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Abstract: We present a rigorous renormalization group scheme for lattice quantum
field theories in terms of operator algebras. The renormalization group is considered as
an inductive system of scaling maps between lattice field algebras. We construct scaling
maps for scalar lattice fields using Daubechies’ wavelets, and show that the inductive
limit of free lattice ground states exists and the limit state extends to the familiar massive
continuum free field, with the continuum action of spacetime translations. In particular,
lattice fields are identified with the continuum field smeared with Daubechies’ scaling
functions. We compare our scaling maps with other renormalization schemes and their
features, such as the momentum shell method or block-spin transformations.

1. Introduction

The Wilson—Kadanoff renormalization group [48,84,85] is a cornerstone in the under-
standing of classical and quantum many-body system. It provides a conceptual frame-
work that unifies the theory of critical phenomena and universality in (quantum) sta-
tistical mechanics with quantum field theory via the existence of infrared fixed points
under scale-changing operations. Moreover, the construction of continuum models from
lattice approximations via scaling limits has been developed to a wide extent in a math-
ematically rigorous form in constructive quantum field theory, especially in the classical
probabilist framework of the Euclidean approach [33,40,46]. While in these works in-
teracting models have been rigorously constructed, the field operators and observables
of the lattice and continuum theories are related only indirectly in terms of correlation
functions and an analytic continuation of the latter together with a Streater—Wightman
reconstruction is necessary to access the operator-algebraic content of the quantum field
theory. In the present paper, we start from a lattice approximation to quantum field the-
ories closer in spirit to the earlier constructive works by Friedrichs, Glimm-Jaffe and
others [36,40] and the setting of quantum statistical mechanics. We explicitly implement
an operator-algebraic approach [13,14] to the Wilson—Kadanoff renormalization group
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for scalar lattice quantum fields in any dimension (see also [76] for a short overview).
Specifically, using results of wavelet theory [23,58], we build a real-space (as opposed
to momentum-space) renormalization group by identifying the lattice fields with the
continuum fields smeared with suitable functions which generate a wavelet basis. This
results in a sequence of homomorphisms between lattice field algebras at various scales.
We supplement the lattice algebras with a sequence of states that approaches a critical
point in an appropriate way (the massless free field for the massive free field), which
assures the continuity of asymptotic symmetry groups avoiding certain obstacles en-
countered in [47,51,68], while keeping track of local algebras, cf. [90]. Therefore, we
succeed to construct a continuum field theory in the Haag—Kastler sense [42] in the
real-space framework of the Wilson—Kadanoff renormalization group.

Our implementation is inspired by the strong connection between renormalization of
classical lattice systems and wavelet theory [4], which prevails in the quantum setting,
cp. [12,29,37,57,87,88]. As an obvious application, we show rigorously and in detail
that the renormalization group flow of the ground states of free lattice fields in the vicinity
of the unstable, massless fixed point allows us to reconstruct the massive continuum free
field as a scaling limit. By using compactly supported wavelets (or finite low-pass filters),
this construction directly yields local time-zero algebras of the continuum theory which
allows us to pass to the infinite-volume limit in a simple way. From a mathematical
point of view, operator algebras naturally accommodate the quantum version of the
Wilson—Kadanoff approach as the former are generally understood to incorporate non-
commutative measure theory, see [52,78] for another approach reversing the classical
Euclidean approach to obtain a quantum version. Furthermore, in the specific formulation
we use, the renormalization group is realized as an inductive system of x-morphisms
in our examples, and the scaling limit is identified with a state on the inductive-limit
algebra [49]. To some extent, this reflects a weak form of universality [91, Chapter 3]
in mathematical sense: The scaling limit is independent of the specific details of the
inductive system at finite scales, e.g. modifications of the dispersion relations of the free
lattice ground states are irrelevant as long as the asymptotic behavior is unchanged. As
both, the infrared limits of the renormalization group and the inductive limits of operators
algebras, are only concerned with asymptotic properties of their building blocks (with a
certain notion of coherence), this suggests a link at a conceptual level. This should not be
confused with the concept of universality classes which are associated with different fixed
points of the renormalization group when taking into account additional interactions.
In the latter sense, we are only concerned with the universality class of the massless
free field in this work. As can be seen from the free field example, criticality of the
lattice models (i.e. divergence of correlation lengths) is intimately linked to continuity
properties of the operator-algebraic limits.

Our formulation of the renormalization group is also linked to other developments
in quantum theoretical descriptions of low-dimensional many-body systems, e.g. the
density matrix renormalization group (DMRG) [73,81-83], which is a real-space for-
mulation that has turned out to be especially efficient in one dimension. As the Wilson—
Kadanoff approach fits naturally into an information geometrical setup [5], real-space
renormalization schemes have also drawn increasing attention in the theory of quantum
information, specifically concerning tensor networks [18] and the multi-scale entangle-
ment renormalization ansatz (MERA) [28,29,70,79].

Summary of the formulation and results. We formulate a renormalization group for
scalar lattice field theories using a scaling function ¢ of wavelet theory. Such a function
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satisfies a self-similarity equation,

$x) = Y ha25pQ2x —n),

neZd

which encodes the decomposition of ¢ at coarse scale in terms of itself at a fine scale
(in the following d will always denote the spatial dimension). Clearly, this equation is
analogous in spirit to Kadanoff’s block-spin transformation, which considers a spin on
a coarse lattice to be an average of spins on a fine lattice. But, while the block-spin
transformation typically averages uniformly over adjacent sites, the scaling equation
allows for a weighted average over sites. The coefficients 4, are commonly known as a
low-pass filter as they describe the coarse-scale features captured by ¢. Wavelets enter
the picture as a parametrization of the orthogonal complement of ¢ after increasing the
resolution leading to a complementary high-pass filter tracking the fine-scale details.
Thus, it is tempting to utilize the scaling equation to define the relation among lattice
quantum fields at successive scales ey, ey+1 = €x/2 (and similarly for momenta):

d
ON() =272 Y hy @i (x +enaan).

neZd

In terms of the algebras of observables 2( y at scales ¢y this precisely defines an inductive
system,

a%,:QlN—>QlN/, N < N,

with the algebraic and analytic properties of the «’s encoded into the coefficients 4,,.
Specifically, by using a Daubechies’ scaling function which is compactly supported and
orthogonal (integer translates of ¢ are orthogonal at a fixed scale), it is possible to realize
the o’s as unital x-morphisms that equip the limit algebra 2o, = h_r)n N 2 with a natural
quasi-local structure because the low-pass filter is finite in this case and, therefore, limits
the spatial support of a localized finite-scale quantum field ® y (x) in the limit. Indeed,
the image of the latter in 2, can be identified with the continuum quantum field ®
smeared with ¢ at scale ey,

Dy(x) = ey’ / dyd () (ey' (v — x)).

Now, the «’s are what we will call the renormalization group or scaling maps, and the
more common picture of the renormalization group transformations linking states of a
physical system among different scales arises by their dual action on the states spaces
Gn+1 — Gy (generalized density matrices). Following Wilson [86], we consider the

renormalization group flow of initial states a)(N) of the finite scale systems 2y,
Ny _ (N +M)
®y TV

to construct a scaling limit wégo) = limN lim wﬁflv)

on 2. To make these abstract
considerations maximally explicit and to test the construction, we provide a rather
complete treatment of the important case of harmonic (free) lattice fields on the torus

T = [-L, L),

(N) _ 1 _2
Hy™" = 3¢y ( Z MY, + 1xey q)le 2 Z en q)NIx@Ny)v
XEAN (x,y)CApN
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and their ground states a)(LN), which are expected to admit sensible scaling limits in the

vicinity of the Gaussian fixed point /1,12\] = 2d. More precisely, we show that:

(1) thescaling limit a)(Looo)O exists in finite volume (2L)? and is given by the continuum free

field of mass m assuming the renormalization condition limy _, oo 8;,2(,&%, —2d) =

2
m~ holds,
(2) the finite scale dynamics converges to the free dynamics in the Gelfand-Naimark-

Segal representation of w(LOOOL (a similar statement holds for spatial translations),

(3) the infinite volume (or thermodynamical) limit L — oo of w(LOOO)O exists and the local

time-zero and spacetime algebras in finite volume are unitarily equivalent to those in
infinite volume,

if the renormalization group is realized in terms of Daubechies’ wavelets of sufficiently
high regularity. The latter observation also fits nicely with the idea of universality as the
details of a valid approximation should not matter, i.e. the scaling limit is independent of
the precise regularity of wavelets as long as it is sufficient. Thus, our operator-algebraic
implementation of Wilson—Kadanoff renormalization enables a direct construction of
the local net of observables of the continuum free field (in the sense of the Haag—Kastler
axioms [42]) from free lattice fields. In addition, we observe that our approach yields
a rigorous way to deduce spacetime locality in the continuum from Lieb—Robinson
bounds [21,53,62,64,67] albeit asymptotically optimal estimates of the Lieb—Robinson
velocity are required to conclude that ¢ = 1 in natural units. Moreover, we also illustrate
how our wavelet renormalization group yields an analytic version of the multi-scale
entanglement renormalization ansatz (MERA) for scalar fields in arbitrary dimensions,
cp. [31,32,43,87]. Finally, we also comment on the approach to the renormalization
group via scaling algebras [9,15,16,22], where the principal difference to our work lies
in the consideration of the ultraviolet limit of theories already defined in the continuum
rather than of the infrared limit of lattice theories.

The article is structured as follows. In Sect. 2, we recall the operator-algebraic for-
mulation of Wilson—Kadanoff renormalization, and we introduce the required objects
for the construction of scaling limits such as scaling maps, limit algebras and scaling
limits of states and dynamics. We also introduce a notion of spatial local algebras for
lattice models and give a tentative definition of a continuum theory in terms of local
observables in finite and infinite volume that reasonable scaling limit should fit into. In
Sect. 3 we invoke the framework of second quantization for the description of scalar
fields at a fixed scale, and wavelet scaling maps are introduced as a generalization of
the block-spin transformation, which we complement by essential ingredients from the
theory of wavelets. In Sect. 4, we construct the scaling limit of free, massive lattice scalar
fields and show that the limit state gives the massive free state while the lattice fields
are represented as the continuum field smeared with the scaling function. Section 5, we
discuss the block-spin transformation from the perspective of the wavelet scaling map,
and we explain how the former leads to a continuum limit albeit in a more singular sense.
In addition, we illustrate two other commonly used renormalization groups, point-like
localizations and sharp momentum cutoffs (momentum shells), and we show that the
first leads to singular limits similar to the block-spin case, while the second is well-
adapted to dynamics but intrinsically non-local. Furthermore, we explain the relation
of our approach to the scaling algebras of Buchholz-Verch and to the MERA. Section
6 outlines various consequences of the previous sections thereby giving an outlook on
topics for future research.
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Fig. 1. Wilson’s triangle of renormalization in terms of Hamiltonians of subsequent scales: Horizontal lines
represent sequences of renormalized Hamiltonians H /E/]N) at a fixed scale that arise via coarse graining from

the initial Hamiltonians HéN) at subsequent scale (vertical lines)

2. Preliminaries

2.1. An operator-algebraic renormalization group scheme.

The Wilson—Kadanoff renormalization group. A widely used scheme to analyze contin-
uum limits using effective lattice models is the Wilson—Kadanoff renormalization group

[48,80,86]. For a family of lattices { Ay } neN,, Say in R orin the torus ']I‘”Li of side length

2L, we consider a sequence of Hamiltonian quantum systems {2y, Hy, HéN) }NeN, In-

dexed by the level N € Ny, the logarithmic scale accounting for the relative density of
lattice points (increasing with N). At each level N, 2y C B(Hy) is a concrete C*-
algebra of observables acting on a Hilbert space 7, and HO(N) is an initial Hamiltonian
with domain Dy C B(Hy). The essential equation of renormalization group theory

defines the renormalized Hamiltonians H ZE,IN) for N' — N = M > 0 by demanding the
equality of partition functions of H Igv ) and HéN+M) ([34], see also [35,81,82]):

(N+M) (N)
ZIMM = Ty oy (e_HO ) — Try (e_HM ) =z, @2.1)

where both exponentials are assumed to be trace class. More precisely, the renormal-
ization group should define coarse-graining transformations (or quantum operations)
b;tween the spaces of density matrices, S 1]\1 oy and S }\,, on Ay respectively 2y, such
that:

511\\/]+M (,()(()N+M)> — p](l;}IV)7 (2.2)

. (N) . .
with ,o[(\flv) = (Z](‘flv) y~le=Hu . The transformation are also know as the descending
superoperators [28]. Since the choice of levels N < N’ = N + M is arbitrary, we
naturally require the semi-group property:

"

EN 0N =€N', N<N <N (2.3)

At the level of Hamiltonians with corresponding maps, HéNJrM) — H ;,,N), this is
summarized by Wilson’s triangle of renormalization [86, p. 790] in Fig. 1.

Operator-algebraic renormalization. Let us translate (2.2) into a statement involving
the algebras {2y} yen, and states on them (generalizing density matrices). We find for
ay € 911\/:

Try (pf‘f,v)aN> =Try (5 M (p(()N+M))aN> =Try+m (/OSMM)O!;]\\L M(aN)) (2.4
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Fig. 2. Wilson’s triangle of renormalization in terms of algebras and states: Vertical lines represent renormal-
ization steps, either by coarse graining states (£’s) or by refining observables or basic fields («’s). Horizontal
lines represent sequences of renormalized states at a fixed scale

Here, ax v - AN — Ui is the dual of S}VVJ“M (or an ascending superoperators as
in [28]). Thus, for a given family of initial states {w(()m} NeN, instead of Hamiltonian
{H} }ven,, (2.2) generalizes to:

a)(()N+M) o a%_M = wﬁflv). (2.5)

A natural requirement is that a% .+ 18 unital and completely positive because it should
map states into states and preserve probability as expressed by the equality of partition

functions (2.1). We further require that o %, is a x-morphism, so that we can define the
inductive limit algebra. The semi-group property (2.3) translates to:

!
Ny oaN, = an. (2.6)

We call the collection {ax, } N <N’eN,» the scaling maps or renormalization group. At the
level of algebras and states, Fig. 2 provides an analogue to Fig. 1:

Example 2.1. A simple example of quantum operations {€ 1}\\,’ /} N<N’eN, are partial traces

Try—y forHy = H?ZN and Ay = B(Hy) such thatoz%,(a;v) = ay ®1 y/_ . Natural
generalizations of the latter arising in the context of lattice gauge theory are [13,14,59]:

aN(an) = Un(ay ® Ly —n)Us, (2.7)
for some unitary Uy € U(H 7).

Equation (2.7) is satisfied for our construction of a renormalization group for lattice
scalar fields and is analogous to MERA (multi-scale entanglement renormalization), see
(5.12).

Continuum limit, inductive limit algebra and scaling limit state. Our operator-algebraic
renormalization provides an algorithm for the construction of a continuum limit of lattice
models, which we roughly split into three parts: First, we construct a family of scaling
maps {oe% +1)NeN, between algebras of lattice fields to define the renormalization group
arriving at an inductive limit algebra (see Sect. 2.2 for a summary of the construction):

U = lim Ay. 2.8)
NeNy
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Second, we consider a sequence of initial states {w(()N)} NeN, (at the upside of the tri-
angle in Fig. 2). Their restrictions to coarser lattices are determined by the renormal-
ization group elements a%, (generalizing the coarse-graining transformations {€ 11\\,’/} via

pullback) according to (2.5). On each lattice algebra %Ay, the sequence {a)%[v)} MeN
(horizontal lines) should admit a limit state,

lim w,,’, (2.9)
at least for a subsequence, and we expect the limit state to be stable under coarse graining,

o oal, = o, (2.10)

because formally océvo/ ox x, = océvo for aévo =limy’— 0o ax,. Algebraically, the consistency
expressed by this stability condition would allow for the existence of a projective-limit

state on the inductive-limit algebra 2, (cf. Sect. 2.2),

o = lim o). 2.11)
NeNy

Such projective-limit states will be called scaling limits of the initial sequence {a)(()N) }NeNy»
and their existence together with the property (2.10) is assured under rather mild con-
ditions as shown in Proposition 2.2 below. The expected non-uniqueness of (2.9) and,
therefore, of the scaling limits is physically meaningful (e.g. renormalization group tra-
jectories and phase transitions) and is partially reflected in the need for renormalization
conditions, e.g. on the couplings implicitly present in the initial states.

Finally given a scaling limit wégo ) together with the algebra 2, we perform the Gelfand-
Naimark-Segal (GNS) construction to arrive at a Hilbert space representation,

78 Ay — H, 0(a) = (oo, 75 (a) R00) (2.12)

HE
such that the scaling limit is implemented by the vector state Q. € Hé?f ). Now, Hé%" )
should be regarded as the Hilbert space of the continuum limit, we can identify the
elements of each 2y with certain operators of the continuum field via scaling maps as
expressed by (2.8)) and compare the expected properties. As we are working in a Hamil-
tonian setting, the continuum limit should be interpreted in terms of time-zero fields.
Moreover, natural candidates for non-trivial scaling limits are families of ground states
{wiy }ven, for lattice Hamiltonians {H;,, } yeN, admitting quantum critical points1 (not
necessarily quantum phase transitions) with respect to their respective (dimensionless)
couplings {Ay}nen,, see e.g. [72]. In the case of harmonic lattice fields, we will see that
families of lattice ground states admit the vacuum states of arbitrary masses (reflecting

the non-uniqueness) of the continuum free field as scaling limits (see also Sect. 6.1).
Dynamics. Besides the existence of a scaling limit {a)C(fo)o )}, we can also analyze the
. . . ) (N
convergence of the family of time-evolution groups {n,(N) = elHy ()eiHy Ty NeNg-
In view of the similarities of our renormalization group scheme with the construction of

1 Physically, a necessary condition for the existence of a non-trivial sequence of limit states {a)ég ) INeN
is the divergence (in units of lattice length) of the sequence of correlation lengths {SI(VIY)} N'eNy associated

with pairs of sequences {a%, (an), af\\/’, (bN)}N’eNO of local operators for any N' € Ny.
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thermodynamical limits in quantum statistical mechanics, we consider, for this purpose,
sequences of the form,

1 ™ (@ (@an)) v 2.13)

for fixed t € R and ay € 2y and ask whether these are Cauchy sequences in the

Hilbert space representation relative to the scaling limit wf;’f ), i.e. for a suitable operator

topology on néooo) (o) relative to the scaling limit [11,42,63]. This way we may define

the limit 77,(00) =limy_ o n,(N) on the closure A = néooo) (2s0) and obtain a scaling-limit
Hamiltonian Héooo) (corresponding to an extrapolation of the upside of Wilson’s triangle

in Fig. 1) given suitable continuity properties of 7 : R ~ A.

Free field as an example. For general interacting lattice models, we do not expect to find
all the above objects in closed form, but suitable expansion or perturbation methods will
be required to obtain approximations [8]. Moreover, the extent to which it will be possible
to carry out this formulation of Wilson—Kadanoff renormalization will depend sensitively
on the choice of scaling maps « %,, and the amount of control over the state space

SRy) = Gy and the effective Hamiltonian HéN) of each lattice system (Ay, Hy) .
Nevertheless, we show in the following that this scheme can be carried out in real space
for the free scalar field in any dimension with full control over all involved objects.

2.2. Inductive limit of C*-algebras and representations. The construction of a sequence
of lattice C*-algebras and its inductive limit is central to our construction of a continuum
limit. Therefore, we recall this fundamental architecture to present detailed and self-
contained understanding of the limit procedure. For further references see for instance
[7,49,77]

Following the notation of the previous section, let {2} nycN, be a sequence of unital
C*-algebras. For N < N’ < N”, we assume that there exists a unital injective *-
morphism ax, from Ay to ™Ay~ such that ax//, o a%, = a%,/. Since af\\,’, is injective, it is
alsoisometric. {2y} yen, together with {ocx, : N, N € Ny, N < N'}iscalled adirected
system of C*-algebras. Such a directed system of C*-algebras can be embedded up to
*-isomorphisms into a C*-algebra called the inductive limit. In particular, there exists a
C*-algebra 2, such that:

(i) for every N € Ny there exists a unital injective *-homomorphism o, from 2y to
oo. Furthermore, if N < N’ then o), = aévo/ o all\\,’, and Uy e, olY () is dense in
Aoos

(ii) the C*-algebra 2 in (i) is unique up to a *-isomorphism; in particular, if B, is
another C*-algebra with *-homomorphisms ,BOA!) satisfying conditions as in (i), then
there exists a *-isomorphism 7 : B, — A such that aévo =Jo ,301\2.

Next, we consider a family of states {a)(N)}NENO such that o™ is a state on 2y, and
we assume that o™ = ™) o Olll\\/,/. Such a family is said to be projectively consistent.
Then, there is a uniquely defined state ®®) on Ao, such that 0 o o) = ™.
w™®) = LiLnNeNO ™) is called the projective limit of the family {w™)}.

As our notion of continuum limit from the previous section is intimately linked

with the GNS construction, we also recall the following: The GNS representation
(), HO Q) of oo, ™) extends the GNS representation (™), HN Q)
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associated with (Ay, o®™ )). More precisely, the GNS construction induces unique
isometries Vly, from H™) into H™" such that 7 V" (ax, (aN))ij,V, = VA’Xn(N)(aN) for
allay € Ay and V), Qy = Q. Therefore, the GNS representations (7™, HN) Q)
naturally acquire the structure of a compatible direct system of Hilbert spaces, which ad-
mits an inductive limit given by (1 *, H(®, Q) together with isometries VOJX from
HN into H© such that 7 (@l (an) VLY = VExMN (ay) for all ay € Ay and
VOIZ QN = Qoo. The unique normal extension of »®) to the von Neumann algebra
7% (As)” will be denoted by the same symbol.

In view of the construction and existence of projectively consistent families of states
(cf. (2.9) and (2.11)), we make the important observation (which generalizes to directed
index sets):

Proposition 2.2. Let {2y} yen, {cx%,} N<nN’ be a directed system of C*-algebras, and
let {a)(N)}NeNO be a family of states on {UAn}nen,. For M > 0, we define a state by
a)xlv) = WN+M) o all\\,’+M on An. If; for each N, limyy_, a);flv) = a)c(,]!) exists in the
weak* topology, then it defines a projectively consistent family {a)ég )} NeN, and hence

. (N) _  (00) - _
LlnNeNo Woo = Woo 1S well-defined.

Proof. Because of weak™ convergence, we have:

Mlim a)c(g/) o a%,(aN) — a)/(‘flv/) o a%,(aN) =0 for all ay € Ay
— 00

forall N < N’.Therefore, the following is true forall N < N’ (assuming M > N'—N):

(N) _ 13 N) _ q: (N+M) N T (N+M) N’ N
we’ = lim w;,,” = lim o ow = lim w o ow
o M M i N+M T N+M © %N
. N’ 1
lim o™ N (N') N

el ONeM N © U= Do T O Ay

0

It may happen that each {wﬁflv)} MeN, converges only by taking a subsequence, and,
thus, the limit may not be unique. In the context of scaling limits, this corresponds
to the non-uniqueness of the vacuum or different coupling constants and, therefore,
is physically important. Nevertheless, the proposition implies the existence of scaling
limits in general due to the weak* compactness? of the state space of C*-algebras (see
also Sect. 6.1).

2.3. Lattice models and local algebras. We are mainly interested in field theories on
hypercubic lattices Ay and their scaling limits. This means that each 2y is equipped
with a local structure as follows.

As in Sect. 2.1, we associate to each N, the scale, a spatial lattice Ay with lattice
spacing ¢y such that ey11 < ey. To each lattice point x € A we assign a local algebra
Ay (x). The algebras 2y (x) and Ay (y) should commute if x # y, and they generate

the whole algebra . For a subset X of Ay, let us denote An (X) = |, cx An (x)

2 Apply a diagonal-sequence argument along N € Ny to the convergent subsequences {w%() } My, >0-
N
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Fig. 3. Geometric subdivisions of the lattice AlL ford =2

Furthermore, we assume that the image of the renormalization map oe% + Ry (x))
should be included in An4+1(Sy), where Sy = {y € An+1 @y —x € [0, 8N+1rmax]d},
and rmax > 0 does not depend on N. We call the collection {2y, a%,, ANYN.N'eN.N'>N
a lattice field theory.

In the following, we take standard hypercubic lattices in R? with ey = 2~ Ve for
some ¢ > 0, hence Ay C Apy+1. However, the renormalization map ax +1 18 in general
not just the identification of ozll\\,'H(QlN (x)) with An41(x) forx € Ay C An+1. Indeed,
the key to obtain the continuum field as the scaling limit is to identify a lattice field in
Ay with a smeared field in the continuum, not a point-like field. This naturally leads to
the wavelet scaling in Sect. 3.3.

By the above, the increase in support due to all\\/', for an element ay € Ay is bounded

from above by rmaxen (1 - 2’(N/’N)>. Thus, we can define local algebras s, (S) C

2~ for suitable open domains S C ']I"i = [—L, L)? by collecting at each level N all the
operators ay with support in the sublattice Ay (S) C Ay N S with the convention that
the cube x + [0, exrmax]¢ does not intersect the boundary 9§ for each site x € Ay (S),
see Fig. 4. The bound on the increase of support ensures that this definition is compatible
with the equivalence classes formed with respect to the inductive system (3.11):

Aoo(8)= lim Ay (AN(S)), (2.14)
NeNy

It immediately follows from locality at level N that

oo (S) C Ano (S scs, (2.15)
[Aso(S), s (SHT= {0} SN =0. (2.16)

We define 2 = | s Ao (S) a quasi-local algebra [10].

2.4. Continuum field theory. Let wg‘;" ) be the scaling limit state (2.11) of the sequence
{a)(()N)} on a lattice field theory {2y, a%,, An}. In the GNS representation néooo) of Ao
with respect to a)égo ), we obtain a family of von Neumann algebras néooo) Ao (8))”.
These algebras should be a continuum field theory, in the following sense.

We say that (A, U, Q) is a continuum time-zero net of observables in H, where
A(S) is a von Neumann algebra for each region S C T‘z, U is a strongly continuous

unitary representation of T‘If x R and €2 is a vector such that

(1) IfS; € S, € T¢, then A(S)) C A(S2).
(2) AdU(a, 0)(A(S)) = A(S +a) fora € TY.
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S

Fig. 4. Tllustration of a localized sublattice A y (S) (the black sites) for rmax = 1 in dimension d = 2. Thick
lines attached to black sites indicate boundaries of support in the scaling limit

(3) Thereisc’ > Osuchthat,ifd(S;, $2) > ec’ (whered(S;, $») = infy g, ves, nezd 1X—

vy +2Ln]| is the distance on ’]I“z between two regions S, S>), then Ad U (0, 1) (A(S}))
commutes with A(S;) for¢ < e.

@ U(a, )2 = Q.

(5) The generator of the one-parameter group U (0, ¢) is positive.

If Ti is replaced by R4, we call it a continuum (infinite volume) time-zero net of
observables. If ¢ = 1, these properties are restrictions of the Haag—Kastler axioms [42]
to the time-zero plane and the restriction of any Haag—Kastler net to the 1 = O plane
satisfies them. We do not include uniqueness of the vacuum, because it may fail for a
physical reason in the construction through continuum limit (phase transition).

The Poincaré covariance does not follow from these time-zero axioms. Indeed, it is an
additional requirement that U extends to a representation of the Poincaré group. A coun-
terexample should be obtained if we start with the states with a wrong (nonrelativistic)
dispersion relation (see e.g. [89]).

3. Wavelet Scaling of Lattice Scalar Fields

3.1. Scalar fields on lattices.

3.1.1. First and second quantization The Weyl algebra is defined by the canonical com-
mutation relations (a general reference is [11]). Let b be a Hilbert space (which will be
called the one-particle space), (-, -) its scalar product and o (-, -) = 3J{(-, -), where J de-
notes the imaginary part, the canonical non degenerate symplectic form. A C*-algebra
W(h) is said to be the Weyl algebra associated with (h, o) if WW(h) is generated by
elements {W (§)}¢cp with the following commutation relations:

WEW®) = e 2°ENWE+n),  Eqeb. 3.1)

Such a C*-algebra is unique (up to isomorphism) and simple.
A fundamental representation of YV (b)) is constructed on the bosonic Fock space over
h: F+(h) = CQ © D,cny, h®", where h" is the symmetric n-fold tensor product of
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the one-particle space ) and €2 is called the Fock vacuum. On § (h), the actions of the
Weyl operators W (&) are uniquely given by

WEQ=e 2155 wheregehandef =100 L& 0 LE® @ .

and by the canonical commutation relations (3.1): This is the GNS representation of the

algebra W(h) with respect to the state (W (£)) = (2, W (£)Q) = e 2/EI7,
We use the following repeatedly, and hence state it as a proposition.

Proposition 3.1. A symplectic map R from b into by induces a natural injective *-
homomorphism from W(h1) to W(h2), which maps W (&) to W(R(&)), and is a *-
isomorphism if R is bijective.

Note that, even if h; C b2, we may take a symplectic map R which is different from
the inclusion map. Indeed, such different embedding correspond to different scaling
maps, see Sect. 3.3.

3.1.2. Scalar fields at different scales As in Sect. 3.1.1, to construct the Weyl algebra,
one has firstly to define the one-particle Hilbert space. Let us consider an initial lattice

Aoy =e{—r,...,0,....r —1}¢ CR?

with scale parameters® ¢ > 0, r € N. We think of Agr as a discretization of the
cube [—L, L)Y = T‘z with periodic boundary conditions (r = —r) which fixes the
product of scale parameters er = L > 0. From A, , we generate a sequence of lattices
AN = Agy ry With ey = 27 Ng, ry =2Nr for N € Np. This way all lattices have the
same volume vol(Ay) = (28NrN)d = (2L)d. In the following, we also need the dual
lattice

Cep=2{—r...,0,...,r —1)¢

and its scaled versions I'y = I'g,, ry, With the scaling parameter defined above.

We introduce two (2V r)?-dimensional Hilbert spaces associated with the lattices and
their dual*

by = C(AN), Emve= Y E@nw), (32)
XeAN
b = L2, @) ury), E v = @0 Y ERA®),  (33)
kel'y

where the counting measure 1), acquires a factor (2ry) —d pecause of the normalization
@)™ Y rery RO =5 x,x € Ay,
These two Hilbert spaces are identified via the discrete Fourier transform:
_ B —ikx —1p2 _Fey 1 £ ikx _
FNIEIR) = () =) se ™, FLlEI0) = () = Ga ) ER)e™ =£().
xXeAN kel'n

(3.4)

3 The scale parameters &, r will be fixed more explicitly below.

4 We emphasize the dependence on the lattice size L only on Hilbert spaces and algebras, although most
of other objects depend implicitly on L.
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The kinematical scalar field lattice systems are given in terms of the one-particle
spaces ., cp. [4,11]:

WhNL)=Wyr,  Hye=5:0On0)= Q) He. (3.5)

xeAn

where H, = L*(R), and W(} ~.L) is the Weyl algebra,

W (&)W () =e 2VLED Wy 5+ 1), &€ by, (3.6)

with respect to the standard symplectic form, on 1 = J(-, -)n,r. The decomposition
into real (Langragian) subspaces is facilitated by

d+1 d—1

E=c¢y g +18N pe for& e by 1 (3.7)

withreal-valued gg, pe € by, . We denote by g, p generic real-valued elementsin fy 1 .
The finite volume field ® y(g) and momentum [Ty (p) are the generators of the one-
parameter groups Wy (tg), Wy (tp), respectively, and in terms of (g, p) the symplectic
form reads

on.L((Gs. Pe). (G p) = on LG ) = e Y qe(0)py () — pe)gy (x). (3.8)

xeAN

For the Lagrangian decomposition of 6 N.L. we choose the normalization:

—8N9N[q] p—sNﬂN[ 1. (3.9)
(N) :
AN ™ Wy of lattice translations, induced via Proposition 3.1 by the action r}d )
A N ~ by, of translations on the one-particle space, defined by the symplectic maps
(rLl )S)(x) =&(x —a),a,x € Ay, & € hy, 1, where the difference x — a is to be

intended mod 2L7Z¢.

The algebra Wy 1 is also naturally equipped with a *-automorphic action 7,

3.1.3. Scaling maps from one-particle spaces A renormalization group for lattice scalar
fields (see Sect. 3.1.2) is obtained from a symplectic map RIIQ,’/ by — by, N >N,
between one-particle spaces: it induces via Proposition 3.1 an injective *-homomorphism
a%, : W, — Wh, 1 such that

oy (Wi (§n)) = Wi (R (68)). (3.10)
We thus obtain a C*-inductive system of lattice Weyl algebras,

WoL—> = WnL—=>WneL—> > Wy —> . (3.11)

Although there is a natural inclusion hy 1 C hn+1,1, We do not take it as R% +1» because
this would mean (cf. Sect. 3.2) that we identify an operator on a lattice vertex with
an operator localized in one point in the continuum, which does not exist. Instead, we
consider maps associated with various wavelets.

As Weyl algebras are simple, thus *-homomorphisms are injective, and the inductive
limit of a directed system of simple C*-algebras is again simple.
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3.2. An instructive example: the block-spin method. As an illustration of the general
scheme introduced above, we define a version of the block-spin renormalization group
for lattice scalar fields known from spin systems (e.g. the Ising model), see [29].

Definition 3.2. The block-spin renormalization group {o x, } N < 1s the inductive family
of *-homomorphisms defined by the block-spin scaling map between one-particle Hilbert
spaces:
RN, :bN.L —> bN+iLs
where
RN (q. D)) = Y (g, PYE) X0 ey (X = X). N e N, (3.12)
XEAN

(note that g and p in by 1 are scaled as (3.7), that compensate the volume of the cube)
namely, the function with support in x is mapped to the step function supported in the
(discrete) cube with “lower left” corner x. Other scaling maps are defined by composition,
so that the semigroup property is automatic:

N'—1 N'=2
RN, =RN 'oRN To---oRN,, N<N.

We note that R% +1 1s symplectic, because the inner product is preserved:

on+1.L(RN.1(q, ), RN (@', ) = on.((q, p), (¢, P))),

Intuitively, (3.12) encodes the idea that the field and its momentum spatially localized
at x at scale N result from averaging® over points x’ close by at scale N + 1. At the level
of fields, this yields:

AN (PN ) =27 Y Xj0en (' — 1) PN (), (3.13)
X' €AN+1

AN My )) =271 3" Xjo.en & = )My (). (3.14)
X' €AN+1

Formally, the block-spin scaling map encodes the relation between block-averaged
(continuum) fields and momenta at scales N € Ny, i.e. we think of the lattice fields and
momenta as integrated against characteristic functions of lattice cubes with @, IT the
continuum field and the continuum momenta,

Dy (x) =ey! /T A g0 eyt (8 = D)D) = £ D (Hyyp,e ) (Formal), (3.15)
L

My (x) = ey /Td A% Y10,exya (X" = OTL() = ey TI (X400, )e) (formal), (3.16)
L
although IT is ill-defined for nondifferentiable functions.

Yet, the idea of embedding lattice fields into the continuum field can be justified using
wavelets. Indeed, if the problem is the non-differentiability of step functions, we would
only have to identify lattice fields with continuum fields smeared over more regular
functions, as we see below.

5 Since we are working with the algebra of field operators, the block-spin transformation results in a refining
operation Ay = Wy 1 — An+1 = Wh41,L (2.4) in contrast with the familiar coarse-graining operation
on states, respectively density matrices (2.2).
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3.3. A generalization: the wavelet method.

3.3.1. Scaling map from scaling function The block-spin scaling map is a special case
of wavelet scaling map which we define here. The scaling map is induced by the maps
between lattice one-particle spaces:

RN—] N N+1 RNL| RN/

R v ’ N+
bor- - byi = byar = 5 gy B (3.17)

As we hope to embed lattice fields into the continuum field, there should be the corre-
sponding spaces in the continuum one-particle space:

VOC"'CVNCVN+1C"'CL2(Ti)- (3.18)

In the case of the block-spin renormalization, Vyy is spanned by the step functions
X[0.ey)d (- — X), and this is naturally included in V.. Furthermore, such a step function
is a linear combination of finer step functions with a fixed set of coefficients (see Sect.
3.3.3 for details of this case). By generalizing these properties, we are led to consider
wavelets. A general reference is [23] (for periodic wavelet bases, see [23, Section 10 7).

We start with a scaling function ¢ € L*(R%), and define the functions qﬁ N, k €

Lz(Td ) as the 2 L-periodization of the rescaled scaling functions RIsxi>¢ Nd/ 2(1)(8 N
x— e—lk),N eNo, k€ Aeyy ={—ern,...,e(ry—1)}¢ C (eZ)¢ (recall that L = er).
In particular we set ¢©) := qb((f()). The characteristic properties of ¢ translate into the

following ones® for the functions d)}(\f)k

o {p©(. — k)}kea.., is an orthonormal system.
e It holds that

$O) = Y hagf), (), (3.19)

nGAI.rl

with i, € R.
o {d\INeNokeA,,, span LA(TY).
e ¢»® is normalized in such a way that

/ ¢© (x)dx = /7. (3.20)
)
h,, = 24/2 follows.

Such ¢(8) gives rise to a (half-sided) multiresolution analysis (MRA)’, i.e. the se-
quence of subspaces Vy spanned by {¢§5?k}k€ Aerys N € No, satisfying (3.18) with the

Note that from (3.19) and (3.20) the sum rule )

n€A1.r1

6 Here the convention is that n belongs to a unit lattice (with lattice spacing 1) while k belongs to a scaled
lattice.

7 In the non-periodic setting this sequence is two-sided infinite, i.e. indexed by Z.
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properties:
U Vy = L3(TY), (3.21)
NeNp
() Vv =W (3.22)
NeNy
fevos f@V ) evy, (3.23)
feVos f(- —kyeVy Vkeezd. (3.24)

We discuss concrete examples of scaling functions in the next sections. In case the
scaling function ¢ is chosen compactly supported, there is rmax > 0 such that i, # 0
only for ||n]|cc < rmax, Where ||n]| s is the largest absolute value of the components of
neih,, C 74, because these are the expansion coefficients of ¢'®) in the basis {¢1(8) 1,
ie. {h, }Ilnllocfrmax yields a finite impulse response filter scheme, and is called a low-

pass filter [23]. For a fixed N, {¢](5)k}k€ Ac.ry Play the role of approximate §-functions.

We will also use the notation ¢{) = ¢/(\f)2Nx’ x € AnN(= Ay-ngon,), N € N.

Correspondingly, we denote the standard basis of £2(A y) by {(S,(CN)}Xe Ay - At this point,
we demand log, r € Ny as otherwise the completeness of the restricted half-sided MRA
(3.18) to L2(T9) is problematic [23].

Having in mind the identification §,
of Definition 3.2.

) (8) , X € Ay, = Ao, we make the analogue

Definition 3.3. Given a compactly supported scaling function ¢ with the scaling co-
efficients (3.19), the wavelet renormalization group {a%/} N<n’ is the inductive family
of *-homomorphisms defined by the wavelet scaling map between one-particle Hilbert
spaces, Rll\\fﬂ 2hN.L — bysL:

d 1
RN (@, p(x) =22 > (¢.p&) Y kSOl (0, (3.25)
x'€AN n€Z|nlloo <rmax
where the index of 8;]:13),\, | € EZ(A N+1) is interpreted mod 2ry41 (e N+1Zd), accord-
ing to the periodization convention above, and
N N'—1 N'-2 N
Ry =Ry~ oRy _jo-oRy,, N < N'.

The numerical coefficients in (3.25) are motivated by the formal relations between
fields and momenta at successive scales implied by (3.19), cp. (3.13) and (3.14). In the
following, to simplify the notation, we will indicate sums as the second one in (3.25)
simply as sums over n € 74, with the convention that &,, = 0 for I7lloo > Fmax-

Thanks to the property (3.19), we obtain a family of symplectic maps.

Lemma 3.4. The scaling maps R%,, N < N’, associated with a scaling function ¢ are
symplectic, i.e.

on . L(RN(q, ), RN.(q', ') = on..((q, P), (4, P)).
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Proof. A direct computation for Rx +1 With N € Ny arbitrary yields:

el > RN (M@)HRY, (@) ()

x'eAn4
d N+1 ’ d N+1
o120 Y p) D mesih @) (22 SN d ) > hsh @
X €A+l XeAN nezd YEAN meZd
=&l D PWE D) D huhnd, oty =8 D PO G) D bk
X,YEAN n,meZd X,yEAN nezd

ey

= Y P4 (),

xXEAN

where we used the fact that 28;11 x—y) e 274 for x, y € Ay and the orthogonality
relation Z e7d hnhnsom = 8,0 which follows from the scaling equation (3.19) and the

orthonormality of {¢(£) Jken, - The statement is then obtained by (3.8). |
We note that a priori there is no need to choose the same low-pass filter {£,,}, .« for the
complementary real, Lagrangian subspaces of the decomposition (3.7) of b 1, and the
scaling map R%, will be symplectic for biorthogonal wavelets as well [23].

Therefore, according to the discussion in Sect. 3.1.3, we denote by Wxe 1. the in-
ductive limit C*-algebra obtained from the inductive system defined by (3.10), (3.11).

Moreover, it is easy to check that for the one-particle lattice translations © g\i) a e Ay,
there holds rL‘ )o RN N = RN N7 © ri‘a), which of course entails, for the lattice translation

automorphisms n Lla ) of Wh.L,

Y oan =al onll),  acAy N >N (3.26)

This, together with the inductive limit uniqueness, implies the existence of an automor-
phic action of the dyadic traslations on the inductive limit algebra as follows. Given
ae|JyAnand N € N, since Ay C Ay wecan assume thata € Ay with N > N/,

and we can define an injective *-morphism ,BOAZ Wi, = Weo,L by
B (A) = o)) (@ (A).,  AeWy.

Thanks to the intertwining property (3.26), ﬁgg is independent of the chosen N such
that a € Ay, and one immediately checks that ,Bévo/ o axf/ = o’\c’)” for N/ > N’.
Therefore, by the uniqueness of the C*-inductive limit, there exists a *-automorphism
’7(L|a Weo.L. = Weo,L such that ’7L|a ocx = ,301\; foralla € |y An and N’ e N,
ie.,

e @A) = el )@y (4). A€Wy . aeAy. N>=N. (327

and n(oo) Uwn AN ™ Wi, 1, defines the required action of the dyadic translation group.
Invoking the discrete Fourier transform (3.4), we obtain the important identity in
momentum space, i.e. with respect to the inclusion of dual lattices I'y C I'y41:

N N d N N
RN @GN, PN) = 22mo(en+1-)(@N+1s PN+1)s (3.28)
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d ; . .
where mo(en+1k) =277 Y, cza hne ¥V+1"% (the discrete Fourier transform of the co-
efficients ;) and gy+1, pn+1 are the periodic extension of gy, py from 'y to Ty4q.
From (3.28), we easily compute the iterated maps,

!
d(N’

N'—N
A oA —N) ~ ~
RN@Gn, Pv) =272 [ [molensn)@nrs P)- (3.29)

n=1

This expression already indicates the special role of the scaling function ¢ in the limit
N’ — 00 (if rmax s finite) because [23, (6.2.2)]:

N'—N
lim [ Tmotensn) = dlen) =2 7Ny = ey g™ (3.30)
=1

N'—o0

pointwise, which results from the (continuum) Fourier transform (normalized as in (4.12))
of the scaling equation (3.19):

¢ 27V = mo(enr1k)p©@ 2~V Vh), ke FZ7, (3.31)

together with the normalization (3.20). Thus, apart from an infinite field-strength renor-
malization accounting for the rescaling of the symplectic structure oy, with N, the
inductive limit map, Ré\’o by = booL = 11_11)1 N hn L, 1s given by multiplication with
P &)

the Fourier transform s;, in momentum space.

3.3.2. Wavelet bases Before turning to a detailed description of the wavelet method, let
us also comment on the use of the wavelet basis of L2(']T”L'7) constructed from the scaling
function (3.37). In general, such a basis is obtained by rewriting the MRA (3.18) as a
direct sum decomposition:

Vo® Vi@ - ®Vy® Vi ®--- = L*TY). (3.32)

This is achieved by finding an orthogonal decomposition of the orthogonal complement
of Vj inside V;:

241
Vi=Vod Vg=Vod P V" (3.33)
m=1

. . d_
such that there are distinguished orthonormal functions—the wavelets, {" Iﬁég)}izll,

which together with their integer translates span the spaces Vé’m. The spaces V](;m are
constructed by rescaling the wavelets, thus, these spaces inherit the scaling properties
of the V.

As the use of wavelets compared to that of the scaling function turns out to be important

for the characterization of the inductive-limit algebra Wxo 1, and the scaling limit wégo ) =

wzooo)o (2.11) (see Sect. 4), we also provide some details on the construction of wavelets.
Let us discuss wavelets in the unit lattice, ¢ = 1 for the case d = 1. Higher dimen-
sional wavelets can be obtained by tensor product, cf. [23].
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Given the scaling function, ¢(8 D' — 4, the wavelet "= lw(s D" — ¥ can be con-
structed by the formula:

YE) =) guralx),

nez

where the wavelet coefficients {g,},cz (also called a high-pass filter) are obtained ex-
plicitly in terms of the expansion coefficients {/,},cz of the scaling equation (3.39).
Albeit, the choice of wavelet coefficients is not unique, convenient options include:

&n = (_1)nhl—ns or g = (_l)nhl—n+2M7 Vn € Z, (3.34)

for some M € Z, and we take one of them. By construction, the set of functions {¢} U
Nd
(YN kI NeNy ke(—2Vr,.. oV r—1}, Where Yy x (x) = 272 ¥ (2N x —k), forms an orthonormal

basis of L2(T;_,). The orthogonal decomposition V1 = Vy & VI(, analogous to (3.33)
is captured by an important projection identity involving the wavelets ¥y x and scaling
functions ¢ i:

N+ 2Vr—1
Projy, ()= D (¢nsrks Flradneix =Projy, (H+ > (Wni f2¥ni
k=—2N+1p k=—2Nr
2Vr—1 2Vr—1
= Y (¢vi Hdvi+ Y Unk vy feL*(Ty).
k=—2Nr k=—2Nr
(3.35)
Iterating and using limy_, o Projy, = 1id;2(t, ), we have an expansion:
r—1 2Nr—1
£= ok Hrrdor+ Y > Wni F2¥na (3.36)
k=—r NeNg k=—2Nr

3.3.3. Block-spin renormalization in terms of orthogonal Haar wavelets The above
interpretation (3.15) and (3.16) of lattice fields as continuum field smeared with char-
acteristic functions, {8;,‘1 Xx+[0.y) JxeAy» can be understood as a special instance of
the general scheme of wavelet scaling discussed above. We take the characteristic func-
tion x[g )¢ as the scaling function underlying the construction of the (periodic) Haar
wavelets basis of L2(’]I"£) with scaling parameters er = L [4,19,23,58]. More precisely,
the function,

(O (y) — o— 5 _ 4 -1
Oy (V) =€ 2 X000 (Y —X) =& Zx[0,1ye (6 (¥ — X)), (3.37)

has an associated (half-sided) multiresolution analysis (MRA), i.e. there is a sequence
of subspaces of step functions {Vy}yen, satisfying (3.21)—(3.24). In this case, we have
Fmax = 1.

By dimensionality, we can identify the real subspace spanned by this basis {qb(e) } with
the Lagrangian subspaces of hy 1, cp. Sect. 3.1.2. Moreover, Deﬁmtlon 320f the block-

spin scaling map can be obtained from the expansion of ¢0 into the functions {qbl k},
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which is equivalent to the inclusion Vy C Vj and similarly, an embedding o, — b1,
is given by writing a step function as a linear combination of finer step functions:

o= > 27, (3:38)

keNg, 1k lloo <rmax

Now, (3.38) can be interpreted as the well-known scaling equation,

o) () =Y hat("), (1), (3.39)

nezd

of the theory of wavelets associated with the scaling function (3.37) (and the MRA
(3.18)). The Haar wavelet basis in L2([O, 1)) (d = 1) is usually given as:

0, 1
Vo.0(x) = (=D Q2x — 1) + (+1)p(2x) = | € [] )
- X € [Ea 1)’
UNk(X) = 2%W0,0(2Nx — k), NeNy.0<k<2V_1.

The relation between fields and momenta at successive scales (3.13) and (3.14) in
terms of the scaling function qb(g) can be reformulated as follows:

oy = eyt 0@ =2 tend, 3 @@L,

neZd
d -4 _d
=270 ) ey @@ ) =270 Y hy®yai(x +eyan).  (3.40)
neZd neZd
_d
My() =272 ) haTlyei (x +enein). (3:41)

neZd

3.3.4. The Daubechies wavelets Inour renormalization scheme of Sect. 2.4, observables
in the lattice field theories should be mapped to certain observables in the continuum
theory. In order to obtain a continuum field as the scaling limit of lattice fields, we need
to choose a scaling function ¢ which is both localized and sufficiently regular. This goal
is achieved by the so-called Daubechies wavelets [23, Chapter 6].

This is a family of scaling functions {x ¢} xen With various support properties and
regularity, although no closed expression for them is known. The scaling function g ¢
satisfies the (3.39) with {h,} with h, = 0 for n > 2K [23, Table 6.1], is supported in
[0,2K — 1] and belongs to the class C*~€ for arbitrary € > 0, where the dependence
of « on K is given by [23, Table in P.226]. In particular, with K = 2, o = 0.339, and
this suffices for our purpose to construct both the field and momentum operators in the
continuum.

In the following, we take ¢ =k ¢ and define RZI\YH as in (3.25).
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4. The Continuum Limit of the Free Vacua

On the field algebras {Wy 1.} on the lattices with the family of scaling maps {a]’\\][, IN<N/

based on the Daubechies wavelets, we construct a family of initial states {w(LNg} NeNos
consisting of the initial data of Wilson’s triangle of renormalization (see Fig. 2). We
restrict our attention to free fields, i.e. we choose as initial states a family of ground

states of the free lattice Hamiltonian H g\g.

As {Wy .} can be interpreted as the time-zero algebra of the lattice field @y (x),
[Ty (x) and §-functions on the lattice Ay are mapped to the scaling functions by (3.30),
a simplest choice is to take the vacuum state in the continuum wy, and to restrict it to the
image of {Wpy 1.} by the map. Itis straightforward to show that this yields a time-zero net
of local algebras (by using the properties of the continuum free field). This is, however,
available just because we know explicitly what the continuum state should look like. In a
constructive program, one should take a natural Hamiltonian at each scale, and consider
the sequence of the ground states. Below we show that this indeed gives the continuum
free field state as well in the scaling limit, and hence gives rise to a continuum net.

4.1. States on lattice and continuum fields.

4.1.1. Ground states of lattice free fields The (self-adjoint) free lattice Hamiltonian

H X\Q of (unrenormalized) mass uy > +/2d is defined on a dense domain Dy ; C
Hy . = §+(Hn, 1) by the expression [4, (1.8.17)] (up to a reparametrization) :

N - _
H;,(; = %g%( > Oy +uyey ®r, —2 Y. 8N2¢N|x<1>N|y>. (4.1)
xXeAN x,yeAN
adjacent
To be precise, we define the domain Dy ; = D,,,, depending explicitly on uy via
the dispersion relation, yﬁN (k) = 8;/2 (M%V —2d) +2s;,2 7:1 (I —cos(enkj)), k € T'y:

oo

Duy = {\IJ e HnL : Z
n=0

D Y ()W,

2
< oo}, 4.2)
Jj=1

ZZ(FN)®”

where y,,, ((-);) denotes the multiplication operator on the j-th tensor component. The
generators of the Weyl algebra Wy 1 are related to the field, @, and momentum, Iy,

in the usual way (in the Fock representation on Hy 1): Wy (£) = e (PN @+IN(P) with
d+1 d—1

&= aNTq +i SNT p asin Sect. 3.1.2. The ground state (or lattice vacuum) €2, of H g,\:))
gives the following state on Wy 1.:

2
124
un 4

wpy (Wi (£)) = e_%(uy

172 »
H(Vuy P

2
N,L N,L) , (4.3)
and the GNS construction applied to Wy, ;. with respect to w,,,, yields a representation

which is unitarily equivalent to that on Hy 1, such that 2, is identified with the cyclic
GNS vector.
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Let us introduce the (N-dependent) physical mass m by uﬁ, = ejzvmz +2d. The Fock
representation of mass m of the lattice scalar field Wy ; is determined by the Fock
vacuum state®

1z |?
o g Wy @) =e : HN’L, Ee€hn, (4.4)
where
EM (k) = L= (riV 072G () + vV K2 k)

with )/(N)(k)2 =m?+ 28;/2 27:1(1 — cos(enkj)), k € I'y. We actually have

e =t X (0 aRa k) + v ©R )

22rn)¢
kel'y

2
. <u< ol fordfl). e
(N)

and hence w,y = o 5, and their GNS representations are the same. The expression
(4.5) facilitates its relation to states on the continuum, see next Section.

The lattice “mass” uy is a dimensionless parameter and one can consider its “flow”
with respect to the action of renormalization group (2.5) on states and Fig. 2, cf. [86], in

the following sense: At each scale N, we initially fix uy = p and follow the variation
(N )

of the parameter uy (M) = jun+m entering the renormalized states w; ;, as a function
of M.

Although, strictly speaking, the “mass” parameter wy+p is not of the type as the
initial “mass” py because the scaling map a% 1 modifies the form of the dispersion

(N )

relation and, thereby, the lattice interactions (if we were to mterpret wj 4y as ground

state 1tse1f) ThlS could be compensated by separating the part of a) that resembles

the initial o' L. 0, which would depend on p y 47, in addition to ]_[ el mo(s N+n) (see Sect.
4.2.2).

In order to obtain a convergent sequence of states as we scale ¢y, the dependence of
p on this UV cutoff must be fixed in such a way that it determines a finite physical
mass m in the infrared.

4.1.2. Continuum free scalar field Letus next fix the notations about the free scalar field
on the continuum, both on the cylinder and on Minkowski spacetime (i.e., for the finite
and infinite volume cases respectively). We pick a mass m > 0.

On the cylinder. We will regard the torus ’JI“Z = [—L, L) as the time zero Cauchy
surface T‘z ~ {0} x ']I‘i of the cylinder spacetime R x Ti endowed with the Minkowski
metric. The Fourier transform of a function & on T‘If is defined as

E(k) = / E()e kdx, ke Tz (4.6)
[-L.,L)!

8 We drop the dependence of the state w(LN(; on m, because we do not change m > 0 during the paper.
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The one-particle Hilbert space h; of the mass m free scalar field on the cylinder
is the completion of C°°(T¢, C) with the scalar product defined as follows: let &, 7 €
C°°(T¢, C) whose real and imaginary parts are denoted by § = gz +ipg andn = g,+ipy,
then their scalar product is

€ = g (v 200 0 + i 2K e k) (v P 0y K + iy 0 5 (B)

keFzd

4.7)

L, . . . .
where y,, (k) = (k* + m?)?2 is the continuum dispersion relation. The complex structure
(“multiplication by the imaginary unit”) on b is defined as

q+ip—> —ymp+ivy,'q,

where (/ymB(k) = Vm (k)é (k). The associated symplectic form is

orL(§.m) 2=5<§,0>L=3( / ddxé(x)n(x)) (4.8)

[—L,L)¢

The Fock representation 7z of the Weyl algebra YW(f1) is the GNS representation
induced by the state

oL (We(€) = e 31611 £ ep,. (4.9)

It will be convenient in the following not to consider 77, as acting on the Fock space built
on f . Instead, we will realize it on the (mass independent) Fock space $+(L2(Ti)) =

§+ (2 (22, 2L)~%) by’

T[L(Wct(g)) — ei[a(y,,,_lﬂqg+iy,i,/2pg>+a* (Vr;l/zq€+iyr;ll/2p€):| , %- e bLa (410)

where a and a* are the standard creation and annihilation operator on §+(L2(’]I‘i)).
Indeed, it is easy to check that the Fock vacuum Q2 € S+(L2(T‘z)) is cyclic for the
linear span of the operators (4.10) and induces the state wy. .

Let S be an open subregion of ']I‘i, the (time-zero) local C*-algebra associated with
S is the C*-subalgebra Wy (S) of W(h) generated by the Weyl operators W (&) with
£ € C®(T¢,C) compactly supported in S, and let A7 (S) := ;. (WL(S))” be the
(time-zero) local von Neumann algebra associated with S in the representation.

The free field dynamics satisfies the Klein—Gordon equation. It is realized on b by
a one-parameter group of unitaries {7z };cr:

rL|,(§) = [cos(tym) + iynjl Sin(tym)1ge + i[cos(tym) + i Ym sin(t ym)1pe. teR.
(4.11)

The unitaries {r|;}, leaving the symplectic form invariant, induce a one-parameter
group {n.;} of automorphisms of WW(§) for which e/, is an invariant state, and which
are therefore implemented in the representation 7y by unitaries Uz (0,1), t € R, on
3+(L2(']I‘”Ll)). Moreover, as the Klein—-Gordon equation has the speed of propagation 1,

9 Here L2 denotes the space of square-summable functions and not the square of the length L.
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we have Ad UL (0, 1)(Ar(B,)) C Ap(By4y)), where B, is a ball of radius » > 0 and
r + |t| < L. Similarly, the spacelike translations (on b ) are unitarily implemented on
S+(hr) by Ur(a,0),a € R?, and Uy (a, 0), UL (0, t) commute.

Altogether, (Ag, Ur, 1) form a continuum finite volume time-zero net of observ-
ables as per Sect. 2.4.

On Minkowski space. The construction is parallel to the cylinder case. Our convention
for the Fourier transform of a function & : R? — C is

Ek) = / E(x)e ™ dx. 4.12)
]Rd

We note that with this convention and the one (4.6) for the torus, if & is a function
compactly supported in (—L, L)? then the value of é(k) onk € %Zd is defined without
ambiguity whether we consider & on the torus or on R?. This will be useful in the
following.

The one-particle Hilbert space b, for the continuum free field on Minkowski space
is the completion of C° (R4, C) with respect to the scalar product defined for &, 5 €
Cy° (R4, C), (whose real and imaginary parts are & = qe +ipe and n = g, +ip;) as

(€ moe = g /R dk(ya 20 ) iy (0 P (0) (v 0 (0 +ivn!> () py k)
(4.13)

with the same dispersion relation as above. Also h, becomes a complex Hilbert space
if the complex structure is given by

q+ip— —ymp+iv,'q,

and the associated symplectic form is

OsolE. ) 1= SE. oo = /d"xéoc)n(x) . @.14)
Rd

The Fock representation 7o, of the Weyl algebra W (ho) is the GNS representation
specified by the state

oo (Wer(£)) = e 3160 £ € b, (4.15)

and it is realized on the Fock space over L2(R%) (independent of m) by

oo (Wet(8)) = ei[“(Vr;l/248+iyrlz/2p§)+a*(y,;1/2q§+iynl1/2p§)].

The (time-zero) local C*-algebra W, (S) and von Neumann algebra 4, (S) associ-
ated with bounded open regions § C R? are defined similarly to the torus case considered
above, and the dynamics is given by unitaries {Too|; };cr 0N hoo, Whose action on a generic
£ € ho is defined again by formula (4.11) and which again induce automorphisms of
W(ho) with finite propagation speed, implemented in 7, by unitaries U (0, ), ¢ € R.
Thus, together with the unitary implementers Uy (a, 0), a € RY, of spatial translations,
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Table 1. Notations for one-particle spaces, algebras, Weyl operators and vacuum states

Lattice object Inductive limit Continuum object (possibly L = 00)

One-particle space bn.L Hoo, 1 (symplectic space) hr
Full algebra WnN,L Weo. L W
Local algebra Whn,L(S) Weoo,L(S) Wr(S)
Field Dy (x) D (x)
Momentum My (x) IT(x)
Weyl operator Wy (§) Wee (§)
State (of mass m) “’(LN;/I a)(LOOO)O oy,
Dispersion relati @ Y

spersion relation Ym Y

and with the Fock vacuum Q4 € F.(L%(R?)), we obtain the continuum infinite vol-
ume time-zero net of observables (Ao, Uso, S200) defined by the free scalar field on
Minkowski space.

We summarize our notations in Table 1 for one-particle spaces, algebras, Weyl op-
erators and vacuum states on the lattices and for the inductive limit and the continuum
theories.

4.2. Constructing the continuum limit. In this section we will discuss the relation be-
tween the quasi-local and the local algebras of the inductive limit and of the continuum
free field.

4.2.1. Embedding the Lattice algebras into the continuum algebra The lattice algebras
in different scales with volume (2L)d are embedded into one another by « x o1 WL —
Whn+1.L. Here we show that they are further embedded into the continuum algebra
W(hr). This is realized by the R-linear map Révo 1 by, — b defined by

d
REE ) =5 Y (qx) +ipx)gEY (), (4.16)

xelAy

1+d 1—d

_14d
where we recall that ¢ := &), * RE, p:=¢, JE.

Proposition 4.1. There exists an injective *-homomorphism B : Weo., — W(HL)
such that

BL(Wn(£)) = W (RN (E)),  £€byr.

Proof. The map RY preserves the symplectic forms on by 1. and b, defined in Sects.
3.1.2 and 4.1.2 respectively, indeed:

oL(RY(E), RY () = (eﬁz @D a3 iy e[ @ty o () ¢(H’>

EN

!
x,x'eAy [—L,L)d

=4 ) (g () py(x) — pe(x)gy () = on LE. ).

XEAN
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where the second equality holds since (¢>(8N ) qb)(j"’ ) )1 = 8y, by the property of the scal-
ing function ¢. Therefore by the uniqueness of the Weyl C*-algebra, RY induces an in-
jective *-homomorphism of C*-algebras ﬂiv : Wy, — W(bHr) suchthat ﬂ?] (Wy(§)) =
WCL(RQ/O (&£)). Moreover, there holds

d
Ré\];l (R%H &) = 81%74.12(‘113%“ &) (x) + ipR}f:/’+1 (&) (x))¢§8N+l)

XEANH
d d .
= 2 2 @0) +ipOIY i 3 8T (0N
YEAN neZd xeAnyi
= sNZ(q(y) +ip(yY)Y hn ¢“N/N%3 = sNZ (@) +ip(NPEY) = RY(&),
YEAN nezd YEAN
where in the fourth equality we used (3.39). This entails ﬁiv o all\\,’ = /32’ , and
therefore, by the uniqueness and simplicity of the C*-inductive limit, 8, exists as in the
statement. O

Now that we have realized the lattice algebras Wy 1, inside WW(1 ), we can consider
the restrictions, wy g, Wy ;)» Of the vacuum state wy, and take these as the “initial states”.
This yields in a straightforward way a continuum time-zero net of local algebras. How-
ever, as already remarked, this choice is possible only because we know explicitly the

vacuum state of the continuum free field. Below we study a more interesting case where

we take the ground state (4.3) of the lattice free field at each scale, a)i 8 = wyy, and

show that the renormalization group scheme of Sect. 2.1 constructs wy, as the scaling
limit.

4.2.2. Scaling limits of free-field ground states Following the general scheme of Sect.
2.1, the scaling limit of (4.3) is obtained by a two-step procedure, which we will explicitly
implement:

1. Prove the convergence of limys_, o a)(LNI{,, = a)(LNgo on Wy . at every fixed scale

N e Np.
2. Construct the projective-limit state l(in N a)(LNgo = a)(Looc))o on Weo, L.

According to Fig. 2, the sequence of states {a) L. M} MeN, at each level N is generated by
iterating the flow equation (2.5). In the case at hand, we use (3.29) and (3.10) to define
the renormalization group, {« 1]\\;’} N<N’, resulting in:

W) (W () = @yt (Wn (6))

2dM
s

for any & € by, 1, where we made the scale dependence of one-particle vectors explicit
and denoted by gn+a, Py+m the periodic extensions of gy, py to T'yiar. Recall that
my is the trigonometric polynomial associated with the low-pass filter {%,} introduced
in (3.28).

Thus, if we choose {uy} which satisfies the renormalization condition,

lim ey?(uy — 2d) = m?, (4.18)
N—o0

2

+ )
N+M,L

(4.17)

g M 12 M
YiuN+M [Tno(ensn - )gn+m | Viunsm [Tno(ensn ) Pnem
—e =1 N+M.L n=1
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for a fixed “physical” mass m > 0, we find the free continuum dispersion relation of
mass m in the scaling limit: limpy— 0 Yy, (K)? = m? + k> = yu (k). By (3.30), the
limit state should be formally

L[ aEN) 128 1/2 2
o Wy ey =eHE™ o im0l (4.19)
where G0, Poo are the periodic extensions of gy, py to the infinite lattice 'y = %Zd ,
and ||.||2,z is the standard norm on Ez(%Zd ,L)~¢ UT.,)- The norms involved there are

finite if the scaling function decays like |qA>(k)| < C(1+]k|)=" with p > dle. Our choice

of the Daubechies wavelet family, {x ¢}k en [23] (see Sect. 3.3.4), is indeed sufficient
if ¢ =20%? because 2p ~ 1.339. Moreover, (4.19) is not only the formal limit of the
sequence (4.17) but a weak*-limit point as the following lemma shows.

Lemma 4.2. Assume that the renormalization condition (4.18) holds and that ¢ is built
via tensor products from the Daubechies family, ¢ =g $®¢ for K > 2. Then, the

sequence of states {w(LNI{,I} MeNy on Wy 1 is weak* convergent to the state (4.19) for
every N € Nj.

Proof. We state the proof for ¢ =g¢®¢ with K > 2.

Since the Weyl elements Wy (), § € by 1, form a total set in Wy 1 in norm, it
is sufficient to prove the convergence of (4.17) to (4.19). To this end, we rewrite the
Il - v+, norms in (4.17) in terms of the norm ||. ||, , to be able to apply Lebesgue’s
dominated convergence theorem for the measure space (%Zd, QL) /.L%Zd)l

2

| M
ZdMH tve] [mo(ensn ) by MH
Yiunsm 1 " )PN+ NM.L

n=

M
d 1 R
- (zsg)d Z’XFN+M () Vynan (k) z1_[’"0(8N+n’<)1??1\7+M(k) !2,

keF7d n=1

where ys(k) is the characteristic function of the set S, and similarly for the term in-

volving gy+py. Now, the periodic extensions gy+ur, py+m of gy, py are bounded in

kel nim Cle = %Zd, uniformly for M € N, and the same holds for yl;,\} J{AZJ thanks

to the renormalization condition (4.18). As we know that

2

M
Xt ) Vi OF [ [rmotensnbd| . =3 (4.20)

n=1

converge pointwise to |(}3(()‘8’v )(k)ym (k)2 by (3.30), we only have to show that this
sequence is bounded by a nz z4-integrable function uniformly for M € N. Next, we

observe that because of the renormalization condition (4.18), we can replace

d [
2
Vit )% = (s;viMwm —2d)+2ey2y > (1= cos(swkj)))
j=1
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by

(712+22M 222(1—005( ) :(n +Z(2M+1 sm(zMH)))

Since we assume a tensor product structure for the scaling function, ¢ =g ¢®?, the same
is true for the function my, i.e. mg = Kmo ®d . Similarly, the characteristic function xr,

factorizes: xr (k) = ]_[?:1 xpo (kj) fork € %Zd with F](Vl) the d = 1 analogue of I'y.
Wk
Therefore, we can use the estimate

42 d
. 2 , o
(2 Z(zM“  sinGigh)) = T (1 M inci?)
j=1

to reduce the problem to the d = 1 case. Finally, to conclude the estimation of (4.20),
we only need to find a ,u%z—integrable function that dominates the sequence:

a M
2
X (k)(l + (M sin(%))z) [ Jxmo2™

n=1

‘KgM)(k)’

In the following, we set [ = eyk € wZ to write:

g M 2
\KgM>(Z)\ ‘xSNmMa)(l+<2M“sin<zﬁé+.>)2> [[xmo@™n| . @21)

n=1

Now, we observe that gm factorizes according to [23, (6.1.2)],

L4+e !

2

K
kmo(l) = < ) kL),

where g L is a certain trigonometric polynomial, which leads to:

M
‘KgM)(l)‘ = Xeyr) O (1+(2M+lsm(2M+l))> [T1cos@ " sPX ke nP.
n=1

Using the analogue of Viete’s (respectively Euler’s) formula for finite products,

M . 1
2 sin(5/
1_[ 005(27”%1) — #

n=1

(which is a consequence of iterating the cosine product identity, cos(g)cos(?d) =
%(cos((p + 1) + cos(p — 1)), followed by a finite geometric summation'?), we find:

1 2K
2sin(310)

M+1 o [
2M+1 sin (531

M
(1+@"* sin(0?) [T kc@ DI,

n=1

kel @ = xp0 ®

10 gee https://en.wikipedia.org/wiki/Vi%C3% A8te%27s_formula.
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Next, we apply the basic inequalities,

M+ gin =MDy < 1), vl € R,

201 <2 sin~ My, vieR: 1] <2Mx,

to arrive at:

Wl ok (LGOI e T
kel O = x e O (=2 (1) TTwke@ )

n=1

1sincdn\ X M
2K 2 2a —niy2
< XgNinM(l)JT <—|l| ) (I +11]) | | kL27"DI7,

n=1

where in the first inequality we used thatif [ € ey FE\RM then 2~ M*D ]| < 7/2. Thus,
to dominate the sequence (4.21) by uz-integrable function, it is sufficient to have an
estimate of the form,

M
[[ikc@nl<ca+ups—'-, (4.22)

n=1

for some C > 0 and arbitrary € > 0, as this implies:

|sin(30)|

2K
2
kgl 0| sczn2K< i ) (1 [1y2K#e=o=D,

But the estimate (4.22) is an immediate consequence of the regularity analysis for com-
pactly supported wavelets in [23, Section 7.1]. To see this, we observe that according to
[23, Lemma 7.1.4]:

sup |[g L(1)| < 2K, (4.23)
1

M
Now, applying the reasoning of [23, Lemma 7.1.1] to the finite product [] [x £(27"1)|
n=1
for the momentum space shells |/| < 1 and =1 < /] < 2", n € Ny, as well as
2M < 1] < 2M 7, we deduce that (4.23) implies (4.22) for € > 0 sufficiently small. O

Actually, with the embedding 1 : Wxo, 1, — W(hL), the expression (4.19) is exactly
the evaluation of the usual continuum vacuum state w;, of mass m (4.9) on the continuum
Weyl operators W (RY. (€)).

(N)

Lemma 4.3. It holds that w 1.0

(W) = wr(BLW)) for W € Wi L.
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Proof. The one-particle symplectic map R , which satisfies 87 (Wy (§)) = W (RN &),

intertwines the states: wy (Wei (RY () = a)(N ) (Wy(&)),& € hy...Indeed, using (4.7),
(4.9) and (4.19),

_1 1
oL (Wa(RY (§)) = exp {— sap7 D [vm @R E)®) + iy (k)(SRQi(s»A(k)P}
keFzd
2

43 aw [aly g me

XEAN

1
|
= exp {_ 22ren)? Z (
rezzd Y (k)

[=L.L)
)l

+8N )’m(k)

+Vm

> px) / d?y gEN) (y)e Ik

[-L, L)d
_ 1
=cexp {_ 2(2r£N)d Z (

= o) (Wn(©)

XGAN

2 ~
)|¢<8Nk)|2}

Zq(x)e—lkx

XEAN

Zp(x)e—ikx

xeAy

Y (k)

where in the third equality the relation

4
/ dly gV (e ™ = e e (enk),
[-L.L)
for k € 77 was used, where Plenk) = f[—L,L)d dly ¢ (y)e ienky, 0

The projective consistency (2.9) of the limit states ! L follows both abstractly
from Proposition 2.2 and directly by applying (3.31). Therefore we conclude that the
limit state w(LOOOL exists on Wy 1. By the preceding Lemma, w(L o)o agrees with the
usual continuum vacuum state wy, on the span of Weyl operators indexed by functions

f e LZ(Ti) with finite wavelet expansion (3.36) associated with ¢.

Remark 4.4. The construction of suitable scaling functions ¢ in dimension d > 2 by
tensor products is probably not optimal: what is needed is the condition |qA5(k)| <C(+
|k|)~P with p > ‘“1 which is rotationally invariant, while our wavelets are regular in d
directions separately

To summarize:

Proposition 4.5. Let {uy}n satisfy (4.18) with m > 0 and {0111\\;,} be the scaling map

defined through the Daubechies scaling function x¢ with K > 2 on the scalar lat-

tice algebras {Wy L} as in Sect. 3.3. Then the sequences of states {a)(L 1)\/1} MeNy =

{0y, MIMeN, has the scaling limit a)(oo) on Weo. 1 in the sense of (2.11). With the

embedding B1, of Weo,1 in W(H) by Proposition 4.1, it holds that a)(oo) (Wn(§)) =
oL (BL(Wy (&) for & € by, with some N.
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4.2.3. Density of the wavelet observables in the continuum limit Let 20002), be the GNS

representation of Wy 1, W.IL. w(Loool. Here we show that the local C*-algebra Wuo 1.(S),

defined as in (2 14), is dense in Wy (S) in the strong operator topology in the repre-
sentation 7 £ , if we use a sufficiently regular scaling function (with K > 6). Recall

that qb(gN ) € Lz(TL), x € Ay, is the 2L-periodization of the function y € RY

) N2 10} (%) restricted to an open cube of side length 2L containing its support.

Lemma 4.6. Let K > 6. Then the (complex) linear span of the functions ¢( eN) ,x € Ay,
N €N, is dense in h.

Proof. As the norms are equivalent, h; can be identified, as a real Hilbert space, with
_1 1
the direct sum of real Sobolev spaces H 2 (']T”Ll) ® Hﬂé (Ti). With the notation of Sect.
1
3.3, we then recall that if f € H 2 (R) then for any £o > 0,

£= Gtom Hbton+ Y Y Vew [)Ven (4.24)

nezd =80 nezd
where (-, -) denotes the standard LZ(R¢) inner product, and this series converges also
in Hy *3 for sufficiently regular wavelets. Convergence in Hp 3 (R4) comes from con-
vergence in L>(R?) and convergence in Hy (Rd) comes with K > 6 by [44, Corol-
lary 9.1, Example 9.1] since the B22 Besov norm is equivalent to the Hy (Rd) norm.

Let f € HR 2 (R%) have support contained in (—L + 8, L — 8)¢ for some § > 0.

Then, since supp ¢y, = 2 ¢(supp¢ + n), and analogously for ¥ ,, we can find a
sufficiently large ¢¢ such that the non-zero components in the expansion (4.24) of the
rescaled function f; = f(e-) all have supports in (—e~ (L —8/2), e~ (L — 8/2))°.
Moreover, there holds the further expansion (actually a finite linear combination)

Yo=Y (Sre1ks Ven)beri ke

keZd

and again due to the support properties of Y, , the only non-zero coefficients involve
functions ¢4, Whose support is contained in (—e~'L, e~ 'L)¢. Summing up, we

. . . +4 o L
obtain that f; can be approximated, in the Hp 2 (R?) norm, by finite linear combinations

of functions ¢; , with support contained in (—¢ 1L, e~ 1L)?. Recalling now that ¢(€N )
is the 2 L-periodization of £ ~4/2¢ Nyl M 1), we conclude that f can be approximated

+1/2

in Hp (’]I‘ ) by finite real linear comblnatlons of the functions ¢( ) ,Xx € AN, N > {y.

Note thatif f € Hp +3 (T ) has a support contained in a shifted torus, then f can be

approximated as above because the wavelet basis generated by {¢>(£N )ixeA N, N >
Lo} (£o depends on the length of the support of f) is invariant under dyadic translations.

For a general f € Hy *3 (T ), we can take a smooth partition of unity on ’]I‘ such that
each support is contalned in a shifted torus. Then f can be written as a ﬁnlte sum of
functions whose supports are contained in a shifted torus, and each of them can be
approximated in the H*-norm, hence so can f itself. O
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At this point we can show that our wavelet scaling limit gives the time-zero algebras
of the usual massive free field on the cylinder.

Theorem 4.7. Let K > 6. Let 7 7, be the GNS representations of Weo.1, W(HL)

L,oo’
(00)
L,oo’

wr, and B, be the embedding Weo 1. — W(hL) as in Proposition

(00)
L,oo

with respect to w

4.1. Then there is a unitary operator V : H — Hp such that

VS Wy @)V =, (BL(Wy (). & ebyr. NeN.

Furthermore, we have Vnzoool(Woo,L(S))”V* = 11 WL(S))" forany openset S C T¢,

and V*Ur(a,0)V, a € |Uyey AN, implements the spatial dyadic translations n(LO‘Z) of

(c0)

I oo Where Up(a,0),a € 'H‘i, are the spatial translations

Weo.L in the representation
formp.

Proof. By Lemma 4.6, and by the strong continuity of & +— mp (W (§)), we obtain
7L (BLWoo.1.)) = 1 W(H1))” = B(HL). The unitary V is given by the uniqueness
of GNS representation induced by w(LfooL, together with Lemma 4.3 and the cyclicity of
the GNS vector for 77 (B Weo.1))” = B(HL).

As for local density, it is immediate to see that for any open set S C T¢,

VI Weo, 1(S)VF C 1L WL(S))

,00

Let S C (=L, L)? and consider £ € by such that supp& C S. By arguing as in
Lemma 4.6, we can choose Ny large enough such that we can approximate £ by finite

linear combinations of scaling functions {¢\*"’ : supp#¥ € S, N > Ny}. Moreover,

_1
as RéVO(S,(cN) = &)’ V) supp Y © S entails Wy (8 e Weo..(S) and therefore,
by strong continuity of Weyl operators,

7L (Wet(§)) € V'™ Wao L(8))" V¥,

L,oc0

hence we have the equality V?TI(‘(TOOZ)(WOO’L(S))NV* =7 WL(S))".

Let now S C ’]I“é be a general open region and & € b such that supp& C S.
Again by the argument of Lemma 4.6, we can write £ as a finite sum of functions in
hr each of which has support in an open subset of S which can be brought inside the
fundamental domain (—L, L) by a translation in sNOZd with Ny € N sufficiently large.
The proof is then concluded by the above argument, together with the fact that the set
{qb,(fN )i xeA N, N > Ny} is globally invariant under & NOZd-translations.

Finally, it is clear that the map Révo : by — br in Eq. (4.16) intertwines the
action of the dyadic translations on the lattice and on the torus T‘i. Since By is induced
by Révo, this immediately entails the statement about the implementation of the dyadic
translations by V*Ur (a,0)V,a € |Uycn AN- |

We stress the fact that by the above result, the dyadic translations of the inductive
limit theory extend continuously to the whole torus translation group.
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4.2.4. Limit of dynamics The free lattice dynamics r;( )R A~ Wh .1 induced by

(V)
HL

the Hamiltonian o (4.1) results via second quantization from the harmonic time

(N)

evolution, 7, " : R ~ by 1, on the one-particle space (using the conventions of Sect.

3.1.2, see e.g. [4, (1.8.30)]). In the momentum-space representation, i.e. on IA]N,L, it is
given by the multiplication operator:

rth)(E)_[cos(tyﬂN)ﬂsN yMN s1n(tyMN)]‘)i§+z[cos(tyMN)ﬂsNyMN s1n(ty,w)]&s$
4.25)

for t € R, which is the analogue of the free (continuum) time evolution, 77 : R~ b,

given in (4.11) using y,, instead of y,,. As this evolution preserves the symplectic

N .
structure, oy, [, © ‘L’£|l> = oy, 1, We obtain n(L ) via

ng) Wy (@, p) = Wa(zf))@. p).  teR, (4.26)

where we write £ € hy 1 as the tuple (g, p) as before. By construction, each initial
state is preserved by the dynamics of the same scale, i.e. w0 © n(LI‘Vt) = wyy,0, but

the dynamics induced by H I%H) does not preserve the image of ax +1- In other words,

n(LN/) does not preserve txx, OWn.L) C Wyr., N > N.In terms of the one-particle
spaces this follows from the fact that multiplying a periodically extended tuple of vectors
(g, p) e 1&2(1" N (2rN)’d iry) by afunction only periodic on I'y41 does not preserve“

the periodicity on I'y. Moreover, we need to analyze the convergence of the dynamics
relative to inductive hmlt structure of W 1 and the GNS representation of o' L.oo ) because
the lattice dynamics n I M) does not extend]2 to the WW(hr) and the continuum dynamics
nr is only defined with respectto 7, - Ol (since t7, does not preserve the subspace hoo, 1 C

hr). To this end, we use (4.16) to realize the map aé\’o explicitly. Because of (3.30), it is
induced by

d .
NibnL— boor Chr.  RN(G. D) = efdlen)G. P) (4.27)
in the Fourier space, where the abstract inductive limit ho 7, = lim hn . wasidentified

with the subspace of b spanned by functions in the range of the maps RY,N e Nthanks

to the consistency Révo ) RII\‘;, = Révo for N’ > N (shown in the proof of Proposition 4.1)
and the uniqueness of the inductive limit. This allows us to investigate the convergence
of the sequence of dynamics according to the general form given in (2.13) which can be
facilitated at the level of one-particle spaces:

Proposition 4.8. For N € Ny and for (¢, p) € hn.L, we have:
| R @l RN.G. ) — i (RE@. )| — 0. as N - o,

uniformly on compact sets of t € R.

11 See also Sect. 5.3 for a scaling map scheme using sharp momentum cutoffs, where such a consistent
dynamics induced by H 21\6+1) relative to a% +] EXIsts.
12 1n terms of the one-particle spaces, this issue manifests in the following way: The complete space by, is

1 1
isomorphic as real topological vector space to H ™ 2 (']T )®H 2 (']l‘d ) which makes it evident that the dynamics

( ) does not extend to b because .F ][y*'g ¢H2(']1‘d)forg e H™ 2(']1‘ ).
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Proof. Asyy,, — ym pointwise by (4.18), we use dominated convergence relative to the
measure space (%Zd, QL) mz z4) and the decay properties of 43 Moreover, we have

an integrability estimate uniform in ¢ € R (using (3.29) and (3.30) to obtain an overall
integrable factor):

|RY RN ) — R G |
d

= Goy7 2 1Penbl’ (70 (0™ (€05 (00 (K)1) = €03y (K)NGK)

keFzd

— Yy (0 $in (¥, (V) — i () sin (i (V1)) p(K) |
+ Y (k) | (COS(¥y1,, (K)1) — cOS(yim (K)1)) p(K)

2
iy (07" 50 (00 =y ()™ sin G (DGR )

de d
(md > ym<k>|¢<eNk)|2(<ym(k) NG+ (1 +cH2HHD?
ke ”Zd
) A= bet .\
| 101+ ————m 10| )
< 00,

where from the second to the third line, we use the fact that the integrand in the second
line is pointwise dominated by the integrand in the third line. This estimate uses the basic
inequalities (1 — C”)%m < Yuy and y,, < (1+ c’)%ym valid uniformly in k € %Zd
for sufficiently large N’ € Ny and constants 0 < ¢/, ¢” < 1. Now, we can exploit
the uniform continuity of cos and sin to conclude that the convergence is uniform on
compact sets of r € R. More precisely, we have for |[t| < T < oo:

2
sup HRN RN ) = T (R G )|
It|<T L

< (2L)d Z lp(enk)|? (sux; {Vm(k)_l |(cos (Y, (K)1) — cos(ym (K)1)G (k)

keZzd
— Yy (&) sin(yyey, (k)1) — yu (k) sin(ym (k)t))ﬁ(k)|2 }

+ \S|uPT {J/m (k) [ (cos (v, (kY1) —= cos(yim (k)1)) p (k)
1)<

2
Oy (07 8D, (00 = Y (K™ sin (G (DG K)| }) :

Now, because the preceding estimate is independent of ¢, we can use the dominated
convergence theorem, the fact that the pointwise supremum of a sequence of measurable
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function is again measurable, and that for every k € %Zd,

lim  sup | cos(yu,, (k)1) — cos(ym(k))| = 0,

N/—>°°|t|<T

lim  sup [y, ()" sin(y,, (K)0) = v (k)" sin(ym ()1)] = 0

N'—00 |1|<T
by the uniform continuity of sin and cos, to conclude the proof. O

With V : ’H(oo) — H, the unitary operator in Theorem 4.7 and {7;,|;} the automor-
phisms of W(h L) realizing the free dynamics, it is clear that

ULO. OV PO (WIVFULO. 1) = (e (BL(W)), W € Weor,

so we can use V to transport the continuum free dynamics on HE o)o as Up; =

V*UL(0, 1)V, and by a slight abuse of notation we will also use 7z; to denote AdUth.
Corollary 4.9. Given N (oo) ND (N
Y iven N € N, {7, (ozOo (nth (an (W)))}In'>n converges strongly

(00) (O{

to T]L‘I(JT oo(W)))for all W e WN L and uniformly on compact sets of t € R.

Proof. This will follow from Proposition 4.8 if we prove that Weyl operators in the

representation 2 ) viewed as maps from the Hilbert space f to B(H) are Lipschitz

maps, where B(HL) is given the strong operator topology. To this end, we first observe
that by Theorem 4.7,

[ @ o @) = w2 @l wm | Wi en e |

= [ [7e 8L @l W) = 7 e Br@ Wy | 7 W RE @ |

for ¢ € by, and some M € Ny. Here, Q(LOOOL and Q7 are the GNS vectors of w(Looo)o and
wr . Next, we specify W to be of the form W = Wy (&) for & € by 1 to write:

[[72 (8L @ 0} @, (W) = 1. Grage (B @ (W) |t (W (R0 |
= [ [ W (R e} (RN = 7 Wea i (R @)D ] e W RE @021 |

- H [ 7L W€ ) = T War 600 | 7o (W RE )21 H :

with the short hands &\, and &\ for RgVo/(rflf')(Rj\v’/ (£))) and 72, (RY,(£)) in the

last line. By using the Wéyl relations (3.1) and the explicit form (4.9) of the expectation
values of Weyl operators in the state wy, we find (cp. [11, Proposition 5.2.29]):

[ W6 y0) = 7 (Wea 600 | 7 (Wer (RE )21 |
< (IRMO)llL + L6 IIED y — &8 ||L+z(1_e4'55)~f £ '%)

< (IRM @l + 31D+ Dig®y — 60l
= (IRE@) L+ SIRL O + DIEY 0 = 60l
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where we use the unitary implementation of t;, on . Thus, we obtain the anticipated
Lipschitz estimate. Now, Proposition 4.8 states that for arbitrary 0 < T < oo:

lim su H ) , — @ H =0,
N’—>oo‘l|SI;~ EN’N EN’OO L

and, thus, we have,

lim sup H (ﬂL(Wct(%_}(\?N/)) - ”L(WC‘(EI(\;?OO)))\I/H =0,

N/%O()ltlST

for the total set of vectors {¥ € Hy |V = nL(Wct(ROAg({)))QL, ¢ e€ebur, M e Np}.
Finally, the result follows from combining this with the fact that the Weyl operators
W = Wy (&), & € by, 1, form a total set of uniformly bounded operators in Wy 1. O

Remark 4.10. We can identify h;, with a subspace of 82(%Zd, QL) Iz Zd)@z via the
Fourier transform and the dispersion relation y,,,:

N 1, 1
(f2 = W frvmd)-

This way 77 is given by multiplication with the matrix-valued function exp(iy;;02),
where o7 is the second Pauli matrix. Clearly, we can implement a dynamics given by
Yy on (377, 2L)™ e )®2 using multiplication with exp(iy,,02). But, this is

not the action of riN) on the subspace hy 1 C hr and, thus, the convergence of the
bounded matrix-functions

exp(iVuN02) — exp(iymo2), N — o0,
is not the convergence of dynamics sought after.

By construction, nz : R ~ nioool(Woo, 1) equals the usual time evolution of the

continuum free scalar field and it is implemented by a unitary group Uy, = e/ with
the (renormalized) free continuum Hamiltonian Hy, as its generator. Explicitly, Hy, is
the second quantization of the generator /1 of 77, on its natural domain [17]. Since y;, is
the free relativistic dispersion relation of mass m, we conclude that 1, has propagation
speed ¢ = 1, and we obtain a causal net of (spacetime) local von Neumann algebras for
suitable O C R x T¢ [40]:

AL(O) = (U nu,wfﬁ(w@o,L(O(r)))/’)) : (4.28)

teR

where O(1) = {x|(t,x) € O} C TY.

Let us summarize our results on the scaling limit of the free ground states of the
lattice scalar field by the following theorem:
Theorem 4.11. Let K > 6. Letm, {un}, {Wn.L}, {a%,}, {wgg,[} as before. The scaling

(00)

L.oo of{w(L}t]z,,} gives rise to a continuum time-zero net of local algebras which is

limit w

unitarily equivalent to the time-zero net of the free field with mass m on the torus Ti~
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Remark 4.12. In view of Figs. 1 and 2, we note that while we used the scaling limit
procedure to construct the horizontal sequences {w(LN,)W }Men, to arrive at the limit state

w(LOOO)O, we only considered the diagonal sequence of Hamiltonian H £ 0) ,or more precisely

their associated unitary groups n(L ), to obtain the Hamiltonian H 1, associated with the

continuum time evolution 7y .
Remark 4.13. There is yet another perspective on the convergence of dynamics because
of the specific structure of the scaling maps af\\,’ +1: Ateach ﬁnite scale N, the dynamics

n(L ) is unitarily 1mplemented in the GNS representation of ! L. 0, and because of the
von Neumann uniqueness theorem there is an associated strongly-continuous, unitary

one-parameter group UN) : R — U (H<°°)) on the GNS Hilbert space H(OO) of a)(N)

In Sect. 5.5 below, we show that the scaling maps aN +1 extend as normal, umtal *-
morphisms from B(Hy 1) to B(Hy+1,1), which in turn yields their extension from

B (’H(OO)) to B(Hg\c,’i)l 1 ). This implies that each U™) is represented in ¢/ (H(OO) ) by!3:

U =m @ wMy).  reRr.

Therefore, as an alternative to the convergence considered in Corollary 4.9, one could
analyze the convergence:

Uy — Uy, N — oo.

Locality by Lieb—Robinson bounds. Interestingly, there is another way to show a weaker
form of locality via Lieb—Robinson bounds [64,67]. To this end, we observe that the

finite-scale dynamics n(LN) extends to the C*-inductive limit Wy 1.: For N € Ny we
consider the periodic extension of y,,, from I'y to T'o, = %Z, which we also denote

by yuy- Then, we extend IEN) to b,z forall M > N by

o (@, D) = (COSWyuy D~ Viy SNV P, oSy D) P+ Sn(Vuy @), (. ) € b,
which is well-defined because the restriction of y,, to I'y C I's is well-defined by
periodicity. Comparing the extension for M’ > M > N, we find the consistency relation:
N A A N) n A A A
T (RM@. P) = Ryl ()@, B). (@, p) €bus

which is due to the multiplicative character of RAA,’II, in momentum space, see (3.29).

Therefore, we can extend t éN) to the inductive-limit symplectic space oo,z by:

tL‘t)(RM(q p))—sM¢(eM )(Coe(y,wz)q Yy 91n(y,4Nt)p, Cos()/#Nt)p+)/MN %m()/MNz)q)
= RN (cos(Vun )G =Yy SIN(Vyuy 1) . cOS(Vyuy 1) p+v,,y sin(uy G)
N),n =
= R () @. p). (4.29)

forany M > N.
N)

This extension of ‘L’£ to hoo, provides another justification for considering the
convergence expressed in Proposition 4.8 because it implies that the convergence also

13 The asymptotic unital *-morphisms a : B(Hy,L) = Boo is not necessarily normal, cf. Sect. 5.5 for
the notation.
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holds on b, 1. C b1 consistently over all scales. An explicit computation shows that the
extension of ‘L’EN) is symplectic for each M > N, i.e. GM,L(tgl\;)(q, P, tzll\t’) (q',p)) =

om..((q, p), (¢', p')), which permits the extension of n(LN) to Weo, 1 as a *-automorphism
satisfying
g @ Wi (q. p)) = a2 ) W (q. p)) = el Wi ()} (q. p))).  (4.30)

by general principles [27]. Now, we can invoke the Lieb—Robinson bounds for harmonic
lattice systems [62] adapted to the Hamiltonian H éj\g) and the Weyl algebra Wy .:

Lemma 4.14. Forarbitrary subsets X, Y C Ay, allvolume parameters L = exry > 0,
any one-particle vector &, & € Yy with supports suppé C X, supp§’ C Y, and any
S8 > 0, we have:

[0 wnen. wu @] < Cvlellaple o~ (v =y mas{3. 4 i)

xeX,yeY
where
d
dy(x,y) = Zmln |xj —y;+2Lnj|, x,y € Ay,
j=1"c
is the 1-distance on the torus T restricted to AN, || - |lsup = supy, | - |, and

1 $
v =y +2d)I,  Cy=2+cuye? +c,,.

Proof. The estimate is a direct consequence of the estimate given in [62, Theorem 3.1]
after reinstating the lattice spacing ey O

The estimate given in the Lemma leads to a speed of propagation ¢’ > 1:

Proposition 4.15. Let K > 2. Provided the renormalization condition (4.18) holds,

1 8
there exists a constant 1 < ¢/ < d2 max{%, e?”}, the scaling-limit Lieb—Robinson
velocity, such that for S' N\ Sy = @ with Ser = {x |dist(x, S) < 'T},

dim | [n v, w]

-

forall W € Wso 1.(S), W € Weo,L(S") exponentially fast and uniformly for |t| < T.

Proof. First, we consider two elementary Weyl operators W, W' € W 1. By construc-
tion there exist N, N’ € Ng and & € by 1, & € hyrp such that W = ol (Wy (&)

and W' = oeévo,(WN/(S ")) (without loss of generality we may assume N < N’). For any
M > N’ > N we have:

[, w'] = o2 ([0 War (R @), W (RY €' ]).

M

Since oy, is an injective C*-homomorphism, we can apply the estimate of Lemma 4.14:

(dM(x \)——LHM max{% egH]\t\)
< CulIRYEllsupl RY Ellaup Y e ™ ,

xeX,yeY

o]
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and by the renormalization conditions, we have
lim ¢, =2d%, lim Cy =2+2d%e%+27'd"% = C,.
M— o0 M— o0
Now, if supp RY (g, ps) C S and supp Révo/ (ger, per) C S', we can apply the esti-

mate with dist; (S, S") < limp_ o0 dy(x, y) < 00, where dist; (S, §’) is the 1-distance
between subsets of ']T‘z. Moreover, by (3.7),

IR &) llsup = SMIISMRAA}(qs) + lSMZ RM(pg)llsup,
IRY (€ llsap = 5163, RY @) + e RY (pe) sup
which can be combined with (4.21) & (4.22) for « = 0 in Lemma 4.2 to show:

lim |[RY (ge)llsup < 19CY il 1, <00, lim RN (p)llsup < 16 Pell 1, < 00,
M— o0 M—o0

forall N € Ny, and similarly for&’, where ||| .1 ; isthenormof L' (FZ¢, (2L)*du%zd).
Thus, we find (in the limit M — 00):

[z w]

< Cugyf (sM||¢<8N>qg||L1 L +eM2 1) Pell 11 )
2 1 e g =350 4
X (51%4”45 v ge'llpr g +8M2 [Toass PS’”LI,L)

1(S) I(S) _W<d1§t1(5 §—d?2 max{% e%+l}|t|>
x vol(S) vo e |

— 0,

where the expressions vol(S), vol(S’) arise by collecting an overall factor eﬁj in front
of thesum ) .y ,cy and choosing X = Ay NS, ¥ = Ay NS":

vol(S) = Mliinoode Z 1,  vol(§) = Mliinooeﬁl Z
xeAyns yeAyuNS’

. . . .. . . 1. . _p -
Using the equivalence of dist; and dist, i.e. dist < dist; < d2dist,andlimp;_ € Mke eM

= O for any k € Z, the statement is proved for elementary Weyl operators and their finite
linear combinations with the scaling-limit Lieb—Robinson velocity bounded by:

lgmax{g,eg”} < <d2max{§,82+l}.

Then, because n( )isa group of *-automorphisms of Wy 1, and Weyl operators form
a bounded total set in Weo, . (S), Weo, L (S), we obtain the desired statement. |
Corollary 4.16. Let K > 2. With the scaling-limit Lieb—Robinson velocity ¢’ from
Proposition 4.15 and S’ N\ Sy = B with S = {x|dist(x, S) < 'T},

SOT-limy_ [n(L"\?(W), W’] —0,
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forall W € Weoo 1.(S), W' € Weo,L(S) exponentially fast and uniformly for |t| < T

(LOOOL Moreover, for all such t € R and for all

W e 2l Wae (S, W' € 7% Woe 1 (5)

L,oo

relative to the representation given by

[ (W), W] =0.

Proof. The statement about SOT (strong operator topology) convergence is immediate
from the norm convergence of Proposition 4.15. The commutativity for weak closures

follows from the SOT convergence of r)(LN) to iz and the SOT continuity of 1y . O

Remark 4.17. Note, that even in the case dist; = d%dist, the (optimal) scaling-limit
Lieb—Robinson velocity is ¢’ = % ~ 3.59, given by the Lambert W function,

>
S

-1

0 =e !,

78
which is still far from the correct propagation speed ¢ = 1.

4.2.5. Infinite volume limit Here we compare the finite volume theory and the infinite
volume theory. Given a bounded openset S C R, onehas S € (—L, L)? for sufficiently
large L. The C*-algebra Wy, 1 (S) actually does not depend on L (possibly L = 00). In-
deed, with the notation h 1 (S) := 2(AN(S)) (cf. Sec. 2.3), BLWeso.L(S)) C W(hL)
is generated by Weyl operators Wi (£), § € boo.1.(S) 1= Uy RéVOhN,L(S), and each
£ € Boo.r(S) can be also thought as a compactly supported function on R¢, and
or(§,n) = o0(§,n) for £, n € Hr(S) (see (4.8), (4.14)). Therefore, Weo,1.(S) can
also be identified with the C*-subalgebra of the infinite volume free field C*-algebra
W(hoo) generated by the Weyl operators Wi (£), & € hoo 1 (S).

With this embedding and Lemma 4.3 in mind, we can consider on Weo 1. (S) the
family of continuum states {wr }1~0, and the limit L — oo.

Proposition 4.18. For each & € hoo 1. (S) we have

LLlToo a)L(Wct(E)) = a)OO(WCt(%.))a

and {wy } converges to w in the weak* topology on Weo 1. ().

Proof. Tt is enough to compute the exponent which appears in the expectation values:

gz (k) 12

gz (k) 1/2 i . 2
iYm'~ (k) pg (k)| .
()

2
. . o d
m®+mn®m®'—wy4/k

m

. 1
Hm G >

kefzd

Indeed, if the right-hand side is integrable, one can restrict it to a sufficiently large
compact interval with a small error, and the corresponding restriction of the sum on the
left hand side is then a corresponding Riemann sum, which is convergent in the L — oo
limit due to the regularity of g, ps. The weak™ convergence follows by approximation
in norm. m|
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We now prove that the GNS representations with respect to the vacuum states with
different volumes L are locally equivalent. This enables us to identify locally the finite
volume algebras in a cylinder and in the Minkowski space, showing that we can obtain
the local algebras of the infinite volume continuum free field through our finite volume
scaling limit procedure.

Following the steps of [20, Appendix A], we first show that the two representations
are quasi-equivalent by the main theorem in [3], then this is actually unitary equivalence
because local algebras are type III factors. The assumptions of [3] are satisfied if one
proves the following facts.

1. The topologies induced by the two-point functions on the one-particle spaces are
equivalent.

2. The kernels of the quadratic forms associated with the difference of the two point
functions on the torus and on R¢ (Q., and Q_ in Lemma 4.21) are sufficiently regular.
This entails the Hilbert-Schmidt property of the Araki-Yamagami operator.

We show them in Lemmas 4.20 and 4.21, respectively. As a preparation for the
equivalence of topologies we first prove two versions of the Young inequality relating
continuous L2-norms with discrete convolutions and vice versa.

Lemma 4.19. Given f € SR), g € L2(R), there holds

fdk‘ > 1= pligp)l
R peT
2

keFZ

2
2
< max kgl 1 Ty,
(e il gz 1 e 181G g )

2
2
< kg[l(i)%] Il zzy I f iy 181172y

/ dp|f(k = pllg(p)l

where fi(p) = f(k—p). k. p € Rand |hllys (27 =3 pegz lhk = pIF° s = 1.2

Proof. There holds

2
dk k — = | dk
/}R DI p)||g<p>|‘ /R

2

Y 1=l f =)'

PETL peFL
s/dk[ 3 |f(k—p>||g(p)|2][ ) If(k—p)l],
R peTL peETL

as the last expression contains more positive terms than the previous one. Since f €
S(R), the function k +— ZPE%Z [ fk—p)| = |l fillp x2) is I--periodic and continuous

(the series converges uniformly in k € [0, 71]), and therefore » peil [f(k — p)| <
MaXye(o, 7| ||fk||@1(%z) < oo for all k € R. Moreover

/dk[ > If(k—p)llg(p)lz] = > |g<p>|2fdk|f<k—p>|= 181Gz ) 1F N
R PETL PETL R

which proves the first inequality. The second one is proven in the same way, exchanging
the roles of sums and integrals. O

Let us show the first of the conditions for unitary equivalence.
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Lemma 4.20. For S € (—L, L) thenorms || - || and || - ||c defined by (4.7) and (4.13)
respectively, are equivalent on Hso 1 (S).
Proof. Setting, for a function £ : R — R,
1 ~ 1 o
2 . +1 2 2 L +1 2
1§17 4+ == 7L kZU:ZVm(k) E®I7 Ele+ = 7 fde Ym ()T |EKR),
€T

itis sufficient to show that on ho, 1, (S) thenorm ||-|| .+ is equivalent to || - || + respectively.

To this end, let £ € hoo,1.(S) be a real function, and let x € C°((—L, L)) be
such that x(x) = 1 for all x € suppé&. Since suppé C (—L, L), we can define its
2 L-periodization

PE() =) §(x+2Ln) = Y E(k)e™,

nez keTZ

and thanks to Zke%Z | (k)| < +00 we obtain, for all k € R,

E(k) = ﬁ(k) = A%dx X (x) PE(x)e ik~ =Zé‘(p)/lg§dx x (x)e ik=p)x

peTZ

= Rk — pé(p).

pefl

Now since k — y, (k) is a convex function,

1
Yin(k) = ym(k = p+p) < 2 (ym 2k = p)) +ym(2p)
=youk—=p)+yn(p) < ¥Ymk = p)+ym(p),

which entails y;, (k)% < Ymk — p)% + Y ( p)%. As a consequence

nED < "yl — PRk — pIEP)+ Y 126K plym(P)2EPI.

pet PeTZ

1
and in view of the fact that ¥, y,7 ¥ € S(R), from the first inequality of Lemma 4.19
the (squared) L2(R)-norms of the two terms in the right hand side can be estimated by

2 1/2¢ .
ClIENG: x5, < 2LCIEN], and by Cllyn £l 55 = 2LCIEN], respectively, for a

suitable constant C > 0. This implies
1 A 4LC
2 1/2¢,2 2
15+ = E“Vm 7o) = TIISIIL,J,'
Conversely, we can also write, for all k € %Z,

Y2 ER)] = ym ()2 | XE (K] sym<k)%Adp|k<k—p)||é(p>|

5Adpym(k—p)%li(k—p)ll?(p)|+fde|)2(k—p)lym(p)%lg(p)l,
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and using now the second inequality of the previous Lemma we obtain, arguing as above,

2 1/22
I£13 . = —||y Pt < 181w
which shows the required equivalence of || - ||z + and || - [loo +-
In order to prove the equivalence of the norms || - || 1., —, || - || o, —, We start by observing
that

1/4
yu(p)2_ TL1pP) L T IpI] P [k 1p = k1T
Ym (V2 L1+ k2] T L1+ k] 1+ k]|

<C'(1+]k—pD'/?,

for suitable constants C, C’ > 0, where in the second inequality we used the fact that
the function k — (1 + |k|?)!/2/(1 + |k|) is bounded, continuous, non-vanishing on R
and converges to 1 for [k| — +0o. We obtain then as above the inequality

(k)l/zl-%(k)I_C’Z(mk P21k~ p)|

peZ

.r )1/2|s<p>|

and the analogous one with the integral over p € R replacing the sum. Using then the
fact that k — (1 + |k|)!/?|% (k)| is in S(R) the equivalence of the norms is proven by
the same argument based on the previous lemma as above. O

Lemma 4.21. For S € (—L, L) there are smooth functions Q1+ on (—2L,2L) such
that, for all real functions &, 1 € Hoo,1.(S)

kk——
/R m(k)é()n() 3

Lz

Elonck) = / dxdy O—(x — VE©MG),
m(k) SxS

4.31)

/ dk )/m(k)é(k)n(k) - = Z J/m(k)S(k)n(k) /S dedy O+(x — YEX)N(Y).
ke 27 X
(4.32)

Proof. By [1, Formula 9.6.21]

1
/ dk S(k)n(k) = 2/ dxdy Ko(m|x — y[)&x)n(y)
R m(k)

SxS§

where K((z), z > 0, is the modified Bessel function of order zero, which is positive,
smooth for z # 0 and satisfies

Ko(z) <e”*

for z sufficiently large. Moreover, the Poisson summation formula claims that

%Z(S(X—k%) ZZei2ka

keZ keZ
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in the distributional sense, and therefore, since k +— ﬁé (k)7 (k) decreases fast enough
for |k| — +o00 [75, Corollary VII. 2.6],

A EBAK) / WO i
LkX,,:Z Yim (k) Z ymk)
€T
= Z/dxdy |:Z Ko(m|x —y — 2Ln|):|$(x)n(y)
S%S nez

where the sum inside the integral converges uniformly on S x S thanks to the exponential
decay of Ky. Therefore, looking at (4.31) we find the following expression for Q _

Q-0 = ) 2Ko(mlx —2Ln])

neZ\{0}

The series is term by term smooth in (—2L, 2L) since it does not contain the term with
n = 0. Moreover, one can see that the s-th derivative of K can be written in terms of
Ko and K|, by the following formulas (cf. [1, Sect. 9.6])

Ky(2) = —Ki(2), Z°K{(2) +zKo(2) — 2*Ko(z) =0

and one gets therefore

Ky (@) = P—2(1/2Ko(@) + Ri1 (1/)K§(2), 5 = 2,

where Py, R, are polynomials. As a consequence, since also | K1(z)| < e~ *forz — +o0,
Kéx) is exponentially decaying for z — +oo too, and therefore the term by term s-th
derivative of the series defining O _ is uniformly convergent on S x S, showing that O _
is smooth on (—2L, 2L).

Concerning (4.32), by the argument in the proof of [20, Lemma A.5], there holds

/ dk ym (OE(R)A (k) = — / dxdy —— K\ (mlx = yDEN().
R SxS yl

and therefore, by a similar argument as the above one,

m
Qi) == ), o Kilnlx —2Ln)
neZ\{0}

is smooth in (=2L, 2L). |

Theorem 4.22. Let K > 6. For each bounded open set S € (—L, L)d, the finite volume

representation né ol = 11, of Weo,L(S) is unitarily equivalent to the infinite volume

representatzon TToo-

Proof. Assume d = 1. Consider the completion of the space of real functions in f (S)
(thought as compactly supported functions on R) with respect to the norms || - ||oo,+»
and, on these spaces, the operators Q4 defined by

(&, Qunloc.s = / dxdy 0 (x — VE©N(Y).

SxS§
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Then using Lemma 4.21 and the argument of the proofs of Lemmas A.4 and A.6 of [20],
one verifies that Q4 are trace-class, and this, together with Lemma 4.20, implies the
quasiequivalence statement by [3].

Now, as we take K > 6 and the density result (Lemma 4.6) is a local property and
hence holds also for L = oo, we have 7oc(Weo,1.(5))” = mec(WL(S))”, and the latter
is a type III factor [2]. Then also nzoool Weo,1.(5))” is a type III factor. Therefore the
last statement follows directly form [25, Sect. 5.6.6].

Ifd > 1, Lemmas 4.19 and 4.20 and their proofs continue to hold with the obvious
modifications. Concerning Lemma 4.21, the smoothness of the kernels O+ aroundx = 0
can be proven by [71, IX.46], providing the smoothness of the infinite volume 2-point
function in spatial directions away from the origin, and by a Payley—Wiener argument,
providing its exponential decay. O

Remark 4.23. The spatial isomorphism defined in Theorem 4.22 depends in principle on
Sand L with S € (—L, L)?, and should be denoted by 6s.1.. However for & € bz (S)
there holds

5,0 (T (Wet(8))) = oo (Wer(8)),

where on the left side £ is considered as a function on ’]I‘i and on the right side as a
compactly supported function on R¢. As a consequence, given tori T‘z and T‘Ii‘, with
L <L and S € (—L, L), then

5,0 (rL WL (S))") = 05,1/ (T W (S)").

Similarly, if S ¢ S’ € (—L, L)? then the consistency property Os.p [ mLOWVL(S))" =
0s. 1. holds. Because of this, we will use the simplified notation 6 when no confusion can
arise. |

In view of the above remark, it also follows that 6 locally intertwines the action of
space translations on the torus and on R?, namely

0AdUL(a,0) [ AL(S) = AdUx(a,0)0 [ AL(S),
where S € R? is a bounded open set, « € R? and L is large enough that the closures of
S and S + a are both contained in (—L, L).
A similar statement also holds for time translations. Indeed, in view of the fact that

the solutions of the Klein—-Gordon equation on the torus have propagations speed ¢ = 1,
with B1(0) the unit ball centered at the origin, there holds

AdUL(0, 1)(AL(S)) = AL(S + [11B1(0))

whenever S is a bounded open set, r € R and L is large enough that S and S + ¢ B1(0)
are both contained in (—L, L)d. This clearly entails

OAdUL0,1) [ AL(S) = AdUx(0,1)6 [ AL(S).
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5. Other Scaling-Map Schemes

From the perspective of the wavelet scaling map of Sect. 3.3 being a generalization of
the block-spin scaling map, we discuss the relations between other scaling map schemes
in this section: In Sect. 5.1, further details on the block-spin case. In Sect. 5.2, a singular
real-space scheme leading to point-like localization of lattice operators in the scaling
limit. In Sect. 5.3, a momentum-space scheme implementing sharp momentum cutoff. In
Sect. 5.4, the distinction between our scaling limit construction and the scaling algebra
approach by Buchholz and Verch [15,16]. In Sect. 5.5, the connection of our approach
with the multi-scale entanglement renormalization ansatz [28,79].

The second and third of these schemes can be formulated analogously to the wavelet
scaling map at the one-particle level as in (3.25) in Definition 3.3. The main difference
consists in the use of low-pass filters {£,},.7« concentrated at n = 0 (point-like lo-
calization) or with scale-dependent full support, &, = h,gN), supp ™) = Zng (sharp
momentum cutoff). In contrast with the wavelet scaling map this results in the drawback
that these schemes do not directly lead to local algebras in terms of lattice operators in
the scaling limit. More specifically, the block spin renormalization does not have enough
regularity to include the momentum operator, point-like localization leads to sharply lo-
calized field-like objects and the scaling limit of initial states can only be defined in a
distributional sense necessitating a Wightman reconstruction, while sharp momentum
cutoff leads to a scaling limit in terms of fully non-local algebras also requiring an
indirect reconstruction of local operators.

5.1. The block-spin transformation case. The expression (4.19) does not define limit

states a)(L ) on W, 1 if the renormalization group is defined by the block-spin scaling

map (3. 12) Nevertheless, it is still possible to interpret (4.19) in a distributional sense.

To this end, we exploit the fact that the states w, ,,, M = wé 1{,1 are quasi-free and, thus,

are determined by their two-point functions:

1+d
W0 0) = 0 ) @y T Oyey  Bx())

- -1
= 35057 D N Yawen (0

kel'nim

—d k(' =y
ENm 281\1 X0.enyd O = )eN X0.enyt 0 — y)eF =,

X'y €AN+m
N N
WV G ) = o @,y e TIv e T ()

= 3 D Ve B

kel n+m

—d
8N+M Y e K00t (= DN K100 O = Ve
LY E€EANM

ik-(x'—y))

1+d 1-d
N N - -5
Wi on @) = o) @N ey Pn@ey Ty())

i 2d —d —d
= 2(2;,\/)‘1 Z EN+M Z EN X0.ex) (X = )8 X[0,63)0 OV — Ve

kelnem X'y €ANtm

ik-(x'—y")

But, these expression are well-defined for arbitrary x, y € ’]I“Z and consistent with respect
to the inclusions Ay C Ay’ C Ti for N < N’ as a consequence of the scaling equation
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(3.19). Then, as a consequence of the Paley-Wiener-Schwartz characterization of the
(continuum) Fourier transform of functions f, f’ € C 0O(T‘z), the expression

(N) _ 1 -1 -1
Wi oo (f- ) = 35,57 Z exn Viwan (K)

kel nim

extonr O N o.exya * HENER (K.t * F e

X'y €ANtm

N .
Wn (1) = 55 D e )

kel N+m

—d —d il (x! —v'
w2 o Ottt * HODEN Glg s SN,
X',y eAN+m

N i 2 —d —d k(' —y'
WI(‘,A)/”qm(fv = Z(Z;N)d Z EN+M Z en (Xi0.enyt * IENEN (X0,e0)e * FHO)e! =)

k€lnm X',y €AN+m

ik-(x' —))

admit well-defined limits for M — oo (by a Riemann-sum argument):

N — —
W( ) ‘q><]>(f f )= 2(2L)‘1 Zs l+dym(k) !
kefFzd

/ugzi"'ddy’afvd(x[o,wd * e (Xo.epyt * FHOF T,
N
W£ o)o\l'll'[(f! f/) = z(zlL)d Zs}vﬂiym(k)
e F EZ/ No—d N ik —y)
]RZd x'd%y EN (X[o,gN)d * [)(xX)ey (X[o,g,\,)d * f)(y)e >

N i — — ik-(x'—vy'
Wi on (/- ) = s th’lvfﬂngdxlddylgzvd(X[o,smd * PIENER! ooy * £
keFzd

Finally, we can take the limit N — oo, and we obtain the scaling limit of the two-point
functions (after adjusting the scaling dimension),

Wi oo () = Tim el Wi 00 (fo 1) = s 2 v~ F (=R k).

kefFzd
(5.1)
Wienn(f ) = Jim ey W G () = sppe 3 v R (<R 1K),
keFzd
(5.2)
Witen (U £) = lim ey W, o (1) = sama 2SR F G (65.3)
keFzd

as distributions over C*° (’]I‘i) (with respect to the weak™ topology), which are the Wight-
man two-point functions Wy, of the free vacuum state w;, of continuum scalar field on
Td
e
In summary, we find that, although the block-spin scaling map does not define a
scaling limit on the algebra Ws 1, it is still possible to recover the vacuum state of mass

m of the continuum scalar field via its Wightman two-point functions W(oo) defined as

scaling limits of the two-point functions Wé »y associated with a) i on Wy 1. We state
this as a theorem:
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Theorem 5.1. Given a sequence of lattice “masses”, {un}n, satisfying (4.18) for some
m > 0andthe block-spin scaling map, the sequences of two-point functions {WENA),I I Meng

associated with the states {a)(LN/{,,} MeN, on Wy 1 for all scales N € Ny, converge in a
scale-coherent way to the free (time-zero) two-point functions of mass m of the continuum
scalar field Wy, wy) (see Sect. 4.2).

Proof. Tt is well-known that (5.1)—(5.3) are the free (time-zero) two-point functions of
mass m over COO(Ti). O

5.2. Real-space renormalization: point-like localization. The point-localization renor-
malization group is a precise formulation of the idea that the algebras 2y (x), x € Ay,
correspond to sharply localized operators at x € R¢ in the continuum. The definition of
point-like localized operators is achieved at the level of lattice fields ® y and momenta
[Ty by the natural inclusion of lattices Ay C Ay for N < N’ as subset of R4,

Definition 5.2. The point-localization renormalization group {« 11\\,’, } v <N is the inductive
family of *-linear maps defined by the point-localization scaling map between one-
particle Hilbert spaces:

RN, i bv.L —> bysi L

where
RN, 1(q. &) =2%g, ) xaycay, &), N eNg (5.4)
and
RN, =RN'oRN20...0RN,;, N<N.

AN C An41 is the canonical inclusion as subsets of Rd, and XA pycAy,; 1S the corre-
sponding characteristic function. The right-hand side of (5.4) is to be understood as an
extension of ¢, p by the zero-function on Ay;+1\Ay.

Applying the lattice Fourier transform and its inverse, we find the point-localization
scaling map is given by periodic extension in momentum space:

1
[N

RN @ PYK) =e30 D 2Uq. ) xaycay, e =254, p)(K).

X' €AN+1

In contrast with the previous scaling maps and as a consequence of the rescaling by 2¢
in (5.4), we find that R]]Q,’, is only a symplectic homothety for N < N’:

ON' O (R%, X Rx,) = 2d(N/_N)JN.

Therefore, the induced map all\\f, : Wn. L = Wy, is a *-compatible linear map but not
a *-homomorphism. Nevertheless, we can rescale the symplectic form oy determining
the Weyl relations to show that for a given N € Ny the pullbacks of ground states wy, ,

along a%, for N < N’, which we use to define the scaling limit, yield a sequence of
states on Wy 1.
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Lemma 5.3. Given a symplectic homothety R]Q,/, s bhN.L — bap for N < N/, the in-

duced *-linear map all\\]’, : Wh.,L = Wi, 1 becomes a *-homomorphism after rescaling
the symplectic form according to:

oN' = Ay N/UN’
where Ay n' # O is the scaling factor of R%,, i.e.oN’ © (Rx, X R%,) = AN,N'ON

Proof. We only need to check the compatibility of R% with the rescaled symplectic
form o as this implies the compatibility of alj\\f, with the Weyl relations (3.1):

G o (RN, x RN =1y on o (RN, x RN) = 23!y An von = on.

We also recall a general result of Segal about states on Weyl algebras.

Remark 5.4. (Scaled Fock states) We know from Sects. 3.1 and 4.1.1, that the symplectic
structure oy can be expressed as:

on((q. p). (@', p) = —23E™ &™)y

Moreover, since by 1 = C?V is finite dimensional, we know that

| = ok X (@R + v ®IBRIR).  E b,

EFN

defines non-degenerate (for m > 0) norm equivalent to || - | y. Thus, by a general
theorem of Segal [74], we have a one-parameter family of regular states on the Weyl
algebra Wy 1.

—%)&N

2
ol
3 N,

O (W () = v =1

The lattice vacuum w,, , results from the extremal choice Ay = 1 and /ﬁv = si,mz +2d,
cp. (4.3) and (4.4).

From the lemma and the remark we infer the result:

Corollary 5.5. For N, M € Iy, the pullback w, .\, M = @upy.,y © aerM defines state
on Wy . explicitly given by:

! N=N6 ()12 NAG Y2
N — 17 Lk eryan Vs K THGED Py KDIHE)I?)
Oy @y (W () = e 4w TSN 0N + ’
where by a slight abuse of notation g and p also denote their periodic extensions from
Iy 10 Uiy

. . 2
Proof. Given N, M € Ny, the lattice vacuum wy , ,,, defines a scaled Fock state a),(n )
on Whm, 1, with rescaled symplectic form oy = A;,INJrMaNJrM, where Ay N+m =

29M and p3,, ), = %, ym> +2d. =
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Remark 5.6. In view of the general wavelet scaling map scheme introduced in Sect.
3.3, the point-localization renormalization group arises from the extremal choice hg =

2% 8,0 as low-pass filter. That this choice should correspond to point-like localized field
operators in the scaling limit is suggested by o) = [Tr=: mo(2~Nk) = 1 which
is the inverse Fourier transform of the delta distribution: qb(gg) = 5%80. Therefore, we

expect that the local operators in the continuum are only indirectly accessible through a
Wightman-type reconstruction from correlation functions.

In analogy with the results for the scaling limit in terms of block-spin transformation,
the sequences {wyy, .M = a)(LNZ{,,} Men, for N € Ny do not converge as we can see

N d
from (4.19) and the fact that $¢¥) = ¢ ~ according to Remark 5.6. But, we can use
Corollary 5.5 to compute the following two-point functions of the time-zero fields @y
and momenta [Ty atlevel N, i.e. forany x,y € Ay:

1+d 1+d
N N -7 2 - =1 ik-(x—
W oe @ =0 @ ey 2 PN ey 2 PN = 5507 Y ox Yy (071 H T,

kel Ny
1—d 1—d
N N = = ik-(x—y
W D=0y @€y Tvey TINON =507 Y en Vi, (B
kel n+m
1+d 1-d
N N -5 = i ik-(x—
Wi,]l)/llcbl'[(x’y):w(L,[{/I(aI]\\LM@N S oNmey TN =557 Zelk =),
kel nim

. N . . . . .
Since [y '—>° %Zd and comparing with the calculations in Sect. 5.1, we obtain a
result analogous to Theorem 5.1:

Theorem 5.7. Given a sequence of lattice “masses”, {luy}neN,, Satisfying (4.18) for
some m > 0 and the point-localization scaling map, the sequences of two-point func-

tions, {WENA),,} MeN,, associated with the states {w(LN/)w} MeN, on Wy, for all scales
N € Ny, converge in a scale-coherent way to the free (time-zero) two-point functions of
mass m of the continuum scalar field Wy, wr) (see Sect. 4.2).

Proof. The proof works almost identical to that for the block-spin scaling map. The only
notable difference is that the convolution with the characteristic function sg,"x [0,6x)4 18
replaced by a convolution with the delta distribution §. O

5.3. Momentum-space renormalization: sharp momentum cutoff. Since renormalization
group schemes in momentum space have a long tradition [34,85,86,91], it is sensible
to connect these to the general framework of Sect. 2.1. While the point-localization
scaling map in the previous subsection is induced by the natural inclusion of lattices,
AN C Apr,inreal space, the momentum-cutoff renormalization group is obtained from
the inclusion of lattices, 'y C I'y’, in momentum space. This is made precise in the
following definition and precisely corresponds to the idea of taking a partial trace with
respect to high-momentum states when coarse graining from states at a fine scale N’ to
a coarse scale N. Since the momentum cutoff has been used extensively in constructive
quantum field theory [40], we also discuss the limit of dynamics in this setting.
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Definition 5.8. The momentum-cutoff renormalization group {o %, } v <N is the inductive
family of *-homomorphisms defined by the momentum-cutoff scaling map between one-
particle Hilbert spaces:

RN, :bNL — by+iL
where
R d ..
RY,1(@. DK =22, P xrycryn K), N eNg (5.5
and
RY, = RN 'oRN20...0RN,;, N<N.

'y C I'y41 is the canonical inclusion as subsets of %Zd ,and xrycry,, is the corre-
sponding characteristic function. The right-hand side of (5.5) is to be understood as an
extension of ¢, p by the zero-function on 'y \I'y.

As a trivial consequence of the rescaling by 2%, we have that Rx, is symplectic for any
N < N”:

on o (RN, x RN) = o,

Applying the lattice Fourier transform and its inverse, we find the momentum-cutoff
scaling map is given by Fourier interpolation in real space:

_d _ d . A !
RN, (@, &) = ey 2y @rne)™ Y 27§, PR Xrycry, (KDe* ™

k'€l N1
_d y A ,
=ey @) Y@ PR = Y (g Py Y e,
kel'y XEAN kely

The locality of the momentum-cutoff scaling map entails non-locality in real space,
which is formally reflected by the use of completely delocalized smearing functions
to relate the lattice fields and momenta with their continuum analogues, cp. (3.15) and
(3.16):

A _d . N _d ,
Dy(k) =ep P Xusoemyie ¥ Ty = ey T Xowpoempie ).
xelAyn XEAN

(5.6)

Remark 5.9. We can translate the momentum-cutoff scaling map into a real-space scaling
map by the lattice Fourier transform. This real-space scaling map can be cast into a
form analogous to the wavelet scaling map (3.25) with non-local and level-dependent
coefficients:
—d sin (57 imn
h = (22rN+1) H #e%m , nE{—TNsl, ..,y — 1} C 27
J 1 Sln (2rN ll’lj
While such a momentum space renormalization group can be used to determine the

scaling limit as we show below, the non-locality of the filter makes it unefficient for
controlling local operators.
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The scaling limit of the free lattice vacua (4.3) can be investigated by the momentum-
cutoff renormalization group in a manner similar to that of the wavelet method of Sect.
4.2.2:

1 12 4 12 . |]?
N 71( Yun+m IN *||Yun+m PN )
OV WN(E)) = @y (W () = iy Al . 6T
where for fixed N € Ny, the dispersion relation y,,,,,, is considered as a function on
'y C I'y+m by restriction. Again, choosing the initial states according to the renormal-
ization condition (4.18) leads to the continuum dispersion relation in the limit M — oo.

Moreover, the pointwise convergence to the continuum dispersion relation implies the

weak* convergence of (5.7) to a limit a)( ) which is given by the free vacuum state

oy, of mass m of the continuum scalar ﬁeld evaluated on Weyl operators with a sharp

momentum cut-off at scale kyax ~ & Nl.

—1/2 4 2 A
Ym d qNH Hym/

1 2 )
y i(
o 0 (Wr(E) = e i), (5.8)
Now, it is almost trivial to check that the sequence of limit states, {w,ENgo} NeNps 18
projectively consistent for the momentum-cutoff renormalization group,

a)(LN;o—a)(LNOl OO‘N” N <N/,

which implies the existence of the scaling limit Wy 1.

: (N) (00)
LL“ Df 0o = @ oo

NelNg

In this way, we deduce the following result corresponding to Theorems 4.7 and 5.1.

Theorem 5.10. The GNS representation of Weo, 1 given by the scaling limit w(L ) con-

structed via the momentum-cutoff renormalization group is equivalent to the GNS repre-
sentation of the continuum scalar field with respect to the free vacuum state wy, restricted
to the subalgebra generated by Weyl operators with finite support in momentum space.

Proof. By construction the inner product on the GNS Hilbert space H( ) is given in
terms of the inner product of the inductive limit of one-particle Hilbert spaces Yoo, With

dense subspace (Jycn, b1

0P (@ (Wy @)l (Wyi(€) = e 21621817680 — (G (8), G &), (5.9)

for N, N’ € INy with

, —(d+1) qe (k)Ger (k) T A AT A T A
€ 8)=2=; Zd(qs eV (k) P (k) per (k)-+i (pe ()G (k)G (k)Ps/(k))> :
keT 7

(5.10)

where we slightly abuse notation to denote by pg, ge, ger and pg also their trivial
extensions to the infinite lattice 'og = %Zd (cp. (4.5)). On right-hand side of (5.9),
G (&) = exp(€) is the Glauber vector or coherent state associated with & € | NelNo N, Ls

and it is know that the map G : | NeN, Iv.L — H(LOOOL is continuous and injective
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[41,45]. Now, (5.9) also shows that the GNS inner product of H(Oo) is identical to that
of the symmetric Fock space, 3+(boo L), over hoo 1 endowed w1th (5.10). Because of

this we define an embedding of (1 : hoo r — b via the inductive-limit structure of

hoo, analogous to (4.16). Precisely, we define isometries L(LN)

NGN():

: by, — b for all

d
N), A~ ~ 5 A A
VG, py =62, P)Arycra-

Since we have the identity t(N) ) Rll\\f, = (N) for any N < N’, we obtain by standard

reasoning the sought after (7. From the deﬁnmon of L(L ) its is clear that t1.(hoo.1)

consist of the closure of the subspace of Fourier series with finite support. Therefore,
t1.(hoo,z) = bz and we have a unitary equivalence of Uy, : §+(hoo,r) — T+(br)

by functoriality. Similarly, functoriality and the isometricity of L(N) for each N € Ny,
implies the existence of an injective *-homomorphism @y, : Woo, . — W such that

nicfool(w) = UZ”wL (e (W)U, YW e Woo,L~

O

To conclude our discussion about the momentum-cutoff scaling map, we also take a look
at the limit of dynamics. We observe that this limit is considerably simpler with respect
to this scheme compared to that in the wavelet scheme (see Sect. 4.2.4), i.e. the limit of
dynamics exist even in the sense of Hamiltonians as depicted in Fig. 1.

Atthe level of the one-particle space hy 1 = EZ(FN Qry)~ durN) the action of H( 0) is
(essentially) given by multiplication with the dispersion relation y,,,, (cp. Remark 4 10).
Since the momentum-cutoff scaling map is (up to rescaling) induced by the inclusion of

lattices Ty C Ty for N < N’, the action of H g\g) restricts consistently to the image

of Hy,p inside Hy; for N < N’ because the aforesaid multiplication preserves the
support in momentum space. This observation leads to the following result.

Theorem 5.11. Given the momentum-cutoff renormalization group {all\\f/} N<N' and a
sequence of lattice “masses” {1} NeN, satisfying condition (4.18) with a physical mass

m > 0, we obtain a sequence of (self-adjoint) renormalized Hamil.tonians {H IENA),[} MeNy
on Hy . for each N € No. Moreover, each sequence converges in the norm resolvent
sense,

(N) " (N)
HL, HL 00’
. (N)
to a self-adjoint operator H;
inductive limit,

and the sequence {H } NeN, defines a self-adjoint

l1m H(N) = Hzoool,
NENO
is

o0)
oo

on the GNS Hilbert space H( ) . The Hamiltonian H( o Of the scaling limit a)(L
identified with the free Hamzltoman Hj of mass m on HL by Theorem 5.10.
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Proof. We realize the GNS Hilbert space H(LOOOL as an inductive limit of a sequence

of the Hilbert spaces {HE\C,)?L)} NeN, by applying the GNS construction with respect to
(00)

the restriction w Lo

to each Wy 1. By construction, the inductive system of isometries

Vlflv, : HEVOOL) — HE\?,O)L N < N/, is induced by the momentum-cutoff renormalization

group. Applying the GNS construction also to the renormalized states (5.7), we obtain
another sequence of Hilbert spaces, {HE\,AQ} MeNy, foreach N € Ny. By von Neumann’s

uniqueness theorem the representations of Wy 1 on all 'H%‘/IZ and HEVOOL) are unitarily

equivalent to the representation on H .1, because all the GNS Hilbert spaces are sym-
metric Fock space over the finite-dimensional vector space 2Ty, @ry)ur y) with
inner products given in terms of either some y,,,,, or ¥ which are bounded above and
strictly bounded away from zero on I'y.!# Therefore, we implicitly identify all the GNS

Hilbert spaces with H ;, and define the renormalized Hamiltonians H iNA),I by restriction
of HX\QM) to HE\,MZ inside Hy+p, L, 1.€.0
(N) _ 77 (N+M)
Hym = HL,0|HN,LCHN+M.L )
Each H éNA),I is self-adjoint as it arises as the second quantization of a self-adjoint multipli-

cation operator (with y,.,,) on by ;. Analogously, we define H ENOL as the self-adjoint

second quantization of the self-adjoint multiplication operator by ¥, on by . The uni-
N)

00 in the

form convergence ., — Vm on I'y implies the convergence H ENA),I — H 2
norm resolvent sense, cp. [50]. Using the identification of Hy_;, with HE\C,’OL), we observe

that the sequence { H L(NOL} NeN, satisfies the compatibility condition:

HMVE =viEHN) . YN <N,

L,00?
Moreover, the dense subspaces D;VOOIZ C on]i’ N € Ny, of vectors with finite particle

N)

number are cores for each H é oo and satisty Vly, DI(\?OL) C DI(\,O,O)L . Therefore, the inductive-

limit operator H 20002)

of the subspaces D;VOOL) which is dense in H(LOOOL. It is easy to check that this operators

agrees with the free Hamiltonian H; of mass m on M. O

exists and is essentially self-adjoint on the algebraic inductive limit

5.4. UV versus IR scaling limits: momentum transfer to small scales. The momentum
space setting of Sect. 5.3 is suitable to further discuss distinctive aspects between ul-
traviolet and infrared scaling limits raised in Sect. 1. To be rather specific, we compare
our setting, that primarily deals with the construction of continuum models via infrared
scaling limits of lattice models, and the scaling algebra approach by Buchholz and Verch
[15,16], which aims at the construction of ultraviolet scaling limits of continuum field
theories. To this end we modify the momentum-cutoff renormalization group of Def-
inition 5.8 through a shift of the support of one-particle vectors ¢, p € by, towards
higher momentum (apart from the zero mode & = 0) via the canonical inclusion of dual

14 Alternatively, it also easy to check that the Bogoliubov transformations which realize the equivalence are
unitarily implemented.
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lattices 2I'y C T’y for N < N’. The real-space version of the resulting renormalization
map is

N ’ 1 -1 ’
Ryyi(g, p)(x) = (22q,272 p)(2x).
The latter can be directly compared with the scaling map (up to an additional factor of
2% due to periodic boundary conditions on the lattice),

RY (N = 2T R(HQ2x) +i2 T 3(F)H2x),

used in [16, Eq. (2.7)] for complex one-particle vectors f € S(RRY) in the continuum
subject to the symplectic form (4.14). One finds that the action of the momentum-transfer
renormalization group identifies the renormalized state a)(LN/{,, = wl(j:]le ) at scale N

after M steps with the lattice vacuum w,(t/\fv)JrM of lattice mass py4p at scale N. Thus,

assigning a physical mass m > 0 to the lattice mass @y uniformly among all scales N
according to (4.4), this entails (at least for d > 1):

o YWy @) = o), Wy (). 5.11)

In this respect, the relation between lattice mass u y and physical mass m, the momentum-
transfer renormalization group universally !> leads to the family of massless lattice vacua
{w((){\(’))} NeN, as the projective family defining the scaling limit, i.e. (4.4) in the limit
m — 0+. At first sight, this appears to be similar to the observation made in [16] for
ultraviolet scaling limits of massive continuum free fields (ind > 1), and itis tempting to
assume that the scaling limit of (5.11) equals the vacuum of the massless continuum free
field in finite volume w;y . But, this is not as evident as for the wavelet renormalization
group because the relation between the scaling-limit algebra W, 1, and the continuum
algebra VW remains rather obscure.

In summary, we conclude that while there are technical similarities between the
scaling algebra approach of [15, 16], the latter should be distinguished from the approach
detailed here. Moreover, although it is possible to use the general method of Sect. 2.1 to
implement ultraviolet scaling limits as explicated above, it is conceptually unlikely to
be meaningful in the context of scaling limits of lattice models as in Sect. 4, where the
goal is to obtain an infrared scaling limit.

5.5. Connections with multi-scale entanglement renormalization (MERA). In view of
Example 2.1, we note that there is a natural decomposition of the wavelet scaling map
(3.25) into a tensor-product embedding of the form Wy (§) — Wx (§) ® 1y, and
the adjoint action by a unitary Un4+1 € U(Hn+1.1):

an 1 (WN () = Adyy, (Wy (€) ® Ty, )- (5.12)

where Hy11 |y = 8+ (L2 (An+1 \ A y)) is the natural tensor-product complement of Hy 1.
inside Hy+1,. This follows from the decomposition of R% +1 into a symplectic auto-

morphism of by, 7 and the embedding ¢>(Ay) — £>(An41) defined by the inclusion
AN C Apny1 as well as (multiplicative) second quantization:

an. = F+(RN.) = Fo(Sn+1) 0 T+ (L2 (AN) = £2(Ans1)) = Adyy,, oV L — Whisi,1)-

15 This will hold more generally as long as limp;_, 5o 272M€X/3_M (;L%WM —2d) =0forall N € Np.
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The symplectic automorphism Sy is determined by the scaling equation (3.39),

SNe1 (X Y) = Y hubeyyinoxi—ys (5.13)

nezd

as a kernel relative to the standard basis of EZ(A N+1)-
From this we can make three basic observations, see also [13,14]:

e The C*-inductive limit Wy 1 is *-isomorphic to an infinite (minimal) tensor-
product of the basic algebra W(L?(R)). This follows from an inductive construction
using the unitary conjugacy of the renormalization group {o x, }N7= n With the tensor-
product embedding, cp. (5.12).

e A projectively-consistent family of states {w(L[YgO} NeN, or alternatively a state w(LOOO)O
as in the definition of the scaling limit (2.11) on W 1 is analogous to a MERA
(see e.g.[30,79]): The GNS vectors {Q2x} neN, given by the projective family or the

corresponding restrictions of w(LOOO)O satisfy, see Sect. 2.2:
ViQn =Qy, N<N, (5.14)

where Vlflv, is the GNS (partial) isometry induced by o ]J\Y/. The connection of the latter
with a MERA follows from the observation that a partial isometry compatible with

(5.12) is given by:
YN = Uni(Yn @ 95811\1\7)’ (5.15)

leading to a representation of W, 1. Here, Q;\(/?-)I-ll y is the Fock vacuum of the
space §+ (EZ(ANH \ An)), and the MERA is given by the partial isometry Izjvv+1 :

0 . .
T+ (AN) = F+(@(An+1), IV, (YN) = Y © ngllw’ and the unitary disen-
tangler Upy+1. In this sense (5.14) generalizes (5.15) subsuming Uy and II{,VH by
the partial isometry V]C], coming from the GNS construction.

e Each a%H extends to a normal, unital *-morphism from B(Hy 1) to B(Hn+1.1),
which allows us to consider the inductive limit lim NeN B(Hn.L) = Boo,L- Thus,
> 0

as long as we are interested in properties pertaining to the scaling limit w(LOOO)O and

the weak closure of the associated GNS representation of a family of regular initial

states a)ENé, we can substitute B 1, for Weo 1, in the analysis.

6. Outlook

To conclude the article, we discuss some future directions.

6.1. Other continuum models and locality from lattices. First of all, we considered only
massive free fields in this paper. One difference that appears with massless fields is the
zero mode: the inverse of the dispersion relation is not defined at k = 0, and this must
be avoided somehow (possibly by excluding the zero-mode before taking the infinite
volume limit or by enforcing anti-periodic (twisted) boundary conditions). In addition,
massless free fields with different helicity might require different symplectic structures
[56].
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In view of the classical construction of interacting scalar fields in 1 + 1-dimensional
spacetimes [40], we point out that the general concept of limit dynamics (2.13) together
with the momentum-cutoff renormalization group (see Sect. 5.3) can be used to recover
the existence of interacting dynamics on the continuum time-zero net of the scalar
field with respect to free vacuum. Clearly, this observation should be generalized in two
aspects: First, it should be possible to recover the interacting dynamics using the wavelet
renormalization group as well, which would be advantageous from the point of view
of locality. Second, it would be conceptually preferred (and necessary for d > 1) to
work with a scaling limit of the interacting lattice ground states instead of the free lattice
ground states as the use of the latter is only possible because of the local Fock property
in two-dimensional spacetime [38].

If we consider more general models than lattice free fields, we hope to obtain (in-
teracting) quantum field theories by the operator-algebraic renormalization procedure
explained in Sect. 2.1. A general justification of this expectation is due to the result
on finite propagation speed of the scaling limit dynamics via Lieb—Robinson bounds
for the approximate dynamics on the lattice, cp. [13,67]. The main reason why a finite
propagation speed can be deduced from these bounds in the scaling limit of the lattice
free field is due to the correct scaling of the Lieb—Robinson velocity (with respect to
the lattice spacing ¢) and a subexponential bound on the field-strength renormalization,
i.e. the rescaling of the one-particle vectors ¢, p with respect to the lattice spacing .
Therefore, if said scaling is preserved in the presence of interactions on the lattice, a
finite propagation speed in the scaling limit will be attained. Explicit Lieb—Robinson
bounds for discretized scalar fields possibly with interaction are available in [62], see
also [61].

Thus, as also suggested in [13], this might provide a way to approximate local spacetime
algebras at the lattice level by adapting the definition of these algebras in the Hamiltonian
setting (4.28) to the discretized setting, cp. [39, Chapter IV, Definition 2.8].:

AN L(0) = (U ng) (Wn.L(O@) N AN>)> . NeN.
teR

OCRxT i should be a suitable open bounded subset with time slices O(z), t €
R. Wy.L(O@) N Ay) C Wy, is the Weyl subalgebra of the sublattice O(f) N Ay
(extension by 1 outside). n(LN) : R ~ Wy, is the approximate dynamics at level
N € Ny.

As a more general remark, we notice that for general interacting models there are
two sources of non-uniqueness of the scaling limit states a)égo ) in (2.11), both of them
of physical relevance. The first one comes from the different possible choices of the

sequence of initial states {a)(()N)} NeNy» Which reflects the freedom in the choice of renor-
malization conditions for the parameters of the model (e.g., different choices of the
sequence {1 n}neN, in (4.18) lead to different physical masses). The second one is due
to the possible multiplicity of weak* limit points of the sequences of renormalized states
{wﬁj")}MeNO. As already pointed out after Proposition 2.2, one gets a projective system

of renormalized states {a)gg] )} NeN, in this case too, which corresponds to the existence
of inequivalent vacua of the continuum theory.
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6.2. Extension to fermions. Fermionic systems can by treated by the renormalization
group scheme of Sect. 2.1 in a similar manner as bosonic systems, cp. [31,43,88] for a
related construction in the context of MERA. Since a detailed discussion of this extension
will be presented in a forthcoming article by one of the authors on scaling limit of lattice
fermions and the approximation of conformal symmetry [69], we only state some of the
essential structures: As in Sect. 3.1 the kinematical data of the quantum lattice models
is derived from one-particle spaces by second quantization,

by.L = £2(Ay) ® C, Ay = Acar by, 1), Hyne =35-(y,1),

where s denotes the number of spinor components, Acar (hx 1) is the C*-algebra of
the canonical anti-commutation relations, and §_ (hy 7 ) the anti-symmetric Fock space.
The wavelet renormalization group is then adapted to the one-particle level by (cf. Sect.
3.3):

RN, by — bysiL, RN, ()= Z &(x) Z hns)(c]:—/:;\}; EebnrL.

XEAN neZd

In analogy with the free scalar quantum field, the simplest situations that allow for an
implementation of the scaling limit procedure are those with initial families of states,

w(L}Yg, of quasi-free type [27] (covering the case of ground states for free lattice fermions):

o0&V = E. T nne.  Enebye, 6.1)

for operators, TL(A(’)) :h— h,with0 < TL(A(’)) <1

6.3. Entropy and type I approximation of local algebras. In a continuum quantum field
theory, the local algebras are type III factors. Although the the entanglement entropy in
quantum field theory is a focus of attention in recent years [65], its direct generalization
is infinite for any state on a type III; factor [66]. As an alternative, one can take a
sequence of type I factors inside a local algebra and look at the divergence rate of the
entanglement entropy [55]. The lattice algebras in the present construction will give one
such sequence. In addition, as the Bisognano—Wichmann property (the Lorentz boosts
are given by the modular group of the wedge algebra with respect to the vacuum [6])
follows in the continuum from general structural assumptions (cf. [26,60]), it would be
interesting to understand what the modular groups of the lattice algebras are, and how
the Bisognano—Wichmann property in the continuum is restored [54].

In this regard, the construction of diffeomorphism symmetry in two-dimensional
conformal field theory (2d CFT) through representations of Thompson’s group 7' [47]
would require a substantial modification, because the diffeomorphism symmetry in any
2d CFT does not extend to the Thompson’s group 7" while preserving the covariance (be-
cause such an action cannot be locally normal when the group element has discontinous
derivative [24, Theorem 3.6]).
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