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Abstract
We study the asymptotic behavior, as y tends to infinity, of solutions for the homogeneous
Dirichlet problem associated with singular semilinear elliptic equations whose model is
—Au = & in 2,

uy
where €2 is an open, bounded subset of R and f is a bounded function. We deal with the
existence of a limit equation under two different assumptions on f: either strictly positive
on every compactly contained subset of 2 or only nonnegative. Through this study, we
deduce optimal existence results of positive solutions for the homogeneous Dirichlet problem
associated with

|Vo|? .
—Av+ —— = f in Q.
v
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926 R. Durastanti

1 Introduction

Inrecent years, existence, uniqueness and regularity of nonnegative solutions of the following
semilinear singular problem have been widely studied:

fo.
—Ay = — Q
u " in Q, (1.1
u=0 on 0L2.

Here, 2 is an open bounded subset of R, with N > 2, f is a nonnegative function belonging
to some Lebesgue space and y > 0.

Existence and uniqueness of a classical solution u € C 2(Q) N C(Q) of (1.1) are proved
in [19,39], when f is a positive Holder continuous function in Q and € is a smooth domain.
In the same framework, Lazer and McKenna in [29] prove that u € Wol’2(§2) if and only if
y < 3 and that if y > 1, the solution does not belong to C'(2), while in [23], under the
weaker assumption that f is only nonnegative and bounded, Del Pino proves existence and
uniqueness of a positive distributional solution belonging to C!(£2) N C($2). These results
are generalized by Lair and Shaker in [28].

Existence of a positive distributional solution with data merely in L!(2) is proved by
Boccardo and Orsina in [8]. The authors show that this solution, if y < 1, belongs to an
homogeneous Sobolev space larger than WOI’Z(Q), if y = 1, it belongs to WOI’Z(Q) and,

finally, if y > 1, it belongs to Wlla’f(Q) (see Theorem 3.1). In the last case, the boundary

condition is assumed in a weaker sense, i.e., MVTH € WOI’Z(Q).

Existence and regularity of solutions of (1.1) with data in suitable Lebesgue space or with
measure data are also studied in [11,12,17,18,26,35], while, in case of a nonlinear principal
part, we refer to [10,22,33]. We underline also the study of qualitative properties of solutions
of (1.1) contained in [13,24].

As concerns uniqueness of solutions of (1.1), the literature is more limited. If a solution
belongs to Wol’z(Q), uniqueness is proved in [7], while in [40] a necessary and sufficient
condition in order to have WOI’Z(Q) solutions is shown. Moreover, we can find uniqueness
results of solutions out of finite energy space in [14,25,34].

We observe that if we perform in (1.1) the change in variable

uV+!
V= ——,
y+1
we formally transform (1.1) into the quasilinear singular equation with singular and gradient

quadric lower-order term

y Vo .
_Av+ 2 - Q,
vty S/ (12)

v=20 on 082.

Equation (1.2) is a particular case of the quasilinear singular equation

R ALl
—Av+B—Tm = inQ, (1.3)

v=20 on 092,

where B and p are positive real numbers.
One usually says that the quadratic growth in Vv of (1.3) is natural as this growth is
invariant under the simple change of variable w = F(v), where F is a smooth function. In
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Asymptotic behavior and existence of solutions for... 927

this case, Eq. (1.3) is also singular since the lower-order term is singular where the solution
is zero.

Problem (1.3) has been recently studied by several authors. Existence of classical solutions
is studied by Porru and Vitolo in [36], while existence of a positive solution v € W&’Z(Q)
when f is bounded and strictly positive on every compactly contained subset of €2 and
0 < p < 1is contained in [2,4]. Moreover, if 0 < p < 1, Boccardo proves in [6] existence
of a positive weak solution under weaker assumptions on f, that is, f only nonnegative and

2+
belonging to L(T’) ().

As concerns the case p > 1, existence of positive weak solutions is proved in [6,32] for
B <lifp=1land f € L%(Q) is nonnegative in €2, while in [3] existence is proved
for every B > 0 and for every p < 2 if the datum f € L%(Q) is strictly positive on
every compactly contained subset of 2. Moreover, existence of positive solutions in the
same framework of [3], under a weaker assumption on f, thatis, f strictly positive on every
compactly contained subset of a neighborhood of 9€2, is proved in [16]. Nonexistence results
for positive solutions in W(} ’2(52) of (1.3) are given, if p > 2, in [3,43].

The study of the uniqueness of weak solutions of (1.3) is more limited in the literature.
We refer to [5] where uniqueness is proved if 0 < p < 1 and to [15] for p > 1. We underline
also the multiplicity result of weak solutions contained in [42].

Without the aim to be exhaustive, we also refer the reader to [20,27] in which the existence
of solutions of (1.3) is studied also in the presence of sign-changing data, while we refer to
[9,21,41] for the study of (1.3) in the parabolic case.

Looking at the results for (1.3), the case B = 1 and p = 1 is a borderline case, requiring
a stronger assumption on the datum in order to prove existence of positive weak solutions.
In this paper, we give an answer to the question whether this stronger assumption is really
necessary or whether it is only technical.

From now onwards, we mean by f strictly positive a function f strictly positive on every
compactly contained subset of €2, that is, for every subset @ compactly contained in €2 there
exists a positive constant ¢, such that f > ¢, > 0 almost everywhere in w.

Since the case B = 1 and p = 1 can be seen as the limit case as y tends to infinity of Eq.
(1.2), and since this equation is connected to Eq. (1.1), one can try to study problem (1.3), in
the borderline case B = 1 and p = 1, by looking at the asymptotic behavior, as y tends to
infinity, of the solutions of (1.1) under the assumption that f is either nonnegative or strictly
positive.

In this paper, we prove, if f is strictly positive in €2, letting y tend to infinity, that there
is no limit equation to (1.1) and we find a positive solution to

o VP
TAvE =/ g, (1.4)

v
v=20 on 082,

recovering the existence result contained in [2—4].

If we assume f only nonnegative, more precisely zero in a neighborhood of 92, we prove
that there is a limit equation to (1.1) and we give a one-dimensional example providing that
the assumption f strictly positive cannot be relaxed in order to have a positive solution to
(1.4) as a limit of approximations.

Our results imply that the existence results contained in [2-4,16,32] are sharp.

The plan of the paper is the following: In Sect. 2, we give the definitions of solution to
our problems and we state the results that will be proved in the paper. In Sect. 3, we prove
a priori estimates for the solutions of (1.1) both from above and from below, that allow us
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928 R. Durastanti

to pass to the limit in (1.1) and (1.2) as y tends to infinity. In Sect. 4, we pass to the limit in
(1.1) under the two different assumptions on f. In Sect. 5, we pass to the limit in (1.2), in
the case f strictly positive, obtaining the existence of positive solutions of (1.4). In Sect. 6,
we show, if f is only nonnegative, the one-dimensional example of nonexistence of positive
solutions to (1.4) obtained by approximation. To conclude, in Sect. 7 we present some open
problems.

Notations Let 2 be an open and bounded subset of RY, with N > 1. We denote by Q2 its
boundary, by |A| the Lebesgue measure of a Lebesgue measurable subset A of RV, and we
define diam(2) = supf{|x — y| : x,y € Q}.

By C.(£2), we mean the space of continuous functions with compact support in €2 and by
Co(£2) the space of continuous functions in €2 that are zero on d2. Analogously, if k > 1,
Cf (2) (resp. C(/;(Q)) is the space of C* functions with compact support in 2 (resp. ck
functions that are zero on 92).

If no otherwise specified, we will denote by C several constants whose value may change
from line to line. These values will only depend on the data (for instance C may depend on
2, N), but they will never depend on the indexes of the sequences we will introduce.

Moreover, for anqu > 1, ¢/ will be the Holder conjugate exponent of ¢, while for any

p

1 < p < N, p* = 5= will be the Sobolev conjugate exponent of p. We will also denote

by €(n) any quantity such that

limsupe(n) =0.
n—o0

We will use the following well-known functions defined for a fixed k > 0
Ty (s) = max(—k, min(s, k)) and Gi(s) = (|s| — k)T sign(s),

with s € R.
‘We also mention the definition of the Gamma function

+0o0
' (z) =/ e dt, (1.5)
0

1
where z is a complex number with positive real part, recalling that I"(1) = 1 and I" <§) =

VT
Finally, we define ¢, : R — R, with A > 0, the following function
Bi(s) = s’ (1.6)

2
In what follows we will use that for every a, b > 0 we have, if 1 > ok that
a

agi(s) —blgn(s) = =. (1.7)

YRS

2 Main assumptions and statement of the results

Let M (x) be a matrix which satisfies, for some positive constants 0 < « < B, for almost
every x € Q and for every £ € RV the following assumptions:

M)E-E>als?  and M) <B. 2.0
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Asymptotic behavior and existence of solutions for... 929

Let y > 0 be a real number. We consider the following semilinear elliptic problem with a
singular nonlinearity

—div(M (x)Vu) = uiy in €2,

u>0 in 2, (22)

u=20 on 0€2.

To deal with existence for solutions to problem (2.2), we give the following definition of
distributional solution contained in [8].

Definition 2.1 A function u in Wll(;cl (£2) such that

Y

ue Wyl (@ ify <1,
W e Wil ify > 1,

is a distributional solution of (2.2) if the following conditions are satisfied:

Vo CCQ Jcy,y 1 U > Ccyy > 0inw,

and
/M(x)Vu-V(p:/M, Voecl@).
Q Q u’

+1
We underline that, if y > 1, the condition u'T e WOI’1 (£2) gives meaning to the boundary

condition of (2.2).
We start studying the asymptotic behavior of the sequence {u,} of solutions to problem
(2.2), with y = n. Our results are the following:

Theorem 2.2 Let f be a nonnegative L*°(Q2) function. Suppose that there exists ® CC Q
such that f = 0 in Q\w, and such that for every @' CC w there exists ¢,y > 0 such that
f > cy ina. Let {u,} be a sequence of distributional solutions of

. EACO
—div(M (x)Vuy) = ar Q, (2.3)
U, =0 on 0L2.

Then, {uy} is bounded in L*°(2), so that it converges, up to subsequences, to a bounded
Sfunction u which is identically equal to 1 almost everywhere in w. Furthermore, the sequence
{f(x)/up} is bounded in LY(Q), and if i is the x-weak limit in the sense of measures of

f(x)/ul;, wis concentrated on dw, and u in WOI’Z(SZ) is the solution of

2.4
u=20 on 022. 24)

{—div(M(x)Vu) = inQ,
Theorem 2.3 Let f be a function belonging to L°°(2) such that for every w CC 2 there
exists ¢, > 0 such that f > c, in w. Let {w,} be an increasing sequence of compactly
contained subsets of Q2 such that their union is 2, and let u,, be the distributional solution of

—div(M (x)Vu,) = f(xuﬂ in Q,

n (2.5
u, =0 on 0Q2.
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930 R. Durastanti

Then, {uy} is bounded in L°°(2), so that it converges, up to subsequences, to a bounded
function u, which is identically equal to 1 almost everywhere in Q2. Moreover, the sequence
{f (X)X, /us} is unbounded in LY(Q), and there is no limit equation for u.

n+1
If M(x) = I, we have that {v,, = u:— 1 } is a sequence of distributional solutions to the
n
following problem
n |V, .
—Avn+n+1 o = f(x) inQ, 2.6)
v, =0 on 092.

To be complete, we give the definitions of distributional and weak solution for quasilinear
elliptic equations with singular and gradient quadratic lower-order term whose model is

|Vvl|? .
—Av+ B =f inQ,

v
v=20 on 092,

2.7)

where B > 0.

Definition 2.4 A function v in W(; 2 (£2) is a weak solution of (2.7) if the following conditions
are satisfied:

(i) v > 0 almost everywhere in €2,

L IV)? |
(1) belongs to L' (£2),
v
(iii) It holds

|Vv|? 1,2 00
Vu-Vg+ B o= fo. Yoe W HQNL¥®Q).
Q Q v Q

Definition 2.5 A function v in W(}’l (2) is a distributional solution of (2.7) if the following
conditions are satisfied:

(i) v > 0 almost everywhere in €2,

VP |
(i1) belongs to L' (£2),
v
(iii) It holds

Vul? |

Vv-Vo+ B o= fo, YoeC. ().
Q Q v Q

By passing to the limit in (2.6), we prove, in the case f strictly positive, the following

existence theorem of weak solution to problem (2.8).

Theorem 2.6 Let f be a L°°(2) function such that for every w CC 2 there exists ¢, > 0
T+1
] +1 } is bounded in Wol’z(Q) N L*(R), so that it

such that f > ¢, in w. Then, {vn =

converges, up to subsequences, to a bounded nonnegative function v which is a weak solution
of
[VuP?

—Av + f in <, (2.8)
v=0 on 092.
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Asymptotic behavior and existence of solutions for... 931

On the other hand, if f is zero in a neighborhood of €2, we show by a one-dimensional
explicit example that the function obtained as limit of our approximation is zero in a subset
of 2 with strictly positive measure. In other words, we will prove the following result.

Theorem 2.7 Let @ = (=2,2) and @ = (—1,1). Let u, in Wy>((=2,2)) be the weak
solution of

X(—11)

—ul(ny = 2CED iy (2,9,
u, (1) un in ( ) 2.9)
u,(£2) = 0.
n+1
Let v, = :_ 1 be a weak solution of
n
" n |U;1|2 .
- = X(- -2,2),
n T, T ALy in(=2.2) (2.10)
vy (£2) = 0,

then {v, } weakly converges to afunction v in W(} ’2((—2, 2)) and v, belonging to C§°((—1, 1)),
is a classical solution of

2
V']
—U//—i- AL

v(£l) = 0.

=1 in(=1,1), 2.11)

2 b4

Moreover; v(t) = — cos? (S) in (=1, 1) and v(t) = 0 in [~2. ~1] U [1,2]
T

Remark 2.8 1t follows from Theorem 2.7 that if f is only nonnegative we cannot obtain by

approximation a positive solution of (2.8). This implies that the assumption f strictly positive

is necessary (and not only technical) to have positive solutions on the whole 2 to problem

(2.8). Hence, the existence results contained in [2—-4,16,32] are optimal.

3 Estimates from above and from below
In [8], existence results for distributional solutions of (2.2) have been proved. To be more
precise, we have the following theorem in the case y > 1.

Theorem 3.1 Let y > 1, and let f be in L°°(S2), with f > 0in Q, f not identically zero.
Then, there exists a distributional solution u of (2.2), with u in WIL’CZ(Q) NL>® (). Moreover,
we can extend the class of test functions in the sense that

/ M(x)Vu -V = / f—f, Yo € WOI’Z(SZ) with compact support. (3.1)
Q Qu

Sketch of the Proof of Theorem 3.1 Following [8], let m in N and consider the approximated
problems

—div(M (x)Vity,) = % inQ,

(um + a))/ 32)
Uy >0 in Q, ’
Uy =0 on 0€2.
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932 R. Durastanti

The existence of a solution u,, can be easily proved by means of the Schauder fixed point

theorem. Since the sequence g, (s) = isincreasing in m, standard elliptic estimates

s+ 5)7

imply that the sequence {u,,} is increasing, so that u,, > u, and there exists the pointwise

limit u of u,,. Since (by the maximum principle) for every @ CC 2 there exists ¢, , > 0

such that uy > ¢, , in w, it then follows that u,, (and so u) has the same property.
Choosing ul, as test function in (3.2), we obtain, using (2.1), that

day / et y—1 f”iv/l
——— | |Vu,? | 5)// M(X)Vuy, - Vugu :/ —_— < f
y+D2Jg " Q " e Q (m + 1) Q

m

v+l

Therefore, {u,,” } is bounded in WOI’Z(Q). Choosing u,, ©? as test function in (3.2), with ¢
in C(]) (£2), we obtain, using again (2.1),
2
a [ VunP 42 [ MOV Tpung = [ L
Q Q Q (um+ ;)7

Hence, if o = {¢ # 0}, recalling that u,, > ¢, , > 0in w, we have, by Young’s inequality,

2 2 _ @ 2 2 2.2 ||f(pzuL"“(Q)
(o4 |Vum| - == |Vum| (2 +C |V§0| le+ v Um .
Q 2 Ja Q Co,y Q

v+l
2

Since u,, is bounded in L%($2) (recall that u, is bounded in W&’z(Q), so that uf,,'H is
bounded in L' (€2) by Poincaré inequality, and that y > 1), we thus have

[ |Vun|* 9* < C,
Q

so that the sequence {u,,} is bounded in WIL’CZ(Q). Let now k& > 1 and choose Gy (u,,) as test
function in (3.2). We obtain, using (2.1),

2 S Gr(um) 1
O5/Q|VGI<(Mm)| = o mfﬁ /S; fGi(um),

so that
a/ |VGk<um>|zs/ fGi(uy), Yk>1.
Q Q

Starting from this inequality, and reasoning as in Theorem 4.2 of [37], we can prove that u,,
is uniformly bounded in L°°(£2), so that u belongs to L>°(£2) as well.

Once we have the a priori estimates on u,,, we can pass to the limit in the approximate
equation with test functions ¢ in Wol‘z(Q) with compact support; indeed,

m——+400

lim /M(x)Vum-V(p:/M(x)Vu-Vgo,
Q Q

since u,, is weakly convergent to u in WIL'CZ(Q), and

i fe [ fe
im — = —,
m—+00 Jo (Mm + a))/ Q u’
by the Lebesgue theorem, since u,;, > c(y-0,, > 0 on the support of ¢. O
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Since the formulation of distributional solution for (2.2) is not suitable for our purposes, we
are going to better specify the class of test functions which are admissible for the problem
(2.2) to obtain estimates from above for u. We start with the following theorem.

Theorem 3.2 The solution u of (2.2) given by Theorem 3.1 is such that:

(G) u’t! belongs to WOI‘Z(Q);
(ii)

/M( )V(”Hl) Vv</fv Voe W@, v=0 (3.3)
X . = s s = U] .
Q y+1 Q 0

(iii)

1
peiey SIC@+DIS Lo 17T (3.4)

flae]]
for some constant C > 0, independent on y.

Proof We begin by observing that, using the boundedness in L°°($2) of the sequence u,, of

vl
solutions of (3.2), and the boundedness of u,,”> in Wol’z(Q), the sequence u}, is bounded in
W(} ’2(52) for every p > VTH In particular, {u,’;,H} is bounded in WOl ’Z(Q). This yields that
urt! belongs to WOI’Z(Q) as well; i.e., i) is proved.
We now fix a positive ¢ in Cé (2) and take u}, ¢ as test function in (3.2). We obtain

Vf M(x)vum'vumu});;l‘/)'i‘/ M(X)Vum'ku;}% f/ S
Q Q Q

Dropping the first term (which is positive), we obtain

uy+l
/QMuW(HI)sz/wa.

Letting m tend to infinity, and using the boundedness of uffl in W(} ’2(9), we obtain

Nas :
M(x)V Vo < , Yo e Cy(R2), 9> 0.
/Q()(Hl) w_fow 0 eCH@. g

Since u?*! belongs to WOI’Z(Q), we obtain by density

y+1
/M(x)v(” )~Vv§/fv, Yo e WiAQ), v =0,
Q y+1 Q

which is (3.3). We now choose

uy+1
=a(55).
y+1

as test function in (3.3) (recall that u > 0, so that v > 0 as well). We obtain, setting
Ay (k) =™ = (y + Dk} = {v >0},

y+1

y+1 y+1
/Ay(k) M(X)VCJF 1) 'VG"(;:JF 1) = /Ay(k) fG"(;lJr 1)'
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934 R. Durastanti

Recalling (2.1), we therefore have

u)/-‘rl 2 uy+l
«f JaG =], rel)
Ay (k) y+1 Ay (k) y+1

From this inequality, reasoning once again as in [37], we obtain that there exists C > 0 such
that

=Clrl

u?+l
HLDC(SZ) - L®(Q) ’

y+1
which then yields (3.4). ]

Remark 3.3 We observe that if we also assume that w = {f > 0} is compactly contained in

2 in Theorem 3.1, then u belongs to W&’z(Q) and iy belongs to L(€2). As a matter of fact,
u
taking u,, as test function in (3.2), we have

Al o
a/lwm|2§/ fum @)
Q Q

1 -1
(um + ﬁ)y Cz,y

so that u belongs to W&’Q(Q). Moreover, using the Lebesgue theorem and that u,,, > ¢y,

we deduce that iy strongly converges to iy in L'(Q). As a consequence, we can extend
Up u

the class of test functions for (3.1) to WOI’Z(Q).

Remark 3.4 Under the assumptions of Remark 3.3, thanks to the results contained in [7], it
follows that u is the unique weak solution of (2.2).

From now on, y = n, and we will denote by u,, the solution of (2.3); therefore, by the
results of Theorem 3.2, we have that ug“ belongs to WOI‘Z(Q) N L% (2) and that

1
litnll gy < €O+ DIFI o )7

which in particular implies that

Tim sup [, |
n—+00

P (3.5)

‘We now consider the estimates from below on the sequence {u,, }. We first need to enunciate

two technical lemmas that we will use during the proof of these estimates.

Lemma3.5 Let m(j,r) : [0, 400) x [0, Rg) — [0, +00) be a function such that m(-,r)
is nonincreasing and m(j, -) is nondecreasing. Moreover, suppose that there exist ky > 0,
C,v,8 > 0and p > 1 satisfying

m(k, R)*
(J—=k)V(R—r)

Then, for every 0 < o < 1, there exists d > 0 such that

m(j,r)<C Vji>k>ky, 0<r <R<Ry.

m(ko +d, (1 —0o)Rp) =0,

2 Cmko, Rp)* !

where d” = 5
05R0
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Proof See [38]. o

Lemma3.6 Let g : [0, +00) — [0, +00) be a continuous and increasing function, with
g(0) =0, such that

1
<
Vig()
Then, for any C > 0 and § > 0, there exists a function ¢ : [0, 1] — [0, 1] depending on

g, C, 8 with ¢ € C'([0,1]), /g € C'([0,1]), p(0) = ¢'(0) = 0, p(1) = 1, ¢(0) > O for
every o > 0 and satisfying

O . oo
t € (0,+00) > - is increasing and +00.

/ 2
1
P €00 —’g(gp0)+1, VYO0<o<1,1>0.
@(o) c

Proof See [30], Lemma 1.1. O

We are ready to prove the estimates from below.

Theorem 3.7 Let u,, be the solution of (2.3) given by Theorem 3.1, and let  CC 2 be such
that for every o' CC w there exists ¢,y > 0 satisfying f > ¢ in o'. Then, there exists
M,y > 0 such that

1 Mu}’
Up > (n+ DiFle” 1 ino'. (3.6)
Proof Let w” CC o' CC w, by the assumptions we have that

my = inf f(x) > 0. 3.7
xew'

Let n in Cé (R2) be such that

1 ino”,
nx) = e
0 in Q\w'.

We consider the function ¢ € C Lo, 11 given by Lemma 3.6, in correspondence of g(t) =
e’ — 1,8 = 1 and of an arbitrary constant C > 0. Define

E(x) = Vom(x)) € CH(Q),

un+l
-5,
n 8 n—+1

and, for k > 0,
Gr(zh)

Vp .
Un

Note that v, > 0 is well defined, since where zjl' > k one has u, # 0. We have

_ @' (n) v
2J0(n)

(3.8)

Since
(n+ 1)Vu,

Un

Vz, =
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936 R. Durastanti

we obtain
1 Vu (n+ 1)Vu
an = - ( +) + VZn XA (]() L ( +) - 72”)(/;"(1() )
ﬂ n ul’l

where A, (k) = {z7 > k} = {Gik(z}}) # 0}. Therefore, since u, belongs to WIL’Cz(Q) n
L°°(2) and it is locally positive, z, and v, belong to WlOC (£2). Consequently, the positive

function v, £2 belongs to WO1 ’Z(Q), has compact support and can be chosen as test function
in (3.1), with y = n, to obtain

G +y £2 1 2
_ M((x)Vu, - Vu, "(17';)5 _ Mx)Vuy, - Vuy, w
An(k) un An(k) 2 un
4 M) Va, - ve K@) E Gr(zh) & / fGr(zh)E
An () " Uy An(h) ult!
Since
n—+1 :
—_— = e s
ult!

the previous identity can be rewritten as
1
n+1Ja,wm

-2 M(x)Vzn - V& Gi(z, )é’—/ fez" Gi(z) €.
Ap (k) An (k)

M(x)Vz, - Vz, Gr(z)) €% — / M(x)Vz, - Vz, €2

Since the first term is negative, we have, using (2.1) and (3.7), as well as the fact that
Gr(st) < s, that

a/ |Vzn|252+mw// eGWrT’Gk(z,T)szszﬁf IVzu || VEIGr(z,) & .
Ay (k) Ay (k) Ay (k)

Using Young’s inequality in the right-hand side, we have

o
2 IVZHIIV?EIG/{(ZI)SSE/ IVzal? €2+ =— ﬂ IVEI® Gr(z,)?,
An(k) An (k) An(k)

so that we have

o

4 22
S weenre my [ OEGehe < [ veR Gu
An(k) An(k) @ JA, k)

Observing that
o o o
ZW(Gk(z;)snz < §|VGk<z:)|252 + EWSF Gr(z)?,

we obtain

o . 42 + o?
« fA o ITGEDOR e f et Gy e2< T

IVEI> Gr(z))?
4 An(h) 2a /An(lo "
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Using that £ = /¢(n) and (3.8), we deduce

o
- / V(G (EDE + may / e Gy () p(n)
Ay (k) Ay (k)

482 + o "(n)?
< P TE o) / Gr(zH? L2
8« L2(Q) J A, k) p@)

Applying Lemma 3.6, with = Gx(z;"), and choosing the constant C as

4% + o
C=—p— Vil
oMy L>®(Q)
we have
4% + o? 1Tl / 2 ¢ ()?
8a L) J A, k) M)
2 2
m .,y + Gi(zh) 4}3 + o 2 ’
<= G K@) LR v/ Auk) N o).
=2 Low k(z,) (e Yo + ———I nlle(Q)l n(k) N o

Hence, we obtain

o / V(G DO + f FED G p(n)
Ay (k) A, (k)

4
4[32 +0[2

my 4 2 ’
— G < — |V A, (k) N .
(et = N0 1A 0 )

2

Dropping the positive terms in the left-hand side, we have

24,2
<4/3 + o

V(Gr(zDHE)? vnl? A,k N o],
/A,,(k>| (Gr(z))8)I" < 202 Il nIILOO(Q)I n(k) N o

Moreover, denoting with S the constant given by the Sobolev embedding theorem and recall-
ing that £ = 1 in 0", we deduce, for j > k > 0, that

2
2
(J—k)?1A,(j) N "7 < <f G (zD)1? )
Ap(jHNw”

2
| 2F 4/32+a2
<~/An(k)ﬁw’| k(2 )| 202 I ’7”“0(9)| n(k) |

4% + a?

2
Defining ¢ = S§* 52
o

, we have, for all " CC o' CC w, that

* 2*
IIanlioo(Q) |An(k) N |2

A,()H) N <
[An(j) w'| <co (j—k)z*

(3.9)

Now we consider Ry = dist(w”, w). Define
wr ={x € Q : dist(x, 0”) < r})
and

m(k,r) =1A,(k) N w,|,
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forevery 0 < r < Rpand k > 0. Choosing 0 < r < R < Rg and 7 such that ||V77||LOO(Q) <

and taking o’ = w, and o’ = wg in (3.9), we deduce
—r

m(k, R)=
(j—k>(R—-r)?*"

m(j,r) <c

where ¢2 = ¢o c%*. From this inequality, it follows, applying Lemma 3.5, that there exists
M, > 0 (independent on n) such that

yJLr” <Mw’-

Nzl ooy =

Recalling the definition of z,, in terms of u,, we therefore have
1w My
U, =m4+ )ntie n+tl > (n 4 1)n+tle” »+I  inw,
which is (3.6). O
We conclude this section with the following remark:

Remark 3.8 As a consequence of estimates (3.5) and (3.6), we thus have

lim u, =1 uniformlyin o'
n——+o0

Repeating this argument for every o’ contained in w, we have that u,, converges to 1 on w.

4 Proofs of Theorems 2.2 and 2.3

We start with the proof of Theorem 2.2, in which we recall that @ = {f > 0} is compactly
contained in 2.

Proof of Theorem 2.2 We have already proved that

1

nll g = (COLDIFI o )T @.1)

so that u, is bounded in L°°(€2). This implies that there exists u in L% (2) such that u,

*-weakly converges to u in L°°(2) and, by Remark 3.8, u = 1 in w. We are now going to

prove that the right-hand side of the equation in (2.3) is bounded in L' (€2) uniformly in n. As

a matter of fact, if u,, is the solution of (2.3), from Theorem 3.1 and Remark 3.3, it follows

that u, € Wy*(R), un = co.n > 0in o and - belongs to L>(<2). Then, we have, by the
u

n

results in [37], that

f
un(y)

Uy (x) =/QG(X,y) dy, VxeQ,

where G (x, -) is the Green function of the linear differential operator defined by the adjoint
matrix M*(x) of M(x), i.e., the unique duality solution of

—div(IM*(x)VG(x, ) =8, in€,
Gx,)=0 on 92,
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where 8, is the Dirac delta concentrated at x in 2. It is well known (see, for example, [31])
that for every o’ CC  there exists K > 0 such that

G(x,y) =z

_m, VX, yGa)/ (42)

Fix now X in Q\o, let ®” CC Q be such that w C »” and X belongs to »”, and let K be
such that (4.2) holds. We then have

€+ DIfI, ) zun@):/gc;(y,y) ASVIPN

=@ uy; (y)

K fo)
Iy
= /g F— V2w

- K f
~ diam(Q)N2 J, ul(y)

Therefore, there exists M > 0 such that

/f(x):/@<M ws)
w Q N ' .

n n
uﬂ ul’l

i.e., the right-hand side of the equation in (2.3) is bounded in L(2). Observe now that for
every o' CC w there exists M, such that

My
Uy(x) > (n+ 1)t e 7T, inw.

Therefore,
w
/ f(x) _ |oo'|e ||f||LOO(Q)
A N Y
so that
f@ _

lim
n—>+oo J, ull

0, 4.4)

i.e., the right-hand side converges to zero in LllOc (w). Let now wu be the bounded Radon
measure such that

J(x)

n
ul’l

— w, inthe *-weak topology of measures.

Clearly, by the assumption on f, u L (Q\w) = 0, and, by (4.4), ul_w = 0, so that
uw = pnl_ dw. Moreover, by Remark 3.3, we can take u,, as test function in (2.3) and we
obtain, using (2.1), (4.1) and (4.3), that

/|Vun|2§/M§||unll N /f(")gc,
Q Q Ltz L>*(R2) Q MZ

then u, weakly converges to u in W&’Q(Q) as n tends to infinity. Recalling that, by Remark
3.3, uy is the (unique) weak solution of (2.3), that is,

fo

n
Q Uy

/ M(x)Vu, - Vo = . Ve e Wyt (), (4.5)
Q
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we obtain, letting n tend to infinity, that

/M(x)w v =/ pdu, VoeCHR), (4.6)
Q Q
so that u is a distributional solution with finite energy of the limit problem (2.4). O

Remark 4.1 We observe that u, is also the unique duality solution of (2.3), i.e.,
_[ ! oo
ung= | Sv, Vgel®9Q), “.7)
Q Q Uy

where v € W&’2(Q) N L°°(L2) is the unique weak solution of

i—div(M (X)Vv) =g inQ, 4.8)

v=0 ondQ.

This implies, letting n tend to infinity in (4.7) and using the standard results contained in
[37], that u is the unique duality solution of (2.4).

Now we prove Theorem 2.3. Here, let us recall that for every @ CC €2 there exists ¢, > 0
such that f > ¢, in w and that {w, } is an increasing sequence of compactly contained subsets
of 2 such that their union is €2.

Proof of Theorem 2.3 Letu, be the solution of (2.5). It follows, from the fact that f(x) x4, (x)

has compact supportin €2 and using Remark 3.3, that u,, belongs to Wol’2 (2) and M:’”(x)

n
belongs to L' (€2). Once again as a consequence of Theorem 3.2, we have that {u,, } is bounded

in L>°(2). Then, there exists u in L°°(2) such that u, *-weakly converges to u in L>°(2).

Moreover, by Remark 3.8, we deduce that u, uniformly converges to 1 in w, for every

M} is bounded
Uy

in L'(), then it *-weakly converges to u in the topology of measure. Repeating the same

arguments contained in Remark 4.1, we obtain

/ug=/vdu, Vg e L™(Q),
Q Q

where v in W(}’Z(Q) is the weak solution of (4.8). Then, u in L°°(2) is the duality solution

of (2.4), so that u belongs to WOI’I(Q). Since u = 1 in 2, there is a contradiction. Hence, the
right-hand side of (2.5) is not bounded in L'(€) and there cannot be any limit equation. O

@ CC 2, hence u = 1 in Q. If we assume that the sequence {

5 One-dimensional solutions and Proof of Theorem 2.6

First we prove a result that makes the link between a distributional solution of (2.3) and a
distributional solution with finite energy of (2.6) rigorous.

Proposition 5.1 Let f be a nonnegative function belonging to L*°(2). If u, is a solution of
n+1
(2.3) given by Theorem 3.1, then v, = % is a distributional solution of (2.6) with finite

n
energy.
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Proof We already know, by Theorem 3.2, that u”“ belongs to WO1 2(52) so that v, belongs to
WO (Q) With the same argument, we have that u” belongs to W0 (Q) Let ¢ be a function

in C (£2), we have that u,¢ is a function in Wo (Q) with compact support (@ = supp(¢)).
Then we can take u};¢ as test function in (3.1) and we obtain that

/Vun-Vgou’nl—l—n/ Vu,,-Vunuzflng:/ fo. (5.1)
Q

If we rewrite (5.1), using that u, > ¢, , in w, we have

Mn+1
AV(H+£>V¢+n/IWm nHw—fj@

Hence, by definition of v,, we deduce that

n |an|2
Vv, - Vo + f%
Q n+1 Q Upn

that is, v, is a distributional solution with finite energy of (2.6). O

Remark 5.2 We note that for every v CC 2 we know, by Theorem 3.1, that u, > ¢, , in w.
Cn+]

Then, v, > —2 "1 in w. Using this property and that v,, has finite energy, we can extend the

class of test functions for (2.6) from C, 1(Q) to Wo (Q) with compact support.

Now we study (2.3) in the one-dimensional case to better understand what happens, if f
is strictly positive, to u, and to the related v, by passing to the limit as n tends to infinity.

Fix n > 3 in N. We consider (2.3) with Q = (=R, R), R > 0, M(x) = [ and f = 1 in
(—R, R) so that we have

1
—u) = — in (=R, R),

ult (5.2)
un(£R) =0.
In order to study (5.2), we focus on the solutions y;, of the following Cauchy problem
—'(1t) = : fort >0
" i) 7 53
yn(0) = ay, ’
¥p(0) =0,

where o, is a positive real number that we will choose later. Defining w, = y—", we can
On
rewrite (5.3) as

1
—w/(t) = ——— fort >0,
NI (5.4)
w,(0) =1, '
w! (0) = 0.

Since T 18 Lipschitz continuous near s = 1, there exists a unique solution w, locally
oy st
near ¢t = 0. Itis easy, by a classical iteration argument, to extend the definition interval of w,

to [0, T;,), where T,, < +o0is the first zero of w,, (i.e., w, (T,,) = 0) when it occurs, otherwise
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T, = +o0. Hence, w, is concave (w,, (t) < 0), decreasing (w),(#) < 0) and 0 < w, () < 1
for r € [0, T,,) and it belongs to C*°((0, T,)).
Now multiplying the equation by w},(r), we have
[w}, ()% w, (1)

2 aphwn ()’

hence, integrating on [0, s], with 0 < s < T,,, and recalling that w), (0) = 0, we have
W = ——— () — 1)
T =gt '

Since w),(s) < 0 we deduce

w)(s) = — Wl (s) — )2, (5.5)

(n — Dot

we can divide (5.5) by (w,i’” (s) — 1)% and integrate on [0, ], with 0 < ¢ < T, to obtain

/l%ds__ #t (5.6)
o i —1nr N @=Daptt '

Setting r = w,, (s) in the first integral of (5.6) and recalling that w,(0) = 1, we have

n—1

/] rz d 2
—_—dr —_— 1.
() (1 — pn=1)3 (n — Dy ™!

Once again we can perform the change of variable & = 1 — r"~! to deduce

1—w ™' @) 1 [2(n —1
0 h2 (1 — h)2w=D oy

1—w!~ () 1

Define 1,,(¢) = / T ——— dh for t > 0, then 1,(0) = O and I, is a
0 hZ(l — h)Zo—D

continuous positive and increasing function in [0, 7},), so that 1,,(t) < I,(T,). Thanks to the

results in [1], we obtain

—_

L(T,)) = /1 % dh = ﬁ@’
0 n3(— D r ()

where I'(s) is defined in (1.5). Thus, we can extend /,(¢) in [0, 7] and it is uniformly
bounded for every n € N and t € [0, T,,]. Moreover, from (5.8) and computing (5.7) for

t = T,, we have
1 1
T= 2’2,?"1_11) - ﬁz(}_’i; ) 59

We observe that 7,, and «, are such that if «, tends to infinity also 7, tends to infinity.
Recalling that we want a solution for (5.2) that is zero if # = R, imposing 7,, = R for every
n in N we find that

(5.8)
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2R (=112 ()

nfz(%-l- ! )

(5.10)

oy =

n—1

Hence, with this value of «,, w,(R) = 0 for every n in N and w, belongs to C%((0, R)).
Thanks to the initial condition w),(0) = 0, we can extend wj, to an even function W, on
[—R, R] in the following way

i !w,,(t) fort € [0, R,
wy(t) =
wy(—t) fort € [—R,0).

So w, belongs to Cg((—R, R)) and is the classical solution of

1
~//
() = ———— fort >0,
afton () (5.11)
Wy (£R) = 0.
Setting u, (t) = o, wy(t) for t in [-R, R] we have that u, belongs to Cé((—R, R)) and is
t n+1
the classical solution of (5.2). This implies that v, () = % is a classical solution (in
n
C3((—R, R))) of
L P i (=R, R),
T n4l ow, (5.12)
vp(£R) =0,

that is, (2.6) in the one-dimensional case. Multiplying Eq. (5.12) by v, and integrating
by parts on (—R, R), we obtain that {v,} is bounded in W(;’z((—R, R)). By definition of

vy, this implies that {#”*!} is bounded in W,">((—R, R)). Using the Rellich-Kondrachov
theorem, we deduce that there exist a subsequence, still indexed by w’”’1 and a function
g: (=R, R) — [0, 1]in Co((—R, R)) such that w;,’“ uniformly converges to g in (—R, R).
We want to make g explicit.

By definition of w,, it follows that

n—1
. —1 . 1 1
Jim w' () = Jim (wptt )™ =g,
uniformly in (0, R). Combining (5.7) and (5.10), we obtain

1

1-wp~ () 1 r(s+:=
/ - dh= f ( 1) (5.13)
0 hz (1 —h)2D

()

Passing to the limit in (5.13) as n tends to infinity, we obtain the explicit expression of g.
Indeed, we have, by Lebesgue theorem and from well-known result of integral calculus, that

1—w!~ (1) 1
2arcsin(y/1 — g(#)) = lim / ———dh
n—o0 0

h2 (1 — h)ZeD
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It follows that

gt)y=1- sin? (% t) = cos? (% t) .

So g is an even C* function defined on R, in particular on [— R, R].
Fix now ¢ in (—R, R). We want to prove that w,(¢) tends to 1 as n tends to infinity. We
assume, by contradiction, that

lim w,(t) =8 < 1.
n—o0
. 1-8 -
Defining ¢ := — we deduce, for n large enough, that w, (1) < 1 — ¢ so that

oy ) < (-t

T
and, letting n tend to infinity, we obtain cos> (ﬁ t) = 0. Since t # £R, we find a contra-

diction; then W, (¢) tends to 1, as n tends to infinity, for every 7 in (—R, R).
Now we return to problem (5.2) recalling that u, () = o, W, (t). From (5.10) and using
that 1, (¢) tends to 1, as n tends to infinity, for z in (—R, R), it follows that

lim u,(t) =1, Vt € (—R, R).
n—oo

This result is exactly the one-dimensional version of Remark 3.8. From (5.10), we deduce
that

2R (n = 1) 12 (32)

7w+ 112 (3 +5k)

v (1) = oyt (o),
so that we have that there exists a limit function v : [—R, R] — R such that
— B 2R? 2 (T
v(t) = n;ngo v, (1) = -7 cos (ﬁ t) .
After a little algebra, we obtain that v is a classical solution of
72
" + (Ll =1 in(—R,R),
v
vy (£R) =0,
that is, (2.8). Thus, we have proved Theorem 2.6 in the one-dimensional case.

Finally, we prove Theorem 2.6 in the N-dimensional case; here, we recall that f is strictly
positive.

Proof of Theorem 2.6 Let u,, be the solution of (2.3) given by Theorem 3.1. It follows from
Proposition 5.1 that v, are distributional solutions of (2.6).

By assumption for every w CC €2, there exists a positive constant c,, such that f > c,,.
This implies, by Theorem 3.7, that

1 My
u, > (n + ])n+le ntl
then

v > e Mo veccg, (5.14)
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with M, a positive constant depending only on w. So v, is locally uniformly positive.
Moreover, by Theorem 3.2, we have that v, belongs to WOI’Z(Q) and

vl =CIfl

L®(Q) — L)’

where C is a positive constant.

Choosing a nonnegative ¢ belonging to C!(2) as test function in (2.6) and dropping the
nonnegative integral involving the quadratic gradient term, we deduce that

/an-ngJS/fgo. (5.15)
Q Q

As a consequence of the density of Ccl. () in WOI’Z(Q), we can extend (5.15) for every

nonnegative ¢ in WOI’Z(Q). Choosing vj, as test function and using Holder’s inequality and
the Sobolev embedding theorem, we obtain

2
<
/ [Vl / fon = ||f||LN+2(Q) loall 2+ g, = SIIfIILNH(m ”v””w(}z(m .

where S is the Sobolev constant. Hence, {v,} is bounded in W&’Z(Q). Thus, up to a subse-
quence, it follows that there exists v belonging to W&’Z(Q) N L*°(£2) such that

vy — v weakly in W) #(R) and weakly-* in L®(2),

5.16
v, — v strongly in LY(2), Vg < 400, and a.e. in 2. ( )

In order to pass to the limit in (2.6), we first prove that v, strongly converges to v in Wl1 .2 (),
that is

n——+00

lim / IV, —0)]?9 =0, Ve¢eCl(Q) with 9 >0. (5.17)
Q

We consider the function ¢, (s) defined in (1.6), and choosing ¢, (v, — v)¢ as test function
in (2.6), we obtain

/ Vv, - V(v, —v) (P;L(vn -V + / Vv, - Vo ¢y (v, — v)

Vv, |2
/ d))u(vn - U)QD / f d))u(vn —) Q.

It follows from (5.16) and using Lebesgue theorem that

n+1

lim /vaV(p(m(vn—v):O and lim /f(/)k(vn—v)(p:O.
Q n——+00 Q

n—+00

Thus,

2
/S;VUn : V(Un - v) ¢;\(vn - v)§0 | d’)\(vn - U)‘P = 6(”) (518)

n+1
Moreover, setting w, = supp(¢) and using (5.14), we deduce that

Vu, |2 Vo, |?
/' ol g oy — ) = n+1/| ol (on = )l

n+l

v

—eMww/ Voul? [ (v — 0)] 0,
Q
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so that

/Qan YV (wy =) @) (vy —v) @ — eMew /Q [V | [ (vn — v) [ @ = €(n). (5.19)
We can add the following term to (5.19)

~ [ VoV, - v g, -
and, noting that by (5.16) this quantity tends to O letting n go to infinity, we obtain
190 = 0P 60 = 0rp = ¥ [ V0P gy = vilp = e 6520

Since using once again (5.16) we have

L 1von s = vle <2 [ 196, — 0P 610 - vl

+ 2/ IVul? s (vy — v)| ¢ = 2/ IV (vy — ) |5 (vy — V)| @ + €(n),
Q Q
we deduce that

[ 1900 = 0P {00 =0 =26 6,0 = 01} ¢ = €.

s

N —

Choosing A > e?Moy | thanks to (1.7) we have that {¢i(vn —v) — 2eMoyp [ (v, —V)|} >
hence (5.17) holds and

vy — v strongly in W,L2(Q). (5.21)

Now we pass to the limit in (2.6) with test functions ¢ belonging to W(} ’2(9) N L°°(2) with
compact support. We have, by (5.17), that

n—+00

lim Vv, - V¢ = / Vv - Vo,
Q Q

and, using (5.21), (5.14) with @ = supp(¢) and Lebesgue theorem, we deduce

. n / |V, |? / |Vol?
lim ¢ = Y,
n—+oon+1Jg vy Q v

|Vul?
Vv Vo + o= fo, (5.22)
Q Q v Q

for all ¢ in W&’Z(Q) N L°°(2) with compact support.
Let ¢ be a nonnegative function in W(;'Z(Q) N L*®(R). Let {¢,} in Cg (£2) be a sequence

so that

of nonnegative functions that converges to ¢ strongly in WOI’Z(Q). Taking ¢, A ¢, which
belongs to WOI’Z(SZ) N L%°(£2) with compact support, as test function in (5.22), we obtain

|Vol?
/ (Oom N ) = / S om ANo) — / Vv - V(gm A o). (5.23)
Q Q Q

v
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Since ¢, A ¢ strongly converges to ¢ in WOI’Z(Q), we have

lim /{f(gomw)—/Vv-vapmw)}=/f¢—/Vv-w. (5.24)
m—+00 Jo Q Q Q

2 \v/ 2
. . . v
(¢m A @) is anonnegative function that converges to Vol

Moreover, ¢ almost every-

v v
where in Q. Applying Fatou’s lemma on the left-hand side of (5.23) and using (5.24), we
deduce that

Vl? o |Vul?
¢ < liminf (emne) = | fo— | Vv-Vop,
Q v m=>+00 Jo o v Q Q
|Vo|? |Vo|? |Vo|?
so that ¢ belongs to LY(Q). Since —— (om A @) < ¢, by Lebesgue theorem,
v v
we have
. V|2 V|2
lim (om N@) = Q. (5.25)
m—+0 Jo v Q U

As a consequence of (5.24) and (5.25), we obtain

\v4 2
/w-w+/| vl gDZ/fgo, Vo >0in Wy (@) NL2(Q). (5.26)
Q Q v Q

T,
Furthermore, taking e(v) as test function in (5.26) and dropping a positive term, we deduce
2
/ [Vol© Tp(v) < / f T:(v) ) (5.27)
Q v & Q &

Applying Fatou’s lemma on the left-hand side of (5.27) and noting that 7, (v) < ¢, we have

Vol? Vo2 T,
/I vl §liminff| v|” Te(v) Sff,
Q U e—=>0 Jo v & Q

belongs to L' (). Since we can write each (NS WOl 2 ()N L% () as the difference

v
between its positive and its negative part, we trivially deduce that (5.26) holds for all ¢ €
Wol’z(Q) N L% (), so that v is a weak solution of (2.8). O

|Vvl|?
SO

Remark 5.3 We note that we can also consider test functions only belonging to W&’Q(Q)
in (5.26). Indeed, let ¢ be in WOI’Z(Q), then Ty (p™) is a positive function belonging to
WOI’Z(Q) N L% () that strongly converges to ¢ in WOI’Z(Q) as k tends to infinity. Taking
Ti(¢™) as test function in (5.26) and letting k tend to infinity, by Lebesgue theorem and
Beppo Levi theorem, we deduce

+ Vol +
Vv Vo™ + o7 = foT. (5.28)
Q Q v Q
In the same way, we obtain
_ Vo2 _ _
Vv.-Ve~ + ¢ = fo, (5.29)
Q Q v Q

so that subtracting (5.29) to (5.28) we have that (5.26) holds for every ¢ belonging to Wol‘2 ().
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Remark 5.4 To prove that {v,} is bounded in Wol‘z(Q) and (5.16), we only used that f is
nonnegative and belongs to L ().

6 Proof of Theorem 2.7

Here, we prove Theorem 2.7. We fix n > 3 in N.

Proof of Theorem 2.7 First, we study the behavior of the weak solution of (2.9) given by
Theorem 3.1. In order to study u,, we use the construction of one-dimensional solutions
done in the previous section, in which we have proved that there exists a function w,, in
C 2((0, T,)) classical solution of

" 1 .
—w, (1) = m in (0, T,,),
w,(0) =1, 6.1)
w;, (0) =0,

where T, is the first zero of w,. We recall that 0 < wj, (1) < 1, w, is concave (w) (1) < 0)
and decreasing (wj,(¢) < 0) for every ¢ in (0, T,,). Moreover, we have obtained that

/ 2 —n 1
w), (1) = —‘/m (w, (1) = D)2, 6.2)

and, by integrating, that

1—wi () _
Sp(1—w' (1)) ::/ % dh = z(”niﬂl)t, (6.3)
0 hi (1 — h)2=0 on
for every ¢ in [0, T,,) so that S, : [0,1) — [0, S,(1)) is a nonnegative, continuous and
strictly increasing function. Recalling (5.8), we have that S, (1) = I,,(T,), that is uniformly
bounded, and thus, we can extend S, in 1 to have §,, : [0, 1] — [0, S,,(1)]. Then, there exists
the inverse function S, 1[0, S,(1)] = [0, 1]. Furthermore, we recall that

ntl (4 + n%
T, = \/ ;na_ D 1(“2(,1"1)1) (6.4)

1
In order to have 1 < T;, < 400 for every n we can choose «,, = (¢, (n — 1))+, with ¢, a
positive constant such that
2 n
2r (nfl )

Cn > ——— 5 =y VninN. 6.5)
™I (i + m)
Now we consider the following Cauchy problem

1 X(0,1)

-y, (t)y = —————— fort >0,
" cn(n — 1 yy (1)

w(0) =1, (66)

v,(0) = 0.
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For every ¢ in (0, 1), we have that (6.1) and (6.6) are the same problem, so that there exists
yn(t) = wy () classical solution of (6.6) in (0, 1). Since y;(r) = 0 for every t > 1, we
deduce that y, (1) = y,(1) + y, (1)t — 1) = w, (1) + w),(1)(t — 1) in [1, 2). It follows from
(6.2) and by the definition of «;, that

/ _ 2 1—-n 1\ h
11;,,(1)_—/70}1@_1)2 w1y -nz. 6.7)

Since we want that y, (2) = 0 for every n in N, we look for ¢, such that w/, (1) = —w,(1).
With a little algebra, it follows from (6.7) and (6.3) that is possible if and only if, for every
fixed n, we have

wi (1) =

n—1 2 —1 2
s —w, (1) = ——5§ =1. (6.8)

cn(n—1) cin—12"7" Cn

By Lemma 6.2, there exists a sequence {c,} such that (6.8) holds for every n; hence, we have
that y, belonging to C 1((0, 2)) is such that

yu(t) = wp (@) in [0, 1], yu (1) = wa(DQ2 — 1) in (1,2],  y,(0) = y,(2) =0. (6.9)

We want that w,, (t) < y,(¢) in [0, T,,]. This is true if and only if 7,, < 2. If, by contradiction,
T, > 2,wehave w, (t) = y,(t) in [0, 17and —y,/ () < —w,/(t) in (1, 2], so that, by w),(1) =
v, (1), we deduce wy (1) < y,(¢) in (1, 2]. It follows from y,(2) = 0 that 0 < w,(2) < O,
which is a contradiction. Then, we obtain 7,, < 2, w,(t) < y,(¢) in [0, 7] and, by (6.4),

that -
2
8 I (nﬁl)
ey <

S 0 =iCn,
nrz(%+ L )

VninN. (6.10)
n—1

Thus, {c,} is bounded and, up to subsequences, there exists a positive real number cs, such

that

< Ceo:= lm ¢, < lim ¢, = —

n—-+00 n—-+00 7'[2 ’

ﬁ n—+00

1 < Ty ::nEI—PooTn =7 /%O < 2.

As shown in the previous section, it follows from (6.3) that

and, respectively,

lim wZ+1(t) = cos’ (Lt) and lim w,() =1, fort € (0, T). (6.11)
2T n—+00

n——+00

T — 1
Now we suppose that 7o, > 1. Fix § = > 0, so that 1 + 8 < T. We know that

for n large enough
wy(1+B) < y(1+8) = w,(H(1 - B).
By passing to the limit, as n tends to infinity and using (6.11), we obtain 1 < 1 — g, that s,
2

B < 0. This is a contradiction, then 7o, = 1 and, therefore, coo = —5-
T
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Recalling that y, () = w,(¢) in (0, 1) and using, once again, (6.11) we have

lim y"“(z):cosz(ft) and  lim y,(t)=1, forte(0,1). (6.12)
%) 2 n—+00

n—+ n

It follows from (6.8) and using that y, (1) = w, (1) for every n that

. I’l+l _ . _
nl}t_{lwy,l (1) =0 and nllr_‘r_looyn(l) =1, (6.13)

hence, by (6.9), we obtain that y"+! () = w, (1)"*!(2 — )"*! and that

lim y,’lH'l(z) =0 and Ilim y,(t) =2 —1), fort € (1, 2]. (6.14)
n——+00 n—-+00

Therefore, by the initial condition y;,(0) = 0, we can extend y, to an even function defined
in (—2, 2) as follows

(ca(n — 1) Ty, (1) fort € [0,2],

yn (t) - 1
(cn(n — 1))y, (—t) fort € [-2,0),
so that y belonging to Cé((—Z, 2)) is a weak solution of (2.9). By Remark 3.4, there is a
unique weak solution of (2.9), hence ¥, (t) = u,(¢t) for every ¢ in (=2, 2) and n in N.

n+1 t
U (1) , we have that v, in C(}((—Z, 2))
is a weak solution of (2.10) and, by Remark 5.4, that there exists a function v such that v,
weakly converges to v in W(} 2 ((—2, 2)) and almost everywhere in (—2, 2). As a consequence
of (6.12), (6.13) and (6.14), we deduce that

Moreover, by Proposition 5.1, setting v, (t) =

2 s (TO
— — f —-1,1
() = ﬂzcos (2t) ort € (—1,1),

0 forr e [-2,—1]U[1,?2],

so that v belongs to Col(—2, 2)N Cgo(—l, 1). Furthermore, with a little algebra, it follows
that v is a classical solution of (2.11). ]

Remark 6.1 From the proof of Theorem 2.7, we deduce that u,, pointwise converges to u
defined as follows

2—-1) fortell,?2],
ut) =11 fort € (—1,1),
2+1t) fortel[-2,—1].

Moreover, by Theorem 2.2, u,, weakly converges to u in WOI’2 ((—2, 2)). Hence, we have that

1 forte(l,2),
u'(t)y =140 forte(—1,1),
1 fort € (=2, —1),

and u is a distributional solution of

—u’ =—8_1 + & in(=2,2),
u(E2) =0,

so that we have completely recovered the results of Theorem 2.2.
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To be complete, we show the technical lemma that we needed to prove the theorem.

212 (34)

T v Let w.(t) be the classical
T F2 (i + n—l)

Lemma 6.2 Letc belong to (co, +00), withcy =

solution of

1

Y ¢ Y S — t >0,

we) = o w1
we(0) = 1, (6.15)
w.(0) =0.

Let T, be the first zero of w.. Then, there exists a unique ¢ in (co, +00) such that Tz > 1 and
2 2

n+1 —1

)= — S. -1, 6.16
we (V=g e S ( 5) (616

where S¢ : [0, 1] — [0, S.(1)] is defined as

1—w" (1) 1

Se(1 —w'1(1)) = / dh,

1 n—3
0 hi (1 — h)2=D
fortin [0, T,].

Proof Tt follows from the proof of Theorem 2.7 thatif ¢ > c¢ then there exists w.(¢) classical
solution of (6.15) in [0, T¢], with T, > 1.
Now we define F : (cp, +00) — R as

2 2

It is obvious that w,(¢) is continuous on (cg, +00) for every ¢ in [0, T;), so that F is contin-
uous. Fix ¢g < ¢1 < ¢2. Recalling that

el (b
TC:\/j]"<}’l>’

n—1

we deduce T, < T,. Moreover, we state that we, (1) < we,(¢) for every ¢ in (0, T, ].
Indeed, since —wy (1) > —wy,,(¢) near = 0 and using the initial conditions, we obtain
that we, (1) < we,(t) near t = 0. If, by contradiction, there exists s in (0, T¢,) such that
we, (5) = w, (s) we have that w;, (s) > wp, (s). We know, by (6.2), that

2
(n — 1)%cy

2

—n 1 ,
pr—C. (we"(s) = D2 = w,(s),

1— 1
we, () = — (we, () = D2 < =
which is a contradiction. Hence, we have that w,. () is monotone increasing in c. This implies
that F also is monotone increasing in c. By letting ¢ tend to the boundary of (cg, +00) and
recalling that

lim w”™(1) =0 and lim w!*'(1) =1,
c—>Co c—+00
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we deduce

. 2 af |2 .
cli)ngo F(C) = _m SCO ( CO) < 0 and C_l}I—POOF(C) = 1.

Applying Bolzano’s theorem, we obtain that there exists ¢ such that F(¢) = 0, that s, (6.16).
Since F' is monotone increasing, ¢ is unique. O

7 Open problems

We are now studying the nonexistence of positive solutions of (2.8) in the N-dimensional
case with f only nonnegative. More precisely, we assume that f is a nonnegative L°°($2)
function and that there exists @ CC €2 such that f = 0 in Q\w and such that for every
@' CC w there exists ¢,y > 0 such that f > ¢,/ in @'

We observe that from Remark 6.1 it follows that u, given by Theorem 2.7, is a classical
solution of

—u"=0  in(=2,-1)U(,2),
u(El) =1,
u(£2) =0.

Our conjecture is that it is true also for N > 1. More precisely, we think that the following
result holds.

Conjecture 7.1 Let u be the function given by Theorem 2.2, with M(x) = 1. Then, u is a
classical solution of

—Au =0 in Q\o,
u=1 onow,
u=0 onof2.

With a similar idea, we think that Theorem 2.7 holds for N > 1.

Conjecture 7.2 Let u, be the solution of (2.3) given by Theorem 3.1, with M(x) = I. Let
n+1
{Un = u:_ I } be the sequence of solutions of (2.6). Then, {v,} is bounded in WOI’Z(Q) N
n

L*°(R2), so that it converges, up to subsequences, to a bounded nonnegative function v.
Moreover, v is a weak solution of

|Vol?

—Av + =f no,

v=0 onow,

andv = 0in Q\w.
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