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Abstract

In this paper we consider the problem

() —Au+ Va(z)u = (I, * [u/?)ul?*2u in RV,
A w>0 in RY,
where VA = A+ Vo with A > 0, Vo e LY?RY), 1, = ﬁ is the Riesz potential with
0 < p < min{N,4} and 2}, = 2]1\?:2“ with N > 3. Under some smallness assumption on Vj and A

we prove the existence of two positive solutions of (Py). In order to prove the main result, we used
variational methods combined with degree theory.
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1 Introduction

In this paper we will focus our attention on the existence of positive solutions for the following class
of Choquard equation

Z)ul?"%u in RN,

uw>0 in RV,

(Py) { —Au+ A Vo(a))u = (I, * Ju
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where I, = ﬁ is the Riesz potential, 0 < p < min{N,4} , 27 = % with N > 3, A > 0 and
Vo : RY — R is a positive function satisfying some technical conditions that will be mentioned later on.

The existence of solution for problem (P)) ensures the existence of standing waves solutions for a
nonlinear Schrédinger equation of the form

10,0 = —AU + Vo (2)U — (I, % |[W]2)| @228, in RV, (1.1)

where Vj is the external potential and I, is the response function, which possesses information on the
mutual interaction between the bosons. This type of nonlocal equation appears in a lot of physical
applications, for instance in the study of propagation of electromagnetic waves in plasmas [I0] and in
the theory of Bose-Einstein condensation [15]. We recall that a standing wave solution is a solution of
the type

U(z,t) = u(x)e, (1.2)

which solves (1)) if, and only if, u solves the equation
1 - «
—Au+ (A +Vo(x))u = <W * |u|2u2> |u|?~2u in RV, (1.3)

which is a Choquard-Pekar equation. In the ansatz (2] the frequency A is related to the energy of the
particle, so A # 0 is a significant case.

In [I6], Du and Yang have considered only the case A = Vj = 0, and they showed that any positive
solution of (I3)) must be of the form

N-—-2

2
) , zeRY,

)

)4 = -
sut0) ==

for some § > 0,y € RV, and C > 0 is a constant that depends only on N. Still related to (I3)), Du,
Gao and Yang [17] have studied existence and qualitative properties of solutions of the problem

1 1 x .
— Au (— * |u|2u2) |u[?2u in RY, (1.4)

NG

for some values of a and pu. In that paper, the authors has proved an interesting version of the
Concentration-Compactness principle due to Lions [28] that can be used for Choquard equations with
critical growth, for more details see [I7, Lemma 2.5].

In [19], Gao, da Silva, Yang and Zhou showed the existence of solution for (3] by supposing A =0
and the following conditions on potential Vj:
(I) Vo € C(RN,R), Vp(z) > v >0 in a neighborhood of 0.
(II) There are p; < N/2, po > N/2 and for N = 3, py < 3, such that V, € LP(RY), Vp € [p1,p2]

_ N=2—p

(I11) [Vly2 < C(N, )5 Sy, (2 355 — 1),
where C'(N, u) and Sp 1 are as in (22) and (21), respectively.

A first result fronting problems like (L3)) is due to Benci and Cerami in the seminal paper [8], where
the authors studied the existence of solution for the following class of local critical problem

—Au+Vo(z)u = |[u/* 2u in RV, (1.5)

with N > 3, 2* = ]\QI—JL and the function Vp : RY — R satisfies the conditions below

(1) Vo > 0 and is strictly positive in an open set.

(ii) Vo € LYRN) for all ¢ € [p1, po] with 1 < py < & < po, with po < 3 if N =3.
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(idi) [Volpwz@yy < SN —1),
where S denotes the best constant of the immersion DV2(RV) «— L?" (RY), that is,

S = n 7fRN Vul* dz
weDV2(RN)uz0  |ul3.

By using variational methods, the authors were able to prove the existence of a positive solution
u € DV2(RY) with
flu) € (S, 2/78),

where f: DV2(RY) — R is the functional given by

fw) = [ (VuP + Vo@)luP) da.

The main difficulty to prove the existence of solution comes from the fact that the nonlinearity has a
critical growth. To overcome this difficult, the authors used Variational methods, Deformation lemma,
and the well known Concentration-Compactness principle due to Lions [28]. After the publication of

[8], some authors studied problems related to ([H]), see for example, [3], [7], [9], [L1], [12], [22], [30], [31],
[32], [38] and references therein.

In the present paper, we intend to study the existence and multiplicity of positive solutions for (Py)
for a new class of potential Vj, and moreover, we also consider the case A > 0 that is a novelty for this
class of problem. The assumptions on potential Vj are the following:

(Vl) VO(‘I) > 07 Vo € RN,
(Vo) Vo € LN2(RY),

(Va) 0 < [Volpnsamm < (272?@% - 1) S.

Our main results have the following statements:

Theorem 1.1. Let A =0 and assume that (Vi) — (V3) hold. Then problem (Py) has at least a positive
solution.

Theorem 1.2. Let A > 0 and assume that (Vi) and (Va) hold. Then there exists A > 0, such that if
A € (0,) then problem (Py) has at least a positive solutions v;. If (V3) also holds, then there exists
Ao = Ao (Vo) > 0 such that if X € (0, Xo) then problem (Py) has at least two distinct positive solutions,
v and vy,

Remark 1.3. a) The solutions we find are bound state solutions, indeed assumptions (V;) and (V3)
imply that problem (Py) has no ground state solutions for every A > 0 (see Proposition [T]).

b) The solution vy, is an high energy one, while v; is a low energy one. Namely, as A — 0, the solution
vy, converges to the solution provided by Theorem [[T] while v; flattens and disappears.

The existence of a solution as in Theorem [[.T] has been suggested in [33] Problem 3] and it is proved
in [19, Theorem 1.4] with different conditions on potential V; as mentioned above. Hence, the Theorem
[ complements the study made [19], in the sense that we find a positive solution for a new class of
potential V; in the case A = 0. Related to the Theorem [[L2 we would like to point out that it is an
important contribution of this paper, because it establishes the existence of at least two solutions for
A > 0 and small enough, which is new for this class of problem. In order to prove the theorems above,
we will approach the problem by variational methods. Since the problem lacks of compactness, both
for the critical exponent and for the unboundedness of the domain, an analysis of the behaviour of
the Palais-Smale sequences needs. We perform it by almost classical techniques developed in the local



August 10, 2020 4

case, see [§], that in our nonlocal framework requires some careful adjustment (see Theorem B2)). In
particular, the case A > 0 presents some more difficulties because in such a case the natural space to
work in is H!(R") while typically the splitting theorem works in D1:2(R¥™). To front these difficulties
we follow some ideas from [I1] and [23] together with a nonexistence result contained in [35]. Let us
remark that in the critical case no extra regularity assumptions need for the nonexistence result, see
Theorem

Before concluding this introduction, we would like to mention that there is a rich literature associated
with Choquard-Pekar equation of the type

— Au+ V(z)u = K(z) <_

o H(u)> h(u) in RY, (1.6)
where H (¢ fo s)ds, with V, K : RV — R and h : R — R being continuous functions verifying some
technlcal condltlons The reader can find some interesting results in [1I, [2], [4], [B], [14], [24], [28], [29],

[34], [35], [36], [37], [39] and references theirein.

The paper is organized as follows: In Section 2, we prove some results involving the limit problem.
In Section 3, we prove a splitting theorem and show some compactness results involving the energy
functional associated with (Py). In Section 4, we make the proof of some technical lemmas that will be
used in Section 5 in the proofs of Theorems [I.1] and

2 Variational framework

In this section, we will show some important results involving the limit problem that are crucial in
our approach. To begin with, we recall that to apply variational methods, we must have

/ (L, * [ul*)|u|® dz| < +o00, Yu e DV(RN). (2.1)
RN

This fact is an immediate consequence of the Hardy-Littlewood-Sobolev inequality, which will be
frequently used in this paper.

Proposition 2.1 ([20]). [Hardy — Littlewood — Sobolev inequality):
Let s,r > 1 and 0 < pp < N with 1/5—|—,u/N—|— 1/r=2. Ifg e L*(RY) and h € L"(RY), then there
exists a sharp constant C(s, N, u,r), independent of g, h, such that

L LB < s,

As a direct consequence of this inequality, we have

Ju(@) [ Ju(y) = *
—r - dxdy < O(N, p) %k
RN JRN |33 -y~

for a suitable positive constant C'(N, y).
In the sequel, if A > 0 we will work with H = H*(RY) endowed with the norm

ul3., Yu € DVARY), (2.2)

2
[lu]| = (/ |Vul|?dz + )\/ |u|2dx)
RN RN

When A = 0, we will consider H = DY?(R¥) endowed with the usual norm, that is,

full= ([, 7uas)
RN
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Sometimes we use the explicit notations || - || p1.2 and || - || g1.

We say that u : RN — R is a weak solution of (Py) if u € H is a positive function such that for all
p € H we get

/ Vquadx—F/ VA(a:)wpd:z::/ (I, * ) ) Ju| > 2updz,
RN RN RN

where V := A+ ;. It is a standard task to check that the weak solutions of (Py) are critical points of
the energy functional Ey : H — R associated to problem (Py) given by

1 1 1 « .
By = gl + 5 [ Volohlds = 5= [ (1< lulhfuf
2 2 ]RN 22:1 ]RN

and that E) belongs to C1(H,R).
In what follows, let us denote by M the manifold

M= {u €EH : / (I, * %) |u|?e de = 1}
RN
and by J) the functional
Ix(u) = [Jul|? +/ Vo (z)u?dz, u € H.
RN

For the case A = 0, we designate such functionals by Fy and Jy, respectively.

Next, let us recall some information involving the problem

* .
2.72y in RV,

u € DL2(RN).

(Px) { —Au = (L * |us)lu

The functions N
- N(N —2)o| 1
0, . (z) = 24 L 2.3
N—2
’ (0+|z—2*)"2

are the minimizers for S in DV2(R”) that verify

—Au = |[u* "2u in RV,
u € DV2(RY)

and
N—p)(2-N) ~

Uy.o(x) = C(N, p) =552 § 5852 U, (z), Vo€ RN (2.4)

are minimizer for Sy, given by

. [l
Su,L = inf = (2.5)
’ w€DLH2(RN),uz0 . i 1/2;,
([, uPijuias)
RN
that satisfy (P ) (see [42] 25] and [26] Theorem 4.3]), with
« « 2N —p
/RN VU, .|*dr = /sz (L # |Us 2 [29)|Us o [Peda = SET7" (2.6)

Moreover, it is possible to show that

C(N,p)% Sy =S (See [18 Lemma1.2])
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and (V42 )
_ W A2 1) (@N—p)/(N+2—p)
EOO(UU;Z) - 4N _ 2/,6 SH,L ’ (27)

where E is the energy functional associated to (Ps) given by

1 1 x .
Boc ) = gl = 5 [ (T a5l o
N

According to the limit problem when A > 0, we have the result below that is a key point in our
approach.

Theorem 2.2. If A > 0 and u € HY(RY) is a weak solution of
(Pr o) —Au+ M= (I, % [u%)|u)?2u,

then u = 0.

Proof. In what follows, we are proving the assumption of [35], Theorem 2] holds. We have only to
verify that in our critical case all the regularity required in the proof is fulfilled. Since here p = 27, so

L — N=2 where « = N — y, it is sufficient to show that if u € H'(RY) is a weak solution of (Ps »)

then u € H120c2 (RY). The function u solves

p N+«

—Au= (-2 +Q)u ueH'RY),

where

Q) = (L ful )l 2.

By the Hardy-Littlewood-Sobolev inequality, we know that I, * |u|2: € L%(RN)- Since |u|2;_2 €
Lich (RM), we claim that @ € Lz (R™). Indeed, as

Q)]

N N N
2 2 2

= (L |ul®) = (jul*~2)

(Ju

and

N N
2 2

(Lox Jul®)% e Li(RY), (luf*2)% e LTx (RY),

we derive from the Holder inequality that |Q|Z belongs to L!(RY), that is, Q € L> (RY). Now, arguing
as in Struwe [41l Lemma B.3],
ue L (RY), Vgqel,+00).

loc

Now, we claim that I, * [u|? € L=(R"). Indeed, note that,

Jul

syl = [

N ly—z|<1 |I - y|,u ly—x|>1 |.I - y|,u

Using the fact that

e LT B0), [ e LT (B(x), —— e L(Bi(0) for te[l,N/p)

|2 |2

and for every z € RV
. / 1 1
|u|* € L (By(z)) for t' s.t. n + 7= 1,
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the Holder inequality ensures that for every compact set K C RY there is C = C(K) > 0 such that
|(L + [ul*)(2)| < €, Va € K,

which implies I, * |u|? € L2 (RN). Recalling that |u[>~2 € L{_(RN) for every q € [1,+00), it follows
that
Qe LL (RY) Vqel[l,+oo).

loc

Thereby, by Calderén-Zygmund inequality, see [21], u € W22(RN) for all ¢ € (1, +00). This proves the

loc
theorem. O

Before concluding this section, we will prove an important estimate involving the nodal solutions of
the limit problem, which will be used later on.

Lemma 2.3. If u € DY2(RY) is a nodal solution of (Py), then

sn (N +2—p1) (@N—p)/(N+2-p)
> 9N = M/ .
Ex(u) 22 IN— 2 DHL
Proof. Arguing as in the proof of [20, Proposition 3.2], for all t*,¢~ > 0 we see that

N+2—p N+2—pn N+2—pn

E)\(tJrqu) I=w —|—E,\(t7u7) i=u SEA(U) ST

Fixing t*,¢~ > 0 such that B} (tF*u®)(tFu®) = 0, it follows that

N +2— ) (@N—p)/(N+2—p)
By (ttut) > W H2— 1) gen—u 2l
A(tTuT) > AN — 2y CHL

The last two inequalities combine to give

(N*+2—#OS@N—MAN+%w)

4—p
EA(U)Z2N+27M 4N—2M H,L B

finishing the proof.

Lemma 2.4. If (u,) C DY*(RY) is such that

/ |Vun,|[2dz
RN

/2]
([, 310, 02 )

then there are o, > 0 and y, € RN such that

— SH.L,

e S o) i DYEY),
where Uy, is given in (24).
Proof. Note that by 2.2,
/ |V, |[2dz / |V, [2dx g
Su.L+on(l) = RY > JRY >

™M
t*|"

N Ea—
(/(@ﬂw&mM%m) O, 1) [unf. — C(N, p)
RN
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1
Since Sy C(N,u)* =S, then

/ |Vu,|?dx
RN
2/2"
(/ |, |2 daz)
RN

By Lions [28], Aubin [6] and Talenti [42], there are o, > 0 and y,, € RY such that

— S

U
Un _ _ OnyYn + On(l) lIl 1)1,2(]:&]\7)7
|un|2* |U(7n7yn 2%
where U, , is given in (Z3). This together with (24 proves the desired result. ad

Next corollary states a first property of Palais-Smale sequences. For short, we shall refer to those
sequences as (PS). sequences, where c¢ is the energy level, or as (PS) sequences.

Corollary 2.5. Let (uy,) be a (PS) sequence for the functional Es, with

e W H2— 1) con—p)/V+2-p)
AN —2p ~HE '

Then, there are sequences (0,) C RY and (y,) C RN such that, up to a subsequence of (u,), we have

Un _ Ua'n sYn

+o,(1), in DM(RYN). (2.8)

[unlee — |Us, g, l2e

Proof. Since (uy,) is a (PS). sequence for E it is bounded and so it is possible to prove that

/ |V, |?de
RN

. 3 1/2;,
([ (0 )l o

Now, we apply Lemma [2:4] and, taking into account that the weak limit of u,, (up to a rescaling) solves
(Ps), we get the desired result. m|

_>SH,L'

Lemma 2.6. Let (uy,,) be a (PS) sequence for Ey. Then (uy,) is bounded and there exists a weak solution
ug of (Py) such that u, — ug in H, up to a subsequence. The same statement holds for (PS) sequences
for the functional E, with ug in DY2(RY) a solution of (Ps).

Proof. Since Vp > 0 on RY, then

1
cton(Dlunl| = Ex(un) — 3o EX (un)un
m
NA+2—-pn
> — [luall?,
AN — 25

so we get (||u,||) bounded and the existence of the weak limit ug. Moreover, clearly g is a weak solution
of (Py) because (uy,) is a (PS) sequence for E). The same argument works for Fo.

O
Lemma 2.7. Let Q € RY a smooth bounded domain. For each T > 0, there is M. > 0 such that
S 2 21125 2 2 2% 1
2—% — T Q(I#*|1)| H)|1}| HdZZTS O(N,[L) (|VU|L2(Q)+MT|U|L2(Q)) 5 V’U EH (Q),
where C(N, ) is given in (22).
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Proof. From ([Z.2)),
S 2 SR S , 2
_E_T (Iu*l’Ul ")l’Ul "d(ESC(N,/,L) —&—T |U|L2*(Q) .
2N Q 2N

Now, we apply the Cherrier’s inequality [13] to get the desired result. O

3 A global compactness theorem
In this section we study the Palais-Smale sequences of our functionals First, now prove a technical
lemma for F., that will be useful later on.

Lemma 3.1. (Main lemma) Let (u,) be a (PS). sequence for the functional FEos with u, — 0 and
u, - 0. Then, there are sequences (0,) C RY and (y,) C RN such that, up to a subsequence of (uy),
we have

v () = o N 20, (opx + yn) — vo, in DVEHRY) (3.1)
where vy is a non trivial solution of problem (P ) and

Ex(un) = Exo(v0) + Eso(vn, — v0) + 0 (1) (3.2)

[unll® = 0lI* + [lvn — v[|* + 0n(1). (3-3)

Proof. Let (u,) C DV?(RY) be a (PS). sequence for the functional Eu, i.e,
Eoo(un) — ¢ and E.(u,) — 0. (3.4)

The sequence (u,) is bounded in DY2(R¥Y), by Lemma 26l Then, since u,, — 0 and u, - 0, the (PS)
condition and (Z3]) imply that

o> N H2—4) goN—p/(N+2-p)
= 4N —2u THE '
Note that
1 N+ 2 —
c+on(l) = Ex(un) — =——FE~. (un)un = M/ |V, [2dx
RN

2. 2r AN —2u

which leads to

lim |Vu,|?de > Sg]z_“)/(NH_”). (3.5)
n—oo RN )
Let m be a number such that By(0) is covered by m balls of radius 1, k € N* to be fixed later, (o,,) C R,
(yn) C RY such that
(2N—=p)/(N+2—p)
sup / |V, |[2de = / Vi, [2de = 2L
yERN J B, (y) By, (yn)

km

on

and
vp(x) = ale*Q)ﬂun (O’nZE + yn) .
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A simple computation gives
lonll = llun]l  and / (L [ [0 % d = / (L * [t 25 11 [ i,
RN RN

from where it follows that
Eo(vn) = Exo(up), VneN. (3.6)

Hereafter, we fix k such way that

ST (N < S >z§fz'l ( 1 )Wf”
% < .

Using a change of variable, we can prove that

GEN=p)/(N+2-p)
/ |V, |?dx = AL = sup/ |V, |?dz. (3.8)
B;(0) km yeRN JBi(y)

Now, for each ® € DV2(RY), we define the function

~ 1 1
@n(x) = USLN,Q)/Q (I)(O’_n(x - yn))
that satisfies
/ Vu,Vo,dr = / Vo, Vodz (3.9)
RN RN
and
/ (I, * |un|22)|un|2;_2un&>ndx = / (I * |vn|2;)|vn|22_2vn@dx. (3.10)
RN RN
These limits ensure that
E!_(v,) — 0. (3.11)

From @8)-@II), (v,) is a (PS). sequence for E,. Therefore, there exists vg € DV?(RY) such that,
up to a subsequence, v, — vg in DV2(RY) and E/_(vg) = 0.

As a consequence of the well known Lions’ Lemma [28], we can assume that

/RN |vn|? pda — /RN vo* ¢da + Y ¢(x)vy, Vo € C(RY) (3.12)

jeJ

and
[Von|? = > [Vuol* + Y 62,115,
JjeJ
for some {z;}jes C RN, {v;}ies, {1j}jes C RT with SV?/2* < pj, where J is at most a countable set.
We are going to show that J is finite. Consider ¢ € C5°(RM,[0,1]) such that ¢(x) = 0 for all
x € B5(0) and ¢,(z) =1 for all x € B1(0). Now fix 2; € RV, j € J, and define ¢,(x) = ¢(*~), for

each p > 0. Then 0 < ¢ (x) < 1, for all z € RV, ,(x) = 0 for all # € Bs,(z;) and ¢(x) = 1 for all
z € B,(z;). We have that (v,1,) is bounded in D¥?(R™) and I, (v, )v,1, = 0,(1). Hence,

/ V|V, 2 de —|—/ v, VU, Vi), do = / (I * [on ) [on |22 4ppda + 0, (1). (3.13)
RN RN RN
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Using Proposition 2] and seeing that
lim {lim sup/ vannV1/)de] =0,
=0 nooo RN
we find i
2/2* =
S v; <y < Ol/j .
As 2}, > 2 we deduce that v; does not converge to zero and since Z uf/Q* < Z i < 400 we have that
jed jeJ
J is finite. From now on, we denote by J = {1,2,....m} and I' C R¥ the set given by

I'={z; e{zj}ljes : |xj|>1}, (2; given by BIZ).
In the sequel, we are going to show that vy # 0. Suppose, by contradiction that vy = 0. Thereby, by
B.12),
/ o2 G dz — 0, ¥ € Co(RN \ {21, 2, 2 }). (3.14)
RN

Using again Proposition 211 for all ¢ € Co(RN \ {x1, 22, ..., 2,,}) we derive the inequality below

2N —p
2N

L@l ds < o ([ 1o 165 ds) 7 = out0), 3.15)
RN

which leads to
/ |V |>¢ = on(1). (3.16)
RN
Consequently, if p € R is a number that satisfies 0 < p < min{dist(T", B1(0)), 1)}, it follows that

/ |V, |2 de = o,(1). (3.17)
Bpr%g (O)\B1+132 (0)

In the sequel, let us consider the sequence (®,,) given by ®,,(z) = ®(x)v,(x), where ® € C5°(RY, [0, 1])

satisfies ®(x) = 1 if z € By ,/3(0) and ®(x) =0 if x € Bf+2p/3(0). Note that,

/ VO, |2dr < CU |V, [2dx +/ v, |2dz |,
Bi4p(0\B, 12 Bl+23g(0)\31+§ B145(0\B, 1 2(0)

that is,

/ |V®,|?dr = o0,(1). (3.18)
Bi4p(0\By ¢

Since I’ (vy,)®,, = 0,(1), we have

/ anVq)ndx—!—/ Vu,V&,dx
Bl+p(0)\B1+§(0) B1+§(0)
(I * |Un|2:)|vn|2:<1> dx — / (I * |vn|22)|vn|22<1>dx = o0,(1),

By, 4(0)

/]31+p(0)\31+132 (0)
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which implies

/ anVq)ndaH—/ |an|2d3:
Bl+p(0)\B1+§(0) B1+§(0)
_/ (I#*|vn|2:)|vn|2:<1)d:1:—/ (I * [on %) [0n |24 ® dz = 0, (1).
Bl+P(O)\B1+§(O) B1+§(0)

Note that from Holder’s inequality and (B.17)

/ Vv, Vo, dr — 0 when n — oo
Bl+p(0)\Bl+§(0)

and that [BI4) together with Proposition 1] gives

/ (L o) 2 = 0, (1),
Bl+p(0)\B1+§ (0)

Thereby, from B19), (20) and B21)),

/ Vo Pdz — / (L # [on %) [0 %5 dir = 0 (1).
B, 5(0)

By, 4(0)

12

(3.19)

(3.20)

(3.21)

(3.22)

The last equality together with the boundedness of (v,,) and (B8] implies that for some subsequence

lim [Vup|?dz = lim (I, || |on|?rdz = A > 0.
n—00 Bl+§(0) n—o0 Bl+§(0)

These limits combined with the Cherrier’s inequality (see Lemma 2.7) give

(%) (eovm)

(3.23)

On the other hand, since By 2 (g) C B2(0) and By(0) is covered by m balls of radius 1, we obtain

/ |Vu,|?dz < / |V, |?da
Bl+§(0) B> (0)

< / |V, |2dz
Uiz: B1(Cr)
< / |V, |*dx
; B1(Ck)
(2N—=p)/(N+2—p)
<

S
m sup / |V, [2de < L
Bi(y) k

yeRN
Then,

GEN=p)/(N+2-p)
/ (Vo |?de < 2L :
B1+§(0) k

implying that
Sglzfu)/(NHfu)

<
As k

(3.24)
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Hence, by 31,

2N —p

N-2
S N+2—p 1 N+2—p
A< — )
<2w) (C(N, u))

which contradicts 323)), and so, vg # 0.

Finally, using the equalities below,

/ |an|2dx:/ |VUO|2d:C—|—/ IV (vn, — vo)|[2dz + 0,(1)

RN RN RN

and
/N(I# * |vn|22)|vn|22daj = /N(I# * |v0|2:)|v0|22d:17 + /N(I# * vy — 'UO|2*)|U” — 'U0|2*da: + on(1),
R R R

see Lemma 2.2]) it follows that

(see [I8|

E(vy) = Exo(vo) + Exo (v, —v0) + 0, (1).

Since
Eoo(un) = Ex(vn),
we have
Eoo (un) = Eoo (UO) + Eoo (Un - UO) + On(1)7
finishing the proof. ]

The next result is crucial to study the compactness properties involving the energy functional E).
We would like point out that a version of that result for A = 0 can be found in [I9, Lemma 3.1] by using
a different approach.

Theorem 3.2. (A global compactness result) Let (uy) be a (PS). sequence for Ey with u, — ug in H.
Then, the sequence (uy) verifies either:

(@) up—ug or

(b) there exist k € N and u',u?, ...,u* nontrivial solution of (Px), such that

k

unll® = lluoll® + D w1 + on(1) (3.25)
j=1
and
k .
Ex(un) = Ex(uo) + Y Eoo(u’) + 0n(1). (3.26)
j=1

Proof. Let us first consider the case A = 0. By Lemma [Z6] there exists ug € DV?(RY) such that
Un, — up in DY? and wg is a critical point of Ey. Suppose that wu, - ug in D1’2(RN) and let

(zL) € DM2(RY) be the sequence given by z! = u, —ug. Then, z} — 0 in DV3(RY) and z} - 0

in DY2(RY). Arguing as in the proof of Lemma Bl we obtain
Eoo(2)) = Eo(un) — Eolug) + 0,(1) (3.27)
and

Bl (2) = Ey(un) — Eg(uo) + 0n(1) in (DV*(RY))" (3.28)
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Then, from B27) and B28), we see that (1) is a (PS),, sequence for Eo,. Hence, by Lemma B.1]

n
there are sequences (0,1) C R, (y,.1) C RY and a nontrivial solution u' € D*2(R¥) for problem (Ps)

such that

vl (z) = 07(1]7\;_2)/22711 <0’n71$ + ynﬁl) —up in DMRY). (3.29)
Since
bl =l and [ (L b PR obPEde = [ ([P P, (3.30)
RN RN
it is easy to show that
Eo(v)) =Ey(z}) and E/_(vl) =0 in (DM(RY)Y, (3.31)

hence (v)) is also a (PS),, for En.

Setting 22 := v} — u', we derive that

EOO(Uflz) = EOO(Z’?L) + Ew(ul) + on(1)

Bl (vp) = Bl (2) + Bl (u') +0n(1) in (DM(RY)),

and
o ll? = llz2 11 + llul* + on(1).

Thus,
Eo(un) = Eo(uo) + Eoo(23) + 0n(1) = Eo(u0) + Eoo(v) + 0n(1) = Eo(uo) + Eao(u') + Enc(27) + 04(1)
and

lunll* = Tuoll* + lzn1* + 0n (1) = [luol|* + lloalI* + 0n (1) = [luoll® + [u'I* + |25 ]1* + on (D).

2
n

Arguing as above, we have that (z7) is a (PS)., sequence for Fo,, that is,

Eoo(22) = ¢ and E. (22) = 0.

Therefore, there are sequences (0,2) C R, (yn2) C RY and a nontrivial solution u? € D%2(RY) for
problem (P.,) such that

v (z) = 07(1]7\172)/221 (0717196 + yn,l) —u? in D“RY). (3.32)

n n

2
n

It is possible to prove that (v2) is a (PS)., sequence for Fo,, and fixing the sequence

(@) 1= v (2) — g (),

we will obtain
Eo(un) = Eo(uo) + Ex (Ul) + Exo (U2) + Exo (2731) +on(1)

and
[unl® = [luol® + [[u'|I> + [[u®[* + 251> + on(1).

Arguing as above, we will find u!, 2, ..., u* nontrivial solutions for problem (P.,) satisfying
k .
a1 = lluol® + D w1 + [l 112 + 0a (1) (3.33)

j=1



August 10, 2020

and
k .
Eo(un) = Eo(uo) + > Eac(t?) + Eso(251) + 0n(1)
j=1
for the corresponding sequence (z51) in D12(RY).

From the definition of Sy,

1/25, ‘
([ e Wl iar) " sup < o P 5= 1,200k
]RN
Since v/ is nontrivial solution of (P.,), for all j = 1,2,..., k, we have
il = [ Qs ! 25y
]RN

Hence,

”uj”Q > Sg)]z—ﬂ)/(N""z—H)’ j=1,2

From ([B3.33) and (3.30),

15

(3.34)

(3.35)

(3.36)

k
; 2N — N+2—
1252 = Junll? = lluoll? = S~ 1)1 + 0a(1) < funll? = lluol|? — k SEY ™/ NH271 4 0,(1). (3.37)

Jj=1

Since (uy,) is bounded in DY2(RY), for k sufficient large, we conclude that z5+1 — 0 in DV2(RY), this

proves the case A = 0.

Let us now consider the case A > 0. As in the previous case, up to a subsequence u, — ug in
HY(RY), where ug € H'(RY) is a solution of (Py). We can also assume that u,(z) — uo(z) a.e. in

RN, and u, — ug in L (RY).
Let us define z} := u,, — ug. Arguing as in the case A = 0, it follows that
Bxo0(2n) = Ex(un) — Ex(uo) + 05(1)

and
E} oo (7)) = E\(un) — B\ (uo) + on(1)
where

B oo(u) == Eso(u) + 5/ u?dz, u e HY(RY).
2 Jgw

Thus, it follows that (z)) is a (PS) sequence for E) o, and
2zl = weakly in H'(RY), a.e. in RN and in L (RY).
If 2} — 0 strongly in H'(R"), we are done, so let us assume the existence of ¢ > 0 such that
Izn]l > ¢ > 0.
Observe that (B41) implies the existence of a positive constant ¢ > 0 such that
|z3: > &> 0.

Indeed, if this would be not the case, from

wdr = o0, (1),

B\ ()2 = / (V2P + Az [2)d — / (L% |42z
RN RN

(3.38)

(3.39)

(3.40)

(3.41)

(3.42)
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and ([Z2) we get at once ||zL|| — 0, as n — oo, contrary to ([B.I)).
Observe that

where Q;, i € N, are hypercubes with disjoint interior and unitary sides such that RY = Y ien @i
because

o0
2L2* (Qi) < (d}l)2 - Z |2711|2L2* (Qq)
=1

0<e

IN

o0
zalse =D len
i=1

() 2er ) Nzl g < ea(dy)” 2.
=1

IN

For every n € N, let y. be the center of an hypercube where d,, is attained and define
2=zl + ). (3.44)

It turns out that (Z) is a (PS) sequence for Ej o, bounded in H*(RY). Let us call z the weak limit in
HY(RM) of (2), up to a subsequence. Since |y,| — oo by [B40), z solves (P ), so that by Theorem
we get z = 0.

Now we can argue exactly as in A1, Lemma 3.3], and, taking into account of |2}|r2 (g, > C > 0

and of the other information we get, we find a bounded sequence of points (z,,) in R, an infinitesimal
sequence (0,,) in (0, +00) and a nontrivial solution u! of (Ps) such that, if we define the sequence (22)
in H'(RY) by

p) On

22(z) = 2 (2) —<p< 7 > 0”1’2 u1<$_$”) —~0  in H'(RY), (3.45)

where ¢ € C5°(RY,[0,1]) is a cut-off function such that ¢ = 1 on B1(0), then (22) is a (PS) sequence
for E) o, in H(RY), that verifies
2220  in HY(RY),

and
By oo(22) = Ex oo (Z)) — Eoo(u') + 0, (1). (3.46)

We observe that in order to get ([B40) it is crucial that o, — 0, which implies
/ (22)2dz = / (21)2dz + o(1) (3.47)
RN RN
by B45). By B41) we can also write

lunllf = lluollF + lza 7 + 0n(1) = uollFn + lutBee + 122170 + 0n (D). (3.48)
By 33%) and ([B46) we have
Ex(un) = Ex(u0) + Foo(u') + Ex 00 (22) + 0n(1). (3.49)

Moreover, since (z2) is a (PS) sequence for Ey o, it follows that Ey o (22) > 0,(1), so that

Ex(uy) > Ex(uo) + Eso(u') + 0,(1).

If 22 — 0 in H*(RY) we are done, otherwise we can iterate the procedure. Taking into account that
at every step k we get

k
Ex(un) > Bxoo(to) + Y Eoo(u?) + 0 (1) > By o0 (u0) + &

j=1

(N+2-—p) GE@N=)/(N+2-p)

4N—2M H,L +07l(1)7
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after a finite number of steps we reach a sequence (zF*1) such that 2**1 — 0 in H}(RY). Hence, we
obtain [B23]) and 320) by iterating (348) and (349), that completes the proof.
O

An immediate consequence of the last theorem are the next two corollaries.

(N+2-—p) S(QN#)/(NJrQ#)) '

Corollary 3.3. Let (u,) be a (PS). sequence for Ex with ¢ € (O, N3 L
—2u :

Then, up to a subsequence, (uy) strongly converges in H.

Proof. Since (u,) is a (PS) sequence, (u,) is bounded in H, and so, for some subsequence, it follows
that u,, = ug in H and EY (ug) = 0 for some ug € H. Suppose, by contradiction, that

Uy - Uy in  H.

From Theorem B.2] there are k € N and nontrivial solutions zé, 2(2), e z{f of problem (P) such that,

k
lunl? = lluoll® + > 11217
j=1

and i
Ex(un) = Bx(uo) + ) Eoo(2))
j=1
Note that
1, o, 1 ) 1 SR
Ex(uo) = §HU0H t3 Via(z)ugde — 3 o (L * Juol ) uo|“» da
RN "4y JRN
- (i1 / (I, * |uo|>)|uo|?+dx > 0
o\2 202y ) Jou n T TOETOEE S
Then,
k ) k )
¢ = Ex(uo)+ Y Fulz)) > Euo(2])
j=1 j=1
(N 42— ) gon—w/N+2-p) o (N +2— 1) (@N—p)/(N+2-)
> p——"Pg > T2 Mg
- AN —2p ~HE ~ 4N —2u THL ’

O

which is a contradiction with ¢ € (O, wS@N“)/(NJFQ”)).

AN —2p ~HE
Corollary 3.4. The functional Ex : H — R satisfies the Palais-Smale condition in the range
(N +2— ) geN-p)/(N+2-) izt VN +2— 1) gon—p)/(v+2-p)
AN —2u —HE ’ AN —2u ~HE '

Proof. Let (u,) be a sequence in H that satisfies
Ex(un) — ¢ and  Ej(u,) — 0.

Since (uy) is bounded, up to a subsequence, we have u,, — uo in H, moreover F)(ug) > 0. Suppose by

contradiction that
Up - ug in DYH2(RYN).

From Theorem B.2] there are k € N and nontrivial solutions zé, 2(2), e z{f of problem (P,) such that

k
lunll® = lluoll® + > llzg]1?

j=1
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and
k

Ex(un) = ¢ = Ex(uo) + ZEOO(Z(JJ)

Jj=1

The above information ensures that ug # 0. Since Ej(ugp) > 0, then k = 1 and 2§ cannot change of
sign, because otherwise, by Lemma 23]

; - (N +2-— _ _
Eoo(Z(J)) > 2Ni2—u 4( 4;_ 2u'u) Sg]z w)/(N+2 H)7

which leads to a contradiction. Thereby, as 2 has definite sign, 23 = U, . for suitable ¢ > 0 and z € RY

and, by (2.1,
j (N +2—p)  2n- N+2—
Foo(21) g st § m)/( o)

On the other hand, by a direct computation,

E)\(U()) > (N +2- N) S(QN—M)/(N+2_H)_

4N —2p THE
Hence,
(N +2—p) q@eN—p)/(N+2— ip (N 42— ) eN—p)/(N+2—
c:E,\(uo)+Eoo(zé)2274N_2u S§{,L m/( “)>2N+2—u74N_2u SI(LLL m/( “),
obtaining again a contradiction. This proves the result. O

The next results provide us the (PS) condition for the functional Jy. The first one is a direct
computation and we omit its proof, the second one is an immediate consequence of the study made
above.

Lemma 3.5. Let (u,) C M be a sequence that satisfies
Ia(up) = ¢ and  J\|m(un) — 0.

Then, the sequence v, = ¢\N=2/CN=2u+4)y,  satisfies the following limits.

N +2—
E\(vy) — (4;721”0(21\[_”)/(]\7"’2_“) and E\(v,) — 0.
— 2

Corollary 3.6. Suppose that there are a sequence (u,) C M and

S (SHﬁL,QZ%\ZLH SH,L)
such that
In(un) = ¢ and  Ji|m(un) — 0.
Then

a) there exists ug € M such that, up to a subsequence, u, — ug in DY2(RN) and ug is a critical
point for Jx constrained on M;

(N +2— 1) on—p)/ (N2

b) E\ has a critical point vg € H with Ex(vg) = A —3
—2p
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4 Main tools and basic estimates

We are looking for solutions of problem (Py) as critical points of the functional Jy constrained on
M, up to a multiplier. Next proposition shows that the problem cannot be solved by minimization, so
no ground state solution exists.

Proposition 4.1. Set
m = inf{J\(u) : u € M}. (4.1)

Then
m = SH,L

and the minimization problem (f-1]) has no solution.
Proof. Let u € M be arbitrarily chosen. Then, by (V}) we get
Jx(u) > Su.r,

which implies
m > SH. L.

In order to show the opposite inequality, let us consider the sequence
o (z) = E(l2DUs o(2),

where § € C5°((0,+00),[0,1]) is such that {(s) = 1 is s € [0,1/2] and £(s) = 0 is s > 1. Using (2.0)
together with the definition of ¥,,, we have

/ |V\fln|2dx:/ VUL o2da + on(1), (4.2)
RN RN n’
| Qs B aPido = [ (@ox Uy o500 ofidn + 0,(1) (43)
RN RN
and
)\/ 19,0 [2dz = on(1). (4.4)
]RN

On the other hand, for all p > 0, we have

/ Vo(a:)|\i/n|2d:17 = / Vo(a:)|\i/n|2d:17—|—/ Vo(x)|\iln|2d:17
RN B, (0) RN\ B, (0)

2/N
W7 on vy (/B o |V0(x)|N/2dx>
P

2/2
+  Volpnremn) (/]RN\B " T, () 2*d;v> )
o

IN

Now, recalling that

lim W, ()| da = 0,
"0 JRN\ B, (0)

sup [W, |9+ < +00
neN
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and

lim [Vo(z)|N/2da = 0,
P=0.JB,(0)

we get

lim Vo ()|, (2)|?dz = 0. (4.5)

n—oo RN

Now, if we define
o 1 ~

\I/n xr) = = PE—— - \I/n T
®) f]RN (I,u * |\I/n|2")|\1/n|2“d‘r (@)

then W,, € M, Vn € N, and from [@2) — [@3),

lim Jy(U,(z)) = Sy,

n—oo

which concludes the first part of the proof. Now suppose that the minimization problem (1) has a
solution u*. Then

/ IV 2 /[|Vu*|2+V>\(3:)|u*|2]d:17
RN RN

/2], < /2], = SH.L
([ ontuPupian) ([ @i piae)
RN RN

The above relation implies that / Vi (x)[u*[*dz = 0 and u* = U, for some ¢ > 0 and z € RY. Thus,
RN

SH,L <

using the assumptions on V) and the fact that U, , > 0 for all = € RY, we deduce

0:/ Vi () u* [2dz :/ Vi (2)[Uy. [2da > 0,
RN RN

which is impossible.
O
In view of the previous proposition, the main goal of this section will be to introduce some tools and

to establish some basic estimates in oder to find bound state solutions in the next section. To begin
with, let us introduce a barycenter type map 3 : H \ {0} — R given by

Bu) = %/}R I lul? da

lul5- Jrn 1+ |z

and a kind of inertial momentum ~ : H \ {0} — R given by

1
7(“) = |’UJ§i ~/]RN

It is readily seen that the maps § and v are continuous and, moreover, 5(tu) = S(u) and v(tu) = v(u),
for all t € R and for all w € H \ {0}.

T

ot
— u|® dz.
1+ |z [ul

Bu)

Lemma 4.2. Let A > 0 and define

By, = inf{JA(u) tu€eM,B(u) =0,v(u) = %} .

Then the following inequalities hold

BVA >SH,L7 fO’l“ all A>0.
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Proof. By Proposition [£1]

inf{JA(u) tu €M, B(u) =0,v(u) = %} > Sur.

Now suppose, by contradiction, that the equality is true. Then, there exists a sequence (u,) C H such
that

() wn € M, Bn) =0, () = 3

. (4.6)
(b) nggloo J,\(un) = SH,L'
Note that
St = Ja(up) + on(1) > / |Vu,|?dz + o, (1) > St + on(1),
RN
then
/ |V, |?dr + 0,(1) = Su L. (4.7)
]RN
By Lemma 24 and [8, Theorem 2.5], we get
un () = O Us, 4, () + €n(T) (4.8)

for some positive constant © with U, . asin @4), o,, > 0, y, € RY and €, — 0 in D»?(RY). In order

to get the constant © > 0, we recall that |U,,, 4, |2+ = |Ui,0|2+ and that by [@7)) the sequence (uy) is

bounded in DV2(R¥), and so, we can assume that for some subsequence 11111 |tp |2+ = L1. Moreover,
n—r+00

since u,, € M, we must have L > 0.
We claim that lim o, =7 > 0 and lim y, =7 in RY. Let us first show that (o,,) is bounded. In
n—r0o00 n—o0

fact, if for some subsequence, still denoted by (o), 1121 on = +00 occurs, then for all p > 0, we have
n—-+0oo

lim |un|? de = ©? lim U,y |? dz = 0.
n—-+o0o BP(O) n—-+o0o BP(O)

Since f(uy,) =0, for all p > 0,

1 x .
() / 2l de

lun|3: Jrv 1+ |2

[unl3- Jrv\B,(0) 1+ |7

1 .
+ 5 / 2] [, |? da
lunl3 JB,0) 1+ |2|

p
L 1o0,(1),
T, (1)

Y

SO
o P
liminf y(u,) > ——, Vp >0,
V(un) = T,

n—-+oo

and then

lim inf v (u,) > 1, (4.9)

n—-+oo

obtaining, therefore, a contradiction. Thus, (o,,) is bounded and we can assume that

lim o, =7 with @ > 0.
n—-+o0o



August 10, 2020 22

We claim that 7 is positive. In fact, if @ = 0, for all p > 0 we have

lim lun|? de = ©2% lim U,y |? dz = 0.
N JRN\B, (yn) O JRN\B, (yn)

As B(upn) = 0, we get

[Yn ‘ Yn 1 Yn T o
= = Bun)| = —z= - |un|® dx
L+ [yn] 1+ [yn] [unl3s |Jaw N1+ Jya| 1+ 2]
1 / ( Yn T ) o
— - |un | dx (4.10)
[unl3e |/, @) \ 1+ lynl 1+ ]2]
1 / ( Yn x ) o
T2 - lun|* dz| < p+on(1)
lunl3e |Jov\B, ey \1+lynl 1+
Hence,
lim sup [y <p, Vp>0,
from which it follows
i bl =0
On the other hand, by the same calculus performed in (ZI0),
fin () =t [T ) Junfd
im Up) = m - — PUn)| [Un €z
n—»-i—oo/y n—-+4oo |un %* RN 1 —+ |$|

ol Y

n 2%
— Up | dzr =0,
Tl T |

. 1
= lim 5=
n—-4o0o |un 2« JRN

which is a contradiction.

Now, we are able to prove that (y,) is bounded. For this, suppose by contradiction, that there is a
subsequence, still denoted by (y,,), such that

Then, for all € > 0, there is R > 0 and ng € N such that

€ Yn
T — 1yl < R= — <e Vn>n 4.11
o ’1+|x| Tt lyal| =€ ’ (4.11)
and
/ jun|? dz = ©2° / Uy 2+ 0n(1) < €. (4.12)
RN\BR(yn) RN\ Br (yn)
From (@I and (£12),
Yn 1 xz Yn 2*
Buyn) — - / — |un | dx
’ L+ |yl |y, %* gy |1+ 2] L+ |ynl
1 . .
[unlse JBpa |1+ 2] 1+ [ynl

x Un
Ltz 1+ |yl

lun|? da

1
.
|Un|2* RN\ Bg(yn)

€
e+ 2—— +o0,(1)
|un|§*

IN
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which implies

n—-+oo

which again leads us to a contradiction. Therefore, (y,,) is bounded and we can assume that

Then
Sue = Jim | [ (V0 Vi )ie]
n—oo RN
= @2 |:/ (|VUE@|2 + V)\(.’L')|Ug7y|2)d$:|
RN
> 0?2 / |VUz 5|?dx = Sy, 1,
]RN

which is an absurd. O

Lemma 4.3. If A > 0, then

T :=inf{Jy(u) : ue M,B(u) =0,v(u) >1/2} > Sy 1. (4.13)
Proof. We start observing that

Ty =inf{Jy(u) :ueM,B(u)=0,v(u) >1/2} > Sy L.

Now suppose, by contradiction, that the equality is true. Then, there exists a sequence (u,,) such that

{Ez)) uvllle /\jl] ( B()un); 0, (un) >1/2; (414)
i () = S
Then, the same computations made in Lemma allow to assert that

un () = O Uy, 4, (x) + €,(2) (4.15)

with © >0, 0, > 0, y, € RY, ¢, — 0 in DM3(RY) verifying lim o, =7 € (0, +00] and lim y, =7 in
n—oo n—oo

RY. Let us show that @ = +0o cannot occur. If this would be the case, then

/ IVun|2d3:+/\/ |t |z
RN By, (yn)

SH,L + A\O@? liminf o, / |U170|2dx
B1(0)

n—-+oo

V

Sy > liminf
’ n—-+oo

Y

:+OO

that is a contradiction. So, we can assume that @ € (0, 00), and then

SH,L > lim [/ (|Vun|2 +)\|un|2)daz}
n—oo RN
> 0?2 [/ |VUW|2dx+A5/ |U0,y|2dx}
RN B=(7)
> 62/ VU 5|?dx = Su 1,
]RN

which is again a contradiction. O
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Remark 4.4. Testing the functional Jy by the functions % Un,o, n €N, it is readily seen that

inf {Jo(u) : uw e M, B(u) =0,y(u) >1/2} = Sy 1.

Let a € (0,1) be such that
|VO|LN/2(RN) =S (2a 2%\2‘“ — 1) (4.16)

and let us fix a number ¢ such that

B S -
SH,L <c< min(%, 2(17(1) 24]1\77”“ SHL)- (417)

Note that this interval is not empty by Lemma
In the sequel, ¢ is a function that belongs to C5°(B1(0)) and satisfyies the following properties:
o€ CR(BI(0), lx) >0 Ya € By(0),
¢ is symmetric and |z1] < |z2] = @©(x1) > @(z2), (4.18)
¢ €M and / |Vo|?dz = € (Su.1,0).
RN

For every o > 0 and y € R, we set

_N-2 r—y
Poy(T) = 7Y < o ) , @€ Bo(y), (4.19)
0, x ¢ B,(y).

We remark that by the definition of ¢, , and by variable change, it follows that for every o > 0 and
y € RN

/ |Vgog7y|2d:c:/ |Vgog7y|2d:c:/ Vp|2dz, (4.20)
RN Bs(y) B1(0)

[ Jeosfao= [ g fan= [ el (a.21
RN Bo(y) B1(0)

[ s lons lpnyPide = [ (s i) Pido =1
RN RN

and

so that, in particular,
Yoy EM and / Vooyl?de =% € (Spr,¢) Vo >0 and Yy € RY. (4.22)
RN

Lemma 4.5. The following relations hold:

@ tmsw{ [ Vololleny i yeRY =0

(b) lim sup {/ Vo(2)|poy*dr; y € RN} =0; (4.23)
RN

o——+oo

(¢) lim sup{/ Vo(@)|poy?dr; |yl=7r, >0, ye RN} =0.
RN

r——400
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Proof. Let y € RY be chosen arbitrarily. Then, by the Holder inequality,

[ vo@leaalde = [ Vo@lons P dz < [Volowragaolonslie s,
RN Bd(y)
= |Volpnre(s, @y lel3e Vo >0,
hence
sup {/]RN Vo ()| @oy|? dr; y € RN} < |‘P|2L2*(Bl(0)) sup {|VolLo/e (s, (y)); U € RV}, (4.24)
Since

lim sup |V =0,
"”Oyengv| olLrz (B, )

so (a) follows from ([@24]).
To prove (b), we fix arbitrarily ¥ € RY and note that by the Holder inequality,
[ Welenalde = [ Ve@lensPdot [ Valo)lgada
RN B, (0) RN\B, (0)

Vol Lz (s, 00 |[9oul727 (3, (0)) T+ Vol Lvrz@n s, 0))| o 72 @3\ 3, 0))

IN

IN

Volny2 51%];])\[ |<Pa,y|i2*(3p(o)) + |90|§*|V0|LN/2(RN\BP(0))7 Vp,o > 0.
ye

Using the fact that

a’ll}IJIrlOO ySeUﬂ.QIZ)V |SD‘771/|L2* (B,(0)) = O’

we get

. 2 . N 2
Jim sup{ [ Vo@llonal?di y € RY | < ol Wolowagen 0
Passing the limit of p — 400 in the last inequality, we obtain (b).

To prove (c), we will assume by contradiction that there are sequences (y,) C RY and a sequence
(o) C (0,+00) such that

lim Vo(x)gagmyndaj =L>0 and |y,| = +o0. (4.25)

n—-+oo RN
From (a) and (b), we can suppose that

lim o, =7 > 0.
n—-+oo

Using the hypotheses that |y,| — +oo and Vj € LN/2(RN), the Lebesgue’s Theorem leads to

lim |%|LN/2(BUn (n)) =0

n—-4o0o
from where it follows that
. 2 . -
ngrilw . Vo(z)es, y,do < nllgloo Volovre(s,, (ya)) = 05
which contradicts [@25]). Therefore (¢) occurs. a

Lemma 4.6. The following relations hold:
(a) Jim sup {7(poy); y RV} =0;
S . N _ .
(b) UEIEOO inf {’y(gpg,y), yeRY, |yl < r} =1, Vr>0; (4.26)
(©) (Bleoy)ly)rny >0; Yy € RN\ {0}, Vo >0.

Here (z|y) denotes the usual inner product in RN of the vectors x,y € RY.
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Proof. Let y € RY be chosen arbitrarily. For any o > 0, using the fact that ¢,, € M and the
definitions of 3,~, we find

1 T -
0 < o = > - o o 2 d
< o= LIS : Bp0)| £l do
1 / T ‘ o Y
g% lo,yl® do+ = B(@oy)| - (4.27)
lpowl3: Jo,) |1+ 12l 1+ T [yl 77 1+ 1yl !
Now, from ([@I8) and (£19),
)| = e | [ (2 - ) el
1+ 1yl ? [0oyl3e [Jan \1+1yl 1+ le Y
1 / Y
< L[ = (o2 d (4.28)
looyl3s Joow [T+ 1yl 1+ 1+ [af |77
Combining (27 with [@28)) we derive that
0<y(poy) < —2 / L '| ¥ de < 2
= Y\ Po, = = Po, € o.
! [boyl3s JB,w) |1+ 2] 1+ Tyl
Hence
0 < sup {7(¢oy); y€RY} <20,
which gives (a) letting o — 0.
To prove (b), let us first show that for all y € RV,
Jm Sup 1B(pa,y)| = 0. (4.29)
y|<r
Since @40 is a symmetric function, we have 8(ps,0) = 0. This combined with the limit below
UETOO |Sl|1p |91,y/0 — ¢1,0]2- =0,
and the definition of 3 gives (E29]).
Now, fix r > 0 arbitrarily and let y € R such that |y| < r. For any o > 0, we see that
(o) e [ | = Ao e d
Y\Po, = P — P Po, P, €z
! |0oyl3e Jrn |1+ 2] ! !
1 / || 2*
< - [Poyl™ dz +[B(¢oy)]
Poyl3e Jov 1+ 2] 77 !
< 14[B8(¢oy)ls
which together with ([@29]) leads us to
limsup [inf {v(psy); y€RY, |y <r}] <1 (4.30)
o——+o0
If
limsup [inf {7(po,y); ¥ € RN, |yl < r}] <1,
o——+00
there are sequences (o,) C (0, +0o0) and (y,) C RY such that o, — 400, |y,| < r and
lim v(¢s, 4,.) < 1. (4.31)

n—-+oo
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On the other hand, considering (2Z9), for all p > 0 we deduce that

1 X 2%
V(Ponyn) = - / — B(Pony) | [P0yl dz
. [P0 ynl3- Jrv |1+ |2] . .
1 / |z| 2%
Z * |SD(T’ny n| d$_|/3(g00'n> n)|
|<Pon,yn %* gy 1+ |33| . .
1 / |z| 2
> — ———Pony.l” dz — 0, (1)
[@om,ynl5+ JrN\B,(0) 1+ [2] Y
P 1 / 2*
> — = |0 yn|” dr — 0n(1)
L+ 0 90,4, 5 JrN\B,(0) Y
1 .
> | o102 da - on(1),
L+ pleiolas Jrv\B o (—yn/om)

an

hence

: p
1 T :
V(o) 2 70 o >0

From this, since p > 0 is arbitrarily,
lim ”Y(‘Pon,yn) > 1,

n—-+o0o
which contradicts ([@3T]). Thus, the equality in (Z.30) holds and the proof of (b) is finished.
Now, we will prove (¢). We note that if 0 ¢ B, (y), we have (z]y) > 0 Vo € B, (y) and thus

Berl) = [ {5l o >0

If 0 € B, (y), for each z € B,(y) such that (z|y) < 0, the point —x belongs to B, (y), (—z|y) > 0 and
Yo.y(—x) > @qy(x), which is enough to prove that (8(¢os,y)|y) > 0, as desired. O

Corollary 4.7. There existr >0 and 0 < 01 < % < o9 such that

1
(@) Y(po,y) < bR Vy € RN;
1 .
) V(Pos,y) > 2 Vy € RN with ly| <r,
and
sup {Jo(po,y)); (0,y) € OH} <F, (4.32)
where
H = [0'1,0'2] X BT(O) (433)

Points (a) and (b) follow from points (a) and (b) of Lemma 6 respectively, while [@32) is a
consequence of [I22) and Lemma

Lemma 4.8. Let H be the set defined in [E33)). Then, there exist (6,y) € OH and (7,7) € intH
satisfying

(4.34)

and
(4.35)
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Proof. First of all, note that by the symmetry of ¢, we have 8(ps,0) = 0, Vo > 0. Then (7,7) := (02,0)

verifies (£34)), by Corollary 7

In order to get ([30) it is sufficient to consider also that o — v(¢s0) is a continuous map and that

o = Y(Poy,0) < 3 while 0 = V(¢0,,0) > 5 by Corollary B

Lemma 4.9. Let g : H — R x RY the function defined by

9(0,y) = (V(Poy): B(#oy))-
Then

K

deg(g, int(H),(0,1/2))) = 1.
Proof. Let us consider the homotopy G : [0,1] x 9H — R x RY given by

G(t,o,y) = (1 = t)(0,y) + t(V(Poy): B(#oy))-

We remark G is continuous and that
G(0,0,y) = (0,y)
and
G(1,0,y) = (7o), B(¢oy)) = g(o,y).

So, it remains to show that
(%0) ¢ G(t,0M) Vit e [0,1]

or, equivalently,

G(t,o,y) # <%,O> Y(o,y) € OH and Vit € [0,1].

In fact, set OH = K1 U Ko U K3 with

Ki={(o.y); lyl<r, o=o01},
Ky ={(o.y); lyl<r, o=o02},
Ky ={(o,y); lyl=r, o€[o1,02]}.

If (0,y) € K1, then 0 = 07 and by the Corollary 7] (a)

11 1
(1 —=t)o1 + ty(¢o, y) < (1 —t)§ +1t5 =3 vt € [0,1].

Analogously, if (o,y) € Ka, then 0 = o2 and again by the Corollary 1] (b)
1 1 1
(I —=t)o2 + t7(Pos,y) > (1 — t)5 +1t5 =5 vt € [0,1].
If (0,y) € K3, then |y| =7 and 0 < 01 < 0 < 09, so using Lemma [ (c), we obtain

(1 =ty +tB(voy)ly) = 1 = Oy +t(B(way)ly) >0 Vte[0,1].

Now, the results follows by employing the proprieties of the Brouwer’s Topological degree.

Lemma 4.10. Let H be the set defined in [E33)), and assume that (V3) holds, then

L = max{Jo(¢oy) : (0,y) € H} < PEeT SH.L-

O

(4.36)

(4.37)

(4.38)
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Proof. Using (21]), we have for all (o,y) that

Ior) = [lemali+ [ Vo)t yda] < ol + Wolumaleid
Vi Vi v
< ||sa||2+|°|TL””H<pH2 < {1+'°'%”} 5 < [1+|0|%/2]5

The result follows by (V3), [@I6) and (@IT).

5 Proof of Theorems

Finally, with the help of the previous lemmas we are ready to prove our main results. For ¢ € R, let
us fix the set
Jy={ueM: Jy(u) <c}.

Proof of Theorem [[LTl Combining the definition of ¢ in (A.IT), and Lemma .8 we have

Spp << By, < Jo(psy) <L <2558y 1.

We will prove that functional Jy constrained to M has a critical level in the interval (Sg 1,
Q%SH, ). Suppose, by contradiction, that is not true. From Corollary .0 Jy satisfies the Palais-
Smale condition in interval (Su, L,2% Su,r). Thus, using a variant of the Deformation Lemma
(see [0]) we can find a 6 > 0 such that By, — ¢ > ¢, L+ 0 < REeT Su,r and a continuous map
n: JET va‘)_é such that

n(u) =u, Yuée Jégv"fé.

Then, the map 7(¢s.y), (0,y) € H, is well defined and we remark that
Jo(n(¢oy)) < By, =6, V(y,0) € H,
which implies
O(0ra) = (02r)).Bl0(r) #  5:0) 65.1)
On the other hand, by Corollary [£7],
Jo(po,y) <€ < By, —0, Y(y,0) € OH, (5.2)
which implies 7(¢o.y) = @0y, from which

O(poy) = 9(0,y) = (V($oy), Blpoy)), V(y,0) € OH,
where g is the map introduced in (430)).

Therefore, by the homotopy invariance of topological degree, taking into account Lemma 3] we
deduce
1=4d(g,H,(1/2,0)) =d(©,H,(1/2,0)),
that implies the existence of (o,y) such that O(o,y) = (1/2,0), contradicting (5I)). Therefore, the
functional Jy constrained on M has at least one critical point v € M such that ¢ < J(u) < 27847 § H.L-
Moreover, by Lemma [2.3] we also have u > 0, finishing the proof.
Proof of Theorem

The proof of this results follows as in [I1], however for the reader’s convenience we will write its
proof.
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Lemma 5.1. Let H be the set defined in (I33). Then, there exists A > 0 such that, for all 0 < X\ < A,
we have
Ix :=max{J\(¢oy) : (0,y) € OH} <C.

Moreover, ¥(¢oy.y) < %, V(Pos.y) > %, for ally e RN |y| < r.

Proof. Note that

)\/ |<pg,y|2dx:)\02/ |go|2dx,
RN B1(0)

J)\(SDU,y) = JO(SDa,y) + )‘02/ |(p|2d£L'.
B1(0)

Now, the result follows from (£32)). a
Combining the definition of ¢ and Lemma [5.1] for every A € (0, \) we have

and so,

SaL < Tx < Ja(ps,5) <Ix <E< By, (5.3)

where T has been defined in ([£I3) and (5, 7) has been introduced in Lemma .8

We will prove that functional J) constrained to M has a critical level in the interval (Tj,1y).
Suppose, by contradiction, that is not true. From Corollary 3.6l .Jy satisfies the Palais-Smale condition
in interval (T,7y). Thus, using a variant of the Deformation Lemma (see [40]) we can find a positive
number d; > 0 such that Yy — 1 > Sy 1, [y + 01 < € and a continuous function

7 :[0,1] x JaTo — ghta
such that

n(0,u) =u Yu € Ji“_(sl
n(s,u) =u Yu € Jg*_‘sl, Vs € [0,1]
I (s,u)) < Jx(w) Yu e I Vs € [0, 1] (5.4)
a1, Jp ) € T

Therefore, definition of [ and (55) give
(0,y) €OH = Ja(poy) <lx = Ja(n(1,¢oy) < T —d1. (5.6)
Let us consider Vs € [0,1], V(o,y) € OH

_ [ Glo,y,2s), s€10,1/2]
I'(o,y,s) = { (yon(2s —1),004),B0m (25 —1,054)) s € [1/2,1],

where G is the map defined in (£37). As already shown in Lemma 9]

Ws € [0,1/2], ¥(o,y) € OH, G(o,y,s) # <%o) . (5.7)

Furthermore, from (G3) and (&4), we deduce Vs € [1/2,1] V(o,y) € OH
Jk(n(28 - 17900,1/)) < JA(SDUJJ) <h<e< BVO < BVA? VA >0,

which gives

Vs € [1/2,0], ¥(0,y) € M, G(o,y,s) # <%o) . (5.8)
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By (7)), (&8) and the continuity of I, we obtain the existence of (5, 7) € OH such that

1
yon(l,psy) > 3 Bon(l,psy)=0.

Then
IA(n(1,05,5)) = Ta,
which contradicts (5.6). Therefore, the functional Jy constrained on M has at least one critical point

u; € M, such that Sg < J(u;) < ¢ VA € (0,)A). Moreover, by the Lemma 3] we deduce u; > 0,
concluding the proof of the first part of the theorem.

Now, let us suppose that (V3) holds. Then the existence of an high energy positive solution, i.e. of a
critical point for Jy constrained on M such that ¢ < Jy(up) < 25,1, can be proved for small A arguing
exactly as in the proof of Theorem [[L1] taking into account that

lim sup{Jx(¢o.y) : (0,y) € H} = sup{Jo(@a,y) : (0.y) € H}

and
;\%SUP{JA(¢U,y) t(0,y) € O} = sup{Jo(poy) : (0,y) € OH}.
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