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A B S T R A C T

Direct numerical simulations of the flow and forced convective heat transfer around a sphere at Reynolds
numbers between 𝑅𝑒 = 500 and 𝑅𝑒 = 1000 are performed. We investigate the effects of the Prandtl number
(𝑃𝑟) on the forced convective heat transfer from a sphere for various fluids having 𝑃𝑟 = 0.01, 0.1, 0.7. At
the larger Prandtl number, the convective transport due to the vortex shedding process dominates over the
diffusive transport. As the Prandtl number decreases, diffusive effects become important. Moreover, the thermal
boundary layer increases with decrements of the Prandtl number, which results in a reduction in the local and
mean non-dimensional heat transfer coefficient. It is seen that at 𝑅𝑒 = 500 and 𝑅𝑒 = 750, the vortex shedding
process is asymmetric, which results not only in a non-zero lift coefficient, but in an asymmetric temperature
field in the wake of the sphere at 𝑃𝑟 ≥ 0.1. The dual asymmetry in the flow and the convective heat transfer
is smooth out when the Prandtl number reaches 𝑃𝑟 = 0.01 as the heat diffusion dominates and asymmetries
in the vortex formation zone are no longer relevant in the heat transport. The descend in Prandtl number
also produces an attenuation of the temperature fluctuations and thereby, in the turbulent heat transfer. As a
direct consequence, two factors emerge at 𝑃𝑟 = 0.01: (1) a lower decay ratio of the temperature in the wake
centreline, and (2) a larger wake spread compared to higher Prandtl numbers.
1. Introduction

Forced and mixed convective heat transfer from spheres to fluids
have been the topic focus of many research works for decades (e.g., [1–
4]). Some of the most recent studies involving the fluid dynamics
and heat transfer phenomena can be found in [5–10]. The particular
case of forced convective heat transfer from spheres to low Prandtl
number fluids, such as liquid metals is of interest in many engineering
applications involving metallurgical processes, nuclear reactors, rocket
fluid systems, among others. For instance, pebble-bed reactors (PBR),
in which the pebbles (spheres) in the graphite-moderated nuclear re-
actor can be cooled with liquid sodium, instead of gas. Other specific
applications can be the quenching of spherical metallic parts (like ball
bearings) using helium-based binary mixtures instead of air [11]; the
Prandtl number of these binary gas mixtures ranges between 0.1 and
1 [12].

Many theoretical, experimental and numerical studies have been
documented in the literature in order to analyse the complex inter-
weaving between fluid dynamics and heat transport, as well as to
quantify the heat transfer rates from the spheres. One of the ear-
lier theoretical works was performed by Hsu [13] who derived heat
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transfer correlations for spheres and elliptical rods exposed to liquid
metals flows using assumptions of inviscid potential flow. With similar
hypotheses, Sideman [14] also derived correlations for the Nusselt
number in a sphere as a function of the Peclet number. Refai Ahmed
and Yovanovich [15] proposed an analytical method based on the
linearisation of the energy equation for obtaining a solution for the heat
transfer from an isothermal sphere in the range of Reynolds numbers
0 ≤ 𝑅𝑒 ≤ 2 × 104 and all Prandtl numbers. A correlation for estimating
the Nusselt number was also proposed. Although the predicted heat
transfer was in good agreement with most of the results available in
the literature, larger deviations were observed when comparing with
results involving low Prandtl numbers. Another analytical solution to
forced convection heat transfer from a sphere to low Prandtl numbers
𝑃𝑟 < 1 in laminar regime was presented by Kendoush [16]. He
derived correlations for the heat transfer rates at the front and rear
stagnation points in the sphere, as well as for the local and overall
Nusselt number. The agreement with results from the literature was
reasonable, although these comparisons were done for 𝑃𝑟 = 0.7 and
the applicability to lower Prandtl number fluids was not tested.

Regarding experimental measurements of the heat transfer from
a sphere, many studies have embarked on obtaining correlations for
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the Nusselt number, but also for the local heat transfer rates at the
front and back stagnation points (see for instance [6,17–19]). Some
of the experimental studies carried out also considered the effect of
variable fluid properties on the estimation of the heat transfer [20–22];
however, most of the results were devoted at Prandtl number 𝑃𝑟 ≥ 0.7.

Among the experimental works involving low Prandtl numbers,
he pioneering work of Witte [23] using liquid sodium can be men-
ioned. He measured the heat transfer from spheres in the range of
eynolds numbers of 3.56 × 104 < 𝑅𝑒 < 1.525 × 105. The results
ere compared to available correlated results for heat transfer in water
nd air, but sensible differences were observed. The Nusselt numbers
easured were consistently lower of those for larger Prandtl number

luids. Argyropoulos and Mikrovas [24] also measured the heat transfer
rom spheres in liquid metals under natural and forced convection
onditions and pertinent results were correlated for both conditions.
he melting time of spheres exposed to different Prandtl numbers in
he range of 0.001 < 𝑃𝑟 < 10 was later measured by Melissari and
rgyropoulos [25]. Significant differences in terms of the buoyancy
arameter, as well as on the ratio of the thermal to viscous boundary
ayers were observed depending on the Prandtl number.

From the platform of numerical calculations, the heat transfer from
sphere has also be examined in several investigations. Feng and
ichaelides [26] presented a solution to the unsteady heat and mass

ransfer from an isothermal sphere in a viscous fluid at low Peclet
umbers when its surface undergoes a step change in the temperature.
ater, the authors performed a two-dimensional numerical study for
eynolds numbers up to 𝑅𝑒 = 4000 with Prandtl numbers in the
ange of 0.1 < 𝑃𝑟 < 10 [27]. They found a weak dependence of
he heat transfer rate for 𝑃𝑒 < 2, whereas for large Peclet numbers

strong dependence on the Reynolds number was observed. Dhole
t al. [28] conducted a two-dimensional numerical study to analyse the
hermal convection from an isothermal sphere in the combined ranges
f Reynolds numbers 5 ≤ 𝑅𝑒 ≤ 200 and Prandtl 0.7 ≤ 𝑃𝑟 ≤ 400.
ased on the results obtained, a numerical correlation for the heat
ransfer coefficient was developed. Acceptable results were attested in
omparison to other correlations reported in the literature.

More recently, the heat transfer characteristics of a variable prop-
rty fluid and a sphere in the laminar Reynolds number range of 10−3 ≤
𝑒 ≤ 10 was studied by Ganguli and Lele [29]. The authors observed

arge deviations in the drag coefficient with increments in temperature.
side from this, they proposed correlations for the drag and Nusselt
umber that adequately fit the numerical results in the range analysed.

The influence of Prandtl number on the transport characteristics
or steady laminar mixed convection from a sphere was numerically
tudied by Raju et al. [8] employing Reynolds numbers in the range of
≤ 𝑅𝑒 ≤ 200, Richardson numbers 0 ≤ 𝑅𝑖 ≤ 1.5 and Prandtl numbers
.7 ≤ 𝑃𝑟 ≤ 40. In their study, the variation of the Nusselt number
usceptible to different conditions was analysed. Later, these authors
lso conducted studies for mixed convection heat transfer from a sphere
ith constant heat flux for liquid metals [30]. Different Reynolds
umbers in the range of 5 ≤ 𝑅𝑒 ≤ 200, Prandtl 0.02 ≤ 𝑃𝑟 ≤ 0.06
nd Richardson numbers 0 ≤ 𝑅𝑖 ≤ 5 were considered. Although
o larger differences were detected in the range of Prandtl numbers
tudied, it was demonstrated that when the Richardson number was
xpanded, the recirculation length diminished and eventually was sup-
ressed for the larger 𝑅𝑖. Later, the authors extended the study to cover
arger Prandtl numbers 0.7 ≤ 𝑃𝑟 ≤ 20 arriving at similar conclusions
n the dependence of the recirculation region with the Richardson
umber [10].

So far, the plethora of studies regarding the influence of the Prandtl
umber on the heat transfer in a sphere/fluid ensemble has been
ocused on obtaining correlations for the Nusselt number, either by ex-
eriments or using simplified numerical methodologies, or in analysing
he fluid dynamics and heat transfer in the wake at very low Reynolds
umbers. In the context of engineering applications mentioned at the
2

eginning of the introduction, to have a profound knowledge of the
heat transfer is key if efficiency and productivity are considered. In such
endeavours, the Prandtl number has an important bearing on the heat
transfer and wake characteristics. Thereby, it is obvious that there is a
need for gaining insight into the impact of Prandtl number in the range
of Reynolds numbers in which the flow is unsteady and transitional
to turbulence. Regrettably, few studies addressing this regime can be
found in the literature. Among them, Rodriguez et al. [9] performed
a numerical study in the turbulent regime, accounting for Reynolds
numbers up to 𝑅𝑒 = 104, but restricted to a constant Prandtl number
𝑃𝑟 = 0.7. Special emphasis was placed on the quantification of the
heat transport from the sphere to the fluid along with the detailed
characterisation of the thermal wake. More recently, the analysis was
extended to incorporate the impact of the free-stream turbulence upon
the heat transfer patterns [31]. In light of the foregoing observations,
the present study focuses on the role of the Prandtl number on the
fluid dynamics and heat transfer from a sphere and on the intricacies
of the thermal wake. To accomplish this, direct numerical simulations
for Reynolds numbers of 𝑅𝑒 = 500, 750 and 1000 (here 𝑈 is the free-
stream velocity and 𝐷 is the sphere diameter) and Prandtl numbers in
the range 𝑃𝑟 = 0.01 − 0.7 are performed.

The work is organised as follows. In the next section the description
of the mathematical and numerical models used, the computational
domain and mesh assessment are given. In Section 3, a discussion of the
effects of the Prandtl number on both instantaneous and average tem-
perature field, as well as on the local and average non-dimensional heat
transfer coefficients is presented. Moreover, the analysis of the thermal
wake characteristics considering the effects on the heat transport is also
presented. Final conclusions are drawn in Section 4.

2. Description of the mathematical model and the numerical
method

In the present work, the relevance of the Prandtl number on the
heat transfer ratio from a sphere is investigated. Different Reynolds
numbers 𝑅𝑒 = 𝑈 𝐷∕𝜈 = 500, 750 and 1000 and Prandtl numbers 𝑃𝑟 =
𝜈∕𝜅 = 0.01, 0.1 and 0.7 are considered. The latter encompasses fluids
ranging from liquid metals (such as sodium 𝑃𝑟 = 0.004 − 0.01, gallium
𝑟 = 0.025, lead–lithium 𝑃𝑟 = 0.01 − 0.04) to air (𝑃𝑟 = 0.71) passing

through binary gas mixtures (e.g., helium–xenon 𝑃𝑟 = 0.12) [12,32,33].
The wake regimes span from the unsteady laminar regime to the onset
of the turbulent regime [34,35].

The fluid dynamics and heat transfer from a sphere to a fluid is
governed by the Navier–Stokes and energy equations. Assuming an
incompressible viscous Newtonian fluid with constant thermo-physical
properties and neglecting the effects of thermal radiation, the system
of equations read

𝜕𝑢𝑖
𝜕𝑥𝑖

= 0 (1)

𝜕𝑢𝑖
𝜕𝑡

+
𝜕𝑢𝑖𝑢𝑗
𝜕𝑥𝑗

− 𝜈
𝜕2𝑢𝑖

𝜕𝑥𝑗𝜕𝑥𝑗
+ 𝜌−1

𝜕𝑝
𝜕𝑥𝑖

= 0 (2)

𝜕𝑇
𝜕𝑡

+
𝜕𝑢𝑖𝑇
𝜕𝑥𝑗

− 𝜅 𝜕2𝑇
𝜕𝑥𝑗𝜕𝑥𝑗

= 0 (3)

where 𝑥𝑖 represents the spatial coordinates with 𝑖 = 1, 2, 3 (or 𝑥, 𝑦, and
); 𝑡 is the time; 𝑢𝑖 (or 𝑢, 𝑣, and 𝑤) denotes the velocity components
n the three directions; 𝑝 and 𝑇 stand for the pressure and temperature
ields, respectively. The participating fluid properties are the kinematic
iscosity 𝜈, density 𝜌 and thermal diffusivity 𝜅.

To solve the above system of equations, the code Alya has been
used [36]. In the Alya platform, the equations are discretised us-
ing a low-dissipation finite element (FE) scheme [37] that preserves
linear/angular momentum and kinetic energy at discrete levels. The
scheme is implemented in equal order finite elements, which has
been proven to be suitable for simulating turbulent flows. For the
pressure–velocity coupling, a non-incremental fractional-step method
is used to stabilise the pressure. For the time marching algorithm, the



International Journal of Thermal Sciences 184 (2023) 107970I. Rodriguez and A. Campo
Fig. 1. Central plane of the computational domain, mesh m1 (see Table 1 for details of the sizes of the different zones).
Fig. 2. Wall-normal distance 𝑦+ along the sphere circumference for 𝑅𝑒 = 750 using
mesh m1 and 𝑅𝑒 = 1000 using mesh m2.

system of equations is explicitly integrated using a fourth order Runge–
Kutta method proposed by Capuano et al. [38] and combined with an
eigenvalue-based time-step estimator [39], which allows dynamically
adapt the time-step without losing accuracy (for more details, the
reader is referred to Trias and Lehmkuhl [39]). The low-dissipation
strategy implemented here was extensively tested for different turbu-
lent flows in Lehmkuhl et al. [37]. Also, this strategy has been enforced
for tackling a multitude of complex problems, such as the flow past
a cylinder, fluid–structure interaction, impinging jets for cooling or
active flow control of wings (see for instance [40–43]). Moreover, the
methodology delineated here proved to yield accurate results in the
context of the fluid dynamics and heat transfer from a sphere to non
metallic fluids (see Rodríguez et al. [9,31]).

2.1. Computational domain and boundary conditions

The computational domain to be adopted has been utilised before as
manifested in Refs. [9,31,44], i.e., a cylindrical domain of dimensions
3

(𝑥, 𝑟, 𝜃) ≡ [(−5.5𝐷 ∶ 25.5𝐷); (0 ∶ 10𝐷); (0 ∶ 2𝜋)] with the sphere located
at the origin (0, 0, 0). In previous works, extensive comparisons with the
literature values for the flow field (e.g., local pressure coefficient, veloc-
ity profiles in the wake, among other quantities) as well as heat transfer
(e.g., heat transfer coefficient) were performed. Overall, the obtained
results were in good agreement with the reported experimental and
numerical results. Therefore, no further studies revolving around the
influence of the computational domain and/or the numerical method
are deemed necessary here.

As far as the boundary conditions is concerned, a uniform velocity
profile (𝑢∕𝑈, 𝑣∕𝑈,𝑤∕𝑈 ) = (1, 0, 0) and a constant temperature 𝛩 =
(𝑇 − 𝑇𝑖𝑛)∕(𝑇𝑠𝑝ℎ − 𝑇𝑖𝑛) = 0 are imposed at the inlet. Here, the non-
dimensional temperature 𝛩 is defined in terms of the inlet temperature
𝑇𝑖𝑛 and the sphere surface 𝑇𝑠𝑝ℎ. Owing that in the forced convection
heat transfer regime under study the velocity and temperature fields are
uncoupled, the energy equation can be interpreted as the transport of a
passive scalar and then, the actual values of the temperature at the inlet
and at the sphere surface are irrelevant. With regards to the outlet, a
pressure-based condition is imposed for the momentum equations. For
more details, the reader is referred to Rodriguez et al. [9,44]. For the
temperature, a Neumann boundary condition, i.e., 𝜕𝛩∕𝜕𝑛 = 0 (n being
the normal direction) is defined. For the external cylinder containing
the computational domain, a slip velocity condition is set, i.e., the
derivative of the tangential velocity components and the normal ve-
locity are set to zero (𝜕𝑣𝜃∕𝜕𝑛 = 0; 𝜕𝑣𝑥∕𝜕𝑛 = 0; 𝑣𝑛 = 0); a Neumann
boundary condition for the temperature field is imposed. At the sphere
surface, no-slip boundary conditions for the velocity field and constant
temperature 𝛩 = (𝑇 − 𝑇𝑖𝑛)∕(𝑇𝑠𝑝ℎ − 𝑇𝑖𝑛) = 1 are prescribed.

For solving the various cases, two computational meshes are con-
structed (see Table 1). The mesh 𝑚1 with 1.7 × 106 grid points is
used for the two lower Reynolds numbers 𝑅𝑒 = 500 and 𝑅𝑒 = 750,
whereas for 𝑅𝑒 = 1000 the mesh 𝑚2 with 5.6 × 106 grid points is used.
Details about the construction of the meshes can be seen in Fig. 1.
The unstructured meshes are composed of four different zones with
different grid refinements, the near wake zone (𝑍1) being the most
refined one. Moreover, in the region close to the sphere, points are
clustered to guarantee a good resolution in the boundary layer. In
Fig. 2, the wall-normal distance to the sphere along its circumference is
plotted for 𝑅𝑒 = 750 and 𝑅𝑒 = 1000. Herein, the non-dimensional wall-
normal distance is defined as 𝑦+ = 𝑢𝜏𝑦𝑛∕𝜈, 𝑦𝑛 being the wall-normal
distance and 𝑢𝜏 the skin-friction velocity (𝑢𝜏 =

√

𝜏𝑤∕𝜌; 𝜏𝑤 = 𝜇𝜕𝑢𝜃∕𝜕𝑛 is
the skin friction, 𝜇 is the fluid dynamic viscosity and 𝑢 stands for the
𝜃
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Fig. 3. Vortical structures in the wake of the sphere represented by Q-isocontours 𝑄 = 0.01 and coloured by the velocity magnitude. (a) 𝑅𝑒 = 500, (b) 𝑅𝑒 = 750, (c) 𝑅𝑒 = 1000.

Fig. 4. Effect of the Prandtl number on the instantaneous temperature field. The temperature field is superimposed with the vortical structures identified by means of Q-isocontours
(plotted in black). (a) 𝑅𝑒 = 500, 𝑃 𝑟 = 0.7; (b) 𝑅𝑒 = 500, 𝑃 𝑟 = 0.1; (c) 𝑅𝑒 = 500, 𝑃 𝑟 = 0.01; (d) 𝑅𝑒 = 750, 𝑃 𝑟 = 0.7; (e) 𝑅𝑒 = 750, 𝑃 𝑟 = 0.1; (f) 𝑅𝑒 = 750, 𝑃 𝑟 = 0.01; (g) 𝑅𝑒 = 1000, 𝑃 𝑟 = 0.7;
(h) 𝑅𝑒 = 1000, 𝑃 𝑟 = 0.1; (i) 𝑅𝑒 = 1000, 𝑃 𝑟 = 0.01;.
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Fig. 5. Time-average Nusselt number. Comparison with results from the literature based on (a) experimental correlations, (b) theoretical correlations. See Tables 3 and 4 for
information about correlations.

Fig. 6. Variation of local Nusselt number with Prandtl number. Solid line 𝑅𝑒 = 1000, dashed line 𝑅𝑒 = 750, dotted line 𝑅𝑒 = 500.

Fig. 7. Viscous and thermal boundary thicknesses for the different Reynolds and Prandtl numbers. (dotted line) 𝑅𝑒 = 500, (dashed line) 𝑅𝑒 = 750, (solid line) 𝑅𝑒 = 1000. The solid
dots represent the location of the boundary layer separation at each Reynolds number.
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Fig. 8. Effect of the Prandtl number on the temperature distribution in the wake of the sphere at two perpendicular planes for 𝑅𝑒 = 500; left 𝑥–𝑦 plane, right 𝑥 − 𝑧 plane. (a,b)
𝑃𝑟 = 0.7, (c,d) 𝑃𝑟 = 0.1, (e,f) 𝑃𝑟 = 0.01.
Table 1
Meshes used in the simulations. 𝑁𝑒𝑙𝑒𝑚, total number of elements, 𝑁𝑔𝑝 total number of grid points, 𝛥𝑠𝑝ℎ∕𝐷 size of the elements at the surface of the
sphere, 𝛥𝑧1∕𝐷 to 𝛥𝑧4∕𝐷 size of the elements in the regions 1 to 4 in the wake of the sphere, 𝑁𝐵𝐿 number of grid points within the boundary layer at
𝜃 = 90◦, 𝑦+𝑚𝑎𝑥 maximum wall-normal distance (𝑁𝐵𝐿 and 𝑦+ are calculated for 𝑅𝑒 = 750 for mesh m1 and for 𝑅𝑒 = 1000 for mesh m2).

Mesh 𝑁𝑒𝑙𝑒𝑚 𝑁𝑔𝑝 𝛥𝑠𝑝ℎ∕𝐷 𝛥𝑧1 𝛥𝑧2∕𝐷 𝛥𝑧3∕𝐷 𝛥𝑧4∕𝐷 𝑁𝐵𝐿 𝑦+𝑚𝑎𝑥
m1 9.6 × 106 1.7 × 106 0.0050 0.050 0.08 0.12 0.75 12 0.284
m2 3.27 × 107 5.6 × 106 0.0025 0.025 0.05 0.12 0.75 15 0.336
tangential velocity at the sphere surface). As can be seen in the figure,
the maximum value of the non-dimensional distance is kept below
𝑦+ < 1 in all cases. These meshes were tested in Rodriguez et al. [9]
and mesh m2 proved to give accurate results for both 𝑅𝑒 = 1000 and
6

𝑅𝑒 = 104. Here, it has been found that mesh m1 is accurate enough for
solving the two cases at lower Reynolds numbers, i.e., 𝑅𝑒 = 500 and
𝑅𝑒 = 750. A comparison between the solution with both meshes for
𝑃𝑟 = 0.7 is presented in Appendix. The collected results with mesh m1
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Fig. 9. Effect of the Prandtl number on the temperature distribution in the wake of the sphere at two perpendicular planes for 𝑅𝑒 = 750; left 𝑥–𝑦 plane, right 𝑥 − 𝑧 plane. (a,b)
𝑃𝑟 = 0.7, (c,d) 𝑃𝑟 = 0.1, (e,f) 𝑃𝑟 = 0.01.
have shown to be in good agreement with those obtained with mesh
m2. Therefore, in order to save computational time and resources, the
former mesh m1 is adopted in all computations linked to the two lower
Reynolds numbers.

3. Results

This section is structured into three subsections. The first subsection
discusses the differences in the instantaneous flow responsive to the
Prandtl number. Owing that the temperature map is treated as a passive
scalar, herein the velocity field is independent on the Prandtl number.
The next two subsections deal with the time-average flow and the
7

temperature fields concurrently. For evaluating the time-average flow,
the case with 𝑃𝑟 = 0.7 is advanced in time up until the statistical
stationary regime is reached. In this context, the average statistics are
obtained after the integration of about 250 time-units (TU, 𝑇𝑈 =
𝑡 𝑈∕𝐷). For the pair of 𝑃𝑟 = 0.1 and 𝑃𝑟 = 0.01, the flow is initialised
with the velocity field associated with 𝑃𝑟 = 0.7. Then, after the initial
short transient is surpassed, the proper statistics are also integrated over
the time.

3.1. Effect of the Prandtl number on the instantaneous temperature field

Coherent structures developed in the wake of the sphere for the
three Reynolds numbers are depicted in Fig. 3. Vortical structures
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Fig. 10. Effect of the Prandtl number on the temperature distribution in the wake of
the sphere for 𝑅𝑒 = 1000; (a) 𝑃𝑟 = 0.7, (b) 𝑃𝑟 = 0.1, (c) 𝑃𝑟 = 0.01.

are represented using the Q-criterion proposed by Hunt et al. [45].
In the figure, Q-isocontours are coloured by the velocity magnitude.
Complementing these plots, instantaneous temperature maps at the
𝑥–𝑦 plane superimposed over the vortical structures are displayed in
Fig. 4. Moreover, relevant quantities, such as the average separation
point, 𝜃𝑠, the drag coefficient, 𝐶𝐷, the lift coefficient, 𝐶𝐿, and the
recirculation length 𝐿𝑟𝑒𝑐∕𝐷 are listed in Table 2. The average sepa-
ration point is defined as the angular position in the sphere where
the wall shear stress attains zero. The drag coefficient is defined as
the non-dimensional force on the surface in the streamwise direction
𝐶𝐷 = 𝐶𝑥 = 𝐹𝑥∕(1∕2𝜌𝑈2𝐴𝑟𝑒𝑓 ), whereas the lift coefficient 𝐶𝐿 is defined
in the cross-stream direction from the 𝐶 and 𝐶 components, i.e., 𝐶 =
8

𝑦 𝑧 𝑖
Table 2
Flow parameters: Drag coefficient 𝐶𝐷 , lift coefficient 𝐶𝐿, separation angle 𝜃𝑠 and
recirculation length 𝐿𝑟𝑒𝑐∕𝐷.
𝑅𝑒 𝐶𝐷 𝐶𝐿 𝜃𝑠 𝐿𝑟𝑒𝑐∕𝐷

500 0.582 −0.049 106.9◦ 1.44
750 0.517 −0.023 103.5◦ 1.58
1000 0.466 −7.6 × 10−4 101.4◦ 1.68

𝐹𝑖∕(1∕2𝜌𝑈2𝐴𝑟𝑒𝑓 ) with 𝑖 = 2, 3 (or 𝑦, 𝑧). Here, the reference area 𝐴𝑟𝑒𝑓
corresponds to the cross-sectional area. The recirculation length 𝐿𝑟𝑒𝑐∕𝐷
is calculated as the average distance from the sphere in the wake
centreline where the stream-wise velocity changes sign.

As expected, for the three Reynolds numbers under study, the flow
separates laminarly from the sphere surface as shown in Fig. 3 and,
the separation point moves towards the sphere apex as the Reynolds
number increases (see the pertinent values summarised in Table 2).
Actually, laminar separation takes place up until 𝑅𝑒 ≈ 2×105 [46] when
transition to turbulence moves towards the sphere surface. Despite that
there is vortex shedding at the two lower Reynolds numbers, the wake
remains laminar and exhibits an asymmetric behaviour (Fig. 3a,b).
In fact, at these Reynolds numbers, the mean lift coefficient 𝐶𝐿 has a
non-zero value (see Table 2), in conformity with the values reported in
Refs. [47,48]. The asymmetry in the flow also affects the heat transfer
as will be discussed in detail in the next subsection.

When the Reynolds number exceeds 𝑅𝑒 = 800, Kelvin–Helmholtz
instabilities commence to show up in the separated laminar shear
layer [34]. These instabilities can be observed for Reynolds number
𝑅𝑒 = 1000 (see Fig. 3c) as the wake experiences the transition from lam-
inar to turbulent regime. Also, vortices are shed at random azimuthal
locations in the shear layer (see discussion in Rodriguez et al. [44]).
As a consequence, the average symmetry of the flow is recovered. This
feature can also be deduced from the value of mean lift coefficient,
which is almost zero at 𝑅𝑒 = 1000.

When inspecting the instantaneous temperature maps plotted in
Fig. 4, it is observed that as the Prandtl number decreases compared to
eddy transport the heat diffusion becomes more important, especially
in the near wall region. The incremental diffusivity leads to a damping
in the temperature fluctuations and the dissipation of the small scales.
In fact, as can be seen in Fig. 4c,f,i, small scale temperature structures
are completely attenuated at 𝑃𝑟 = 0.01 and the temperature map
does not follow the vortical structures of the flow. As was discussed
by Grötzbach [49], due to the large thermal diffusivity of the flow
at low Prandtl numbers, turbulent thermal diffusivity only becomes
larger than the molecular thermal diffusivity at high Reynolds numbers
(e.g., for 𝑃𝑟 = 0.025 at Reynolds number 𝑅𝑒 > 6 × 104). Thereby, it is
expected that for the selected Reynolds numbers under study associated
with 𝑃𝑟 = 0.01 the heat transport is dominated solely by the thermal
diffusivity of the flow.

3.2. Effect of the Prandtl number on the time-average heat transfer

The local non-dimensional heat transfer coefficient is the local
Nusselt number 𝑁𝑢 specified at the sphere surface. 𝑁𝑢 is evaluated
in terms of the local heat transfer coefficient ℎ and the fluid thermal
conductivity 𝑘 as,

𝑁𝑢 = ℎ 𝐷
𝑘

=
�̇�

(𝑇𝑠𝑝ℎ − 𝑇𝑖𝑛)
𝐷
𝑘

=
𝑘𝜕𝑇 ∕𝜕𝑛

(𝑇𝑠𝑝ℎ − 𝑇𝑖𝑛)
𝐷
𝑘

= 𝐷𝜕𝛩
𝜕𝑛

(4)

In the above expression, �̇� is the heat flux from the sphere, and 𝑇𝑠𝑝ℎ
and 𝑇𝑖𝑛 are the temperatures at the sphere surface and at the inlet,
respectively. In Fig. 5, the time average Nusselt number ⟨𝑁𝑢⟩ is plotted
against both experimental and theoretical correlations taken from the
literature, which are summarised in Tables 3 and 4. In general, the
plots in the figure demonstrate that the time-average Nusselt number
for 𝑃𝑟 = 0.7 is in good agreement with those predicted by the experi-
mental correlations available in the literature. When Prandtl number
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Fig. 11. Effect of the Prandtl number on the heat fluxes in the wake of the sphere for 𝑅𝑒 = 1000. (left) magnitude of the convective heat flux, (centre) magnitude of the turbulent
heat flux, (right) magnitude of the diffusive heat flux;(a,b,c) 𝑃𝑟 = 0.7, (d,e,f) 𝑃𝑟 = 0.1, (g,h,i) 𝑃𝑟 = 0.01.
diminishes one order of magnitude to 𝑃𝑟 = 0.1 and two orders of
magnitude to 𝑃𝑟 = 0.01, the values of the Nusselt number are slightly
larger than those predicted by the experimental correlations. However,
it should be mentioned that Witte correlation [23] and Argyropoulos
correlation [24] were obtained for larger Reynolds numbers than those
studied here. This implies that the plot is outside the range of validity of
the two experimental correlations. Moreover, the correlation by Kreith
et al. [50] was obtained for rotating spheres and consequently, it is not
expected to accurately work for the case under study.

A larger scattering is palpable when the computed results are plot-
ted against the theoretical correlations. However, it should be bear in
mind that some of these theoretical correlations were based on the in-
viscid flow hypothesis, such as those by Hsu [13] and Kendoush [16], or
by using a simpler two-dimensional model, like Feng and
Michaelides [27]. Nonetheless, depending on the Prandtl number,
the agreement might tend to improve. In the case of the theoretical
correlations based on the inviscid flow hypothesis, i.e., Kendoush
correlation [16] and Hsu correlation [13], large deviations are observed
at 𝑃𝑟 = 0.7 (not plotted here), but their prediction improve as the 𝑃𝑟
diminishes. This might be due to the simplistic assumption of inviscid
flow, because as the Prandtl number diminishes the heat transport by
diffusion gets more notoriety, especially in the separated zone behind
the sphere and thus ascertain that the heat transfer estimates are
more accurate at low Prandtl numbers. A different explanation can be
given to the deviations observed from Melissari and Argyropoulos [25]
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Table 3
Nusselt numbers based on experimental measurements.

Reference Correlation Observations

Yuge [17] 2 + 0.493 𝑅𝑒0.5 10 < 𝑅𝑒 < 1800
𝑃𝑟 = 0.7

Kreith et al. [50] 0.178 𝑅𝑒0.375 7 × 104 < 𝑅𝑒 < 106

𝑃𝑟 = 10−2

Witte [23] 2 + 0.386(𝑅𝑒 𝑃𝑟)0.5 3.56 × 104 < 𝑅𝑒 < 1.525 × 105

𝑃𝑟 = 10−3

Whitaker [22] 2 + (0.4 𝑅𝑒0.5 + 0.06 𝑅𝑒2∕3)𝑃𝑟0.4 3.5 < 𝑅𝑒 < 7.6 × 104

0.71 < 𝑃𝑟 < 380
Argyropoulos [24] 2 + 1.114 𝑅𝑒0.557𝑃𝑟0.914 4330 < 𝑅𝑒 < 20780

0.014 < 𝑃𝑟 < 0.219

correlation, as the model is based on global balances, which do not take
into account local variations in the heat transfer coefficient. Moreover,
since the model was validated for liquid metals, it most perform better
at low Prandtl numbers, as can be corroborated from the comparisons.

The local time average Nusselt number 𝑁𝑢 for the different cases
is illustrated in Fig. 6. Notice that 𝑁𝑢 has been scaled with the non-
dimensional group 𝑁𝑢 𝑅𝑒−0.5, following the numerical model for the
heat transfer in two-dimensional and rotationally symmetrical laminar
boundary layer flows exposed by Frösling [20]. Complementing this
figure, the influence of the Prandtl number on the viscous boundary
layer thickness (𝛿95) and the thermal boundary layer thickness (𝛿𝛩) for
all Reynolds numbers considered is plotted in Fig. 7. Here, the viscous
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Fig. 12. Effect of the Prandtl number on the heat fluxes in the wake of the sphere for 𝑅𝑒 = 750. (left) magnitude of the convective heat flux, (centre) magnitude of the turbulent
heat flux, (right) magnitude of the diffusive heat flux;(a,b,c) 𝑃𝑟 = 0.7, (d,e,f) 𝑃𝑟 = 0.1, (g,h,i) 𝑃𝑟 = 0.01.
Table 4
Nusselt numbers based on numerical simulations.

Reference Correlation Observations

Hsu [13] 0.921(𝑅𝑒𝑃𝑟)0.5 𝑅𝑒 < 5 × 105

𝑃𝑟 < 0.1
Kendoush [16] 1.13(𝑅𝑒𝑃𝑟)1∕2 𝑅𝑒 < ×103

𝑃𝑟 < 0.1
Feng and Michaelides [27] 0.922 + (𝑅𝑒𝑃𝑟)1∕3 + 0.1𝑅𝑒2∕3𝑃𝑟1∕3 𝑅𝑒 < 2000

𝑅𝑒𝑃𝑟 < 2000

Refai-Ahmed and
Yovanovich [15]

2 + 0.775𝑅𝑒0.5 𝑃𝑟1∕3∕
√

2𝑅𝑒−0.25+1
[

1+ 1
(2𝑅𝑒−0.25+1)3

]1∕6 𝑅𝑒 < 105

0 < 𝑃𝑟 < ∞
Melissari and
Argyropoulos [25]

2 + 0.47 𝑅𝑒0.5𝑃𝑟0.36 100 < 𝑅𝑒 < 5 × 104

3 × 10−3 < 𝑃𝑟 < 10

boundary layer thickness is defined as the non-dimensional distance in
the wall-normal direction from the surface to the location where the
tangential velocity reaches 95% of the edge velocity (𝑢𝜃 = 0.95𝑈𝑒𝑑𝑔𝑒);
the edge velocity being the maximum velocity in the boundary layer
in the wall normal direction. In a similar way, the thermal boundary
layer thickness is defined as the location in the wall normal direction
where the fluid temperature reaches 5% of the wall temperature above
the free-stream temperature.

As expected, the maximum average Nusselt number is attained at
the front stagnation point in the sphere and decreases gradually as the
boundary layer thickens, to reach a local minima close to the location
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of the boundary layer separation (see also Fig. 7). For the reference
case 𝑃𝑟 = 0.7, although the thermal boundary layer is slightly thicker
than the viscous one, both boundary layers are comparable. Moreover,
as convective transport dominates, after separation occurs, the heat
transfer intensifies slightly due to the incipient flow recirculation be-
hind the sphere. When the Prandtl number decreases and the diffusive
effects become more important, the thickness of the thermal boundary
layer enlarges. As a result, the heat transport in the boundary layer gets
dominated by the heat diffusion with the consequent reduction in the
local Nusselt number.

3.3. Effect of the Prandtl number on the wake

As discussed in Section 3.1, the magnitude of the Prandtl number
has a paramount influence on the temperature of the fluid in the
wake behind the sphere. The average temperature fields in the wake
for all the cases under study are depicted in Figs. 8–10. The size of
the thermal boundary layer with the decline in the Prandtl number
is readily seen in the figures. There is an important elevation in the
temperature levels around the sphere, which also attenuates the heat
removal from the sphere. These higher temperature levels around the
sphere at low Prandtl number act as insulation with the consequent low
non-dimensional heat transfer coefficient as has been discussed in the
previous section.

For the particular case of 𝑃𝑟 = 0.7, the temperature field follows
the pathway of the velocity field. The heat transport in the vortex



International Journal of Thermal Sciences 184 (2023) 107970

11

I. Rodriguez and A. Campo

Fig. 13. Effect of the Prandtl number on the heat fluxes in the wake of the sphere for 𝑅𝑒 = 500. (left) magnitude of the convective heat flux, (centre) magnitude of the turbulent
heat flux, (right) magnitude of the diffusive heat flux;(a,b,c) 𝑃𝑟 = 0.7, (d,e,f) 𝑃𝑟 = 0.1, (g,h,i) 𝑃𝑟 = 0.01.

Fig. 14. Thermal wake width for the different cases. (dotted line) 𝑅𝑒 = 500, (dashed line) 𝑅𝑒 = 750, (solid line) 𝑅𝑒 = 1000.
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Fig. A.15. Mesh resolution studies. Comparison of the results obtained with mesh m1 and m2 at 𝑅𝑒 = 750, 𝑃𝑟 = 0.71. (a) Pressure coefficient, (b) skin friction, (c) Nusselt number.
(red line) mesh m1, (blue dots) mesh m2.
formation region is dominated by the vortex shedding process and
the entrainment of colder fluid from the main stream flow. The heat
from the sphere is removed by the dominant higher vorticity in the
shear layer, which results in larger temperature values along it. This
pattern related to the more intense transport due to the vortex shedding
is attenuated as the Prandtl number diminishes, as can be seen in
Figs. 8(e,f), 9(e,f) and 10c.

As commented before in Section 3.1 for the two lower Reynolds
numbers, the vortex shedding process is asymmetric, which brings forth
in asymmetric average temperature maps. This trend can be observed
in Fig. 8 for 𝑅𝑒 = 500 and Fig. 9 for 𝑅𝑒 = 750, where the temperature
maps are plotted in two perpendicular planes. At these two Reynolds
numbers, the asymmetry in the vortex shedding process seems to favour
a range of azimuthal locations. This behaviour ultimately influences
the temperature field, especially in the vortex formation zone. The
asymmetry in the vortex shedding brings forth a non-zero cross-stream
force coefficient (see values of the average 𝐶𝐿 reported in Table 2
and the discussion in Section 3.1) and as a direct consequence, an
asymmetric heat transfer. The asymmetry in the heat transfer was
previously reported by Bagchi et al. [48] in their numerical study of
the flow and heat transfer from a sphere up to Reynolds number 𝑅𝑒 =
500. Nonetheless, as the flow moves downstream the vortex formation
zone, the symmetry in the temperature field is gradually recovered (see
Figs. 8 and 9).

An interesting feature attributable to a reduction in the Prandtl
number is that the asymmetry in the vortex formation zone tends to
smooth out and the symmetry is almost recovered at 𝑃𝑟 = 0.01. This
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feature is due to an invigoration in the diffusive heat transport over
the convective heat transport. When Reynolds number ascends to 𝑅𝑒 =
1000, the vortex shedding process occurs at random locations in the
separated shear layer, as discussed in [9]. As a result, the time-averaged
wake recovers its axisymmetric shape, and the temperature field be-
comes axisymmetric (see Fig. 10). Due to the prevalent axisymmetry in
the average flow, only one plane is plotted in the figure.

Another essential issue on the temperature field is that with a
reduction in the Prandtl number, the temperature decay along the
wake centreline occurs at a reduced rate. This behaviour can also be
understood if the viscous and turbulent heat fluxes are evaluated in
the wake. The quantitative evaluation of the total heat flux (and its
components) in the wake can be very useful in gaining physical insight
into the heat transfer process from the heated sphere to the fluid. The
total heat flux can be evaluated as

𝑞𝑡𝑖 = ⟨𝑢𝑖𝛩⟩ + ⟨𝑢′𝑖𝛩
′
⟩ − 1

𝑅𝑒 𝑃𝑟
( 𝜕⟨𝛩⟩

𝜕𝑥𝑖

)

(5)

In the above equation, ⟨⋅⟩ denotes the time average fields. In
Figs. 11–13, the three components of the heat flux magnitude in Eq. (5),
i.e., the convective heat flux ⟨𝑢𝑖𝛩⟩, the turbulent heat flux ⟨𝑢′𝑖𝛩

′
⟩

and the diffusive part − 1
𝑅𝑒 𝑃𝑟

( 𝜕⟨𝛩⟩

𝜕𝑥𝑖

)

are plotted for the three Reynolds
numbers under study. Analysing the figures, it can be ascertained that,
qualitatively, the behaviour of the heat fluxes as a function of the
Prandtl number is similar for all Reynolds numbers. As can be seen
from the figures, the Prandtl number has a pronounced influence on
the behaviour of the heat fluxes in the wake. On one hand, there
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is an intensification of the overall heat transfer with the decline in
the Prandtl number. The lower the Prandtl number, the larger the
magnitude of both the diffusive and the convective heat fluxes, which
further explains the lower decay ratio of the temperature along the
wake centreline. On the other hand, as expected, the turbulent heat
transfer diminishes with a reduction in the Prandtl number, being
almost negligible at 𝑃𝑟 = 0.01. Moreover, as the diffusive heat transport
dominates over the turbulent heat transfer, the rate of heat transfer
enlarges with cutbacks in the Prandtl number. In addition, this has a
bearing on the thermal wake spread as can be observed in Figs. 8–10.

A quantitative evaluation of the thermal wake spread can be calcu-
lated from the thermal half-wake width, which is shown in Fig. 14. The
thermal half-wake width has been defined as in Legendre et al. [51],
as the distance where the non-dimensional temperature 𝛩(𝑥∕𝐷, 𝑟∕𝐷)
reaches a magnitude equal to 𝑒−1∕2 the value at the wake centreline,
i.e., 𝛩(𝑥∕𝐷, 𝑟∕𝐷) = 𝛩(𝑥∕𝐷, 0)𝑒−1∕2. It is important to point out that for
computing the average wake width, the temperature profiles have been
averaged in the azimuthal direction, so that asymmetries in the flow
have not been taken into account. As can be readily seen from Fig. 14,
whenever 𝑃𝑟 = 0.7, the wake width is almost invariant with the
Reynolds number. However, for lower Prandtl numbers, the wake width
increases and subtle differences connected to the Reynolds number
are manifested. This feature indeed signifies that the intensification
in the heat transfer due to diffusive transport becomes more relevant
with decrements in the Prandtl number. Specifically, when the Prandtl
number descends from 𝑃𝑟 = 0.7 to 𝑃𝑟 = 0.01 (about two orders of
magnitude), the heat transfer augmentation can reach 2.3 to 3.5 times
at 𝑥∕𝐷 = 20 when the Reynolds number shrinks from 𝑅𝑒 = 1000 to
𝑅𝑒 = 500.

4. Conclusions

In the present study, direct numerical simulations of certain fluid
flows around a sphere at Reynolds numbers of 𝑅𝑒 = 500, 750 and 1000
have been performed to examine the susceptibility of the Prandtl num-
ber on the sphere and wake ensemble. The Prandtl numbers selected
are 𝑃𝑟 = 0.01, 0.1 and 0.7.

As the Prandtl number decreases from 𝑃𝑟 = 0.7, the heat diffusion
becomes dominant over the eddy transport, which leads to a damping
in the temperature and heat fluxes fluctuations at all Reynolds numbers.
For the two lower Reynolds numbers 𝑅𝑒 = 500 and 𝑅𝑒 = 750,
the wake turns asymmetric, which results in a non-zero cross-stream
force coefficient. This asymmetry in the flow has a repercussion on
the heat transfer, the near wake temperature and the heat fluxes.
Such asymmetry tends to disappear as the heat transport by diffusion
dominates over the turbulent heat transport with gradual decays in the
Prandtl number. Moreover, irrespective of the Reynolds number, the
thermal wake spread enlarges about 2.3 to 3.5 times at 𝑥∕𝐷 = 20 with
𝑃𝑟 decrements from 0.7 to 0.01.

As expected, the Prandtl number plays a preponderant role on the
local and average heat transfer coefficients. As the Prandtl number
decreases, coupled with the dominance of the diffusion heat transport,
the boundary layer thickens with the consequent reduction in the local
and average Nusselt number. The average Nusselt numbers computed
in the present study are in fair agreement with experimental-based
correlations reported previously in the literature. When compared with
theoretical models, a larger scattering for Prandtl number 𝑃𝑟 = 0.7 has
been observed. However, this observation has been attributed to the
separation of the flow that occurs in the rear side of the sphere. This
aspect is neglected when the inviscid flow hypothesis is invoked in the
theoretical models.
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Appendix. Grid resolution studies

In order to corroborate that mesh m1 (see Table 1) used for solving
the cases dealing with 𝑅𝑒 = 500 and 𝑅𝑒 = 750 has credible accuracy,
simulations for combinations of 𝑅𝑒 = 750 and 𝑃𝑟 = 0.7 have been also
performed with mesh m2. The comparison of the pressure distribution,
skin friction and Nusselt number along the sphere circumference is
plotted in Fig. A.15. As can be seen from the figure, the results resting
on mesh m1 manifest in good agreement with those obtained with the
high-resolution mesh m2 for all quantities analysed.
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