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A NONCOMMUTATIVE SIERPINSKI GASKET
FABIO CIPRIANI, DANIELE GUIDO, TOMMASO ISOLA, AND JEAN-LUC SAUVAGEOT

ABSTRACT. A quantized version of the Sierpinski gasket is proposed, on purely topological
grounds. This is a C*-algebra with a suitable form of self-similarity. Properties of this C*-
algebra are studied, in particular irreducible representations and extremal traces are fully
described. A self-similar Dirichlet form together with a spectral triple are also constructed,
extending results already known for the classical gasket.

1. INTRODUCTION

In this note we describe an example of a noncommutative fractal, more precisely a non-
commutative analogue of a Sierpinski gasket.

Because of the particular structure of the Sierpinski gasket K, the self-similarity relation
can be reformulated as a family of embeddings of finite-dimensional algebras, which give rise
to a suitable infinite-dimensional C*-algebra which turns out to consist of the continuous
functions on K. Such procedure may be quantized, producing a noncommutative C*-algebra
Ao with trivial centre which we call the algebra of the noncommutative Sierpinski gasket.

Such C*-algebra contains C'(K) as a maximal abelian sub-algebra, and is contained in the
UHF algebra UHF(3°°). The irreducible representations of A, are completely described, and
are either finite-dimensional or faithful. In the latter case they are restrictions of representa-
tions of the UHF algebra.

Then we show that the noncommutative Sierpinski gasket admits a harmonic structure,
giving rise to a self-similar closed Dirichlet form on A., which restricts to the standard
Dirichlet form on C(K).

Finally, we build a spectral triple on A, which is strictly related to the spectral triple
considered in [33] when applied to the gasket. This triple has metric dimension equal to the
Hausdorff dimension of the gasket, and the Connes’ trace formula gives back the restriction
to A, of the unique trace on the UHF algebra, and coincides with the Hausdorff integral
when computed on the continuous functions on K. The commutator with the Dirac operator
produces a Lip-norm in the sense of Rieffel, hence A, is a compact quantum metric space.
The Dirichlet form on A., may also be recovered through the spectral triple, according to a
formula already used in [17] and [33].

The Sierpinski gasket K C R? is among the most studied self-similar fractal sets: it can
be reconstructed as a whole from any arbitrary small piece of it. It is the only compact set
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satisfying
K = wl(K) U wg(K) U wg(K)

where the similitudes w; fix the vertices of an equilateral triangle in the plane. Its geometry
is governed by the pseudo semigroup of local homeomorphisms generated by the w;. It has
been introduced by Sierpinski [54] as a somewhat paradoxical “curve” whose points ramify.

During the 1970s and 1980s physicists [51, 50] became interested in studying the Schrédinger
equation on K due to the appearance of localized states, thus suggesting that fractals like K
lie in between periodic crystalline and disordered structures (modeled by random potentials).
In these works Laplacian-like operators and their spectra were only defined and analyzed as
limits of Laplacians on approximating graphs (decimation method) (see however also [6], [10]).

On the probabilistic side, K started to be investigated in [44], [7] and [29] where self-similar
diffusions where constructed. These processes, though playing a role similar to the Brown-
ian motion in the plane, exhibit unusual peculiarities summarized by different non integral
Hausdorff, metric and random-walk dimensions.

However, since no open set in K is homeomorphic to a Euclidean disk, the study of K is
challenging in several directions. Difficulties arise already at the topological level as the fun-
damental group 7 (K) is locally compact but not discrete, in a suitable topology ([2]).

Hence K does not admit a manifold structure so that differentiability of functions has to be
introduced unconventionally ([19], [20]). This can be done by the analogue € of the Dirichlet
integral on K, constructed by Kusuoka [45] using probabilistic methods, and fully understood
in the late 1980s within Kigami’s theory of harmonic structures ([41]). This framework,
allowing the use of the theory of Dirichlet forms to reconcile the approaches followed by
probabilists and physicists, also provided a firm ground to study spectra of Laplacian-like
operators ([27], |42, 43]). The object of the theory is the construction and the study of self-
similar Dirichlet forms [26]. These are quadratic forms € on the algebra C(K) of continuous
functions, which on the one hand satisfy the fundamental contraction property of the Dirichlet
integrals in Euclidean spaces on which the potential theory is based

Elunl] < Elul
and, on the other hand, match the self-similar nature of K in the sense that
Elu] =it Euow ]+ 1yt Euowy + 13t E[u o ws)

for some fixed set of “energy ratios” ri,re,73 > 0. Starting from the differential structure
underlying any regular Dirichlet form [19], the potential theory on K is then developed in
such a way that analogues of the Hodge and de Rham theorems are available [I7] (see also
[53]). Here a first peculiarity of K, compared with smooth compact Riemannian manifolds,
is that the space of harmonic 1-forms is infinite dimensional. A second one is related to the
fact that K is not semilocally simply connected so that it does not admit a universal (simply
connected) covering space and potentials of locally exact 1-forms have to be realized on the
Uniform Universal Abelian Covering ([49], [I7]). Finally, volume and energy distribution on
the Sierpinski gasket can be described in the framework of Noncommutative Geometry by a
suitable Dirac operator [I§] (see also [15], [16]). In agreement with the discovery by Kusuoka
and Hino that energy measures on K associated to € are singular with respect to any self-
similar Bernoulli measure ([45], [35]), [36], it results that the (non integer) dimensions of
K relative to the volume and energy distributions associated to D differ (in contrast to the
Riemannian situation).
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We now describe our idea of the construction of a noncommutative fractal modeled on the
Sierpinski gasket.

The self-similarity equation for a fractal means that the union of a finite number of (rescaled)
copies of the space coincides with the space itself. Up to more or less trivial cases, the union
is not disjoint, and, for the gasket, only involves finitely many vertices, so that the fractal can
be completely reconstructed by the projections from the disjoint union of vertices onto the
non-disjoint one. From a functional point of view, this amounts to an embedding of finite-
dimensional algebras, namely the map ¢, : C(Vi41) < C* @ C(V,) (the space of complex
valued functions on V;,). The family {C(V},) }»>0 is not an inductive family, however any of the
algebras, viewed as an algebra of cylindrical functions, naturally embeds into the algebra of
functions on the infinite product ¥ = {0, 1, 2} endowed with the product topology. It turns
out that the algebra of functions on K is a suitable limit of the C(V},)’s seen as sub-algebras
of C(X).

As observed before, the maps 1y, are induced by projections 4y : V,, UV, UV, — V4.
Such maps are injective up to their restriction to the external vertices in V,,, the non-injectivity
pattern being the same as that for the projection map v, : Vo U Vo U Vy — Vi. This means
that the algebras C(V,,) and the maps v}, and hence the algebra C'(K), can be inductively
reconstructed starting from Vg, V; and ;.

The quantisation procedure consists in replacing the algebras C(V},) with (generally) non-
commutative finite-dimensional C*-algebras A,, endowed with embeddings (which we denote
with the same symbol) ¥, : A,41 — M3(C) ® A, (see Definition 7). As for the com-
mutative case, the algebras A, and the embeddings v} are determined inductively by Ay,
Ay and 7. The base of the induction consists in posing Ag = C(Vp), A; = C(V;) and ¢
equal to its commutative counterpart. However, the replacement of C* with M5(C) allows
A, n > 2, to be noncommutative. A visualization of the difference between the embeddings
C(Vy) = C3® C(V}) and Ay — M3(C) ® A, is shown by the Bratteli diagrams in Fig. B
Because of the inclusions ¥, all algebras A,, naturally embed in UHF(3°). As in the classical
case, the sequence {A,, },>o is not inductive, however norm-convergent sections n € N — a,, €
A, form a C*-subalgebra of UHF(3%°) (see Theorem [2.9]), which we call the quantum gasket.
Let us notice that the construction of C'(K') outlined above is purely topological, since it uses
neither the metric information nor the harmonic structure of the gasket, but only the topology
of 3. The same is true for the quantum gasket A, where the topological information is given
by the embeddings of the A,’s in UHF(3%).

Once the C*-algebra of quantum gasket is defined, we study its representations. A key step
here is the existence of restriction maps p, : Ao — A, which are C*-epimorphisms. Such
maps, which are the counterpart of the natural embeddings V,, — K, turns out to describe
all irreducible finite-dimensional representations of A..

In order to define the maps p,, we introduce a non-standard numbering of the vertices of the
gasket, which gives rise to a labelling of the generators of A, expressed as tensor products
of 3 x 3 matrices.The map from M;z(C)®"*+) — M;z(C)®", which gives 0 if the last tensor
factor is not the matrix unit esy and erase the last tensor factor otherwise, turns out to
restrict to a morphism A,,; — A,. Combining such morphisms we produce the maps p,.
We also associate to such restrictions a 1-parameter family of symmetric extensions, namely
linear maps A, — A, which are right inverses of the p,, are completely positive maps,
and commute with the symmetries of the triangle. By using these extensions one can prove
that A, is nuclear. Among these symmetric extensions, particularly useful are the harmonic
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extensions, which have parameter 3/5, and the affine extensions, which have parameter 1/2,
see below for details.

We then study the ideals of A, which lead us to a classification of the irreducible rep-
resentations: such representations are either finite dimensional, and in this case factorise
through the maps p,, or faithful, and in this case they are restrictions of representations
7 : UHF(3*) — B(H) with n(A)” = 7(UHF(3°))”. Primitive ideals and tracial states are
fully described too (cf. sections B.7] and B.g]).

As mentioned above, our description of A, rests upon purely topological data. However,
the self-similar structure provides a harmonic structure. Indeed the symmetric energy form
on Ay = C(V}) generates, by self-similarity, a sequence of energy forms on A,, while the
symmetric extension with parameter 3/5 gives the compatibility between the energies of
different levels, finally providing a densely defined closed symmetric Dirichlet form on A.
In other terms, topology plus self-similarity endow A, with a further structure given by the
Dirichlet form and a dense sub-algebra, which consists of the elements with finite energy.
The last step consists in a further enrichment of the structure of A.,, which has a metric
origin. It is based on the observation that the data (3, D) of the spectral triple on the
classical gasket considered in [33] works perfectly well for the noncommutative gasket: A
acts naturally on H and the bounded commutator property is satisfied for the dense x—algebra
consisting of the affine extension of the elements of A,,, n € A,. As mentioned above, the pair
(H, D) adds a metric information, since we prescribed that all edges of the classical gasket
are eigenvectors of |D| with eigenvalues equal to the inverse of the length of the edge in the
Euclidean metric.

We obtain that (A, L), with L(a) = ||[D,a]||, is a quantum metric space in the sense of
Rieffel [52]. Besides of some results which are directly inherited form the commutative case,
such as the value of the metric dimension being log 3/log 2, the spectral triple fits well with
some features of A, described above. The trace on A., obtained from the Dixmier trace via
the Connes trace formula is simply the restriction of the trace on UHF(3°°). With a formula
already used in [I7], [33], one also recovers the self-similar Dirichlet form explicitely described
above.

We conclude this introduction mentioning that some preliminary form of the results con-
tained in this paper have been illustrated in 2017 during conferences in Toulouse, Cornell
and Warsaw.

2. THE ALGEBRAS OF THE CLASSICAL AND QUANTUM SIERPINSKI GASKET

2.1. A functional description of the classical Sierpinski gasket. The Sierpinski gasket
may be defined via three contractions w;, 7 = 1,2, 3, of the Euclidean plane with contraction
parameter equal to 1/2 and centered in the vertices of an equilateral triangle. Such maps
give a contraction W on the space of compact subsets of R? endowed with the Hausdorff
distance, W(C') = U;—1 23w;(C), and the gasket K is defined as the fixed point. Setting Vj as
the set of vertices of the triangle, the vertices V,, are defined inductively via V,, .1 = W (V).
Since V, consists of fixed points, we easily get V,, C V, 1. We shall also consider the set
B = {Q,Eﬁ,@,&,%,g} consisting of the six oriented edges of the triangle, and the
families E,, of oriented edges of level n defined inductively by E,.; = W(E,). We note in
passing that with our notation any geometrical edge is counted twice in F,,. For each oriented
edge e we denote by e, resp. e~ the target, resp. the source of e.

The self-similarity equation K = i—123 w;(K) gives a family of relations for the set of
vertices (essential fixed points), namely V11 = U;_;53w;j(Vs). The non triviality of the
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FIGURE 1. The map 4

construction lies in the non disjointness of the three copies of V,,, namely we get a non-
injective projection ©,41 : w1 (V) U we(V,) Uws(Vy,) — Viyr. From the functional point of
view this gives rise to a non-surjective embedding ¢, : C(V,,11) — C* @ C(V},).

From the set-theoretic point of view, we have the map v : wy (Vo) Uwq (Vo) Uws(Vy) — V1,
which is described in fig. [
From the functional point of view, 1 gives rise to an embedding ¢ : C(V}) — C3 @ C(V}).
By identifying C* with the diagonal sub-algebra of Mj3(C), we get the embedding C(V}) <
M3(C)®C(Vy), which we denote by the same symbol. The Bratteli diagram for the embedding
Yy is in Fig. [2 where black dots have label 3 and describe the minimal central projections in

FIGURE 2. Bratteli diagram of the inclusion 97 : C(V;) — M3(C) @ C(Vj)

M;3(C) ® C(Vp), while white dots have label 1 and describe the minimal (central) projections
in C(V7).

The non-injectivity of the map v, is related to a suitable gluing of the 3 external vertices
of each copy of V,, producing the 6 vertices of level 1 in V,, ;. Apart from that, the map is
indeed injective. This implies that the algebras C(V},) satisfy the inductive relations

(2.1) C(Van \ V1) =2 C°@C(Va \ Vo), n>1,

and the map ¢, acts diagonally w.r.t. the decomposition C(V,,41) = C(Vi) & C(V,41 \ V1);
it acts as ¥ on the first summand and consists of the identification (2) on the second
summand:

Un1(C(Var)) = 95 (C(V1)) & C° @ C(V, \ Vo)) = C* @ C(V,,).

We have just shown that the map 1] determines all the embeddings 1. We now prove
that the inductive relations (2.I]) together with the map 1} completely determine the algebra
of continuous functions on K.
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Setting 1], = ¥} and ¥}, : C(Vyy1) into (C*)®H2) as (id @ 47 ) - 17,4, defines induc-
tively the maps ¢y, : C(V,,) — (C3)®(+1) - Composing again with the natural embedding
of (C3)®(*+1) into the inductive limit C*-algebra (C3)®>, we get maps ¢, from C(V,) into
(C3)®°°, namely all C(V,,)’s may be identified with suitable unital sub-algebras of (C3)®>°,

We may also identify the continuous functions on ., = the infinite words on three letters
>~ the boundary of the infinite ternary tree, with (C3)®>. Since the classical analysis of
Kigami [41] provides a continuous projection P : X, — K, C(K) embeds in (C?)®>,

From now on we shall always consider the algebras C(V,,) and C(K) as subalgebras of
(C3)°°. Our aim now is to show that in a sense C(V},) converges to C(K) as n — oo.

Theorem 2.1. C(K) = {a € (C?)®> : a =limp,(a,),a, € C(V,,)}.

Proof. If f € C(V,,), pn(f) is a cylindrical function on X, therefore f may be identified with
a function on K which is constant on the open cells C' of level n + 1, with f(C) = f(v) if
v € 0C'NV,, and is double-valued on V,, ;1 \ V,,. Therefore a sequence {a,}, a, € C(V},) such
that o, (a,) converges in (C?)®> gives rise to a continuous function on X, which respects all
identifications, namely to a continuous function on K. Conversely, given a function f € C(K),
one may set a, to be its restriction to V,,. By the uniform continuity of f, ¢(a,) converges
in norm to a uniformly continuous function on V' which coincides with f on all vertices. [

Remark 2.2. As observed in the proof above, for any closed cell C of level n € N there exists
a unique vertex v of level (n — 1) such that v € C. Therefore, C(V},) can be identified with
the algebra of functions on the gasket which are constant on open cells of level n + 1 and
have jump discontinuities at most on V41 \ V,,. This shows that, as sub-algebras of (C3)®>
C(V,)NC(V,,) =Cif n # m, and C(V,,) N C(K) = C for any n € N.

2.1.1. Numbering the vertices. We now give a more concrete description of the algebras C(V},)
as sub-algebras of (C*)®(*1) Let us describe 1, as in Figlll Correspondingly, setting a? =
ej,j = 1,2,3 the characteristic functions in C(V,) = C? of the vertices in Vj, denoting by
aj,j = 1,2,3 the characteristic functions in C(V}) of the vertices in Vg and by 8J,j = 1,2,3,
the characteristic functions in C(V}) of the vertices in Vi \ Vy, we get ¢} (aj) = e; ® aj and
Vi (B]) = e; ® o + e(jr2) ® of where the elements on the right are in C* ® C?, the e;’s
denote the matrix units in C?, and the indices are meant mod 3. Let us now denote by
af,j =1,2,3 the characteristic functions in C(V,,) of the vertices in V; and by 87,7 =1,2,3,
the characteristic functions in C(V},) of the vertices in V; \ V5, n € N. Then, by the inductive
definition of ¢, the algebra ¢, (C(V,41)) C C3 ® C(V,,) is generated by the elements

{Un (@) =e;@af, i (B) =e; @ af + €42 ® af, € ®E,

Now, for o € %, := {1,2,3}", we use the shortcut o := e,, ® €5, ® -+ Q €,,, therefore
P1(C(V})) C C3 ® C3 is generated by the elements {52, j1+ (j +2)3:j =1,2,3}.

Lemma 2.3. The algebras 17, ,(C(V,,)) C (C*)®" Y are linearly generated as follows
Vio(C(Va)) = (W o(af)), x @o(B)) 5 =1,2,3,k=1,...n,x € (C?)®"H),

with ¥y, o (%) = 527, ¥y o(B7) = (1 + (j + 2)3)2"! = ﬁ; ®@2mt j=1,2,3.
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Proof. We prove the formula by induction. The statement is true for n = 1. Assuming it is
true for n, one gets

¢n+1 0( nH) (id ® wz,o) ¢Z+1( nH) (id ® ¥y, 0)(6] ®ay) = J2n+1
¢n+1,0(5?+1) = (id® @D:L,o) w2+1( nH) (id @ 1, 0)(6] ®af + e ® ay)
=e; @, o)) + ejr2 @Yy o(a )—]12n+(]+2)32"=5}®2".

o
The formula above states ¢ ,(C(V,\ V1)) = (z® (j1+(j +2)3)2" ', j =1,2,3,k=1,...n—
1,z € (C?)®M=k)) Then

Yo CVien \ T0)) = (i ® ) - ¥ (CVicn \ V2)) = (id ©15,0)(C7 ® C(V; \ 1)
=Yz (Gl1+(+2)3)2% =123 k=0,...n—2,y € C3 z e (C32n-1-k)
= <$®(j1+(j+2)3)2k;j: 1,2,3, k=0,...n—2,x € (C3)®(n—k)>

O

The description above provides a labelling of the vertices of level n by identifying them
with their characteristic functions hence with the labels

Vo= {527, o(j1+ (j4+2)3)21:j=1,2,3k=1,...n,0 € _4}

Remark 2.4. In the previous labelling of vertices, the exponent p of 2 on the right side of the
label of a given vertex v describes its age in V,,, i.e. p = 0 means that v firstly appeared in
V., p = 1 that it firstly appeared in V,,_1, and so on. In this way any vertex in V,,_; appears
also in V,, simply by adding a 2 on the right to its label. This gives a non-unital embedding of
C(V,,) in C(V,,11). Dually, we get a restriction map for functions, which is a unital x-algebra
morphism from C(V,4;) to C(V},), in particular the restriction of the characteristic function
of a vertex is 0 if p = 0 and is the vertex with the same label, but p replaced by p — 1, if
p > 0. Restrictions may be composed, and the restriction of the characteristic function of a
vertex v € V,,4x to C(V},) is non-zero if and only if v is at least k-generations old. In this case
its restriction is obtained simply by subtracting k to the exponent of 2.

2.2. The quantum gasket.

2.2.1. A result on sequences of subalgebras of a given C*-algebra. Suppose we have a C*-
algebra B and a sequence of sub-C*-algebras B,,. We may define

(2.2) B ={be B:b=limb,,b, € B,},

(2.3) B> = (N (| Br)

neN k>n

Proposition 2.5. Both B, and B> are C*-algebras, and B,, C B*>.

Proof. The C*-algebra property of B> is obvious by construction. The x—algebra property of
B, follows by the properties of norm-limits. As for its closure, let us observe that b = lim,, b,,,
b, € B, iff d(b, B,,) — 0, which in turn is equivalent to Ve > 03n. : n > n. = d(b,B,) < ¢
Therefore, given b € B, ¢ > 0, we find b. € B, : d(b,b.) < ¢/2 and n. € N: n > n. =
d(b.,B,) < /2. As a consequence d(b, B,) < ¢ for n > n., namely b € B,. O

Remark 2.6. Let us observe that B, can be striclty smaller than B*°. For example, setting
B, = CI for n odd and B,, = B for n even, B, = CI while B® = B.
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2.2.2. The algebras A,. We have shown that the family of algebras C(V},), their embeddings
in (C*)®> and finally the C*-algebra C(K) can be defined in terms of the map ¢} and of
the inductive relations (2.I). We propose now a simple quantisation of this procedure, and
call the corresponding C*-algebra A, (the algebra of functions on) the quantum gasket. In

the definition below A, is the quantised version of C(V},) and R, is the quantised version of
C(V, \ V).

Definition 2.7 (The algebras A,,). Set R; = {0} and define inductively R,, such that R, ,; =
M3(C)® (C3@ R,),n€N. Thenset Ag=C3 A, =C30C3®R,, neN.

Lemma 2.8. The map 7 for the classical gasket determines inclusions ¥y @ App1 —

M3(C) ® A,,. Therefore we get embeddings A, Yng M;(C)2+D) Intl UHF(3%), where 1y, o is

defined inductively by i, = U, ¥y 19 = (id Qo) - Vi, in is the natural embedding of
M;3(C)®™ into the inductive limit UHF (3°).

Proof. According to the definition above, 7§ is a map from C* @ C3 into C3> ® C3. Then

if (2,9,0) € App1 = CP @ C* & Ryyr, n € N, we set 7, (2,y,0) = ¢j(z,y) @080 €

M;(C) ® (C* @ {0} ® {0}) C M;3(C) ® A,, and define ¢ ,|x,,, simply as the identification

of Ry = M3(C)® (C] @ R,,) with M3(C) ® ({0} C* @ R,,) C M3(C) ® A,. The ranges of

the maps ¢, , are obvious by definition. O
In the following we identify A,, with its image in M3(C)®+) c UHF(3%).

Theorem 2.9. The set Ay, = {a € UHF(3*) : a = lima,,a, € A,} is a C*-algebra

containing C(K) as an abelian sub-algebra.

Proof. The C*-algebra property follows by Proposition [Z5 Finally, by construction C(V;,) C
A, hence the last statement follows by Theorem 2.1 0

Let us observe that A, resp. Aj, can be identified with C(Vj), resp. C(V7), the first
noncommutative algebra among the A,’s being A,. Fig. Bl compares the Bratteli dagrams
for the inclusions C(V3) € M3(C) @ C(V;) of the classical gasket, and Ay C M3(C) @ A; of
the quantum gasket. Black dots have label 3 and describe the minimal central projections in
M;3(C) ® C(17) resp. M3(C) ® Ay, white dots describe the minimal (central) projections in
C(V3) resp. As.

By the observation above we get Aq = (af : j = 1,2,3) and Ay = (o, 3} : j = 1,2,3), cf.
Lemma 2.3 Moreover, the following Lemma holds.

Lemma 2.10. The algebras A,, C Ms(C)®™ ) are linearly generated as follows

Ay =(a?, 2@ j=1,2,3k=1,...n,x € My(C)*"H).

70
where ot = j2", % = (j1 4 (j +2)3)2"! € (C*)®*H) C My(C)®*+Y.
Proof. The statement amounts to say that A, = C* @ C* ® R, with R, = (z @ 8§ : j =

1,2,3,k=1,...n— 1,2 € My(C)®*" k). The last equation is clearly true for n = 1, and,
assuming it for n, we get

(z@pBF:j=1,23k=1,...n,x € Ms(C)*""*~M)
=(r® B} :j=1,2,3,x € M3(C)) ® M3(C) ® R,
=M;3(C) ® (C* B R,) = Ryy1.
The thesis follows by induction. U
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Ficure 3. C(V;) C M;(C) @ C(n) Ay C M3(C) @ Ay

We now define the morphisms &;, j = 1,2,3, and n;4, 7 = 1,2,3,k =0,...n — 1, on A,
through their action on generators:

(2.4)
SEL % Jec ij=123k=1.m
J
Mk - oy — 0,

®k A — —
l,®5jn—m — 5i,j5k,mx } S Mg(@) 1,] = 1,2,3,]{3,777,— 0,7’L 1.

Corollary 2.11.
(1) Any element of A, can be written in a unique way as

3 n—1 3
(2.5) b= &Mt + Y > () @B F, &(b) €T, my(b) € Ms(C)®*
7j=1 k=0 j=1

(2) & is a character of A, for any j = 1---3, while each ny; is a representation of A, onto
M3(C)®*, for any j=1---3, k=0---n— 1.

(3) The spectrum f/l; of A, has 3n elements, representatives of which are the &; and the ny ;.

(4) The set of primitive ideals of A,, has 3n elements, which are the respective kernels of the
3n irreducible representations above.

2.2.3. Restriction maps. For the classical gasket, the natural embedding V,, — K gives rise
to a restriction map from C(K) — C(V},) which is clearly a C*-algebra morphism. Here we
show that such morphism is defined also for the quantum gasket, giving rise to a family of
representations of A.,. We start introducing the restriction maps from A,,; to A,, n > 0.
As in the abelian case, they will consist in erasing a 2 on the right of the generators.

Lemma 2.12. The completely positive contraction id, @ ehy : Ms(C)2M+D) < M;5(C)
where €3, is the state m € M3(C) — mgy € C, and id, is the identity map of Ms3(C)®",
induces a x-algebra epimorphism from A, onto A,_1. The map Qeq : a € M3(C)®" —
a® ey € Mg(C)®("+1) induces a non-unital x-algebra morphism from A,_1 in A,. Clearly
the former map is a left inverse of the latter.

Xn
)
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Proof. As for the first statement, the case n = 1 is obvious. For n > 2, id ® e}, maps
x®ﬁ;‘? ontox®5f_1 if k> 1,
z® f to 0,

n—1

J

Since the product of two generators may be non-zero either for the product of the projection
af with itself or for z ® 6;? CY® 6;? =2y ® ﬁf, the map preserves multiplication. The same

arguments apply for the second statement. O

oz? to «

We now observe that any state w on M3(C) induces a state w®>* on UHF(3*°). Hence
we get a completely positive contraction id,y; ® w®>® from Ms(C)®"*+) @ UHF(3*) onto
M3(C)®+) Finally, via the natural identification of M3(C)®™+YxUHF(3%) with UHF(3%°),
we get a completely positive contraction id,; ® w®P+2®) . UHF(3*) — M;3(C)®+) ¢
UHF(3*).

Lemma 2.13. For any a € UHF(3), a = lim id,; ® w®">°)(a).

n—oo

Proof. If a = ax @ Ijk41,00), With ax € M3(C)®*, then id, 41 ® went22)(q) = q for n > k.
Since such elements are dense in UHF(3%), we get the thesis. O

Proposition 2.14. Letn > 0, k € NU{oo}. Then, setting p, = idy4+1® (€)M T2, o ),
Pn - Anir — A, is a C*—algebra morphism.

PTOOf' By Lemma m pn-i-j(‘An-i-j-i-l) = An-ﬁ-j‘ If k is ﬁnite> Pn = Pn © Pn+1© " O Pnyk—1,
hence p,, is a morphism from A, 4 to A,. When a € Ay, a = lim, a,, a, € A,, py(a) =
lim, p,(a,) € A,, where we used the contraction property of the p,,’s. The morphism property
follows. O

Corollary 2.15. The algebra A, may be equivalently defined as
Ao = {a € UHF |p,(a) € A,}.
We have A® = A, where A® was defined in ([2.3).

Proof. The first statement follows by Lemma [2.13] and Proposition .14l By definition, x €
A*iff Vk € Nye > 0,3n;, > k : d(A,,,z) < e, which in turn is equivalent to the existence of
a sequence x € A, :limgx, = x. As above, p,(z) = limy p,(x) € A,, hence, by Lemma
213, = = lim, p,(2) € Awe. O

2.2.4. Symmetric extensions. In this section we describe a one-parameter family of completely
positive maps which are right-inverses of the restriction maps described in the previous sec-
tion. The word symmetric refers to the fact that they commute with the symmetry group of
the triangle. We are particularly interested to the cases ¢t = 3/5 and t = 1/2.
For any ¢ € [1/2,1) we define the positivity preserving map

(26) A C(Vp) = C(V), A(af) =aj + (1= 8)B; + (1= t)Bj + (2t — 1)Bj 4,
and then the completely positive unital contraction

AY = id, @ AV . M3(C)®" @ C(V,) € UHF(3%®) — M;(C)®" @ C(V;) € UHF(3*).
For any a € M3(C)®™ @ C(Vy) = C(Vo, M3(C)®™), we set

(2.7) Osc o = max la(vi) — a(v;)]]-
i#£]

Proposition 2.16. The following properties hold:
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(1) (1) =1.
(2) If f € C(Vy), Osc(f) = maxeep, | f(e7) — f(e7)].
(3) If a € Ms(C)®" @ C(Vp), Osc (N, (a)) <t Osc(a) and |la — AV (a)|| < t Osc(a).
Proof. Properties (1) and (2) are obvious. As for the first inequality of property (3), since
for AP (a) € Ms(C)®" @ C(V;) = C(V;, M5(C)®), the inequality becomes [|[AY (a)(e™) —
)\S)(a)(e_)ﬂ < tOsc(a) for any edge e € E;. However, by the symmetric invariance of AD it
is enough to check the estimate for just two edges (cf. fig. [)):
la = bs|| = [|(1 = £)(a1 — az) + (2t = 1)(a1 — as)|| <t Osc(a),
[bs = by|| = [|(1 = t)(az — a3) 4+ (2t — 1)(as — az)|| <t Osc(a).

a2
b1 = (1 — t)a2 -+ (1 — t)ag + <2t — 1)&1,
b3 bl bg = (1 — t)&l + (1 — t)ag + (Qt — 1)&2,
bg = (]_ — t)a1 —I— (1 — t)CLQ —I— (Zt — 1)&3.
ay as
by

FIGURE 4. M (a) € C(V;, M3(C)®")

As for the second, we identify a with a® I and get an element of C(VoU VoLV, M3(C)®™).

A direct comparison of fig. @ and fig. Bl shows that Osc()\ (a)) = ||a — )\g)(a)H. O
0
a9-b3 as-by
&1-b3 a3'bl
0 0
al—bg a3—b2

FIGURE 5. a — M (a) € C(Vo U Vo U Vg, M3(C)®™)

In the following, we drop the superscript ¢ if not needed.
Lemma 2.17. For alln >0, A, sends A, in A,i1.

Proof. Check the property on each generator of A,,, as described in Lemma 2.10] O
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We also define Ap, n4p) as the iterate Ay, nin) = Apgr—1 0 -+ 0 A, from M3(C)*" @ C? into
M;5(C)®™ @ C(Vi) € M3(C)®" @ (C3)®*+1D)_ This is a completely positive contraction which
sends A,, into A, 4.

Proposition 2.18 (Symmetric extension from A,, into A.,).
(1) For alln € N and x € M3(C)®" @ C?, the sequence Ap, nix)(x) has a uniform limit in the
UHF algebra as k — oo. This limit will be denoted Ny, o0\ (7).
(2) Aoy @8 @ completely positive contraction which sends A, into Ax.
(3) For b € A, Ajn,oo)(b) is an extension of b in the sense that p,(Ap,0)(b)) = b.

In other terms, every element of an approximating algebra extends naturally to an element
of the noncommutative Gasket with the same norm.

Proof. (1) Let us write z = ' ® ad + 22 ® ad + 2° ® oI the generic element of M3(C)®" @ C3 =
M3(C)®" @ C(V)).
By construction

Anh (2) = 21 @ Aoy (@) + 27 @ Aoy (@3) +2° @ Ao (a3),
where Ap(a) is the symmetric extension of the function of from C(V;) to C(Vy). By
Proposition 2.16 (3),

H>‘[n,n+j} (Oz?) — Afnntj+1] (Oz?)” < tosc()‘[n,n-i-j](a?)) <

hence the sequence Ap, k() is a Cauchy sequence.
(2) By Lemma [ZT7, limy, A, 44 (2) € Ao whenever z belongs to A,,.
(3) Just notice that pg o Aj,o0)(af) = af. O
Corollary 2.19. Each morphism p,, : Ae — A s onto.

Next Proposition shows that each element of A., appears in many ways as a limit of
elements obtained through a symmetric extension process.

Proposition 2.20. Letb e A,.
(1) For any approximating sequence, b, € A, limb, = b, we have
b= lim >\[n,oo)(bn> .

n—oo
(2) In particular:
b= nh_{& )\[n,OO) (pn(b)) :
Proof. (1) Let us identify b, with b, ® I3 € M3(C)®"®@C3*®C?3, in order to get first A, 1(b,) =
bp, ® Is @ I3, then Aj11,00)(bn) = b, € UHF(3%°). As Apy1,00) is @ contraction, we obtain
[Apnt1,00) (Bnt1) = bull < [|bps1 = bull = 0, n— oo,

from which we deduce lim,, Ap41,00)(bnt1) = limy, by, = 0.
(2) is a consequence of (1) above and Proposition 214 O

Remark 2.21. Summarizing, we have selected a dense subspace of the noncommutative Gasket
generated by explicit elements

)\[nm)(a?), zQ )\[nm)(ﬁf) :j=1,23k=1,..n,neN,x € Mg(@)®("_k).
Corollary 2.22. The C*-algebra A, is nuclear.

Proof. The sequence of linear maps b — A 00) © pn(b) provide an explicit approximation of
the identity by completely positive contractions with finite rank. O
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3. REPRESENTATIONS OF A
3.1. The ideal A% of the elements in A, vanishing on Vj.

Definition 3.1. Denote by A% the kernel of the homomorphim py : A — C(Vp), and by
A? the kernel of the homomorphim pgla, : A, — C(Vp).

All these are ideals in their respective C*-algebras.

Remark 3.2. One checks easily that the kernel of the homomorphim po|cy,) : C(V;,) = C(Vp)
is the ideal of functions on V;, vanishing on Vj, while the kernel of the homomorphim po|c(x)
C(K) — C(Vjp) is the space of continuous functions on the Gasket vanishing on V.

The following Lemma is easy, but useful :

Lemma 3.3.
(1) The restriction map p, sends AS_, in AY.
(2) By iteration and passing to the limit, p, sends A%, in A2 and A% in AY.

Proposition 3.4.
1) For allm,p € N, M3(C)*™ @ A) C A)

( m+p-*

(2) The kernel of py, : Amsp — Am is M3(C)*™ @ AD.
(3) For allm € N, M3(C)*™ @ A% c AY .

(

4) The kernel of pm @ Ace — Am is M3(C)*™ @ AY_.
Proof. (1) M. ((C)®m®flo is generated by elements of the form z,,, ®yx @35~ b x, € Ms(C)®m

yr € M3(C)®*, so they are of the form 2,1 ® BJ y Zmak € Mg(@)®(m+k , and therefore be—
long to Am+p

(2) The inclusion M3(C)™ ®.A2 C ker p,, is easy to prove. To show the opposite inclusion, we
take an element in A,

m+p—1 3

6—22@ T N S b @B & e C by € My(C)%F,

k=0 j=1

and compute

—_

3

3
D bip® B, & €C, by € My(C)PF

3
b) =Y &aj +

J=1 k=0 j=1
m+p—1 3
If pm(b) = 0, then b = Z Z bjr® 5;n+p_k, where b; j, ® B;”er_k is in M3(C)* ® 5;”+p—k C
k=m j=1

M3(C)™ @ M3(C)E=™ @ B7P~% ¢ My(C)™ @ AY.
(3) Forb € A% and x,,, € M3(C)®™, proposition 213 implies that z,, ®b = lim,, py1p (2, @) =
limy, &, ® pp(b), where pp(b) € A9. Because of (1), x,, ® p,(b) € A, and, taking the limit,

m-+p?
Ty @b €AY
(4) We apply (2): if b € Aw, then b € ker p,, if and only if, for any p, pm,1,(b) € ker p,, that
is, for any p, pm4p(b) € M3(C)*™ @ A). O

Corollary 3.5.
(1) M3(C)®™ @ A% is a closed ideal.
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(2) The quotient A /(M3(C)*™ @ A%) is canonically isomorphic to A, (so it is finite di-
mensional).

Corollary 3.6. Let us denote by Co(K) the continuous functions on K wvanishing on the
three boundary vertices of K. Then the elements of the UHF algebra of the form

T @ f, Ty € M3(C)*™, f € Co(K)
belong to, and indeed generate, the ideal A°,.
Proof. The algebra M3(C)®™ ® Cy(K) is contained in A2 by Corollary B.5l (1). From Lemma
210, one deduces easily that A is linearly generated by the x ® BJ"?, 1<k<n,j=123,
r € M3(C)®"=*)  Given b € A% one has, by Lemma B3, p,(b) € A%, hence p,(b) is a
linear combination of x ® 7. Finally, by Proposition (2), b = limy, Ay, 00)(0n (b)), where
Afn,oc)(Pn(D) is a linear combination of elements of the form 2 ® Ak o) (8F), each of them lying

in some M3(C)®"=% @ Cy(K). O
Lemma 3.7. (N ker(p,) = {0}.
Proof. If b € N, ker(pm), then b = lim,, p,,,(b) = 0. O

3.2. Representations orthogonal to every p,,. Each p,, can be interpreted as a finite
dimensional representation of A in A, C M3(C)®™H = B((C*)®™*!). This family of
representations can be summarized into

Poo = Dmpm : A = B B((C*)2" ).

Proposition 3.8.

(1) Let m be a representation of A in some B(H), which is orthogonal to every pp, i.e.
orthogonal to ps (orthogonal means no intertwining operators). Then w is faithful and
extends to a representation T from the UHF in B(H), with m(As)” = 7(UHF)".

(2) If m is a representation of the UHF such that w4 L ®ppm, then m(As)" = m(UHF)".

Proof. (1) Let us first notice that the UHF being a simple algebra, all its representations are
faithful and isometric. Hence, if 7 extends to the UHF, it needs to be faithful.

With the assumptions of (1), we make the following claim :

For any m € N, the restriction of m to M3(C)®™ @ A% is non degenerate.

To prove this claim, notice that, M3(C)®™ ® A% being an ideal (Corollary B.5), the space
(M5(C)*™ @ A%)H )L is invariant for A, and thus is the space of a subrepresentation
of . On this space, M3(C)*™ @ A% acts by the null action. As M3(C)®™ @ A% = ker(p,,)
(Lemma [3.4)), my factorizes through p,,. As 7 is orthogonal to p,,, this must be the null
representation: ((Ms(C)*™ ® flgo)H)L = {0}. The claim is proved.

We continue by fixing some m and choosing a positive increasing approximate unit (u,) in
the ideal A% . Note that the (I3)®™ @ u,, € M3(C)®™ @ A%, C AY also form an approximate
unit for A% for any m, so that, according to the claim above, lim, 7((13)*™ ® u,) = Iy
(strong limit) . The map

T + M3(C)®" = 7(As)”, wm(z) =lim7(z @ u,),
is well defined (for x positive, it is an increasing sequence in B(H)). It is a morphism of

x-algebras, and it does not depend on the choice of an approximate unit. Choosing I3 ® u,,
instead of wu,, shows that

Tmy1(z @ I3) =lim7(z ® I3 @ u,) = mu(z), x € My(C)®™,
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i.e. that the restriction of m,,,1 to M3(C)®™ is m,,.

Taking the limit on m, we get a representation 7 from the UHF algebra M;(C)®N into
T(Aoo)”. It remains to show that T extends 7, i.e. coincides with 7 on A

Fix b > 0 in A, and £ > 0. For m large enough, we have, in the UHF, ||b — p,,(b)|| < e.
Choosing an approximate unit (u,) in A2, we have the following sequence of inequalities in
the UHF :

pm(D) — el <b < pp(b) + el
([§m+l ® Un) (Pm(b) - 5[) < (]??mﬂ ® ui/2) b (Iggmﬂ ® ui/2) < (Iggmﬂ ® Un) (,Om(b) I 51)
pm(D) @ up, — e [T @ u, < ([§m+1 ® uil/2) b ([§®m+1 ® ui/z) < pm(b) ® tp + £ IS @

Since the last double inequality involves only elements in A.,, we can apply 7 to get the
corresponding inequalities in B(H), then let n — oo and apply again p,,(b) —el < b <
Pm(b) + el. This provides

T(pm(d) @ up,) —em(I§™ ! @u,) < 7(I5' @ u1/2) m(b) w (IS ® u1/2)
<7 (pm(d) @ u,) +en (I @ u,,)
T(pm (b)) — elg < m(b) < T(pm(D)) + el
m(b) — 2ely < w(b) < 7(b) + 2ely,

which terminates the proof of (1).

(2) According to the claim above, the restriction of 7 to any M3(C)®™®.AZ is non degenerate.
If (u,) is an approximate unit for A2 we have lim,, 7(I3" ®u,) = Iy for the strong topology,
which provides

() = im 7 (2,7 (IS @ uy) = im 7 (2, @ uy), Ty, € M3(C)®™
This proves m(M3(C)®™) C m(Ay)”, for any m. O

In the next subsection, we prove the existence of such representations and provide a criterion
for them.

3.3. A criterion of disjunction. Let us start by noticing that any representation 7 of
Ao in a Hilbert space provides by restriction a representation of C'(K), hence a probability
measure i, on K (defined up to equivalence) such that 7(C(K))” ~ L>(K, pir).

Proposition 3.9. If (V) =0, then 7 L ®ppm-

Proof. Let my = m,, © py be a representation of A, factorizing through p,, (m,, being any
representation of A,,). Its restriction to C'(K) is of the form C(K) > f — mx(fjv;,) and has
a spectral measure ji., supported by V,,.

If 7 has a subrepresentation of the form my = m,, o p,, then p, > u,, dominates a measure
concentrated on V,,, which implies pi,(V},) # 0. By contradiction, we get the proposition. [

Ezample 3.10. Let w be a diagonal faithful state on M3(C). Then the state w®" on the UHF al-
gebra, restricted to A, induces on C(K) the selfsimilar measure with weights (w11, wag, ws3).
This measure being diffuse, the associated representation of A, is disjoint from any p,.

In particular, if 7 is the restriction to A, of the canonical trace 7, on the UHF algebra, we
have

T L ®mpm and m,(A) = m, (UHF)".
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3.4. A decomposition theorem.
Proposition[3.8 provides a natural decomposition of any representation of A, into a discrete
and a continuous part :

Theorem 3.11.
Any representation m of Ao can be uniquely decomposed as the direct sum of two represen-
tations
T=nl@n°,
with Tg C BmpPm and ¢ L DPmPm-
7 is a direct sum of finite dimensional representations, while ©¢ has no finite dimensional
summand and extends to a representation w€ of the UHF algebra with ¢(As)" = m¢(UHF)".

Definition 3.12. We shall say that a representation 7 of A, is discrete if it is contained in
a multiple of @,,pm, i.e. 7 =7 and 7¢ = 0.

We shall say that a representation 7 of A, is continuous if 7 L @®,,pm, i.e. 7 = 7€ and
7?1 = 0. Note that a continuous representation is faithful.

3.5. The discrete spectrum of A...
An irreducible representation of A, is either discrete or continuous, which means that,

with obvious notations, the spectrum A, of A is the disjoint union
—_— —_— d —_—
Aoo = (Ase) U (Ax)”

of its discrete part and its continuous part.

Elements in (Aoo)d are of the form m,, o p,,, with 7, an irreducible representation of A,,.
The spectrum of A,, has been investigated in Corollary 211l With the notation of this
Corollary, one notices easily that the representations &; o p,,, 41 and &; o p,,, coincide, and that
the representations 7 j © pm41 and 7 j o py, are the same for £ < m — 1. So that the discrete
part (.Aoo)d of the spectrum can be described

(1) either as the increasing union U,,(pm )« (ﬁ;)
(2) or as the family gathering the £; 0 py (which are characters of A.,) and the 7,1 ;0 pp,
j=1,2,3,m>1.

In any case, (ﬁ;)d is a countable set. By Lemma [B.7], it is a dense subset of ﬁ;

3.6. The continuous spectrum of A,.
Here, the challenge is to show that this continuous part is not empty. It will be a conse-
quence of the following proposition :

Proposition 3.13. Let m be a representation of A in some separable B(H), and m =

@
/ mdp(z) a disintegration of w into a Hilbert integral of irreducible representations.
b's

If w is continous, then m, € (ZO\O)C , v € X p-a.s.

Proof. By contradiction. Let X¢ be the set {z € X |7, € (ﬁ;)d}, and suppose p(X?) # 0.

—_

As (.Aoo)d is countable, this provides some m € N and 7, € A, such that the set Y¢ = {z €

X |7y ~ Ty © pr} has non zero measure. Hence , o p,, appears as a subrepresentation of
. O

Remark 3.14. (ﬁ;)c coincides with the set of classes of irrreducible representations of the
UHF algebra, the restriction of which to A, remains irreducible.
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Because of Powers representations in Example B.10, and those in Example .19 (6), we can
say that (Aoo)c is uncountable .

3.7. Primitive ideals of A..
Primitive ideals are the kernels of irreducible representations. For A, the list is easy to

write: there is {0} (the common kernel for all 7 € (ﬁ;)c) and the countable family ker(7),
d

™ E (Z:o) .
Proposition 3.15. The set of primitive ideals of Ay is countable and can be enumerated
this way, where & and n were defined in (2.4]):

1) {0} |
(2) ker(gj © PO); J = 1>2a 3
(3) ker(/r/m—l,j © pm)7 ] = 1>2a 37 m Z 1.

Remark 3.16. The ideals of A, are obtained as all possible intersections of the primitive
ideals above. The non-trivial ideals of A, are of the form ker(m), 7 C ®ppm.

3.8. Tracial states on A_.
With the notations in (2.4]), one can identify a family of obvious traces on A:

(1) the trace 7., restriction to A of the natural and unique trace 75" on the UHF ;
(2) the three characters x; = &;0po, j = 1,2, 3;

(3) the traces Ty, = 75" 0 N1 0 Pm , j =1,2,3, m > 1.

As a matter of fact, they appear exactly as the set of extremal tracial states on A.

Proposition 3.17. Any tracial state T on A can be written uniquely as
T = )\ooToo + Z )\ij + Z )\m,ij,j
J Jm

With Asoy Njy Amj = 0, Moo + 22 A+ D0, 0 Ajm = 1.

Proof. The representation 7, (with cyclic vector &) decomposes as 7, = 7¢ @ 7¢, while
=714 7¢ with 79(b) =< &, 74(b)&, > and 7°(b) =< &, ()&, >.

7¢ extends to a finite trace on the UHF algebra, and thus is proportional to 7.

7¢ decomposes as a sum of finite dimensional irreducible representations, which corresponds
to a decomposition of 7 in a sum or a series of tracial positive linear forms, each of them
being proportional either to one of the y; or to one of the 7, ;. O

Remark 3.18. Since the representation 7, in Example B0 (7 being the restriction of the
trace of the UHF algebra) is faithful, it is easy to prove that

a) the centre of A, is C,

b) C(K) is a maximal abelian subalgebra of A,.

Ezample 3.19 (Representations of A.).

(1) Let w be the state (e};)®N on UHF(3*). Then w is a pure state, and the representation
7, of the UHF algebra is irreducible. The restriction of w to C'(K) is the Dirac measure of
11111 -+, which does not belong to V.. Then, by Propositions and 3.9, 7, (C(K))" =
n,(UHF)" = B(H,). Therefore w4, is a pure state, belonging to the continuous series.

(2) If v = P(w) belongs to K\V., then the restriction of the state w = ®pe; ,, to A is

WnWn

pure, and belongs to the continuous series. Its restriction to C'(K) is the Dirac measure J,.
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(3) w=(3 > i<ij<s efj)®N is a pure state on the UHF algebra, and its restriction to C'(X)
is the equidistributed Bernoulli measure, while its restriction to C'(K) is the symmetric

self-similar measure (which is a diffuse measure). In examples (1)-(3) we have m,(As)” =

.(UHF)" = B(H,).

(4) w = (eby)®™ is a pure state on the UHF algebra, and its restriction to A is the character
X2 of Proposition BI7l Therefore, the representation 7, of the UHF algebra is infinite di-
mensional, and its restriction to A, contains a one-dimensional representation, that is m,|4_,
is not irreducible.

(5) The state wy = 3(ef; + €f5 + €3y + €43) is pure on M;5(C). Therefore

1 .
w=g (ef, el +es +els) ® (6;2)®N

is a pure state of the UHF algebra. Its restriction to A factorizes through pg, and it is equal

to wp o po. Since py sends A, onto C(Vp) = C3, and the restriction of wy to C? is the semi

sum of two Dirac measures, we get

(Xl + X3) ’

|~

(51 + 53) °po =

N —

amAm =

which is not a pure state.

(6) Any diagonal matrix (p;0;5)ij=1..3 ti > 0, 1 + po+p13 = 1, can be considered a probability
measure on {1,2,3}, and can be extended to a pure state on M;3(C), represented by the
matrix (/). If (1*))pen is a family of probability measures on {1,2,3}, and each of
them is extended, as above, to a pure state w®) on M;5(C), and if the measure p = @i on
C(Xs) is diffuse, then p extends to a pure state w = ®,w®) on the UHF algebra, and its
restriction to A is still a pure state, in the continuous series. Therefore, the continuous part

of the spectrum of A, contains uncountably many elements.

4. THE DIRICHLET FORM

4.1. The classical case. From the classical point of view, the construction of the Dirichlet
form goes as follows. Given a quadratic form €3 on C(Vp), one may extend it by self-
similarity to C(V1) as €1(f) = >_,_1,3C€0[f o wj], and then project it back to C(Vp) as
g€ C(Vp) = min{&,(f) : f € CW), flv, = g} If such form on C(V}) is proportional to the
original one, & is called an eigenform, and the function f realising the minimum is called
the harmonic extension of f. Note that one may keep extending the energy by self-similarity
step by step, via

(4'1) 8n+1[f] = Z 8n[fowj]> fEC( n+1)

§=1,2,3

finally obtaining &,[f] = >y, €olf o wo].

Given an eigenform, its extension by self-similarity to C(V},), and the notion of harmonic
extension of a function, one gets a closed Dirichlet form on a suitable dense sub-algebra of
C(K).

As is known, the symmetric eigenform for the gasket is Eo[f] = 3., [f(vi) — f(v;)[>. We
now express the n-th combinatorial energy in a more algebraic way. First we associate with
any f € C(V,) an element ay € C(Vj, M3(C)®") setting (af)ar = 0or * f ow,. Then,

tr(lay(vi) = ag()lP) = D ap)er(vs) = (ap)or(@)? = D |f 0 wo(vi) = f o ws ().

o, TEY, gEYX,
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As a consequence, the n-th combinatorial energy satisfies the following equation

(12)  &lfl= Y &lfowl =3 3 Ifouws(w) — fouw,(v)P

oEX, oEYy 1#£j=1,2,3
= > Y Ifows(v) = fouws ()P = D trlap(vi) —as(v))]*
i£§=1,2,3 0€S, i£5=1,2,3

Equation (4.I)) may also be reformulated in more algebraic terms. Let us consider the linear
map €f; ® id, : M3(C)®"+) — M3(C)®". When m € M3(C)*™™), o, 8 € X, = {1,2,3}*",
o=1i-a,T=]j-f, it satisfies

((ef; ® idn)m)ag = Mg
Then, with the same symbols, for f € C(V,41), we get
((ez’j ®1id,) o a’f)aﬁ = (af)or = Oor * [ 0 Ws = dapdij - f 0 w; 0w = dy - (afowi)aﬁ'
As a consequence,

En[f o 'LU,'] = Ztr |a'f0wi ('Uq) - afowi(vp)|2
PFq

= 3 ST 16 (o )as (0) = 65 - (@fous)as (v)

J=12,3 p#q of

= 3 YD (e @idu)ag) 4 (vp) = (e @idn)ag) 4 (vg)]

J=1,2,3 p#q ap
= > trl(el; @idn)ag(vy) — (ef; @ idy)ar(v)|”
J=1,2,3 p#q

It follows that the self-similarity equation (4.1]) takes the form

(43) Y wrlagu) —ag(w)P = Y D trl(ef; @idi)as(v,) — (e @ ida)ag (v,

PF#q 1,j=1,2,3 p#q

4.1.1. The harmonic extension. The harmonic extension ¢ from C(V5) to C(1]) relative to
the energy &g is given by the symmetric extension with parameter 3/5 described in (2.6)),

2 2 1
(4.4) p(af) = aj + 55]1 + 3631+1 + gﬁ;_r

Then the harmonic extension from C(V,,) to C(V,.1) can be written as the restriction to
C(V,,) of the completely positive contraction

On = id, ® ¢ : (CHEMHD — (C3H®" @ C(V) — (C?)®" @ C(V;) C (C320+2)
The eigenform property is expressed, for f € C(V},), by

3

(4.5) Entilen(f)] = pEalf]-

By the minimizing property of the harmonic extension, for any f € C(K) the sequence
(8)" €nlpn(f)] is non decreasing, so that there exists E[f] = lim, (2)" E,[p(f)].

As above, harmonic extensions may be composed, so as to associate with any element
f € C(V,) an element ¢y, . (f) € C(V;,), m > n, and also an element ¢, »)(f) € C(K), and,

by the extension property, for m > n,

(46) Pm © So[n,oo}(f) = Pm © Qp[m,oo}(.f) o Qp[n,m}(f) = Qp[n,m}(.f)
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Then (4.5) and (4.6) give
5\" 5)" 5)"
(3) enlomovtamiil = (3) olowmnl=(5) &l et mzn,

namely the sequence defining &[pp, oo)(f)] is eventually constant, so that ¢, «o)(f) has finite
energy. Such elements, for n € N form a dense subset of C'(K), therefore € is a closed densely
defined Dirichlet form on C'(K).

4.2. The non commutative case: the harmonic structure.
The Dirichlet form €,, on A,, will be the natural amplification of the form £y on Ag = C(V}):

Definition 4.1. The Dirichlet form &, on A, C M3(C)®" ® (C(Vb) is defined as

Z Eolba.s] Z Z\baﬁ ;) — bap(v;)] Ztr\b v;) )| )

a,BES, a,BES, i#£] i#£]
It is not difficult to show that the definition above imply a self-similarity equation analogous

to that of (4.3).
Proposition 4.2 (Self—similarity)
Enpilb] = D &n[(e}; @idn)b], bE A
4,j=1..3

Conversely, the self-similarity relation above recovers, by induction, the whole sequence &,
from its starting point €&,. We now prove that such sequence of forms provides a harmonic
structure.

Proposition 4.3. Harmonic structure
(1) For any b € A, inf {8n+1[ ca € Apyt, pola) = b} = -

(2) The lower bound is reached on one and only one element (zd ® ¢)(b) of Any1, where  is
the harmonic extension from C(Vy) to C(V1), see (4.

Proof. We noticed A, .1 C M3(C)®™ @ C(V7), so that the generic element a of A, can be
identified with an element of C(V; — M;(C)®").

For fixed b = A,,, we have p,(a) = b if and only if, for each a, 8 € %, po(aus) = bas-
Which means b,pg = angly, Vo, € X,.

For such a extending b, the classical result of [41] implies €1(ca3) > =Eo(bag), With equality

ot w

if and only if c,p is the harmonic extension of b,gs.

Summing up, we get that, whenever p,(a) = b, we have &,1[a] > £€,[b], with equality if

and only if a = (id,, ® ¢)b. O
Summarizing the results from Section 2.2.4] the elements of the form ¢y, »o)(a),a € A,,n €

N form a dense subspace of finite energy elements in the noncommutative Gasket.

4.3. The Dirichlet form. As an immediate consequence of the two previous subsections,
we get the following Proposition:

Proposition 4.4. Energy form on A
(1) Forb € Aw, the sequence 3—m€m[pm(b)] is nondecreasing. Hence its limit

5m
€.cfb] = lim 2 £, (0)]

exists in [0, +00].
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(2) € is a densely defined quadratic form on A, closed for the uniform topology.
In other terms, its domain
B={beAx|Euxlb] < +o0}

is dense in A and a complete space for the norm (|[b]|%_ + Eoo[b])l/2 :

Proof. Everything is a consequence of the properties above. For the density of B in A,

observe that for b = ¢, «)(bn), the sequence g—: Emlpm(b)] is stationary. O

Lemma 4.5.
(1) For b € B, the following inequality holds true
n+1

3
1ons1(5) = pulD) @ Lol < S €l

for the operator norm in Ms(C)®"+2),

(2) There exists C' independent of n such that, ¥b € B,
1ons1(6) = o8) ® Tgms 12 < CEll]
and

10— p0(b) ® I2.00) [ < C Ect]

Proof. (2) is a mere consequence of (1).
n+1

To prove (1), observe first that £,41[pn1(b)] < %Em[b] (prop. [4.4).
Then write p,,41(b) € M3(C)*" 1) @ C3 as
pny1(b) =T e +yRexn + 2@ ess
with 7,9, 2 € My(©)¥™+) and y = (iduss © €) (pn s (8)) = pu(D).
Compute &, according to Definition A.T:
Enitlon1®)] = D |2pa = Yol + Ysa — 280" + 280 — 2.0l
B,ac{1,2,3}m+1
= ||z — y||%2(Tr) + |y — Z||%2(Tr) + ||z = x”%?(Tr)
= ||z — Pn(b)||%2(w) + |[pn(b) — Z||%2(Tr) + [z — 93||%2(Tr) :

As the operator norm is dominated by the L?-norm (with respect to the nonnormalized trace),
we get

| pns1(b) = pu(b) @ Id|[2, = ||z ® €11 + Y @ €22 4 2 ®@ €33 — pu(b) @ (€11 + €22 + es3)||?
= max(|[z — p (D), ||z = pu (D)[*)
< max(|lz = pu(O)[Z2(r), 12 = Pu®)[Z2¢r)
< Enta[pnt1(D)]

3n+1
_.EZIISaJM‘
U
Corollary 4.6. Forbe B N A%
6] < C €cb].-

Proof. Apply (2) of lemma [.5] with po(b) = 0. O
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Notice that B N.A% has codimension 3 in B.

In the sequel, 7 will denote the normalized trace on the UHF algebra, as well as its re-
strictions to the subalgebras M3(C)®", C(V,,), As, C(Xs) and C(K). On C(X), it is
the equidistributed Bernoulli measure; on C(K), it coincides with the symmetric self-similar
measure.

E, will denote the conditional expectation from the UHF algebra M;(C)®N onto C'(3.).
Its restriction to M3(C)®™ is the restriction of a matrix to its diagonal: E (X )as = 0a.5Xas:
a,B € 3,. One checks easily that E,(A,) = C(V,,) (check on each generator of A,), and
consequently that F, sends A, onto C(K).

Moreover, it is obvious from the Definition 1] of &,, that &,[E.(b)] < &,[b], and conse-
quently E;(B) C B, with E[E,(b)] < Exlb].

Proposition 4.7 (Noncommutative Sobolev inequality). There exists a constant C' such that
1Bl < C" (Eccl0] +7(0°)) , b e B.
Proof. Let us fix b € B and notice that
(a) E-(b) lies in C(K), hence (e}; ® id) E,(b) = 0, for i # j;
(b) b— E-(b) has vanishing diagonal components, i.e. (e};®id)(b—E.(b)) =0 fori=1,2,3;

(c) the quadratic form &, being autosimilar, one can apply Lemma which, passing to
the limit and polarizing, provides for the associated sesquilinear form :

Eao(E,(b), b— E Ze ¢ @ idy oo B (0), w@zdm(b—E(b})):O;
=0 for i#£] =0 for 1=j

from which we conclude: € [b] = E[E,(D)] + Exclb — E-(D)];
(d) the projection py(b) depends only on diagonal components of b, hence po(E, (b)) = po(b);
(e) b— E.(b) € A% satisfies the assumptions of Corollary [4.6];
(f) the result we seek to prove is true in the classical case [41]: there exists Cj such that

(4.7) 161125y < Co (Exs[b] + 7(b*D)) , b e BN C(K).
By (@) and Corollary .6l we get for any b € B
0[] < 2(J|E-(0)|* + [|b — E-(b)]]*)
< 200 (Eo[Er(b)] + T(E(b)* E- (b)) + 2CE b — E.(b)]
< 2max(C, Cp) (Exo[b] + T(b7D)) .

Let us summarize the previous results as a theorem:

Theorem 4.8.

(1) B is an algebra and is complete for the norm (||b|||L2 + 8[6])1/2.

(2) & is a symmetric Dirichlet form on L*(As, T).
(3) The associated Dirichlet algebra and Dirichlet space coincide and are equal to B.

Proof. (2) and (3) are immediate consequences of (1). For (1), it is enough to observe that,

according to Proposition @4} the norms (| |bH‘L2 + 8[b])1/2 and (|[b|%_ + 8[6])1/2 are equiv-
alent. Lemma [4.7] provides the result. O
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5. A SPECTRAL TRIPLE FOR THE NONCOMMUTATIVE GASKET

Spectral triples (H, D, ) allow to introduce the analogue of a Riemannian structure on a

differentiable manifold M where, for example, H = L?(A*(M)) is the Hilbert space of square
integrable differential forms, D = d+ d* is the Dirac operator and 7 the action of the algebra
C(M) on H by pointwise multiplication.
We now consider the discrete spectral triple on the continuous functions on the gasket defined
in [32] . We refer to [33] for further details. Set (3,, D, ) as follows: H,, = ¢*(E,), where
E,, is the set of oriented edges of level n, D, = 2"F,,, where F,, changes the orientation of
edges, m,(f)e = f(e*), with eT the target of e. Then we define (H, D, ) as H = $,H,,
D=®,D,, m=o,m,.

In view of the description of C'(K) given in Theorem 2] we can reformulate the triples
(Hn, Dy, 7,) as follows. Set H,, = (C*)*" @ E, with E = {z € M3(C) : z;; = 0,7 =1,2,3.},
with the scalar product on E given by (z,y) = tr(z*y). Any edge in F,, can be written as w,e,
where |o| = nand e € Ey. The map w, is identified with the element e,, 5, ®€gy0, R+ - Q€4 5, €
(C3)®" while denoting by ¢y, {5, /3 three consecutive edges in the boundary of the triangle
oriented clockwise, and by £~1, £~2, /5 the edges with the opposite orientations, the identification
is as follows: ¢ <> eg1,ly <> €39, 3 <> e13, the change in the orientation being given by the
transposition of matrices. In this way the operator Fj, on elements x @ m € (C3)®" ® E acts
as Fl,(x @ m) = x @ m”. Tt is a matter of computation to show that the action of C'(K) on
JH,, is recovered by the position m,(a)z = p,(a)z, z € H,,, where, since C(V,,) is contained in
M3(C)®" @ C* € M3(C)®" @ M3(C), the action (a ® b)(x ® m) is intended as axr ® bm, with
the first product being the natural action of a matrix on a vector, and the second being the
matrix multiplication; indeed the product between a diagonal matrix and a matrix in £ is
still in £. We have proved that

Proposition 5.1. The spectral triples (H,,, Dy, m,) on C(K) can be equivalently described as
follows: H,, = (CH*"® E, D, = 2"F,, with F,(x @m) = 2@m’, m,(a)z = p.(a)z, z € H,.

We can now define spectral triples on A.,. We keep the spaces H,, and H and the operators
D,, and D as above. The representations 7, are formally the same as above, namely 7, (a)x =
pn(a)x, but p, is now extended to Ax.

In order to show that there is a dense *-algebra of elements in A, for which the commutator
with D is bounded, we consider the symmetric extension corresponding to ¢ = 1/2 defined in
(28). We denote such extension by the letter ¥}, and call it the affine extension.

Proposition 5.2. The seminorm a € A — L(a) = ||[D,al|| is a Lip-norm in the sense of
Rieffel, namely (A, L) is a quantum metric space. More precisely, the set L = {a € A :
L(a) < oo} is a dense x—algebra of As, and (Ax)11 = {a € Ax : |la]| < 1,L(a) < 1} is
relatively compact in norm.

Proof. We first observe that, by a simple computation, ||[F,a]|| = Osc(a), a € A,. As a
consequence, making use of Proposition 2.16] (3),

Doty Fpur sl @1 = 2 [F, By (@]l = 27 Ose(Fpn i (@) < 2" Ose(a) = [[[Dy, alll.
Moreover, if a € A,,, Osc(p,-1(a)) < 2 Osc(a), therefore, for k < n,

I[Dk, pr(@)]]| = 2" Osc(pr(a)) < 272"7* Osc(a) = [|[D, |-



24 FABIO CIPRIANI, DANIELE GUIDO, TOMMASO ISOLA, AND JEAN-LUC SAUVAGEOT
This shows that
1[D; Fpn,o0y(@)]|| = Sup 1[Dr; pr © Fpn,o0) ()]

= a2l 510 s, o U @] ) = Dl

therefore the elements {U}, «)(a) : @ € A,} have bounded commutator with D. Since such
set is dense by Proposition 220, the seminorm L(a) is densely defined.
We now observe that, for a € Ay, ||pnri(a) — pn(a)|| < Osc(pnsi(a)), which implies that

k—1 k—1

1Pui@) = pa(@)] < 3 Nonss1(@) = puss(@]] < 3 Osclpussia (@)
7=0 Jj=0
k—1

2Dy, prsja ()] < 27" Loa),

o

.

therefore, sending k — oo, ||a — pp(a)|| < 27" L(a).

In order to show that L is a Lip-norm, it is enough to build e-nets for the set (A )11. We
recall that both norm and Lip-norm are preserved by the restriction p, and the extension
Un,00). First we choose n such that 27" < £, then we pick an $-net X, in (Ay)1,1 = {b€ A, :
16]] < 1,[|[Dy, bl < 1}; we claim that {Up,0)(b) : b € X,,} is an e-net for the set (A)1,1.
Indeed, given a € (Aw)11, we can find z, € X,, such that ||p,(a) — z.|| < /3. Then,

la = Fpn.o0) (2a)ll < lla = pu(a) ]| + [lpn(a) = Zall + (|20 = Imoo)(wa) | < e
U

Theorem 5.3. The triple (H, D, ) on Ay given by H = @®,H,, D = &, D,,, 7 = ®,7,, is
a spectral triple with metric dimension d = }ggg. The formula Ress—qtr(a|D|~*) produces the

g 2
restriction of the normalized trace on the UH F(3%) up to a positive constant, the formula
_ log5/3
Res,—s tr (|[D, a]|?|D|™%); 6§ =2 — ,
eszstr (|[D,al P|DI) o

reproduces the Dirichlet form up to a positive constant on the domain of the Dirichlet form.

Proof. The bounded commutator property follows by Proposition[5.2l The compact resolvent
property and the computation of the metric dimension depend only on the spectrum of D,
so they follow by the analogous results for the triple on C'(K).

We now study the trace formula. By definition of the harmonic extension ¢ : Ag — Ay C
C3 ® C3 we get trpg(x) = 3trz, hence for ¢, : A, — A1 we get tro,(z) = 3trz and for
Onmtk * An = Apir, we get trp, . x(z) = 3¥trz. We now fix n > 0, a € A, and consider

b= Spn,OO(a) € Aw. We have trp,(b) = trpn+k(¢n,m(a)) =tr pn+k(‘»0n+k700((v0n,n+k(a))) =
tr onnex(a) = 3¥tra. Then,

n—1 [e'¢)
Res;—q tr(b|D|™*) = Ress—y (Z 27 tr p; () + Z 27514 ¢y pn-l—k(b))
=0 k=0

—n

tra

S 3
— Res,_g2 " tra 3 olosd s sk
—1 log 2
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Therefore, for the normalized trace 7 on the UHF algebra, which coincides with 3"*!tr on
Ap, and for any ¢ € A, a = p,(c), we get

Ressea tr(0m o0 (9n()| D] ) = —=7(pa(c)).

log 2
Since, for any ¢ € Aco, @noo(pn(c)) — ¢ in Ay and p,(c) — ¢ in the UHF algebra, and both
functionals are bounded, we get the thesis.
As for the energy, recall that A, C M3(C)®" @ C3, 3, = (C*)®" ® E. Then, a generic
element of A, may be written as Zi:mﬁ a; ® e;. Then

T T
(D, g a; @ezlr®e=2" g a;r Q (e €ii — €4 )
i=1,2,3 i=1,2,3

hence

tr HDn, Z ai®€n’”2 = 22" Z I Z a;0 ® (ejei — €jierj) ||2

i=1,2,3 lo|=n,j#k i=1,2,3
=2 Y (a; — ar)o @ eyl
lo|=n, j#k
=273 “tr(|(a; — ax)]?) = 2€0 Y @ @ ey
j#k i=1,2,3

Finally, when a has finite energy,

5

Resuzs tr ([0, m(@)][21D] ™) = Res,_s 3 . e os2-box () E.lpn(a)] =

3 Esolal.

log 2
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