 6. This allows us to conclude that the conjugacy
class of A(u) is a point in the quiver variety Xy(d). We finish by showing that this point
is fixed under the C*-action.

Definition 5.7. Consider the sequence Seq := (1,...,mq,1,...,mao,....,1,...,myg). We
call each increasing subsequence of the form (1,...,m;) the p-th block of Seq and denote
it by Seq,. Let u; be the j-th element in Seq. Let ¢ : {1,...,nl + |v[} — {1,...,k} be
the function given by the rule

C(j) =p = u; € Seq,,.
For each 1 < j < nl+ |v] let
Y(j) = (r¢qjy — uj) mod I.

If p,p" € N, let 6(p,p’) = 1if p=p’ and §(p,p’) = 0 otherwise. For each 0 < i <[—1 and
0<j<nl+]v| let wi(j) be defined recursively by the formula

For each 0 < i <1 — 1, fix a basis {v},...,v""%} of VI. We define a function

Bas: {L,....nl+ ]} > {of [0<i<l-1, 1<e;<n+di}, jrroigV.
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We also define a function Cell : {1,...,nl + |v|} — Y(u') associating to a natural number
j a cell in the Young diagram of u. We define Cell(j) to be the w;-th cell in the ((j)-th
Frobenius hook of ut, counting from the hand of the hook, moving to the left towards the
root of the hook and then down towards the foot.

Lemma 5.8. The functions Cell and Bas are bijections.

Proof. The fact that Cell is a bijection follows directly from the definitions. Observe that
¥(7) equals the I-content of Cell(j). We thus have a commutative diagram

(1,...,nl+|v|} Bas (W ]0<i<li—1,1<e; <n+d;}

CeIIJ J{vf»—)z

Y(ut) {0,...,1—1}.

l-content

By [21, Theorem 2.7.41], the l-residue of u' equals Zi;é(n—i—di)ti because the I-core of yut

is 7. Hence for each 0 < i < [—1 there are exactly n+d; elements j € {1,...,nl+|v|} such
that the l-content of Cell(j) equals i. By the commutativity of our diagram, we conclude
that there are exactly n + d; elements j € {1,...,nl + |v|} such that Bas(j) € V7.

Now suppose that j < j" and Bas(j), Bas(j’) € V7. Then ¢(j) = 1(j’). Since j < j' and
the function wy(;)(—) is non-decreasing we have wy, ;) (") = wy ) (7' =1)+1 > wy) (5 —
1) > wy(;)(j). Hence Bas(j) # Bas(j’). We conclude that the function Bas is injective.
Since the domain and codomain have the same cardinality, Bas is also bijective. O

Definition 5.9. Let B := (Bas(1),Bas(2),...,Bas(nl + |7|)). By Lemma B is an
ordered basis of V7. From now on we consider the matrices A(p) and A(u) as linear
endomorphisms of V7 relative to the ordered basis B. Let us choose a nonzero vector
Voo € Voo. We consider the matrix I(u) as a linear transformation AVARN V4 relative to
the ordered bases {v } and B. We also consider the matrix J(u) as a linear transformation
Vo — V7 relative to the ordered bases B and {vao}.

Let p € Py(nl + |v|). Suppose that p = (a1,...,a5 | b1,...,bx) is the Frobenius form
of u. As before, set r; =b; +1, m; =a; + b; + 1 and ¢; = Zjd mj; + r;.
Lemma 5.10. Suppose that 1 < i < k. Then:

o If0<j<a; then A(p)(Bas(q; + §)) = Y1, cpBas(q, +j + 1),
o if0<j=a; then A(u)(Bas(q; + j)) = Yo_} ¢,Bas(qy +j + 1),

e if 0> j > —b; then A(u)(Bas(q; +j)) = Z’;Zl cpl_j<p,+1Bas(g, +j + 1)

for some coefficients cp, € C, where 1_j<p 11 is the indicator function taking value one if
—Jj < by + 1 and zero otherwise. Moreover, for a generic parameter 0 the coefficients c,
are all non-zero.

Proof. This is immediate from Definition [5.4 (]

Lemma has a very intuitive diagrammatic interpretation. We explain it using the
following example.

Example 5.11. Consider the partition u = (5,5,4,2). Its Frobenius form is (4,3,1 |
3,2,0). We have ¢; = 4,¢2 = 11 and g3 = 15. The diagram below should be interpreted in
the following way: A(u)(Bas(j)) is a linear combination of those vectors Bas(j’) for which
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there is an arrow Bas(j) — Bas(j’).
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We have also introduced a numbering of the rows of the diagram. It is easy to see that
Bas(j) € V7 if and only if Bas(j) lies in a row whose label is congruent to ¢ mod /.

Lemma 5.12. Let p € P,(nl+ |v]). Then A(n) € Rep(Q..,d).

Proof. We need to check that for each 0 < ¢ <[ — 1 the following holds:

-1
vi) € Vi, () S Vg, @V C ker(I(n).
i=1
Let us first show the first statement. We can draw a diagram as in Example [5.11] The
subspace V7 has a basis consisting of vectors Bas(j) in rows labelled by numbers congruent
to ¢ mod I. The diagram shows that A(u)(Bas(j)) is a linear combination of basis vectors
in the row above Bas(j). But that row is labelled by a number congruent to i — 1 mod .
Hence A(u)(Bas(j)) € V7_;. The argument for A(p) is analogous.

Let us prove the last claim. Let j € {1,...,nl + |v|} and suppose that Bas(j) ¢ V7.
Let 1 <p <k and set ¢, = Z;i ms + rp. Since ¥(g,) = rp — rp = 0 we conclude that
p ¢ {q1,...,qx}. But the only non-zero entries of I(p) are those in columns numbered g,,
for 1 < p < k. Hence Bas(j) € ker I(i). The calculation for J(u) is similar. O

Im(A(p)lvr) € Vi_y, Tm (A(p)

Proposition 5.13. Let i € P, (nl + |v|). Then A(u) € uy'(6).

Proof. By the previous lemma, we know that A(u) € Rep(Q,,,d). Lemma together
with implies that [A(x), A(u)] + J(p)I(p) = 0, so A(u) € ug'(6). O

Theorem 5.14. Let p € P,(nl + |v|). Then [A(p)] := G(d).A(n) is a C*-fized point in
the quiver variety Xp(d).

Proof. Let t € C*. We have t.A(u) = (t7A(u), tA(p), I(p), J(1)). We need to find a
matrix N in G(d) such that Nt.A(u)N~t = A(p).

For every t € C*, let Q(t) = diag(1,¢t*,...,t~ ™~ *I*1). Conjugating an (nl + |v|) x
(nl + |v|) matrix by Q(#) multiplies the j-th diagonal by #/. In particular, we have
QU@ tA(m:, 1:)QM) ™! = @i, A(mi, r;) and Q1) A()Q(1) ™" = A(p). -

Now consider the effect of conjugating A(u) by Q(t) on the off-diagonal block A(u)%
(i # 7). This block contains only one nonzero diagonal. Counting within the block, it is
the diagonal labelled r; —r; — 1. Counting inside the entire matrix A(p), it is the diagonal
labelled q; — ¢; — 1. It follows that conjugation by Q(t) multiplies the block A(u)¥ by
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t%—=%=1 Hence we have

Q) [ P tAaw7|ew) = @ AR

1<i#j<k 1<i#j<k

Let P(t) = @le t% 1d,,,. Conjugating A(p) by P(t) doesn’t change the diagonal
blocks but multiplies each off-diagonal block A(u)* by t%~%. We conclude that

PHQMIA()Q) T P()™! = A(u).
Since the matrix A(u) contains only diagonal blocks, conjugating by P(t) doesn’t have
any impact. Hence
PHQMEAmQ) T P(H) ™ = Alu).

The nonzero rows of J(u) are precisely rows number ¢, g, . .., qr. But the g;-th entry of
P(t) is t% and the g;-th entry of Q(t) is t7%. Hence P(t)Q(t)J(u) = tJ (). Similarly,
I(p)q(t) " P(t)~' = ¢t~ 'I(p). Let D(t) = t~'Idy4 - Since D(t) is a scalar matrix, conju-
gating by D(t) doesn’t change A(u) or A(p). On the other hand, D(¢)P(¢)Q(t)J (1) = J (1)
and 1()g(t)"'P(t) " D(t)"" = (1)

The matrices D(t), Q(t), P(t) are diagonal, so they represent linear automorphisms in
G(d). Hence A(p) and ¢t.A(u) lie in the same G(d)-orbit, which is equivalent to saying
that A(u) is a C*-fixed point in Xp(d). O

5.4. Characters of the fibres of V at the fixed points. Recall the tautological bundle
Vo(d) on Xp(d) from Let us abbreviate V := Vy(d). Let V,, denote the fibre of V at
the fixed point [A(p)] :== G(d).A(p).

Proposition 5.15. Let u € P,(nl + |v|). Then

chy V, = Res, (1) Z e
Oep
Proof. Consider [(A(u),v)] := G(d).(A(1),v) € ug'(0) xED V™ =V. We have

t.(A(n),v) = (t.A(u),v) ~ (D) PHQE)(LA(L)(DOPHQH)) ™, (DM PHQ(H)'v)
= (A, Q)" P D(t)"1v).

The basis vectors {Bas(1), Bas(2),...,Bas(nl +|v|)} are eigenvectors of (D(t)P(t)Q(t))~*
with corresponding eigenvalues
{t17T1 t27’l“1 . tmlfrl, tlf’l“g t27r2 . tm2 7‘2 tl Tk t2 ’l‘;, . tmkfrk}

Moreover, these eigenvalues are precisely the contents of the cells in the Young diagram of
1, counting from the foot of the innermost Frobenius hook upward and later to the right,
before passing to subsequent Frobenius hooks. Hence chy V,, = » o " e, O

Recall that we have assumed that the parameter 6 is chosen so that the variety Xy(d)
is smooth. By [24, Proposition 22] there exists w € S, such that w xd, = 0. Let
w = oy, ---0;, be areduced expression for w in S;. Furthermore, let w-0 = (Fo,...,%-1)
and Hy = V1,...,Hj_1 = Y1, h = —Zi;(l) ¥, h = (h,Hy,...,H;_1). Composing the
Etingof-Ginzburg map with reflection functors we obtain a C*-equivariant isomorphism

m .

yh —> Ch = w g(né) M Xg(d)

Corollary 5.16. The map
Po(nl+v)) = X(d),  p [A(p)] = G(d).A(y) (20)
is a bijection.
Proof. The C*-fixed points in MaxSpec Z), are in bijection with [-multipartitions of n,
which are themselves in bijection with partitions of nl + |v| with l-core v. But Yy is
C*-equivariantly isomorphic to Xy(d), so [Xp(d)C| = |(MaxSpec Z)¢ | = |P(l,n)| =
P (nl + [v])].
Since a partition is uniquely determined by its residue, 4 # p' implies ch, V,, # chy Vv,

which in turn implies that [A(u)] # [A(g)]. Tt follows that is a bijection because it
is an injective function between sets of the same cardinality. (]
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6. DEGENERATE AFFINE HECKE ALGEBRAS

In this section we use degenerate affine Hecke algebras and a version of the Chevalley
restriction map to associate to each C*-fixed point in V}, and Cy, a distinct point in C™*/S,,
in a manner which is compatible with the Etingof-Ginzburg isomorphism.

6.1. Degenerate affine Hecke algebras. Degenerate affine Hecke algebras associated
to complex reflection groups of type G(I,1,n) were defined in [32]. Let us recall their
definition and basic properties.

Definition 6.1. Let x € C. The degenerate affine Hecke algebra associated to I',, is the
C-algebra H, generated by I';, and pairwise commuting elements 21, ..., 2, satisfying the
following relations:
€z = zig; (1< 4,5 <n), s;z; =28 (J#4,1+1),
-1
SiZziy1 = 2;8; + nz e;kef_H (1<i<n-1).

k=0
Let Z, denote the centre of H,.
Proposition 6.2. The algebra H,; has the following properties.

a) As a vector space, Hy, is canonically isomorphic to Clz,. .., z,] ® C[,,.

b) There is an injective algebra homomorphism Clzy, ..., 2,]5" < Z,.

c) The algebra H, has a mazximal commutative subalgebra &€, which is isomorphic to
Clzt,- .-, 20 @ C(Z/IZ)".

d) Suppose thath = (h,Hy,...,H;_1) € Q! satisfies h = k. Then there exists an injective
algebra homomorphism H, — Hy, defined by

-1 -1 -1
g g (9eTn), zimymi+r Y Y s +> o Yo e, (21)
1<j<i k=0 k=1 —0

where the ¢y, ’s are the parameters obtained from h as in [16, §2.7]. This homomorphism
restricts to a homomorphism

Clz1y - 20)" = Zn. (22)

Proof. See Propositions 1.1, 2.1, 2.3 and §3.1 in [9] as well as Proposition 10.1 and Corol-
lary 10.1 in [I§]. O

Let us recall the construction of some irreducible H,-modules.

Definition 6.3. Let a = (a1,...,a,) € C" and b = (b1,...,b,) € (Z/IZ)"™. Let C,p
be the one-dimensional representation of the commutative algebra €, = Clz1,...,2,] ®
C(Z/I1Z)™ defined by z;.v = a;v, €;.v = nbiv for each 1 <i <n and v € Cq,p. Define

M(a,b) := H, Q¢ Cap.

Proposition 6.4 ([9, Theorem 4.9]). Let a € C" and b € (Z/IZ)". If a; — a; # 0,£lk
for all 1 <i# j <mn then the H,-module M (a,b) is irreducible.

6.2. Restricting Hy-modules to Hp-modules. Fix h € Q' such that Y, is smooth
and set kK = h. We are going to consider the generic behaviour of simple modules over Hy,
under the restriction functor to Hp-modules.

Definition 6.5. Set
D:={a=(a1,...,an) €C" | a; —a; #0,+£lx for all 1 <i# j <n}.

Observe that D is a dense open subset of C™. Proposition [6.4] implies that for all a € D
and b € (Z/IZ)"™ the module M (a,b) is irreducible. Consider the diagram

C* 25 /S, 2 Y,
where ¢ is the canonical map and p; is the dominant morphism induced by . Set
U= p; ' (4(D)). (23)

Lemma 6.6. The subset U is open and dense in V.
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Proof. The set U is open because ¢ is a quotient map and p; is continuous. Since the
morphism p; is dominant, p1(Yn) is dense in C"/S,,. Therefore, since ¢(D) is open in
C™/S,, we have ¢(D) N p1(Vn) # @. Hence U is nonempty. The fact that the variety Vn
is irreducible (see e.g. [I1l Corollary 3.9]) now implies that U is dense. g

Let é = ﬁdeSn,lanQ and 0 = (0,...,0) € (Z/I1Z)™. For the rest of this
subsection fix an irreducible Hy-module L whose support is contained in U (i.e. x5 € U).
Consider L as an Hp-module using the embedding .

Lemma 6.7. There exists an injective homomorphism of Hp-modules M(a,0) < L for
some a € D.

Proof. We have a (Z/IZ)"-module decomposition L = ¢ 7/17)» L(b), where L(b) is the

subspace of L such that €;.w = n%w for all w € L(b). Since the z;’s commute with the €;’s,
each subspace L(b) is preserved under the action of the z;’s. In particular, 21, ..., z, define
commuting linear operators on L(0), so they have some common eigenvector v € L(0).
Let ay, ..., ay, be the respective eigenvalues of the z;’s. Since the support of L is contained
in U, we have a = (ay,...,a,) € D.

Let vg,0 € Cq,0. Then the map 1 ® vg,0 + v defines a non-zero Hy-module homomor-
phism M(a,0) — L. Since a = (ai,...,a,) € D, the module M(a,0) is simple and so
this homomorphism is injective. U

Recall that L'n~1 is a module over () = Z/IZ. Let Ly~ denote the isotypic compo-
nent corresponding to the trivial character.

Lemma 6.8. We have éM(a,0) = Lf(g*l, Moreover, éM(a,0) is stable under the action
of z1 and the eigenvalues of z1 on éM(a,0) are ay,...,an.

Proof. The action of €; on M(a,0) is trivial by definition. We have a vector space isomor-
phism M (a,0) = CS,,®C,,0. Therefore {és1 ;j®v,0 |1 < j < n}form a basis of éM (a, 0)
for any nonzero v, 0 € Cq40. In particular, dim éM (a,0) = n. Let us show that each of
the basis elements we defined is fixed under the action of I',,_;. We first note that since
for each g € S,—1 C I';, we have gé = ¢é, the subgroup S,,_; fixes each és;1 ; ® v4,0. Now
consider €;.€51,; ® V4,0 With 2 <7 < n. We have €;.651 ; ®v4,0 = desnﬂ 951,j€i(g) © Va0,
where i(g) is an index depending on g. But each ;) acts on vq,0 by the identity, so we
conclude that ¢; fixes és; ; ®v4,0. The stability of éM (a,0) under the action of z; follows
from the fact that z; commutes with é. The calculation of the eigenvalues is similar to
the calculation in the proof of [2 Lemma 4.7]. O

6.3. Connection to the Etingof-Ginzburg isomorphism. Suppose that L is an ir-
reducible Hy-module whose support is contained in &. Let M(a,0) be as in Lemma
Using Lemma and we can identify éM (a,0) = Lig’l =~ (CI',,) 1 = V,. Suppose
that EG(xr) = [(X,Y,I,J)]. The embedding sends

-1 -1

z1 Ty + ch Z nfmke’ln.
k=1 m=0

Since €; acts trivially on M(a,0), the action of z; on éM(a,0) can be identified with

the action of y;z1 on LEQ”. Using the Etingof-Ginzburg isomorphism, the latter can be
identified, up to conjugation, with the matrix Y7 Xj.

Definition 6.9. Let ps : €, — C"/S, be the morphism sending [(X,Y,I,J)] to the
multiset of the generalized eigenvalues of the matrix Y; Xg.

Proposition 6.10. The following diagram commutes.

Y EG Xy (nd)
P

cn/S,

Proof. Since EG is an isomorphism, it suffices to show there exists a dense open subset
of Vp for which the diagram commutes. Consider the dense open subset U from .
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Since Yy, is smooth, for each x € U, there exists a unique simple Hy-module L such that
X = xr- Moreover, there is an injective Hp-module homomorphism M (a,0) — L for
some a € D, by Lemma Set [(X,Y,I,J)] := EG(xL). The remarks at the beginning
of this subsection imply that the matrix Y7 Xy describes the action of z; on éM (a,O0).
Hence the eigenvalues of Y; Xy are the same as the eigenvalues of the operator 21 |eps(a,0)-
By Lemma these eigenvalues are aq,...,a,. Hence py 0o EG(x1) = ¢(a) € C"/S,,.

On the other hand, consider the composition

Clz1, ..., 20]%" — Zn X5 C. (24)
By the definition of M(a,0), a symmetric polynomial f(z1,...,2,) acts on 1 ® C, 0 by
the scalar f(ay,...,a,). Since f(z1,...,2,) is central in Hy, it acts by this scalar on all
of L. Therefore, the kernel of equals the maximal ideal in C[zy,. .., 2z,]° consisting
of those symmetric polynomials f which satisfy f(ai,...,a,) = 0, which is the vanishing
ideal of ¢(a). O

6.4. The images of the C*-fixed points in C"/S,,. We are now going to identify the
images of the C*-fixed points under p; and ps. Set e = (e, ...,e1—1) € Q', where ey = 0
and e; = Z;’:l Hjfori=1,...,1—1. Set 0 := 0y as in @ For the rest of this section fix
p € Pz (nl). Let us identify a point (a1,...,a,) € C"/S, with the “polynomial” Y 7" | ¢:.
Lemma 6.11 ([28, §5.4]). Let A € P(l,n). Then p1(xa) = Res§ (t").

Definition 6.12. Let = (ai,...,ax | b1,...,bx) be the Frobenius form of u. For each
1<i<k,letr;, =>b;+1and m; =a; +b; + 1. Recall the matrices A(m;) and A(m;,r;)
from Definition If A(m;)A(m;,r;) = diag(aq, ag, ..., Qm,—1, 0, ), then we define

k

Big(p,i)= Y. t%, Eig(u) =Y Eig(u,i).
1<j<mg, i=1
j=ri—1lmodl

Lemma 6.13. We have p2([A(p)]) = Eig(u).

Proof. Fig(u) picks out exactly the eigenvalues of the restricted endomorphism
A(p)A(p)|v, from all the eigenvalues of A(u)A(p). But these are the same as the eigen-
values of A(p)A(p)|v,- The fact that pa([A(p)]) = Eig() now follows immediately from
the definition of ps. O

By Proposition [6.10} Lemma Lemma [6.13] and the fact that a multipartition is
uniquely determined by its e-residue for generic e, we have

Eig(u) = p2([A(1)]) = p1(xa) = Res§ (") (25)

for unique A € P(l,n).
Definition 6.14. Define Eig(p) := (Eig(n)?, Eig(u)', ... Eig(p)'™') € P(l,n) by the
equation
Res%(#) (t") = Big(u).
We thus have a bijection

Eig: Py (nl) — P(l,n), u+— Eig(u).

Proposition 6.15. Let u € Py(nl). The inverse of the Etingof-Ginzburg isomorphism
sends the C*-fized point [A(u)] in Cn to the C*-fized point Xeig(u) in Vn-

Proof. This follows directly from . O
6.5. Calculation of Eig(u). Set € = (ej,€},...,e;_;) and €’ = (ef, el ... e/ ) with
ey = —h, e/ ; =0 and

l—i—1

eg=e (i=1,...,1-1), € =h+ Y H; (i=0,...,1-2).
j=1

In these notations all the lower indices are to be considered mod [.
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Lemma 6.16. Let p = (ay,...,ax | b1,...,bk) € Px(nl). Then

k L7 PG T
Big(p) =Y | [t D 707D | 4 [ tea Y 07D ) (26)
i=1 j=1 j=1
Proof. Tt suffices to show that for each i = 1,..., k we have
L7 , Let)/i]
Big(p,i) = |t > 7 07Dh 4 g Y~ OO (27)
j=1 j=1

We can write

Big(p,i):= > t%= > %4 Y 1. (28)
1<j<m;, 1<j<r;—1, r; <j<my,
j=r;—1lmodl j=ri—1lmodl j=r;—1lmodl
Note that r; — 1 = b; = 1 - ([b;/l] — 1) + d;, where d; is an integer such that 1 <
d; < 1. The j's satisfying 1 < j < r; —1 and j = r; — 1mod! are therefore precisely
bi,bi —1,b; —2l,...,b; — (|—b1/l-| — 1) -l =d;. Recall that g +61 +...+60,_1 = —h. Hence
Qg +pi = g, —ph for p=0,...,[b;/l] — 1, by Definition Therefore

[bi/1]

Z 1o — %4, Z t—(—Dh
j=1

1<j<ri—1,
j=ri;—1lmodl

Observe that d; = b;mod ! if 1 < d; < I. Hence ag, = Zj;l Op, 41— = Zj‘zl Odi+1— =
Z?":l 0; = ey, =ep,. If di =1 then ag, = a; = 23:1 Op, 41— = 22:1 0; = —h = ej. This

shows that
[b:/1]

Z 195 — b, Z = G—Dh
1<j<ri—1, Jj=1
j=ri—1lmodl
Let us now consider the second sum on the RHS os . We have m; —r;+1 =a;+1 =
I-1(a;4+1)/l] +¢; with 0 < ¢; < I. The j's satisfying r; < j < m; and j = r; — 1 mod! are
therefore precisely b; +1, b;+2l,...,b;+|(a;+1)/1]-l. Note that b;+|(a;+1)/1]-l = m;—¢;.

Hence aum;—c;—pl = Qm;—c; +ph for p=10,...,[(a; +1)/l] —1. One computes, in a similar
fashion as above, that o, ., = el;,. This shows that
, Lait1)/]
oot =t Y U O
r; <j<m;, J=1

j=r;—1lmodl

7. C*-FIXED POINTS UNDER THE ETINGOF-GINZBURG ISOMORPHISM

We will now identify the multipartition Eig(x) and thereby establish the correspondence
between the C*-fixed points under the Etingof-Ginzburg isomorphism.

7.1. The strategy. Our next goal is to show that Eig(u) = Quot(x)®. We will use the
following strategy. Recall Lemma We first prove that an analogous statement holds
for the multipartition Eig(x). This will allow us to argue by induction on n. We then
prove that Eig(u) = Quot(u)® for partitions u with the special property that only a unique
l-rim-hook can be removed from p. We then deduce the result for arbitrary p € Py (nl).

7.2. Types and contributions of Frobenius hooks. We need to introduce some
notation to break down formula into simpler pieces. Throughout this section fix
n e Pg (nl)

Definition 7.1. Let u = (a1,...,ar | b1,...,bx) be the Frobenius form of p. Let
Fy,..., Fy be the Frobenius hooks in Y(u) so that (4,4) is the root of F;. Let

type, (L,i) := b;modl, type,(A,i):=—(a; +1)modl (i=1,... k).
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We call the number type, (L, i) the type of leg(F;) and the number type,, (A, i) the type of
arm(F;). Let e, € and €” be as in and Define

S ety
Eu(L, i) =t Z t=U=Dh = (A) = to Z tU=Dh,
j=1 j=1

We call =,(L, ) the contribution of leg(F;) and =,(A, 1) the contribution of arm(F;).
By we have
Lemma 7.2. We have

t9 Resgigs (") = Y Bu(Ad) + > Eu(Ld). (30)

1<i<k, 1<i<k,
type,, (A,9)=j type,, (L,i)=j

Proof. Each summand t¢ on the RHS of corresponds (non-canonically) to a cell in
the multipartition Eig(x) in the sense that it describes that cell’s e-shifted content. For
generic e we can write t% = t¢¢¢ for unique i = 0,...,1 — 1 and ¢ € Z. The summand t¢
corresponds to a cell in the partition Eig(u)? if and only if i = j, i.e., t¢ = t%t°. Since
Eig(u) = Zﬁ:l Eig(u,p), formula implies that there exists an 1 < p < k such that
t? is a summand in =, (L,p) or E,(A4,p). In the former case t¢ = t%¢¢ if and only if
Jj = bymodl = type,(L,p). In the latter case td = tit¢ if and only if eq, = h+e;, which
is the case if and only if j = —(a, + 1) mod [ = type, (4, p). O

7.3. Removal of rim-hooks. We will now investigate the effect of removing a rim-hook
from g on the multipartition Eig(u). Let Y, ,_/o(u) denote the subset of Y(u) consisting
of cells of positive/negative/zero content.

Lemma 7.3. Let R be an [-rim-hook in Y(u) and suppose that R C (Yo(p) U Y (p)).
Suppose that R intersects v Frobenius hooks, labelled Fyi1,...,Fyt, so that (i,i) is the
root of F;. Let ' == u— R. Then

typep,’(Av.]):typelL(A7]+1)a E’u'(AL]):Eu(Aa.]_'_l) (J:p+laap+r_1)7

type, (A,p+71) =type,(A,p+1), Eg(Ap+r)=E,(Ap+1)—M,

where M is the (monic) monomial in Z,,(A,p) of highest degree.

Proof. 1t is clear that R must intersect adjacent Frobenius hooks. Recall that the residue
of R is of the form Resp(t) = S2/= "1 i with iy > 0. Moreover, we have

i=ig

brtp—j+1—1
ReSRij (t) = Z tz (31)

1=lryp—j
for some integers ig < i1 < ... < i, = ig+[. One can easily see that these integers satisfy
iryp—jr1 — 1 = ay, (32)
where a; = |arm(F})| = maxger, ¢(0). Set d; := maxgep,—rc(0). If F; — R = & set
d; = —1. From and we easily deduce that
di=aj4+1 (G=p+1,...,p+7r—-1), dptr =0aps1 — L. (33)
By definition, the type and contribution of arm(Fj) resp. arm(F; — R) depend only on

the numbers a; and d;. The lemma now follows immediately from the definitions. O

One can easily formulate a version of Lemma for R C (Yo(p) UY_(u)). The proof
is completely analogous. Lemma [7.3] admits the following graphical interpretation.

Example 7.4. The figure on the left shows the Young diagram of the partition (5, 5, 4, 3, 3).
The cells of content zero are marked as green. The blue cells form a 4-rim-hook. The
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figure on the right shows the same Young diagram rearranged so that cells of the same
content occupy the same row.

Using this visual representation we can easily determine the impact of removing the blue
rim-hook. The length of the first arm after the removal equals the length of the second
arm before the removal. Similarly, the length of the second arm after the removal equals
the length of the third arm before the removal. Finally, the length of the third arm after
the removal equals the length of the first arm before the removal minus four. This is
precisely the content of Lemma

Proposition 7.5. Let R be a rim-hook in p and set i/ := p—R. Then Eig(y') = Eig(u)—H
for some B € Eig(u).

Proof. There are three possibilities: R C Yo(u)UY 4 (1), R C Yo(u)UY_ (1) or RNY 4 (1) #
I, RNY_(u) # @. Consider the first case. Lemma and Lemma imply that there
exists a j € {0,...,0 — 1} such that Eig(p')* = Eig(u)" if i # j and t* Resgig(,ry (t") =
£ Resgig(ys (t") — t7 M for some monic monomial M = ¢?" € Z[t"]. Hence Eig(y') =
Eig() — M for some M € Eig(y) with c(W) = gq.

The second case is analogous. Now consider the third case. We claim that Z,,(4,7) =0
for every Frobenius hook F; whose arm intersects R nontrivially. Indeed, by defini-
tion Z,(A,i) # 0 only if [arm(F;)[ +1 > I. We have |arm(F})| = maxpeam(r,) ¢(0) =
maxXrearm(r;)nk ¢(0). Hence |arm(F;)| < maxpeg ¢(0). However, since RNY_ () # 9,

the rim-hook R must contain a cell of content —1. The fact that Resgr(t) = t? Z;;lo P
for some ¢ € Z implies that maxgeg () < I — 2. Hence |arm(F;)|+1 <1 —1 and so
E(A, 1) = 0. Therefore the removal of R does not affect the contribution of the arm of any
Frobenius hook.

Now set R’ := RN (Yo(u) UY_(1)). We have reduced the third case back to the
second case, with the modification that R’ is now a truncated rim-hook. We can still
apply Lemma with minor adjustments. In particular, equations are still true
with the exception that the final equation becomes dpi, = 0. Let j be the smallest
integer such that leg(F;) N R # @. Using the same argument as before, we conclude that

£ Resgig(ur)i (t") =t Resgig(ys (t") — t% 7" and Eig(p')* = Eig(p)" if i # j. O

7.4. Partitions with a unique removable rim-hook. In this section we show that
Eig(p) = Quot(y)” for a certain class of partitions which we call I-special.

Definition 7.6. We say that a partition u is I-special if the rim of Y(u) contains a unique
[-rim-hook R. We call R the unique removable I-rim-hook in Y (). Let P2 (k) denote the
set of partitions of k& which are [-special and have a trivial [-core.

Our goal now is to describe partitions of nl which are [-special and have a trivial [-core.
Throughout this subsection we assume that p € PF(nl). We let R denote the unique
removable [-rim-hook in Y(u) and set ¢’ := u — R. Sometimes, for the sake of brevity, we
will just write "rim-hook” instead of [-rim-hook.

Lemma 7.7. Let p € PF(nl). Then:

a) Every column of B(u) contains the same number of beads.

b) Sliding distinct beads up results in the removal of distinct l-rim-hooks from Y (u).

¢) The bead diagram B(u) contains I — 1 columns with no gaps and one column with a
unique string of adjacent gaps.

Proof. (a) The empty bead diagram describes the trivial partition. But bead diagrams
which describe the trivial partition and have the property that the number of beads in
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the diagram is divisible by [ are unique up to adding or deleting full rows at the top of
the diagram. Hence any such diagram consists of consecutive full rows at the top. Since
u has a trivial l-core, the process of sliding beads upward in B(u) must result in a bead
diagram of this shape. But this is only possible if every column of B(x) contains the same
number of beads.

(b) We can see this by considering the quotients of partitions corresponding to the bead
diagrams obtained by moving up distinct beads. If the beads moved are on distinct run-
ners, then a box is removed from distinct partitions in Quot(u), so distinct multipartitions
arise. If the beads are on the same runner, sliding upward distinct beads implies changing
the first-column hook lengths in different ways in the same partition, so different multi-
partitions arise as well. But a trivial-core partition is uniquely determined by its quotient,
so these distinct multipartitions are quotients of distinct partitions of I[(n — 1).

(c) Since only one rim-hook can be removed from g, only one bead in our bead diagram
can be moved upward. This implies that { — 1 runners contain no gaps (i.e. they contain
a consecutive string of beads counting from the top). The remaining runner must contain
a unique gap or a unique string of gaps. O

Lemma 7.8. The bead diagram B(u) can be decomposed into three blocks A, B and C,
counting from the top. FEach block consists of identical rows. Rows in block A are full
except for one bead. Let’s say that the gap due to the absent bead is on runner k. Rows in
block B are either all full or all empty. Rows in block C' are empty except for one bead on
runner k. Moreover, the number of rows in block A equals the number of rows in block C'.

Proof. This is an immediate consequence of Lemma [7.7] a

Example 7.9. Let [ = 3. According to Lemma the following bead diagrams corre-
spond to 3-special partitions:

eO o o0 o
A{@e O @ A{@e O @
eO o eO o
B{ooo B{ooo
eoo 00O
O @O0 O @O0
C{0 @ O C{0 @ O
O @O0 O @O0

The bead diagram on the left describes the partition (8,6,4,37,22 12) while the bead
diagram on the right describes the partition (14,12, 10, 3,22,12).

In the sequel we will only consider the case where all the rows in block B are full. All
the following claims can easily be adapted to the case of empty rows.

Lemma 7.10. Suppose that block A of B(u) has m rows and block B of B(u) has p rows.
Then Y(u) can be decomposed into four blocks A,B,C,D:

o A is the Young diagram of the partition corresponding to the bead diagram A.

e Bisa rectangle consisting of m columns and [ - p rows.

o If k # 0 block C is the Young diagram of the partition corresponding to the bead
diagram C. If k = 0 block C is the the Young diagram of the partition corresponding
to the bead diagram obtained from C' by inserting an extra row at the top, which is
full except for the empty point in column [ — 1.

e Block D is a square with m rows and columns.

We recover Y(u) from these blocks by placmg A at the bottom, stackmg B on top, then
stacking D on top and finally placing C on the right hand side ofD

Proof. This follows from Lemma by a routine calculation - one merely has to recover
the first column hook lengths from the positions of the beads. O
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Example 7.11. Consider the first bead diagram from Example Below we illustrate
the block decomposition of the corresponding Young diagram as in Lemma [7.10}

I Block A [l Block B [] Block c [l Block D
We are now ready to investigate the effect of removing the rim-hook R.

Lemma 7.12. The partition p can be decomposed into m Frobenius hooks. The unique
removable rim-hook lies on the outermost Frobenius hook.

Proof. By Lemma the 0-th diagonal of the Young diagram of  is contained in D and
contains m boxes. Hence there are m Frobenius hooks. It follows easily from Lemma [7.8]
and Lemma that the outermost Frobenius hook Fj, in p is the partition of the form
(k+1,10PH=k=1) In particular, it contains - (p+1) > I cells. Let us first consider F, as
a partition in its own right and check whether it contains an [-rim-hook. If p = 0 then F,,
is itself a rim-hook. If p > 1 then the subset 1*P+/=%=1 of F,, contains a rim-hook. Hence,
in either case, F, contains a rim-hook. But a rim-hook of the outermost Frobenius hook
F,, is also a rim-hook of 1 (because the outermost Frobenius hook is part of the rim). O

Proposition 7.13. We have Eig(y') = Eig(u) — B, where B is the unique removable cell
in Eig(u)'=*=1 with content —p.

Proof. The outermost Frobenius hook Fy, in i is the partition of the form (k+1, 1P+ —k=1),
By removing the rim-hook R we obtain the partition (k+1,1°P=¥=1) if p > 1 or the trivial
partition if p = 0. Since the rim-hook R is contained in the outermost Frobenius hook,
its removal does not affect the type and contribution of the arms and legs of the other
Frobenius hooks.

There are several cases to be considered. Let a,, = |arm(F},)| and b,, = |leg(F,,)|. If
k #1— 1, then =, (L,m) = t%mmoat 3P ¢~ and type, (L,m) = by, = 1 — k — 1 (while
Eu(A,m) =0). If k=1—1and p > 0 then Z,(L,m) = ¥, ¢t~ and type,(L,m) = 0
(while Z,,(A,m) =1). If k=1—1,p= 0 then Z,(A,m) =1 and type,, (A, m) = 0 (while
Eu(L,m) =0).

Upon removing the rim-hook the polynomials listed above change as follows. We have
B, (L, m) = t%mmoat P~ 1 ¢=il in the first case, Z,/(L,m) = Y77t~ in the second
case and =,/(A,m) = 0 in third case. The types do not change. We observe that in
each case a monomial of degree t=P" (up to a shift) is subtracted, which corresponds to
removing a cell of content —p in Eig(p)!=*~1. O

We obtain an analogous result for the multipartition Quot(u).
Lemma 7.14. The following hold:

a) Quot(u) = (Q°(u), ..., Q" "1(w)) is a multipartition consisting of | — 1 trivial partitions
and one non-trivial partition.

b) Suppose that the k-th column in B(u) is the unique column which contains gaps. Then
QF (1) is the unique non-trivial partition in Quot(u). If that column has a string of m
gaps followed by a string of ¢ = m + p beads then the Young diagram of Q*(u) is a
rectangle consisting of m columns and q rows.

Proof. The l-quotient of p can be deduced directly from the bead diagram B(u). The
description of the latter in Lemma [7.8] immediately implies the present lemma. O
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Recall that i/ := p— R, where R is the unique rim-hook which can be removed from p.

Lemma 7.15. We have Quot(u') = Quot(p) — O, where O is the box in the bottom right
corner of the rectangle described in Lemma[7.14. That box has content —p.

Proof. This is the only cell which can be removed from Quot(x) by Lemma so the
claim now follows from Lemma O

The lemma implies in particular that Quot(y')” = Quot(x)” — O, where [J is a box of
content —p in the (I — k — 1)-th partition in Quot(y)’.

7.5. Induction. We will now use induction on n to show that Quot()” = Eig(p). There
are two cases to be considered: u € PF(nl) and u ¢ P (nl).

Proposition 7.16. Suppose that Quot()\)” = Eig(A) for all partitions A + I(n — 1) with
trivial I-core. Let i € P (nl). Then Quot(u)’ = Eig(u).

Proof. By induction, Quot(u')* = Eig(x'). But by Proposition and Lemma both
Quot(p)” and Eig(p) arise from Quot(y’)” = Eig(y') by adding a box of content —p to the
(I — k — 1)-th partition. Hence Quot(x)” = Eig(p). O

Proposition 7.17. Suppose that Quot()\)” = Eig(\) for all partitions A = I(n — 1) with
trivial I-core. Let pi ¢ PgF(nl). Then Quot(u)’ = Eig(u).

Proof. Since p ¢ Pgf(nl) we can remove two distinct (but possibly overlapping) rim-
hooks R’ and R” from u. Let '/ = p— R and p// = p— R”. Then p/ # " and so
Quot(p') # Quot(p”) (because the quotient of a partition with trivial core determines
that partition uniquely). By Lemma we have

Quot(x/)” = Quot(x)’ — O, Quot(x”)” = Quot()* — [
with O # [J € Quot(p)’. By Proposition E we have
Eig(y') = Eig(u) — W, Eig(u”) = Eig(u) — W

for some W, M € Eig(p). We know that Eig establishes a bijection between [-partitions of

n — 1 and partitions of I(n — 1) with a trivial I-core. Hence M # M. By the inductive
hypothesis in our lemma,

Quot(r')” = Eig(y/), Quot(n")" = Eig(

=
~
3

N

Hence
Quot(p)” — O = Eig(u) — M, Quot(n)’ — [ = Eig(y) — M

and so

Eig(p) = Quot()> — O + M = Quot(x)” — [+ M.
Since (I # [] and M # M we conclude that (] = M and [J = M. Therefore Eig(p) =
Quot()”. O

Theorem 7.18. Let p € Py(nl). Then Quot(u)’ = Eig(p). The bijection between the
labelling sets of C*-fized points induced by the Etingof-Ginzburg isomorphism is given by

Proof. The first claim follows directly from Propositions and The second claim
follows from Proposition O

Remark 7.19. As a corollary, we also obtain the following explicit formula for the residue
of the I-quotient of a partition u = (ay,...,ax | b1,...,bx) € Pz(nl). Let us write
Quot(u) = (Q°,...,Q""1). Then

L(ai+1)/1] . [bi/l]
ReSQl—_j_l(t) = Z tpa,i Z t(mfl) + Z tpbi Z tf(mfl)’
1<i<k, m=1 1<i<k, m=1

—(ai+1)=jmod! bi=j mod1l
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where p; = 1fori=0,...,l—2and p;_; =0 whilepj = —1land p; =0fori=1,...,1—1.
Indeed, the RHS of the formula above equals Resgig(,)i () by (B0). But Eig(p)? = Q"1
by Theorem [7.18|

8. THE HIGHER LEVEL ¢-HOOK FORMULA
We will now use Theorem to obtain the following “higher-level” generalization of
the g-hook formula.
Theorem 8.1. Let p € Py(nl). Then

Oep A Quot(u)? f%(ﬂ)" (t)

Our proof is based on comparing the C*-characters of the vector bundles V}, and Rfl"‘l,
and uses Proposition Theorem [7.18] as well as the Etingof-Ginzburg isomorphism.
The remaining ingredient is a calculation of the C*-characters of the fibres (RE"’I) 2 (see

. We carry out this calculation below. We first identify (RE”‘1 )a with a graded shift
of ep—1L(A). We next recall the graded multiplicity with which L(A) occurs in A()) and
calculate the character of e,_1A()). Finally, we use the equation

chy en—1A(A)

chy €1 L(A) = [AQ) : LQ)]g

Note that, setting l = 1 in , we recover the usual ¢g-hook formula, so our result also
gives a new geometric proof of this well-known combinatorial identity.

8.1. Coinvariant algebras and fake degree polynomials. The algebra C[h]*°I" is a
graded I',,-module. It is well known that C[h]°°'» is isomorphic to the regular represen-
tation CI';, as an ungraded I';,-module.

Let C[p]¢°T|r,_, denote the restriction of C[h]°"" to a I',_;-module. Let h’ C b
denote the subspace spanned by ys,...,y,. We choose a splitting h — b’ with kernel
spanned by y;. This splitting induces an inclusion C[h’] C C[h].

Lemma 8.2. We have an isomorphism of graded ', _1-modules

C[b]col‘n|r o~ (C[b’]“’r"—l ® U,

n—1
where U is a graded vector space with Poincaré polynomial chy U = [nl];.
Proof. We have a sequence of inclusions of graded I'j,_1-modules

C[p)'" < C[p]""—* < C[h]

such that each ring is a free graded module over the previous ring. Hence there is an
isomorphism of graded I',,_;-modules

Clb/(Clb]}) 2 C[b] /(T[] ") ® T /(Clo)L).
Observe that there is also an isomorphism of graded I';,_;-modules
Chl/(ChlY" ) = Cl'|/(C'1}" ) = o

To prove the lemma it now suffices to find the Poincaré polynomial of the graded vector
space C[h]"~1/(C[h]'*). We know that C[h]'»~1 is a polynomial algebra with generators

in degrees [,2l,...,(n — 1)l and an additional generator in degree 1. The ring C[h]'" is a
polynomial algebra with generators in degrees [, 2I,...,nl. Hence
n—1 n
1 1 1
h Clhl" = — || ——. ch™=]]——7>.
ch: C] 1—tH1—t”’ ] Hl—t”
=1 =1
Tp— _4n
It follows that ch, C[h]" -1 /(C[h]}") = C}é;fzt[ch[]h]rnl = 11_ttl = [nl];. O
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Definition 8.3. Suppose that we are given an l-multipartition A € P(l,n) and the cor-
responding irreducible representation S(\) of T',,. We regard S()) as a graded T',,-module
concentrated in degree zero. The fake degree polynomial associated to )\ is defined as

Fa(t) = [Clh)e 2 S [K]]E.

keZ
Theorem 8.4 (|35, Theorem 5.3]). Let A € P(l,n). We have
) p £ A) (4 - 1420
Alt) =@ HHM 7 = (), [T sne (1 8,47,.0).

=0

In particular, if X is a partition of n then f) = (t)n% = ()nsa(1,t,12,...).

8.2. Auxiliary calculations. Fix A € P(I,n). Let ¢()) denote the degree in which the
trivial T',;-module triv occurs in L()).
Lemma 8.5. We have a graded Hy-module isomorphism

Rh,A = Hhen ®€”Hh€" enLA = L(A)[—Q(A)]

and hence a graded vector space isomorphism
(R ™2 = en1Rua = en 1LY [—q(V)].

Proof. As ungraded Hp-modules, Ry and L(A) are clearly isomorphic. Since they are
simple, one is a graded shift of the other. The trivial I';,-representation triv occurs in L())
in degree g(A). On the other hand, we can identify triv with the subspace e, ®e, Hye, €nLx
of R, so triv occurs in Ry ) in degree zero. O

Let us calculate the graded multiplicity of L(A) in A(A).

Lemma 8.6. Let A € P(l,n). The simple Hy-module L()\) occurs in A(N) with graded
multiplicity
DIAQ) : LK = 713 (1),

keZ

Proof. By [I, Lemma 3.3], we have

B 1) ch, A())
he L) =
Hence AL
STIAW: L = SEEE = A0, 0

k€EZ
Let us calculate the character of e,_1 A(}A).

Lemma 8.7. We have
chyen 1AQN) = [In]e Y fu(t) (35)

74PN
Proof. By Lemmal8.2]and Proposition [2.1]} we have isomorphisms of graded I';,_;-modules
A)[r, -, = CHr, ., @ SY)Ir, -,
=~ (ClH“" oU)e @Sk = PAaweU
pTA pTA
where U is a graded vector space with character ch; U = [ln] . Hence
en—1A(A @ €n_ 1A (36)
RS
as graded I',,_;-modules. For each u 1 A, we have
chyen—1A (p) = Z[A(H) :triv[k]]th = fu(t). (37)
kEZ

The first equality above is obvious, for the second see, e.g., the proof of [15, Theorem 5.6].

Combining with we obtain . O
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8.3. The character of the fibre. We can now put our calculations together to obtain
Fn—l
the character of (R,"™")a.

Theorem 8.8. Let A € P(l,n). Then

chy(Ry" " )a = [In): Y =&

Proof. By Lemmas and we have
chy (Ry" ™ )a = t77) - chy e, L(A) = (179 'Cht en1AN))/ (9 f2(#))

= chye, 1AM/ fa(t) Z O

MT/\
Corollary 8.9. We have
s, (Lt 42 ) 1 =L #n(eh) ()
chy(Ry"1), = = B = ¢ A
ho /2 1—tz z; sxe (1, 84,820 ..0) 1—t; ;; thn O H ()
AN LN
. . | 1,t,t n(w) H,y (t
In particular, if | =1 then chy(Ry," " )x = 15 Do uta 72?%1“ =5 = PO e Higtg'
Proof. This follows immediately from Theorems and (]

We can now prove Theorem [8:1]

Proof of Theorem[8.1. Choose any parameter h € Q! such that Spec Zy, is smooth. By
Theorem|3.3|the Etingof-Ginzburg map induces an isomorphism of vector bundles RF” =

Vh- Since the Etingof-Ginzburg map is C*-equivariant, we have

Fn—l
chi(Vn)p = che(Ry," ™) Quot()» (38)
by Theorem Proposition yields the formula for the LHS of while Theorem
[3:§ yields the formula for the RHS. O

9. C*-FIXED POINTS UNDER REFLECTION FUNCTORS

Assume from now on that [ > 1. In this section we compute the bijections between
C*-fixed points induced by reflection functors (see .

Fix v € Q() and let d, = (dp,...,d;—1) be the corresponding dimension vector (see
. Assume that 6 € Q' is chosen so that 6; # 0 and the quiver variety Xp(nd +d, ) is
smooth. The reflection functor

R, : Xp(nd +d,) — Xy,.0(nd + dg,ur) (39)

is a C*-equivariant isomorphism and hence induces a bijection Xy(nd + dy)‘c* —
Xy,.9(nd 4 dy,4)C between the C*-fixed points. Composing it with the bijections from
Corollary we obtain a bijection

R, : Pi(nl + V) = Plogrv)t (nl + |(o; * v)"]). (40)
Fix u € Pye(nl + [V']). We are going to show that
Ri(1) = (Ti(u"))",
where T;(u!) is the partition obtained from u' by adding all i-addable and removing all
i-removable cells relative to uf, as in Definition

9.1. The strategy. Our goal is to describe the action of reflection functors on the C*-
fixed points combinatorially. In we endow the vector space V¥ with a Z-grading,
which we call the “u-grading”. A C*-fixed point is characterized uniquely by this grading.
In We compute the R;(u)-grading on the vector space Vit In and &m we use
this calculation to give a combinatorial description of the partition R;(u).
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9.2. The p-grading. Fix a Z/IZ-graded complex vector space VY o= @i;é V? with
dim VY =n+d;. Set V¥ = VY ® V, with dim V, = 1. We are now going to introduce
a Z-grading on V¥ which “lifts” the Z/1Z-grading.

Definition 9.1. We call a Z-grading V¥ = [an
lowing condition:

(C): for each i € Z we have
A(p)(Wi) C Wiy, Ap)(Wi) S Wiy, J(1)(Veo) € Wo,  I(1)(Wo) = Voo
where A(u), A(p), J(p) and I(p) are as in Definition

Proposition 9.2. A u-grading on VY ezists and is unique.

iez Wi a p-grading if it satisfies the fol-

Proof. We first prove existence. Let p = (aq,...,ax | b1,...,bx) be the Frobenius form
of u. Set r; =b; +1, m; =a; +b; +1 and ¢; = Zj<imj +r; for 1 < ¢ < k. Recall the

ordered basis {Bas(i) | 1 < i < nl + |v|} of V¥ from We now define W; by the rule
that for each 1 < i < k:

Bas(qi — ]) S Wj (O <5< bl), Bas(qi +]) S W_j (1 << ai). (41)

It follows directly from the construction of the matrices A(u), A(p), J(u) and I(u) that
this grading satisfies condition (C) in Definition [9.1} Hence it is a p-grading. Finally we
observe that the definition of A(y) and Lemma [5.10[ imply that

W= (A(w) (Wo) (j<0),  W;=(A(n)(Wo) (j>0). (42)

We now prove uniqueness. Let V¥ = D,z Wi be a p-grading. Choose 0 # voe € Voo.
Then by the definition of J(u) for a generic parameter 0 there exist ¢y, ..., cx € C* such
that uy := c1Bas(q1) + ... + cxBas(gr) = J (1) (veo) € W{. Lemma [5.10] together with the
fact that the parameter 6 is generic implies that 0 # (A(p))® (Bas(q1)) = t(A(w))** (uq)
for some scalar t € C*. Since u; € W{, and the operator A(u) lowers degree by one, we
have 0 # (A(u))** (Bas(q1)) € W’ . It now follows from the definition of the matrices
A(p) and A(p) and the genericity of 6 that (A(u))® o (A(w))** (uy) = ¢'Bas(qy) for some
scalar ¢’ € C*. Since the operator A(u) raises degree by one, we have Bas(q; ), coBas(g2) +
R ckBas(qk) S W6

We can now apply an analogous argument to the vectors Bas(gz) and ug := coBas(g2) +
...+ cxBas(qr). By Lemma we have 0 # (A(p))*2(Bas(q2)) = t(A(p))* (ug) +
t'(A(p))?2(Bas(g1)) for some scalars ¢,¢' € C*. Since uy and Bas(g1) are homogeneous
elements of degree zero and A(u) lowers degree by one, we get 0 # (A(u))*2(Bas(q2)) €
W'’ .. Moreover, Lemma implies that (A(u))*?(Bas(g2)) is a linear combination of
Bas(q1 + a2) and Bas(g2 + az). But Bas(g; +a2) = (A(u))*2(Bas(¢1)) up to multiplication
by a non-zero scalar, so Bas(q; + a2) € W’ . Hence Bas(gz + a2) € W’ and so
Bas(q2) = (A(p))*2(Bas(ge + az)) € W{. We conclude that Bas(gs2),us := c3Bas(q3) +
...+ cxBas(qr) € W{. Repeating this argument sufficiently many times shows that
Bas(q1),. .., Bas(qr) € W{. It follows that W{, = Wy. Condition (C) and now imply
that W, = W, for all i € Z. O

Thanks to Proposition we can talk about the u-grading on V¥. Let us denote it
by V¥ = @, W}, We write deg, v = i if v € W}'. Moreover, let P, := Y, , dim W}’
denote the Poincaré polynomial of V¥ with respect to the p-grading. Consider the function

Xp(nd +d,)¢ = Z[t,t7Y], [A(u)] — P,. (43)
Proposition 9.3. We have P, = Res,«(t). Moreover, the function is injective.

Proof. Fix j > 0. By (4], Bas(q; — j) € W if and only if j < b;, for i = 1,... k.
Moreover, {Bas(¢; —j) | j < b;} form a basis of W/. Hence dim W = ¥ 1j<p,, where

1;<p, is the indicator function taking value 1 if j < b; and 0 otherwise. But Zle 1<y, is
precisely the number of cells of content —j in p, which is the same as the number of cells
of content j in u!. The argument for j < 0 is analogous. This proves the first claim. The
second claim follows immediately from the fact that partitions are determined uniquely
by their residues. O
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Suppose that we are given a C*-fixed point and want to find out which partition it is
labelled by. Proposition [0.3]implies that to do so we only need to compute the Z-grading
on V¥ associated to the fixed point and the corresponding Poincaré polynomial.
Lemma 9.4. The following hold:

a) The restricted maps
A(p) - Wi = Wi (i <0),  A(p) : WY — WL, (i > 0)

are surjective.
b) The restricted maps

A(p) : Wi = Wi, (i >0),  Ap): Wi = Wi, (i <0)

are injective.

c) We have V¥ =@, Wy, for each j=0,...,1—1.

i€z
Proof. The first claim is just a restatement of . The second claim follows directly from
Lemma The third claim follows from and the fact that A(u) (resp. A(p)) is a
homogeneous operator of degree —1 (resp. 1) with respect to the Z/1Z-grading on V¥. O

Remark 9.5. We may interpret Lemma c) as saying that the p-grading on VY is
a lift of the Z/lZ-grading. Furthermore, we may think of the p-grading as the grading
on the representation of the A.,-quiver corresponding to the fixed point [A(u)]. More
details about the connection between quiver varieties of type A, and the C*-fixed points
in cyclic quiver varieties can be found in [34] §4].

9.3. Explicit definition of reflection functors. Let us recall the explicit definition of
reflection functors from [30, Proposition 3.19] and [8, §5]. Fix a Z/IZ-graded complex
vector space ViV 1= EB?;B VI with dim V7™ = n + d}. Set V7" .= Vo @ V.
To simplify notation, set d :=d, and d’ := o0; xd,,.

Let us first define a map p,5 4(0) = s, q (0 - 0) lifting (39), which we also denote
by R;. Let p=(X,Y,I,J) € u;§+d(0). The reflected quiver representation

Ri(p) = (X, Y, I',)
is defined as follows. Suppose that i # 0. We have maps

Xi1+Yig1

A R \48 (44)

Set ¥; == Y; — X, and ¢; := X;_1 + Y41 (the indices should be considered mod ).
The preprojective relations (i.e. the relations defining the fibre pJ 1+a(0)) ensure that
we have a splitting V{7 ;| & V7| = Im; @ ker ¢;. The underlying vector space of the
quiver representation %R;(p) is obtained from V¥ by replacing VY with ker ¢;. We have
an isomorphism of vector spaces V7*" = ker ¢; & €D, ; Vj & Voo preserving the quiver
grading. Let us define R;(p). We have X! = X; unless j € {i —1,i}. We also have
Y/ =Y; unless j € {i,i+1}. Set I’ =1 and J' = J. The maps X] and Y; are defined as
the composite maps

X[ : kerg; = kerd; @ Imyy; = Vi, @ VI — VY,
Y/ : ker¢; < ker¢; @ Imey; = Vi_ & VY | — VI .

K2

The maps X;_; and Y/, are defined as the composite maps

X, vr, Ny VY @V = ker gy @ Tma; — ker ¢, (45)

—0:)

Y1t Vig : ir1 = Vi1 ® Vi =ker¢; @ Imy; — ker ¢; 0, er . (46)

The minus signs before X; in as well as in the last arrow above come from the fact

that our quiver does not have a sink at the vertex ¢ as in [8, §5] - hence the need for these
adjustments. If i = 0 one defines R;(p) analogously using maps

A I VR VR VAN Vi (47)
With¢0:Y0—X0+I and ¢0:Xl71 +Y1—|—J
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9.4. The reflected grading. Let us apply the definitions from to p = A(u). More

specifically, for i = 0,...,1 — 1, we set X; = A(u)lvy, Vi = A(p)lvy, I = I(p) and

J = J(p). The reflected quiver representation JR;(A(u)) € u;§+d,(a - 0) is conjugate

under the G(né + d’)-action to A(R;(11)). We now compute the R;(u)-grading on Vi*”
We have direct sum decompositions

bi=@v, ¢ =Pl (48)

JET €z
with 17 wz‘wu and ¢/ = qi)z\w W z+ . (i # 0orj #0) and ¢ := o|wy . Hence
V7 = ker ¢ = EB ez ker ol Moreover, 4) and decompose as direct sums of maps

wj

W;Ll+l.>Wﬂ+l 1®le+l+1—>le+z (4 #0ori#0).

W“ S W e W eV, %, — W
These direct sum decompositions together with the preprojective relations imply the fol-
lowing lemma.
Lemma 9.6. Leti€ {0,...,0l—1} and j € Z. Ifz =0 and j = 0 then Im 1§ @ ker ¢ =
W e Wl eV Otherwzse Im 1/)J @ ker (;5] = L O W

jl+z Jl+i+1-
Define '
U, =W} (j+#imodl), Ui :=ker¢! (j €Z).

Proposition 9.7. The Z-grading Voi*V = @D,cz Uj is the Ri(u)-grading on Vo,

Proof. It suffices to show that V7i*” = @,z Uj satisfies condition (C) in Definition
Suppose i # 0. Then for each j € Z we need to check that
AR:(1)(Ujigivt) € Ujigi,  AR(1))(Ujiri-1) € Ujias,
AR (1) (Ujiti) € Ujiio1, - AR(1))(Ujigi) € Ujigiga
If ¢ = 0 we additionally need to check that I(R;(1))(Up) = Vo and J(R; (1)) (Vo) C Up.
All of the inclusions above follow directly from LemmalJ.6and the definition of reflection
functors. For example, let us assume that ¢ # 0 or j # 0 and consider the inclusion
AR (1) (Ujigiv1) € Uiy == ker¢j. The map A(R;(p)) : VI = Vi, — V7
ker ¢; is given by . Consider its restriction to the subspace Ujjyit1 = W

Nl

jl+1+1
VY, ,. By Lemma m we have W5, .., C W/, @ W5 . =ker ¢} ® Tmy!. Hence
A(R;(p)), restricted to WY, ,, is the composition

W;Ll+z+1 Wll+z+1 = Wi 18 Wj = ker ¢} & Im ) — ker ¢/ D, feer ¢!

In particular, A(R,;(u ))(Wé‘l 4ig1) C ker qﬁi, as desired. The other inclusions are proven

analogously. O

Jl+i+1

We have described the R;(u)-grading on V7i*“. We are now going to compute the
corresponding Poincaré polynomial Pr,(,)-

Lemma 9.8. Let V¥ = Dicz W be the p-grading on V¥. Then
dim ker d)J dim Wl]+z+1 + dim W# — dim W/
if j #0 ori=#0. Otherwise
dim ker ¢ = dim W4 + dim W" | — dim W} + 1.

lj+i—1 lj+1

Proof. Assume that j # 0 or ¢ # 0. Recall that wg = A(M”W*.‘H. —A(M)|w‘.‘l+.- Lemma
implies that either A(u )|Wu cor A(p )|Wu s injective. Hence 17 is injective. Therefore

we have dim Im ¢/ = dim ijﬂ The equahty dim ker ¢/ = dim Wi tdim Wi, —

dim Im ng now implies the lemma. The case ¢ = j = 0 is similar. O
Write P, = 3,5 aft with af = dim W and Pr, () = 2,75 Ril4i with a; Rilw) —
dim W?"(” ), Proposition and Lemma m directly imply the following.
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Corollary 9.9. We have a?‘ = a?i(”) for j # imodl. Moreover ag'ﬁ‘) = afjHH +
Ay — Ay i §#0 ori#0 and at? W = gt 4 g — ab + 1 otherwise.

9.5. Removable and addable cells. Throughout this subsection let p be an arbitrary
partition. Recall the partition Ty (p) from Definition obtained from p by adding all
k-addable cells and removing all k-removable cells. We will now interpret addability and
removability in terms of the residue of pu.

Lemma 9.10. Let us write Res,(t) = ;.4 bjt!. Let k € Z.

a) The following are equivalent: (1) a cell of content k is removable; (2) by—1 = by, bgr1 =
b — 1 (k>0) OTbk+1 =bp,bp_1=b — 1 (k < 0) orb_1=b1,bp =01 +1 (k:())

b) The following are equivalent: (1) a cell of content k is addable; (2) byy1 = by, bp—1 =
b +1 (k’>0) or b1 :bk7bk+1 =b+1 (k<0) orb_1 =byg=0 (kZO)

c) The following are equivalent: (1) no cell of content k is addable or removable; (2)
[bk-&-l = by = bp_1 or bk+1 =b,—1=0bp_1—2 (k} > 0)], or [bk+1 = by = by_1 or
bk+1 :bk+1 == bk_1+2 (k < O)], or [b_l = bo == b1+1 OT’bl == bo = b_1+1 (k = O)]

Proof. Let k > 0. Suppose that the cell (7, ) is removable from Y(u) and has content
k. Then j —i =k and (1,k+1),(2,k+2),...,(i,j) are precisely the cells of content k
in Y(p). Since Y(u) has a corner at k, the cells of content k¥ — 1 in Y(u) are precisely
(1,k),(2,k+1),...,(i,j — 1) and the cells of content k + 1 in Y(u) are precisely (1, % +
2),(2,k+3),...,(i —1,7). Hence by = i,by—1 = i,b11 = ¢ — 1, which yields the desired
equalities. Conversely, suppose that bx_1 = by, bxr1 = by — 1. Then the cell (b, bg + k)
is removable. Indeed, by_1 = by implies that (bg + 1,bx + k) ¢ Y(u) and brrq = b — 1
implies that (bg,bx +k+1) ¢ Y(u). The proofs of the remaining cases are analogous. O

9.6. Combinatorial interpretation of reflection functors. We can now interpret the
effect of applying reflection functors to the fixed points combinatorially.

Theorem 9.11. Let pn € Poe(nl + |v]) and 0 < k <1—1. We have Ry(u) = (Tr(u'))t.

Proof. Tt suffices to show that the residue of T (u?) equals Pr, () Let us write

ResTk(Mt)(t) = Z aitz, Resut (t) = Z bitz, PRk(M) = Z Citl, P“ = Zditz.
i€z i€z i€z iz

By Lemma [9.3] we have b; = d;. Suppose that i # kmod!. Then a; = b; = d; = ¢;. The
first equality follows from the fact that no cells of content ¢ are added to or removed from
ut when we transform p! into Ty (u!). The third equality follows from Corollary

Now suppose that ¢ = kmod! and ¢ > 0. Then ¢; = d; 1 + d;—1 — d; by Corollary
Hence ¢; = b;y1 + b;—1 — b;. We now argue that b;11 + b;—1 — b; = a;. There are three
possibilities: a; = b; + 1 and one cell of content i is addable to u!, or a; = b; — 1 and one
cell of content 4 is removable from p!, or a; = b; and no cell of content 4 is addable to or
removable from p!. In the first case we have b; = b; 11 and b;_1 = b; + 1. In the second
case we have b; = b;—1 and b;+1 = b; — 1. In the third case we have b,_; = b; = b;41 or
b; = bjy1 +1 =b;_1 — 1. These equalities follow immediately from Lemma In each
of the three cases we see that the equality ;11 + b;—1 — b; = a; holds. Hence a; = ¢;. The
proof for ¢ < 0 is analogous. O

Recall that if A € P then

Quot(\') = (Quot(A)')’. (49)
Corollary 9.12. Let u € Pye(nl+ |vt|) and i € {0,...,1 —1}. Then R;(u) = (07 * pt)t.
Moreover,

Core(R; (1)) = (0 % v)' = (Ty(v))",  Quot(Rq(u)) = s1- - Quot(y).

Proof. The first claim follows directly from Theorem and the definition of the Sj-
action on partitions in The formula for Core(R; (1)) follows directly from Proposition
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The formula for Quot(R;(x)) follows from Proposition and ([49). Indeed,
Quot(Ri(u)) = Quot((o; * u')") = ((Quot(o;  u'))")’
= ((si - Quot(n"))")’
— (51 - (Quot())")’ = si - Quot(s). D
Note that, by Proposition 4.10, we also have:
Core((R;(1))") = oixv = Ty(v), Quot((R;(n))") = pr(o;)- Quot(u) = s;-Quot(u). (50)
10. CONNECTION TO THE HILBERT SCHEME

10.1. The Hilbert scheme. Let K be a positive integer. We let Hilx denote the Hilbert
scheme of K points in C2. The underlying set of the scheme Hilg consists of ideals of
Clz1, 2] of colength K, i.e., ideals I C C[zy, 23] such that dim C[zy, 23]/ = K.

We let C* act on C[z1, 20] by the rule t.z; = t2q1,t.20 = t~12o. This action induces an
action on Hilg. The C*-fixed points in Hilk are precisely the monomial ideals in C|zq, 22].
Let A € P(K). Let Iy be the C-span of the monomials {ziz] | (i + 1,5 4+ 1) ¢ Y(\)}. We
have a bijection

P(K) «— HilS, X Iy
Let Tk denote the tautological bundle on Hilg. Its fibre (Tx); at I is isomorphic to
Clz1, 22]/I. The following lemma follows immediately from the definitions.
Lemma 10.1. Let A € P(K). We have chy(Tk )1, = Resye(t).

There is also a Z/lZ-action on Hilg induced by the Z/1Z-action on C[z1, 22| given by
€.21 = n’lzl, €.29 = NZ2.

10.2. Connection to rational Cherednik algebras. Set —1 := f%(l,...,l) e Q
and —1 = —%(1,...,1) € Q". Let w € S, and set = w! - (—1) € Q' as well as
v :=w#*né € Z'. We have v = né + 7o, where vo = w * &. Let v := 07 (7o) be the [-core
corresponding to vg. By [16, Lemmas 4.3, 7.2], the quiver variety Xy(nd) is smooth. Set
b= (h,Hy,...,H_1) with H; =60; (1<j <1—1)and h =~ — Y\_} Hj. Let us fix
a reduced expression w = oy, - - -0, for w in S;. Composing reflection functors yields a
U(1)-equivariant hyper-Kéhler isometry

Ri,0--0R;, : Xp(nd) = X_1(7). (51)
By [16, §3.7] there exists a U(1)-equivariant diffeomorphism
X_1 () = M_1(9). (52)
Set K = nl + |v|. By [16, Lemma 7.8], there is a C*-equivariant embedding
M_1(y) — Hilk . (53)

Its image is the component Hil of Hil?lZ whose generic points have the form V(I,)UO,
where O is a union of n distinct free Z/I1Z-orbits in C2. Moreover, (Hil%)C = {I, | A €
P.(nl + |v])}. Let

®:X_1(y) = M_1(y) = Hilg (54)
be the composition of and . It induces a bijection between the C*-fixed points
and hence also a bijection between their labelling sets

U Pue(nl+ V) = Po(nl+ v]), pr A

where the partition \ is defined by the equation Iy = ®([A(u)]).
Lemma 10.2. Let p € Pye(nl + |vt]). We have ¥(u) = ut.

Proof. Let V_1(y) := pyt(—3) x G V" denote the tautological bundle on X_1(7). The
diffeomorphism lifts to a U(1)-equivariant isomorphism of tautological vector bundles
V() =T, (55)

where T/ denotes the restriction of Tk to the subscheme Hilj. Proposition implies
that chy V_1(7)(a(u)) = Resu(t). Hence the C*-characters of the fibres of V_1(v) at any

_1
2



C*-FIXED POINTS IN CALOGERO-MOSER SPACES AND HILBERT SCHEMES 35

two distinct C*-fixed points are distinct. By Lemma we have chy (7)1, = Res,:(t).
The U(1)-equivariance of implies that ®([A(u)]) = I+ and so ¥(u) = p. O

We are now ready to collect all our results about the C*-fixed points. We have a
sequence of equivariant isomorphisms (of varieties or manifolds):

%il O---Omim/
—_

Vi =5 Xy(nd) X 3 (y) 5 Hily . (56)

They induce bijections between the labelling sets of C*-fixed points.
Theorem 10.3. The map induces the following bijections

P(l,n) — Pgnl) — Pu(nl+|v]) — P.(nl+|v|)
Quot(p)® +— o — (w * ut)t — w* pt.

Moreover,

v=w*x@=T; o0...0T; (), Quot(wx* u") = pr(w)- Quot(u").

Proof. The theorem just collects the results of Theorem [7.18] Corollary Lemma[10.2]
and (50)). O

Let us rephrase our result slightly. Given w € S;, we define the w-twisted [-quotient
bijection to be the map

Tw: P(l,n) = Pu(nl+|v]), Quot(n) — w * p.
Corollary 10.4. The bijection P(I,n) — P,(nl + |v|) induced by is given by
A Ty (A). (57)

Proof. Suppose that A = Quot(x)’. Then Theorem implies that ) is sent to w * ut.
On the other hand, A" = (Quot(x)”)* = Quot(x!) by ([49). Hence 7,,(A") = w * p’. O

Remark 10.5. The statement of Corollary appears in the proof of [I6, Proposition
7.10]. However, the proof of this statement in [10] is incorrect. The problem lies in an
incorrect assumption about the function ¢y, : P(I,n) x Q' — Q, defined by:

=1 n(n—1) -1 4 4
en(A) = ZZ IN|(Hy + ...+ H;) —1 (2 +) n(\) - n((x)t)> h.

=0

Given h € Q', the function ¢}, induces an ordering on P(I,n), called the c-order, given by
the rule

U<nA <= cn(p) < cn(A).

Dependence of this order on h decomposes the parameter space Q' into a finite number
of so-called c-chambers. It is stated in [I6] §2.5] that the c-order is a total order inside
c-chambers. This, however, is not true. Let us consider counterexamples in which the
c-order is not total for all values of h. For example, take [ = 1. Then

nin—1)

cn(N) = — (2 +n(\) - n(xf)> h. (58)

It follows immediately from that cn(A) = cn(w) for all values of h if A and p are two
symmetric partitions in P(n). There are other examples. Take p = (6,3,2,2,2). Then
n(p) = 3+4+6+8 = 21. Since ut = (5,5,2,1,1,1) we have n(u!) = 5+4+3+4+5 = 21.
It follows that p and p! are incomparable in the c-order for all values of h.

Gordon’s proof of relies on comparing the values of some Morse functions on the
quiver variety Maog(nd) and the Hilbert scheme at the C*-fixed points. This approach
would work if the Morse functions assigned distinct values to each fixed point. However,
this isn’t the case because the Morse function on Maog(nd), evaluated at the fixed points,
is given by cp,.
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10.3. The combinatorial and geometric orderings. In [16, §5.4] Gordon defines a
geometric ordering <& on P(I, n) using the closure relations between the attracting sets of
C*-fixed points in Mag(nd) (Gordon uses the notation <p). We also have a combinatorial
ordering on P(l,n) given by:

pREmA = T (A) Qg
where < denotes the dominance ordering on partitions.
Corollary 10.6. Let w € S; and A€ P(l,n). Then p =&° X = p ™\

Proof. Using the closure relations between the attracting sets of C*-fixed points in Hil%,
one can also define a geometric ordering <8 on P, (nl+|v|). By construction, the isomor-

phism Mag(nd) — Hil} intertwines the two geometric orderings. Hence, by Corollary
=B N = 7, (pt) <& 7,,(A"). But, by [29, (4.13)], the ordering <& is refined
by the anti-dominance ordering on P, (nl + |v|). O
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