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Abstract
In this paper we establish the higher differentiability of solutions to the Dirichlet
problem

div(A(x, Du)) + b(x)u(x) = f inQ
u=20 on 0Q

under a Sobolev assumption on the partial map x — A(x, £). The novelty here is that
we take advantage from the regularizing effect of the lower order term to deal with
bounded solutions.
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1 Introduction

This paper concerns the higher differentiability and the higher integrability of the
gradient of local weak solution of the Dirichlet problem

div(A(x, Du)) + b(x)u(x) = f inQ
u=20 on 0Q (1.1)
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The operator A : Q X R" — R" is a Carathéodory mapping, satisfying for positive
constants «, § > 0 the following assumptions

(Zlg—l’]|2 < <A(X,§)—A(X,7’]),§—']>, (12)

|AGx, &) — AQe, m)| < B1E—nl. (1.3)

Concerning the dependence on x-variable, it is clear that no extra differentiability
can be obtained for solutions even if the data f(x) and b(x) are smooth, unless some
differentiability assumption is made on the operator A(x, &).

To this aim, we shall assume that there exists a non negative function
k(x) € L (€2), such that

|A(x, &) — A, &) < (k(x) + k() |x = y| (1 + €D (1.4)
for every ¢ € R" and a.e. x,y € Q. Finally, we shall assume
@I < 0b(x) (1.5)

forae. x € Q.

Conditions (1.2) and (1.3) express the uniform ellipticity and lipschitz continu-
ity of the operator A(x, &) with respect to the variable &.

Condition (1.4), in view of the pointwise characterization of the Sobolev
spaces [12], means that the partial map x — A(x, &) belongs to the Sobolev class
Wi (-

Finally, condition (1.5), introduced in Ref. [1] (see also Ref. [2]), relates the coef-
ficient of the lower order term with the right hand side.

This interplay yields a regularizing effect on the solution of the Dirichlet problem
(1.1). More precisely, it is sufficient to assume (1.5) to obtain

llull o) < Q-

The key tool to deal with equations with lower order terms, assuming a low integra-
bility for b(x) and f{x) as in (1.1), is the result in Ref. [1] (see also Ref. [2]).

Recall that the boundedness of the solution of equation (1.1) is well known if
b(x),f(x) € L°(Q) for some s > g [10], and usually it is the first step in the analysis

of the regularity of the solutions and open the way to the investigation of some
higher regularity for the solutions.

We would like to mention that, under L' integrability on the right hand side f,
existence and uniqueness of the solutions have been established in Ref. [7], when
0=0.

Recent works have shown that the W'~ regularity of the map x — A(x, &) is suf-
ficient to obtain the higher differentiability of the solutions of the problem (1.1) but
in the case b = f = 0 (see Refs. [5, 8,9, 16, 17]).

The above mentioned results hold true also for the so-called p-harmonic operator,
as well as for local minimizers of integral functionals with p-growth.

Here we take advantage from the result in Ref. [2] to deal with equation as in
(1.1) and prove the following
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Theorem 1 Let u € W(;’Z(Q) be the solution of the Dirichlet problem (1.1). Assume
that A(x, &) satisfy (1.2)— (1.4), that b(x) € L*(Q) and that (1.5) is satisfied for some
constant Q > 0. Then u € WIZD’CZ(Q) and the following second order Caccioppoli type

inequality
C 9 9
/ ID?ul* < w< |Dul? +/ |b|2>,
Bx R By By

holds for every ball By C Q.

We would like to pointout that we only require b(x),f(x) € L*>(Q) and this
assumption, which is stronger than the one used in Ref. [2], is still weaker than
the classical one in order to deal with bounded solution for n > 4. On the other
hand, in order to obtain higher differentiability for solutions to problem (1.1),
condition (1.5) cannot be dropped without assuming higher integrability on b(x)
and f(x).

Indeed, condition (1.5) is essential to have Theorem 1, under the hypothesis
b(x),f(x) € L? (see example in Section 4).

On the other hand, it is easy to check that Theorem 1 still holds true without
condition (1.5), but assuming b(x) € L".

The proof of Theorem 1 is obtained combining a suitable a priori estimate
for the second derivatives of the solution of the equation with an approximation
argument.

To establish the a priori estimate for the solution to (1.1) which has discontinu-
ous coefficients we use the classical tool of the difference quotient method.

The main difficulty in establishing the a priori estimate is that we need to deal
with terms with critical integrability that have to be reabsorbed and we shall suc-
ceed by suitable iteration argument.

Next, we use an approximation procedure that is constructed by introducing
Dirichlet problems that, on one hand, admit solutions with the second derivative
in LIZUC(Q) and, on the other, satisfy the assumptions of the result in Ref. [1]. Also
we need to prove that the solutions of each approximating Dirichlet problem are
uniformly bounded by the same constant Q appearing in assumption (1.4).

As a consequence of our higher differentiability result combined with the
boundedness of u we also have the following higher integrability for the gradient
of the solutions

Corollary 1 Letu € WS’Z(Q) be the solution of the Dirichlet problem (1.1). Assume

that A(x, &) satisfy (1.2)- (1.4) and b(x) € L*(Q) and that (1.5) is satisfied for some
constant Q > 0. Then Du € L?UC(Q) and the following estimate

/ |Du|* < c</ (1 + |Dul* + b2)>
Br By
2

holds, for a constant C = C(Q, R).
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Such higher integrability result is a consequence of a suitable Gagliardo Nirenberg
type inequality and it is inspired by the arguments introduced in Ref. [6] (for other
Gagliardo Nirenberg type inequalities see also Ref. [4]). It is well known that the W'+
-regularity of the coefficients has been employed in the study of non variational equa-
tions [3, 15]. Note that W!"* ¢ VMO c BMO, variational and non variational equations
under VMO and BMO coefficients have been widely investigated. Among the others,
we quote the results in Refs. [11, 13, 14, 18-20].

Obviously, once the existence and the W>?-regularity of the solution of (1.1) has
been proven, the solution u of the equation in (1.1) is also a solution to a non variational
equation. In a forthcoming project we shall examine the analogous problem for the non
variational case with lower order terms.

2 Notations and preliminary results

In Ref. [1] the authors studied boundedness of the solutions of the following problem:

@.1)

—div(A(x, Vi) + a(x)u|ulP~? = f(x) inQ
u=0 on 0Q

with 2<p<<nand A : QX R" - R" is a Carathéodory function satisfying for
some positive constants a, # and a function A(x) € L7 (Q) that

A(x, O > alél, 2.2)
A, &)1 < h(x)+ pleP, 2.3)
and
(A, &) —AC.mM)E—m >0, E#n 2.4)
for almost every x € Q, for every £ and n € R" and
@l < Qa) + R). (2.5)

In Ref. [1] it has been proven that u € L*(£2). More precisely,

Theorem 2 If a(x), f(x)€L'(Q) with a(x)>0 and 0<Rx) €L?) sat-
isfy (2.5) and if (2.2), (2.3), (2.4) hold then there exists a unique weak solution
€ Wy(Q) N L) of (2.1).

We will use previous theorem in the case p = 2 and with 4(x) = 0 = R(x). In this

particular case, the precise bound for the L*-norm of u, which will be used in the
sequel, is the following

lull vy < Q (2.6)
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2.1 Difference quotient

In order to get the higher differentiability of the solutions (1.1) we will use the
difference quotient method. Therefore in this section we introduce the finite dif-
ference operator and we recall the basic properties.

Definition 1 For every vector valued function F : R" — R" the finite difference
operator is defined by

T, F () = F(x + hey) — F(x)

where i € R, e, is the unit vector in the x, direction and s € {1, ... ,n}.
The difference quotient is defined for # € R\ {0} as

T F(x
As,hF(x) = S,hh( )

The following proposition describes some elementary properties of the finite
difference operator and can be found, for example, Ref. [10].

Proposition 1 Let f and g be two functions such that F,G € W' (Q;RV), with p > 1,
and let us consider the set

Then

dl) z,,Fe W' (Q)and
Dy(z,,F) = 7, ,(D;F).

(d2) If at least one of the functions F or G has support contained in €2, then

/FTSth)C:—/GTX_hFdx.
Q Q ’

7, ,(FG)(x) = F(x + he )7, ;,G(x) + G(X)7, ,F (%)

(d3) We have

The next result about finite difference operator is a kind of integral version of
Lagrange Theorem.
The following results will be useful in the sequel

Lemma1 If 0< p <R, |h| < %,1 <p<+co,s€{l,...,n}and F,D,F € [P(Bg)
then
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/ |z, F (O dx < |h|”/ |DF(x)|P dx.
B

B, R

Moreover

/ |F(x + hey)|” dx < c(n, p) |F(x)|P dx.
B, Bg

Now, we recall the fundamental Sobolev embedding property (for the proof we
can refer, for example [10] [Lemma 8.2]).

Lemma2 Let F : R" - RY, F € [P(Bg) with 1 < p < +oc0. Suppose that there exist
p € (0,R) and M > 0 such that

2/ |7 FOI” dx < MP|h|P,
s=17B,

for every h with |h| < %. Then F € W'*(B;RY) n Lﬁ(Bp;IRN). Moreover
IDF|| s, <M

and

IFIl, 2

< ) s
5, = C(M+ IlF”U(BR))

with ¢ = c¢(n, N, p).

An iteration Lemma finds an important application in the so called hole-filling
method. A proof can be found, for example, Ref. [10] (see Lemma 6.1).

Lemma 3 Let h : [p,Ry] = R be a non-negative bounded function and 0 < 9 < 1,
A,B > 0and f > 0. Assume that

A
h(r) < 9h(d) + m + B,

forallp <r <d <R, Then

cA
h(p) £ ——— +B,
(Ry — p)P
where ¢ = c(9, ) > 0.

The following Lemma is a sort of Gagliardo Nirenberg interpolation inequality

Lemma4 ForV¥ e C:, (Q) with ¥ > 0 and C? maps v . Q — R" we have
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L
m m m m+1
/wm@”)u)wm@”)dx < (p+2)2</ Pt PHD || 2m dx>
Q

_m_

% l(/qfw@”)mqq |Dv|”dx> +n</ \Pm@+2>|Dv|P—2|D2v|2dx> ]
Q Q

where p € (1,00) and m > 1. Moreover
/lez(1+|Dv|2)§|Dv|2dx < c(p)||v||,2_°<,(wpp%/le2 1+ 1DvP)'T D>
+c||v||Lm(suppq,)/Q(|‘P|2+|vql|2)(1+|1)v| )2dx
for a positive constant ¢ = c(p).

(For the proof we refer to Refs. [6] and [9]).

3 Proof of Theorem 1

This section is devoted to the proof of our main result.

We shall divide it in two steps: in the first one we establish an a priori estimate
for the second derivatives of the solutions and in the second one we construct the
suitable approximating problems and we shall prove that the a priori estimate is pre-
served in passing to the limit.

Proof Step 1. The a priori estimate

Suppose that u is a local solution of the problem (1.1) such that
u € Wy (Q) N WA(Q).

Let us fix a ball B, C Q and arbitrary radii 5 <r<3<t<ir<R, with
A € (1,2). Consider a cut-off function #n € C7(B,) such that =1 on B; and

|Dn| < ri_s Using ¢ = 7, _,(n*7,,u) as a test function in the equation in (1.1) we get

/ ACx, DwD(z, _,(n*t, u)) + / b(u(x)z, _,(n*, 1)
B, B,

3.1
= / FT, Pz, ).
Bt

By (d1),(d2) of Proposition 1, the first integral in the left hand side in (3.1) can be
written as follows:

/ A(x’DM)D(Ts,—h(nzrv,hu)):/ ACx DT, (DO 500)
B, B,

3.2)
=— / 7, 4 (ACx, Du))D(n*, u0).

BI
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Inserting (3.2) in (3.1)

/ . w(AGe D)D) = / BOUCE)T, (1P T,
B, BI

(3.3)
- / T, _ Pz, ).
Bt

On the other hand, the left hand side of (3.3) can be written as follows

/ 7, W(AG, Du)D(n*, )
B

t

= / 7, y(A(x, Du))(2nz, ,uDy + n*z, ,Du)
B

t

= / (A(x + h, Du(x + h)) — A(x + h, Du(x)), nzrs’hDu)
Bl
+ / (A(x + h, Du(x)) — A(x, Du(x)), nzrs’hDu>
BI
+2 / (A(x + h, Du(x + h)) — A(x + h, Du(x)), nt, ,uDn)
BT

12 / (AGx + h, Du(x)) — AGx, Du(x)), Dz, ).
B

t

Substituting in (3.3) we obtain:

/ (A(x + h, Du(x + h)) — A(x + h, Du(x)), WZTS,/1D”>
Bt
= / (A(x, Du(x)) — A(x + h, Du(x)), n*,,Du)
Bl

-2 / n{A(x + h, Du(x + h)) — A(x + h, Du(x)), Dyt ;u)
B

t

-2 / n{A(x + h, Du(x)) — A(x, Du(x)), Dyt ;u)
B

t

+ / b(u(x)(z, (MmN it + 17 (N7 1))
B

i1

- / Sz, _p Ty u + neg (7, ,u).
Bl

Using assumptions (1.3), (1.4), (1.5) in the right hand side of the previous estimate,
we get
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/B (A(x + h, Du(x + h)) — A(x + h, Du(x)), n*z, ,Du)
< |hl /B 7 (k(x) + k(x + h)(1 + |Dul)|z, ;,Dul
+p /B (Dl nl|DuCe + ) — Dol
£ 20 /B 11DI GO + kCx+ W)(L + |Dulz,
¥ /B bOO e,y el ] + /B b,y n, 0]

+ Q/ b(x)|7g,_h(7l)’77s,h”| + Q/ |b(x)nfg,_h(’77y,h”)|-
B, B,

Since the assumptions of Theorem 2 are satisfied, we can use that ||u];«q, < O thus
getting

/ (A(x + h, Du(x + h)) — A(x + h, Du(x)), nzrs,hDu)
B
<Ih] / ) + kGx -+ W)L+ [DuDl e, Dul + / 11, uDul 2, D
Bf
20| / nIDRIGKG) + (x+ W)L+ [Dulr,

120 / bOO I, (e, ] + 20 / MBI, (17, 1)
Bf

(3.4)

Using the ellipticity assumption (1.2) in the left hand side and Young’s inequality in
the right hand side of (3.4), since n € C;°(B,), by Lagrange Theorem, the previous
inequality gives:
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760 C. Capone, T. Radice

« / lrDul’ < C, |l / (KGO + k(e + W21+ [Dul)? + / Lz, Dul®

t Br Bt

+6/n2|n,hDu|2+c(e,ﬁ)/ |Dn|? |7, ul?
B, B,

+C|h|2/nz(k(x)+k(x+h))2(1+|Du|)2+C/ |Dy |z, ul*
B B,

t

+2Q|h|/ '1|D'7||b(x)||Ts,hM|+2Q/ nlb(| |z, (n7 10|
B, B,

< Cglhlz/(k(x)+k(x+h))2(l+ |Du|)2+2£/ n* |z, ,Dul?
Br

(&, ,0) ) ) )
Y (t—32 /lTsh |~ + C(Q)|A] /Blb(x)|

t

+2Q/ 16|z, (7 00
BI

<

where we also used that |Dy| <
Choosing € = %, we can reabsorb the second integral in the right hand side of the

previous estimate by the left hand side, moreover we can apply Lemma 1 and the
properties of 7 so as to obtain

%/#mw#smw/@m+m+MM+ww2
BI
C
+ LDy [ 1oup + com [ 1o
( ) BAr B/
+2Q/Wmmna%uMML
Br

Dividing both sides of previous estimate by ||? we obtain that

7, ,Dul|?
g/ﬁLLL<Q/@®+W+WM+WM2
B, B,

2 Ik
C b 2
+Ji@?/ﬁmM+a@/me (3.5)
-3 B, B,
. h(n sh )l
+2Q/ﬁm>| e

In order to estimate the last integral of the previous inequality, we observe that
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Tsnlt
Tyl s\
o\ 1 —
"\ Il h
Hence, we use Young’s inequality and Lemma 1 as follows

7, (=
| ool ot [ ool o)
B,

|h]?

1

Ts,—h(nfs,hu)
| = —1
|A]

|h|?

2
na(ni)
<c,,/ |b(x)|2+0'/ 7
B, B,

i t

5 T, U z
<CE/|b(x>| +a/ D<n * )
; s [PV
5 T, U |?
=C6/ [b(x)] +o-/ Dn— +o-/
\ i
<c. [ oop+ 22, / |Duf’
BY

+67/'72—|Ts’hDu|2
B |h)>

t

T. U :
D s.h
n < >

(3.6)

for a positive ¢ < 1, that will be chosen later.
Inserting (3.6) in (3.5)

D 2
2/n2|7s,h 2“| <ca/(k(x)+k(x+h))2(1+|Du|)2+—c(“’ﬂsz)/ |Dul?
25" Il 5, =57 Js,

+ Clo, Q)/ 1bGOI2 + C(" Q)/ \Dul®

32
|T hDul2
+20'Q/ |h|2 .

/

Choosing ¢ = % we can reabsorb the last integral in the right hand side by the left
hand side , thus getting

|7, Du|2
/nZL < C/(k(x)+k(x+h))2(1+ \Dup? + —C / \Dul?
B B, B,

Ik i~
e / b2,
BY

where C = C(a, g, Q).

t

3.7
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Setting

M=C: [/(k(x)+k(x+h))2(1+|Du|)2 ~)2/ |Du|? + /|b(x)|2]-
Bl

inequality (3.7) becomes

|7, yDul?
2 < MA.
/B” DR

t

Since n = 1 on B;, we get
/B |7,,Dul* < M?|h|? (3.8)

and so, by Lemma 2, we get

1Dull, 2, < {[/(k(x)+k(x+h)> Qe i0uy s [ 1o+ [ 1acor| }

The a prioriassumption D*u € L2 .(Q) yields by the Sobolev embedding theorem
that Du € L} (€2) and so, by Holder s inequality

/|Du|fT"z <C
B;
Jrc[—1 /|Du|2 -
(t=5? Js,
slc(/ k"(x)) </ (1+|Du|)nz> ]
Bﬂr

n

/ (k) + k(e + )1 + |Du|)2] "
B[

+

|b(x>|2]

T " (3.9)
C 2 n—2 N
+|—= [ IDul +C| [ 16M)]
t—-572Jp " B,
é 2n
<C</ k"(x)dx) </(1 + |DM|)»1T2>
B, B,
t— </ |Du|2> + C(/ |b(x)|2)>
(t=3) \J8, B,
where C = C(a, f, Q).
By the absolute continuity of the integral there exists R, such that
2
n-2 1
C(/ k”(x)> <= (3.10)
By 2
0
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Hence, choosing R < R, determined in (3.10), estimate (3.9) becomes

2n C 2 #
|[Dul|=2 < (1 + IDul)" P | Du|
By (t—3)m \IB,
E
+C</ |b(x>|2>
Bt

n 2n E
/|Du|% < 1/ |Du|ﬁ+%</ |Du|2>
B, 2 /s (t—5)= \Js,

K t

+c</ |b(x)|2>” + CR".
Blr

Since the previous inequality is valid for all radii r <5 < < Ar, by iteration

Lemma 3, with
2 i
h<s>=/ |Du|ﬁ,A=</ |Du|2> ,
Bx B/lr

n

n=2
B= (/ |b|2> +CR"
B,

n n

/ Duls «—C </ |Du|2>n_2 +c</ |b(x)|2>n_2+
(Ar — )iz \JB, B, (3.11)

+ CR".

and so

we deduce that:

On the other hand, choosing a cut off function such that p = 1 on BR p € Cy(Br),
|Dp| < R and arguing again as we did from (3.1) to (3.7) we obtain that

n=2
|z, Dul? 2\ "
/ <l </ |Du|f—z> +—L |Du|2+/|b|2 :
By Al B, (r—z)2 By B,

Therefore, by estimate (3.11) we get

|z, ,Du|?
/ e <C|h|2[ |Dul? + / |b|2],
Br |h| By B,
2

and so, by Lemma 2, we conclude with
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/ |D*ul? < C</ 1+|Du|2+/ Ib|2> (3.12)
B By By

where C = C(a, f, Q,n, R).
Step 2. The approximation Fix a compact set Q' C Q, and for a smooth kernel
¢ € C2(B,(0)), with ¢ > 0 and f B,0) ¢ = 1. Let us consider the corresponding fam-

ily of mollifiers (¢, ), and set
Je=1* &,
b,=bx ¢,
ke =k ¢, (3.13)

Sk

A (x,8) = P(Ax + ew, &) dw

B,

on €, for each positive £ < dist(Q’, Q). It can be easy checked that the assumptions
(1.2)—(1.5) imply the followings

alE —nl* < (A (x, &) — A, (x,n), & — 1), (3.14)
A, (5, &) — A (x, )| < BIE —nl, (3.15)
I, < 0b.(x). (3.16)
Furthermore
A, (x, &) — A, (0, 9] < (k(x) + k) |x = y| (1 + [€]) (3.17)

where k_(x) is defined in (3.13).
Letu € Wé’z(Q) be the solution of (1.1), let us fix a ball B, C Q' and let us denote
by u, € W'2(By) the unique solution of the Dirichlet problem

{ divA,(x, Dv) + b, (x)v = f. in By (3.18)

v=u on 0By.

Note that, by the classical theory, we have u, € Wl%]’f(BR) for each € > 0 (see for
example [10]) .
Our first aim is to prove that, for every € > 0, on By we have

lu.| < Q. (3.19)

To this purpose, let us set

e Ju, in{u <O}NBy
W _{Q in{ue>Q}nB:.

Since |u| < Q on 0By then w* = u, = u on 0B, and hence w* is an admissible test
function for problem (3.18), i.e.
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/ (A.(x, Du,), Dw*) + / bwu, = / AL
BR BR BR
By the definition of w®, we get
/ (A,(x,Du,),Du,)
BRﬂ{ u, <Q}

+ / beu + / beu,Q (3.20)

{u<0} {u>0}

=/ ﬁ%+/ £.0.
{u.<0} {u>0}

Since also u, is an admissible test function for the equation in (3.18) then we have

/(Ag(x,Dug),Du£)+/ bu —/fgug
Bg

Subtracting (3.21) to (3.20) and by using (3.16), we get

/ (A.(x,Du,),Du,) = / bu (Q—u,)
Brn{u>0} u >0}

(3.21)

+ / felu, — Q) = / (fe = beu)(u, — Q)
{ut>Q} {ué>Q}

s/ b.(Q = u,)u, — Q)

f>Q}

=—/ be(u, — Q) <0
{u>0)

Previous inequality combined with (3.14) gives

a/ |Du6|2 <0
{u>0}

which implies u, < Q a.e. in By, as desired. Arguing analogously we can prove

u, > —Q in By, hence we can conclude with (3.19).
Now we want to prove that the sequence (Du, ), is bounded in 2.
To this aim using u, as test function in (3.18), by (3.14), we get
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a/ |DL¢E|2
Bg

(A.(x,Du,),Du,)

R

feue_/ beueue
R B

2
el |+/ belug|”.
R BR

ca\tcc\t

=

By using (3.19) and (3.16), we obtain

(x/ |Du5|2<Q/ U;|+Q2/ b5<2Q2/b
BR BR BR BR

Since b, — b strongly in L?

|Du,|* < C(Q, |Ib]l,)

Bp

then

/ |Du,|* < C(a, O, |16]l,)

By

as we wanted.

The boundedness of (Du,), in W'? implies that there exists v € W!2(B) such
that Du, — Dv in W'“2(By,) and, since u, = u on 0By in the sense of the trace, we
also have v = u on 0By,

Our next aim is to prove Du, — Dv strongly in L o (BR)-

Since u, is a solution of (3.18), it is well known that u, € W (BR) and, since
If.] < Ob, and llu ]l < O, we can apply the a priori estimate in (3 12) to each u,,
thus getting

/|D2u5|2<0/ (1+|Du€|2)+C/ b, 1> < C(a, O, ||b]l,)
B, BR BR

for every B r < R. This implies u, = v weakly in W (BR) and then u, = v
strongly in W (B R)-

Now we want to show that v is local solution of the equation in (1.1) .

Since u, is a solution of (3.18), we have

(A(x,Dv),Dp) = [ (A.(x,Du,)— A, (x,Du,) + A(x,Dv), Dp)
BR BR

= / (A(x,Dv) — A, (x,Du,), Do) + / (feo = b.u. @)
By Bg

=Il,£ + 12,5’
(3.22)
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for every ¢ € C°(Bg). Let us estimate [, , and I, , separately. In order to estimate /, .
we use assumption (1.3) and the definition of A,(x, &) as follows

|7 .| </ |A(x, Dv) — A (x, Du,)||De|
BR
< / A, Dv) — AGx, D) | Do
BR
+/ |A(X,DL{£)—AE()C,DM£)”D([7|
Bp
< / \Dv — Du||Dep|
Br

+/
BR

< / \Dv - Du, | |Dol
By

+ IID(ﬂIIm/
BR

Now, using assumption (1.4), in the second integral in the right hand side, we obtain

|De|

A(x,Du,) — / P(@)A(x + ew, Du,)dw
Bg

/ P(w) [A(x + ew, Du,) — A(x, Du,)] dco‘.

1.1 <BID@Il, / \Dv - Du|
suppgy
+eIID<pIIw./ (/ ¢(a>)|k(x+ew)+k(x)|(l+|Du5|)dw>dx
B \JB,
<DIDoll, [ 1Dv=Dul+ el [ +0(1+1Du)
suppg Bg

<PlDoll / IDv = Du, | + €l Dol Ik, + klly (11D Nl + ¢, |Bgl).-
suppg

Since ||k, ||;2(5,) < € and Du, — Dv strongly in any compact subset of By, then
lim /,, = 0.
51—1}8 Le

Next, we have
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12,6 - / (f - bV)(p / [(fe - beue)(p - (f - bv)§0]
Br suppg

< l}i—fl(p+/ \boit, — byl
suppe suppg

< lﬂ—fll(p|+/ b, — bllu,||o|
suppe suppgp

+/ Bl1v = u, o]
suppe

Sll(pllm/ Ve =f1+ |I¢|ImQ/ b, = bl
BR BR
1 1

2 2
+||(p||m</ |b|2> (/ |v—u6|2> ,
Bp suppg

where we used (3.19).

Since
f. = f strongly in L*(By)
b, — b strongly in L*(Bg)
u, — v strongly in LIZOC(BR)
Then
lim/7,, = f —bv)p.
E—)O ’ BR

Hence passing to the limit as e — 0 in (3.22), we get
/ (A(x,Dv), Do) = / —bve + / fo. VYo e CPQ),
BR BR BR

i.e. v is a solution to the equation in (1.1).

Finally we want to show that v = u.

Since v = u on 0By, then v — u is an admissible function test, for the equation in
the problem (3.18) and also for (1.1) we have

/ (A(x, Dv), Du — Dv) + / bv(u —v) = / fw—v) (3.23)

By Br Br

/ (A(x, Du), Du — Dv) + / bu(u —v) = / flw—v) (3.24)

By By B

Subtracting (3.23) to (3.24) we get
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(A(x, Du) — A(x, Dv), Du — Dv) = — / b(u—v)* <0.
By Bg

On the other hand, by (3.14) it holds that

(x/ |Du — Dv|* < / (A(x, Du) — A(x, Dv), Du — Dv) < 0,
BR BR

ie.
u=v ae.inBy.

Definitively we proved that u, — u in leo'f(BR) then u, — u strongly in Wllo'c (Bg)s
hence we can conclude the proof, simply by passing to limit in (3.12), since the
operator A_(x, &) satisfies (3.14)—(3.17). O

Proof of Corollary 1. 1t is sufficient to combine inequality in Theorem 1 with
Lemma 4 for p = 2 contained in Ref. [9].

4 Example

Let us consider the function u(x) = |x|~” — 1 where x € B = B(0, 1) and y > 0, obvi-
ously, u(x) € L*(B).
By setting, u(B) = @(|B]), u(x) = @(p) = p~7, it is well known that

-1
Au=¢"(p) + ”Tq/(p)

where ¢'(p) = —yp"'and " (p) = y(y + Dp™7 2.
Hence, for y > 0 u(x) solves problem (1.1) for

rd+2)  rn
[ +2 - p2

by =LY and  f() =
|x|?

Clearly, for such b(x) and f(x), condition (1.5) is not satisfied.
Moreover

1
200 1 ~ U1y [ 202!
/B (Duldx~ /B(O 1 |X|2y+2dx B /0 P27+2p = [p ]0

and

1
1 1 1
2ulPdx ~ I N n=1 g . [.n—2r—4
/BlD ul dXN/|x|27+4dXN/O p2y+4p de[p ]0

are finite for y < g —landy <  — 2, respectively.
Hence, fory € <§ -2, % — 1), we have that u(x) € WH2(B) but u(x) € W>2(B).
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This example shows that Theorem 1 can be false if condition (1.5) does not hold.

We also want to highlight that condition (1.5) cannot be avoided even assuming
more integrability for b(x) and f(x) than L2,

Indeed

1
/ |b(0)|Pdx z/ %dx m/ %p”‘ldp ~ [p"‘zp](l)
B(0,1) B, X177 o pP?

and

1
1 1 1

X)|Pdx < —_— dx~ n=1 gy n [ o= 0+2p
/3(0,1) /el /B(o,l) |x|(r+2p /0 prep? P L Jo

are finite for p < Zand p < L, respectively.
2 y+2

Actually b(x) and f(x) belong to L? for all p < 1

> nevertheless u(x) ¢ W22,

hence Theorem 1 is not true.
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