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We refine the calculation of holographic complexity of black holes in the complexity equals action
approach by applying the recently introduced criterion that the action of any causal diamond in static
vacuum regions must vanish identically. This criterion fixes empty anti—de Sitter (AdS) spacetime as the
reference state with vanishing complexity and renders holographic complexity explicitly finite in all the
cases we consider. The cases considered here include the Reissner-Nordstrom-AdS black hole, the rotating
BTZ black hole, the Kerr-AdS black hole, and AdS-Vaidya spacetime. The criterion is equivalent to
imposing that the corner contributions vanish. Contrary to earlier results, we find that the generalized Lloyd
bound always holds in the Reissner-Nordstrom-AdS and BTZ cases.
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I. INTRODUCTION

In recent years, the application of concepts and ideas of
information theory to quantum field theory and gravity has
been proven to be a fruitful line of research, especially in
the context of the AdS/CFT correspondence [1-6].
Holographic complexity is an example of this approach.

In information theory, computational complexity is a
measure of how difficult it is (or how many steps it takes) to
approximately compute a desired target state starting from a
given reference state and using a certain set of elementary
operations [7]. By definition, the reference state is “simple”
and has zero complexity. The definition of computational,
or circuit, complexity depends on the system under con-
sideration, the set of elementary operations, the reference
state and a parameter ¢ that specifies the tolerance with
which the target state is reached. Typically, the computa-
tional complexity diverges when ¢ — 0. A geometric
approach to complexity, which can be applied to quantum
field theory, was developed in [8], defining complexity in
terms of a weight function evaluated on a trajectory
connecting the target and the reference state in some space
of unitary operators. Several proposals for the weight
function have been investigated in [9-14].

A different notion of complexity is operator, or Krylov,
complexity [15]. Operator complexity is a measure of how
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much a given operator spreads out in the space of operators
under Heisenberg evolution. It is a function of time and
depends on the system under consideration, the choice of
an inner product in the space of operators and the initial
operator. By definition, the initial operator is simple, i.e.,
operator complexity vanishes initially. In contrast to com-
putational complexity, operator complexity is intrinsically
finite.

Given the variety of complexity measures that one can
define in quantum and information theory, it is no surprise
that several gravitational observables in asymptotically
anti—de Sitter (AdS) spacetime have been proposed as
holographic duals of complexity. These proposals fall into
two classes.' The first proposal is known as the “complex-
ity equals volume” (C = V) approach [17,18], which
derives from the observation that the interior of a black
hole continues to grow linearly for an exponentially long
time after the black hole has formed. The second proposal
is the “complexity equals action” (C=A) [19,20]
approach, in which complexity is identified with the action
evaluated in a bulk region called the Wheeler-de Witt
(WdW) patch,’

Swaw
C= .
nh

(1.1)

The WdAW patch is defined as the region bounded by the
null surfaces anchored at certain times on the spacetime

'A new infinite family of observables that are viable as
gravitational duals of complexity has been defined in [16].

’In the rest of the paper, we will work with the reduced action,
I = 167GS.
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boundary (left and right boundaries in the case of two-sided
black holes) and, possibly, the black hole singularity.

In a recent paper [21], we have proposed a refinement of
the C = A approach introducing the criterion that the action
in any causal diamond in static vacuum regions should
vanish. With this criterion, the complexity of the state dual
to pure AdS spacetime vanishes by construction, which
identifies this state as the reference state. Moreover,
because the asymptotic region does not contribute when
this criterion is applied, the holographic complexity of
AdS-Schwarzschild black holes turns out to be finite [21].
The freedom to introduce this criterion derives from the fact
that the minimal action terms on the null boundaries of the
WdAW patch, which are required by the variational princi-
ple, are not reparametrization invariant. To be more precise,
if ® = 0 specifies a null boundary, i.e., the vector 9,® is
null, then the tangent vector along the null direction is
given by

ox*

=" _ aoH

k —8/1—6(3@, (1.2)
where ¢ can be an arbitrary function of the intrinsic
coordinates on the null hypersurface, amongst which A
parametrizes the null direction. It is known [22] that the
action depends on the choice of . Reparametrization
dependence is typically regarded as unphysical.
Therefore, the usual approach to avoiding this ambiguity
is to add a counterterm to the null boundary action, which
does not interfere with the variational principle [22] and
renders the full action reparametrization invariant. Further
counterterms can be added to cancel divergences [23], in
line with the principles of holographic renormalization
[24-28].

Instead, the approach taken in [21] aims to identify a
privileged choice of parametrization by imposing the
criterion of vanishing action on any static vacuum causal
diamond. This criterion defines the state dual to empty AdS
space as the reference state, because it has zero complexity
by construction. In addition, the complexity of AdS-
Schwarzschild spacetime was found to be finite. As a
function of time 7, it remains constant (equal to the
complexity of formation) from z = 0 up to a certain critical
time 7. and grows linearly thereafter, with a growth rate
saturating the Lloyd bound [20,29]. We remark that looking
for a privileged class of parametrizations is justified,
because the noninvariant null boundary terms carry a
physical meaning as the heat flux through the boundary
[30], so that different parametrizations may describe
physically different situations.

In the present article, we follow up on our initial proposal
[21] and reconsider holographic complexity in the C = A
approach in the cases of Reissner-Nordstrom-AdS (RN-
AdS) black holes, the rotating BTZ black hole, the Kerr-
AdS black holes, and AdS-Vaidya spacetime. All of these

black holes have been considered before, for example, in
[19,20,22,23,31-46], so that our work is not entirely new.
What is new, though, is the choice of parametrization of the
null boundaries and the fact that the counterterm is
deliberately omitted. In particular, we will demonstrate
that the complexity is finite in all of the cases we consider.
We will also investigate whether or not the complexity
growth rate satisfies Lloyd’s bound or a suitable generali-
zation thereof [47]. In the cases of the RN-AdS and rotating
BTZ black holes, the answer will be affirmative for the
generalized bound [47]. These results contradict the find-
ings of [31,35,46], which also shows that our approach is
an improvement of the C = A proposal. In the case of Kerr-
AdS, we are not able to give a definite answer, but we can
establish that the limiting value is approached from below
at late times.’

The rest of the paper is organized as follows. For the sake
of brevity, we avoid repeating the details regarding the
action in the WdW patch and refer readers to Sec. 2 of [21],
also for what concerns our notation. In Sec. II, we compute
the complexity of the charged Reissner-Nordstrom-AdS
black hole. As examples for rotating black holes, the
rotating BTZ solution and Kerr-AdS spacetime are con-
sidered in Secs. III and IV, respectively. In Sec. V, we study
the complexity of Vaidya spacetime, which describes the
formation of a spherically symmetric black hole by
gravitational collapse of a null fluid. Finally, we conclude
in Sec. VL

II. REISSNER-NORDSTROM-AdS BLACK HOLE
A. Setup

In this section, we will compute the complexity of an
(electrically charged) RN-AdS spacetime with respect to
empty AdS. Because of the presence of the electric field,
there is no vacuum region in RN-AdS. We will first
compute the action in a generic causal diamond, and then
use the criterion introduced in [21] to pick a specific
parametrization.

RN-AdS spacetime is a solution of the Maxwell-Einstein
theory defined by the action

1= /dx"“,/_—g(R —2A - F, F"). (2.1)

The solution is given by an electric potential®

n 1 1
A, dx* = — | ————)dt 2.2
H q 2(7’1 _ 1) (rt}r—l rn—l) ’ ( )

and the metric

*For AdS-Vaidya, the validity of the bound follows from AdS-
Schwarzschild.
4r+ denotes the outer horizon radius; see below.
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ds? = —f(r)de* + f(r)~'dr* + r2dQ32, (2.3)
with the blackening function f(r) defined by
N pe
f(r) =1 + F - —rl’l—l + —r2(n—1) . (24)
The parameter w is related to the total mass’
n€, i
=——ow", 2.5
162G (23)

while the parameter ¢ determines the electric charge of the
black hole

0= /o= . 2.

871G
The horizon radii are defined by the zeros of f(r). Let us,
for the moment, consider the nonextremal case, in which
there are two horizons at r =r, and r =r_ < r_. The
relevant thermodynamic variables are associated with the
outer horizon, r, . The chemical potential, temperature, and
entropy are given by

= —_ 2.7
=\ 2t =1y 27)
1 /2 - D™ 2(n-1)g?
4dr \ L r r{
Q r
§="t 2.9
4G (2.9)

respectively.

The Penrose diagram of part of the extended (nonex-
tremal) RN-AdS spacetime is shown in Fig. 1. Each of the
numbered regions is covered by a set of coordinates (7, r)
with metric (2.3), with r > r, in regions I and III, r_ <
r<ryinlland IV, and O < r < r_ in regions V and VL
The curvature singularities are situated at r = 0. Similarly
to the AdS-Schwarzschild black hole case, it will be useful
to work with Eddington-Finkelstein coordinates. The tor-
toise coordinate can be defined by

rdr

"= ) ey

= (2.10)
R

where R is identified with the cutoff radius in the asymp-

totic region, which will be sent to co at the end. With

ingoing Eddington-Finkelstein coordinates, v = ¢ + r*, the

metric is

>Q,, denotes the volume of a unit n-sphere.

=] =3

I I
S
N //&

8 > =
w1
IV
o <
[ I

II//

FIG. 1. Penrose diagram of the RN-AdS black hole. The
diagram repeats itself periodically above and below.

ds? = —f(r)dv? + 2dvdr + r?dQ2. (2.11)
The ingoing Eddington-Finkelstein coordinate patches
extend over three numbered regions, [UIIU VI,
IMUIV UV, or any of their periodic repetitions.

Likewise, with outgoing coordinates, u =t — r*, the
metric is

ds? = —f(r)du® — 2dudr + r>dQ2. (2.12)

The outgoing Eddington-Finkelstein coordinates cover the
patches TU IV U VI”, TT U Il U V’, or any of their periodic
repetitions.

B. Action in a causal diamond

We focus on a generic causal diamond embedded in
RN-AdS spacetime. A causal diamond is bounded by four
null surfaces, which we label Ny, ..., N4, counting them
clockwise starting from the north east. The four intersec-
tion points are counted clockwise starting from the north.
Obviously, their coordinates satisfy v = vy, u, = us,
v3 = vy, and uy = u;. The setup is illustrated in Fig. 2.
In what follows, we work in outgoing Eddington-
Finkelstein coordinates (2.12).

The four scalar functions defining the null surfaces are
given by

D (u,r) =u+2r(r)— vy, (2.13a)
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1

From these, we obtain the following expressions for the
null tangent vectors:

2 .
2 k§ =em <—f, 1, 0), (2.14a)
ke = e%(0,1,0), (2.14b)
4 2 -
k§ =e% (f,—l,O), (2.14c¢)
v
3 \/ kg = e%+(0,-1,0). (2.144)
FIG. 2. Setup of the causal diamond computation. The labels of The four functions o, ..., 0, implement the parametriza-
the null boundaries and the corners used in the text are shown. tion dependence.
Let us start with the surface terms. The orientation of the
Dy (u, 1) = Uy — 1, (2.13b) A-integrals can be read off from (2.14a)—(2.14d), because
k* = 9;x*. From (2.14a)—(2.14d) it can also be shown that
DO3(u,r) =v3 —u—2r(r), (2.13¢c) ~ the nonaffinity parameter on each null boundary is
k; = 0;0;. Computing the contribution of the four boun-
Dy (u, 1) = u = uy. (2.13d) daries, we find, after an integration by parts,
r r ry ry
1
N — —n/drr”‘lal - n/dr "o, — n/dr oy — n/drr"‘164
2Q,
r r3 r3 r

= riloi(r) + o4(r1)] + 1301 (r2) + 02(r2)] — r3[oa(r3) + 03(r3)] + rhlos(ra) + 04(rs)]- (2.15)

We now consider the bulk contribution. From (2.2) we have

—1ag?
Fuszﬂy = _n<n 2n )q s (216)

while from Einstein’s equation

2n+2 2
_2Ant2) F P, (2.17)
n

R
n

Thus, the on-shell action (2.1) reads

2(n+1 2(n—1)g>
IB:Qn/drdur"{— (L2 )-l- ( 2’1)61]

Uy

|
=2Q, / du {p (5 =P + () —pi‘”)}

U
Uy

dIn dlIn
=2Q, / du {p’f du‘f' - pi dl/lf| + ng?(pi™" —p}‘")} (2.18)

iy

The functions p; («) and p5(u) are defined implicitly by ®@; (u, p;) = 0 and @5 (u, p3) = 0, respectively, and in the last line
we have used the identity
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P d (n-1o" ' gn-1)
F - 2.19
L2 du n |f| 2pn p2n—1 ( )
After integrating by parts and changing the integration variable, (2.18) becomes
) T4 T4 7
[ /d ~Uin | f] + /d 1=Un | f] = 2 2/d T, 2/d e
=n rr n rr —2n r——2n r
2, L A e
T 3 3 al
+rin|f(r)l = rgIn|f(r2)[ + 5 In [ (r3)| = i In |f(ry)]. (2.20)
This is identical to
ry Ty
s = na /drr"‘11n|f|+na /drr”"ln|f|
2Qn u u
1 3
ry Ty
+na,,/drr”‘1 In|f] +na,b./drr’"l In|f]
r3 r
ry r
rl—n rl—n
—2nq2/dr——2nq2/dr
f f
r3 1
+riIn|f(r)| =3 In[f(r2)| + 5 In|f(rs)] = rfIn | (ry)]. (2.21)
where a, and a, are two real constants that are constrained by a, + a, = 1.
The corner terms contribute
Ie _ "
o N [01(r1) + 04(r1) =In|f(r1)[] = r3[o1(r2) + 02(r2) = In|f(ry)]]
+ r3l02(r3) + 03(r3) = In[f(r3)[] = riloa(rs) + 04(rs) = In|f(ry)]]. (2.22)

In the above equations, the manipulations we have done are such that the terms arising from the integration by parts of the
surface and bulk contributions precisely cancel the corner terms. We now choose a particular parametrization of the null
boundary hypersurfaces by specifying the parametrization functions o;(r). The choice is driven by analogy to the
Schwarzschild-AdS case discussed in [21], where, in order to measure the complexity of the black hole with respect to
empty AdS space, the parametrization functions turned out to be proportional to the logarithm of the blackening factor of
the black hole. Concretely,

Oan - 0 (’1) =4a, In |f(r(’1))
onNs: 6a() = a, In|f(r(3))

L onNs: ay(2) = a, In[£(r(A)],
onNy: oy(2) = a, In[f(r(2).

(2.23)

I
of the causal diamond, the action vanishes, as required by
our criterion. However, this does not imply that the ¢ — 0
limit results in a vanishing complexity, because 7 should be
held fixed in this limit, not the r-variables of the corners.

With this choice, we note that also the corner term
contribution (2.22) vanishes identically. Adding (2.21)
and (2.15) yields the total action of the causal diamond

rs3 r

[ = 4ng’Q, [ / dr r;n + / drr;n]. (2.24)

ra Iy

C. Complexity=Action

The WdW patch is bounded by the null surfaces
intersecting the left and right boundaries at the cutoff

Clearly, when the electric charge of the black hole is set to
zero while keeping fixed the positions r; of the four corners

radius R at times #; and f, respectively. This is illustrated
in Fig. 3. To simplify, we can use time translation

026024-5
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v’

//,,/ T:n m\\\
| 1V |
FIG. 3. 'WdW patch of the RN-AdS black hole.
invariance to set fp = —f; = 7. Contrary to the AdS-

Schwarzschild case, the WdW patch does not reach the
singularity.6 Therefore, it is always a causal diamond. The
future and past vertices of this diamond are located in the
regions II and 1V, respectively, at the radii r = r}}, and r =
r,, determined by
r(rs) = +1, (ro<rf<ry). (2.25)

This implies r,, = r;, for 7 =0, and rj; > ry for 7 - co.
We restrict our attention to 7 > 0.

The result (2.24) is straightforwardly translated into
complexity using (1.1). Substituting the radial positions
of the four corners of the WdW patch, one finds

I'm

R
nan2 rl—n rl—n
= - d 2 /d . 2.26
‘ 4nthUrf+/’"f} (220

T'm

T

The integrand in the second term of (2.26) has an integrable
singularity at the outer horizon, r = r,. Moreover, the
second term is also integrable in the R — oo limit, so that
the cutoff R can be safely removed. In other words, the
complexity is finite in our approach.

The time 7 appears in the complexity only implicitly
through the integration limits r;;. Using (2.25) and (2.10),
the complexity growth rate is found to be

¢ _ nQ,q*
dr  47°Gh

[(r)' =" = ()" (2.27)

®The extremal RN-AdS black hole, which has a different
causal structure, is an exception. We shall comment on it at the
end of this section.

This vanishes at 7 = 0, is always positive for 7 > 0, and
approaches, at late times, the value known from the
literature [20,22,47,48],

¢ nQ,q?
lim — =
—odr  472Gh

[(r)! ™" = (r)' 7] (2:28)

In contrast to earlier results [31], this limiting value is
approached from below. To see this, calculate the second
time derivative of the complexity,

d*C B
de?

n(n—1)Q.q* [f(rm) | f(rs)
4r*Gh [(r;»" ! (rw}' (2:29)

Because f(ry,) and f(r;;) are both negative for all times,
(2.29) is always positive, and the complexity growth rate
can only approach (2.28) from below.

This has an implication for the validity of the (gener-
alized) Lloyd bound. It has been observed [20] that the late-
time value (2.28) violates the conjectured Lloyd bound’

dac 4

o < E[(M —uQ) — (M - pQ),l,

(2.30)
where “gs” stands for the ground state. In [47] it was
proposed to consider the limiting value (2.28) as the Lloyd
bound and reinterpret it as

dc

< 2 (M0~ Q). (231)

where p, are the chemical potentials associated with the
outer and inner horizons. If one adopts this viewpoint, our
result implies that the Lloyd bound is never violated, in
contrast to the findings of [31], where it was violated at
intermediate times. This improvement is a direct result of
our parametrization of the null boundaries.

A short comment is in order for the extremal case. The
causal structure of the extremal black hole is different from
the nonextremal cases. In particular, the extremal black
hole is one-sided, i.e., the WdW patch is anchored only on
one asymptotic boundary. This, together with time trans-
lation symmetry, implies that the action of the WdW patch
is time independent. As a consequence, extremal black
holes do not complexify [20]. This agrees with taking the
extremal limit of our results above. In particular, in the
extremal limit the interval in which f(r) < O shrinks to a
point, so thatall of r_, r_, i, and r,, approach a common
value, which implies that (2.27)—(2.29) all vanish.

"We have included a factor of two in order to adjust for our
differing time convention relative to [20].

026024-6



REPARAMETRIZATION DEPENDENCE AND HOLOGRAPHIC ...

PHYS. REV. D 105, 026024 (2022)

III. ROTATING BTZ BLACK HOLE
A. Setup

Black holes without electric or magnetic charges, but
with angular momentum, are vacuum solutions, but they
are not static. Therefore, they provide another interesting
testing case for our approach. As a first example, we shall
consider the rotating BTZ black hole. The BTZ black hole
is a solution of Einstein gravity with a negative cosmo-
logical constant in (2 + 1)-dimensions. The metric defining
the geometry is [49]

ds? = —f(r)dter;l(er)er2 <d¢—2ir-2df)za (3.1)
where
2 2
f(r) :%—i—#—n@ (3.2)

is the blackening function of the black hole. The physical

mass and angular momentum of the black hole are M = g%

and J = % The causal structure of the BTZ black hole is
similar to that of the RN-AdS black hole, with a singularity
at r =0 and two horizons defined by f(r.)=0. The
horizon radii are

2 2
j mL
ri:<1i 1‘@)7'

In order to have two distinct positive solutions, the angular
momentum and the mass of the black hole must satisfy the
relation J < ML. The special case / = ML is the extremal
case, in which the black hole has a single horizon, while, if
J > ML, the space time defined by the metric (3.1) has a
naked singularity. We will always assume J < ML in the
rest of the section.

To study the black hole, we will use Eddington-
Finkelstein coordinates. We start by defining the tortoise-
like coordinates

(3.3)

rdr 1

= ——7<r ln‘r_r+|—r 1n|r_r_|)
oo m - Tt T )

% <ilnﬂ_iln|r_r—|>_
_ r+r_

Then, the ingoing null coordinates are

v=1t+r(r),

w =g+ rir). (3.5)

After the change of coordinates, the metric becomes

2

dﬁ:—@—]

F) dv? + 2dvdr — jdvdy + r’dy?. (3.6)
In this system, ingoing light rays follow trajectories with
constant v and . The outgoing system can be constructed
in a similar fashion.

The causal structure of the BTZ is the same as the RN-
AdS case discussed in the previous section and depicted
in Fig. 1.

B. Action in a causal diamond

We now consider a generic causal diamond embedded in
the rotating BTZ spacetime, with the same setup of Fig. 2,
and compute the action.

Adopting the outgoing coordinate system (v, r, ¢), the
four null boundaries of the diamond are defined by the
scalar functions

D (v,r) =v -y, (3.7a)
D, (v,r) = uy —v+2r (r), (3.7b)
DOs(v,r) =v3— 0, (3.7¢)
Dy(v,r) = v—=2r(r) — uy. (3.7d)
From these follow the null tangent vectors:
k§ =e7(0,1,0), (3.8a)
ke — e (3-1,0), (3.8b)
f
k§ =e”(0,-1,0), (3.8¢c)
k§ = e’ <—%,1,0>. (3.8d)
f

From the definition of the nonaffinity parameter and
(3.82)—(3.8d) it follows that x; = 0,0, for each boundary.
With this, the contribution of the four null boundaries is

ry r ry ry
IN:—47r/dr02—4ﬂ/dral—4ﬂ/dr63—47r/dra4
3 1 3 A

I & . T,
+4nro, |2 +4nro | +4nros|y + 4nroyr.

(3.9)

The contribution of the four joints is

026024-7
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Ic = dari[oy(r)) + o4(r) =In|f(r))[] = 4zrs[o1(ry) + 02(r2) = In[f(ry)]]

+4nrs[oy(r3) + 03(r3) = In[f(r3)|] = 4arylos(ry) + o4(rs) = In|f(ry)]].

(3.10)

Finally, using (3.1) to compute the on-shell Lagrangian, the bulk contribution is given by

87

vy

47
Iz = /d3xv_g£|0n—shell = _F/dvdrr: —F/dv(pg—pﬁ)

din|f(p,)| | J

vy
=—4 d M AT -
ﬂ/ i [pz a4

U3

r r

V3

din|f(ps)| | j*
(i)

r;

:47m1,/dr 1n|f(r)|—47mv/dr ln|f(r)|+47rau/dr In|f(r)]

r3 ra

r3

—4ﬂau/dr ln|f(r)|+2ﬂj2/

Ty

+dxryIn|f(r)| = dzryIn|f(ry)| + 4xrsin|f(r3)| — dzry In|f(r,)].

In these manipulations we have used the identity

p> _ din|f|

ﬁ—ﬂ

r

r

dr ) dr
217 | 7769

r3

(3.11)

Pt (3.12)

and the constants a, and a, are again constrained by a, + a, = 1.
By fixing the same type of parametrization used for the previous case, with the parametrization functions proportional to

the logarithm of the blackening function

onN,: o,(4) = a,In|f(r(2))l,
onNy: 6(4) = a, In|f(r(2))],

the total action in the causal diamond is

e U ;<>‘/ A O

The parametrization (3.13) is such that the action contri-
bution of any corner vanishes, as can be seen substituting in
(3.10). Moreover, it satisfies our criterion. This is verified
by taking the limit j — O of the action in the causal
diamond while keeping fixed the positions r; of its corners.
This limit corresponds to calculating the action in a causal
diamond in empty static AdS spacetime, and the limit of
(3.14) is zero in accordance to the criterion.

C. Complexity=Action

The WdW patch of the rotating BTZ black hole, just like
in the previous RN-AdS case, is a causal diamond. The null
boundaries of the patch meet at radii r;;, defined by

onNs: 63(4) = a, In|f(r(2))].

onN,: o4(4) = a, In [f(r(A))], (3.13)

[
r*(rt) = £7. When 7 =0 we have r;, =r;), and, for
T — o0, ry; — ro. Therefore, from (3.14) and (1.1), the

complexity is
rmodr R dr
—_— 2 —. 3.15
[ am) e

m

2
C:_SGJ {

nh

The second integral turns out to be finite for R — oo,
implying that the complexity is again finite. Moreover, in
this simple case we are able to carry out the integration and
have an expression in closed form,

L n(”+_”$)(r+_"m)
+ —
re (rp ) (e + )

C:

JL {1
2rhy [ME — ]

1))
P = s J

(3.16)

By plotting (3.16) as a function of boundary time 7, as in
Fig. 4, we see that the complexity is always positive and
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C

.
0.2 0.4 0.6 0.8 1 1.2 1.4 1.6

FIG. 4. Time evolution of the complexity of the rotating BTZ
black hole for different values of the angular momentum. Solid
line: J=r,, dash-dotted line: J = 1.5r,, dashed line:
J=22r,.(L=08r,,8G=h=1 and m = 3 for all plots.)

increasing, reaching a linear growth regime at late times.
The fact that the complexity is always increasing is also
confirmed by computing its time derivative

271 1
dc_s¢/ { } (3.17)

de xh ()P ()
which, because r;, < r;, for 7 > 0, is always non-negative.
A plot of the complexity growth rate (3.17) is shown in
Fig. 5. The complexity growth rate is zero at 7 = 0 and then

increases monotonically. At late times, (3.17) reaches the
asymptotic value

¢ 8GJ* (1 1 4 J?
lim—=—|(——-—) =—/M?*-=, (3.18
S dr h (r% ri) h L? (3.18)

0.2 0.4 0.6 0.8 1 1.2 1.4 1.6

FIG.5. Growth rate of the complexity of the rotating BTZ black
hole for different values of the angular momentum. Solid line:
J = r,, dash-dotted line: J = 1.5r,, dashed line: J =2.2r,.
For each value of J Lloyd’s bound is represented by the
dotted horizontal line. (L = 0.8r,, 8G =h =1 and m = 3 for
all plots.)

which agrees with previous results [20,31,47] and exactly
saturates the upper bound proposed in [47].® In this case,
the monotonic increase of (3.17) can be proved computing
the second derivative of the complexity

& 166 <f(r$) +f("7>), (3.19)

a?  an \ ()} ()

which is always positive because f(r) <0 when
r_ <r <r,. This shows how the (generalized) Lloyd
bound is never violated during the time evolution of the
black hole.

The simple expression for the complexity (3.15) allows
us to discuss the complexity of formation of the rotating
BTZ black hole. The complexity of formation is defined by
the difference between the complexity of the black hole at
initial time 7 = 0 and the complexity of the asymptotic
geometry in which it has formed, in our case pure AdS;
spacetime. In our approach, AdS; has vanishing complex-
ity, so that the complexity of formation is given by (3.16)
evaluated at 7 = 0. The expression of the complexity of
formation is then

— ;9 0 _
AC — JL [1 (ro.—rpy) 11 (rm—r2)

—In ——In ,
ah e _ e (rp ) e ()

JZ

(3.20)

where we have defined r), = r;;(0) = r,(0). The value of
19, can be obtained numerically solving r*(r9,) = 0. A plot

of the complexity of formation as a function of the
dimensionless quantity -Z- is shown in Fig. 6. As the

mL
angular momentum parameter j varies in the permitted
range [O,mL], the dimensionless ratio varies between 0,
which corresponds to a static BTZ black hole, and 1, which
corresponds to an extremal rotating BTZ black hole. The
plots show that the complexity of formation is zero for
J = 0, which is just the result for the static BTZ black hole
we found in [21], and then monotonically increases with
the angular momentum of the black hole. This is in contrast
with the findings of [46], where the complexity of for-
mation is computed in two ways, with the inclusion of the
counterterm which renders the action reparametrization
invariant, and using the affine parametrization. In both
cases they find that the complexity of formation is negative
and decreasing for small angular momentum of the black
hole, and eventually starts to increase and becomes positive
for big enough angular momentum. In the extremal black

hole limit, when -4~ — 1, or equivalently r, — r_, the

complexity of formation diverges as

8For the rotating BTZ black hole, this bound and the one
proposed in [20] are equivalent.
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AC

FIG. 6. Complexity of formation of the rotating BTZ black hole
for different values of the mass parameter m. Solid line: m =5,
dashed line: m = 7, dashed-dotted line: m = 9. (8G = h = 1 for
all plots.)

1 2r,

AC ~ 1 .
why/m nrJr—r_

(3.21)

This logarithmic divergence is also observed in [46],
although with a different leading coefficient. In particular,
the coefficient of divergence we have found is proportional
to the inverse of the coefficient found by [46].

IV. KERR-AdS BLACK HOLE
A. Setup

Another interesting and more complicated example of a
vacuum solution of Einstein gravity with a negative
cosmological constant is the Kerr-AdS black hole, which
is nonstatic. This solution describes a rotating black hole in
an asymptotically AdS spacetime with more than three
dimensions. For simplicity, we consider a Kerr-AdS black
hole in four dimensions. Its metric is [50]

2

A @ Asin’d o 2t E g

ds? = —
s 32 A, Ag
A —(P+dd)A ITsin?6
+ 2asin?0—- (ZZE ) ®drdgp + I dg?,

(4.1)

where’

2 a*cos’0
Ar_(r2+a2)<1+ﬁ>—2mr, Ay =1- 2
a2
¥? = r? 4 a’cos?6, E=1 2
= (r2 + a2)2A9 — a*A,sin%6. (4.2)

°Notice that our notation differs from [46]. In particular, our ?
corresponds to their p?, and our IT to their 2.

The parameters m >0 and 0 < a < L determine the
physical mass and angular momentum of the black hole

m am

For the zeroes of A, to be positive and distinct, the mass
parameter must satisfy [46]

L aA\? 124* 24>
a\? 124% &2
AWV Fe) te e

We will assume (4.4) for the rest of the section. It is,
actually, simpler to rewrite A, as

(4.4)

A, = %(r —r)(r=r )P+ (r_+rr+al, (4.5)

where a, r_, and r, satisfy the relations

ar_r, = a*L?, (4.6)
(ro +r_)(a—r_ry) =2mL?, (4.7)
a+r_r.—(ro+r_)?>=a>+ L2 (4.8)

subject to the condition'
;i<mm<i,2>. (4.9)

The geometry defined by (4.1) has a curvature singu-
larity with the topology of aring at r = 0 and 6 = 7, as well
as two horizons at r., defined by A,(r,) = 0. As shown
in [51], the geometry is free of caustics between the
horizons and outside of the outer horizon.

The Penrose diagram of Kerr-AdS spacetime depends on
whether or not 6 = 2 because of the location of the
curvature singularity mentioned above. The two possible
Penrose diagrams are shown in Fig. 7. When 6 = 7, which
includes the curvature singularity at r = 0, the Penrose
diagram is similar to the diagram of RN-AdS spacetime.
If 0 # %, r = 0 is a regular point, and the spacetime can be
analytically continued to a region with r < 0. In any case,
this distinction is irrelevant for our purposes, because the
WdAW patch is located entirely in the regions I-IV.

The relevant thermodynamic quantities are associated
with the outer horizon. They are

"“The condition (4.9) unifies the two conditions a < L and
2 > aL necessary to avoid superluminal rotation velocities at
the outer horizon.
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0

r=0
r=-
=7

o=

v

A
A

A
r=-00
0=
oo-=

(@ 0 =7

(b) §# %

FIG. 7. The Penrose diagram of Kerr-AdS spacetime. (a) The
singularity is located at r = 0, @ = 7. (b) For 6 # , the spacetime
can be continued to r < 0.

o :iri—i—LZ T ri—i—Lz_ 1 _é
UL 4 d 2zL* 3 +a® 4nr, L)’
2
nr
§=—"2, 4.10
4G ( )

which are the horizon angular velocity, the temperature,
and the entropy, respectively.

To study the black hole, we introduce ingoing and
outgoing Kerr null coordinates

v=1t+r r,0),
u=t—rr0), (4.11)
where the tortoise coordinate r* is now dependent also on
the angular variable 6. To be specific, let us consider a
v = const null hypersurface. The tangent covector to such a
hypersurface, which we shall call /, is given by

l, = 0,v=(1,0,r",0pr",0). (4.12)

Its norm ought to be zero, which yields a differential
equation for r*,

2 2\2 2q; 29
8,00, + ag(oprp =S
A A,

(4.13)

The solution to (4.13) can be expressed as follows [51,52]:

ir o =2
0,r*(r,0) = A (4.14)
%ﬁmnga (4.15)
where
Q% = (r* 4+ a*)* — a¥A,,
P2 = a2((A, — sin%6), (4.16)

and ¢(r,0) is an auxiliary function. It must obey a
consistency condition imposed by d?r* = 0, which reads

dc = % (Pdr — 0d0), (4.17)

where u(r,0) is an integrating factor again subject to the
condition d*¢ = 0.
Notice that from (4.16) and (4.2) follows:
= A0 + AP (4.18)
Similar considerations hold for the outgoing coordinate
u. The tangent covector to a u = const hypersurface, which
we call n, reads
n, = 0u = (1,-0,r",—=0pr*,0).

{1

(4.19)

It is null when r* satisfies again (4.13).

Because { satisfies 1#0,{ = n*0,{ = 0, it is convenient
to adopt it as an intrinsic coordinate along a spacelike
direction, together with ¢. The spacelike tangents are

Ot
e = a% - %(o, PA,,—0A,,0),  (4.20)
It
eZz%z(0,0,0,]), (4.21)
which determine the nondegenerate induced metric
u>z? 0

Yap = ( " . ) (4.22)

0 sin” @

2252

The null coordinate along a v = const hypersurface is
determined implicitly by

_ o
on ¢ :

k# (4.23)
and similarly for a u = const hypersurface with n* instead
of I#. The function o¢(4,¢) implements the freedom of
parametrization. By symmetry, we take o to be independent

of ¢.
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B. Action in a causal diamond

In this subsection, we will discuss the action in a generic
causal diamond in Kerr-AdS spacetime. The setup is of the
causal diamond is the same as in the RN-AdS case; see
Fig. 2. We shall consider the diamond in the coordinates
(u,r,0,¢), with uy <u < uy and p3(u,0) <r <p;(u,0),
where p; and p; are implicitly determined by the defining
relations of the null boundaries N; and N3,

u+2r(py,0) = vy, u+2r(ps3,0) = v;. (4.24)

First, we consider the contribution of the four joints.
Taking the first joint as an example, the null tangent vectors
that meet in the joint are k}f =e”/# and ki =e™n”.
Therefore, the contribution of this joint reads

ky - ky
2

Ic, —Z/dqﬁdc:\/_ln
471

o1+0y

22AA,

d¢ [|,u| sin @ 1n

] . (4.25)
= Cy
The other three joints yield analogous contributions.

We proceed fixing the parametrization functions
oy, ...,04. Motivated by analogy with the simpler cases
of the Schwarzschild-AdS black hole [21], the RN-AdS
black hole and the rotating BTZ black hole, we shall choose
a parametrization, in which the corner terms vanish. For
simplicity, let us take

$2A,A S2A,A
alu,o:ln]T@Nl, ogu,o:ln'T@M,
02(4,¢) = 04(4,¢) =0, (426)

which correspond to a, =1 and a, = 0 in the previous
cases. The suffixes Ny and N; indicate pull-backs to the
null surfaces.

Next, we consider the contributions of the null bounda-
ries. For a v = const boundary (N; or N3), the tangent
vector k* is given by (4.23), k* = ¢°I#. Because IV, IF =0
from (4.12), one easily computes

k'V i = (0,0)k" (4.27)

so that the nonaffinity parameter is k = d,0. Hence, for N,
we have the contribution

4
Iy, == [ dAd¢|u|sin 00,0,

=

(4.28)

An analogous contribution arises from N5. Instead, N, and
N, do not contribute, because of our choice (4.26).

It is convenient to rewrite (4.28) by changing coordi-
nates from (4, ¢) to (u, ). The Jacobian of the coordinate
change is

(4.29)

o(u,0) _222115,2,, 0
9.0\ mp w0 f

3?2 I

We observe in passing that the choice (4.26) implies
u =F21 + const, where the sign depends on the sign
of A,. After the change of coordinates, (4.28) becomes

V4 Uy
2 A, 32
Iy =2 [ 40 sin0 | du|=:
1 = Q
0 iy

The choice (4.26) implies that ¢ depends only on the
spacetime coordinates r and 6. After calculating also /# by
raising the index in (4.12), (4.30) reads

2 u P r=p,
Iy, == ["do sine/ * du [A,<6r+—89)ol] .
= Jo Uy Q

(4.31)

r=py

l"aﬂal} (4.30)

Finally, substituting (4.26) and adding also the contribution
from N3, the action contribution from the null boundaries is
found to be

T

2
:_”/de sin 6

0

y P T2A,A
x/du[A,(@,—l—éag) ln‘TG

U

Iy =1y, +1y,

(4.32)

:| r=p)
r=p3
The last ingredient is the bulk action, which is

sin 9 1271
L2

:——/dud0d¢dr /dud9 sin@drx?

4 _
:—:—;/de sinQ/du[r3—|—3a2r00520]£_ﬁ;. (4.33)

Summing the contributions (4.32) and (4.33), the total
action of the causal diamond is given by

Uy

I—4§/d9 sin@/du[F(p3,9)—F(p1,0)], (4.34)
0

U

where we have introduced the function F(r, 8) by

F(r,e):— L2 +3 7

A, P
_7 <8r +§89> In

3+ 3a%rcos?o rza (A,)

I1

———|. 4.35
r222A0 ( )

026024-12



REPARAMETRIZATION DEPENDENCE AND HOLOGRAPHIC ...

PHYS. REV. D 105, 026024 (2022)

& %

II
tL = —T /\\A (//(x tR =T
}S\ x"x
I s 1 I

v )

A\\,: ,{'/}'('

FIG. 8. 'WdW patch in Kerr-AdS spacetime.

This can be slightly simplified by noting that

A, rooa> m
9, <r2) _ 2<L2_r3+r2>, (4.36)
which gives
3a’rcos’6 a?
F(l",@) = —T+m—7
A P 11
-0, +=0y | In| 5=——|. 4.37
2<’+Q 9>nr2z2A9 (437)

The term m can be omitted in this expression, because it
cancels in (4.34). We also have the following identity:

(4.38)

This immediately shows that (4.34) vanishes for a = 0, in
agreement with the result that the action in any causal
diamond of Schwarzschild-AdS vanishes [21].

For the following, it will be convenient to express the
result (4.34) using r as the integration variable instead of u.
Taking into account the above comment on m, we get

I:S:H/dﬁsinﬁ{/
%

3(0)
(4.39)

C. Complexity=Action
The WdW patch of the Kerr-AdS black hole is a causal
diamond anchored at two cutoff boundaries located at
r = R > L. Itis located entirely in the quadrants I-I1V; see
Fig. 8. As before, we use time translation invariance to fix

O(F - m) / O(F - m)}

t = 7 and t = —7 on the right and left boundaries, respec-
tively. The null boundaries of the WdW patch meet in the
quadrants II and IV at the locations r = r;;, and r = r;,,
respectively. These satisfy
r*(r. 0) =

+7+ r*(R.0), (4.40)

together with r_ < r5 < r,. For 7 > 0, we have r}, < r;,
(rjy = ryy for T =0), and rj; - r for 7 — o.

From (4.40) and (4.14) one obtains the derivative of r;
with respect to 7,

o.rh=+—"

441
Q rert ( )

We are now ready to write down the complexity.
Applying (4.39) to the WdW patch and translating to
complexity, we get

b4 R
1 : 0
—2ﬂhEG/d951n9{ drA—r(F—m)
0 "

m

Jogies]

The integrands of (4.42) have a pole at r = r.. This is,
however, an integrable singularity.

It turns out that the integrals do not diverge for large R,
so that the cutoff can be removed. To show this, it is
necessary to obtain P and Q for large r. For the auxiliary
variable { in (4.16), let us use the ansatz

(4.42)

sin0  a*(0)
A‘g }"2

(=

T (4.43)

with an undetermined function «(6). Here and henceforth,
the ellipses denote irrelevant subleading terms in r.
Together with (4.16), (4.43) implies

0= n . —_a(e)\/Ig+-~~. (4.44)
0
Furthermore, (4.17) gives
= P 202 (6
g:—ZSiné?cosé?—Q—k-'-, —=- af )+ (4.45)
JZ Aj JZ r

From (4.45) and (4.44) one can determine a(6) and,
subsequently,

026024-13



AYOUB MOUNIM and WOLFGANG MUCK

PHYS. REV. D 105, 026024 (2022)

(4.46)

a> | B
P—=—,/—sinfcosO—+ ---.
r Ag

Returning to the complexity (4.42), the dominant term in
the integrand goes like 1/r for large r and has three
contributions, which correspond to the terms that grow as r
in (4.37). The first contribution is simply the first term on
the right-hand side, the second one arises from the term
with 0, upon using (4.38), and the last contribution is
ﬁagAg. Summing up these three contributions, one gets

0 a’ | =2 5 a’sin’0cos’6

Z(F-m) =" =|-3c0s20+ 1+ =07

Ar( m) A\, cos 0+ 1+ L°A,

2 = 2
:a7 A:2<1—300329+2%c0549) +-ee

(4.47)

Therefore,

”dH'HRdQF = In Ra®>V/EA

sin rA—( —m) =InRa g + s

O r

(4.48)

where
f 2 a’
Aog = /dé’ sinfA,> <1 —3cos?0 + 2HCOS49)' (4.49)

After a change of the integration variable, this can be
rewritten as

1
1 —3x2 429 x4 1 —x3
T B )

(1-£) L ()

(4.50)

Therefore, the In R term in (4.48) vanishes, which proves
that the complexity (4.42) is finite in the limit R — oo.

It is not possible to analytically compute the integrals in
(4.42) and to find a closed form for the complexity as a
function of z. However, noting that (4.42) depends on 7
only through the integration extrema r); via (4.40), the
complexity growth rate can be obtained as

/ 40 sin 0[F(r5,, 0) — F(r, 0)].
0

1
dr  27zhGE

(4.51)

Note that ;> depend on @ (and on 7). We can easily extract
the following information from (4.51). First the

complexification rate is initially zero, because r}, = r;,
by symmetry for 7 = 0. Second, it approaches a constant
value at late times. To find this value, use ry;, — ro for
7 — oo and the fact that A,(r,) = 0. This implies

3a’r.cos’0  a?

F(re,0) =m— 4
(r:I:v ) m L2 r.
a’ry 5 r

= (1 —3cos 9)+p+ri—m. (4.52)

Substituting in (4.51), the late time complexity growth rate
is obtained as

¢ i —-r 4+ L*r,—r.)
ahG(L* — a?)

(4.53)

>0 dT o

The result (4.53) agrees with the result found in [46].ll
Using (4.3) and (4.10), it can be rewritten as [46]

tim & = 2 (01 - @.) (M~ 1)

—oodr 7w

(4.54)

where Q, = Q, and Q_ is the analogous quantity asso-
ciated with the inner horizon. This saturates the bound
of [47].

We would like to establish whether the (4.53) is
approached from below or above, so we need to calculate
another derivative with respect to z. To make progress, first
note that (4.40) implies

driy P
.40 A,

P
=24,

Q

= 0.
A,

R R—00

(4.55)

+
T

This can be used to substitute, in (4.51), the fraction g that
appears in F(r:,0) [c.f. (4.37)]. Hence,

3 2 29 2 2 d
F(r:,0)=m _cz;‘#_a?_% <d—;> sin @ cos 0
1 dr II
— 5 |:Arar — Ag <d_0> 80:| In W s (456)
where r=rf is implied on the right-hand side.

Substituting (4.56) into (4.51) and integrating by parts
the fourth term yields

T

c 1 ) )
— . — _ +
dr 2nhGE/d0 sin@[F (r. 0) = F(r;,. 0)].  (4.57)
0
where

"The extra factor of two with respect to [46] is due to our
definition of 7.
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a*(r* + L?)
L*r

1
= [Arar _ (4.58)

Again, r = ri is implied on the right-hand side.
We are now ready to take another derivative with respect
to 7, using again (4.40). From (4.58), there will be terms

involving
dd d
—ri=— iﬁ
drdé de 0

Such terms can be integrated by parts. After a few lines, one
finds

(4.59)

+
Fin

d’c 1

= / d0 sin0[G(r5,0) + G(ri,,0)],  (4.60)

0

where we have abbreviated

A, 6r? I , I
G(r, 9) = —E |:2 +? - (arAr)arlng - Arar 1n§
II

IT
— (39A9)89 lng - Agaé lng

- Ag(aglnsine)agln;]. (4.61)

Notice that the terms with mixed derivatives, 0,0y In %
have canceled.

If the term in the brackets in (4.61) were non-negative for
all re(r_,r,) and 0 € (0,7), then it would follow
immediately that (4.60) is positive. Unfortunately, this is
not the case, as we illustrate in Fig. 9. It is impossible to
make a general statement, because generically positive
values at r,,, may be offset by possibly negative values at
r;, and both, r;, and r}},, are functions of . One can show,
however, that the term in question is non-negative in the
late time limit, when r;, — r. In this limit, the term in the
brackets reduces to'>

a*(rr + L2)?[3r4 + r2a*(1 + cos?0) — a*cos®0)?sin’0
L*Agr? (X2 + a®)*(rh + a*cos?0)? ’

(4.62)

12 . .
'We have eliminated m in favor of r,.

r+

FIG. 9. Illustration of the term in the brackets in (4.61) for
re(r_,r.) and 0 € (0,7/2) with the parameters r_ = 0.2,
rp =12, L=1 (a=0.9268, m =2.3373). The gray plane
corresponds to zero. The term in question is negative, where
the gray plane is visible.

which is manifestly non-negative. This concludes the proof
that the complexity growth rate approaches the limit (4.54)
from below.

V. AdS-VAIDYA SPACETIME
A. Setup

We now consider the AdS-Vaidya spacetime, which
gives a description of a process in which a shock wake
collapses within an initial AdS geometry, and a one-sided
AdS-Schwarzschild black hole is formed. The collapse can
be caused, for example, by the insertion of a homogeneous
shell of null fluid. The action functional for such a fluid
coupled to gravity has extensively been discussed in
[53,54] and references therein. The action is

I = /dx”“,/—g(R _2A+‘Cﬂuid)’ (51)

where

Liia = Agu Ml + s1"0,p. (5.2)

Here, I# is the velocity of the null fluid, g,, is the metric,
and the rest of the fields are auxiliary. In particular, A is a
Lagrange multiplier that enforces the constraint /#/, = 0, s
can be interpreted as an entropy density, and ¢ plays the
role of a velocity potential. The on-shell stress-energy
tensor is

T, = 24,1, (5.3)
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By comparison with the stress tensor of a regular fluid we
can identify the energy density of the null fluid as e = 24.

The Vaidya metric in ingoing Eddington-Finkelstein
coordinates is

ds? = —F (v, r)dv? + 2dvdr + r'Q2, (5.4)
with
2
Fivn =1+ 552120, 5:5)
r

fp(v) is known as the profile function. From Einstein’s
equation we find

o fo0)

322G (5-:6)

This shows that the derivative of the profile function is
proportional to the energy density and, as such, should
always be non-negative. When fp is a constant, there is no
collapsing null fluid, and we simply have the AdS-
Schwarzschild black hole geometry, or pure AdS if
fp = 0. Using the equation of motion one can also show
that the null fluid Lagrangian (5.2) vanishes on shell.
Therefore, the null-fluid contributes only implicitly through
the gravity action.

B. Action in a causal diamond

We focus on a causal diamond entirely contained in the
null fluid region. Like we did in the previous sections, we
will compute the action in the diamond, and then fix a
parametrization.

r

Ip
20,

r

rn

The action contribution of the four null boundaries is

r r

1
2;;’1 = —n/dr r”‘lal - n/drr”_10'2

r r3

ry ry

—n/drr”‘163—n/drr"_10'4

- rﬂf;l(rl) + 04(r1)] + r3[o1(r2) + 62(r2)]

= 13[oa(r3) + 03(r3)] + rilos(rs) + o4(ry)]. (5.7)

The bulk contribution is

vy

20, . i
Iy=~-" /(pz“—ﬂ4“)-

V3

(5.8)

The functions p(v) correspond to the radial coordinates of
the null boundaries as a function of » and satisfy

¥ — 1 F(v,p). As before, we rewrite the bulk contribution
using the identity

pv) _dinfF(v.p)| _(n=Dfp(v)  _ fp(v)
L? dv 2p" F(v,p(v))p"!"

(5.9)

where the prime denotes a derivative with respect to .
After some manipulation, we find

T4

:nau/drr"_1 In|F(v(r),r)] +nau/drr”_lln|F(v(r),r)|

r3

T4

—l-nay/drr”_lln|F(v(r),r)|—I—nav/drr”_l In|F(v(r),r)|

r3

_ /d Fo(v) (F(ffpz) ~ T2

U3

with constants @, and a, = 1 — a,.

r

)

+riIn|F(vy, r)| = r5In|[F(vy, r)| + 3 In|F(vs, r3)| = v In |[F(v3, 14)],

(5.10)

We do not write the contribution of the corners since, just like in the AdS-Schwarzschild and the RN-AdS cases, these are
canceled by the surface terms in (5.10) and (5.7). From (5.4) and (5.5) one can see that the function F(r, v) plays the role of
the blackening factor for the Vaidya spacetime. Therefore, we fix

onN;: o,(1) = a,In|F(v(A), r(1))|,
onN,: 6,5(1) = a,In|F(v(1), r(A))|,

)
)

onNsz: 03(4) = a,In|F(v(1), r(1))
onNy: 64(A) = a,In|F(v(A), r(A))

’

. (5.11)
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FIG. 10. WdW patch for Vaidya spacetime. The shell of null
fluid is centred on » = 0 and has thickness 26.
The total action on the causal diamond is then

U3

I , Pr P
s, = | @r) [F(U’Pz) Flo.pp))”

vy

(5.12)

One can check that the parametrization (5.11) is compatible
with the criterion of vanishing action in a static vacuum.
Again, although we have not written it explicitly, the corner
contributions vanish separately.

C. Complexity=Action

We suppose for simplicity that the collapsing shell of
null fluid is centered at v = 0 and has thickness 26, as
illustrated in Fig. 10. We want to model a situation in
which, after the collapse of a shell of null fluid in AdS
space, a one-sided Schwarzschild black hole is formed. The

profile function of the fluid must then interpolate between
|

0

7= 129, [Tdu(nfp(v) = fprts) for |z] <o,

29,,[11(1)”_1(1—5)+ffgdv(nfp(v)— -

the two regimes, i.€., fp(=6) =0 and fp(+5) = 0",
with the condition that f, > 0. We can divide the WdW
patch in three subregions. As shown in [21], using the
appropriate parametrization, the subregion with pure AdS
geometry has zero action, while the black hole region
contributes'

BY = 2nQ, 0" (7 - §). (5.13)

To evaluate the action on the subregion of the WdW
patch filled by the null fluid we, use the parametrization
(5.11) with a,, = 1. We remark that the functions ¢ on the
null boundaries that traverse different subregions of the
WdW patch, should be continuous. The contribution of
the null boundary is then

+6
Pt (n=1)fp(v) Ps
Iy=2Q, [d - f .
N n/ v|: L? * 2 fPF(”vﬂs)
-5

(5.14)

p,(v) is radial coordinate of the boundary along the shell of
null fluid. The bulk contribution of this subregion is

(5.15)

Finally, the contribution of the spacelike boundary at
r=20is

+6

Is:(”+1)9n/deP(U)-

-0

(5.16)

Adding up the contributions (5.14), (5.15), and (5.16), we
find the total action of the fluid subregion of the WdW,

Iﬂuid

2Q, 7‘1”(’%(”) —f}ﬁ). (5.17)

Now, we can write the action of the whole WdW patch

for 7 < =6,

(5.18)

2o ))} for 7 > 6.

“The result appears to be one half of what was found in [21] for an eternal AdS-Schwarzschild black hole, because the black hole

formed by a collapse is one-sided.

026024-17



AYOUB MOUNIM and WOLFGANG MUCK

PHYS. REV. D 105, 026024 (2022)

The action (5.18) depends on the shape of the profile function. As a particular case, we study the infinitely thin shell limit,
i.e., 5§ — 0. In this limit, the profile function can be approximated by fp(v) = %w”" (1 4 %). Furthermore, since the radial
coordinate is continuous across the shell, we can write p,(v) = r; + O(8), where r; = p,(0). Then, the integral in the third

case of (5.18) becomes

/ +5dy<an(v) Ry

o F(ups)

This shows that in the infinitely thin shell limit, the
complexity of Vaidya spacetime is simply

c 0
o,

As we could have expected, the complexity is zero before
the collapse, and afterwards we have the linearly growing
black hole contribution.

for 7 < 0,

(5.20)
for ¢ > 0.

VI. CONCLUSIONS

In this paper, we have reconsidered the computation of
holographic complexity in the C = A approach for different
types of asymptotically AdS black holes. The difference
with previous works is that we do not require the gravi-
tational action to be invariant under reparametrization of
the null boundaries, and we do not add the covariance
counterterm. On the bulk side, the parametrization of the
null boundaries describes the heat content on these boun-
daries [30]. On the CFT side, we interpret the freedom in
the choice of the parametrization as the choice of the details
involved in the definition of computational complexity,
such as the reference state and the set of elementary gates.
Following our earlier proposal [21], we choose the para-
metrization according to the principle that the action in any
vacuum stationary causal diamond vanishes. Incidentally,
this criterion seems to imply that the corner contributions
to the action of a causal diamond vanish separately. This is
actually easier to implement than the original criterion.

) _ _/_+5dvr—?+ 0(8) = 0(3).

(5.19)

S5 v

|

In the considered cases, namely RN-AdS, rotating BTZ
black holes and shock wave geometries, we find that the
complexity growth rate at late times agrees with previous
results in the literature. There are, however, important
differences between our and the earlier results. First, within
our approach, the complexity turns out to be finite when the
cutoff R is removed. This suggests that the action of the
WdAW patch, calculated with a parametrization such that
the corner terms vanish, may not be dual to computational
complexity, but to a sort of operator complexity [15].
Second, we were able to prove, except for the Kerr-AdS
case, that the complexity growth rate always satisfies a
generalized bound and saturates it at late times. In contrast,
with the standard C = A procedure using an affine para-
metrization of the null boundaries and adding the counter-
term, this bound is typically violated.

Therefore, we have confirmed that the application of our
criterion successfully computes the complexity of a large
class of black holes in Einstein-Hilbert gravity and provides
an important improvement over the standard C = A pro-
cedure with the counterterm. It would be interesting to
investigate the application to more general gravitational
theories, such as Gauss-Bonnet gravity or higher derivative
theories.
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