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Abstract: In this article, the concept of fuzzy (o, Z)-contractive mappings is introduced in the setting
of fuzzy metric spaces. Thereafter, we utilize our newly introduced concept to prove some existence
and uniqueness theorems in M-complete fuzzy metric spaces. Our obtained theorems extend and
generalize the corresponding results in the existing literature. Moreover, some examples are adopted
to exhibit the utility of the newly obtained results.
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1. Introduction and Motivation

check for In the theory of fuzzy sets and systems, many researchers have attempted to formu-
updates late an appropriate definition of fuzzy metric space (e.g., [1-3]). The most natural and
Citation: Saleh, HN.; Imdad, M.; widely acceptable definition is essentially due to Kramosil and Michélek [4]. Grabiec [5] is
Seesa, S.; Di Martino, F. Proving one of the earliest mathematicians to study the theory of the fixed point in fuzzy metric
Fixed-Point Theorems Employing spaces. In doing so, he introduced the notions of G-Cauchyness and the G-completeness
Fuzzy (7, Z)-Contractive-Type of fuzzy metric spaces and extended the fixed-point theorems of Banach and Edelstein
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from metric spaces to fuzzy metric spaces introduced by Kramosil and Michalek. It has
https://doi.org/10.3390/a15050141

been observed that the notions of G-Cauchy sequences and G-completeness are relatively
Academic Editors: Sankar Prasad strong. With a view toward having a Hausdorff topology on a fuzzy metric space, George
Mondal and Frank Werner and Veeramani [6] modified the definition of the fuzzy metric space due to Kramosil and
Michélek [4] and also established some valuable related results.

In 2002, Gregori and Sapena [7] initiated a class of mappings called fuzzy contractive
mappings and proved a fuzzy version of the Banach contraction theorem in the sense
of George and Veeramani. Thereafter, employing a control function satisfying suitable
Publisher’s Note: MDPlstays neutral  properties, Mihet [8] and Wardowski [9] generalized the class of fuzzy contractive mappings
with regard to jurisdictional claims in by jntroducing the concepts of the fuzzy -contractive mapping and fuzzy H-contractive
published maps and institutional affil-  mappings, respectively. For such kind of work, we refer the reader to [10-25]. Very recently,
fations. Shukla et al. gave the concept of fuzzy Z-contractive mappings (see Definition 4, given

later), which unifies all the classes of mappings mentioned earlier.
On the other hand, the concept of the o-admissible mappings was introduced by
Samet et al. (see [26], Definition 2.2) in metric spaces. In [27], Gopal and Vetro extended
this notion to the setting of fuzzy metric spaces (see Definition 8, given later). Employing
this notion, they introduced the concept of o-y-fuzzy contractive mappings and proved
a theorem that ensures the existence of a fixed point for this types of mappings. Their
presented theorem extends, generalizes, and improves the corresponding results given in
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in [7-9,28,29], besides extending a result due to Gopal and Vetro [27]. Our newly introduced
notion is utilized to prove some results in M-complete fuzzy metric spaces. Finally,
some examples are adopted to demonstrate that our newly presented results are a proper
extension of Shukla et al.’s results [28].

2. Mathematical Preliminaries

In this section, we present some introductory material from the theory of fuzzy metric
spaces needed to prove our results.

Definition 1 ([30]). Let * : [0,1] x [0,1] — [0, 1] be a binary operation. We say that * is a
continuous t-norm if the following assumptions are fulfilled:

(N1) * is associative and commutative;

(N2) * is continuous;

(N3) 1 x 1y < r3%xry whenever ry < rzand ry < ry;

(N4)ry x1 =ry;

forall r1,15,13,74 € [0,1].

Three primary continuous t-norms examples are: 1y *q 1y = 11 -1, 11 %2 rp = min{ry, 12},
and rq %3 r; = max{r; + r, — 1,0}, which are known as the product, minimum, and
Lukasiewicz t-norms, respectively.

By modifying the concept of fuzzy metric space introduced in [4], George and Veera-
mani attempted the following definition:

Definition 2 ([6]). Let K be a non-empty set and M : K? x (0,00) — [0,1] be a fuzzy set.
The ordered triple (KC, M, x) is called a fuzzy metric space (FMS), where * is a continuous t-norm
if the following assumptions are fulfilled (for all , B,y € K and t,s > 0):

(G1) M(a, B, t) > 0;

(G2) M(w,B,t) =1ifand only if « = B;

(G3) M(a, B,t) = M(B, a,t);

(G4) M(a,,t) * M(7,B,5) < M(a, Bt +5);
(G5) M(a,B,-) : (0,00) — (0,1] is continuous.

Let (IC, M, x) be a fuzzy metric space. For t > 0, the open ball B(x, r, t) with center
x € K and radius r € (0,1) is defined by

B(x,r,t)={ye L: M(x,y,t)>1—r}

A subset A C K is called open if for each x € A, there existt > 0and r € (0,1) such
that B(x,r,t) C A. The family of all open subsets of K is a topology on I, called the
topology induced by the fuzzy metric M.

Definition 3 ([5,6]). A sequence {ay} in an FMS, (K, M, ) is called:

(a)  Convergent and converges to a € K, if limy—sco M (aty, &, t) = 1, for each t > 0;

(b)  M-Cauchy, if for each € € (0,1) and t > 0, there is ng € N such that M (ay, &y, t) >1—¢,
for each m,n > ny;

(c)  G-Cauchy, if lim, seo M(an, &nyp,t) =1, foreach t > 0and p € N.

Lemma 1 ([5,6]). Let (IC, M, *) be a fuzzy metric space:

(1) M is continuous on K> x (0, 00);

(2) M(a,B,-) is a non-decreasing function on (0, 00), for each w, p € IK;
(3)  The limit of a convergent sequence in (K, M, x) is unique.

A fuzzy metric space (K, M, %) is called an M-complete (G-complete) FMS, if every
M-Cauchy (G-Cauchy) sequence of K converges in K.
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Let Z be the setof all ¢ : (0,1] x (0,1] — R, which satisfy the condition:
é(l,s) >s,V1,s€(0,1).
Example 1 ([28]). Consider the functions &; : (0,1] x (0,1] — R, i = 1,2, 3 which are defined by:
L alls)=¥§
2. &(ls)=+1L

I, ifl>s,

3. (:3 l,S = ;
(s {ﬁ 21,
foralll,s € (0,1]. Then, &; € Z,i=1,2,3.

Remark 1 ([28]). From the definition of &, it is obvious that E(t,t) > t, forall t € (0,1).

Employing the function ¢ that satisfies the above condition, Shukla et al. unified
and extended the contractive-type mappings introduced in [7-9,29] by introducing the
following interesting class of mappings:

Definition 4 ([28]). Let T be a self-mapping of an FMS (K, M, x). The mapping T is said to be
fuzzy Z-contractive if there is { € Z such that

M(Twa, TB, t) > E(M(Ta, TB, t), M(a, B, 1)),
foreach o, B € K with Ta # TBand t > 0.

Let KC be a nonempty set, xo € K and T : K — K. A sequence {x,} C K is called a
Picard sequence of T based at x if

Xy =Tx,_1=T"xy, VneN.

Definition 5 ([28]). Let T be a self-mapping of an FMS (IC, M, %) and § € Z. Assume that {ay }
is any Picard sequence for all n € N. The quadruple (K, M, T, &) is said to have the property (S) if
foreachn € Nand t > 0 with

r}lr;an(“n/ Xm, t) S nilI;an(aikkllam#»l/ t)
implies I}grf}onlgfn E(M(aps1, e, t), M(an, am, t)) = 1.
Definition 6 ([28]). Let T be a self-mapping of an FMS (KC, M, %) and ¢ € Z. Assume that {ay}

is any Picard sequence for all n € N. The quadruple (}C, M, T, {) is said to have the property (S')
if foreachn € Nand t > 0 with 0 < limy,—sco infyysp M(ay, a0, t) < 1 and

niql’;an(anl Kim, t) < ni};an(“l’hFl/ “erl/t)

implies Tim_inf &(M (@41, G2, 8), M@, 1)) = 1.

Notice that the condition (S’) is weaker than the condition (S) (see [28], Example 3.18).
Shukla et al. [28] proved the following theorem as a consequence of their study.

Theorem 1. Let (KC, M, x) be an M-complete FMS and T : K — K be a fuzzy Z-contractive
mapping with respect to ¢ € Z. If the quadruple (K, M, T, ) has the property (S), then T admits
a unique fixed point.

Let ¥ denote the set of all ¢ : (0,1] — (0, 1], which have the following properties:
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(¥1) ¥ is a left continuous and non-decreasing function;
(¥2) ¢(r) > r, forallr € (0,1).

Lemma 2 ([31]). Ifp € ¥, then (1) = 1.

Inspired by the work of Samet et al. [26], Gopal and Vetro [27] employed a func-
tion o : K x K x (0,00) — (0,00) instead of ¢ : K x K — [0,00) and introduced the
following definition:

Definition 7 ([27]). Let T be a self-mapping of an FMS (KC, M, x). We say that T is a o-y-fuzzy
contractive mapping if there exist two functions o : K x IC x (0,00) — (0,00) and ¢ € ¥
such that

M(a,B,t) >0 = o(a,B,t)M(Ta, TB,t) > p(M(a, B, t)),

foralla, € K, t > 0witha # B.

Definition 8 ([27]). Let T be a self-mapping of an FMS and ¢ : K x K x (0,00) — (0, 00).
A mapping T is said to be o-admissible if

Va, e, t>0, [o(a,B,t)<1 = o(Ta, TB,t) <1]. (1)

For examples of the r-admissible mapping of fuzzy metric spaces, we refer the reader
to [27,32]. Now, we add another two examples of c-admissible mappings.

Example 2. Consider a mapping T : K — K, where K = [0,00) and 0 : K x K x (0,00) —
(0, o0) defined by
Boa> B,

Ta =+, Ya €K and o(a, B, t) = ¢
2 a<p.

Then, T is a o-admissible mapping.

Example 3. Assume that T : K — K, where K = [0,00) and ¢ : K x K x (0,00) — (0, 0)
defined by

-l

a>p,
Ta =lna, Yae K and o(a,B,t) =

N

otherwise.
Then, T is a o-admissible mapping.
Based on the above two definitions, the authors in [27] proved the following theorem:

Theorem 2 ([27]). Let (IC, M, %) be an M-complete FMS and ¢ : K x K x (0,00) — [0, 0).

Assume that T : K — K is a o-p-fuzzy contractive mapping satisfying the following assumptions:

(i) T is o-admissible;

(ii) There exists ag € K with o(ag, Tag, t) < 1, for each t > 0;

(iii) For each sequence {a, } of KC with the property that o(ay, ay1,t) < 1, for each t > 0, there
exists ko € N such that o(ay, am,t) <1, for each m,n € Nwithm > n > ko, t > 0;

(iv) If {an} is a sequence in I such that limy, e 0ty = & € K and o(ay, ay11,t) <1, for each
n € Nandt >0, then c(ay, a,t) < 1.

Then, T admits a fixed point.
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3. Main Results

Throughout this article, (IC, M, %) is a fuzzy metric space in the George and Veeramani
sense. First of all, we start by introducing the notion of fuzzy (o, Z)-contractive mappings,
which include many existing and familiar concepts as special cases.

Definition 9. Let T be a self-mapping of an FMS (IC, M, x). We say that T is a fuzzy (o, Z)-
contractive with respect to § € Z if thereis o : IC x K x (0,00) — (0, c0) such that

o(a, B, t)M(Ta, T, t) > (M (T, TB, t), M(a, B, 1)), ()
foralla, B € K, t > 0with Ta # TP.

Remark 2. By adopting the functions ¢ and o suitably in Definition 9, we deduce some well-known
contractions as demonstrated below (for all «, p € K and t > 0):

(a) Ifo(a,B,t)=1,foreachwn,p € Kandt > 0, then Definition 9 reduces to Definition 4.
(b)  Taking &(1,s) = ¢(s), foreachl,s € (0,1] and ¢ € ¥ in Definition 9, we deduce Definition 7.

It is worth mentioning here that every fuzzy Z-contractive is a fuzzy (o, Z)-contractive
mapping, but the reverse is not in general true, as demonstrated by the following example:

Example 4. Let K = [0,1] and d(x,y) = |x —y|, forall x,y € K. Let M be a fuzzy set on

K2 x (0,00) given by M(x,y,t) = m, t > 0. Define a mapping T : K — K by

T(x)=1—x, forallx € K.

T is not a fuzzy Z-contractive mapping. On the contrary, we assume that T is a fuzzy
Z-contractive with respect to some & € Z. Take x,y € K such that Tx # Ty. Since M(x,y,t) =
M(Tx, Ty, t) = m € (0,1), using Remark 1, we have

t

m = M(x,y,t) = M(Tx, Ty, t) > E(M(Tx, Ty, t), M(x,y,t))

> MEID = ey

forall t > 0, which is a contradiction. Hence, T is not a fuzzy Z-contractive mapping. To
show that T is a fuzzy (o, Z)-contractive mapping, we need to define two essential functions:
¢:(0,1] x (0,1] > Rand o : K x K x (0,00) — (0,00) by

(ls)=s+1 and o(x,y,t) =2.

It is clear that ¢ € Z. Then, forall x,y € K,t > 0, we have

2t
= = Tx, T
P o(x,y,t)M(Tx, Ty,t)
> E(M(Tx, Ty, t), M(x,y,t))
2t
iM(x,y,t)_’_M(Tx,Ty,t)—m,

which shows that T is a fuzzy (o, Z)-contractive mapping.
Now, we are able to formulate our first main result as follows:

Theorem 3. Let (K, M, x) be an M-complete FMS and ¢ : I x K x (0,00) — (0, 00). Assume
that T : KK — K is a fuzzy (o, Z)-contractive mapping and the following properties hold:

(a) T is o-admissible;
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(b) The quadruple (K, M, T, &) owns the property (S);
(c) There exists ag € K with o(ag, Tag, t) < 1, for each t > 0;
) For each sequence {ay, } of KC with the property that o(ay, ay41,t) <1, for each t > 0, there
exists ko € N such that o(ay, am,t) <1, for each m,n € Nwithm > n > ko, t > 0;
(e) T is continuous.

Then, T admits a fixed point.

Proof. Pick out an arbitrary point ag in K such that o («g, Tap, t) < 1, for each t > 0, and
consider a Picard sequence {a, } in K, that is,

ayy1 = Tay, forall n € Ny.

In case a;, = ay,1, for some ng € Np, then the fixed point of the mapping T is nothing
but a,,. Assume that a1 # ay, for each n € Ny. As T is o-admissible, we have:

o(ag,a1,t) = o(ag, Tag, t) <1 = o(ag,a,t) = 0(Tag, Tay, t) < 1.

The induction on #, gives rise to:

o(an, any1,t) <1, foreachn € Ngand ¢ > 0. 3)
Moreover, if for some m > n, a, = &, then the contractive condition (2) and
Equation (3) imply that:

M(lxn+1,ﬂén+2, t) > U(lx”’ Xn+t1s t)M<a7’l+1/aVl+2/ t)
> C(M(apq1, an2,t), M(an, an41,1))
> M(D‘n/“n-i-l/ t)}

hence,
M (“7’1+1/ Xp+2, t) > M (ai’l/ Ky+1, t)

Continuing in this way, one can show that
M (D‘MI Xm4-1, t) > M (‘xmfl/ &m, t) > > M (lxn+l/ Xn42, t) > M (‘X}’l/ Xni1, t)

Since a, = ay, for some m > n, we have ay, 41 = a,,41. This together with the above
relation leads to a contradiction. Therefore, &, # ay, for each m > n.In view of the condition
(d), there exists kg € N such that o(a,, ay, t) <1, Vm,n € Nwith

m>n>kygandt > 0.

Applying the contractive condition (2) and making use of the above inequality,
we obtain

M(ayi1, @my1,t) > 0(n, am, ) M(Tay, Ty, t)
> §(M(Tan, Tam, t), M(an, am, t))
> ./\/l(zxn,ocm,t), @)

and hence,
Vm >n, M(ayi1,&pi1,t) > My, am, t).

In the above inequality, taking the infimum over m (> n) and letting a, (t) = infy,~,
M (ay, ap, t) we obtain that a,(t) < a,41(t), for each t > 0, and hence, {a,(f)} is a
nondecreasing and bounded. Therefore, there exists a(t) such that limy, e a,(t) = a(t).
Our claim is to justify that a(t) = 1, for each t > 0. On the contrary, we assume that



Algorithms 2022, 15, 141

7 of 14

a(s) > 1, for some s > 0. From the fact that the quadruple (K, M, T, {) owns the property
(S), we obtain
lim inf &(M(an, am,s), M(ayi1, &m41,8)) = 1. )

n—oo m>n
Equation (4) gives rise to
tn11(s) = inf M(api,0m11,8) > inf G(M(Tan, Tatm, ), M(an, i, s))

> inf M(ay, ay,s) = ay(s).

m>n

Taking n — oo in the above relation and using Equation (5), we obtain

lim inf M(ay, am,s) =a(s) =1,

n—oom>n

which is a contradiction to the assumption (a(s) > 1 for some s > 0). This contradiction
concludes that, for each t > 0, 1113 M (ap, am, t) =1, thatis, {a, } is a Cauchy sequence.
,1M—>00

Due to the M-completeness of the fuzzy metric space (IC, M, x), there is v € K such that

lim M(ay,v,t) =1,

n—o0

for all t > 0. The continuity of the mapping T implies that limy, oo M (Tay,, T7,t) = 1, for
each t > 0, and hence,

lim M(ayq1, Ty, t) = }}grgoM(Twn, Ty, t) =1,

n—oo
for all t > 0. Therefore, Ty = 7, due to the uniqueness of the limit. [

In order to support the above-obtained result, we provide an example. Precisely, we
show that Theorem 3 can be used to cover this example while Theorem 1 is not applicable.

Example 5. Consider K = {Al = (0,0),A2 = (1,0),A3 = (1,2),A4 = (0,1),A5 =
(1,3)} C R2. Define the fuzzy metric M as

—2d(a,B)
M(a,B,t)y=e"t ,VaBek,t>0,

where d(a, B) is the Euclidean metric on R2. It is obvious that (K, M, %) is an M-complete FMS
with respect to the product t-norm. Let T : KK — K be defined by

Al/ ifa S {A11A3/ A4/ AS}/
T(a) =
A5, lfDC = Az.

Furthermore, define o : IC x IC x (0,00) — (0,00) by

e%(Z\/ﬁ—?))/ l:le = A2 & ﬁ S {A]/A3/ A4/ AS}
o(a,B,t) = ora=p=A;

1 otherwise,
and & : (0,1] x (0,1] - Rby

&(l,s) = ;,for alll,s € (0,1].
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Forall w, B € K, we have

eT(\/E), l:f(x = Az & ‘B S {A];A31A4/ AS}
M(Ta, TB, t) = ora € {A1,A3, A, As} & B= Ay

1 otherwise.

Let o, B € K suchthat o(a, B, t) < 1. Then, a, p € {A1, Az, Ay, As}, and by the definition of
T, we conclude that Ta = TP € {A1, A3, As, As}; hence, 0(Twa, TB) = 1. Therefore, the mapping
T is o-admissible. Furthermore, Ay € K and 0(Ay, TAy, t) = a(Ag, A1, t) =1, foreach t > 0.
Further, let {a, } C K such that o(ay, ay41,t) < 1with kg = 1, for each n € N. It follows that
ay € {A1, A3, Ag, As}, foreach n € N, and hence, o(ay, &y, t) < 1 forall m,n € Nandt > 0.
Furthermore, it is obvious that the quadruple (IC, M, T, &) has the property (S).

Finally, to show that T is a fuzzy (o, Z)-contractive mapping, we only need to consider the

case o = Ay and B € {Ay, As, Ay, As}. In this case, o(a, B, t) = eF 2101, and hence,
%(\/7 3) _ et(Zr 3). e%z(ﬁ 0'(0( ,B t) (TD(, T‘B, t)
> E(M(Ta, TS, t), M(a, B, 1))
6
(0(/ ,B/ t) er — e%(\/ﬁ_g),

T M(Ta, TR t) o 2(V10)

which shows that T is a fuzzy (o, Z)-contractive mapping. Therefore, all the hypotheses of
Theorem 3 ave satisfied. This ensures that the mapping T admits a fixed point (namely x = Aj).
However, T is not a fuzzy Z-contractive mapping. On the contrary, we assume T is fuzzy

Z-contractive with respect to to some & € Z. Take x = Ay and p = Ay. As M(a, B, t) = eiZtﬁ €
2V/10

(0,1) and M(Twa, TB,t) = et € (0,1), from the contractive condition and the definition of ¢,
we have
,2\/ﬁ
et = M(Ta,TB,t) > E(M(Ta, T, t), M(a, B, 1))

zf

> M(a, B, t) =
forall t > 0, which is a contradiction. Hence, T is not a fuzzy Z-contractive mapping.

One of the advantages of r-admissible mappings is that the continuity of the mapping
is no longer required for the existence of a fixed point provided that the space under
consideration satisfies a suitable condition (namely (¢’) given in the next theorem). Precisely,
we state and prove the following theorem:

Theorem 4. Let (KC, M, x) be an M-complete FMS and o : IC x IC x (0,00) — [0, c0). Assume

that T : K — K is a fuzzy (o, Z)-contractive mapping satisfy the following assumptions:

(a) T is o-admissible;

(b)  The quadruple (K, M, T, &) owns the property (S);

(¢c) There exists ag € K with o(ag, Tag, t) < 1, for each t > 0;

(d) For each sequence {a, } of KC with the property that o(ay, ay41,t) <1, for each t > 0, there
exists ko € N such that o (ay, am,t) <1, for each m,n € Nwithm > n > ko, t > 0;

(e') If{an} is a sequence in K such that limy_,co 0y = & € K and o (an, 0y 41,t) < 1, for each
n€Nandt >0, then c(ay, a,t) < 1.

Then, T admits a fixed point.

Proof. The frame of the proof is the same as that in the previous theorem (Theorem 3).
Therefore, for a Cauchy sequence {a, } in a complete EMS (K, M, %), there exists y € K
such that
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lim (a,,77,t) =1, Vit > 0. (6)

n—o0

Furthermore, we have o(a,, a,11,t) < 1, for eachn € Nand ¢ > 0, and hence, as a
consequence of the condition (e’), we obtain

olay,v,t) <1, (7)

for eachn € Nand ¢t > 0. Now, we have to show that T admits a fixed point (say 7). On the
contrary, assume that Ty # v, for all n € N. Without loss of generality, one can assume
that o, # v and &y, # T+y. Then, there is s > 0 such that

M(ay,v,8) <1, M(ay, Ty,s) <1 and M(Ta,, Ty,s) <1, Vn €N. (8)
Using (2), (7) and (8), we obtain

M(ayi1,Ty,s) > o(an,v,8)M(Tay, Ty, s)
Z C(M(T“nr Tr}//s)rM(“n/ ,Yrs))
> M(an,7,s). )

Taking n — oo and making use of (6), we obtain M (-, T7,s) > 1, a contradiction.
Therefore, for all t > 0, M (1, T7y,t) = 1, that is 7 is the fixed pointof T. [

Next, we support Theorem 4 by an example in which the mapping T is not continuous.
Moreover, we show the applicability of Theorem 4 over Theorems 1 and 3.

Example 6. Let K = [0, c0), the set of all nonnegative real numbers, * be a minimum t-norm,
—lx=yl

and M be a fuzzy set on K? x (0, 00) given by M(x,y,t) = e~ 7, forall x,y € K and all
t > 0. Then, (K, M, *) is an M-complete fuzzy metric space. Consider the mapping T : K — K

defined by
{ £, ifx €0,1],
T(x) =

x+1, ifx e (1,00).

It is obvious that T is not continuous at x = 1, and hence, Theorem 3 cannot be applied to
this example. Define two essential functions ¢ : (0,1] x (0,1] = Rand o : K x K x (0,00) —
(0, 00) by

1, x,y €[0,1],
13 -y-1|
l/ lfl >s, € ! 4 X € [O/” &]/ € (1100)/
é(ls) = and  o(x,y,t) = , )
j |5 —x—1]
vs szl et T,  yel01]&xe (1,0),
e\x?y\’ X,y € (1,00),

Let x,y € K such that o(x,y,t) < 1. Then, either x,y € [0,1] or x = y € (1, 00). In case
x,y € [0,1], by the definition of T, we have Tx, Ty € [0,1], and hence, c(Tx, Ty) = 1. In the
other case, if x = y € (1,00), then again, by the definition of T, we have Tx = Ty € (1,00),
and hence, 0(Tx, Ty) = 1. Therefore, T is a c-admissible mapping. Furthermore, 1 € K and
o(1,T1,t) =o(1, %,t) = 1. Further, let {a,} be a sequence in IC such that nh_r)rolo &, = x with
ko =1and o(an, ayi1,t) <1, forall n € N. From the definition of w, it follows that a,, € [0,1],
forall n € N, if we assume that x € (1, 00), then we assume

—lap—x
Moy, x,t) =e 1 | <1, forallt >0,
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which is a contradiction of the assumption that limy, o &y, = x. Thus, we have x € [0, 1]. Therefore,
a(an, x,t) < 1and a(ay, am,t) <1forallm,n e Nandt > 0.

Finally, we show that T is a fuzzy («, Z)-contractive mapping. To do so, for all x,y € x with
Tx # Ty, we consider the following four cases.
Casel: Ifx,y € [0,1], then (as a(x,y,t) = 1 and M(Tx, Ty, t) > M(x,y,t)), and we have

el =2 ,HM(Tx, Ty, t)
(Tx Ty, t), M(x,y,t))

a(x,y
(M
M(Tx, Ty, t) = o,

|\/ H

yl\

Case IL: If x € [0,1] and y € (1,00), then (as a(x,y,t) = e(
two subcases.
Subcase I If M(Tx, Ty, t) < M(x,y,t), then we have

)), and we distinguish

[5-y-1  —15-y-1
t

et =ua(xy t)M(Tx, Ty,t)
> S(M(Tx, Ty, t), M(x,y,1))

“13-v-1

= M(Tx,Ty,t) =e ¢

1=e¢

Subcase II: If M(Tx, Ty, t) > M(x,y,t), then we have

TTE e T 1 =a(x,y, t)M(Tx, Ty, t)
> {(M(Tx, Ty, t), M(x,y, t))

-15-y-1|

M(x,y,t)=e =

Case III: This case is similar to that in Case II. ]
Case IV: If x,y € (1,00), then (as a(x,y,t) = ) and M(Tx, Ty, t) = M(x,y,t)), and
we have

[x—yl —lx—yl

l=e7 et =ua(x,y,t)M(Tx, Ty, t)
> {(M(Tx, Ty, ), M(x,y,1))

lx—y|

M(Tx, Ty, t) = e~ =

Hence, in all cases, T is a fuzzy (x, Z)-contractive mapping. Therefore, all the hypotheses of
Theorem 4 are satisfied. Hence, T has a fixed point (namely x = 0).

However, T is not a fuzzy Z-contractive mapping. To see this, we consider the case that
x,y € (1,00) and take into account Remark 1; we have M(Tx, Ty, t) = M(x,y,t), and hence,

—[x—y

et =uwa(xy t)M(Tx, Ty,t)
> {(M(Tx, Ty, ), M(x,y,1))

—lx—yl

> M(x,y,t) =e T

which impossible; hence, T is not a fuzzy Z-contractive mapping.

Now, by an example (see also [28], Example 3.10), we show that the assumption (b) of
Theorems 3 and 4 is not superfluous.

Example 7. Let K = N, and define the fuzzy metric M by

M(x,y,t) = min{; %}for all x,y € IC,t > 0.
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Then, (IC, M, x) is an M-complete fuzzy metric space where * is the product t-norm. Define a
mapping T : K — K by Tx = x + 1 for all x € IC. Then, T is a fuzzy (o, Z)-contractive mapping
with respect to the functions & : (0,1] x (0,1] = Rand o : K x K x (0,00) — (0,00) by

cuo={ T TV d sy =1
,8) = an o(x,y,t)=1.
1 ifs>1, Y

From the definition of o, it is very clear that the conditions (a), (c),(d), (e), and (¢’) of
Theorems 3 and 4 are satisfied. Moreover, trivial calculations show that the condition (b) does not
hold, that is the quadruple (KC, M, T, &) does not have the property (S). Notice that T does not have
a fixed point.

Next, the following example shows that the assumption (c) of Theorems 3 and 4 is
not superfluous.
Example 8. Let K = [1,00) and the fuzzy metric be defined by M(x,y,t) = W’ t >0,
where d(x,y) = |x —y|, forall x,y € K. Then, (K, M, ) is an M-complete fuzzy metric space,
where * is a product t-norm. Define a mapping T : K — K by

T(x)=x+1, forallx € K.
Furthermore, we define two essential functions: ¢ : (0,1] x (0,1] — Rand o : K x K x
(0,00) — (0, 00) by
é(l,s) = ? and o(x,y,t) =1+
Then, for all x,y € K such that Tx # Ty and t > 0, we have

|x —y
s

1=0(x,y,t)M(Tx, Ty, t)
> ¢(M(Tx, Ty, t), M(x,y,1))
M(Tx, Ty, t)

= My

which shows that T is fuzzy (o, Z)-contractive. Moreover, it is easy to show that the conditions
(a),(b),(d), (e), and (e") of Theorems 3 and 4 hold. Now, note that there is no xo in KC such that
o(xo, Txo, t) <1 fort > 0. Thus, the condition (c) of Theorems 3 and 4 does not hold. Observe
that the mapping T does not have a fixed point.

The following theorem enables us to extend the fixed point result for the family of
o-ip-fuzzy contractive mappings due to Gopal and Vetro [27] with an additional condition.

Theorem 5. Let (K, M, x) be an M-complete FMS and o : IC x K x (0,00) — (0, 00). Assume

that T : K — K is a fuzzy (o, Z)-contractive mapping and the following properties hold:

(a) T is o-admissible;

(V') The quadruple (IC, M, T, &) owns the property (S');

(¢c) There exists ag € K with o(ag, Tao, t) < 1, for each t > 0;

(d) For each sequence {a, } of KC with the property that o(ay, &y 41,t) < 1, for each t > 0, there
exists ko € N such that o (ay, am,t) <1, for each m,n € Nwithm > n > ko, t > 0;

(e') If{an} is a sequence in K such that limy_,co 0y = & € K and o (an, 0y 41,t) < 1, for each
n € Nandt >0, then c(ay, a,t) < 1.

In addition, assume that lim inf M(T"a, T"a,t) > 0, forall x € K and t > 0. Then, T

n—oo m>n
admits a fixed point.

Proof. Following the same lines of the proof of Theorem 4 and taking into account that
the quadruple (K, M, T, &) owns the property (S') instead of the property (S) with the
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fact that limy,_,eo infy,;~, M(T"a, T"a,t) > 0, for all x € K and t > 0, we obtain the
required result. [

Next, we discuss the uniqueness of the fixed point in Theorems 3-5. In order to ensure
the uniqueness of the fixed point, we add one more sufficient condition to the hypothesis
of the theorems. Precisely, we take into account the following condition:

(h) Foreacha,p € Fix(T), wehave o(a,pB,t) <1,forallt > 0.

Theorem 6. In addition to the hypothesis of Theorems 35, assume that the condition (h) holds.
Then, the fixed point of T is unique.

Proof. Theorems 3-5 ensure the existence of a fixed point of T. Assume that 7, and -y, are
two distinct fixed points, thatis, Ty = y1 # 2 = T72. Then, there exists s > 0 such that
M(v1,72,5) < 1. As T is a fuzzy (o, Z)-contractive mapping, in view of the definition of ¢
and condition (h), we have

M(7v1,72,8) = o(71, 72,8 ) M (711, 72,5) = S(M(71,72,5), M(71,72,5)) > M(71,72,5),

a contradiction. Therefore, M(yq,72,t) =1, forall t > 0, thatis y; = 2. O

Remark 3. Observe that the mappings defined in Examples 5 and 6 satisfy the condition (h),
and hence, according to Theorem 6, T admits a unique fixed point.

Corollary 1 ([28]). Let (KC, M, %) be an M-complete FMS and T : K — K. Assume that T is
a fuzzy Z-contractive mapping and the quadruple (KC, M, T, ) owns the property (S). Then, T
possesses a unique fixed point.

Proof. The existence of the fixed point follows from Remark 2, Part (a), and Theorem 4,
and the uniqueness of the fixed point follows from Theorem 6. [J

Corollary 2 ([28]). Let (IC, M, *) be an M-complete FMS and T : KK — K. Assume that T is a
fuzzy Z-contractive mapping and the quadruple (K, M, T, &) owns the property (S). In addition,
assume that limy, _seo infyysp M(an, apm, t) > 0, for all x € K and t > 0. Then, T possesses a
unique fixed point.

Proof. The existence of the fixed point follows from Remark 2, Part (a), and Theorem 5,
and the uniqueness of the fixed point follows from Theorem 6. [

Corollary 3. Let (K, M, %) be an M-complete FMS and o : IC x IC x (0, 00) — [0, 00). Assume

that T : KK — K is a o-y-fuzzy contractive mapping satisfying the following assumptions:

(i) T is o-admissible;

(ii) There exists ay € K with o(ag, Tao, t) < 1, for each t > 0;

(iii) For each sequence {ay, } of KC with the property that o (&, 0y41,t) < 1, for each t > 0, there
exists ko € N such that o (ay, am,t) <1, foreach m,n € Nwithm > n > ko, t > 0;

(iv) If {an} is a sequence in IC such that limy, e 0ty = & € K and o(ay, ay41,t) < 1, for each
n € Nandt >0, then c(ay,a,t) < 1.

In addition, assume that imy,_,co infyy >y M (ay, am,t) > 0, forall x € IC and t > 0. Then,
T admits a fixed point.

Proof. In view of Theorem 5 and Remark 2 part (b), we need only to show that the quadruple
(K, M, T,¢) owns the property (S"), where &(I,s) = ¢(s), foreach I,s € (0,1] and ¢ € ¥.
Assume that {a, } is any Picard sequence for all n € N such that for eachn € Nand t > 0,
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S

infy sy M(ay, an,t) < infysy M(agq1,0,101,t) with 0 < limy e infyysy M (ay, ay, t) =
«(t). Then, by the definition of i, we have

lim inf §(M(ayp1, i1, t), M(an, am, t)) = P(a(t)).

n—oom>n

Since T is a o-admissible mapping, one easily can show that o (&, a,41,t) < 1, for
each n € Ny and t > 0. Applying Condition (iii), there exists kg € N such that for each
m,n € Nwithm > n > kg, t > 0, we have

ooy, am, t) <1

The o-i-fuzzy contractivity of the mapping T gives rise to

n—oom>n

P(a(t)) < Um inf o(ay, ap, )M (Tay, Tay, t)
< lim inf M(Tay, Taw, t) = a(t),

n—oom>n

thatis, ¢(a) < a(t) which implies that a(t) = 1,V t > 0, and hence, we have

lim inf &(M(ani1,ani1,t), M(an, am t)) = p(a(t)) = p(1) = 1.

n—o00 m>n

This completes the proof. [

4. Conclusions

Motivated by the results of Shukla et al. [28] and Gopal et al. [27], we introduced
the notion of fuzzy (o, Z)-contractive mappings, which enlarge and unify the class of
fuzzy Z-contractive mappings introduced in [28] and the family of o-i-fuzzy contractive
mappings obtained in [27]. The new class of mappings covers all the concepts introduced
in [7-9,27-29]. Our newly introduced notion was utilized to prove some results in M-
complete fuzzy metric spaces. Finally, some examples were adopted to demonstrate that
our newly presented results are a proper extension of Shukla et al.’s results [28].
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