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Abstract: We present a rigorous renormalization group scheme for lattice quantum
field theories in terms of operator algebras. The renormalization group is considered as
an inductive system of scaling maps between lattice field algebras. We construct scaling
maps for scalar lattice fields using Daubechies’ wavelets, and show that the inductive
limit of free lattice ground states exists and the limit state extends to the familiar massive
continuum free field, with the continuum action of spacetime translations. In particular,
lattice fields are identified with the continuum field smeared with Daubechies’ scaling
functions. We compare our scaling maps with other renormalization schemes and their
features, such as the momentum shell method or block-spin transformations.

1. Introduction

The Wilson–Kadanoff renormalization group [48,84,85] is a cornerstone in the under-
standing of classical and quantum many-body system. It provides a conceptual frame-
work that unifies the theory of critical phenomena and universality in (quantum) sta-
tistical mechanics with quantum field theory via the existence of infrared fixed points
under scale-changing operations. Moreover, the construction of continuummodels from
lattice approximations via scaling limits has been developed to a wide extent in a math-
ematically rigorous form in constructive quantum field theory, especially in the classical
probabilist framework of the Euclidean approach [33,40,46]. While in these works in-
teracting models have been rigorously constructed, the field operators and observables
of the lattice and continuum theories are related only indirectly in terms of correlation
functions and an analytic continuation of the latter together with a Streater–Wightman
reconstruction is necessary to access the operator-algebraic content of the quantum field
theory. In the present paper, we start from a lattice approximation to quantum field the-
ories closer in spirit to the earlier constructive works by Friedrichs, Glimm-Jaffe and
others [36,40] and the setting of quantum statistical mechanics.We explicitly implement
an operator-algebraic approach [13,14] to the Wilson–Kadanoff renormalization group
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for scalar lattice quantum fields in any dimension (see also [76] for a short overview).
Specifically, using results of wavelet theory [23,58], we build a real-space (as opposed
to momentum-space) renormalization group by identifying the lattice fields with the
continuum fields smeared with suitable functions which generate a wavelet basis. This
results in a sequence of homomorphisms between lattice field algebras at various scales.
We supplement the lattice algebras with a sequence of states that approaches a critical
point in an appropriate way (the massless free field for the massive free field), which
assures the continuity of asymptotic symmetry groups avoiding certain obstacles en-
countered in [47,51,68], while keeping track of local algebras, cf. [90]. Therefore, we
succeed to construct a continuum field theory in the Haag–Kastler sense [42] in the
real-space framework of the Wilson–Kadanoff renormalization group.

Our implementation is inspired by the strong connection between renormalization of
classical lattice systems and wavelet theory [4], which prevails in the quantum setting,
cp. [12,29,37,57,87,88]. As an obvious application, we show rigorously and in detail
that the renormalization group flowof the ground states of free lattice fields in the vicinity
of the unstable, massless fixed point allows us to reconstruct the massive continuum free
field as a scaling limit. By using compactly supportedwavelets (or finite low-pass filters),
this construction directly yields local time-zero algebras of the continuum theory which
allows us to pass to the infinite-volume limit in a simple way. From a mathematical
point of view, operator algebras naturally accommodate the quantum version of the
Wilson–Kadanoff approach as the former are generally understood to incorporate non-
commutative measure theory, see [52,78] for another approach reversing the classical
Euclidean approach to obtain a quantumversion. Furthermore, in the specific formulation
we use, the renormalization group is realized as an inductive system of ∗-morphisms
in our examples, and the scaling limit is identified with a state on the inductive-limit
algebra [49]. To some extent, this reflects a weak form of universality [91, Chapter 3]
in mathematical sense: The scaling limit is independent of the specific details of the
inductive system at finite scales, e.g. modifications of the dispersion relations of the free
lattice ground states are irrelevant as long as the asymptotic behavior is unchanged. As
both, the infrared limits of the renormalization group and the inductive limits of operators
algebras, are only concerned with asymptotic properties of their building blocks (with a
certain notion of coherence), this suggests a link at a conceptual level. This should not be
confusedwith the concept of universality classeswhich are associatedwith different fixed
points of the renormalization group when taking into account additional interactions.
In the latter sense, we are only concerned with the universality class of the massless
free field in this work. As can be seen from the free field example, criticality of the
lattice models (i.e. divergence of correlation lengths) is intimately linked to continuity
properties of the operator-algebraic limits.

Our formulation of the renormalization group is also linked to other developments
in quantum theoretical descriptions of low-dimensional many-body systems, e.g. the
density matrix renormalization group (DMRG) [73,81–83], which is a real-space for-
mulation that has turned out to be especially efficient in one dimension. As the Wilson–
Kadanoff approach fits naturally into an information geometrical setup [5], real-space
renormalization schemes have also drawn increasing attention in the theory of quantum
information, specifically concerning tensor networks [18] and the multi-scale entangle-
ment renormalization ansatz (MERA) [28,29,70,79].

Summary of the formulation and results. We formulate a renormalization group for
scalar lattice field theories using a scaling function φ of wavelet theory. Such a function
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satisfies a self-similarity equation,

φ(x) =
∑

n∈Zd

hn 2
d
2 φ(2x − n),

which encodes the decomposition of φ at coarse scale in terms of itself at a fine scale
(in the following d will always denote the spatial dimension). Clearly, this equation is
analogous in spirit to Kadanoff’s block-spin transformation, which considers a spin on
a coarse lattice to be an average of spins on a fine lattice. But, while the block-spin
transformation typically averages uniformly over adjacent sites, the scaling equation
allows for a weighted average over sites. The coefficients hn are commonly known as a
low-pass filter as they describe the coarse-scale features captured by φ. Wavelets enter
the picture as a parametrization of the orthogonal complement of φ after increasing the
resolution leading to a complementary high-pass filter tracking the fine-scale details.
Thus, it is tempting to utilize the scaling equation to define the relation among lattice
quantum fields at successive scales εN , εN+1 = εN /2 (and similarly for momenta):

�N (x) = 2−
d
2
∑

n∈Zd

hn �N+1(x + εN+1n).

In terms of the algebras of observablesAN at scales εN this precisely defines an inductive
system,

αN
N ′ : AN −→ AN ′ , N < N ,

with the algebraic and analytic properties of the α’s encoded into the coefficients hn .
Specifically, by using a Daubechies’ scaling function which is compactly supported and
orthogonal (integer translates of φ are orthogonal at a fixed scale), it is possible to realize
the α’s as unital ∗-morphisms that equip the limit algebraA∞ = lim−→N

AN with a natural
quasi-local structure because the low-pass filter is finite in this case and, therefore, limits
the spatial support of a localized finite-scale quantum field �N (x) in the limit. Indeed,
the image of the latter in A∞ can be identified with the continuum quantum field �

smeared with φ at scale εN ,

�N (x) = ε−d
N

∫
dy�(y)φ(ε−1N (y − x)).

Now, the α’s are what we will call the renormalization group or scaling maps, and the
more common picture of the renormalization group transformations linking states of a
physical system among different scales arises by their dual action on the states spaces
SN+1 → SN (generalized density matrices). Following Wilson [86], we consider the
renormalization group flow of initial states ω

(N )
0 of the finite scale systems AN ,

ω
(N )
M = ω

(N+M)
0 ◦ αN

N+M ,

to construct a scaling limit ω
(∞)∞ = lim←−N

limM ω
(N )
M on A∞. To make these abstract

considerations maximally explicit and to test the construction, we provide a rather
complete treatment of the important case of harmonic (free) lattice fields on the torus
T

d
L = [−L , L)d ,

H (N )
0 = 1

2ε
d
N

( ∑

x∈�N

�2
N |x + μ2

N ε−2N �2
N |x − 2

∑

〈x,y〉⊂�N

ε−2N �N |x�N |y
)

,
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and their ground states ω
(N )
L , which are expected to admit sensible scaling limits in the

vicinity of the Gaussian fixed point μ2
N = 2d. More precisely, we show that:

(1) the scaling limitω(∞)
L ,∞ exists in finite volume (2L)d and is given by the continuum free

field of mass m assuming the renormalization condition limN→∞ ε−2N (μ2
N − 2d) =

m2 holds,
(2) the finite scale dynamics converges to the free dynamics in the Gelfand-Naimark-

Segal representation of ω
(∞)
L ,∞ (a similar statement holds for spatial translations),

(3) the infinite volume (or thermodynamical) limit L →∞ of ω
(∞)
L ,∞ exists and the local

time-zero and spacetime algebras in finite volume are unitarily equivalent to those in
infinite volume,

if the renormalization group is realized in terms of Daubechies’ wavelets of sufficiently
high regularity. The latter observation also fits nicely with the idea of universality as the
details of a valid approximation should not matter, i.e. the scaling limit is independent of
the precise regularity of wavelets as long as it is sufficient. Thus, our operator-algebraic
implementation of Wilson–Kadanoff renormalization enables a direct construction of
the local net of observables of the continuum free field (in the sense of the Haag–Kastler
axioms [42]) from free lattice fields. In addition, we observe that our approach yields
a rigorous way to deduce spacetime locality in the continuum from Lieb–Robinson
bounds [21,53,62,64,67] albeit asymptotically optimal estimates of the Lieb–Robinson
velocity are required to conclude that c = 1 in natural units. Moreover, we also illustrate
how our wavelet renormalization group yields an analytic version of the multi-scale
entanglement renormalization ansatz (MERA) for scalar fields in arbitrary dimensions,
cp. [31,32,43,87]. Finally, we also comment on the approach to the renormalization
group via scaling algebras [9,15,16,22], where the principal difference to our work lies
in the consideration of the ultraviolet limit of theories already defined in the continuum
rather than of the infrared limit of lattice theories.

The article is structured as follows. In Sect. 2, we recall the operator-algebraic for-
mulation of Wilson–Kadanoff renormalization, and we introduce the required objects
for the construction of scaling limits such as scaling maps, limit algebras and scaling
limits of states and dynamics. We also introduce a notion of spatial local algebras for
lattice models and give a tentative definition of a continuum theory in terms of local
observables in finite and infinite volume that reasonable scaling limit should fit into. In
Sect. 3 we invoke the framework of second quantization for the description of scalar
fields at a fixed scale, and wavelet scaling maps are introduced as a generalization of
the block-spin transformation, which we complement by essential ingredients from the
theory of wavelets. In Sect. 4, we construct the scaling limit of free, massive lattice scalar
fields and show that the limit state gives the massive free state while the lattice fields
are represented as the continuum field smeared with the scaling function. Section 5, we
discuss the block-spin transformation from the perspective of the wavelet scaling map,
and we explain how the former leads to a continuum limit albeit in a more singular sense.
In addition, we illustrate two other commonly used renormalization groups, point-like
localizations and sharp momentum cutoffs (momentum shells), and we show that the
first leads to singular limits similar to the block-spin case, while the second is well-
adapted to dynamics but intrinsically non-local. Furthermore, we explain the relation
of our approach to the scaling algebras of Buchholz-Verch and to the MERA. Section
6 outlines various consequences of the previous sections thereby giving an outlook on
topics for future research.
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Fig. 1. Wilson’s triangle of renormalization in terms of Hamiltonians of subsequent scales: Horizontal lines

represent sequences of renormalized Hamiltonians H (N )
M at a fixed scale that arise via coarse graining from

the initial Hamiltonians H (N )
0 at subsequent scale (vertical lines)

2. Preliminaries

2.1. An operator-algebraic renormalization group scheme.

The Wilson–Kadanoff renormalization group. Awidely used scheme to analyze contin-
uum limits using effective lattice models is theWilson–Kadanoff renormalization group
[48,80,86]. For a family of lattices {�N }N∈N0 , say inR

d or in the torusT
d
L of side length

2L , we consider a sequence of Hamiltonian quantum systems {AN ,HN , H (N )
0 }N∈N0 in-

dexed by the level N ∈ N0, the logarithmic scale accounting for the relative density of
lattice points (increasing with N ). At each level N , AN ⊂ B(HN ) is a concrete C∗-
algebra of observables acting on a Hilbert spaceHN , and H (N )

0 is an initial Hamiltonian
with domain DN ⊂ B(HN ). The essential equation of renormalization group theory
defines the renormalized Hamiltonians H (N )

M for N ′ − N = M ≥ 0 by demanding the

equality of partition functions of H (N )
M and H (N+M)

0 ([34], see also [35,81,82]):

Z (N+M)
0 = TrN+M

(
e−H (N+M)

0

)
= TrN

(
e−H (N )

M

)
= Z (N )

M , (2.1)

where both exponentials are assumed to be trace class. More precisely, the renormal-
ization group should define coarse-graining transformations (or quantum operations)
between the spaces of density matrices, S1

N+M and S1
N , on AN+M respectively AN , such

that:

EN+M
N

(
ρ

(N+M)
0

)
= ρ

(N )
M , (2.2)

with ρ
(N )
M = (Z (N )

M )−1e−H (N )
M . The transformation are also know as the descending

superoperators [28]. Since the choice of levels N < N ′ = N + M is arbitrary, we
naturally require the semi-group property:

EN ′
N ◦ EN ′′

N ′ = EN ′′
N , N < N ′ < N ′′. (2.3)

At the level of Hamiltonians with corresponding maps, H (N+M)
0 
−→ H (N )

M , this is
summarized by Wilson’s triangle of renormalization [86, p. 790] in Fig. 1.

Operator-algebraic renormalization. Let us translate (2.2) into a statement involving
the algebras {AN }N∈N0 and states on them (generalizing density matrices). We find for
aN ∈ AN :

TrN

(
ρ

(N )
M aN

)
= TrN

(
EN+M

N (ρ
(N+M)
0 )aN

)
= TrN+M

(
ρ

(N+M)
0 αN

N+M (aN )
)

(2.4)
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Fig. 2. Wilson’s triangle of renormalization in terms of algebras and states: Vertical lines represent renormal-
ization steps, either by coarse graining states (E’s) or by refining observables or basic fields (α’s). Horizontal
lines represent sequences of renormalized states at a fixed scale

Here, αN
N+M : AN → AN+M is the dual of EN+M

N (or an ascending superoperators as

in [28]). Thus, for a given family of initial states {ω(N )
0 }N∈N0 instead of Hamiltonian

{H N
0 }N∈N0 , (2.2) generalizes to:

ω
(N+M)
0 ◦ αN

N+M = ω
(N )
M . (2.5)

A natural requirement is that αN
N+M is unital and completely positive because it should

map states into states and preserve probability as expressed by the equality of partition
functions (2.1). We further require that αN

N ′ is a ∗-morphism, so that we can define the
inductive limit algebra. The semi-group property (2.3) translates to:

αN ′
N ′′ ◦ αN

N ′ = αN
N ′′ . (2.6)

We call the collection {αN
N ′ }N<N ′∈N0 , the scaling maps or renormalization group. At the

level of algebras and states, Fig. 2 provides an analogue to Fig. 1:

Example 2.1. A simple example of quantum operations {EN ′
N }N<N ′∈N0 are partial traces

TrN ′→N forHN = H⊗2N

0 andAN = B(HN ) such that αN
N ′(aN ) = aN⊗1N ′−N . Natural

generalizations of the latter arising in the context of lattice gauge theory are [13,14,59]:

αN
N ′(aN ) = UN ′(aN ⊗ 1N ′−N )U∗N ′ , (2.7)

for some unitary UN ′ ∈ U(HN ′).

Equation (2.7) is satisfied for our construction of a renormalization group for lattice
scalar fields and is analogous to MERA (multi-scale entanglement renormalization), see
(5.12).
Continuum limit, inductive limit algebra and scaling limit state. Our operator-algebraic
renormalization provides an algorithm for the construction of a continuum limit of lattice
models, which we roughly split into three parts: First, we construct a family of scaling
maps {αN

N+1}N∈N0 between algebras of lattice fields to define the renormalization group
arriving at an inductive limit algebra (see Sect. 2.2 for a summary of the construction):

A∞ = lim−→
N∈N0

AN . (2.8)
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Second, we consider a sequence of initial states {ω(N )
0 }N∈N0 (at the upside of the tri-

angle in Fig. 2). Their restrictions to coarser lattices are determined by the renormal-
ization group elements αN

N ′ (generalizing the coarse-graining transformations {EN
N ′ } via

pullback) according to (2.5). On each lattice algebra AN , the sequence {ω(N )
M }M∈N0

(horizontal lines) should admit a limit state,

ω(N )∞ = lim
M→∞ω

(N )
M , (2.9)

at least for a subsequence, andwe expect the limit state to be stable under coarse graining,

ω(N ′)∞ ◦ αN
N ′ = ω(N )∞ , (2.10)

because formally αN ′∞ ◦αN
N ′ =αN∞ for αN∞= limN ′→∞ αN

N ′ . Algebraically, the consistency
expressed by this stability condition would allow for the existence of a projective-limit
state on the inductive-limit algebra A∞ (cf. Sect. 2.2),

ω(∞)∞ = lim←−
N∈N0

ω(N )∞ . (2.11)

Suchprojective-limit stateswill be called scaling limitsof the initial sequence {ω(N )
0 }N∈N0 ,

and their existence together with the property (2.10) is assured under rather mild con-
ditions as shown in Proposition 2.2 below. The expected non-uniqueness of (2.9) and,
therefore, of the scaling limits is physically meaningful (e.g. renormalization group tra-
jectories and phase transitions) and is partially reflected in the need for renormalization
conditions, e.g. on the couplings implicitly present in the initial states.
Finally given a scaling limitω(∞)∞ togetherwith the algebraA∞, we perform theGelfand-
Naimark-Segal (GNS) construction to arrive at a Hilbert space representation,

π(∞)∞ : A∞ −→ H(∞)∞ , ω(∞)∞ (a) = 〈�∞, π(∞)∞ (a)�∞〉H(∞)∞
, (2.12)

such that the scaling limit is implemented by the vector state �∞ ∈ H(∞)∞ . Now, H(∞)∞
should be regarded as the Hilbert space of the continuum limit, we can identify the
elements of each AN with certain operators of the continuum field via scaling maps as
expressed by (2.8)) and compare the expected properties. As we are working in a Hamil-
tonian setting, the continuum limit should be interpreted in terms of time-zero fields.
Moreover, natural candidates for non-trivial scaling limits are families of ground states
{ωλN }N∈N0 for lattice Hamiltonians {HλN }N∈N0 admitting quantum critical points1 (not
necessarily quantum phase transitions) with respect to their respective (dimensionless)
couplings {λN }N∈N0 , see e.g. [72]. In the case of harmonic lattice fields, we will see that
families of lattice ground states admit the vacuum states of arbitrary masses (reflecting
the non-uniqueness) of the continuum free field as scaling limits (see also Sect. 6.1).
Dynamics. Besides the existence of a scaling limit {ω(∞)∞ }, we can also analyze the

convergence of the family of time-evolution groups {η(N )
t = eit H (N )

0 ( . )e−i t H (N )
0 }N∈N0 .

In view of the similarities of our renormalization group scheme with the construction of

1 Physically, a necessary condition for the existence of a non-trivial sequence of limit states {ω(N )∞ }N∈N0

is the divergence (in units of lattice length) of the sequence of correlation lengths {ξ(N )

N ′ }N ′∈N0
associated

with pairs of sequences {αN
N ′ (aN ), αN

N ′ (bN )}N ′∈N0
of local operators for any N ′ ∈ N0.
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thermodynamical limits in quantum statistical mechanics, we consider, for this purpose,
sequences of the form,

{αN ′∞ (η
(N ′)
t (αN

N ′(aN )))}N ′>N , (2.13)

for fixed t ∈ R and aN ∈ AN and ask whether these are Cauchy sequences in the
Hilbert space representation relative to the scaling limit ω(∞)∞ , i.e. for a suitable operator
topology on π

(∞)∞ (A∞) relative to the scaling limit [11,42,63]. This way we may define

the limit η(∞)
t = limN→∞ η

(N )
t on the closureA = π

(∞)∞ (A∞) and obtain a scaling-limit
Hamiltonian H (∞)∞ (corresponding to an extrapolation of the upside of Wilson’s triangle
in Fig. 1) given suitable continuity properties of η(∞) : R � A.

Free field as an example. For general interacting lattice models, we do not expect to find
all the above objects in closed form, but suitable expansion or perturbation methods will
be required to obtain approximations [8].Moreover, the extent towhich itwill be possible
to carry out this formulation ofWilson–Kadanoff renormalizationwill depend sensitively
on the choice of scaling maps αN

N ′ , and the amount of control over the state space

S(AN ) = SN and the effective Hamiltonian H (N )
0 of each lattice system (AN ,HN ) .

Nevertheless, we show in the following that this scheme can be carried out in real space
for the free scalar field in any dimension with full control over all involved objects.

2.2. Inductive limit of C∗-algebras and representations. The construction of a sequence
of latticeC∗-algebras and its inductive limit is central to our construction of a continuum
limit. Therefore, we recall this fundamental architecture to present detailed and self-
contained understanding of the limit procedure. For further references see for instance
[7,49,77]

Following the notation of the previous section, let {AN }N∈N0 be a sequence of unital
C∗-algebras. For N < N ′ < N ′′, we assume that there exists a unital injective ∗-
morphism αN

N ′ from AN to AN ′ such that αN ′
N ′′ ◦ αN

N ′ = αN
N ′′ . Since αN

N ′ is injective, it is
also isometric. {AN }N∈N0 togetherwith {αN

N ′ : N , N ′ ∈ N0, N < N ′} is called a directed
system of C∗-algebras. Such a directed system of C∗-algebras can be embedded up to
∗-isomorphisms into a C∗-algebra called the inductive limit. In particular, there exists a
C∗-algebra A∞ such that:

(i) for every N ∈ N0 there exists a unital injective ∗-homomorphism αN∞ from AN to
A∞. Furthermore, if N < N ′ then αN∞ = αN ′∞ ◦ αN

N ′ and
⋃

N∈N0
αN∞(AN ) is dense in

A∞;
(ii) the C∗-algebra A∞ in (i) is unique up to a ∗-isomorphism; in particular, if B∞ is

another C∗-algebra with ∗-homomorphisms βN∞ satisfying conditions as in (i), then
there exists a ∗-isomorphism J : B∞ → A∞ such that αN∞ = J ◦ βN∞.

Next, we consider a family of states {ω(N )}N∈N0 such that ω
(N ) is a state on AN , and

we assume that ω(N ) = ω(N ′) ◦ αN
N ′ . Such a family is said to be projectively consistent.

Then, there is a uniquely defined state ω(∞) on A∞ such that ω(∞) ◦ αN∞ = ω(N ).
ω(∞) = lim←−N∈N0

ω(N ) is called the projective limit of the family {ω(N )}.
As our notion of continuum limit from the previous section is intimately linked

with the GNS construction, we also recall the following: The GNS representation
(π(∞),H(∞), �∞) of (A∞, ω(∞)) extends the GNS representation (π(N ),H(N ), �N )



Scaling Limits of Lattice Quantum Fields by Wavelets 307

associated with (AN , ω(N )). More precisely, the GNS construction induces unique
isometries V N

N ′ fromH(N ) intoH(N ′) such that π(N ′)(αN
N ′(aN ))V N

N ′ = V N
N ′π

(N )(aN ) for
all aN ∈ AN and V N

N ′�N = �N ′ . Therefore, the GNS representations (π(N ),H(N ), �N )

naturally acquire the structure of a compatible direct system of Hilbert spaces, which ad-
mits an inductive limit given by (π(∞),H(∞), �∞) together with isometries V N∞ from
H(N ) into H(∞) such that π(∞)(αN∞(aN ))V N∞ = V N∞π(N )(aN ) for all aN ∈ AN and
V N∞�N = �∞. The unique normal extension of ω(∞) to the von Neumann algebra
π(∞)(A∞)′′ will be denoted by the same symbol.

In view of the construction and existence of projectively consistent families of states
(cf. (2.9) and (2.11)), we make the important observation (which generalizes to directed
index sets):

Proposition 2.2. Let {AN }N∈N0 , {αN
N ′ }N<N ′ be a directed system of C∗-algebras, and

let {ω(N )}N∈N0 be a family of states on {AN }N∈N0 . For M > 0, we define a state by

ω
(N )
M := ω(N+M) ◦ αN

N+M on AN . If, for each N, limM→∞ ω
(N )
M =: ω

(N )∞ exists in the

weak∗ topology, then it defines a projectively consistent family {ω(N )∞ }N∈N0 and hence

lim←−N∈N0
ω

(N )∞ = ω
(∞)∞ is well-defined.

Proof. Because of weak∗ convergence, we have:

lim
M→∞

∣∣∣ω(N ′)∞ ◦ αN
N ′(aN )− ω

(N ′)
M ◦ αN

N ′(aN )

∣∣∣ = 0 for all aN ∈ AN

for all N < N ′. Therefore, the following is true for all N < N ′ (assuming M > N ′−N ):

ω(N )∞ = lim
M→∞ω

(N )
M = lim

M→∞ω(N+M) ◦ αN
N+M = lim

M→∞ω(N+M) ◦ αN ′
N+M ◦ αN

N ′

= lim
M→∞ω

(N ′)
N+M−N ′ ◦ αN

N ′ = ω(N ′)∞ ◦ αN
N ′ .

��
It may happen that each {ω(N )

M }M∈N0 converges only by taking a subsequence, and,
thus, the limit may not be unique. In the context of scaling limits, this corresponds
to the non-uniqueness of the vacuum or different coupling constants and, therefore,
is physically important. Nevertheless, the proposition implies the existence of scaling
limits in general due to the weak∗ compactness2 of the state space of C∗-algebras (see
also Sect. 6.1).

2.3. Lattice models and local algebras. We are mainly interested in field theories on
hypercubic lattices �N and their scaling limits. This means that each AN is equipped
with a local structure as follows.

As in Sect. 2.1, we associate to each N , the scale, a spatial lattice �N with lattice
spacing εN such that εN+1 < εN . To each lattice point x ∈ �N we assign a local algebra
AN (x). The algebras AN (x) and AN (y) should commute if x �= y, and they generate

the whole algebra AN . For a subset X of �N , let us denote AN (X) =⋃x∈X AN (x)
‖·‖

.

2 Apply a diagonal-sequence argument along N ∈ N0 to the convergent subsequences {ω(N )
MkN

}MkN
>0.
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⊂ ⊂

Fig. 3. Geometric subdivisions of the lattice �L
1 for d = 2

Furthermore, we assume that the image of the renormalization map αN
N+1(AN (x))

should be included in AN+1(Sx ), where Sx = {y ∈ �N+1 : y − x ∈ [0, εN+1rmax]d},
and rmax > 0 does not depend on N . We call the collection {AN , αN

N ′ ,�N }N ,N ′∈N,N ′>N
a lattice field theory.

In the following, we take standard hypercubic lattices in R
d with εN = 2−N ε for

some ε > 0, hence �N ⊂ �N+1. However, the renormalization map αN
N+1 is in general

not just the identification of αN
N+1(AN (x)) with AN+1(x) for x ∈ �N ⊂ �N+1. Indeed,

the key to obtain the continuum field as the scaling limit is to identify a lattice field in
AN with a smeared field in the continuum, not a point-like field. This naturally leads to
the wavelet scaling in Sect. 3.3.

By the above, the increase in support due to αN
N ′ for an element aN ∈ AN is bounded

from above by rmaxεN

(
1− 2−(N ′−N )

)
. Thus, we can define local algebras A∞(S) ⊂

A∞ for suitable open domains S ⊂ T
d
L = [−L , L)d by collecting at each level N all the

operators aN with support in the sublattice �N (S) ⊂ �N ∩ S with the convention that
the cube x + [0, εN rmax]d does not intersect the boundary ∂S for each site x ∈ �N (S),
see Fig. 4. The bound on the increase of support ensures that this definition is compatible
with the equivalence classes formed with respect to the inductive system (3.11):

A∞(S)= lim−→
N∈N0

AN (�N (S)), (2.14)

It immediately follows from locality at level N that

A∞(S) ⊂ A∞(S′) S ⊂ S′, (2.15)

[A∞(S),A∞(S′)] = {0} S ∩ S′ = ∅. (2.16)

We define A∞ =⋃S A∞(S) a quasi-local algebra [10].

2.4. Continuum field theory. Let ω(∞)∞ be the scaling limit state (2.11) of the sequence
{ω(N )

0 } on a lattice field theory {AN , αN
N ′ ,�N }. In the GNS representation π

(∞)∞ of A∞
with respect to ω

(∞)∞ , we obtain a family of von Neumann algebras π
(∞)∞ (A∞(S))′′.

These algebras should be a continuum field theory, in the following sense.
We say that (A, U,�) is a continuum time-zero net of observables in H, where

A(S) is a von Neumann algebra for each region S ⊂ T
d
L , U is a strongly continuous

unitary representation of T
d
L × R and � is a vector such that

(1) If S1 ⊂ S2 ⊂ T
d
L , then A(S1) ⊂ A(S2).

(2) AdU (a, 0)(A(S)) = A(S + a) for a ∈ T
d
L .
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Fig. 4. Illustration of a localized sublattice �N (S) (the black sites) for rmax = 1 in dimension d = 2. Thick
lines attached to black sites indicate boundaries of support in the scaling limit

(3) There is c′ > 0 such that, ifd(S1, S2) > εc′ (whered(S1, S2) = infx∈S1,y∈S2,n∈Zd |x−
y + 2Ln| is the distance on T

d
L between two regions S1, S2), then AdU (0, t)(A(S1))

commutes with A(S2) for t < ε.
(4) U (a, t)� = �.
(5) The generator of the one-parameter group U (0, t) is positive.

If T
d
L is replaced by R

d , we call it a continuum (infinite volume) time-zero net of
observables. If c = 1, these properties are restrictions of the Haag–Kastler axioms [42]
to the time-zero plane and the restriction of any Haag–Kastler net to the t = 0 plane
satisfies them. We do not include uniqueness of the vacuum, because it may fail for a
physical reason in the construction through continuum limit (phase transition).

The Poincaré covariance does not follow from these time-zero axioms. Indeed, it is an
additional requirement thatU extends to a representation of the Poincaré group. A coun-
terexample should be obtained if we start with the states with a wrong (nonrelativistic)
dispersion relation (see e.g. [89]).

3. Wavelet Scaling of Lattice Scalar Fields

3.1. Scalar fields on lattices.

3.1.1. First and second quantization TheWeyl algebra is defined by the canonical com-
mutation relations (a general reference is [11]). Let h be a Hilbert space (which will be
called the one-particle space), 〈·, ·〉 its scalar product and σ(·, ·) = �〈·, ·〉, where � de-
notes the imaginary part, the canonical non degenerate symplectic form. A C∗-algebra
W(h) is said to be the Weyl algebra associated with (h, σ ) if W(h) is generated by
elements {W (ξ)}ξ∈h with the following commutation relations:

W (ξ)W (η) = e−
i
2 σ(ξ,η)W (ξ + η), ξ, η ∈ h. (3.1)

Such a C∗-algebra is unique (up to isomorphism) and simple.
A fundamental representation ofW(h) is constructed on thebosonicFock space over

h: F+(h) = C� ⊕ ⊕n∈N0
h⊗s n , where h⊗s n is the symmetric n-fold tensor product of
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the one-particle space h and � is called the Fock vacuum. On F+(h), the actions of the
Weyl operators W (ξ) are uniquely given by

W (ξ)� = e−
1
2 ‖ξ‖2eξ , where ξ ∈ h and eξ = 1⊕ ξ ⊕ 1

2!ξ
⊗2 ⊕ · · · ⊕ 1

n!ξ
⊗n ⊕ · · · .

and by the canonical commutation relations (3.1): This is the GNS representation of the

algebra W(h) with respect to the state ω(W (ξ)) = 〈�, W (ξ)�〉 = e− 1
2 ‖ξ‖2 .

We use the following repeatedly, and hence state it as a proposition.

Proposition 3.1. A symplectic map R from h1 into h2 induces a natural injective ∗-
homomorphism from W(h1) to W(h2), which maps W (ξ) to W (R(ξ)), and is a ∗-
isomorphism if R is bijective.

Note that, even if h1 ⊂ h2, we may take a symplectic map R which is different from
the inclusion map. Indeed, such different embedding correspond to different scaling
maps, see Sect. 3.3.

3.1.2. Scalar fields at different scales As in Sect. 3.1.1, to construct the Weyl algebra,
one has firstly to define the one-particle Hilbert space. Let us consider an initial lattice

�ε,r = ε{−r, . . . , 0, . . . , r − 1}d ⊂ R
d

with scale parameters3 ε > 0, r ∈ N. We think of �ε,r as a discretization of the
cube [−L , L)d = T

d
L with periodic boundary conditions (r ≡ −r ) which fixes the

product of scale parameters εr = L > 0. From �ε,r we generate a sequence of lattices
�N = �εN ,rN with εN = 2−N ε, rN = 2N r for N ∈ N0. This way all lattices have the
same volume vol(�N ) = (2εN rN )d = (2L)d . In the following, we also need the dual
lattice

�ε,r = π
εr {−r, . . . , 0, . . . , r − 1}d

and its scaled versions �N = �εN ,rN , with the scaling parameter defined above.
We introduce two (2N r)d -dimensional Hilbert spaces associated with the lattices and

their dual4

hN ,L = �2(�N ), 〈ξ, η〉N ,L =
∑

x∈�N

ξ̄ (x)η(x), (3.2)

ĥN ,L = L2(�N , (2rN )−dμ�N ), 〈ξ̂ , η̂〉N ,L = (2rN )−d
∑

k∈�N

¯̂
ξ(k)η̂(k), (3.3)

where the counting measureμ�N acquires a factor (2rN)−d because of the normalization
(2rN)−d ∑

k∈�N
eik·(x−x ′) = δx,x ′ , x, x ′ ∈ �N .

These two Hilbert spaces are identified via the discrete Fourier transform:

FN [ξ ](k) = ξ̂ (k) =
∑

x∈�N

ξ(x)e−ik·x , F−1
N [ξ̂ ](x) = ˇ̂ξ(x) = 1

(2rN )d

∑

k∈�N

ξ̂ (k)eik·x = ξ(x).

(3.4)

3 The scale parameters ε, r will be fixed more explicitly below.
4 We emphasize the dependence on the lattice size L only on Hilbert spaces and algebras, although most

of other objects depend implicitly on L .
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The kinematical scalar field lattice systems are given in terms of the one-particle
spaces hN ,L , cp. [4,11]:

W(hN ,L)=WN ,L , HN ,L=F+(hN ,L)∼=
⊗

x∈�N

Hx , (3.5)

where Hx = L2(R), and W(hN ,L) is the Weyl algebra,

WN (ξ)WN (η)=e−
i
2 σN ,L (ξ,η)WN (ξ + η), ξ, η ∈ hN ,L , (3.6)

with respect to the standard symplectic form, σN ,L = �〈 · , · 〉N ,L . The decomposition
into real (Langragian) subspaces is facilitated by

ξ = ε
d+1
2

N qξ + iε
d−1
2

N pξ for ξ ∈ hN ,L (3.7)

with real-valued qξ , pξ ∈ hN ,L .We denote by q, p generic real-valued elements in hN ,L .
The finite volume field �N (q) and momentum �N (p) are the generators of the one-
parameter groups WN (tq), WN (tp), respectively, and in terms of (q, p) the symplectic
form reads

σN ,L((qξ , pξ ), (qη, pη)) := σN ,L(ξ, η) = εd
N

∑

x∈�N

qξ (x)pη(x)− pξ (x)qη(x). (3.8)

For the Lagrangian decomposition of ĥN ,L , we choose the normalization:

q̂=ε
d
2
NFN [q], p̂=ε

d
2
NFN [p]. (3.9)

The algebra WN ,L is also naturally equipped with a *-automorphic action η
(N )
L :

�N � WN ,L of lattice translations, induced via Proposition 3.1 by the action τ
(N )
L :

�N � hN ,L of translations on the one-particle space, defined by the symplectic maps
(τ

(N )
L|a ξ)(x) := ξ(x − a), a, x ∈ �N , ξ ∈ hN ,L , where the difference x − a is to be

intended mod 2LZ
d .

3.1.3. Scaling maps from one-particle spaces A renormalization group for lattice scalar
fields (see Sect. 3.1.2) is obtained from a symplectic map RN

N ′ : hN ,L → hN ′,L , N ′ > N ,
between one-particle spaces: it induces via Proposition 3.1 an injective ∗-homomorphism
αN

N ′ :WN ,L →WN ′,L such that

αN
N ′(WN (ξN ))=WN ′(RN

N ′(ξN )). (3.10)

We thus obtain a C∗-inductive system of lattice Weyl algebras,

W0,L → · · · →WN ,L →WN+1,L → · · · →WN ′,L → · · · . (3.11)

Although there is a natural inclusion hN ,L ⊂ hN+1,L , we do not take it as RN
N+1, because

this would mean (cf. Sect. 3.2) that we identify an operator on a lattice vertex with
an operator localized in one point in the continuum, which does not exist. Instead, we
consider maps associated with various wavelets.

As Weyl algebras are simple, thus ∗-homomorphisms are injective, and the inductive
limit of a directed system of simple C∗-algebras is again simple.
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3.2. An instructive example: the block-spin method. As an illustration of the general
scheme introduced above, we define a version of the block-spin renormalization group
for lattice scalar fields known from spin systems (e.g. the Ising model), see [29].

Definition 3.2. The block-spin renormalization group {αN
N ′ }N<N ′ is the inductive family

of ∗-homomorphisms definedby the block-spin scalingmapbetweenone-particleHilbert
spaces:

RN
N+1 : hN ,L −→ hN+1,L ,

where

RN
N+1(q, p)(x ′) =

∑

x∈�N

(q, p)(x)χ[0,εN )d (x ′ − x), N ∈ N0, (3.12)

(note that q and p in hN ,L are scaled as (3.7), that compensate the volume of the cube)
namely, the function with support in x is mapped to the step function supported in the
(discrete) cubewith “lower left” corner x .Other scalingmaps are definedby composition,
so that the semigroup property is automatic:

RN
N ′ = RN ′−1

N ′ ◦ RN ′−2
N ′−1 ◦ · · · ◦ RN

N+1, N < N ′.

We note that RN
N+1 is symplectic, because the inner product is preserved:

σN+1,L(RN
N+1(q, p), RN

N+1(q
′, p′)) = σN ,L((q, p), (q ′, p′)),

Intuitively, (3.12) encodes the idea that the field and its momentum spatially localized
at x at scale N result from averaging5 over points x ′ close by at scale N +1. At the level
of fields, this yields:

αN
N+1(�N (x)) = 2−d

∑

x ′∈�N+1

χ[0,εN )(x ′ − x)�N+1(x ′), (3.13)

αN
N+1(�N (x)) = 2−d

∑

x ′∈�N+1

χ[0,εN )(x ′ − x)�N+1(x ′). (3.14)

Formally, the block-spin scaling map encodes the relation between block-averaged
(continuum) fields and momenta at scales N ∈ N0, i.e. we think of the lattice fields and
momenta as integrated against characteristic functions of lattice cubes with �,� the
continuum field and the continuum momenta,

�N (x) = ε−d
N

∫

Td
L

dd x ′χ[0,εN )d (x ′ − x)�(x ′) = ε−d
N �(χx+[0,εN )d ) (formal), (3.15)

�N (x) = ε−d
N

∫

Td
L

dd x ′χ[0,εN )d (x ′ − x)�(x ′) = ε−d
N �(χx+[0,εN )d ) (formal), (3.16)

although � is ill-defined for nondifferentiable functions.
Yet, the idea of embedding lattice fields into the continuum field can be justified using

wavelets. Indeed, if the problem is the non-differentiability of step functions, we would
only have to identify lattice fields with continuum fields smeared over more regular
functions, as we see below.

5 Sincewe are workingwith the algebra of field operators, the block-spin transformation results in a refining
operation AN = WN ,L → AN+1 = WN+1,L (2.4) in contrast with the familiar coarse-graining operation
on states, respectively density matrices (2.2).
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3.3. A generalization: the wavelet method.

3.3.1. Scaling map from scaling function The block-spin scaling map is a special case
of wavelet scaling map which we define here. The scaling map is induced by the maps
between lattice one-particle spaces:

h0,L · · ·
RN−1

N→ hN ,L
RN

N+1→ hN+1,L
RN+1

N+2→ · · · RN ′−1
N ′→ hN ′,L

RN ′
N ′+1→ · · · , (3.17)

As we hope to embed lattice fields into the continuum field, there should be the corre-
sponding spaces in the continuum one-particle space:

V0 ⊂ · · · ⊂ VN ⊂ VN+1 ⊂ · · · ⊂ L2(Td
L). (3.18)

In the case of the block-spin renormalization, VN is spanned by the step functions
χ[0,εN )d (·− x), and this is naturally included in VN+1. Furthermore, such a step function
is a linear combination of finer step functions with a fixed set of coefficients (see Sect.
3.3.3 for details of this case). By generalizing these properties, we are led to consider
wavelets. A general reference is [23] (for periodic wavelet bases, see [23, Section 10.7]).

We start with a scaling function φ ∈ L2(Rd), and define the functions φ
(ε)
N ,k ∈

L2(Td
L) as the 2L-periodization of the rescaled scaling functionsR

d � x 
→ ε
−d/2
N φ(ε−1N

x−ε−1k), N ∈ N0, k ∈ �ε,rN = {−εrN , . . . , ε(rN−1)}d ⊂ (εZ)d (recall that L = εr ).

In particular we set φ(ε) := φ
(ε)
0,0. The characteristic properties of φ translate into the

following ones6 for the functions φ
(ε)
N ,k .

• {φ(ε)( · − k)}k∈�ε,r is an orthonormal system.
• It holds that

φ(ε)(x) =
∑

n∈�1,r1

hnφ
(ε)
1,εn(x), (3.19)

with hn ∈ R.
• {φ(ε)

N ,k}N∈N0,k∈�ε,rN
span L2(Td

L).

• φ(ε) is normalized in such a way that

∫

T
d
L

φ(ε)(x)dx = εd/2. (3.20)

Note that from (3.19) and (3.20) the sum rule
∑

n∈�1,r1
hn = 2d/2 follows.

Such φ(ε) gives rise to a (half-sided) multiresolution analysis (MRA)7, i.e. the se-
quence of subspaces VN spanned by {φ(ε)

N ,k}k∈�ε,rN
, N ∈ N0, satisfying (3.18) with the

6 Here the convention is that n belongs to a unit lattice (with lattice spacing 1) while k belongs to a scaled
lattice.

7 In the non-periodic setting this sequence is two-sided infinite, i.e. indexed by Z.
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properties:

⋃

N∈N0

VN = L2(Td
L), (3.21)

⋂

N∈N0

VN = V0, (3.22)

f ∈ V0 ⇔ f (2N · ) ∈ VN , (3.23)

f ∈ V0 ⇔ f ( · − k) ∈ V0 ∀k ∈ εZ
d . (3.24)

We discuss concrete examples of scaling functions in the next sections. In case the
scaling function φ is chosen compactly supported, there is rmax > 0 such that hn �= 0
only for ‖n‖∞ ≤ rmax, where ‖n‖∞ is the largest absolute value of the components of
n ∈ �1,r1 ⊂ Z

d , because these are the expansion coefficients of φ(ε) in the basis {φ(ε)
1,εn},

i.e. {hn}‖n‖∞≤rmax yields a finite impulse response filter scheme, and is called a low-

pass filter [23]. For a fixed N , {φ(ε)
N ,k}k∈�ε,rN

play the role of approximate δ-functions.

We will also use the notation φ
(εN )
x := φ

(ε)

N ,2N x
, x ∈ �N (= �2−N ε,2N r ), N ∈ N0.

Correspondingly, we denote the standard basis of �2(�N ) by {δ(N )
x }x∈�N . At this point,

we demand log2 r ∈ N0 as otherwise the completeness of the restricted half-sided MRA
(3.18) to L2(Td

L) is problematic [23].

Having in mind the identification δ
(0)
x ∼φ

(ε)
x , x ∈ �ε,r =�0, we make the analogue

of Definition 3.2.

Definition 3.3. Given a compactly supported scaling function φ(ε) with the scaling co-
efficients (3.19), the wavelet renormalization group {αN

N ′ }N<N ′ is the inductive family
of ∗-homomorphisms defined by the wavelet scaling map between one-particle Hilbert
spaces, RN

N+1 : hN ,L −→ hN+1,L :

RN
N+1(q, p)(x) = 2

d
2
∑

x ′∈�N

(q, p)(x ′)
∑

n∈Zd ,‖n‖∞≤rmax

hnδ
(N+1)
x ′+nεN+1

(x), (3.25)

where the index of δ
(N+1)
x ′+nεN+1

∈ �2(�N+1) is interpreted mod 2rN+1(εN+1Z
d), accord-

ing to the periodization convention above, and

RN
N ′ = RN ′−1

N ′ ◦ RN ′−2
N ′−1 ◦ · · · ◦ RN

N+1, N < N ′.

The numerical coefficients in (3.25) are motivated by the formal relations between
fields and momenta at successive scales implied by (3.19), cp. (3.13) and (3.14). In the
following, to simplify the notation, we will indicate sums as the second one in (3.25)
simply as sums over n ∈ Z

d , with the convention that hn = 0 for ‖n‖∞ > rmax.
Thanks to the property (3.19), we obtain a family of symplectic maps.

Lemma 3.4. The scaling maps RN
N ′ , N < N ′, associated with a scaling function φ are

symplectic, i.e.

σN ′,L(RN
N ′(q, p), RN

N ′(q
′, p′)) = σN ,L((q, p), (q ′, p′)).
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Proof. A direct computation for RN
N+1 with N ∈ N0 arbitrary yields:

εd
N+1

∑

x ′∈�N+1

RN
N+1(p)(x ′)RN

N+1(q
′)(x ′)

= εd
N

2d

∑

x ′∈�N+1

⎛

⎝2
d
2
∑

x∈�N

p(x)
∑

n∈Zd

hnδ
(N+1)
x+nεN+1 (x ′)

⎞

⎠

⎛

⎝2
d
2
∑

y∈�N

q ′(y)
∑

m∈Zd

hmδ
(N+1)
y+mεN+1 (x ′)

⎞

⎠

= εd
N

∑

x,y∈�N

p(x)q ′(y)
∑

n,m∈Zd

hnhmδn−m,2ε−1N (y−x)
= εd

N

∑

x,y∈�N

p(x)q ′(y)
∑

n∈Zd
r

hnhn+2ε−1N (x−y)

︸ ︷︷ ︸
=δx,y

= εd
N

∑

x∈�N

p(x)q ′(x),

where we used the fact that 2ε−1N (x − y) ∈ 2Z
d for x, y ∈ �N and the orthogonality

relation
∑

n∈Zd hnhn+2m = δm,0 which follows from the scaling equation (3.19) and the

orthonormality of {φ(ε)
0,k}k∈�ε,r . The statement is then obtained by (3.8). ��

We note that a priori there is no need to choose the same low-pass filter {hn}n∈Zd for the
complementary real, Lagrangian subspaces of the decomposition (3.7) of hN ,L , and the
scaling map RN

N ′ will be symplectic for biorthogonal wavelets as well [23].
Therefore, according to the discussion in Sect. 3.1.3, we denote by W∞,L the in-

ductive limit C∗-algebra obtained from the inductive system defined by (3.10), (3.11).
Moreover, it is easy to check that for the one-particle lattice translations τ

(N )
L|a , a ∈ �N ,

there holds τ
(N ′)
L|a ◦ RN

N ′ = RN
N ′ ◦ τ

(N )
L|a , which of course entails, for the lattice translation

automorphisms η
(N )
L|a of WN ,L ,

η
(N ′)
L|a ◦ αN

N ′ = αN
N ′ ◦ η

(N )
L|a , a ∈ �N , N ′ > N . (3.26)

This, together with the inductive limit uniqueness, implies the existence of an automor-
phic action of the dyadic traslations on the inductive limit algebra as follows. Given
a ∈⋃N �N and N ′ ∈ N, since�N ⊂ �N+1 we can assume that a ∈ �N with N ≥ N ′,
and we can define an injective *-morphism βN ′∞ :WN ′,L →W∞,L by

βN ′∞ (A) := αN∞(η
(N )
L|a (αN ′

N (A))), A ∈WN ′,L .

Thanks to the intertwining property (3.26), βN ′∞ is independent of the chosen N such
that a ∈ �N , and one immediately checks that βN ′∞ ◦ αN ′′

N ′ = βN ′′∞ for N ′ ≥ N ′′.
Therefore, by the uniqueness of the C∗-inductive limit, there exists a *-automorphism
η

(∞)
L|a : W∞,L → W∞,L such that η

(∞)
L|a ◦ αN ′∞ = βN ′∞ for all a ∈ ⋃N �N and N ′ ∈ N,

i.e.,

η
(∞)
L|a (αN ′∞ (A)) = αN∞(η

(N )
L|a (αN ′

N ((A)), A ∈WN ′,L , a ∈ �N , N ≥ N ′, (3.27)

and η
(∞)
L :⋃N �N � W∞,L defines the required action of the dyadic translation group.

Invoking the discrete Fourier transform (3.4), we obtain the important identity in
momentum space, i.e. with respect to the inclusion of dual lattices �N ⊂ �N+1:

RN
N+1(q̂N , p̂N ) = 2

d
2 m0(εN+1 ·)(q̂N+1, p̂N+1), (3.28)
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where m0(εN+1k)= 2− d
2
∑

n∈Zd hne−iεN+1nk (the discrete Fourier transform of the co-
efficients hn) and q̂N+1, p̂N+1 are the periodic extension of q̂N , p̂N from �N to �N+1.
From (3.28), we easily compute the iterated maps,

RN
N ′(q̂N , p̂N ) = 2

d(N ′−N )
2

N ′−N∏

n=1
m0(εN+n ·)(q̂N ′ , p̂N ′). (3.29)

This expression already indicates the special role of the scaling function φ in the limit
N ′ → ∞ (if rmax is finite) because [23, (6.2.2)]:

lim
N ′→∞

N ′−N∏

n=1
m0(εN+n ·) = φ̂(εN ·) = ε−d/2φ̂(ε)(2−N ·) = ε

−d/2
N φ̂

(εN )
0 (3.30)

pointwise,which results from the (continuum)Fourier transform (normalized as in (4.12))
of the scaling equation (3.19):

φ̂(ε)(2−N k) = m0(εN+1k)φ̂(ε)(2−(N+1)k), k ∈ π
L Z

d , (3.31)

together with the normalization (3.20). Thus, apart from an infinite field-strength renor-
malization accounting for the rescaling of the symplectic structure σN ′,L with N ′, the
inductive limit map, RN∞ : hN ,L → h∞,L = lim−→N

hN ,L , is given by multiplication with

the Fourier transform ε
− d

2
N φ̂

(εN )
0 in momentum space.

3.3.2. Wavelet bases Before turning to a detailed description of the wavelet method, let
us also comment on the use of the wavelet basis of L2(Td

L) constructed from the scaling
function (3.37). In general, such a basis is obtained by rewriting the MRA (3.18) as a
direct sum decomposition:

V0 ⊕ V ′0 ⊕ · · · ⊕ V ′N ⊕ V ′N+1 ⊕ · · · = L2(Td
L). (3.32)

This is achieved by finding an orthogonal decomposition of the orthogonal complement
of V0 inside V1:

V1 = V0 ⊕ V ′0 = V0 ⊕
2d−1⊕

m=1
V ′,m0 , (3.33)

such that there are distinguished orthonormal functions—the wavelets, {mψ
(ε)
0 }2

d−1
m=1 ,

which together with their integer translates span the spaces V ′,m0 . The spaces V ′,mN are
constructed by rescaling the wavelets, thus, these spaces inherit the scaling properties
of the VN .
As the use of wavelets compared to that of the scaling function turns out to be important
for the characterization of the inductive-limit algebraW∞,L and the scaling limitω(∞)∞ =
ω

(∞)
L ,∞ (2.11) (see Sect. 4), we also provide some details on the construction of wavelets.
Let us discuss wavelets in the unit lattice, ε = 1 for the case d = 1. Higher dimen-

sional wavelets can be obtained by tensor product, cf. [23].
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Given the scaling function, φ
(ε=1)
0 = φ, the wavelet m=1ψ(ε=1)

0 = ψ can be con-
structed by the formula:

ψ(x) =
∑

n∈Z
gnφ1,n(x),

where the wavelet coefficients {gn}n∈Z (also called a high-pass filter) are obtained ex-
plicitly in terms of the expansion coefficients {hn}n∈Z of the scaling equation (3.39).
Albeit, the choice of wavelet coefficients is not unique, convenient options include:

gn = (−1)nh1−n, or gn = (−1)nh1−n+2M , ∀n ∈ Z, (3.34)

for some M ∈ Z, and we take one of them. By construction, the set of functions {φ} ∪
{ψN ,k}N∈N0,k∈{−2N r,...,2N r−1}, whereψN ,k(x) = 2

Nd
2 ψ(2N x−k), forms an orthonormal

basis of L2(TL=r ). The orthogonal decomposition VN+1 = VN⊕V ′N analogous to (3.33)
is captured by an important projection identity involving the wavelets ψN ,k and scaling
functions φN ,k :

ProjVN+1
( f ) =

2N+1r−1∑

k=−2N+1r

〈φN+1,k , f 〉L2φN+1,k = ProjVN
( f ) +

2N r−1∑

k=−2N r

〈ψN ,k, f 〉L2ψN ,k

=
2N r−1∑

k=−2N r

〈φN ,k, f 〉L2φN ,k +
2N r−1∑

k=−2N r

〈ψN ,k, f 〉L2ψN ,k, f ∈ L2(TL ).

(3.35)

Iterating and using limN→∞ ProjVN
= idL2(TL ), we have an expansion:

f =
r−1∑

k=−r

〈φ0,k, f 〉L2φ0,k +
∑

N∈N0

2N r−1∑

k=−2N r

〈ψN ,k, f 〉L2ψN ,k . (3.36)

3.3.3. Block-spin renormalization in terms of orthogonal Haar wavelets The above
interpretation (3.15) and (3.16) of lattice fields as continuum field smeared with char-
acteristic functions, {ε−d

N χx+[0,εN )d }x∈�N , can be understood as a special instance of
the general scheme of wavelet scaling discussed above. We take the characteristic func-
tion χ[0,ε)d as the scaling function underlying the construction of the (periodic) Haar
wavelets basis of L2(Td

L)with scaling parameters εr = L [4,19,23,58]. More precisely,
the function,

φ(ε)
x (y) = ε−

d
2 χ[0,ε)d (y − x) = ε−

d
2 χ[0,1)d (ε

−1(y − x)), (3.37)

has an associated (half-sided) multiresolution analysis (MRA), i.e. there is a sequence
of subspaces of step functions {VN }N∈N0 satisfying (3.21)–(3.24). In this case, we have
rmax = 1.

By dimensionality,we can identify the real subspace spanned by this basis {φ(ε)
N ,k}with

the Lagrangian subspaces of hN ,L , cp. Sect. 3.1.2. Moreover, Definition 3.2 of the block-
spin scaling map can be obtained from the expansion of φ

(ε)
0 into the functions {φ(ε)

1,k},



318 V. Morinelli, G. Morsella, A. Stottmeister and Y. Tanimoto

which is equivalent to the inclusion V0 ⊂ V1 and similarly, an embedding h0,L → h1,L
is given by writing a step function as a linear combination of finer step functions:

φ
(ε)
0 (x) =

∑

k∈Nd
0 ,‖k‖∞≤rmax

2−
d
2 φ

(ε)
1,εk(x). (3.38)

Now, (3.38) can be interpreted as the well-known scaling equation,

φ
(ε)
0 (x) =

∑

n∈Zd

hnφ
(ε)
1,εn(x), (3.39)

of the theory of wavelets associated with the scaling function (3.37) (and the MRA
(3.18)). The Haar wavelet basis in L2([0, 1)) (d = 1) is usually given as:

ψ0,0(x) = (−1)φ(2x − 1) + (+1)φ(2x) =
{
1 x ∈ [0, 1

2 )

−1 x ∈ [ 12 , 1),

ψN ,k(x) = 2
N
2 ψ0,0(2

N x − k), N ∈ N0, 0 ≤ k ≤ 2N − 1.

The relation between fields and momenta at successive scales (3.13) and (3.14) in
terms of the scaling function φ

(ε)
0 can be reformulated as follows:

�N (x) = ε
− d

2
N �(φ(εN )

x ) = 2−
d
2 ε
− d

2
N+1

∑

n∈Zd

hn�(φ
(εN )
1,2x+εN n)

= 2−
d
2
∑

n∈Zd

hnε
− d

2
N+1�(φ

(εN+1)
x+εN+1n) = 2−

d
2
∑

n∈Zd

hn�N+1(x + εN+1n), (3.40)

�N (x) = 2−
d
2
∑

n∈Zd

hn�N+1(x + εN+1n). (3.41)

3.3.4. The Daubechies wavelets In our renormalization scheme of Sect. 2.4, observables
in the lattice field theories should be mapped to certain observables in the continuum
theory. In order to obtain a continuum field as the scaling limit of lattice fields, we need
to choose a scaling function φ which is both localized and sufficiently regular. This goal
is achieved by the so-called Daubechies wavelets [23, Chapter 6].

This is a family of scaling functions {K φ}K∈N with various support properties and
regularity, although no closed expression for them is known. The scaling function K φ

satisfies the (3.39) with {hn} with hn = 0 for n ≥ 2K [23, Table 6.1], is supported in
[0, 2K − 1] and belongs to the class Cα−ε for arbitrary ε > 0, where the dependence
of α on K is given by [23, Table in P.226]. In particular, with K = 2, α ∼= 0.339, and
this suffices for our purpose to construct both the field and momentum operators in the
continuum.

In the following, we take φ =Kφ and define RN
N+1 as in (3.25).
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4. The Continuum Limit of the Free Vacua

On the field algebras {WN ,L} on the lattices with the family of scaling maps {αN
N ′ }N<N ′

based on the Daubechies wavelets, we construct a family of initial states {ω(N )
L ,0}N∈N0 ,

consisting of the initial data of Wilson’s triangle of renormalization (see Fig. 2). We
restrict our attention to free fields, i.e. we choose as initial states a family of ground
states of the free lattice Hamiltonian H (N )

L ,0 .
As {WN ,L} can be interpreted as the time-zero algebra of the lattice field �N (x),

�N (x) and δ-functions on the lattice �N are mapped to the scaling functions by (3.30),
a simplest choice is to take the vacuum state in the continuum ωL and to restrict it to the
image of {WN ,L} by themap. It is straightforward to show that this yields a time-zero net
of local algebras (by using the properties of the continuum free field). This is, however,
available just because we know explicitly what the continuum state should look like. In a
constructive program, one should take a natural Hamiltonian at each scale, and consider
the sequence of the ground states. Below we show that this indeed gives the continuum
free field state as well in the scaling limit, and hence gives rise to a continuum net.

4.1. States on lattice and continuum fields.

4.1.1. Ground states of lattice free fields The (self-adjoint) free lattice Hamiltonian
H (N )

L ,0 of (unrenormalized) mass μN >
√
2d is defined on a dense domain DN ,L ⊂

HN ,L = F+(hN ,L) by the expression [4, (1.8.17)] (up to a reparametrization) :

H (N )
L ,0 = 1

2ε
d
N

( ∑

x∈�N

�2
N |x + μ2

N ε−2N �2
N |x − 2

∑

x,y∈�N
adjacent

ε−2N �N |x�N |y
)

. (4.1)

To be precise, we define the domain DN ,L = DμN depending explicitly on μN via
the dispersion relation, γ 2

μN
(k) = ε−2N (μ2

N −2d)+2ε−2N

∑d
j=1(1−cos(εN k j )), k ∈ �N :

DμN =
{
� ∈ HN ,L :

∞∑

n=0

∥∥∥∥
n∑

j=1
γμN (( · ) j )�n

∥∥∥∥
2

�2(�N )⊗n
<∞

}
, (4.2)

where γμN (( · ) j ) denotes the multiplication operator on the j-th tensor component. The
generators of the Weyl algebraWN ,L are related to the field, �N , and momentum, �N ,
in the usual way (in the Fock representation on HN ,L ): WN (ξ) = ei(�N (q)+�N (p)) with

ξ = ε
d+1
2

N q + iε
d−1
2

N p as in Sect. 3.1.2. The ground state (or lattice vacuum) �μN of H (N )
L ,0

gives the following state on WN ,L :

ωμN (WN (ξ)) = e
− 1

4

(∥∥∥γ−1/2μN q̂
∥∥∥
2

N ,L
+
∥∥∥γ 1/2

μN p̂
∥∥∥
2

N ,L

)

, (4.3)

and the GNS construction applied to WN ,L with respect to ωμN yields a representation
which is unitarily equivalent to that onHN ,L such that �μN is identified with the cyclic
GNS vector.



320 V. Morinelli, G. Morsella, A. Stottmeister and Y. Tanimoto

Let us introduce the (N -dependent) physical mass m by μ2
N = ε2N m2 +2d. The Fock

representation of mass m of the lattice scalar field WN ,L is determined by the Fock
vacuum state8

ω
(N )
L ,0(WN (ξ)) = e

− 1
2

∥∥∥ξ̂ (m)
∥∥∥
2

N ,L , ξ ∈ hN ,L , (4.4)

where

ξ̂ (m)(k) = i√
2

(
γ (N )

m (k)−
1
2 q̂(−k) + iγ (N )

m (k)
1
2 p̂(−k)

)

with γ
(N )
m (k)2 = m2 + 2ε−2N

∑d
j=1(1− cos(εN k j )), k ∈ �N . We actually have

∥∥∥ξ̂ (m)
∥∥∥
2

N ,L
= 1

2(2rN )d

∑

k∈�N

(
γ (N )

m (k)−1q̂(−k)q̂(k) + γ (N )
m (k) p̂(−k) p̂(k)

)

= 1
2

(∥∥∥(γ (N )
m )−1/2q̂

∥∥∥
2

N ,L
+
∥∥∥(γ (N )

m )1/2 p̂
∥∥∥
2

N ,L

)
, (4.5)

and hence ωμN = ω
(N )
L ,0 , and their GNS representations are the same. The expression

(4.5) facilitates its relation to states on the continuum, see next Section.
The lattice “mass” μN is a dimensionless parameter and one can consider its “flow”

with respect to the action of renormalization group (2.5) on states and Fig. 2, cf. [86], in
the following sense: At each scale N , we initially fix μN = μ and follow the variation
of the parameter μN (M) = μN+M entering the renormalized states ω

(N )
L ,M as a function

of M .
Although, strictly speaking, the “mass” parameter μN+M is not of the type as the

initial “mass” μN because the scaling map αN
N+M modifies the form of the dispersion

relation and, thereby, the lattice interactions (if we were to interpret ω
(N )
L ,M as ground

state itself). This could be compensated by separating the part of ω
(N )
L ,M that resembles

the initialω(N )
L ,0 , which would depend onμN+M , in addition to

∏M
n=1 m0(εN+n) (see Sect.

4.2.2).
In order to obtain a convergent sequence of states as we scale εN , the dependence of

μN on this UV cutoff must be fixed in such a way that it determines a finite physical
mass m in the infrared.

4.1.2. Continuum free scalar field Let us next fix the notations about the free scalar field
on the continuum, both on the cylinder and on Minkowski spacetime (i.e., for the finite
and infinite volume cases respectively). We pick a mass m > 0.

On the cylinder. We will regard the torus T
d
L = [−L , L)d as the time zero Cauchy

surface T
d
L " {0}×T

d
L of the cylinder spacetime R×T

d
L endowed with the Minkowski

metric. The Fourier transform of a function ξ on T
d
L is defined as

ξ̂ (k) =
∫

[−L ,L)d
ξ(x)e−i xkdx, k ∈ π

L Z
d . (4.6)

8 We drop the dependence of the state ω
(N )
L ,0 on m, because we do not change m > 0 during the paper.
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The one-particle Hilbert space hL of the mass m free scalar field on the cylinder
is the completion of C∞(Td

L , C) with the scalar product defined as follows: let ξ, η ∈
C∞(Td

L , C)whose real and imaginary parts are denoted by ξ = qξ+i pξ andη = qη+i pη,
then their scalar product is

〈ξ, η〉L = 1
(2L)d

∑

k∈ π
L Z

d

(
γ
−1/2
m (k)q̂ξ (k) + iγ 1/2

m (k) p̂ξ (k)
)(

γ
−1/2
m (k)q̂η(k) + iγ 1/2

m (k) p̂η(k)
)

,

(4.7)

where γm(k) = (k2 +m2)
1
2 is the continuum dispersion relation. The complex structure

(“multiplication by the imaginary unit”) on hL is defined as

q + i p 
−→ −γm p + iγ−1m q,

where (̂γmξ)(k) = γm(k)ξ̂ (k). The associated symplectic form is

σL(ξ, η) := �〈ξ, η〉L = �
( ∫

[−L ,L)d

dd x ξ̄ (x)η(x)

)
. (4.8)

The Fock representation πL of the Weyl algebra W(hL) is the GNS representation
induced by the state

ωL(Wct(ξ)) = e−
1
4 ‖ξ‖2L , ξ ∈ hL . (4.9)

It will be convenient in the following not to consider πL as acting on the Fock space built
on hL . Instead, we will realize it on the (mass independent) Fock space F+(L2(Td

L)) ∼=
F+(�

2(π
L Z, (2L)−d)) by9

πL(Wct(ξ)) = e
i
[
a
(
γ
−1/2
m qξ+iγ 1/2

m pξ

)
+a∗
(
γ
−1/2
m qξ+iγ 1/2

m pξ

)]

, ξ ∈ hL , (4.10)

where a and a∗ are the standard creation and annihilation operator on F+(L2(Td
L)).

Indeed, it is easy to check that the Fock vacuum �L ∈ F+(L2(Td
L)) is cyclic for the

linear span of the operators (4.10) and induces the state ωL .
Let S be an open subregion of T

d
L , the (time-zero) local C∗-algebra associated with

S is the C∗-subalgebra WL(S) of W(hL) generated by the Weyl operators Wct(ξ) with
ξ ∈ C∞(Td

L , C) compactly supported in S, and let AL(S) := πL(WL(S))′′ be the
(time-zero) local von Neumann algebra associated with S in the representation.

The free field dynamics satisfies the Klein–Gordon equation. It is realized on hL by
a one-parameter group of unitaries {τL|t }t∈R:
τL|t (ξ̂ ) = [cos(tγm) + iγ−1m sin(tγm)]q̂ξ + i[cos(tγm) + iγm sin(tγm)] p̂ξ , t ∈ R.

(4.11)

The unitaries {τL|t }, leaving the symplectic form invariant, induce a one-parameter
group {ηL|t } of automorphisms ofW(hL) for which ωL is an invariant state, and which
are therefore implemented in the representation πL by unitaries UL(0, t), t ∈ R, on
F+(L2(Td

L)). Moreover, as the Klein–Gordon equation has the speed of propagation 1,

9 Here L2 denotes the space of square-summable functions and not the square of the length L .
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we have AdUL(0, t)(AL(Br )) ⊂ AL(Br+|t |), where Br is a ball of radius r > 0 and
r + |t | < L . Similarly, the spacelike translations (on hL ) are unitarily implemented on
F+(hL) by UL(a, 0), a ∈ R

d , and UL(a, 0), UL(0, t) commute.
Altogether, (AL , UL ,�L) form a continuum finite volume time-zero net of observ-

ables as per Sect. 2.4.

On Minkowski space. The construction is parallel to the cylinder case. Our convention
for the Fourier transform of a function ξ : Rd → C is

ξ̂ (k) =
∫

Rd
ξ(x)e−i xkdx . (4.12)

We note that with this convention and the one (4.6) for the torus, if ξ is a function
compactly supported in (−L , L)d then the value of ξ̂ (k) on k ∈ π

L Z
d is defined without

ambiguity whether we consider ξ on the torus or on R
d . This will be useful in the

following.
The one-particle Hilbert space h∞ for the continuum free field on Minkowski space

is the completion of C∞0 (Rd , C) with respect to the scalar product defined for ξ, η ∈
C∞0 (Rd , C), (whose real and imaginary parts are ξ = qξ + i pξ and η = qη + i pη) as

〈ξ, η〉∞ = 1
(2π)d

∫

Rd
dk
(
γ
−1/2
m (k)q̂ξ (k)+iγ 1/2

m (k) p̂ξ (k)
)(

γ
−1/2
m (k)q̂η(k)+iγ 1/2

m (k) p̂η(k)
)

,

(4.13)

with the same dispersion relation as above. Also h∞ becomes a complex Hilbert space
if the complex structure is given by

q + i p 
−→ −γm p + iγ−1m q,

and the associated symplectic form is

σ∞(ξ, η) := �〈ξ, η〉∞ = �
⎛

⎜⎝
∫

Rd

dd x ξ̄ (x)η(x)

⎞

⎟⎠ . (4.14)

The Fock representation π∞ of the Weyl algebra W(h∞) is the GNS representation
specified by the state

ω∞(Wct(ξ)) = e−
1
4 ‖ξ‖2∞ , ξ ∈ h∞, (4.15)

and it is realized on the Fock space over L2(Rd) (independent of m) by

π∞(Wct(ξ)) = e
i
[
a
(
γ
−1/2
m qξ+iγ 1/2

m pξ

)
+a∗
(
γ
−1/2
m qξ+iγ 1/2

m pξ

)]

.

The (time-zero) local C∗-algebraW∞(S) and von Neumann algebraA∞(S) associ-
atedwith bounded open regions S ⊂ R

d are defined similarly to the torus case considered
above, and the dynamics is given by unitaries {τ∞|t }t∈R on h∞, whose action on a generic
ξ ∈ h∞ is defined again by formula (4.11) and which again induce automorphisms of
W(h∞)with finite propagation speed, implemented in π∞ by unitariesU∞(0, t), t ∈ R.
Thus, together with the unitary implementers U∞(a, 0), a ∈ R

d , of spatial translations,
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Table 1. Notations for one-particle spaces, algebras, Weyl operators and vacuum states

Lattice object Inductive limit Continuum object (possibly L = ∞)
One-particle space hN ,L h∞,L (symplectic space) hL
Full algebra WN ,L W∞,L WL
Local algebra WN ,L (S) W∞,L (S) WL (S)

Field �N (x) �(x)

Momentum �N (x) �(x)

Weyl operator WN (ξ) Wct(ξ)

State (of mass m) ω
(N )
L ,M ω

(∞)
L ,∞ ωL

Dispersion relation γ
(N )
m γm

and with the Fock vacuum �∞ ∈ F+(L2(Rd)), we obtain the continuum infinite vol-
ume time-zero net of observables (A∞, U∞,�∞) defined by the free scalar field on
Minkowski space.

We summarize our notations in Table 1 for one-particle spaces, algebras, Weyl op-
erators and vacuum states on the lattices and for the inductive limit and the continuum
theories.

4.2. Constructing the continuum limit. In this section we will discuss the relation be-
tween the quasi-local and the local algebras of the inductive limit and of the continuum
free field.

4.2.1. Embedding the Lattice algebras into the continuum algebra The lattice algebras
in different scaleswith volume (2L)d are embedded into one another byαN

N+1 :WN ,L →
WN+1,L . Here we show that they are further embedded into the continuum algebra
W(hL). This is realized by the R-linear map RN∞ : hN ,L → hL defined by

RN∞(ξ)(y) = ε
d
2
N

∑

x∈�N

(q(x) + i p(x))φ(εN )
x (y), (4.16)

where we recall that q := ε
− 1+d

2
N #ξ , p := ε

1−d
2

N �ξ .

Proposition 4.1. There exists an injective *-homomorphism βL : W∞,L → W(hL)

such that

βL(WN (ξ)) = Wct(RN∞(ξ)), ξ ∈ hN ,L .

Proof. The map RN∞ preserves the symplectic forms on hN ,L and hL , defined in Sects.
3.1.2 and 4.1.2 respectively, indeed:

σL (RN∞(ξ), RN∞(η)) = �
(
εd

N

∑

x,x ′∈�N

(qξ (x)+i pξ (x)(qη(x ′)+i pη(x ′))ε−d
N

∫

[−L ,L)d

dd y φ
(

y−x
εN

)
φ
(

y−x ′
εN

))

= εd
N

∑

x∈�N

(
qξ (x)pη(x)− pξ (x)qη(x)

) = σN ,L (ξ, η),
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where the second equality holds since 〈φ(εN )
x , φ

(εN )

x ′ 〉L = δxx ′ by the property of the scal-
ing function φ. Therefore by the uniqueness of the Weyl C∗-algebra, RN∞ induces an in-
jective *-homomorphismofC∗-algebrasβN

L :WN ,L →W(hL) such thatβN
L (WN (ξ)) =

Wct(RN∞(ξ)). Moreover, there holds

RN+1∞ (RN
N+1(ξ)) = ε

d
2
N+1

∑

x∈�N+1

(qRN
N+1(ξ)(x) + i pRN

N+1(ξ)(x))φ(εN+1)
x

= ε
d
2
N+12

d
2
∑

y∈�N

(q(y) + i p(y))
∑

n∈Zd

hn

∑

x∈�N+1

δ
(εN+1)

y+
εN n
2

(x)φ(εN+1)
x

= ε
d
2
N

∑

y∈�N

(q(y) + i p(y))
∑

n∈Zd

hnφ
(εN /2)
y+

εN n
2
= ε

d
2
N

∑

y∈�N

(q(y) + i p(y))φ(εN )
y = RN∞(ξ),

where in the fourth equality we used (3.39). This entails βN+1
L ◦ αN

N+1 = βN
L , and

therefore, by the uniqueness and simplicity of the C∗-inductive limit, βL exists as in the
statement. ��

Now that we have realized the lattice algebrasWN ,L insideW(hL), we can consider
the restrictions,ωL|βL (WN ,L ), of the vacuum stateωL and take these as the “initial states”.
This yields in a straightforward way a continuum time-zero net of local algebras. How-
ever, as already remarked, this choice is possible only because we know explicitly the
vacuum state of the continuum free field. Below we study a more interesting case where
we take the ground state (4.3) of the lattice free field at each scale, ω

(N )
L ,0 = ωμN , and

show that the renormalization group scheme of Sect. 2.1 constructs ωL as the scaling
limit.

4.2.2. Scaling limits of free-field ground states Following the general scheme of Sect.
2.1, the scaling limit of (4.3) is obtained by a two-step procedure,whichwewill explicitly
implement:

1. Prove the convergence of limM→∞ ω
(N )
L ,M = ω

(N )
L ,∞ on WN ,L at every fixed scale

N ∈ N0.
2. Construct the projective-limit state lim←−N

ω
(N )
L ,∞ = ω

(∞)
L ,∞ on W∞,L .

According to Fig. 2, the sequence of states {ω(N )
L ,M }M∈N0 at each level N is generated by

iterating the flow equation (2.5). In the case at hand, we use (3.29) and (3.10) to define
the renormalization group, {αN

N ′ }N<N ′ , resulting in:

ω
(N )
L ,M (WN (ξ)) = ωμN+M ,M (WN (ξ))

= e
− 2d M

4

(∥∥∥γ
−1/2
μN+M

M∏
n=1

m0(εN+n · )q̂N+M

∥∥∥
2

N+M,L
+

∥∥∥γ
1/2
μN+M

M∏
n=1

m0(εN+n · ) p̂N+M

∥∥∥
2

N+M,L

)

,

(4.17)

for any ξ ∈ hN ,L , where we made the scale dependence of one-particle vectors explicit
and denoted by q̂N+M , p̂N+M the periodic extensions of q̂N , p̂N to �N+M . Recall that
m0 is the trigonometric polynomial associated with the low-pass filter {hn} introduced
in (3.28).

Thus, if we choose {μN } which satisfies the renormalization condition,

lim
N→∞ ε−2N (μ2

N − 2d) = m2, (4.18)
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for a fixed “physical” mass m > 0, we find the free continuum dispersion relation of
mass m in the scaling limit: limM→∞ γμN+M (k)2 = m2 + k2 = γm(k)2. By (3.30), the
limit state should be formally

ω
(N )
L ,∞(WN (ξ))=e

− 1
4

∥∥φ̂
(εN )

0 (γ
−1/2
m q̂∞+iγ 1/2

m p̂∞)

∥∥2
2,L , (4.19)

where q̂∞, p̂∞ are the periodic extensions of q̂N , p̂N to the infinite lattice �∞ = π
L Z

d ,
and ‖.‖2,L is the standard norm on �2(π

L Z
d , (2L)−dμ�∞). The norms involved there are

finite if the scaling function decays like |φ̂(k)| ≤ C(1+ |k|)−ρ with ρ > d+1
2 . Our choice

of the Daubechies wavelet family, {K φ}K∈N [23] (see Sect. 3.3.4), is indeed sufficient
if φ = 2φ

⊗d because 2ρ ≈ 1.339. Moreover, (4.19) is not only the formal limit of the
sequence (4.17) but a weak*-limit point as the following lemma shows.

Lemma 4.2. Assume that the renormalization condition (4.18) holds and that φ is built
via tensor products from the Daubechies family, φ =K φ⊗d for K ≥ 2. Then, the
sequence of states {ω(N )

L ,M }M∈N0 on WN ,L is weak* convergent to the state (4.19) for
every N ∈ N0.

Proof. We state the proof for φ =Kφ⊗d with K ≥ 2.
Since the Weyl elements WN (ξ), ξ ∈ hN ,L , form a total set in WN ,L in norm, it

is sufficient to prove the convergence of (4.17) to (4.19). To this end, we rewrite the
‖ · ‖N+M,L norms in (4.17) in terms of the norm || .||2,L to be able to apply Lebesgue’s
dominated convergence theorem for the measure space (π

L Z
d , (2L)−dμπ

L Z
d ):

2d M
∥∥∥γ

1
2

μN+M

M∏

n=1
m0(εN+n ·) p̂N+M

∥∥∥
2

N+M,L

= εd
N

(2L)d

∑

k∈ π
L Z

d

∣∣χ�N+M (k)γμN+M (k)
1
2

M∏

n=1
m0(εN+nk) p̂N+M (k)

∣∣2,

where χS(k) is the characteristic function of the set S, and similarly for the term in-
volving q̂N+M . Now, the periodic extensions q̂N+M , p̂N+M of q̂N , p̂N are bounded in
k ∈ �N+M ⊂ �∞ = π

L Z
d , uniformly for M ∈ N, and the same holds for γ

−1/2
μN+M thanks

to the renormalization condition (4.18). As we know that

∣∣∣∣χ�N+M (k)γμN+M (k)α
M∏

n=1
m0(εN+nk)

∣∣∣∣
2

, − 1
2 ≤ α ≤ 1

2 (4.20)

converge pointwise to |φ̂(εN )
0 (k)γm(k)α|2 by (3.30), we only have to show that this

sequence is bounded by a μπ
L Z

d -integrable function uniformly for M ∈ N. Next, we
observe that because of the renormalization condition (4.18), we can replace

γμN+M (k)α =
(
ε−2N+M (μ2

N+M − 2d) + 2ε−2N+M

d∑

j=1
(1− cos(εN+M k j ))

) α
2
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by

(
m2 + 22Mε−2N 2

d∑

j=1
(1− cos(

εN k j

2M ))

) α
2 =

(
m2 +

d∑

j=1
(2M+1ε−1N sin(

εN k j

2M+1 ))
2
) α

2

.

Since we assume a tensor product structure for the scaling function, φ =Kφ⊗d , the same
is true for the function m0, i.e. m0 =K m⊗d

0 . Similarly, the characteristic function χ�N

factorizes: χ�N (k) =∏d
j=1 χ

�
(1)
N

(k j ) for k ∈ π
L Z

d with �
(1)
N the d = 1 analogue of �N .

Therefore, we can use the estimate

(
m2 +

d∑

j=1
(2M+1ε−1N sin(

εN k j

2M+1 ))
2
) α

2 ≤ max(1,(εN m)α)
εα

N

d∏

j=1

(
1 + (2M+1 sin(

εN k j

2M+1 ))
2
) α

2

to reduce the problem to the d = 1 case. Finally, to conclude the estimation of (4.20),
we only need to find a μπ

L Z
-integrable function that dominates the sequence:

∣∣∣K g(N )
M (k)

∣∣∣
2 =

∣∣∣∣χ�
(1)
N+M

(k)

(
1 + (2M+1 sin( εN k

2M+1 ))
2
) α

2
M∏

n=1
K m0(2

−nεN k)

∣∣∣∣
2

.

In the following, we set l = εN k ∈ πZ to write:

∣∣∣K g(N )
M (l)

∣∣∣
2 =

∣∣∣∣χεN �
(1)
N+M

(l)

(
1 + (2M+1 sin( l

2M+1 ))
2
) α

2
M∏

n=1
K m0(2

−nl)

∣∣∣∣
2

. (4.21)

Now, we observe that K m0 factorizes according to [23, (6.1.2)],

K m0(l) =
(
1 + e−il

2

)K

KL(l),

where KL is a certain trigonometric polynomial, which leads to:

∣∣∣K g(N )
M (l)

∣∣∣
2 = χ

εN �
(1)
N+M

(l)
(
1 + (2M+1 sin( l

2M+1 ))
2
)α

M∏

n=1
| cos(2−n 1

2 l)|2K |KL(2−nl)|2.

Using the analogue of Viète’s (respectively Euler’s) formula for finite products,

M∏

n=1
cos(2−n 1

2 l) = 2 sin( 12 l)

2M+1 sin( l
2M+1 )

,

(which is a consequence of iterating the cosine product identity, cos(ϕ) cos(ϑ) =
1
2 (cos(ϕ + ϑ) + cos(ϕ − ϑ)), followed by a finite geometric summation10), we find:

∣∣∣K g(N )
M (l)

∣∣∣
2 = χ

εN �
(1)
N+M

(l)

∣∣∣∣∣
2 sin( 12 l)

2M+1 sin( l
2M+1 )

∣∣∣∣∣

2K (
1 + (2M+1 sin( l

2M+1 ))
2
)α

M∏

n=1
|KL(2−nl)|2.

10 See https://en.wikipedia.org/wiki/Vi%C3%A8te%27s_formula.

https://en.wikipedia.org/wiki/Vi%C3%A8te%27s_formula
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Next, we apply the basic inequalities,

2M+1 sin(2−(M+1)|l|) ≤ |l|, ∀l ∈ R,

2
π
|l| ≤ 2M+1 sin(2−(M+1)|l|), ∀l ∈ R : |l| ≤ 2Mπ,

to arrive at:

∣∣∣K g(N )
M (l)

∣∣∣
2 ≤ χ

εN �
(1)
N+M

(l)π2K

(
| sin( 12 l)|
|l|

)2K (
1 + |l|2

)α
M∏

n=1
|KL(2−nl)|2

≤ χ
εN �

(1)
N+M

(l)π2K

(
| sin( 12 l)|
|l|

)2K

(1 + |l|)2α
M∏

n=1
|KL(2−nl)|2,

where in the first inequality we used that if l ∈ εN �
(1)
N+M then 2−(M+1)|l| ≤ π/2. Thus,

to dominate the sequence (4.21) by μZ-integrable function, it is sufficient to have an
estimate of the form,

M∏

n=1
|KL(2−nl)| ≤ C(1 + |l|)K−1−ε, (4.22)

for some C > 0 and arbitrary ε > 0, as this implies:

∣∣∣K g(N )
M (l)

∣∣∣
2 ≤ C2π2K

(
| sin( 12 l)|
|l|

)2K

(1 + |l|)2(K+(α−ε)−1) .

But the estimate (4.22) is an immediate consequence of the regularity analysis for com-
pactly supported wavelets in [23, Section 7.1]. To see this, we observe that according to
[23, Lemma 7.1.4]:

sup
l
|KL(l)| < 2K−1. (4.23)

Now, applying the reasoning of [23, Lemma 7.1.1] to the finite product
M∏

n=1
|KL(2−nl)|

for the momentum space shells |l| ≤ 1 and 2n−1 < |l| ≤ 2n , n ∈ N≤M , as well as
2M < |l| ≤ 2Mπ , we deduce that (4.23) implies (4.22) for ε > 0 sufficiently small. ��
Actually, with the embedding βL : W∞,L → W(hL), the expression (4.19) is exactly
the evaluation of the usual continuum vacuum stateωL of massm (4.9) on the continuum
Weyl operators Wct(RN∞(ξ)).

Lemma 4.3. It holds that ω
(N )
L ,∞(W ) = ωL(βL(W )) for W ∈WN ,L .
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Proof. Theone-particle symplecticmap RN∞,which satisfiesβL(WN (ξ)) = Wct(RN∞(ξ)),
intertwines the states:ωL(Wct(RN∞(ξ)) = ω

(N )
L ,∞(WN (ξ)), ξ ∈ hN ,L . Indeed, using (4.7),

(4.9) and (4.19),

ωL (Wct(RN∞(ξ)) = exp

{
− 1

2(2L)d

∑

k∈ π
L Zd

∣∣γ−
1
2

m (k)(#RN∞(ξ))̂ (k) + iγ
1
2

m (k)(�RN∞(ξ))̂ (k)
∣∣2
}

= exp

{
− 1

2(2rεN )d

∑

k∈ π
L Zd

(
1

γm(k)

∣∣∣∣ε
d/2
N

∑

x∈�N

q(x)

∫

[−L ,L)d

dd y φ(εN )
x (y)e−iky

∣∣∣∣
2

+ γm(k)

∣∣∣∣ε
d/2
N

∑

x∈�N

p(x)

∫

[−L ,L)d

dd y φ(εN )
x (y)e−iky

∣∣∣∣
2)}

= exp

{
− 1

2(2rεN )d

∑

k∈ π
L Zd

(
ε2d

N

γm(k)

∣∣∣∣
∑

x∈�N

q(x)e−ikx
∣∣∣∣
2

+ ε2d
N γm(k)

∣∣∣∣
∑

x∈�N

p(x)e−ikx
∣∣∣∣
2)
|φ̂(εN k)|2

}

= ω
(N )
L ,∞(WN (ξ))

where in the third equality the relation

∫

[−L ,L)d

dd y φ(εN )
x (y)e−iky = ε

d
2
N e−ikx φ̂(εN k),

for k ∈ π
L Z was used, where φ̂(εN k) = ∫[−L ,L)d dd y φ(y)e−iεN ky . ��

The projective consistency (2.9) of the limit states ω
(N )
L ,∞ follows both abstractly

from Proposition 2.2 and directly by applying (3.31). Therefore, we conclude that the
limit state ω

(∞)
L ,∞ exists on W∞,L . By the preceding Lemma, ω

(∞)
L ,∞ agrees with the

usual continuum vacuum state ωL on the span of Weyl operators indexed by functions
f ∈ L2(Td

L) with finite wavelet expansion (3.36) associated with φ.

Remark 4.4. The construction of suitable scaling functions φ in dimension d ≥ 2 by
tensor products is probably not optimal: what is needed is the condition |φ̂(k)| ≤ C(1 +
|k|)−ρ with ρ > d+1

2 which is rotationally invariant, while our wavelets are regular in d
directions separately.

To summarize:

Proposition 4.5. Let {μN }N satisfy (4.18) with m > 0 and {αN
N ′ } be the scaling map

defined through the Daubechies scaling function K φ with K ≥ 2 on the scalar lat-
tice algebras {WN ,L} as in Sect. 3.3. Then the sequences of states {ω(N )

L ,M }M∈N0 =
{ωμN+M ,M }M∈N0 has the scaling limit ω

(∞)
L ,∞ on W∞,L in the sense of (2.11). With the

embedding βL of W∞,L in W(hL) by Proposition 4.1, it holds that ω
(∞)
L ,∞(WN (ξ)) =

ωL(βL(WN (ξ)) for ξ ∈ hN ,L with some N.
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4.2.3. Density of the wavelet observables in the continuum limit Let π(∞)
L ,∞, be the GNS

representation ofW∞,L w.r.t. ω(∞)
L ,∞. Here we show that the local C∗-algebraW∞,L(S),

defined as in (2.14), is dense in WL(S) in the strong operator topology in the repre-
sentation π

(∞)
L ,∞, if we use a sufficiently regular scaling function (with K ≥ 6). Recall

that φ
(εN )
x ∈ L2(Td

L), x ∈ �N , is the 2L-periodization of the function y ∈ R
d 
→

ε
− d

2
N φ(

y−x
εN

) restricted to an open cube of side length 2L containing its support.

Lemma 4.6. Let K ≥ 6. Then the (complex) linear span of the functions φ
(εN )
x , x ∈ �N ,

N ∈ N, is dense in hL .

Proof. As the norms are equivalent, hL can be identified, as a real Hilbert space, with

the direct sum of real Sobolev spaces H
− 1

2
R

(Td
L)⊕ H

1
2
R

(Td
L). With the notation of Sect.

3.3, we then recall that if f ∈ H
± 1

2
R

(Rd) then for any �0 ≥ 0,

f =
∑

n∈Zd

〈φ�0,n, f 〉φ�0,n +
∑

�≥�0

∑

n∈Zd

〈ψ�,n, f 〉ψ�,n (4.24)

where 〈·, ·〉 denotes the standard L2(Rd) inner product, and this series converges also

in H
± 1

2
R

for sufficiently regular wavelets. Convergence in H
− 1

2
R

(Rd) comes from con-

vergence in L2(Rd) and convergence in H
1
2
R

(Rd) comes with K ≥ 6 by [44, Corol-

lary 9.1, Example 9.1] since the B
1
2
22 Besov norm is equivalent to the H

1
2
R

(Rd) norm.

Let f ∈ H
± 1

2
R

(Rd) have support contained in (−L + δ, L − δ)d for some δ > 0.
Then, since suppφ�,n = 2−�(suppφ + n), and analogously for ψ�,n , we can find a
sufficiently large �0 such that the non-zero components in the expansion (4.24) of the
rescaled function fε = f (ε·) all have supports in (−ε−1(L − δ/2), ε−1(L − δ/2))d .
Moreover, there holds the further expansion (actually a finite linear combination)

ψ�,n =
∑

k∈Zd

〈φ�+1,k, ψ�,n〉φ�+1,k,

and again due to the support properties of ψ�,n the only non-zero coefficients involve
functions φ�+1,m whose support is contained in (−ε−1L , ε−1L)d . Summing up, we

obtain that fε can be approximated, in the H
± 1

2
R

(Rd) norm, by finite linear combinations

of functions φ j,n with support contained in (−ε−1L , ε−1L)d . Recalling now that φ(εN )
x

is the 2L-periodization of ε−d/2φN ,ε−1N x (ε
−1·), we conclude that f can be approximated

in H±1/2
R

(Td
L) by finite real linear combinations of the functions φ

(εN )
x , x ∈ �N , N ≥ �0.

Note that if f ∈ H
± 1

2
R

(Td
L) has a support contained in a shifted torus, then f can be

approximated as above because the wavelet basis generated by {φ(εN )
x : x ∈ �N , N ≥

�0} (�0 depends on the length of the support of f ) is invariant under dyadic translations.

For a general f ∈ H
± 1

2
R

(Td
L), we can take a smooth partition of unity on T

d
L such that

each support is contained in a shifted torus. Then f can be written as a finite sum of
functions whose supports are contained in a shifted torus, and each of them can be
approximated in the Hs-norm, hence so can f itself. ��
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At this point we can show that our wavelet scaling limit gives the time-zero algebras
of the usual massive free field on the cylinder.

Theorem 4.7. Let K ≥ 6. Let π
(∞)
L ,∞, πL be the GNS representations of W∞,L , W(hL)

with respect to ω
(∞)
L ,∞, ωL , and βL be the embedding W∞,L →W(hL) as in Proposition

4.1. Then there is a unitary operator V : H(∞)
L ,∞ → HL such that

V π
(∞)
L ,∞(WN (ξ))V ∗ = πL(βL(WN (ξ)), ξ ∈ hN ,L , N ∈ N.

Furthermore, we have V π
(∞)
L ,∞(W∞,L(S))′′V ∗ = πL(WL(S))′′ for any open set S ⊂ T

d
L ,

and V ∗UL(a, 0)V , a ∈ ⋃N∈N �N , implements the spatial dyadic translations η
(∞)
L|a of

W∞,L in the representation π
(∞)
L ,∞, where UL(a, 0), a ∈ T

d
L , are the spatial translations

for πL .

Proof. By Lemma 4.6, and by the strong continuity of ξ 
→ πL(Wct(ξ)), we obtain
πL(βL(W∞,L))′′ = πL(W(hL))′′ = B(HL). The unitary V is given by the uniqueness
of GNS representation induced by ω

(∞)
L ,∞, together with Lemma 4.3 and the cyclicity of

the GNS vector for πL(βL(W∞,L))′′ = B(HL).
As for local density, it is immediate to see that for any open set S ⊂ T

d
L ,

V π
(∞)
L ,∞(W∞,L(S))′′V ∗ ⊂ πL(WL(S))′′.

Let S ⊂ (−L , L)d and consider ξ ∈ hL such that supp ξ ⊂ S. By arguing as in
Lemma 4.6, we can choose N0 large enough such that we can approximate ξ by finite
linear combinations of scaling functions {φ(εN )

x : suppφ
(εN )
x ⊂ S, N ≥ N0}. Moreover,

as RN∞δ
(N )
x = ε

− 1
2

N φ
(εN )
x , suppφ

(εN )
x ⊂ S entails WN (δ

(N )
x ) ∈ W∞,L(S) and therefore,

by strong continuity of Weyl operators,

πL(Wct(ξ)) ∈ V π
(∞)
L ,∞(W∞,L(S))′′V ∗,

hence we have the equality V π
(∞)
L ,∞(W∞,L(S))′′V ∗ = πL(WL(S))′′.

Let now S � T
d
L be a general open region and ξ ∈ hL such that supp ξ ⊂ S.

Again by the argument of Lemma 4.6, we can write ξ as a finite sum of functions in
hL each of which has support in an open subset of S which can be brought inside the
fundamental domain (−L , L)d by a translation in εN0Z

d with N0 ∈ N sufficiently large.
The proof is then concluded by the above argument, together with the fact that the set
{φ(εN )

x : x ∈ �N , N ≥ N0} is globally invariant under εN0Z
d -translations.

Finally, it is clear that the map RN∞ : hN ,L → hL in Eq. (4.16) intertwines the
action of the dyadic translations on the lattice and on the torus T

d
L . Since βL is induced

by RN∞, this immediately entails the statement about the implementation of the dyadic
translations by V ∗UL(a, 0)V , a ∈⋃N∈N �N . ��

We stress the fact that by the above result, the dyadic translations of the inductive
limit theory extend continuously to the whole torus translation group.
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4.2.4. Limit of dynamics The free lattice dynamics η
(N )
L : R � WN ,L induced by

the Hamiltonian H (N )
L ,0 (4.1) results via second quantization from the harmonic time

evolution, τ (N )
L : R � hN ,L , on the one-particle space (using the conventions of Sect.

3.1.2, see e.g. [4, (1.8.30)]). In the momentum-space representation, i.e. on ĥN ,L , it is
given by the multiplication operator:

τ
(N )
L|t (ξ̂ )=[cos(tγμN )+iε−1N γ−1μN

sin(tγμN )]#ξ̂+i[cos(tγμN )+iεN γμN sin(tγμN )]�ξ̂ ,

(4.25)

for t ∈ R, which is the analogue of the free (continuum) time evolution, τL : R� hL ,
given in (4.11) using γμN instead of γm . As this evolution preserves the symplectic

structure, σN ,L ◦ τ
(N )
L|t = σN ,L , we obtain η

(N )
L via

η
(N )
L|t (WN (q̂, p̂)) = WN (τ

(N )
L|t (q̂, p̂)), t ∈ R, (4.26)

where we write ξ ∈ hN ,L as the tuple (q̂, p̂) as before. By construction, each initial
state is preserved by the dynamics of the same scale, i.e. ωμN ,0 ◦ η

(N )
L|t = ωμN ,0, but

the dynamics induced by H (N+1)
L ,0 does not preserve the image of αN

N+1. In other words,

η
(N ′)
L does not preserve αN

N ′(WN ,L) ⊂ WN ′,L , N ′ > N . In terms of the one-particle
spaces this follows from the fact that multiplying a periodically extended tuple of vectors
(q̂, p̂) ∈ �2(�N , (2rN )−dμ�N ) by a function only periodic on �N+1 does not preserve11

the periodicity on �N . Moreover, we need to analyze the convergence of the dynamics
relative to inductive limit structure ofW∞,L and theGNS representation ofω(∞)

L ,∞ because

the lattice dynamics η
(N )
L does not extend12 to theW(hL) and the continuum dynamics

ηL is only defined with respect toπ
(∞)
L ,∞ (since τL does not preserve the subspace h∞,L ⊂

hL ). To this end, we use (4.16) to realize the map αN∞ explicitly. Because of (3.30), it is
induced by

RN∞ : hN ,L→ h∞,L ⊂ hL , RN∞(q̂, p̂) = ε
d
2
N φ̂(εN ·)(q̂, p̂) (4.27)

in the Fourier space, where the abstract inductive limit h∞,L = lim−→N
hN ,L was identified

with the subspace of hL spanned by functions in the range of themaps RN∞, N ∈ N thanks
to the consistency RN ′∞ ◦ RN

N ′ = RN∞ for N ′ > N (shown in the proof of Proposition 4.1)
and the uniqueness of the inductive limit. This allows us to investigate the convergence
of the sequence of dynamics according to the general form given in (2.13) which can be
facilitated at the level of one-particle spaces:

Proposition 4.8. For N ∈ N0 and for (q̂, p̂) ∈ hN ,L , we have:
∥∥∥RN ′∞ (τ

(N ′)
L|t (RN

N ′(q̂, p̂)))− τL|t (RN∞(q̂, p̂))

∥∥∥
L
→ 0, as N ′ → ∞,

uniformly on compact sets of t ∈ R.

11 See also Sect. 5.3 for a scaling map scheme using sharp momentum cutoffs, where such a consistent

dynamics induced by H (N+1)
L ,0 relative to αN

N+1 exists.
12 In terms of the one-particle spaces, this issue manifests in the following way: The complete space hL is

isomorphic as real topological vector space to H−
1
2 (Td

L )⊕H
1
2 (Td

L )which makes it evident that the dynamics

τ
(N )
L does not extend to hL because F−1[γ−1μN

ĝ] /∈H
1
2 (Td

L ) for g ∈ H−
1
2 (Td

L ).
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Proof. As γμN ′ →γm pointwise by (4.18), we use dominated convergence relative to the

measure space (π
L Z

d,(2L)−dμπ
L Z

d) and the decay properties of φ̂. Moreover, we have
an integrability estimate uniform in t ∈ R (using (3.29) and (3.30) to obtain an overall
integrable factor):

∥∥∥RN ′∞ (τ
(N ′)
L|t (RN

N ′(q̂, p̂)))− τL|t (RN∞(q̂, p̂))

∥∥∥
2

L

= εd
N

(2L)d

∑

k∈ π
L Z

d

|φ̂(εN k)|2
(
γm(k)−1

∣∣(cos(γμN ′ (k)t)− cos(γm(k)t))q̂(k)

−(γμN ′ (k) sin(γμN ′ (k)t)− γm(k) sin(γm(k)t)) p̂(k)
∣∣2

+ γm(k)
∣∣(cos(γμN ′ (k)t)− cos(γm(k)t)) p̂(k)

+(γμN ′ (k)−1 sin(γμN ′ (k)t)− γm(k)−1 sin(γm(k)t))q̂(k)

∣∣∣
2
)

≤ 4εd
N

(2L)d

∑

k∈ π
L Z

d

γm(k)|φ̂(εN k)|2
(

(γm(k)−1|q̂(k)| + (1 + c′)
1
2 | p̂(k)|)2

+

(
| p̂(k)| + (1− c′′)− 1

2 + 1

2
m−1|q̂(k)|

)2 )

<∞,

where from the second to the third line, we use the fact that the integrand in the second
line is pointwise dominated by the integrand in the third line. This estimate uses the basic

inequalities (1 − c′′) 1
2 m ≤ γμN ′ and γμN ′ ≤ (1 + c′) 1

2 γm valid uniformly in k ∈ π
L Z

d

for sufficiently large N ′ ∈ N0 and constants 0 < c′, c′′ < 1. Now, we can exploit
the uniform continuity of cos and sin to conclude that the convergence is uniform on
compact sets of t ∈ R. More precisely, we have for |t | ≤ T <∞:

sup
|t |≤T

∥∥∥RN ′∞ (τ
(N ′)
L|t (RN

N ′(q̂, p̂)))− τL|t (RN∞(q̂, p̂))

∥∥∥
2

L

≤ εd
N

(2L)d

∑

k∈ π
L Z

d

|φ̂(εN k)|2
(
sup
|t |≤T

{
γm(k)−1

∣∣(cos(γμN ′ (k)t)− cos(γm(k)t))q̂(k)

−(γμN ′ (k) sin(γμN ′ (k)t)− γm(k) sin(γm(k)t)) p̂(k)
∣∣2
}

+ sup
|t |≤T

{
γm(k)

∣∣(cos(γμN ′ (k)t)− cos(γm(k)t)) p̂(k)

+(γμN ′ (k)−1 sin(γμN ′ (k)t)− γm(k)−1 sin(γm(k)t))q̂(k)

∣∣∣
2
})

.

Now, because the preceding estimate is independent of t , we can use the dominated
convergence theorem, the fact that the pointwise supremum of a sequence of measurable



Scaling Limits of Lattice Quantum Fields by Wavelets 333

function is again measurable, and that for every k ∈ π
L Z

d ,

lim
N ′→∞

sup
|t |≤T

| cos(γμN ′ (k)t)− cos(γm(k)t)| = 0,

lim
N ′→∞

sup
|t |≤T

|γμN ′ (k)−1 sin(γμN ′ (k)t)− γm(k)−1 sin(γm(k)t)| = 0

by the uniform continuity of sin and cos, to conclude the proof. ��
With V : H(∞)

L ,∞ → HL the unitary operator in Theorem 4.7 and {ηL|t } the automor-
phisms of W(hL) realizing the free dynamics, it is clear that

UL(0, t)V π
(∞)
L ,∞(W )V ∗UL(0, t) = πL(ηL|t (βL(W ))), W ∈W∞,L ,

so we can use V to transport the continuum free dynamics on H(∞)
L ,∞ as UL|t :=

V ∗UL(0, t)V , and by a slight abuse of notation we will also use ηL|t to denote AdUL|t .

Corollary 4.9. Given N ∈ N0, {π(∞)
L ,∞(αN ′∞ (η

(N ′)
L|t (αN

N ′(W ))))}N ′>N converges strongly

to ηL|t (π(∞)
L ,∞(αN∞(W ))) for all W ∈WN ,L and uniformly on compact sets of t ∈ R.

Proof. This will follow from Proposition 4.8 if we prove that Weyl operators in the
representation π

(∞)
L ,∞ viewed as maps from the Hilbert space hL to B(HL) are Lipschitz

maps, where B(HL) is given the strong operator topology. To this end, we first observe
that by Theorem 4.7,

∥∥∥
[
π

(∞)
L ,∞(αN ′∞ (η

(N ′)
L|t (αN

N ′(W ))))− ηL|t (π(∞)
L ,∞(αN∞(W )))

]
π

(∞)
L ,∞(WM (ζ ))�

(∞)
L ,∞
∥∥∥

=
∥∥∥
[
πL (βL (αN ′∞ (η

(N ′)
L|t (αN

N ′(W )))))− πL (ηL|t (βL (αN∞(W ))))
]
πL (Wct(RM∞(ζ )))�L

∥∥∥

for ζ ∈ hM,L and some M ∈ N0. Here, �
(∞)
L ,∞ and �L are the GNS vectors of ω

(∞)
L ,∞ and

ωL . Next, we specify W to be of the form W = WN (ξ) for ξ ∈ hN ,L to write:
∥∥∥
[
πL (βL (αN ′∞ (η

(N ′)
L|t (αN

N ′(W )))))− πL (ηL|t (βL (αN∞(W ))))
]
πL (Wct(RM∞(ζ )))�L

∥∥∥

=
∥∥∥
[
πL (Wct(RN ′∞ (τ

(N ′)
L|t (RN

N ′(ξ)))))− πL (Wct(τL|t (RN∞(ξ))))
]
πL (Wct(RM∞(ζ )))�L

∥∥∥

=
∥∥∥
[
πL (Wct(ξ

(t)
N ,N ′))− πL (Wct(ξ

(t)
N ,∞))

]
πL (Wct(RM∞(ζ )))�L

∥∥∥ ,

with the short hands ξ
(t)
N ,N ′ and ξ

(t)
N ,∞ for RN ′∞ (τ

(N ′)
L|t (RN

N ′(ξ))) and τL|t (RN∞(ξ)) in the
last line. By using the Weyl relations (3.1) and the explicit form (4.9) of the expectation
values of Weyl operators in the state ωL , we find (cp. [11, Proposition 5.2.29]):

∥∥∥
[
πL(Wct(ξ

(t)
N ,N ′))− πL(Wct(ξ

(t)
N ,∞))

]
πL(Wct(RM∞(ζ )))�L

∥∥∥

≤ (‖RM∞(ζ )‖L + 1
2‖ξ (t)

N ,∞‖L)‖ξ (t)
N ,N ′ − ξ

(t)
N ,∞‖L + 2

(
1− e

− 1
4 ‖ξ (t)

N ,N ′−ξ
(t)
N ,∞‖2L

)

≤ (‖RM∞(ζ )‖L + 1
2‖ξ (t)

N ,∞‖L + 1
2 )‖ξ (t)

N ,N ′ − ξ
(t)
N ,∞‖L

= (‖RM∞(ζ )‖L + 1
2‖RN∞(ξ)‖L + 1

2 )‖ξ (t)
N ,N ′ − ξ

(t)
N ,∞‖L ,
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where we use the unitary implementation of τL on hL . Thus, we obtain the anticipated
Lipschitz estimate. Now, Proposition 4.8 states that for arbitrary 0 < T <∞:

lim
N ′→∞

sup
|t |≤T

∥∥∥ξ (t)
N ,N ′ − ξ

(t)
N ,∞

∥∥∥
L
= 0,

and, thus, we have,

lim
N ′→∞

sup
|t |≤T

∥∥∥(πL(Wct(ξ
(t)
N ,N ′))− πL(Wct(ξ

(t)
N ,∞)))�

∥∥∥ = 0,

for the total set of vectors {� ∈ HL |� = πL(Wct(RM∞(ζ )))�L , ζ ∈ hM,L , M ∈ N0}.
Finally, the result follows from combining this with the fact that the Weyl operators
W = WN (ξ), ξ ∈ hN ,L , form a total set of uniformly bounded operators in WN ,L . ��
Remark 4.10. We can identify hL with a subspace of �2(π

L Z
d , (2L)−dμπ

L Z
d )⊕2 via the

Fourier transform and the dispersion relation γm :

( f̂ , ĝ) 
→ (γ
− 1

2
m f̂ , γ

1
2

m ĝ).

This way τL is given by multiplication with the matrix-valued function exp(iγmσ2),
where σ2 is the second Pauli matrix. Clearly, we can implement a dynamics given by
γμN on �2(π

L Z
d , (2L)−dμπ

L Z
d )⊕2 using multiplication with exp(iγμN σ2). But, this is

not the action of τ
(N )
L on the subspace hN ,L ⊂ hL and, thus, the convergence of the

bounded matrix-functions

exp(iγμN σ2)→ exp(iγmσ2), N →∞,

is not the convergence of dynamics sought after.

By construction, ηL : R � π
(∞)
L ,∞(W∞,L)′′ equals the usual time evolution of the

continuum free scalar field and it is implemented by a unitary group UL|t = eit HL with
the (renormalized) free continuum Hamiltonian HL as its generator. Explicitly, HL is
the second quantization of the generator hL of τL on its natural domain [17]. Since γm is
the free relativistic dispersion relation of mass m, we conclude that ηL has propagation
speed c = 1, and we obtain a causal net of (spacetime) local von Neumann algebras for
suitable O ⊂ R× T

d
L [40]:

AL(O) =
(
⋃

t∈R
ηL|t (π(∞)

L ,∞(W∞,L(O(t)))′′)
)′′

, (4.28)

where O(t) = {x |(t, x) ∈ O} ⊂ T
d
L .

Let us summarize our results on the scaling limit of the free ground states of the
lattice scalar field by the following theorem:

Theorem 4.11. Let K ≥ 6. Let m, {μN }, {WN ,L}, {αN
N ′ }, {ω(N )

L ,M } as before. The scaling

limit ω
(∞)
L ,∞ of {ω(N )

L ,M } gives rise to a continuum time-zero net of local algebras which is

unitarily equivalent to the time-zero net of the free field with mass m on the torus T
d
L .
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Remark 4.12. In view of Figs. 1 and 2, we note that while we used the scaling limit
procedure to construct the horizontal sequences {ω(N )

L ,M }M∈N0 to arrive at the limit state

ω
(∞)
L ,∞, we only considered the diagonal sequence ofHamiltonian H (N )

L ,0 , ormore precisely

their associated unitary groups η
(N )
L , to obtain the Hamiltonian HL associated with the

continuum time evolution ηL .

Remark 4.13. There is yet another perspective on the convergence of dynamics because
of the specific structure of the scaling maps αN

N+1: At each finite scale N , the dynamics

η
(N )
L is unitarily implemented in the GNS representation of ω

(N )
L ,0 , and because of the

von Neumann uniqueness theorem there is an associated strongly-continuous, unitary
one-parameter group U (N ) : R→ U(H(∞)

N ,L) on the GNS Hilbert space H(∞)
N ,L of ω

(N )
L ,∞.

In Sect. 5.5 below, we show that the scaling maps αN
N+1 extend as normal, unital ∗-

morphisms from B(HN ,L) to B(HN+1,L), which in turn yields their extension from
B(H(∞)

N ,L) to B(H(∞)
N+1,L). This implies that each U (N ) is represented in U(H(∞)

L ,∞) by13:

U (N )
L|t = π

(∞)
L ,∞(αN∞(U (N )

t )), t ∈ R.

Therefore, as an alternative to the convergence considered in Corollary 4.9, one could
analyze the convergence:

U (N )
L|t −→ UL|t , N −→∞.

Locality by Lieb–Robinson bounds. Interestingly, there is another way to show a weaker
form of locality via Lieb–Robinson bounds [64,67]. To this end, we observe that the
finite-scale dynamics η

(N )
L extends to the C∗-inductive limit W∞,L : For N ∈ N0 we

consider the periodic extension of γμN from �N to �∞ = π
L Z

d , which we also denote

by γμN . Then, we extend τ
(N )
L to hM,L for all M > N by

τ
(N )
L|t (q̂, p̂) = (cos(γμN t)q̂−γμN sin(γμN t) p̂, cos(γμN t) p̂+γ−1μN

sin(γμN t)q̂), (q̂, p̂) ∈ hM,L ,

which is well-defined because the restriction of γμN to �M ⊂ �∞ is well-defined by
periodicity. Comparing the extension for M ′ > M > N , we find the consistency relation:

τ
(N )
L|t (RM

M ′(q̂, p̂)) = RM
M ′(τ

(N )
L|t (q̂, p̂)), (q̂, p̂) ∈ hM,L

which is due to the multiplicative character of RM
M ′ in momentum space, see (3.29).

Therefore, we can extend τ
(N )
L to the inductive-limit symplectic space h∞,L by:

τ
(N )
L|t (RM∞(q̂, p̂))=ε

d
2
M φ̂(εM ·)(cos(γμN t)q̂−γμN sin(γμN t) p̂, cos(γμN t) p̂+γ−1μN

sin(γμN t)q̂)

= RM∞(cos(γμN t)q̂−γμN sin(γμN t) p̂, cos(γμN t) p̂+γ−1μN
sin(γμN t)q̂)

= RM∞(τ
(N )
L|t (q̂, p̂)), (4.29)

for any M > N .
This extension of τ

(N )
L to h∞,L provides another justification for considering the

convergence expressed in Proposition 4.8 because it implies that the convergence also

13 The asymptotic unital ∗-morphisms αN∞ : B(HN ,L ) → B∞ is not necessarily normal, cf. Sect. 5.5 for
the notation.
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holds on h∞,L ⊂ hL consistently over all scales. An explicit computation shows that the
extension of τ

(N )
L is symplectic for each M > N , i.e. σM,L(τ

(N )
L|t (q, p), τ

(N )
L|t (q ′, p′)) =

σM,L((q, p), (q ′, p′)),whichpermits the extensionofη(N )
L toW∞,L as a ∗-automorphism

satisfying

η
(N )
L|t (αM∞(WM (q, p))) = αM∞(η

(N )
L|t (WM (q, p))) = αM∞(WM (τ

(N )
L|t (q, p))), (4.30)

by general principles [27]. Now, we can invoke the Lieb–Robinson bounds for harmonic
lattice systems [62] adapted to the Hamiltonian H (N )

L ,0 and the Weyl algebra WN ,L :

Lemma 4.14. For arbitrary subsets X, Y ⊂ �N , all volume parameters L = εN rN > 0,
any one-particle vector ξ, ξ ′ ∈ hN ,L with supports supp ξ ⊂ X, supp ξ ′ ⊂ Y , and any
δ > 0, we have:

∥∥∥
[
η

(N )
L|t (WN (ξ)), WN (ξ ′)

]∥∥∥ ≤ CN‖ξ |‖sup‖ξ ′‖sup
∑

x∈X,y∈Y

e
− δ

εN

(
dN (x,y)− 1

2 cμN max

{
2
δ
,e

δ
2 +1
}
|t |
)

,

where

dN (x, y) =
d∑

j=1
min
n j∈Z

|x j − y j + 2Ln j |, x, y ∈ �N ,

is the 1-distance on the torus T
d
L restricted to �N , ‖ · ‖sup = sup�N

| · |, and

cμN = (μ2
N + 2d)

1
2 , CN = 2 + cμN e

δ
2 + c−1μN

.

Proof. The estimate is a direct consequence of the estimate given in [62, Theorem 3.1]
after reinstating the lattice spacing εN . ��
The estimate given in the Lemma leads to a speed of propagation c′ ≥ 1:

Proposition 4.15. Let K ≥ 2. Provided the renormalization condition (4.18) holds,

there exists a constant 1 ≤ c′ ≤ d
1
2 max{ 2

δ
, e

δ
2 +1}, the scaling-limit Lieb–Robinson

velocity, such that for S′ ∩ Sc′T = ∅ with Sc′T = {x |dist(x, S) < c′T },
lim

N→∞

∥∥∥
[
η

(N )
L|t (W ), W ′]

∥∥∥ = 0,

for all W ∈W∞,L(S), W ′ ∈W∞,L(S′) exponentially fast and uniformly for |t | < T .

Proof. First, we consider two elementaryWeyl operators W, W ′ ∈W∞,L . By construc-
tion there exist N , N ′ ∈ N0 and ξ ∈ hN ,L , ξ ′ ∈ hN ′,L such that W = αN∞(WN (ξ))

and W ′ = αN ′∞ (WN ′(ξ ′)) (without loss of generality we may assume N ≤ N ′). For any
M ≥ N ′ ≥ N we have:

[
η

(M)
L|t (W ), W ′] = αM∞

([
η

(M)
L|t (WM (RN

M (ξ))), WM (RN ′
M (ξ ′))

])
.

Since αM∞ is an injective C∗-homomorphism, we can apply the estimate of Lemma 4.14:

∥∥∥
[
η

(M)
L|t (W ), W ′]

∥∥∥ ≤ CM‖RN
M (ξ)‖sup‖RN ′

M (ξ ′)‖sup
∑

x∈X,y∈Y

e
− δ

εM

(
dM (x,y)− 1

2 cμM max

{
2
δ
,e

δ
2 +1
}
|t |
)

,
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and by the renormalization conditions, we have

lim
M→∞ cμM = 2d

1
2 , lim

M→∞CM = 2 + 2d
1
2 e

δ
2 + 2−1d−

1
2 = Cd .

Now, if supp RN∞(qξ , pξ ) ⊂ S and supp RN ′∞ (qξ ′ , pξ ′) ⊂ S′, we can apply the esti-
mate with dist1(S, S′) ≤ limM→∞ dM (x, y) < ∞, where dist1(S, S′) is the 1-distance
between subsets of T

d
L . Moreover, by (3.7),

‖RN
M (ξ)‖sup = ε

d
2
M‖ε

1
2
M RN

M (qξ ) + iε
− 1

2
M RN

M (pξ )‖sup,
‖RN ′

M (ξ ′)‖sup = ε
d
2
M‖ε

1
2
M RN ′

M (qξ ′) + iε
− 1

2
M RN ′

M (pξ ′)‖sup,
which can be combined with (4.21) & (4.22) for α = 0 in Lemma 4.2 to show:

lim
M→∞‖RN

M (qξ )‖sup ≤ ‖φ̂(εN )q̂ξ‖L1,L <∞, lim
M→∞‖RN

M (pξ )‖sup ≤ ‖φ̂(εN ) p̂ξ‖L1,L <∞,

for all N ∈ N0, and similarly for ξ ′,where‖.‖L1,L is the normof L1(π
L Z

d , (2L)−dμπ
L Z

d ).
Thus, we find (in the limit M →∞):

∥∥∥
[
η

(M)
L|t (W ), W ′]

∥∥∥ � Cd ε−d
M

(
ε

1
2
M‖φ̂(εN )q̂ξ‖L1,L + ε

− 1
2

M ‖φ̂(εN ) p̂ξ‖L1,L

)

×
(

ε
1
2
M‖φ̂(εN )q̂ξ ′ ‖L1,L + ε

− 1
2

M ‖φ̂(εN ) p̂ξ ′ ‖L1,L

)

× vol(S) vol(S′)e
− δ

εM

(
dist1(S,S′)−d

1
2 max

{
2
δ
,e

δ
2 +1
}
|t |
)

.

→ 0,

where the expressions vol(S), vol(S′) arise by collecting an overall factor ε2d
M in front

of the sum
∑

x∈X,y∈Y and choosing X = �M ∩ S, Y = �M ∩ S′:

vol(S) = lim
M→∞ εd

M

∑

x∈�M∩S

1, vol(S′) = lim
M→∞ εd

M

∑

y∈�M∩S′
1.

Using the equivalenceof dist1 anddist, i.e. dist ≤ dist1 ≤ d
1
2 dist, and limM→∞ ε−k

M e
− δ

εM

= 0 for any k ∈ Z, the statement is proved for elementaryWeyl operators and their finite
linear combinations with the scaling-limit Lieb–Robinson velocity bounded by:

1 ≤ max

{
2

δ
, e

δ
2 +1
}
≤ c′ ≤ d

1
2 max

{
2

δ
, e

δ
2 +1
}

.

Then, because η
(M)
L is a group of ∗-automorphisms of W∞,L and Weyl operators form

a bounded total set inW∞,L(S), W∞,L(S′), we obtain the desired statement. ��
Corollary 4.16. Let K ≥ 2. With the scaling-limit Lieb–Robinson velocity c′ from
Proposition 4.15 and S′ ∩ Sc′T = ∅ with Sc′T = {x |dist(x, S) < c′T },

SOT-limN→∞
[
η

(N )
L|t (W ), W ′] = 0,
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for all W ∈ W∞,L(S), W ′ ∈ W∞,L(S′) exponentially fast and uniformly for |t | < T

relative to the representation given by ω
(∞)
L ,∞. Moreover, for all such t ∈ R and for all

W ∈ π
(∞)
L ,∞(W∞,L(S))′′, W ′ ∈ π

(∞)
L ,∞(W∞,L(S′))′′:

[
ηL|t (W ), W ′] = 0.

Proof. The statement about SOT (strong operator topology) convergence is immediate
from the norm convergence of Proposition 4.15. The commutativity for weak closures
follows from the SOT convergence of η

(N )
L to ηL and the SOT continuity of ηL . ��

Remark 4.17. Note, that even in the case dist1 = d
1
2 dist, the (optimal) scaling-limit

Lieb–Robinson velocity is c′ = 2
δ0
∼ 3.59, given by the Lambert W function,

δ0
2 e

δ0
2 = e−1,

which is still far from the correct propagation speed c = 1.

4.2.5. Infinite volume limit Here we compare the finite volume theory and the infinite
volume theory. Given a bounded open set S ⊂ R

d , one has S � (−L , L)d for sufficiently
large L . The C∗-algebraW∞,L(S) actually does not depend on L (possibly L = ∞). In-
deed, with the notation hN ,L(S) := �2(�N (S)) (cf. Sec. 2.3), βL(W∞,L(S)) ⊂W(hL)

is generated by Weyl operators Wct(ξ), ξ ∈ h∞,L(S) := ⋃
N RN∞hN ,L(S), and each

ξ ∈ h∞,L(S) can be also thought as a compactly supported function on R
d , and

σL(ξ, η) = σ∞(ξ, η) for ξ, η ∈ hL(S) (see (4.8), (4.14)). Therefore, W∞,L(S) can
also be identified with the C∗-subalgebra of the infinite volume free field C∗-algebra
W(h∞) generated by the Weyl operators Wct(ξ), ξ ∈ h∞,L(S).

With this embedding and Lemma 4.3 in mind, we can consider on W∞,L(S) the
family of continuum states {ωL}L>0, and the limit L →∞.

Proposition 4.18. For each ξ ∈ h∞,L(S) we have

lim
L→+∞ωL(Wct(ξ)) = ω∞(Wct(ξ)),

and {ωL} converges to ω∞ in the weak* topology on W∞,L(S).

Proof. It is enough to compute the exponent which appears in the expectation values:

lim
L→+∞

1
(2L)d

∑

k∈ π
L Zd

∣∣∣∣
q̂ξ (k)

γ
1/2
m (k)

+ iγ 1/2
m (k) p̂ξ (k)

∣∣∣∣
2

= 1
(2π)d

∫

Rd
dd k

∣∣∣∣
q̂ξ (k)

γ
1/2
m (k)

+ iγ 1/2
m (k) p̂ξ (k)

∣∣∣∣
2

.

Indeed, if the right-hand side is integrable, one can restrict it to a sufficiently large
compact interval with a small error, and the corresponding restriction of the sum on the
left hand side is then a corresponding Riemann sum, which is convergent in the L →∞
limit due to the regularity of q̂ξ , p̂ξ . The weak∗ convergence follows by approximation
in norm. ��
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We now prove that the GNS representations with respect to the vacuum states with
different volumes L are locally equivalent. This enables us to identify locally the finite
volume algebras in a cylinder and in the Minkowski space, showing that we can obtain
the local algebras of the infinite volume continuum free field through our finite volume
scaling limit procedure.

Following the steps of [20, Appendix A], we first show that the two representations
are quasi-equivalent by the main theorem in [3], then this is actually unitary equivalence
because local algebras are type III factors. The assumptions of [3] are satisfied if one
proves the following facts.

1. The topologies induced by the two-point functions on the one-particle spaces are
equivalent.

2. The kernels of the quadratic forms associated with the difference of the two point
functions on the torus and onR

d (Q+ and Q− in Lemma 4.21) are sufficiently regular.
This entails the Hilbert-Schmidt property of the Araki-Yamagami operator.

We show them in Lemmas 4.20 and 4.21, respectively. As a preparation for the
equivalence of topologies we first prove two versions of the Young inequality relating
continuous L2-norms with discrete convolutions and vice versa.

Lemma 4.19. Given f ∈ S(R), g ∈ L2(R), there holds

∫

R

dk

∣∣∣∣
∑

p∈ π
L Z

| f (k − p)||g(p)|
∣∣∣∣
2

≤ max
k∈[0, π

L ]
‖ fk‖�1( π

L Z)‖ f ‖L1(R)‖g‖2�2( π
L Z)

,

∑

k∈ π
L Z

∣∣∣∣
∫

R

dp | f (k − p)||g(p)|
∣∣∣∣
2

≤ max
k∈[0, π

L ]
‖ fk‖�1( π

L Z)‖ f ‖L1(R)‖g‖2L2(R)
,

where fk(p) := f (k − p), k, p ∈ R and ‖h‖s
�s ( π

L Z)
=∑p∈ π

L Z
|h(k − p)|s , s = 1, 2.

Proof. There holds

∫

R

dk

∣∣∣∣
∑

p∈ π
L Z

| f (k − p)||g(p)|
∣∣∣∣
2

=
∫

R

dk

∣∣∣∣
∑

p∈ π
L Z

| f (k − p)|1/2|g(p)|| f (k − p)|1/2
∣∣∣∣
2

≤
∫

R

dk

[ ∑

p∈ π
L Z

| f (k − p)||g(p)|2
][ ∑

p∈ π
L Z

| f (k − p)|
]
,

as the last expression contains more positive terms than the previous one. Since f ∈
S(R), the function k 
→∑

p∈ π
L Z
| f (k− p)| = ‖ fk‖�1( π

L Z) is
π
L -periodic and continuous

(the series converges uniformly in k ∈ [0, π
L ]), and therefore

∑
p∈ π

L Z
| f (k − p)| ≤

maxk∈[0, π
L ] ‖ fk‖�1( π

L Z) <∞ for all k ∈ R. Moreover
∫

R

dk

[ ∑

p∈ π
L Z

| f (k − p)||g(p)|2
]
=
∑

p∈ π
L Z

|g(p)|2
∫

R

dk | f (k − p)| = ‖g‖2
�2( π

L Z)
‖ f ‖L1(R),

which proves the first inequality. The second one is proven in the same way, exchanging
the roles of sums and integrals. ��

Let us show the first of the conditions for unitary equivalence.
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Lemma 4.20. For S � (−L , L) the norms ‖ · ‖L and ‖ · ‖∞ defined by (4.7) and (4.13)
respectively, are equivalent on h∞,L(S).

Proof. Setting, for a function ξ : R→ R,

‖ξ‖2L ,± :=
1

2L

∑

k∈ π
L Z

γm(k)±1|ξ̂ (k)|2, ‖ξ‖2∞,± :=
1

2π

∫

R

dk γm(k)±1|ξ̂ (k)|2,

it is sufficient to show that onh∞,L(S) the norm ‖·‖L ,± is equivalent to ‖·‖± respectively.
To this end, let ξ ∈ h∞,L(S) be a real function, and let χ ∈ C∞c ((−L , L)) be

such that χ(x) = 1 for all x ∈ supp ξ . Since supp ξ ⊂ (−L , L), we can define its
2L-periodization

Pξ(x) :=
∑

n∈Z
ξ(x + 2Ln) =

∑

k∈ π
L Z

ξ̂ (k)eikx ,

and thanks to
∑

k∈ π
L Z
|ξ̂ (k)| < +∞ we obtain, for all k ∈ R,

ξ̂ (k) = χ̂ Pξ(k) =
∫

R

dx χ(x)Pξ(x)e−ikx =
∑

p∈ π
L Z

ξ̂ (p)

∫

R

dx χ(x)e−i(k−p)x

=
∑

p∈ π
L Z

χ̂ (k − p)ξ̂ (p).

Now since k 
→ γm(k) is a convex function,

γm(k) = γm(k − p + p) ≤ 1

2
(γm(2(k − p)) + γm(2p))

= γm
2
(k − p) + γm

2
(p) ≤ γm(k − p) + γm(p),

which entails γm(k)
1
2 ≤ γm(k − p)

1
2 + γm(p)

1
2 . As a consequence

γm(k)
1
2 |ξ̂ (k)| ≤

∑

p∈ π
L Z

γm(k − p)
1
2 |χ̂(k − p)||ξ̂ (p)| +

∑

p∈ π
L Z

|χ̂(k − p)|γm(p)
1
2 |ξ̂ (p)|,

and in view of the fact that χ̂ , γ
1
2

m χ̂ ∈ S(R), from the first inequality of Lemma 4.19
the (squared) L2(R)-norms of the two terms in the right hand side can be estimated by
C‖ξ̂‖2

�2( π
L Z)

≤ 2LC‖ξ‖2L ,+ and by C‖γ 1/2
m ξ̂‖2

�2( π
L Z)

= 2LC‖ξ‖2L ,+ respectively, for a

suitable constant C > 0. This implies

‖ξ‖2∞,+ =
1

2π
‖γ 1/2

m ξ̂‖2L2(R)
≤ 4LC

π
‖ξ‖2L ,+.

Conversely, we can also write, for all k ∈ π
L Z,

γm(k)
1
2 |ξ̂ (k)| = γm(k)

1
2 |χ̂ξ(k)| ≤ γm(k)

1
2

∫

R

dp |χ̂(k − p)||ξ̂ (p)|

≤
∫

R

dp γm(k − p)
1
2 |χ̂(k − p)||ξ̂ (p)| +

∫

R

dp |χ̂(k − p)|γm(p)
1
2 |ξ̂ (p)|,
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and using now the second inequality of the previous Lemmawe obtain, arguing as above,

‖ξ‖2L ,+ =
1

2L
‖γ 1/2

m ξ̂‖2
�2( π

L Z)
≤ 4πC

L
‖ξ‖2∞,+,

which shows the required equivalence of ‖ · ‖L ,+ and ‖ · ‖∞,+.
In order to prove the equivalence of the norms ‖·‖L ,−, ‖·‖∞,−, we start by observing

that

γm(p)1/2

γm(k)1/2
≤C

[
1 + |p|2
1 + |k|2

]1/4
≤C ′

[
1 + |p|
1 + |k|

]1/2
≤C ′

[
1 + |k| + |p − k|

1 + |k|
]1/2

≤C ′(1 + |k − p|)1/2,
for suitable constants C, C ′ > 0, where in the second inequality we used the fact that
the function k 
→ (1 + |k|2)1/2/(1 + |k|) is bounded, continuous, non-vanishing on R

and converges to 1 for |k| → +∞. We obtain then as above the inequality

1

γm(k)1/2
|ξ̂ (k)| ≤ C ′

∑

p∈ π
L Z

(1 + |k − p|)1/2|χ̂(k − p)| 1

γm(p)1/2
|ξ̂ (p)|,

and the analogous one with the integral over p ∈ R replacing the sum. Using then the
fact that k 
→ (1 + |k|)1/2|χ̂(k)| is in S(R) the equivalence of the norms is proven by
the same argument based on the previous lemma as above. ��
Lemma 4.21. For S � (−L , L) there are smooth functions Q± on (−2L , 2L) such
that, for all real functions ξ, η ∈ h∞,L(S)

∫

R

dk
1

γm(k)
ξ̂ (k)η̂(k)− π

L

∑

k∈ π
L Z

1

γm(k)
ξ̂ (k)η̂(k) =

∫

S×S
dxdy Q−(x − y)ξ(x)η(y),

(4.31)

∫

R

dk γm(k)ξ̂ (k)η̂(k)− π

L

∑

k∈ π
L Z

γm(k)ξ̂ (k)η̂(k) =
∫

S×S
dxdy Q+(x − y)ξ(x)η(y).

(4.32)

Proof. By [1, Formula 9.6.21]
∫

R

dk
1

γm(k)
ξ̂ (k)η̂(k) = 2

∫

S×S
dxdy K0(m|x − y|)ξ(x)η(y)

where K0(z), z > 0, is the modified Bessel function of order zero, which is positive,
smooth for z �= 0 and satisfies

K0(z) ≤ e−z

for z sufficiently large. Moreover, the Poisson summation formula claims that

π
L

∑

k∈Z
δ
(
x − k π

L

) =
∑

k∈Z
ei2Lkx
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in the distributional sense, and therefore, since k 
→ 1
γm (k)

ξ̂ (k)η̂(k) decreases fast enough
for |k| → +∞ [75, Corollary VII. 2.6],

π
L

∑

k∈ π
L Z

ξ̂ (k)η̂(k)

γm(k)
=
∑

n∈Z

∫

R

dk
ξ̂ (k)η̂(k)

γm(k)
e−i2Lnk

= 2
∫

S×S

dxdy

[∑

n∈Z
K0(m|x − y − 2Ln|)

]
ξ(x)η(y)

where the sum inside the integral converges uniformly on S×S thanks to the exponential
decay of K0. Therefore, looking at (4.31) we find the following expression for Q−

Q−(x) =
∑

n∈Z\{0}
2 K0(m|x − 2Ln|)

The series is term by term smooth in (−2L , 2L) since it does not contain the term with
n = 0. Moreover, one can see that the s-th derivative of K0 can be written in terms of
K0 and K ′0, by the following formulas (cf. [1, Sect. 9.6])

K ′0(z) = −K1(z), z2K ′′0 (z) + zK0(z)
′ − z2K0(z) = 0

and one gets therefore

K (s)
0 (z) = Ps−2(1/z)K0(z) + Rs−1(1/z)K ′0(z), s ≥ 2,

where Ps , Rs are polynomials. As a consequence, since also |K1(z)| ≤ e−z for z → +∞,
K (s)
0 is exponentially decaying for z → +∞ too, and therefore the term by term s-th

derivative of the series defining Q− is uniformly convergent on S× S, showing that Q−
is smooth on (−2L , 2L).

Concerning (4.32), by the argument in the proof of [20, Lemma A.5], there holds
∫

R

dk γm(k)ξ̂ (k)η̂(k) = −
∫

S×S
dxdy

m

|x − y|K1(m|x − y|)ξ(x)η(y),

and therefore, by a similar argument as the above one,

Q+(x) = −
∑

n∈Z\{0}

m

|x − 2Ln|K1(m|x − 2Ln|)

is smooth in (−2L , 2L). ��
Theorem 4.22. Let K ≥ 6. For each bounded open set S � (−L , L)d , the finite volume
representation π

(∞)
L ,∞ ∼= πL of W∞,L(S) is unitarily equivalent to the infinite volume

representation π∞.

Proof. Assume d = 1. Consider the completion of the space of real functions in hL(S)

(thought as compactly supported functions on R) with respect to the norms ‖ · ‖∞,±,
and, on these spaces, the operators Q± defined by

〈ξ, Q±η〉∞,± =
∫

S×S
dxdy Q±(x − y)ξ(x)η(y).
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Then using Lemma 4.21 and the argument of the proofs of Lemmas A.4 and A.6 of [20],
one verifies that Q± are trace-class, and this, together with Lemma 4.20, implies the
quasiequivalence statement by [3].

Now, as we take K ≥ 6 and the density result (Lemma 4.6) is a local property and
hence holds also for L = ∞, we have π∞(W∞,L(S))′′ = π∞(WL(S))′′, and the latter
is a type III factor [2]. Then also π

(∞)
L ,∞(W∞,L(S))′′ is a type III factor. Therefore the

last statement follows directly form [25, Sect. 5.6.6].
If d > 1, Lemmas 4.19 and 4.20 and their proofs continue to hold with the obvious

modifications. Concerning Lemma 4.21, the smoothness of the kernels Q± around x = 0
can be proven by [71, IX.46], providing the smoothness of the infinite volume 2-point
function in spatial directions away from the origin, and by a Payley–Wiener argument,
providing its exponential decay. ��
Remark 4.23. The spatial isomorphism defined in Theorem 4.22 depends in principle on
S and L with S � (−L , L)d , and should be denoted by θS,L . However for ξ ∈ hL(S)

there holds

θS,L(πL(Wct(ξ))) = π∞(Wct(ξ)),

where on the left side ξ is considered as a function on T
d
L and on the right side as a

compactly supported function on R
d . As a consequence, given tori T

d
L and T

d
L ′ with

L < L ′ and S � (−L , L)d , then

θS,L(πL(WL(S))′′) = θS,L ′(πL ′(WL ′(S))′′).

Similarly, if S ⊂ S′ � (−L , L)d then the consistency property θS′,L � πL(WL(S))′′ =
θS,L holds. Because of this, we will use the simplified notation θ when no confusion can
arise. ��

In view of the above remark, it also follows that θ locally intertwines the action of
space translations on the torus and on R

d , namely

θ AdUL(a, 0) � AL(S) = AdU∞(a, 0) θ � AL(S),

where S ⊂ R
d is a bounded open set, a ∈ R

d and L is large enough that the closures of
S and S + a are both contained in (−L , L)d .

A similar statement also holds for time translations. Indeed, in view of the fact that
the solutions of the Klein–Gordon equation on the torus have propagations speed c = 1,
with B1(0) the unit ball centered at the origin, there holds

AdUL(0, t)(AL(S)) = AL(S + |t |B1(0))

whenever S is a bounded open set, t ∈ R and L is large enough that S and S + t B1(0)
are both contained in (−L , L)d . This clearly entails

θ AdUL(0, t) � AL(S) = AdU∞(0, t) θ � AL(S).
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5. Other Scaling-Map Schemes

From the perspective of the wavelet scaling map of Sect. 3.3 being a generalization of
the block-spin scaling map, we discuss the relations between other scaling map schemes
in this section: In Sect. 5.1, further details on the block-spin case. In Sect. 5.2, a singular
real-space scheme leading to point-like localization of lattice operators in the scaling
limit. In Sect. 5.3, a momentum-space scheme implementing sharpmomentum cutoff. In
Sect. 5.4, the distinction between our scaling limit construction and the scaling algebra
approach by Buchholz and Verch [15,16]. In Sect. 5.5, the connection of our approach
with the multi-scale entanglement renormalization ansatz [28,79].

The second and third of these schemes can be formulated analogously to the wavelet
scaling map at the one-particle level as in (3.25) in Definition 3.3. The main difference
consists in the use of low-pass filters {hn}n∈Zd concentrated at n = 0 (point-like lo-
calization) or with scale-dependent full support, hn = h(N )

n , supp h(N ) = Z
d
2rN

(sharp
momentum cutoff). In contrast with the wavelet scaling map this results in the drawback
that these schemes do not directly lead to local algebras in terms of lattice operators in
the scaling limit. More specifically, the block spin renormalization does not have enough
regularity to include the momentum operator, point-like localization leads to sharply lo-
calized field-like objects and the scaling limit of initial states can only be defined in a
distributional sense necessitating a Wightman reconstruction, while sharp momentum
cutoff leads to a scaling limit in terms of fully non-local algebras also requiring an
indirect reconstruction of local operators.

5.1. The block-spin transformation case. The expression (4.19) does not define limit
states ω

(N )
L ,∞ on WN ,L if the renormalization group is defined by the block-spin scaling

map (3.12). Nevertheless, it is still possible to interpret (4.19) in a distributional sense.
To this end, we exploit the fact that the states ωμN+M ,M = ω

(N )
L ,M are quasi-free and, thus,

are determined by their two-point functions:

W (N )
L ,M|��(x, y) = ω

(N )
L ,M (αN

N+M (ε
− 1+d

2
N �N (x)ε

− 1+d
2

N �N (y)))

= 1
2(2rN )d

∑

k∈�N+M

ε−1N γμN+M (k)−1

ε2d
N+M

∑

x ′,y′∈�N+M

ε−d
N χ[0,εN )d (x ′ − x)ε−d

N χ[0,εN )d (y′ − y)eik·(x ′−y′),

W (N )
L ,M|��(x, y) = ω

(N )
L ,M (αN

N+M (ε
1−d
2

N �N (x)ε
1−d
2

N �N (y)))

= 1
2(2rN )d

∑

k∈�N+M

εN γμN+M (k)

ε2d
N+M

∑

x ′,y′∈�N+M

ε−d
N χ[0,εN )d (x ′ − x)ε−d

N χ[0,εN )d (y′ − y)eik·(x ′−y′),

W (N )
L ,M|��(x, y) = ω

(N )
L ,M (αN

N+M (ε
− 1+d

2
N �N (x)ε

1−d
2

N �N (y)))

= i
2(2rN )d

∑

k∈�N+M

ε2d
N+M

∑

x ′,y′∈�N+M

ε−d
N χ[0,εN )d (x ′ − x)ε−d

N χ[0,εN )d (y′ − y)eik·(x ′−y′),

But, these expression arewell-defined for arbitrary x, y ∈ T
d
L and consistentwith respect

to the inclusions�N ⊂ �N ′ ⊂ T
d
L for N < N ′ as a consequence of the scaling equation
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(3.19). Then, as a consequence of the Paley-Wiener-Schwartz characterization of the
(continuum) Fourier transform of functions f, f ′ ∈ C∞(Td

L), the expression

W (N )
L ,M|��( f, f ′) = 1

2(2rN )d

∑

k∈�N+M

ε−1N γμN+M (k)−1

ε2d
N+M

∑

x ′,y′∈�N+M

ε−d
N (χ[0,εN )d ∗ f )(x ′)ε−d

N (χ[0,εN )d ∗ f ′)(y′)eik·(x ′−y′),

W (N )
L ,M|��( f, f ′) = 1

2(2rN )d

∑

k∈�N+M

εN γμN+M (k)

ε2d
N+M

∑

x ′,y′∈�N+M

ε−d
N (χ[0,εN )d ∗ f )(x ′)ε−d

N (χ[0,εN )d ∗ f ′)(y′)eik·(x ′−y′),

W (N )
L ,M|��( f, f ′) = i

2(2rN )d

∑

k∈�N+M

ε2d
N+M

∑

x ′,y′∈�N+M

ε−d
N (χ[0,εN )d ∗ f )(x ′)ε−d

N (χ[0,εN )d ∗ f ′)(y′)eik·(x ′−y′),

admit well-defined limits for M →∞ (by a Riemann-sum argument):

W (N )
L ,∞|��( f, f ′) = 1

2(2L)d

∑

k∈ π
L Zd

ε−1+d
N γm(k)−1

∫

R2d
dd x ′dd y′ε−d

N (χ[0,εN )d ∗ f )(x ′)ε−d
N (χ[0,εN )d ∗ f ′)(y′)eik·(x ′−y′),

W (N )
L ,∞|��( f, f ′) = 1

2(2L)d

∑

k∈ π
L Zd

ε1+d
N γm(k)

∫

R2d
dd x ′dd y′ε−d

N (χ[0,εN )d ∗ f )(x ′)ε−d
N (χ[0,εN )d ∗ f ′)(y′)eik·(x ′−y′),

W (N )
L ,∞|��( f, f ′) = i

2(2L)d

∑

k∈ π
L Zd

εd
N

∫

R2d
dd x ′dd y′ε−d

N (χ[0,εN )d ∗ f )(x ′)ε−d
N (χ[0,εN )d ∗ f ′)(y′)eik·(x ′−y′).

Finally, we can take the limit N →∞, and we obtain the scaling limit of the two-point
functions (after adjusting the scaling dimension),

W (∞)
L ,∞|��( f, f ′) = lim

N→∞ ε1−d
N W (N )

m,∞|��( f, f ′) = 1
2(2L)d

∑

k∈ π
L Z

d

γm(k)−1 f̂ (−k) f̂ ′(k),

(5.1)

W (∞)
L ,∞|��( f, f ′) = lim

N→∞ ε
−(1+d)
N W (N )

m,∞|��( f, f ′) = 1
2(2L)d

∑

k∈ π
L Z

d

γm(k) f̂ (−k) f̂ ′(k),

(5.2)

W (∞)
L ,∞|��( f, f ′) = lim

N→∞ ε−d
N W (N )

m,∞|��( f, f ′) = i
2(2L)d

∑

k∈ π
L Z

d

f̂ (−k) f̂ ′(k), (5.3)

as distributions overC∞(Td
L) (with respect to theweak* topology), which are theWight-

man two-point functions WL of the free vacuum state ωL of continuum scalar field on
T

d
L .
In summary, we find that, although the block-spin scaling map does not define a

scaling limit on the algebraW∞,L , it is still possible to recover the vacuum state of mass
m of the continuum scalar field via its Wightman two-point functions W (∞)

∞,L defined as

scaling limits of the two-point functions W (N )
L ,M associated withω

(N )
L ,M onWN ,L . We state

this as a theorem:
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Theorem 5.1. Given a sequence of lattice “masses”, {μN }N , satisfying (4.18) for some
m > 0and the block-spin scaling map, the sequences of two-point functions {W (N )

L ,M }M∈N0

associated with the states {ω(N )
L ,M }M∈N0 on WN ,L for all scales N ∈ N0, converge in a

scale-coherent way to the free (time-zero) two-point functions of mass m of the continuum
scalar field (WL , ωL) (see Sect. 4.2).

Proof. It is well-known that (5.1)–(5.3) are the free (time-zero) two-point functions of
mass m over C∞(Td

L). ��

5.2. Real-space renormalization: point-like localization. The point-localization renor-
malization group is a precise formulation of the idea that the algebras AN (x), x ∈ �N ,
correspond to sharply localized operators at x ∈ R

d in the continuum. The definition of
point-like localized operators is achieved at the level of lattice fields �N and momenta
�N by the natural inclusion of lattices �N ⊂ �N ′ for N < N ′ as subset of R

d .

Definition 5.2. The point-localization renormalization group {αN
N ′ }N<N ′ is the inductive

family of ∗-linear maps defined by the point-localization scaling map between one-
particle Hilbert spaces:

RN
N+1 : hN ,L −→ hN+1,L ,

where

RN
N+1(q, p)(x ′) = 2d(q, p)(x ′)χ�N⊂�N+1(x ′), N ∈ N0 (5.4)

and

RN
N ′ = RN ′−1

N ′ ◦ RN ′−2
N ′−1 ◦ · · · ◦ RN

N+1, N < N ′.

�N ⊂ �N+1 is the canonical inclusion as subsets of R
d , and χ�N⊂�N+1 is the corre-

sponding characteristic function. The right-hand side of (5.4) is to be understood as an
extension of q, p by the zero-function on �N+1\�N .

Applying the lattice Fourier transform and its inverse, we find the point-localization
scaling map is given by periodic extension in momentum space:

RN
N+1(q̂, p̂)(k′) = ε

d
2
N+1

∑

x ′∈�N+1

2d(q, p)(x ′)χ�N⊂�N+1(x ′)e−ik′·x ′ = 2
d
2 (q̂, p̂)(k′).

In contrast with the previous scaling maps and as a consequence of the rescaling by 2d

in (5.4), we find that RN
N ′ is only a symplectic homothety for N < N ′:

σN ′ ◦ (RN
N ′ × RN

N ′) = 2d(N ′−N )σN .

Therefore, the induced map αN
N ′ :WN ,L →WN ′,L is a ∗-compatible linear map but not

a ∗-homomorphism. Nevertheless, we can rescale the symplectic form σN determining
the Weyl relations to show that for a given N ∈ N0 the pullbacks of ground states ωμN ′
along αN

N ′ for N < N ′, which we use to define the scaling limit, yield a sequence of
states on WN ,L .
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Lemma 5.3. Given a symplectic homothety RN
N ′ : hN ,L → hN ′,L for N < N ′, the in-

duced ∗-linear map αN
N ′ :WN ,L →WN ′,L becomes a ∗-homomorphism after rescaling

the symplectic form according to:

σ̃N ′ = λ−1N ,N ′σN ′ ,

where λN ,N ′ �= 0 is the scaling factor of RN
N ′ , i.e. σN ′ ◦ (RN

N ′ × RN
N ′) = λN ,N ′σN

Proof. We only need to check the compatibility of RN
N ′ with the rescaled symplectic

form σ̃N ′ as this implies the compatibility of αN
N ′ with the Weyl relations (3.1):

σ̃N ′ ◦ (RN
N ′ × RN

N ′) = λ−1N ,N ′σN ′ ◦ (RN
N ′ × RN

N ′) = λ−1N ,N ′λN ,N ′σN = σN .

��
We also recall a general result of Segal about states on Weyl algebras.

Remark 5.4. (Scaled Fock states) We know fromSects. 3.1 and 4.1.1, that the symplectic
structure σN can be expressed as:

σN ((q, p), (q ′, p′)) = −2�(ξ̂ (m), ξ̂ ′(m)
)N .

Moreover, since hN ,L ∼= C
2rN is finite dimensional, we know that

∥∥∥ξ̂ (m)
∥∥∥
2

N
= 1

2(2rN )d

∑

k∈�N

(
γ (N )

m (k)−1|q̂(k)|2 + γ (N )
m (k)| p̂(k)|2

)
, ξ ∈ hN ,L ,

defines non-degenerate (for m > 0) norm equivalent to ‖ · ‖N . Thus, by a general
theorem of Segal [74], we have a one-parameter family of regular states on the Weyl
algebra WN ,L :

ω
(λN )
m,0 (WN (ξ)) = e

− 1
2λN

∥∥∥ξ̂ (m)
∥∥∥
2

N , λN ≥ 1.

The lattice vacuum ωμN results from the extremal choice λN = 1 andμ2
N = ε2N m2 +2d,

cp. (4.3) and (4.4).

From the lemma and the remark we infer the result:

Corollary 5.5. For N , M ∈ N0, the pullback ωμN+M ,M = ωμN+M ◦ αN
N+M defines state

on WN ,L explicitly given by:

ωμN+M (αN
N+M (WN (ξ))) = e

− 1
4(2rN )d

∑
k′∈�N+M

(
γμN+M (k′)−1|q̂(k′)|2+γμN+M (k′)| p̂(k′)|2)

,

where by a slight abuse of notation q̂ and p̂ also denote their periodic extensions from
�N to �N+M .

Proof. Given N , M ∈ N0, the lattice vacuumωμN+M defines a scaledFock stateω
(λN ,N+M )

m,0

on WN+M,L with rescaled symplectic form σ̃N+M = λ−1N ,N+MσN+M , where λN ,N+M =
2d M and μ2

N+M = ε2N+M m2 + 2d. ��
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Remark 5.6. In view of the general wavelet scaling map scheme introduced in Sect.
3.3, the point-localization renormalization group arises from the extremal choice h0 =
2

d
2 δn,0 as low-pass filter. That this choice should correspond to point-like localized field

operators in the scaling limit is suggested by φ̂( · ) = ∏∞
N=1 m0(2−N k) = 1 which

is the inverse Fourier transform of the delta distribution: φ
(ε)
0 = ε

d
2 δ0. Therefore, we

expect that the local operators in the continuum are only indirectly accessible through a
Wightman-type reconstruction from correlation functions.

In analogy with the results for the scaling limit in terms of block-spin transformation,
the sequences {ωμN+M ,M = ω

(N )
L ,M }M∈N0 for N ∈ N0 do not converge as we can see

from (4.19) and the fact that φ̂(εN ) = ε
d
2
N according to Remark 5.6. But, we can use

Corollary 5.5 to compute the following two-point functions of the time-zero fields �N
and momenta �N at level N , i.e. for any x, y ∈ �N :

W (N )
L ,M|��(x, y)=ω

(N )
L ,M (αN

N+M (ε
− 1+d

2
N �N (x)ε

− 1+d
2

N �N (y)))= 1
2(2rN )d

∑

k∈�N+M

ε−1N γμN+M (k)−1eik·(x−y),

W (N )
L ,M|��(x, y)=ω

(N )
L ,M (αN

N+M (ε
1−d
2

N �N (x)ε
1−d
2

N �N (y)))= 1
2(2rN )d

∑

k∈�N+M

εN γμN+M (k)eik·(x−y)

W (N )
L ,M|��(x, y)=ω

(N )
L ,M (αN

N+M (ε
− 1+d

2
N �N (x)ε

1−d
2

N �N (y)))= i
2(2rN )d

∑

k∈�N+M

eik·(x−y),

Since �N
N→∞−→ π

L Z
d and comparing with the calculations in Sect. 5.1, we obtain a

result analogous to Theorem 5.1:

Theorem 5.7. Given a sequence of lattice “masses”, {μN }N∈N0 , satisfying (4.18) for
some m > 0 and the point-localization scaling map, the sequences of two-point func-
tions, {W (N )

L ,M }M∈N0 , associated with the states {ω(N )
L ,M }M∈N0 on WN ,L for all scales

N ∈ N0, converge in a scale-coherent way to the free (time-zero) two-point functions of
mass m of the continuum scalar field (WL , ωL) (see Sect. 4.2).

Proof. The proof works almost identical to that for the block-spin scaling map. The only
notable difference is that the convolution with the characteristic function ε−d

N χ[0,εN )d is
replaced by a convolution with the delta distribution δ0. ��

5.3. Momentum-space renormalization: sharp momentum cutoff. Since renormalization
group schemes in momentum space have a long tradition [34,85,86,91], it is sensible
to connect these to the general framework of Sect. 2.1. While the point-localization
scaling map in the previous subsection is induced by the natural inclusion of lattices,
�N ⊂ �N ′ , in real space, the momentum-cutoff renormalization group is obtained from
the inclusion of lattices, �N ⊂ �N ′ , in momentum space. This is made precise in the
following definition and precisely corresponds to the idea of taking a partial trace with
respect to high-momentum states when coarse graining from states at a fine scale N ′ to
a coarse scale N . Since the momentum cutoff has been used extensively in constructive
quantum field theory [40], we also discuss the limit of dynamics in this setting.
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Definition 5.8. Themomentum-cutoff renormalization group {αN
N ′ }N<N ′ is the inductive

family of ∗-homomorphisms defined by themomentum-cutoff scalingmap between one-
particle Hilbert spaces:

RN
N+1 : hN ,L −→ hN+1,L ,

where

RN
N+1(q̂, p̂)(k′) = 2

d
2 (q̂, p̂)(k′)χ�N⊂�N+1(k

′), N ∈ N0 (5.5)

and

RN
N ′ = RN ′−1

N ′ ◦ RN ′−2
N ′−1 ◦ · · · ◦ RN

N+1, N < N ′.

�N ⊂ �N+1 is the canonical inclusion as subsets of π
L Z

d , and χ�N⊂�N+1 is the corre-
sponding characteristic function. The right-hand side of (5.5) is to be understood as an
extension of q̂, p̂ by the zero-function on �N+1\�N .

As a trivial consequence of the rescaling by 2
d
2 , we have that RN

N ′ is symplectic for any
N < N ′:

σN ′ ◦ (RN
N ′ × RN

N ′) = σN ,

Applying the lattice Fourier transform and its inverse, we find the momentum-cutoff
scaling map is given by Fourier interpolation in real space:

RN
N+1(q, p)(x ′) = ε

− d
2

N+1(2rN+1)
−d

∑

k′∈�N+1

2
d
2 (q̂, p̂)(k′)χ�N⊂�N+1(k

′)eik′·x ′

= ε
− d

2
N (2rN )−d

∑

k∈�N

(q̂, p̂)(k)eik·x ′ =
∑

x∈�N

(q, p)(x)(2rN )−d
∑

k∈�N

e−ik·(x−x ′).

The locality of the momentum-cutoff scaling map entails non-locality in real space,
which is formally reflected by the use of completely delocalized smearing functions
to relate the lattice fields and momenta with their continuum analogues, cp. (3.15) and
(3.16):

�̂N (k) = ε
− d

2
N �(

∑

x∈�N

χx+[0,εN )d e−ik·x ), �̂N (k) = ε
− d

2
N �(

∑

x∈�N

χx+[0,εN )d e−ik·x ).

(5.6)

Remark 5.9. Wecan translate themomentum-cutoff scalingmap into a real-space scaling
map by the lattice Fourier transform. This real-space scaling map can be cast into a
form analogous to the wavelet scaling map (3.25) with non-local and level-dependent
coefficients:

h(N )
n =

(
2

1
2 rN+1

)−d d∏

j=1

sin
(

π
2 n j
)

sin
(

π
2rN+1

n j

)e
iπn j
2rN+1 , n ∈ {−rN+1, . . . , rN+1 − 1}d ⊂ Z

d .

While such a momentum space renormalization group can be used to determine the
scaling limit as we show below, the non-locality of the filter makes it unefficient for
controlling local operators.
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The scaling limit of the free lattice vacua (4.3) can be investigated by the momentum-
cutoff renormalization group in a manner similar to that of the wavelet method of Sect.
4.2.2:

ω
(N )
L ,M (WN (ξ)) = ωμN+M ,M (WN (ξ)) = e

− 1
4

(∣∣∣
∣∣∣γ−1/2μN+M q̂N

∣∣∣
∣∣∣
2

N ,L
+
∣∣∣
∣∣∣γ 1/2

μN+M p̂N

∣∣∣
∣∣∣
2

N ,L

)

, (5.7)

where for fixed N ∈ N0, the dispersion relation γμN+M is considered as a function on
�N ⊂ �N+M by restriction. Again, choosing the initial states according to the renormal-
ization condition (4.18) leads to the continuum dispersion relation in the limit M →∞.
Moreover, the pointwise convergence to the continuum dispersion relation implies the
weak* convergence of (5.7) to a limit ω

(N )
L ,∞ which is given by the free vacuum state

ωL of mass m of the continuum scalar field evaluated on Weyl operators with a sharp
momentum cut-off at scale kmax ∼ ε−1N :

ω
(N )
L ,∞(WN (ξ)) = e

− 1
4

(∣∣∣
∣∣∣γ−1/2m q̂N

∣∣∣
∣∣∣
2

N ,L
+
∣∣∣
∣∣∣γ 1/2

m p̂N

∣∣∣
∣∣∣
2

N ,L

)

. (5.8)

Now, it is almost trivial to check that the sequence of limit states, {ω(N )
L ,∞}N∈N0 , is

projectively consistent for the momentum-cutoff renormalization group,

ω
(N )
L ,∞ = ω

(N ′)
L ,∞ ◦ αN

N ′ , N < N ′,

which implies the existence of the scaling limitW∞,L :

lim←−
N∈N0

ω
(N )
L ,∞ = ω

(∞)
L ,∞.

In this way, we deduce the following result corresponding to Theorems 4.7 and 5.1.

Theorem 5.10. The GNS representation of W∞,L given by the scaling limit ω
(∞)
L ,∞ con-

structed via the momentum-cutoff renormalization group is equivalent to the GNS repre-
sentation of the continuum scalar field with respect to the free vacuum state ωL restricted
to the subalgebra generated by Weyl operators with finite support in momentum space.

Proof. By construction the inner product on the GNS Hilbert space H(∞)
L ,∞ is given in

terms of the inner product of the inductive limit of one-particle Hilbert spaces h∞,L with
dense subspace

⋃
N∈N0

hN ,L :

ω
(∞)
L ,∞(αN∞(WN (ξ))∗αN ′∞ (WN ′(ξ

′))) = e−
1
2 ‖ξ‖2e−

1
2 ‖ξ ′‖2e(ξ,ξ ′) = (G(ξ), G(ξ ′)), (5.9)

for N , N ′ ∈ N0 with

(ξ, ξ ′) = 2−(d+1)
√

rN rN ′ d
∑

k∈ π
L Z

d

(
q̂ξ (k)q̂ξ ′ (k)

γm (k)
+γm(k) p̂ξ (k) p̂ξ ′(k)+i( p̂ξ (k)q̂ξ ′(k)−q̂ξ (k) p̂ξ ′(k))

)
,

(5.10)

where we slightly abuse notation to denote by p̂ξ , q̂ξ , q̂ξ ′ and p̂ξ ′ also their trivial
extensions to the infinite lattice �∞ = π

L Z
d (cp. (4.5)). On right-hand side of (5.9),

G(ξ) = exp(ξ) is theGlauber vector or coherent state associatedwith ξ ∈⋃N∈N0
hN ,L ,

and it is know that the map G : ⋃N∈N0
hN ,L → H(∞)

L ,∞ is continuous and injective
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[41,45]. Now, (5.9) also shows that the GNS inner product of H(∞)
L ,∞ is identical to that

of the symmetric Fock space, F+(h∞,L), over h∞,L endowed with (5.10). Because of
this we define an embedding of ιL : h∞,L → hL via the inductive-limit structure of
h∞,L analogous to (4.16). Precisely, we define isometries ι

(N )
L : hN ,L → hL for all

N ∈ N0:

ι
(N )
L (q̂, p̂) = ε

d
2
N (q̂, p̂)χ�N⊂�∞ .

Since we have the identity ι
(N ′)
L ◦ RN

N ′ = ι
(N )
L for any N < N ′, we obtain by standard

reasoning the sought after ιL . From the definition of ι
(N )
L its is clear that ιL(h∞,L)

consist of the closure of the subspace of Fourier series with finite support. Therefore,
ιL(h∞,L) = hL and we have a unitary equivalence of UL : F+(h∞,L) → F+(hL)

by functoriality. Similarly, functoriality and the isometricity of ι
(N )
L for each N ∈ N0,

implies the existence of an injective ∗-homomorphism �L :W∞,L →WL such that

π
(∞)
L ,∞(W ) = U∗LπωL (�L(W ))UL , ∀W ∈W∞,L .

��
To conclude our discussion about the momentum-cutoff scaling map, we also take a look
at the limit of dynamics. We observe that this limit is considerably simpler with respect
to this scheme compared to that in the wavelet scheme (see Sect. 4.2.4), i.e. the limit of
dynamics exist even in the sense of Hamiltonians as depicted in Fig. 1.
At the level of the one-particle space hN ,L ∼= �2(�N , (2rN )−dμ�N ), the action of H (N )

L ,0 is
(essentially) given by multiplication with the dispersion relation γμN (cp. Remark 4.10).
Since the momentum-cutoff scaling map is (up to rescaling) induced by the inclusion of

lattices �N ⊂ �N ′ for N < N ′, the action of H (N ′)
L ,0 restricts consistently to the image

of HN ,L inside HN ′,L for N < N ′ because the aforesaid multiplication preserves the
support in momentum space. This observation leads to the following result.

Theorem 5.11. Given the momentum-cutoff renormalization group {αN
N ′ }N<N ′ and a

sequence of lattice “masses” {μN }N∈N0 satisfying condition (4.18)with a physical mass

m > 0, we obtain a sequence of (self-adjoint) renormalized Hamiltonians {H (N )
L ,M }M∈N0

on HN ,L for each N ∈ N0. Moreover, each sequence converges in the norm resolvent
sense,

H (N )
L ,M

nR−→ H (N )
L ,∞,

to a self-adjoint operator H (N )
L ,∞ and the sequence {H (N )

L ,∞}N∈N0 defines a self-adjoint
inductive limit,

lim−→
N∈N0

H (N )
L ,∞ = H (∞)

L ,∞,

on the GNS Hilbert space H(∞)
L ,∞. The Hamiltonian H (∞)

L ,∞ of the scaling limit ω
(∞)
L ,∞ is

identified with the free Hamiltonian HL of mass m on HL by Theorem 5.10.
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Proof. We realize the GNS Hilbert space H(∞)
L ,∞ as an inductive limit of a sequence

of the Hilbert spaces {H(∞)
N ,L}N∈N0 by applying the GNS construction with respect to

the restriction ω
(∞)
L ,∞ to eachWN ,L . By construction, the inductive system of isometries

V N
N ′ : H(∞)

N ,L → H(∞)

N ′,L , N < N ′, is induced by the momentum-cutoff renormalization
group. Applying the GNS construction also to the renormalized states (5.7), we obtain
another sequence of Hilbert spaces, {H(M)

N ,L}M∈N0 , for each N ∈ N0. By von Neumann’s

uniqueness theorem the representations of WN ,L on all H(M)
N ,L and H(∞)

N ,L are unitarily
equivalent to the representation on HN ,L , because all the GNS Hilbert spaces are sym-
metric Fock space over the finite-dimensional vector space �2(�N , (2rN )−dμ�N ) with
inner products given in terms of either some γμN+M or γm which are bounded above and
strictly bounded away from zero on �N .14 Therefore, we implicitly identify all the GNS
Hilbert spaces withHN ,L and define the renormalized Hamiltonians H (N )

L ,M by restriction

of H (N+M)
L ,0 toH(M)

N ,L inside HN+M,L , i.e.:

H (N )
L ,M = H (N+M)

L ,0|HN ,L⊂HN+M,L
.

Each H (N )
L ,M is self-adjoint as it arises as the second quantization of a self-adjointmultipli-

cation operator (with γμN+M ) on hN ,L . Analogously, we define H (N )
L ,∞ as the self-adjoint

second quantization of the self-adjoint multiplication operator by γm on hN ,L . The uni-
form convergence γμN+M → γm on �N implies the convergence H (N )

L ,M → H (N )
L ,∞ in the

norm resolvent sense, cp. [50]. Using the identification ofHN ,L withH(∞)
N ,L , we observe

that the sequence {H (N )
L ,∞}N∈N0 satisfies the compatibility condition:

H (N ′)
L ,∞V N

N ′ = V N
N ′H

(N )
L ,∞, ∀N < N ′.

Moreover, the dense subspaces D(∞)
N ,L ⊂ H(∞)

N ,L , N ∈ N0, of vectors with finite particle

number are cores for each H (N )
L ,∞ and satisfyV N

N ′D(∞)
N ,L ⊂ D(∞)

N ′,L . Therefore, the inductive-

limit operator H (∞)
L ,∞ exists and is essentially self-adjoint on the algebraic inductive limit

of the subspaces D(∞)
N ,L which is dense in H(∞)

L ,∞. It is easy to check that this operators
agrees with the free Hamiltonian HL of mass m on HL . ��

5.4. UV versus IR scaling limits: momentum transfer to small scales. The momentum
space setting of Sect. 5.3 is suitable to further discuss distinctive aspects between ul-
traviolet and infrared scaling limits raised in Sect. 1. To be rather specific, we compare
our setting, that primarily deals with the construction of continuum models via infrared
scaling limits of lattice models, and the scaling algebra approach by Buchholz and Verch
[15,16], which aims at the construction of ultraviolet scaling limits of continuum field
theories. To this end we modify the momentum-cutoff renormalization group of Def-
inition 5.8 through a shift of the support of one-particle vectors q̂, p̂ ∈ hN ,L towards
higher momentum (apart from the zero mode k = 0) via the canonical inclusion of dual

14 Alternatively, it also easy to check that the Bogoliubov transformations which realize the equivalence are
unitarily implemented.
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lattices 2�N ⊂ �N ′ for N < N ′. The real-space version of the resulting renormalization
map is

RN
N+1(q, p)(x ′) = (2

1
2 q, 2−

1
2 p)(2x ′).

The latter can be directly compared with the scaling map (up to an additional factor of

2
d
2 due to periodic boundary conditions on the lattice),

RN
N+1( f )(x ′) = 2

d+1
2 #( f )(2x ′) + i2

d−1
2 �( f )(2x ′),

used in [16, Eq. (2.7)] for complex one-particle vectors f ∈ S(Rd) in the continuum
subject to the symplectic form (4.14). One finds that the action of themomentum-transfer
renormalization group identifies the renormalized state ω

(N )
L ,M = ω

(N )
μN+M ,M at scale N

after M steps with the lattice vacuum ω
(N )
μN+M of lattice mass μN+M at scale N . Thus,

assigning a physical mass m > 0 to the lattice mass μN uniformly among all scales N
according to (4.4), this entails (at least for d > 1):

ω
(N )
L ,M (WN (ξ)) = ω

(N )

2−M m,0
(WN (ξ)). (5.11)

In this respect, the relationbetween latticemassμN andphysicalmassm, themomentum-
transfer renormalization group universally15 leads to the family of massless lattice vacua
{ω(N )

0,0 }N∈N0 as the projective family defining the scaling limit, i.e. (4.4) in the limit
m → 0+. At first sight, this appears to be similar to the observation made in [16] for
ultraviolet scaling limits ofmassive continuum free fields (in d > 1), and it is tempting to
assume that the scaling limit of (5.11) equals the vacuum of the massless continuum free
field in finite volume ωL . But, this is not as evident as for the wavelet renormalization
group because the relation between the scaling-limit algebra W∞,L and the continuum
algebra WL remains rather obscure.

In summary, we conclude that while there are technical similarities between the
scaling algebra approach of [15,16], the latter should be distinguished from the approach
detailed here. Moreover, although it is possible to use the general method of Sect. 2.1 to
implement ultraviolet scaling limits as explicated above, it is conceptually unlikely to
be meaningful in the context of scaling limits of lattice models as in Sect. 4, where the
goal is to obtain an infrared scaling limit.

5.5. Connections with multi-scale entanglement renormalization (MERA). In view of
Example 2.1, we note that there is a natural decomposition of the wavelet scaling map
(3.25) into a tensor-product embedding of the form WN (ξ) 
→ WN (ξ) ⊗ 1HN+1|N and
the adjoint action by a unitary UN+1 ∈ U(HN+1,L):

αN
N+1(WN (ξ)) = AdUN+1(WN (ξ)⊗ 1HN+1|N ). (5.12)

whereHN+1|N = F+(�
2(�N+1\�N )) is the natural tensor-product complement ofHN ,L

inside HN+1,L . This follows from the decomposition of RN
N+1 into a symplectic auto-

morphism of hN+1,L and the embedding �2(�N )→ �2(�N+1) defined by the inclusion
�N ⊂ �N+1 as well as (multiplicative) second quantization:

αN
N+1 = F+(RN

N+1) = F+(SN+1) ◦ F+(�
2(�N )→ �2(�N+1)) = AdUN+1 ◦(WN ,L →WN+1,L ).

15 This will hold more generally as long as limM→∞ 2−2M ε−2N+M (μ2
N+M − 2d) = 0 for all N ∈ N0.
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The symplectic automorphism SN+1 is determined by the scaling equation (3.39),

SN+1(x ′, y′) =
∑

n∈Zd

hnδεN+1n,x ′−y′ , (5.13)

as a kernel relative to the standard basis of �2(�N+1).
From this we can make three basic observations, see also [13,14]:

• The C∗-inductive limit W∞,L is ∗-isomorphic to an infinite (minimal) tensor-
product of the basic algebraW(L2(R)). This follows from an inductive construction
using the unitary conjugacy of the renormalization group {αN

N ′ }N ′>N with the tensor-
product embedding, cp. (5.12).
• A projectively-consistent family of states {ω(N )

L ,∞}N∈N0 or alternatively a state ω
(∞)
L ,∞

as in the definition of the scaling limit (2.11) on W∞,L is analogous to a MERA
(see e.g. [30,79]): The GNS vectors {�N }N∈N0 given by the projective family or the

corresponding restrictions of ω
(∞)
L ,∞ satisfy, see Sect. 2.2:

V N
N ′�N = �N ′ , N < N ′, (5.14)

where V N
N ′ is the GNS (partial) isometry induced by αN

N ′ . The connection of the latter
with a MERA follows from the observation that a partial isometry compatible with
(5.12) is given by:

ψN 
→ UN+1(ψN ⊗�
(0)
N+1|N ), (5.15)

leading to a representation of W∞,L . Here, �
(0)
N+1|N is the Fock vacuum of the

space F+(�
2(�N+1 \ �N )), and the MERA is given by the partial isometry I N

N+1 :
F+(�

2(�N ) → F+(�
2(�N+1)), I N

N+1(ψN ) = ψN ⊗ �
(0)
N+1|N , and the unitary disen-

tangler UN+1. In this sense (5.14) generalizes (5.15) subsuming UN+1 and I N
N+1 by

the partial isometry V N
N ′ coming from the GNS construction.

• Each αN
N+1 extends to a normal, unital ∗-morphism from B(HN ,L) to B(HN+1,L),

which allows us to consider the inductive limit lim−→N∈N0
B(HN ,L) = B∞,L . Thus,

as long as we are interested in properties pertaining to the scaling limit ω
(∞)
L ,∞ and

the weak closure of the associated GNS representation of a family of regular initial
states ω

(N )
L ,0 , we can substitute B∞,L for W∞,L in the analysis.

6. Outlook

To conclude the article, we discuss some future directions.

6.1. Other continuum models and locality from lattices. First of all, we considered only
massive free fields in this paper. One difference that appears with massless fields is the
zero mode: the inverse of the dispersion relation is not defined at k = 0, and this must
be avoided somehow (possibly by excluding the zero-mode before taking the infinite
volume limit or by enforcing anti-periodic (twisted) boundary conditions). In addition,
massless free fields with different helicity might require different symplectic structures
[56].
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In view of the classical construction of interacting scalar fields in 1 + 1-dimensional
spacetimes [40], we point out that the general concept of limit dynamics (2.13) together
with the momentum-cutoff renormalization group (see Sect. 5.3) can be used to recover
the existence of interacting dynamics on the continuum time-zero net of the scalar
field with respect to free vacuum. Clearly, this observation should be generalized in two
aspects: First, it should be possible to recover the interacting dynamics using the wavelet
renormalization group as well, which would be advantageous from the point of view
of locality. Second, it would be conceptually preferred (and necessary for d > 1) to
work with a scaling limit of the interacting lattice ground states instead of the free lattice
ground states as the use of the latter is only possible because of the local Fock property
in two-dimensional spacetime [38].

If we consider more general models than lattice free fields, we hope to obtain (in-
teracting) quantum field theories by the operator-algebraic renormalization procedure
explained in Sect. 2.1. A general justification of this expectation is due to the result
on finite propagation speed of the scaling limit dynamics via Lieb–Robinson bounds
for the approximate dynamics on the lattice, cp. [13,67]. The main reason why a finite
propagation speed can be deduced from these bounds in the scaling limit of the lattice
free field is due to the correct scaling of the Lieb–Robinson velocity (with respect to
the lattice spacing ε) and a subexponential bound on the field-strength renormalization,
i.e. the rescaling of the one-particle vectors q, p with respect to the lattice spacing ε.
Therefore, if said scaling is preserved in the presence of interactions on the lattice, a
finite propagation speed in the scaling limit will be attained. Explicit Lieb–Robinson
bounds for discretized scalar fields possibly with interaction are available in [62], see
also [61].
Thus, as also suggested in [13], this might provide a way to approximate local spacetime
algebras at the lattice level by adapting the definition of these algebras in theHamiltonian
setting (4.28) to the discretized setting, cp. [39, Chapter IV, Definition 2.8].:

AN ,L(O) =
(
⋃

t∈R
η

(N )
L|t
(WN ,L(O(t) ∩�N )

)
)′′

, N ∈ N0.

O ⊂ R × Td
L should be a suitable open bounded subset with time slices O(t), t ∈

R. WN ,L(O(t) ∩ �N ) ⊂ WN ,L is the Weyl subalgebra of the sublattice O(t) ∩ �N

(extension by 1 outside). η
(N )
L : R � WN ,L is the approximate dynamics at level

N ∈ N0.
As a more general remark, we notice that for general interacting models there are

two sources of non-uniqueness of the scaling limit states ω
(∞)∞ in (2.11), both of them

of physical relevance. The first one comes from the different possible choices of the
sequence of initial states {ω(N )

0 }N∈N0 , which reflects the freedom in the choice of renor-
malization conditions for the parameters of the model (e.g., different choices of the
sequence {μN }N∈N0 in (4.18) lead to different physical masses). The second one is due
to the possible multiplicity of weak* limit points of the sequences of renormalized states
{ω(N )

M }M∈N0 . As already pointed out after Proposition 2.2, one gets a projective system

of renormalized states {ω(N )∞ }N∈N0 in this case too, which corresponds to the existence
of inequivalent vacua of the continuum theory.
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6.2. Extension to fermions. Fermionic systems can by treated by the renormalization
group scheme of Sect. 2.1 in a similar manner as bosonic systems, cp. [31,43,88] for a
related construction in the context ofMERA. Since a detailed discussion of this extension
will be presented in a forthcoming article by one of the authors on scaling limit of lattice
fermions and the approximation of conformal symmetry [69], we only state some of the
essential structures: As in Sect. 3.1 the kinematical data of the quantum lattice models
is derived from one-particle spaces by second quantization,

hN ,L = �2(�N )⊗ C
s, AN = ACAR(hN ,L), HN ,L = F−(hN ,L),

where s denotes the number of spinor components, ACAR(hN ,L) is the C∗-algebra of
the canonical anti-commutation relations, and F−(hN ,L) the anti-symmetric Fock space.
The wavelet renormalization group is then adapted to the one-particle level by (cf. Sect.
3.3):

RN
N+1 : hN ,L −→ hN+1,L , RN

N+1(ξ) =
∑

x∈�N

ξ(x)
∑

n∈Zd

hnδ
(N+1)
x+εN n, ξ ∈ hN ,L .

In analogy with the free scalar quantum field, the simplest situations that allow for an
implementation of the scaling limit procedure are those with initial families of states,
ω

(N )
L ,0 , of quasi-free type [27] (covering the case of ground states for free lattice fermions):

ω
(N )
L ,0(ψ(ξ)ψ†(η)) = 〈ξ, T (N )

L ,0 η〉N ,L , ξ, η ∈ hN ,L , (6.1)

for operators, T (N )
L ,0 : h→ h, with 0 ≤ T (N )

L ,0 ≤ 1.

6.3. Entropy and type I approximation of local algebras. In a continuum quantum field
theory, the local algebras are type III factors. Although the the entanglement entropy in
quantum field theory is a focus of attention in recent years [65], its direct generalization
is infinite for any state on a type III1 factor [66]. As an alternative, one can take a
sequence of type I factors inside a local algebra and look at the divergence rate of the
entanglement entropy [55]. The lattice algebras in the present construction will give one
such sequence. In addition, as the Bisognano–Wichmann property (the Lorentz boosts
are given by the modular group of the wedge algebra with respect to the vacuum [6])
follows in the continuum from general structural assumptions (cf. [26,60]), it would be
interesting to understand what the modular groups of the lattice algebras are, and how
the Bisognano–Wichmann property in the continuum is restored [54].

In this regard, the construction of diffeomorphism symmetry in two-dimensional
conformal field theory (2d CFT) through representations of Thompson’s group T [47]
would require a substantial modification, because the diffeomorphism symmetry in any
2d CFT does not extend to the Thompson’s group T while preserving the covariance (be-
cause such an action cannot be locally normal when the group element has discontinous
derivative [24, Theorem 3.6]).
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