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Abstract

We define and study odd and even analogues of the major index statistics for
the classical Weyl groups. More precisely, we show that the generating functions of
these statistics, twisted by the one-dimensional characters of the corresponding groups,
always factor in an explicit way. In particular, we obtain odd and even analogues
of Carlitz’s identity, of the Gessel-Simion Theorem, and a parabolic extension, and

refinement, of a result of Wachs.

1 Introduction

In recent years a new statistic on the symmetric groups has been introduced and studied in
relation with vector spaces over finite fields equipped with a certain quadratic form ([21]).
This statistic combines combinatorial and parity conditions and is now known as the odd
inversion number, or odd length ([10], [12]). Analogous statistics have later been defined
and studied for the hyperoctahedral and even hyperoctahedral groups ([30], [31], [11]),
and more recently for all Weyl groups ([12]). A crucial property of this new statistic is
that its signed (by length) generating function over the corresponding Weyl group always
factors explicitly ([12], [33]).

Another line of research in the last 20 years has been the definition and study of
analogues of the major index statistic for the other classical Weyl groups, namely for

the hyperoctahedral and even hyperoctahedral groups (see, e.g., [1], [5], [7], [14], [15],
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[16], [24], [25], [32]) and for finite Coxeter groups ([27]). It is now generally recognized
that, among these, the ones with the best properties are those first defined by Adin and
Roichman in [1] for the hyperoctahedral group and by Biagioli and Caselli in [7] for the
even hyperoctahedral group.

Our purpose in this work is to define odd (and even) analogues of these major index
statistics for the classical Weyl groups and show that their generating function twisted
by the one-dimensional characters of the corresponding Weyl group always factors in
an explicit way. More precisely, we show that certain multivariate refinements of these
generating functions always factor explicitly. As consequences of our results we obtain odd
and even analogues of Carlitz’s identity [13], which involves overpartitions, of the Gessel—
Simion Theorem (see, e.g., [2, Theorem 1.3]), and of several other results appearing in the
literature ([2, Theorems 5.1, 6.1, 6.2] and [6, Theorem 4.8]). We also obtain an extension,
and refinement, of a result of Wachs ([34]).

The organization of the paper is as follows. In the next section we recall some defi-
nitions and results that are used in the sequel. In §3 we define and study odd and even
analogues of the major index and descent statistics of the symmetric group (Definition
3.1). In particular, we obtain odd and even analogues of Carlitz’s identity (Corollary 3.3),
of the Gessel-Simion Theorem (Corollary 3.4), and a parabolic extension, and refinement,
of a result of Wachs (Theorem 3.10). In §4 we define odd and even analogues of the major
index statistics introduced in [1] and [7] for the classical Weyl groups of types B and D,
respectively, and of the usual descent statistics on these groups (Definitions 4.1, 4.2 and
4.3). More precisely, we compute a multivariate refinement of the generating functions of
these statistics twisted by the one-dimensional characters of the corresponding groups and
show that they always factor explicitly. Finally, in §5, we show that, under some mild and
natural hypotheses, there is no “odd major index” that is equidistributed with the odd
length in the symmetric or hyperoctahedral groups and indicate some possible directions

for future work.

2 Preliminaries

In this section we recall some notation, definitions, and results that are used in the sequel.

As N we denote the set of non-negative integers and as P the set of positive integers. If

n € N, then [n] := {1,2,...,n} and [£n] := {-n,...,—1,1,,...,n}, in particular [0] = @.
n—1

For n € P, in the polynomial ring Z[g] the g-analogue of n is defined by [n], := ) ¢’ and
i=0

the g-factorial by [n],! := [][i];- We also find it convenient to let p, := (14 (—1)")/2.
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The cardinality of a set X is denoted by | X| and the power set of X by P(X). Forn,k € N
we let (") := {A e P([n]) : |A] = k}.

Forn e NJi € Z, g€ Qand J C [n] welet Jo :={j € J:j = 0(mod 2)},
Jo={jeJ:j=1(mod 2)}, J+i:={i+j:jeJ}tN[n]and qJ :={qj:j e J}.

Next we recall some basic results in the theory of Coxeter groups which are useful in
the sequel. The reader can consult [8] or [20] for further details. Let (W, S) be a Coxeter
system. The length of an element z € W with respect to S is denoted as ¢(z). If J C S and
weW welet W/ :={weW:l(ws)>Llw)VseJ}, Dw):={scS:lws)<l(w)}
and, more generally, for any A C W we let A7 := ANW’. When the group W is finite,
there exists a unique element wg of maximal length.

For any n € P let S,, be the group of bijections of the set [n]. For o,7 € S, we let
o7 := ooT (composition of functions). It is well known (see e.g. [8]) that this is a Coxeter
group with set of generators {s1, $2, ..., Sp—1}, Si being, in one line notation, 12...(i+1)i...n,
or in disjoint cycle notation (i,7+ 1). Given a permutation o = o(1)0(2)...0(n) € Sy, the
action of s; on the right is given by os; = 0(1)0(2)...0(i + 1)o(4)...0(n), for all i € [n —1].
As a Coxeter group, identifying {si, s2, ..., Sp,—1} with [n — 1], we have the following well

known result (see e.g. [8]).

Proposition 2.1. Let o0 € S,,. Then (o) = |{(i,§) € [n]? : i < j,0(i) > o(j)}|, and
D(o)={ien—-1]:0()>c(i +1)}.

So, given J C [n—1], S ={c € S,:0(i)<o(i+1)VieJ}.

For i € [n] and T C S, define T(i) :== {0 € A: 07 (n) =i}. For A C Z, A =
{ai,...;ar}< (so A={a1,...,ar} and a1 < --- < ag) and o0 € S(A) we let 7 be the only
element of S|4 defined by o(a;) = a,(; for all i € [k]. We call 7 the flattening of o and

write F'(0) = 7. Moreover, we define:

i —sgn(i), if ¢ =0(mod 2);
i* := < i+sgn(i), ifi=1(mod 2) and i + sgn(i) € [*n];

1, otherwise,

for all i € [£n|, where sgn(i) := 1 if ¢ > 0 and sgn(i) := —1if i < 0.

The elements of SZ are the bijective functions o : [+n] — [£n] satisfying —o (i) =
o(—1), for all i € [n]. We use the window notation. So, for example, the element [—2,1] €
S5 represents the function o : [+2] — [£2] such that (1) = —2 = —o(—1) and ¢(2) =
1 = —o(—2). We let Neg(o) := {i € [n] : 0(i) < 0}, neg(o) = |Neg(o)], sjB = (4, +
)(—j,—j—1) for j =1,...,n — 1, 59 := (1,—1), and Sp := {s0,57,...,s2 |}, Tt is well
known that (S2, Sp) is a Coxeter system of type B, and that, identifying Sp with [0,n—1],



the following holds (see, e.g., [8, §8.1]). Given o € SP we let
la(o) == [{G,5) € [n]* 10 < 0 (3) > o ()}

Proposition 2.2. Let 0 € Sf. Then lp(o) = ba(o) — > o(i), and D(o) = {i €
i€Neg(o)
[0,n—1]:0(2) > o(i+ 1)}, where o(0) := 0.

We let SP be the subgroup of SZ defined by SP := {o € SZ: |Neg(c)| =0 (mod 2)},
5o = (1,-2)(2, 1), and Sp := {3¢,sP,...,s8 |}, Tt is then well known that (SL Sp) is

5 Sn—1

a Coxeter system of type D,,, and that the following holds (see, e.g., [8, §8.2]).

Proposition 2.3. Let o € SP. Then (p(c) = {p(c) —neg(o), and D(c) = {i € [0,n—1] :
o(i)>o(i+ 1)}, where o(0) := —o(2).

For simplicity we often write B,, and D,, respectively in place of SZ and SP. We refer to
[8, Chapter 8] for further details on the combinatorics of the groups SZ and SP.

The descent number and the major index are the functions des : S, — N and maj :
Sn — N defined respectively by des(o) := |D(0)l, and maj(c) := 3_;cp(y) i, for all o € Sy
More generally we let des(a) = [D(a)| and maj(a) := > ;cp(, ¢ for any sequence a =
(a1,...,an) € Z", where D(a) ={i € [n — 1] : a; > aj4+1}-

Following [1] and [7] respectively we define the flag-major index of an element o € S5

by

fmaj(o) := 2maj(o) + neg(o),

and the D-major index

Dmaj(o) := fmaj(|o|,),

where |o|, :=[0(1),...,0(n — 1), |o(n)|].

Recall that a one-dimensional character of a group G is a homomorphism x : G —
C\ {0}. The one-dimensional characters of S,, are well known to be the trivial and the
alternating one, given by o — 1 and o — (—1)%?) respectively, for all ¢ € S,,. For the

group S2 we have the following result (see [26, Proposition 3.1]):

Proposition 2.4. The hyperoctahedral group SP has four one-dimensional characters,
namely o — 1, 0 — (=1)49), g = (=1)"°8) and ¢ — (—1)%O)Hnee@)  for qll 0 € SB.

The group SP has only the trivial and the alternating one-dimensional characters
o+ 1and o — (=1)%9) for all o € SP (26, Proposition 4.1]).



3 Type A

In this section we introduce and study odd and even analogues of the descent and major
index statistics for the symmetric groups. In particular, we obtain odd and even ana-
logues of Carlitz’s identity, of the Gessel-Simion Theorem, and a parabolic extension, and

refinement, of a result of Wachs.

Definition 3.1. We define functions odes, edes, omaj, emaj : S,, — N by letting
odes(o) :=|D(0),|, edes(o):=|D(0)e|

and

. 141 . 1
omaj(o) := Z 5 emaj(o) := Z 3

i€D(0)o i€D(0)e
for all o € S,,, where D(0), ={i € D(o):i=1 (mod 2)} and D(0)e ={i € D(o) :i =0
(mod 2)}. We call these functions odd descent number, even descent number, odd major

index, and even major index respectively.

So for example, if 0 = 81725634 then odes(o) = 2, edes(o) = 1, omaj(c) = 3, and
emaj(o) = 3.
For any J C [n — 1] we let the parabolic q-Eulerian polynomials and parabolic signed

q-Fulerian polynomials, respectively, be

Ai(Qv‘T) = Z qmaj(o')xdes(o-)7

oesy

and

Bl(g,0) = 3 (~1)(0)gmeite)gdese),
oeSy
So AZ(q,z) = A,(¢q,z) and B?(q,x) = By(q,z) where A, (q,z) and B,(q, ) are, respec-
tively, the ¢-Fulerian polynomials and the signed g-Eulerian polynomials, as defined in
[34].
Our goal is to compute the generating functions of odes, omaj, and of edes, emaj,
twisted by the one-dimensional characters of the symmetric groups. Our first result is a

natural trivariate generating function factorization.

Theorem 3.2. Let n € P. Then

z yﬂ(a)qomaj(cr)l,odes(a) _ [n]y' (1 + yxq )

oESy i=1



and

z i
Z yé(a)qemaj(a)$edes(a) _ [n]y' H (1 + yxq )
=1

oESy

Proof. Let, for brevity, A9 (y,q,z) := 3 y*(@)gomai()zodes(a) We prove the first equation
0ESh
by induction on n > 1. We have that A{(y,q,z) = 1, and A3(y,q,z) = 1 + yzq. So let

n > 3. For n =1 (mod 2) we find, by our inductive hypothesis,

Aﬁ(y,q,x) — Z Z yZ(a)qomaj(u)xodes(u Zyn i zT)L ) y q, )

i€[n] uESH i€[n

<lnl €Sy =
25

= [nlyAn_1(y, ¢, ) = [n]! H

i=1

(14 yzq')
(1+y)

)

as desired. For n =0 (mod 2) we have, by our inductive hypothesis,

Ag (y’ q, ZL’) _ Z Z yﬁ(a)qomaj(a)xodes(a) + Z yﬁ(a) qomaj (J)xodes(a)
1<i<j<n 0€Sn oS,
o(n—1)=i,o(n)=j o(n—1)=j,0(n)=i

_ Z Z y2n—j—i—1+€(7)qomaj(T)xodes(T)

1<i<j<n TES,_2

+ Z Z y2nfj7i+£(‘r) qomaj (T)+%x0deS(T)+1

1<i<j<n TES,_2

= > T T ) A (Y, g, @)

1<i<j<n

= A?Li2(y7q’ ) ]_—|—yq2$ Z y2n 1—j—1
1<i<j<n
n—1

= A Hy.q.7)(L+yqra) Y y" -],
i=1

n -1
= A (y.q.2)(1 4 ygEa)
[2ly
as desired.
The proof for the even statistics is analogous, and is therefore omitted. O

As a corollary of Theorem 3.2 we obtain the odd-even analogue of Carlitz’s identity
[13]. Recall that an overpartition is a partition where the last occurrence of any number
may be overlined (we refer the reader to [17]). So for example (1,1,1), (1,1,1), (2,1), (2,1),
(2,1) and (2,1) are the overpartitions of 3. We denote by P the set of overpartitions.



Corollary 3.3. Let n € P. Then

Z qomaj(a) xodes(a)

0ESH n!
an EETIR
(1 . xqz) {)\Gf:)qéL%J}
i=1
and
Z qemaj(a)l,edes(a)
o€Sn n!
T R
12[ (1—33qi) {AEf:)qéL%J}
=1

Proof. By Theorem 3.2 we have that

,_
w3
[

Z qomaj(0)$odes(a) H (1 +xq’)
g€Sn _ nl i
15) , ol3] 3] ,
(1—=q’) (1—=q")
i=1 =1
and the result follows immediately. The proof of the second equation is identical. O

Note that Corollary 3.3 can also be stated in terms of super-Schur functions. Given
a partition A and variables z1,...,Zm, Y1, ..., yn We denote by sx(x1,...,Tm /Y1, ..., Yn) the
super-Schur function (also known as hook Schur function, see [3]) associated to A (we refer
the reader to [28] for the definition and further information about super-Schur functions).

Then we have, by [9, Equation (6)],

Z qomaj(cr) xodes(o)

crESnL _ nl ZS(k)(q,...,ql%J/q’_”’qL%J)xk
(1—xq?)

(2

0|3
[E—
[\)
—
N
[

Il
—

and
Z qemaj (o) xedes(a)

Uesfl;lJ = QLZ_'IJ ZS(k)(q,...,qlﬂTflJ/q,,,_,anTilJ )xk
[T (1 =) w20

A second corollary of Theorem 3.2 is the odd-even analogue of the Gessel-Simion

Theorem.

Corollary 3.4. Let n € P. Then

D (—1)fgomaile) — LgJ' (1-q"),

oESy i=1



and
3 (g I [[ -0

A further corollary is the following.

Corollary 3.5. Let n € P. Then ). q°m2i(@) gnd > ¢e™2i(?) gre symmetric unimodal
O'GSn UESn
polynomzals.

5]

Proof. Tt follows immediately from Theorem 3.2 that . go™ai(?) — ﬁ 2P (14 4Y),

oc€ESK
and that U; gemai@) = ﬂfﬁ HZL;T_IJ (1+ ¢"). But it is well known (see, e.g., [29]) that
the polynomial ﬁl(l + ¢') is unimodal for all k& > 1. O
=
We note the following similar unimodality result.
Proposition 3.6. Let n,m > 1. Then the polynomzial > ¢ is symmetric

{AEP:A1<nL(\)=m}

. . m(n+1)
and unimodal with center of symmetry at —5—.

Proof. Let P, ;m(q) == > g, Tt is easy to see that deg(Py, ) = nm and
{AeP:A1<n,L(N)=m}
that ¢ V™ P, 1.(¢7!) = Pnm(q). Moreover,

3

(1+zq")

@
Il
-

Z Pn,m(‘])xm =

m=0

—=
—~
[
|
8
LS
=
~—

.
Il

I
—
?M: -

I
3
WV
o
Nngh

ej(¢: 4% - q")’ (Zhr(q,qQ,--~,qn)wT)

r=0

ei(q,q% s @V hm—i(q, 4% -.-,q”)> z™

-

S
Il
o

ei(lv q,--- qn_l)hm—i(17 q,--- qn_1)> qum’

3
WV
=)

where e; are the elementary symmetric functions and h; are the complete symmetric func-
tions (see, e.g., [23, Chapter 1]). It is well known that e;(1,q,...,¢" 1) = q(;) (?)q’ while
Bon—i(1,q, ..., 1) = ("+m7i71) (see, e.g., [23, Example 1.3]) where () = [a]q!/([b]q![a—

bly)! is the g-binomial coefficient. Since (Z)q is a symmetric unimodal polynomial of de-

gree b(a — b) (see, e.g., [29, Theorem 11]) and the product of two symmetric unimodal

polynomials with nonnegative coefficients is again symmetric and unimodal (see, e.g. [29,



Proposition 1]), we have that the product e;(1,q,...,¢" Dhm_i(1,q,...,q" ') is symmet-

ric and unimodal with center of symmetry m(#_l) Therefore P, ,,(q) is symmetric and

unimodal with center of symmetry % ]

Note that Proposition 3.6 is related to, but different from, [18, Conjecture 7.2] namely

that the polynomial > ¢! is unimodal.
{AEP: A< l(N)<m}
Note that the parabolic analogues of the odd and even g-Eulerian polynomials don’t

factor nicely, in general. For example, one can check that ZUE s q°™(@) = 5¢% 4+ 3¢% +
3¢ + 1, and that Zoesél’?’} ¢®™ai(@) = 16¢% + 4¢ 4+ 9¢ + 1. Also, the bivariate generating
function of omaj and emaj does not seem to factor. For example, > . S5 qi’maj(g)qgmaj(o) =
q192 + 2q1 + 2g2 + 1. The “signed” generating functions, however, can always be reduced
to that over a certain subset, that of “Wachs permutations”, which we now define. Such
generating functions, in turn, can often, though not always, be computed combinatorially,

as we show in the sequel.

For n € P we define:
W(S,) i={o €S, : |07 i) — o™ ()| < 1ifi € [n—1]}.

So these are permutations where, in one line notation, 1 and 2, 3 and 4, etc. appear in
adjacent positions. For example, 21534 € W(S5) while 23541 ¢ W(S5). For n even this
class of permutations first appeared in [34] in the study of the signed Eulerian numbers.
For this reason we call the elements of W(S,,) Wachs permutations.

Note that, if n is even, W(S,,) = {o € S,, : |o(i) — o (i*)| < 1ifi € [n — 1]}.

Proposition 3.7. Let m > 0 and J C [2m — 1]. Then there is a bijection between
W(Sam) N SS and Sp’* x P({i € [m] : 2i — 1 ¢ J}).

Proof. For J = & the bijection is obtained by associating to each o € S, and S C [m]
the permutation u € W(Sa;,) defined by

20(j), otherwise,

w(2j —1) = {

and

u(2j]

) = 20(j), ifj¢s,

. 20(j) — 1, otherwise,
for j € [m]. So, for example, if 0 = 4213 and S = {2,3} then u = 78432156. If
J C [2m—1] then the bijection just described restricts to a bijection between W(Sa,,)N Sy,
and Sy/2 x P({i € [m] : 2i — 1 ¢ J}). O



In general it is not hard to see that |W(S,)| = 2l 3] [2]!. The previous bijection
implies the following natural algebraic interpretation of odes,edes and omaj,emaj for

Wachs permutation of even rank. The proof is a routine check, and is therefore omitted.
Lemma 3.8. Let m € P, and uw € W(Sam), u = (0,5). Then

1. L(u) = 4l(o) + 15|,

2. odes(u) = |S|, edes(u) = des(o),

3. omaj(u) = Y t, emaj(u) = maj(o).
tesS
The proposition below gives a sign-reversing involution that reduces the computation

of the signed generating function over any quotient to the corresponding set of Wachs

permutations.

Proposition 3.9. Let n € P, and J C [n —1]. Then

o) _oma, emaj(o) odes(o) edes(o o) omaj(c) emaj(o) odes(o) edes(o
Z( 1)4@) g2 i(o )q2 i )371 ( )x2 () _ Z (—1)%@) g i( )q2 i( )gc1 ( )gc2 (@)
ceS;] ceEW(Sp)’
Proof. Let o € SJ\W(S,) and r := min{i € [n — 1] : |o~1(i) — 07 1(i*)| > 2}. Define

the map ¢ : SJ\W(S,) — SI\W(S,) by i(c) := (r,7*) o, for all o € S \ W(S,,). Then
((t(0)) = £(o) + 1 (mod 2), D(i(0)) = D(o), and t(c(c)) = o for all o € S \ W(S,), s
the result follows. O

The following result is a refinement, and extension, of [34, Theorem 1| (which is the

case J =0, q1 = @@ = ¢>, 1 = v/q and x5 = x).

Theorem 3.10. Let m € P, and J C [2m — 1]. Then

Z (_1)g(g)q?maj(a)q;maj(a)x(;des(a)xgdes(o) _ H 1 5L'1Q1 Z qmaJ(T) des( )
oeSY {i€[m]:2i—1¢J} resle/?

Proof. Let A :== {i € [m] : 20 —1 ¢ J}. Then by Lemma 3.8 and the considerations

preceding it we have that

Z (—1)4@) quaj(U) qgmaj(o) xi»des(cr) mgdeS(U) — Z Z (71)4€(T)+|T‘qlz:teT t q2maj(f) xllTl $<21es(7)
oeDY, resle/2TCA
_ Z maj(T):E;les(T) H (1 . ZL‘1<]‘f)-
TESJe/Q a€A
The result follows from Proposition 3.9. O

We note the following consequences of Theorem 3.10.

10



Corollary 3.11. Let m € P. Then

m

Z (_l)é(a)q?maJ(U)qgmaJ(U) = [m]y,! H(l — ).
oc€Som =1

Note that for symmetric groups of odd rank the bivariate signed generating function

(—1)¢(0) gomai(e) gemaile) _

of omaj and emaj does not factorize nicely. For example, > 1

T+ 93 A+ 2% + ay® + 2ty — 2077 — 229?).

TgES5

Corollary 3.12. Let m € P and J C [2m — 1]. Then

Z (_I)Z(J)qmaj(a)$des(a) _ H (1 o xq2i—1) Z q2 maj(T)xdes(T)‘

oeSy {i€[m]:2i—1¢J} resle/?

Proof. This follows immediately by taking ¢; = g2 = ¢, z1 = %, and x2 = = in Theorem
3.10. O

Corollary 3.13. Let m € P. Then

T (1)) ggmai) emai(o) o) ydes(c) _ G mai(r) des(r) 1

0655:1"]0 TESm
We note that the previous “sign-balance” identities are examples of the phenomenon
described in [19], namely that the signed enumeration on 2m objects by certain statistics

is essentially equivalent to the ordinary enumeration on m objects by the same statistics.

4 Types B and D

In this section we define and study odd and even analogues of the descent and flag-major
statistics on the classical Weyl groups of types B and D, and compute the generating
functions of these statistics twisted by the one-dimensional characters of these groups.

For i € [n — 1] we write, for brevity, “s;” rather than “s?”. We also define

s; = (i,1%) (=1, —i")

for all i € [n — 1]. Note that the involution of B,, defined by o +— s}o, restricts to D,

Definition 4.1. We define six statistics on the hyperoctahedral group B, by letting
. t+1 ) i
omaj(o) := | Z 5 emaj(o) := | Z 2’
i€D(0)o i€D(0)e

odes(o) :=|D(0),|, edes(o):=|D(c).|,

oneg(o) := [ Neg(c)o|, eneg(c) := [Neg(a)el,

for all o € B,,.

11



So, for example, if o = [-2,5,3,1,—4] then D(0) = {0,2,3,4}, Neg(o) = {1,5},
omaj(c) = 2, odes(o) = 1, oneg(c) = 2, emaj(c) = 3, edes(c) = 3, and eneg(c) = 0. Note
that, if o € S, then the first four of these statistics coincide with those already defined

in the previous section by the same name.

Definition 4.2. We define the odd flag-major index and the even flag-major index of
o € B, by letting

ofmaj(c) := 2omaj(c) + oneg(c), efmaj(o):=2emaj(c) + eneg(o).

So, if o is as above then ofmaj(o) = efmaj(o) = 6.
For o € B, welet |o],, :=[0(1),...,0(n—1),|o(n)|]. We then define six more statistics
on B,.

Definition 4.3. We let
oDmaj(c) := ofmaj(|ol,), eDmaj(c) := efmaj(|o|,),

onegp (o) := oneg(|o]n), enegp(o) := eneg(|o}n),
odesp (o) := odes(|o|,), edesp(o) := edes(|o],),
for all o € B,,.

So, for example, if o is as above then odesp(o) = 1, oDmaj(o) = 5, edesp (o) = 2 and
eDmaj(o) = 2. We call oDmaj and eDmaj the odd D-major index and the even D-major
index of o € B,,, respectively.

Our aim is to compute the generating functions Y. y(o)z0iai(7)yodes(a) joneg(0) 5p(
oc€By,

S x(o)xePmailo)yodesp(a) jonegp(9) where y is any one-dimensional character of the cor-
oc€Dy,
responding group, and the analogous even ones.

4.1 The trivial character
We start with the trivial characters of By, and D,,. Recall that we let p, := (1+(—1)")/2.

Theorem 4.4. Let n > 2. Then

Q

15)

2 : :L,ofmaj(cr)yodes(a)Zoneg(g) _ 2?'J 1+$Z Pri1 H 1 i 3$Z+3y$2j +y2$2j+1),
2

ceBy, j=1

and

25
. | . )
g gefmai(o) edes(o) jeneg(o) — LZIJ (1+y)(1 + xz)Pm | | (14 3xz + 3yz® + yza® ™).
2L73 !
og€By, j=1
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Proof. We only prove the formula for the odd statistics, the proof for the even ones being
analogous. We proceed by induction on n > 2, the result being easy to check for n = 2.

Suppose first that n is odd. Then we have that

Z xofmaj (U)yodes(a) Zoneg(a) — Z Z mofmaj(a) yodes(cr)zoneg(cr)
o€Bn i€[xn] {c€By:o(n)=i}
_ Z Z (1 + Zx)xofmaj (T)yodes(T) zoneg(T)
TEBp_11i€n|
_ ’I’L(l + Z.’E) Z xofmaj (T)yOdES(T)ZOIleg(T),
7€B,_1

as desired. Suppose now that n is even. Let o € B,, and [7,1, j] be its window notation

(7,7 € [£n]). Then one can check that

ofmaj(7), it0<i<y,
) ofmaj(7r) + ifi<Oandi<j,

ofmaj(o) =
ofmaj(7)+n+1 if0>1i>j,
ofmaj(r) + if i >0andi>j.

Therefore we conclude that
Z xofmaj (U)yodes(a) Zoneg(a) — Z Z :L,ofmaj(a')yodes(o) Zoneg(a)
c€B, i,J€[£n] o€By,

i#+j o(n—1)=i,o(n)=j

_ Z Z xofmaj T)yodes(a) zoneg(T)

0<i<j T1€EB/_2

+ Z Z xofmaj 7)+1 odes(T) oneg(7)+1

i<j TEBp_2
<0
i#—j
+ 2 : 2 : xofmaj(7)+n+1yodes(7—)+1Zoneg(ﬂ-)—l-l

0>i>j TEBp—2

+ Z Z xofmaj(T)+nyodes(7')+lzoneg(7)

1>7 TEBn_2
>0
1#=]

— <Z) (1+32$+2y93n+1 "‘3?/513 Z xofmaJ(T) odes(T) oneg(T)

T7€B,_2

and the result again follows. O

The corresponding result for D,, is a consequence of the one in type B. Note that if
f17 ceey fk : B, — N then

S el ghlol) — g § ol fulii), 1)

o€By, o€Dy,

13



Theorem 4.5. Let n > 3. Then
| Bt
Z goPmai(o) odesp () onegp(o) — n,; (1+2zx +ya™)Pr H (14 32+ 3yz¥ + yza® ™)

€Dy 2|—§J =1
and
| ol %) S

Z gePmai(7) edesp () enegp (o) — LL;lJ (1+y) (1 + 2zx 4 ya" )P+ H (143zz+3yx? 4yza? 1),
€D, 2tz j=1
Proof. Let n > 3 be odd. Then

Z xoDmaj(U)yodesD(o) »onegp (o) _ Z Z l,ofmaj(|cr|n)yodes(\o|n)zoneg(\cﬂn)

o€By i€[tn] {c€By: o(n)=i}

— Z xofmaj (T)yodes(T) zoneg('r)

TEBn—l
and the result follows from Theorem 4.4 and (1). Let now n be even. Let o € B,, and

[T,1, j] be its window notation (7,5 € [£n]). Then we have that

ofmaj(r), if 0 <i<|jl,
oDmaj(o) = ¢ ofmaj(r) +1, ifi <0,
ofmaj(r) +n, ifi> |j|.
Therefore
Z xoDmaj(o)yodesD (o) ,onegp (@) _— Z Z mofmaj(‘r)yodes(f)zoneg(‘r)
o€By,, 0<i<|j| TEBn—2
+ Z Z :L,ofmaj(r)—&-lyodes(r)Zoneg(T)—‘rl
1<0 TEBR_2
2l
+ Z Z xofmaj(7)+nyodes(7)+lZoneg(f)
i>|j| TEBn—2
_ n(n _ 1) (1 + 2+ y.CEn) Z xofmaj(T)yodes(r)zoneg(T)7
TEB/_2

and the result again follows from Theorem 4.4 and (1).
The proof for the even statistics is analogous and is therefore omitted. O
4.2 The alternating character

The computation for the character o — (—1)/2(9) of SB is considerably more involved.

We begin with the following reduction result. For n € P we let
W(B,) :={o € B, : |07 (i) — o' (i*)| <1 forall i € [n —1]}.
We call the elements of W(B,,) signed Wachs permutations. So, for example, [-3,—4,5,2,1] €

W(B5) while [3, —4, 1, 2] ¢ W(B4)

14



Proposition 4.6. Let n € P, and S C [n]. Then

Z (_1)gB(g)x(1)maj(a)$;maj(a)y(l)des(a)ygdes(o)

{o€Bp:Neg(c)=S}
_ Z (_ 1)€B (g)xcfmaj (U)x(;maj(a')ytl)des(a)y;)des(o) '
{ceW(B,):Neg(o)=S}
Proof. Let B,, := {oc € B, : Neg(c) = S}, and ¢ : By \W(B,) — By \ W(B,,) be defined
by ¢(0) := s*o where 7 := min{i € [n — 1] : [o71(i) — o~ 1(i*)| > 2} if 0 € B, \ WI(B,).
Then ¢ : E;\W(Bn) — B;\W( B,,) is an involution, ¢p(¢(c)) = ¢p(o)+1 (mod 2), and
D(¢(0)) = D(0), so the result follows. O

Note that there is a bijection between W(Ba,,) and B, x P(|m]) obtained by associ-
ating to each o € B,,, and S C [m] the signed permutation u € By, defined by

(20(4),20(j) = 1), ifje€S,a(j)>0
. ) (20(4) — 1,20(j5)), ifj ¢ S,o(j) >0

w(27 —1),u(2j)) :=
(u(2] ) u(27)) (20(j) +1,20(5)), ifj€ S,0(j) <0
(20(4),20(j) +1), ifj ¢ S,0(j) <0

for j € [m]. So, for example, if 0 = [3,—1,—-2,5,—4] and S = {1,4,5} then u =
[6,5,—2,—1,—4,-3,10,9, —7, —8]. Because of this bijection we will often identify W(Ba,,)
and By, x P([m]) and write simply u = (0,.5) to mean that u and (o, S) correspond under
this bijection. The proof of the next result is a routine check using our definitions, and is

therefore omitted.

Lemma 4.7. Let m € P, and u € W(Bay,), u = (0,S5). Then

1. neg(u) = 2neg(o), oneg(u) = eneg(u) = neg(o);

2. odes(u) = |5], edes(u) = des(o);

3. omaj(u) = Y ,cqt, emaj(u) = maj(o);
4. La(u) = 4lu(0) +|S| and £p(u) = 4p(c) + |S| — neg(o).

For brevity, we define the following two monomials, for any ¢ € B,: o,(x,y) =

gomaj()yodes(a) 5pq oe(x,y) = gemaj(o)yedes(o)  We need to prove a further reduction

result.

Lemma 4.8. Let m € P, and S C [2m + 1]. Then

> (~1) 5@ oy(z,y) = 3 (~1) 5D, (x, y),

{o€Bam+1:Neg(o)=S} {o€Bam+1:Neg(o)=S5,|o(2m+1)|=2m+1}

15



and

> (-7 Do (w,y) = > (-7 Do (w,y).
{o€Bam+1:Neg(0)=5} {o€Bam1:Neg(o)=5,|o(1)|=2m+1}
Proof. Let ¢ : {0 € Bopm41 : |0(2m+1)| # 2m+1} — {0 € Bayy1 @ |0(2m+1)| # 2m+1}
be defined by ¢ (o) := sfo where r := o(2m + 1). Then v is an involution, £g(1(0)) =
(o) + 1 (mod 2), Neg(v(o)) = Neg(o) and D(c), = D(¢)(0)),. This proves the first
equation. The proof for the even one is analogous and is therefore omitted.

O]

For S C [n] we define S* := {i* : ¢ € S}. Using the reductions proved so far we can
now compute explicitly several “building blocks” of the generating functions that we are

interested in.

Lemma 4.9. Let m € P, and S C [2m]. Then
m
151

—1) 2 m! —:L‘i, iS:S*;
Z (—1)2 g, (z,y) = (=1) E(l ya'), if

{0€Bam:Neg(a)=S} 0, otherwise,

and

Z (—1)£B(U)ae(a:,y) =0.

{o€B2y,:Neg(o)=S}

Proof. Note that, by Proposition 4.6,

S ()P ey(ay) = ) (1) o, (a,y),

{o€Bam:Neg(ag)=S} {oceW(B2m ):Neg(o)=5S}

and the right hand side is zero whenever S # S*. If S = S*, by Lemma 4.7 we have that

3 (1)@ (.y) = 5 T (1) ITenen(o) it T

{cEW(B2m ):Neg(c)=5S} {o€Bm:Neg(c)=Se/2} TC[m)|
= Z (—1)"eelo) Z (_y)ITlgEteZTt
{o€Bm:Neg(c)=Se/2} TC[m)]
= DT ),
=1
as claimed.

For the even statistics note that the assignment o — s‘*a(l)‘a defines an involution of

Bo,,, which preserves the functions emaj and edes, so the result follows. ]
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Lemma 4.10. Let m € P and S C [2m + 1]. Then

> (-1)" Do (2, y)

{oc€Bam+1:Neg(o)=5}

( m

y(-1) " m! [ —ya), if1€S and (S\{1} —1)* =5\ {1} -1,
i=1
=1 D5 m Hl—yx if1¢ S and (S—1) =81,
0, . otherwise.

Proof. Let 1 € S. Then 0 € D(o) for all o € B,, such that Neg(c) = S. We have that, by

Lemma 4.8,

Z (_1)€B(0)Ue(xay) = Z (_1)£B(U)Ue(x7y)

{oc€Bam+1:Neg(o)=5} {oc€Bam+1:
Neg(o)=S,0(1)=—2m—1}

= —y > (1) (a,y),
{o€Bam:
Neg(o)=S\{1}—-1}
and the result follows by Lemma 4.9. If 1 € S the result follows by analogous computations.
O

Note that if |S| is even (resp., odd) the first (resp., second) case in the above lemma
cannot occur. We can now prove one of our main results. Recall that we have defined

14(=1)"
Pn = +(2 ) .

Theorem 4.11. Let n > 2. Then

Z (_1)53(cr)xomaj(o)yodCS(U)Zi’neg(U)Zgneg(U) _ p60n($’ Y, 21, 22)7 (2)

{o€Bp:0(n)>0
neg(o)=e (mod 2)}

Z (_1)€B(a)xomaj(a)yodes(o)ztl)neg(o)Z;neg(o) — _leéieanreOn(x» Y, 21, 22)’ (3)

{o€By:0(n)<0
neg(o)=e (mod 2)}

where € € {0,1} and Op(z,y, 21, 22) = | 5]!(1 — 2122) 7] H(l — yxt).

17



odes(o) oneg(a)zgneg(a)

Proof. We write oo(x,y, 21, 22) 1= 2oy A for brevity and we begin

by proving (2) for e = 1. Note that

Z (_1)@3(0) 00(337%21722)

{o€Bp\Dn:o(n)>0}
Sol _|Se o
= > AVl DO CE VR ACN"
SCln—1] {o€Br\Dn:Neg(o)=S}

= 3 AN (L) @y (a,y).

{SC[n—1]:|S|=1 (mod 2)} {o€By:Neg(o)=S}

This already proves (2) if e = 1 and n is even, by Lemma 4.9. Suppose now that n is odd.
Then for all S C [n — 1] such that |S| =1 (mod 2) we have that, by Lemmas 4.8 and 4.9,

> (~1)®ay(z,y) = > (=1)2 Doy (z,y)

{o€By,:Neg(c)=S} {o€Bn:Neg(c)=S,0(n)=n}

= Z (=18, (2, y) =0,

{c€B)_1:Neg(c)=5}

and (2) for e = 1 again follows.

We now prove (2) for e = 0. Suppose first that n is even. Then proceeding as in the

previous case and using Lemma 4.9 we have that

Z (71)23(0’) Uo(xayvzlazQ)

{o€Dy:0(n)>0}
Sol| _|Se o
= > Al Y ()P o (e y)

{SC[n—1]:|S|=0 (mod 2)} {o€By:Neg(c)=S}
n/2
Sol , |Se simn i
= > Ay (5) T -we)
{SC[n—1]:5=5*} i=1
ny 151
= <§>!H(1 —ya') Z (—2122) 7,
=1 {SC[n—2]:5=5*}
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and (2) follows in this case. If n is odd then by Lemma 4.8 we have similarly that

S ()@ oy, z)

{0€Dyp:0(n)>0}
= 3 2ol A 3 (—1)5@ a2, y)

{SC[n—1]:|S|=0 (mod 2)} {o€Bn:Neg(c)=S,0(n)=n}
Sol| _|Se o
- > SR LD DI G VLAY
{SC[n—1]:|S|=0 (mod 2)} {o€B,_1:Neg(c)=5}

s sy s (n=1Y, "1 <
= Z zloz2e(—1)2( 5 )! H (1 —yx")

{SC[n—1]:5=5*} i=1

-

by Lemma 4.9 and (2) again follows.
We now prove (3) for e = 1. We have that

3 (~1)'%©) oy(x,y, 21, 22)

{o€Bp\Dn:o(n)<0}
= DO i 3 (=1)"5g,(z,y)

(1—yz') D (—az)],

1 TCn—1l,

(2

{SC[n]:neS} {o€B,\Dn:Neg(c)=S}
So| _|Se o
= > A5 Y (Do),
{SC[n]:|S|=1 (mod 2),neS} {o€Bn:Neg(o)=S}

and this proves (3) in this case by Lemma 4.9 if n is even. Suppose now that n is odd.

Then, from the previous equation and Lemmas 4.8 and 4.9, we have that

Z (_1>£B(U) 0_0<$7y721722)

{o€Bp\Dn:o(n)<0}

Sol _|Se o
- > SRS > (~1)* oy (z,y)
{SC[n]:|S|=1 (mod 2),neS} {o€Bn:Neg(o)=S,0(n)=—n}
- - > D D R
{TC[n—1]:|T|=0 (mod 2)} {c€B),—1:Neg(c)=T}

(n—1)/2

- - Y e (P T 0

{TCln—1):T=T*} i=1

PN G T |
- Y <—zm>2'< 21)! II =y

{TC[n—1]:T=T*} i=1
NI
= —2z1 LiJ' H(l —yx') Z (—z129)19!
=1 SCln—1]o
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and (3) follows if € = 1.

Finally, if n is even, then we obtain similarly that

Z (_1)€B(J) O-O(‘T7y’ 21,22)

{o€Dp:0(n)<0}
Sol| _|Se o
- > SR LD DR G AR

{SC[n]:nesS,|S|=0 (mod 2)} {c€By:Neg(c)=S}
n/2
sl rn i
= > APy (5) T - we)
{SC[n]:nes,5=5*} i=1
n n/2
— % T|+1
= (§>'H(1—yx) Z (—z129)/ 711,
i=1 TCn—2],

and (3) follows for e = 0. If n is odd then, by Lemmas 4.8 and 4.9

> (1) oy (2, y, 21, 22)

{o€Dp:0(n)<0}

= 3 A%l 3 (—1)5 g, (z, y)

{SC[n]:nesS,|S|=0 (mod 2)} {o€Bn:Neg(c)=S,0(n)=—n}

= - > 2l ! > (1) 1y(2, )

{S5C[n]:neS,[S|=0 (mod 2)} {r€Bn—1:Neg(r)=5\{n}}

= _ Z z|1T°|+1z|2Te| Z (—1)£B(T)To($,y) =0.

{TC[n—1]:|T|=1 (mod 2)} {r€Bn_1:Neg(1)=T}

This proves (3) for € = 0 and this concludes the proof. O

The following is the even analogue of the previous theorem. Its proof is similar and is

therefore omitted.

Theorem 4.12. Let n > 2. Then

Z (_1)€B(U)$emaj(0)yedes(0)Z§neg(0)zgneg(0) - (_fjilli’”lon(% Y, 21,22), (4)
{o€Bp:0(n)>0 172
neg(o)=e (mod 2)}
Z (_1>€B(J)xemaj(a)yedes(a)zimeg(o)zzeneg(a) _ (_yil) 2122Pn+1 On(z,y, 21, 22).
— 2129

{c€Bp:0(n)<0
neg(o)=e (mod 2)}

(5)

As a consequence of Theorems 4.11 and 4.12 we can now easily obtain the generat-

ing function of the odd flag-major index, the odd descent number, and the odd negative
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number, twisted by the alternating character of the hyperoctahedral group, and the corre-
sponding even ones. For y = z = 1 this result is the odd and even analogue of [2, Theorem
5.1].

Corollary 4.13. Let n > 2. Then

5]

_1\¢B(0) ,.ofmaj(o), odes(o) ,oneg(o) _ ﬁ | - [Z] o 24
%;( 1)t2(0) ofmai(e)odes(o) |5]ra—axr [Tt

and

Z (_1)63(cr)mefmaj(U)yedes(a)zeneg(cr) = Pyt LEJ '(1 - :L“Z) I_%J H (1 o yCC2i).

oc€By, =0

We note that Corollary 4.13 implies that

Z (_1)€B(U)x0maj(0)y0d68(0) -0
o€Bn,
which is also implied by [26, Theorem 3.2].

Note that Y . p (—1)" (")x(l)maj(g)a:gmaj(g) does not factor nicely, in general, for ex-
ample, if n = 5 then one obtains (1 — z1)(1 — z122)%(1 + 23)(2$25 — 22123 + 2323 +
z} — 22323 + 1). Similarly Y . B, x!8(7)yom2ai(7) does not factor nicely. For example
S pep, 2B @yemal(@) = (224 o4 1) (a3y+ 1) (aty3 + 2Py + 23y +ay? + 2y +ay? +ay+1).
Similar considerations hold in the even case.

As another simple consequence of Theorems 4.11 and 4.12 we also obtain the generating
function of oDmaj, odesp and onegp, and the corresponding even one for the only non-
trivial one-dimensional character of the even hyperoctahedral group. A special case of the

following result (y = z = 1) is the odd and even analogue of [6, Theorem 4.8].
Corollary 4.14. Let n > 2. Then

5]

_1\¢p(0) ,oDmaj(c), odesp(c) ,onegp (o) _ n 11 _ I_n—_lj 28
3~ yrtesp(@)zemeen(@) — | 211 — 22) L5 T (1 - ga®),

c€Dp i=1
and
i kel '
Z (_1)€D(U)xeDmaj(a)yedesD(a)ZenegD(U) = Prs1 liJ |(1 + y)(l _ xz) L"TJ (1 . y$2z).
€Dy, : i=1
Proof. For o € Dy let 6 := [0(1),...,0(n—1), —c(n)]. Then we have from our definitions,

Proposition 2.3 and Theorem 4.11 that
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Z (_I)KD(a)xoDmaj(o')yodesD (U)ZonegD (o)

o€Dy,
= (_1)63(0)00(1’27% RT, 1) + Z (_1)63(&”150(%27% R, 1)
{c€Dy:0(n)>0} {c€Dy:0(n)<0}

5]

= [FJa-a) T o) - X ()P z )
i=1 {r€Bp\Dp:7(n)>0}

) 3]

= |51 —an)= [T - 5a®)

i=1
The second equation follows similarly from Theorem 4.12. O
We note that, as in the case of the hyperoctahedral group, . (—1)¢p(e )x(l)Dmaj(a)ngmaj (©)

oeD,y,
does not seem to factor, in general.

4.3 The other characters

We conclude by computing the generating function of the statistics studied in this section
twisted by the remaining one-dimensional characters of the hyperoctahedral group.

As in the case of the alternating character, the following corollary can be deduced
directly from Theorems 4.11 and 4.12. For y = z = 1 it is the odd and even analogue of
[2, Theorem 6.1].

Corollary 4.15. Let n > 2. Then

5]

Z (_1)53(U)Jrneg(cr)xofmaj(cr)yodes(a)Zoneg(a) — LEJ [ (1 + xz)pn+1(1 o Z‘Z) 5] H (1 o yl’%)
2 ,

O'GBn =1

and

i 3]

Z (_1)ZB(U)-‘rneg(a)xefmaj(U)yedes(a)zeneg(a) = Pni1 LgJ !(1 + y)(l i xz) L%J H(l o y$2i)'
o€By =1

(— 1)43 (0)+neg(o) xtl)maj(a) emayj(

One can check that Tqy ?) does not factor explicitly

in general.

UEBn

To calculate the generating function of the statistics studied in this section twisted by
the remaining character we begin with a reduction result.

For o € B, we let |o| :=[|o(1)],...,|a(n)]].
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Proposition 4.16. Let n > 2 and S C [n]. Then

Z (_ 1)neg(a)xomaj(a) yodes(a) _ Z (_ 1)neg(0)xomaj (a)yodes(a)
{oc€Bn: {oc€Bn:
Neg(0)o=5} Neg(a)o=5
odes(|o])=0}
and
Z (_ l)neg(o)memaj(a)yedes(o) _ Z (_ 1)neg(a)xemaj(a)yedes(a) .
{c€Bn: {o0€Bn:
Neg(o).=S} Neg(0)e=5
edes(|o])=0}

Proof. Let 0 € By, and i € [n — 1] be such that i« = 1 (mod 2) and |o(7)| > |o(i + 1)|.
Let 6 := [0(1),...,0(i),—0(i + 1),0(i + 2),...,0(n)]. Then neg(s) = neg(c) + 1 (mod 2),
oneg(d) = oneg(o), odes(d) = odes(o) and hence omaj(d) = omaj(o).

The second formula is proved analogously. O

The next result completes the computation of the generating functions of the statis-
tics ofmaj, odes, and oneg, and their even counterparts, twisted by the one-dimensional
characters of B,,. For y = z = 1 the result is the odd and even analogue of [2, Theorem
6.2].

Theorem 4.17. Let n > 2. Then

. | n
Z (_1>neg(a)xofmaj(a)yodes(a)zoneg(a) _ nn (1 o .CI}Z) [§-| H (1 o yiﬁzl),
o€B, 2|‘§J i=1
and
| N R,
Z (_1)neg(a)xefmaj(a)yedes(o)Zeneg(o) _ n;1 (1 o :UZ) L?J H (1 o y$22)'
o€Bn ol*7") i=0

Proof. By Proposition 4.16 we have that

Z (_1)neg(o) xomaj(cr)yodes(o') Zoneg(a)
o€By,

— Z Z|S| Z (71)neg(0)xomaj (U)yodes(a)

SClnlo {c€Bpy:
Neg(0)o=5}
_ Z lel Z (_ 1)neg(a)xomaj (U)yodes(a) )
SClnlo {c€Bn:
odes(|o|)=0
Neg(e)o =5}
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Now notice that, if o € B,, is such that odes(|o|) = 0 and i = 1 (mod 2), then o (i) > o(i+1)
if and only if o(i +1) < 0, so D(0), + 1 = Neg(c).. Therefore the previous sum equals

lzt

SIS Y (ST E T

SCn]o TClnle {0€Bn:
Neg(o)=SwT

odes(|o|)=0}
P
— {0 € Byt odes(jo) = 0,Neg(e) = SUTH 3 (=281 37 (—)/Tla” &
SC[nlo TClnle
ol a1 15] '

= —(1—2)l2 1—yx').

e | G

The second equality follows analogously, using the reduction of Proposition 4.16.
O

The joint distribution of ofmaj and efmaj twisted by “negative” character does not

seem to factor.

5 Final comments

It is clear that the most desirable property that one would like an “odd major index”
to possess is that it is equidistributed with the odd length. It is easy to see that, if we
require, as seems reasonable, such an odd major index to be an additive function of the

descent set, such an odd major index does not exist in general. For example, one has that

Z H r; = 14+4xy4+ 923+ 6x314 + 929 + 162024 + 112023 + 4292324 + 4201
w€Ss i€ D()
+1lziz4 + 162123 4+ 9212324 + 62122 + 9T 12924 + 4T 12923 + T1T2X324

and one can check that there are no ji, j2, j3, j4 € N such that

ST 2% =1+ 120+ 2327 +482° + 232* + 1207 + 26 = ) 2H
me€Ss i€ D(7) TESs

where L(7) = [{(i,j) € [n]? : i < j,7(i) > 7(j),i Z j (mod 2)}| is the odd length
of the symmetric group. Of course this computation does not rule out the existence of
more general odd and even major indexes such as, for example, polynomial functions with
integer coefficients of the elements of the descent set.

Similar computations show that no additive “odd major index” that depends only on

the descent and negative sets exists in the hyperoctahedral groups that is equidistributed
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with the odd length, where the odd length is the one defined in [30] and [31], and further
studied in [10], [12], and [22], namely

Li(0) = 3 1{(i.3) € [En? 11 < j, o(3) > 0(s), i # j (mod 2)}],

where o € B,, and 0(0) := 0. Analogous considerations about more general indexes, as at
the end of the previous paragraph, also apply in this case.

It is well know that major indexes possess remarkable algebraic interpretations in terms
of coinvariant algebras and tensor invariant algebras (see, e.g. [1], [4] and [7]). It would
be interesting to find similar interpretations for the odd and even statistics introduced
and studied in this work. Moreover, considering that the flag-major index was originally
defined in [1] for wreath products, a reasonable directions for further work would be to

define and study odd and even analogues of these major indices for wreath products.
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