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Abstract. We prove the existence of automorphisms of (Ck, k > 2, having an invariant, non-
recurrent Fatou component biholomorphic to C x ((C*)k_1 which is attracting, in the sense that
all the orbits converge to a fixed point on the boundary of the component. As a corollary, we obtain
a Runge copy of C x (C*)k=1 in C*. The constructed Fatou component also avoids k analytic discs
intersecting transversally at the fixed point.
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Introduction

Let F be a holomorphic endomorphism of C¥, k > 2. In the study of the dynamics of F,
that is, of the behavior of its iterates, a natural dichotomy is given by the division of the
space into the Farou set and the Julia set. The Fatou set is the largest open set where the
family of iterates is locally normal, that is, the set formed by all points having an open
neighborhood where the restriction of the iterates of the map forms a normal family. The
Julia set is the complement of the Fatou set and is the part of the space where chaotic
dynamics happens. A Fatou component is a connected component of the Fatou set.

A Fatou component €2 for a map F is called invariant if F(Q2) = Q.

We call an invariant Fatou component €2 for a map F attracting if there exists a point
pE Q with lim,,_, oo F™(2) = p for all z € Q. Note that, in particular, p is a fixed point
for F.If p € Q then Q is called recurrent, and it is called non-recurrent if p € 9€2.

Every attracting recurrent Fatou component of a holomorphic automorphism F of C¥
is biholomorphic to CK. In fact it is the global basin of attraction of F at p, which is an
attracting fixed point, that is, all eigenvalues of d F, have modulus strictly less than 1 (see
[12] and [14]).
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As a consequence of the results obtained by T. Ueda [17] and by M. Lyubich and
H. Peters [11, Theorem 6], every non-recurrent invariant attracting Fatou component €2
of a polynomial automorphism of C? is biholomorphic to C2. L. Vivas and the third named
author [16] produced examples of automorphisms of C3 having attracting non-recurrent
Fatou component biholomorphic to C? x C*.

The main result of our paper is the following:

Theorem 0.1. Let k > 2. There exist holomorphic automorphisms of C* having an in-
variant, non-recurrent, attracting Fatou component biholomorphic to C x (C*)k=1,

In particular, this shows that there exist (non-polynomial) automorphisms of C? hav-
ing a non-simply-connected attracting non-recurrent Fatou component. Our construction
also shows that the invariant non-recurrent attracting Fatou component biholomorphic
to C x (C*)*~! avoids k analytic discs which intersect transversally at the fixed point.
Moreover as a corollary of Theorem 0.1 and [17, Proposition 5.1], we obtain

Corollary 0.2. Let k > 2. There exists a biholomorphic image of C x (C*)*=1 in Ck
which is Runge.

The existence of an embedding of C x C* as a Runge domain in C? was a long-standing
open question, positively settled by our construction. After a preliminary version of this
manuscript was circulated, F. Forstneri¢ and E. F. Wold [8] constructed other examples
of Runge embeddings of C x C* in C* (which do not arise from basins of attraction of
automorphisms) using completely different techniques.

Notice that, thanks to the results obtained by J.-P. Serre [15] (see also [10, Theorem
2.7.11]), every Runge domain D C Ck satisfies H4(D) = 0 for all q > k. Therefore
the Fatou component in Theorem 0.1 has the highest possible admissible non-vanishing
cohomological degree.

The proof of Theorem 0.1 is rather involved and we give an outline in the next section.
In the rest of the paper, we will first go through the proof in the case kK = 2, and then show
the modifications needed for all dimensions.

The proof relies on a mixture of known techniques and new tools. We first choose a
suitable germ having a local basin of attraction with the proper connectivity and extend it
to an automorphism F of C¥. Using more or less standard techniques we extend the local
basin to a global basin of attraction €2 of F and then we define a Fatou coordinate. Next,
we exploit a new construction to prove that the Fatou coordinate is in fact a fiber bundle
map, allowing us to show that €2 is biholomorphic to C x (C**=! The final rather subtle
point is to show that €2 is indeed a Fatou component. We have to introduce a completely
new argument, which is based on Poschel’s results in [13] and detailed estimates for the
Kobayashi metric on certain domains.

1. Outline of the proof in dimension 2

For simplicity, we give the outline of the proof for k = 2. We start with a germ of biholo-
morphism at the origin of the form
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Fyn(z,w) = <Az<1—%>,iw<1-%>), (1.1)

where & € C, |A| = 1, is not a root of unity and satisfies the Brjuno condition (5.1).
Thanks to a result of B. J. Weickert [18] and F. Forstneri¢ [6], for any large [ € N there
exists an automorphism F of C? such that

F(z, w) — Fy(z, w) = O(l[(z, w)|"). (1.2)

These kind of maps are a particular case of the so-called one-resonant germs. Recall that
a germ of biholomorphism F of C? at the origin is called one-resonant if, denoting by
A1, Ao the eigenvalues of its linear part, there exists a fixed multi-index P = (py1, p2)
€ N? with p; + p» > 2 such that all the resonances A; — A}"'A%"> = 0, for j = 1,2, are

precisely of the form A; = A; - )»prl)\gpz for some k > 1.
The local dynamics of one-resonant germs has been studied by the first named author
with D. Zaitsev [4] (see also [3]).
Let
B:={(z,w)eC?>:zw e S, |z| < |zw|?, |w| < |zw|P},

where 8 € (0,1/2) and S is a small sector in C with vertex at 0 around the positive
real axis. In [4] (see also Theorem 2.3) it has been proved that for sufficiently large /
the domain B is forward invariant under F, the origin is on the boundary of B and
lim,—~ F"(p) = 0 for all p € B. Moreover, if we set x = zw,y = w (which are
coordinates on B), the domain becomes {(x, y) e CxC*: x € S, |x|'# < |y| < |x|P}.
Hence B is doubly connected.

Now let

Q:=|JF®).
neN

The domain €2 is connected but not simply connected.

For a point (z, w) € C2, let (z,, w,) := F"(z, w). In Theorem 5.2 we show that

2= {w e C\(O.0}: lim G w)l =0, [22] ~ ] .

and moreover if (z, w) € Q then |z,| ~ |w,| ~ 1/4/n.

Having a characterization of the behavior of the orbits of a map on a completely
invariant domain is however in general not enough to state that such a domain is the
whole Fatou component, as this trivial example illustrates: the automorphism (z, w) —
(z/2, w/2) has the completely invariant domain C* x C* which is not a Fatou component
but [z,| ~ [wp].

In order to prove that Q2 coincides with the Fatou component V containing it, we
exploit the condition that X is also Brjuno (see Section 5 for details). In this case there
exist two F-invariant analytic discs, tangent to the axes, where F acts as an irrational
rotation. In particular, one can choose local coordinates at (0, 0), which we may assume
to be defined on the unit ball B of C> and B C B, such that {x = 0} and {w = 0} are
not contained in V N B. Let B, := B \ {zw = 0}. Now, if V # Q, we can take pg € €,
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go € V \ 2, and a connected open set Z containing po and go and such that Z C V.
Moreover, since {F"} converges uniformly to the origin on Z, up to replacing F by one
of its iterates we can assume that the forward F-invariant set W := | J, .y F" (2) satisfies
W C B,. By construction, for every § > Owecanfind p e ZNQandg € ZN(V\ Q)
such that kw (p, q) < kz(p, q) < &, where ky is the Kobayashi (pseudo)distance of W.
By the properties of the Kobayashi distance, for every n € N we have

kg, (F"(p), F"(q)) < kw(p,q) <.
Also, if (2, wn) 1= F"(p), (xXn, yn) := F"(q), then
k]D)*(Zn, xn) < 85 k]D)*(wnv yﬂ) < 8’

where D* is the punctured unit disc. Since ¢ ¢ 2, F"(q) € B for all n € N, and so (by
the above mentioned characterization of orbits’ behavior for points in £2) we can ensure
that, up to passing to a subsequence, we have |x,| »~ |y,|. By the triangle inequality
and properties of the Kobayashi distance of D*, the shape of B forces kp+(x;, y,) to be
bounded from below by a constant depending only on $, leading to a contradiction (see
Theorem 5.7 for details).

Finally, in order to show that €2 is biholomorphic to C x C* we construct a fibration
from €2 to C in such a way that € is a line bundle minus the zero section over C, hence
trivial. In fact, for this we do not need the Brjuno condition on A.

We first prove in Section 3 the existence of a univalent map Q on B which inter-
twines F on B with a simple overshear. The first component ¥ of Q is essentially the
Fatou coordinate of the projection of F onto the zw-plane and satisfies

YvoF =vy+1.
The second component o is the local uniform limit on B of the sequence {0, } defined by
. ) = 1
on(z, w) := A"m (F"(z, w)) exp(ig m)
and satisfies the functional equation
ocoF = Xe_ﬁa.

Next, using dynamics, we extend such a map to a univalent map G defined on a
domain ¢ C €2, and we use it to prove that 2 is a line bundle minus the zero section
over C. Since all line bundles over C are globally holomorphically trivial, we deduce that
Q2 is biholomorphic to C x C* (see Section 4 for details).

We will now go through the proof in great detail in dimension 2 and in the last section
we will give the changes needed for the higher dimensional case.

Notations and conventions in C2

We set up here some notations and conventions we shall use throughout the paper.
Welet : C2 — C,m; : C2 — C, mp : C* — C be defined by

n(z,w)=zw, 7wz, w)=2z w2, w)=uw.
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If F: C*> — C?is a holomorphic map, we denote by F” the nth iterate of F, n € N,
defined by induction as F" = F o F"—1 FO = id. Moreover, for (z,w) € C2?2andn e N,
we let

up = (F'(z,w),  Up:=1ug, zp=m(F'(zw),  wyi=mF" (2, w).

If f(n) and g(n) are real positive functions of n € N, we write f(n) ~ g(n) if there
exist 0 < ¢; < ¢ such that ¢; f(n) < g(n) < c2f(n) for all n € N. Moreover, we
use the Landau little/big “O” notations: f(n) = O(g(n)) if there exists C > 0 such that
f(n) <Cg(n)foralln € N, while f(n) = o(g(n)) if lim,_, » f(n)/g(n) = 0.

2. The local basin of attraction B

In this section we recall the construction of the local basin of attraction, and we provide
the local characterization that we use in our construction.
Let Fy be a germ of biholomorphism of C?, fixing the origin, of the form

Fyn(z,w) = <kz<1 - %),Xw(l - %)) 2.1

where A € C, |A| = 1, is not a root of unity.

Definition 2.1. For 6 € (0, 7/2) and R > 0 we let

1 1
S(R,6) := {g eC: ‘; ~ 57| <3x’ |Arg(¢)] < 9},
H(R,0) :={¢ € C:Re¢ > R, |Arg(?)| < 6}.

D. Zaitsev and the first named author proved that any small variation of F admits a local
basin of attraction. In order to state the result in our case, let us introduce some sets:

Definition 2.2. For 8 € (0, 1/2) we let
W(B) = (@ w) € C 1 2] < lzwl’, jw] < |zw]P).
Forevery R > 0, 8 € (0,1/2) and 0 € (0, 7 /2), we let
B(B.6,R) :={(z,w) € W(B) : zw € S(R, 0)}.
In [4, Theorem 1.1] the following is proven:

Theorem 2.3. Let Fyy be a germ of biholomorphism at (0, 0) of the form (2.1). Let By €
(0,1/2) and let] € N, | > 4, be such that Bo(l + 1) > 4. Then for every 6y € (0, w/2)
and for any germ of biholomorphism F at (0, 0) of the form

F(z, w) = Fy(z, w) + O(l|(z, w)||")

there exists Ry > 0 such that the (non-empty) open set B, := B(Bo, 6o, Ro) is a uniform
local basin of attraction for F, that is, F(Bgr,) € Bg,, and lim,_ F"(z, w) = (0, 0)
uniformly in (z, w) € Bg,.
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Definition 2.4. Let F(z, w) = Fy(z, w) + O(||(z, w)|") be as in Theorem 2.3 and fix
0o € (0, w/2). We set

B := Bg, = B(Bo, 6o, Ro).

In the following, we shall use some properties of B that we prove below. We start with a
lemma, allowing us to characterize the pre-images of B.

Lemma 2.5. Let F and B be as in Theorem 2.3. Let B € (0, 1/2) be such that B(Il + 1)
> 2 and (z, w) € C? such that (z,, w,) — (0,0) as n — oc. If there exists ng € N such
that (z,,, wy) € W(B) for all n > ny, then

(1) limy— o0 nu, = 1 and limy,_, oo uy, /|uy| = 1 (in particular, |u,| ~ 1/n),
(2) lznl ~n~2 and |wy| ~ n='12,
(3) foreveryy € (0, 1/2) there exists n,, € N such that (z,, w,) € W(y) foralln > n,.

In particular, (z,, w,) € B eventually.

Proof. We can locally write F in the form
Zw — w
F(z,w) = (M(l — 7) + R} (2, w), xw<1 - 7) + R (z, w)), 22)

where R/ (z. w) = O(lz. w)l|'), j = 1.2,
Since (z,,, w,) — (0, 0), we have

Upp1 = Un<1 T o(%, Unl | zn, wn)u’“)).
Un A

For n > ng, O(||(zn, wy)|I't1) is at most an O (|u,|P¢HD) = 0(1/|U,|F¢HD), since
B + 1) > 2. Hence,

1 1 1
o =01+ g+ (g ) O

Fix € > 0. Let ¢ := 1 4 €. Notice that, by (2.3), there exists n, > ng such that for all
n > ne, |Up+1 — U, — 1] < (¢ — 1)/c. Arguing by induction on n, it easily follows that
for all n > n. we have

n—ne

ReU, > ReUp, + ; (2.4)
C
[Un| < |Up,| + c(n —nc). (2.5
Letting ¢ — 0" we obtain
Re U, U,
fim R _ i 19l (2.6)

n—-o0o n n—-oo n
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In particular, this means that lim,,_, .o n Re u,, =lim,,_, o, n|u, | = 1. Hence, lim, R'Z”u |n
= 1, which implies at once that
|
lim —4 _ . 2.7
n—oo Reu,
Hence statement (1) follows.
Arguing by induction, we have
n
J k
Zn—&-l:ZO)\nH( _7>+ZRZ (Zjij) 1_[ ( _>
j=0 k=j+1
" n 2.8)
—n j
Wy41 = WoA l—[( —?>+ZR1(Z]’WJ) l—[ (
J= j= k=j+1
Therefore,
Wi n n
— S|+ 2 IR wpl [ (2.9)
=0 k=j+1

Taking into account statement (1), we have

-
2

3 )

1
. . 2
=j1_1)n010(—2])<§|uj| —3 Reuj) =1.

lim (—2j)log |1
J—>0o0

1
= 11m( 2])( log

Therefore,
n U; n
| =
1_[ 1-— ?' _exp(ZIOg 11—
j=0 j=0

Moreover, since (z,, w,) € W(B) eventually, and |R} (z;, w;)| = O(l|(zj, wj)|), it fol-
lows that there exist some constants 0 < ¢ < C such that

uj - 1 1 - L
5 ) exp<Z—2—j> 7 (2.10)

j=1

IR} (zj, wj)| < clu;|P! < Cj=P!.

Hence, by (2.10), for j > 1 sufficiently large we have

n n
Uk U
R Gl [T 1= =|R}<z,,~,w,~)|exp( > log 1—7)
k=j+1 k=j+1
R}y wplexp( L 30 L
- o exof — !
1 \Zj, Wy exp 2k ' k
=j+1
Vi j1/2—ﬁl
~ IR (zj, wp|¥= < C .

NN



646 Filippo Bracci et al.

Since Bl — 1/2 > 1, it follows that there exists a constant (still denoted by) C > 0 such

that
n n
Uy 1
YR Gwpl [] 1= =c—=.
i=0 k=j+1 v
Hence, from (2.9), there exists a constant C > 0 such that
1
|2 SCW. 2.11)
A similar argument for w,,, shows that
lw,| < C ! (2.12)
w —. .
ni = \/ﬁ

By statement (1), we have |z, |-|w,| = |u,| ~ 1/n.Since |z,,| < C//nand |w,| < C//n
by (2.11) and (2.12), it follows that, in fact, |z,,| ~ 1/4/n and |w,| ~ 1/4/n, proving (2).

Finally, by (2), there exist constants ¢, C > 0 such that |z,| < C//n foralln € N
and |u,| > c/n. Fix y € (0, 1/2). Then for every n large enough,

< /2 4

|Zn|§cﬁfc_l/2|”n| < luy|”.
Similarly, one can prove that |w,| < |u,|”. As a consequence, eventually (z,, w;,) is
contained in W(y) for every y € (0, 1/2). O

Remark 2.6. From the uniform convergence of {F"} to (0, 0) in B, and from the proof
of the previous lemma, it follows that (1) and (2) in Lemma 2.5 are uniform in B.

We shall also need the following local result concerning the topology of B:

Lemma 2.7. Let F and B be as in Theorem 2.3. Then B is a doubly connected domain
(i.e., B is connected and its fundamental group is 7).

Proof. Let ® : C2 — C2 be defined by ®(z, w) = (zw, w). The conclusion then follows
since ®: B — ®(B) is a biholomorphism and a straightforward computation shows that

®(B) ={(x,y) € CxC":x € SR, 0), |x|"P < |y <|x|P}. O

3. Local Fatou coordinates on B

In this section we introduce special coordinates on B, which will be used later on in our
construction. The first coordinate was introduced in [3, Prop. 4.3]. Here we shall need
more precise information:
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Proposition 3.1. Let F and B be as in Theorem 2.3. Then there exists a holomorphic
Sfunction v : B — C such that

YvoF =v¢+1. 3.1

Moreover | |
Yz, w) = — 4+ clog — + v(z, w), 3.2)

w Zw

where ¢ € C depends only on Fy, and v : B — C is a holomorphic function such that
for every (z, w) € B,
v(z, w) = zw - gz, w) (3.3)

for a bounded holomorphic function g : B — C.

Proof. The strategy of the proof follows the one for the existence of Fatou coordinates in
the Leau—Fatou flower theorem. Given a point (z, w) € B, for all n € N we have

Ups1 = Uy + 1+ ¢/Uy + O(Us|72)

where ¢ € C depends on Fy and, as usual, U, := 1/7(F"(z, w)). The map ¢ is
then obtained as the uniform limit in B of the sequence of functions {V,}mecN, Where
Y B — Cis defined as

1

Ym(z, w) := m -

m — clogm (F"(z, w)). (3.4)
In fact, a direct computation as in [3, Prop. 4.3] implies that there exists A > 0 such that
forall m € N and all (z, w) € B,

W1 (2o w) = Y (2, w)| < A|U,| 2 (3.5

Therefore, since |U,| = 1/|u,| ~ n uniformly in B by Lemma 2.5 and Remark 2.6,
the sequence 3 _7_((¥;j+1 — ;) uniformly converges in B to a bounded holomorphic
function v, that is,

o0
vz w) = Y (P2 w) — Yz, w)).
j=0
Moreover, (3.2) follows from v, — Yo = 3_/_o(¥j+1 — V), and Yy o F = Y1 + 1
yields the functional equation (3.1). Notice that (3.5) implies | — ¥, | ~ 1/m.
Finally, since U, € H(Ryp, 6y) for all n € N, there exists K € (0, 1) such that
Re Uy > K|Uy| for all Uy € H(Rp, 8y). Hence, by (2.4),

> 1 s 1 e 1
v(z,w)| < A <A — <A —_
e wl = ;IU,'IZ_ ];(Reujﬂ— ;O(Reuoﬂ/z)z

/00 di _ 24 _ 24

o (ReUg+1/2)2 RelUy ~ K|Upl|’

from which (3.3) follows at once. ]
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Definition 3.2. The map ¢ : B — C is called a Fatou coordinate for F.

Lemma 3.3. Let F be as in Theorem 2.3. Let v be the Fatou coordinate for F given by
Proposition 3.1. Then there exist Ry > Ro, 1 € (Bo, 1/2) and 0 < 61 < 6y such that the
holomorphic map

B(B1, 01, R1) 3 (z, w) — (Y (z, w), w)
is injective.
Proof. First we search for 1, 01 and R so that on B(B;, 61, R1) we have good estimates
for the partial derivatives of g and v with respect to U.

Since the map x : B 3 (z, w) — (U, w) is univalent, we can consider v as a function
of (U, w) defined on

x(B) = {(U,w) : U € H(Ry, bp), [UP~" < |w| < U}

Denote by (H(Rp, 6p) + 1) the set of points U = V + 1 with V € H(Ryp, 6p). Let
01 € (0, 6p) be such that H(Ry+ 1, 61) C (H(Rg, 6y) + 1). There exists §o > 0 such that
for every U € (H(Ro, 6p) + 1) the distance from U to d H (Rp, 8p) is greater than 2.
Let B € (Bo, 1/2). For R > Ry, we have

X(B(B.61, R) = (U, w) : U € H(R,61), [UP™" < w| < |U|7F),
and there exists R > Ry such that for all (U, w) € X(B(B, 01, R)) and all t € R,
U + 80e [P~" < (U] = 89)P~ < |UIF! < ]
< UI™P < (U +80) P < |U + 8| P,
which implies that (U + 8pe'’, w) € x(B) forallr € Rand all (U, w) € x(B(B, 61, R)),

since ~U + §oe” € H(Ro,0p) for all + € R. Therefore, for every (Up, wp) in
x(B(B, 01, R)), the Cauchy formula for derivatives yields

0 1 (¢, wo) 1
‘—g(Uo, wp)| = =— f g—zdz‘ <—— s |g(U. wo)
U 27 |Jjc—ugl=8y (¢ — Vo) 2780 (U,wp)ex(B)
c
<~ —q.
27T80

Hence, setting C» := C + Cy, for every R > min{]é, 1} we have

1

< — 4 8
|Uol* ~ [Uol

a5 ¢ _G
aU

(U, wo)| £ —— + — =<
|Uol*>  |Uol ~ R

(3.6)

( )
Uo, w
U 0, Wo

for all (Up, wo) € X(B(B, 01, R)). Now, sincg there exists K € (0, 1) such that Re U >
K|U| forevery U € H(0;, R), we fix 81 € (B, 1/2) and let R > R be such that

K\=Bipbi=1 o =1y > R 3.7
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To prove the injectivity on B(f1, 61, Rl),~we first prove that for (U1, wy), (Uz, wp) in

X (B(B1,01, R)) we have (y (t), wo) € x(B(B, 01, R)) where y (1) = tU;+(1—1)Uz with

t € [0, 1] is the real segment joining Uy and U,. In fact, we have y (r) C H(0;, R) for all
1

t € [0, 1] since H (61, R) is convex. Moreover, since |U;j| > |wo|#1~T and Re U; > K |Uj|
for j = 1,2, we have

_1 _1 _1
[tU1+(1—t)Up| >t ReU1+(1—t)Re Up > K(l|w()|'31’1 —i—(l—t)|w()|ﬂ|’l)=K|w0|ﬂ|’l

for all t € [0, 1], and so, by (3.7),
1 Bi1—1 ~
lwo| > (E) tUL + (1= Ua|P 1 > |1U + (1 = U PL

On the other hand, since |U;| < |w0|_1/ﬂ1, j=1,2,forallt € [0, 1] we have
tUs + (1 = DUs| < tlwol ™71 + (1 = ) |wo| 7171 = Jwo| =171,

hence

tU + (1= )Ua| P > tU + (1 = DU ™P' > |wol.

Therefore using (3.6) we obtain

/ %(U, wo)dU‘ =
Y

[ (U1, wo) — ¢ (U2, wo)| = Y

f 14519 4w lav
— —_— 7'L()
LU Tau
Ic] C>
> Uy = Upl — E|U1 - Up| — E|U1 — Uyl

el G
=<1———— Uy — Uol,

and we obtain the injectivity of (U, w) +— (¥ (U, w), w) on x(B(p1, 01, R)), and hence
of (z, w) — (¥ (z, w), w) on B(B1, 01, R), for R sufficiently large. ]

The next result shows the existence of another “coordinate” on B defined using the Fatou
coordinate.

Proposition 3.4. Let F' and B be as in Theorem 2.3 and  the Fatou coordinate given
by Proposition 3.1. Then there exists a holomorphic function o : B — C* such that

coF = Xeiﬁo. 3.8)

Moreover, 6 (z, w) = w + n(z, w), where n: B — C is a holomorphic function such that
for every (z, w) € B,
n(z, w) = (zw)* - h(z, w) (3.9)

for a holomorphic bounded functionh: B — C, witha € (1 — By, 1) C (1/2, 1).
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Proof. Forn € N, consider the holomorphic function o, : B — C* defined by

on(z, w) == A"m (F"(z, w)) ex (1 E;) (3.10)
e N2y w+ '

We will prove that the sequence {0, } converges uniformly in B to a holomorphic function
o : B — C* satisfying the assertions of the statement.
First, if {0, } is uniformly convergent on compacta of B, then (3.8) follows from

1n71 1 1
on o F = A" Wyt em(g}% m) - An“’"“‘”‘"(i Z v+ j+ 1)

=0

— 1 1 &
(S Rt

Now we show that {0, } is equibounded in B. By Proposition 3.1 we have
[V —1/uj+ j +clogu;| = | — ;| ~ 1/j.
By Lemma 2.5 and Remark 2.6, |u;| ~ 1/j uniformly in B, hence

1 . uj
v+ 1 —cujlogu; + O(u))

= uj + O(u; logu;). (3.11)
Now, by statement (1) in Lemma 2.5, we have lim;_, % JjReu; = % Therefore,

exp( Z Reu/> . exp(z 21 ) on'?).

Moreover, again thanks to Lemma 2.5 and Remark 2.6, there exists C > 0 such that
quio |u]2 loguj| < C. Hence, there exists C’ > 0 such that

ln—l 1 n—1 uj 5
93 S| = (G (5 - ouden))

=0 =0

1

=1
c’ exp(Z —.) = 0@ (3.12)
=2
Therefore, since |w,| ~ n~'/2, we have

o (z, w)| = [wh|

1 1 1 ~ e
eXp( ,ZOWH,)\—'%IO(” y=0(),  (3.13)

showing that the sequence {0} is equibounded on B.
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To prove that {0} is in fact convergent, let us first notice that

1 n 1
On+1(z, w) = )»"Hwn_,_] exp(- Z —>
2 =0 W(Z, w)+]

_ antl]| 3 _¥n 2 : y e
— [Xw,,(l 2)+Rl(zn,wn)}e><p(22w(z,w)+j>

Jj=0

_ Un \ s +1Rp2 Ly !
= o‘n(Z, W)<1—7)e2(10(~- )+1n) +kn Rl (Zﬂs wn) eXp(E; m .

Therefore,
Up\ 1
On+1(z, w) — op(z, w) = 0y(z, w)[<1 - 7)62““3-"”*") - 1]

1 ¢ 1
+ A" R2(2,,, wy) ex (- —> 3.14
7 20y wa) exp 2;w<z,w)+1 (3.14)

Now we estimate the terms on the right hand side of (3.14). Fix « € (1 — o, 1). Note
that « > 1/2. By (3.11), recalling that |u,| ~ 1/n, we have

<1 — “_f>ez<w<l>+) 1= <1 _ ﬂ)eéunw(uﬁlogun) ]
2 2

Uuj 1 2
= 1—3 1+§”n+0(unlogu”) -1

]
= O(u?loguy) = |u,,|“0<ﬂ>. (3.15)

n2—o

Next, since (z,, wn) € B, we have |R?(z,, wn)| = O(|u,|#), and by (3.12),

|R? (24, wn)|

1 - 1 )) 1/24a—pBol
exp( =Y ———— )| < Cluy|*n'/?tefo (3.16)
p<2;w<z,w)+f '

for some C > 0.
From (3.14), using (3.13), (3.15), (3.16), it follows that there exists a constant C’ > 0
such that for all (z, w) € B,

lon+1(z, w) — 0, (2, w)| < Cplun|® (3.17)

with C, = C’ (11102% +nl 2*""‘301). Therefore the sequence {o,,} converges uniformly
on B to a holomorphic function 6. Let C := Y 2 C, < +o0. Forall n € N, we have
|un| < 1/Ro, hence (3.17) implies that o, — 0p = Z;l:o (0j+1 — 0}) converges uniformly
on B to a holomorphic function 5 such that n(z, w) = o(z, w) —oo(z, w) = o (z, w) —w.
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Moreover, for all (z, w) € B we have
o0 o0 o

@ w)| <Y lowr1(z, w) —on(z w)l < Y Calunl® < luol* Y Cy = Clzw|*.
n=0 n=0 n=0

Finally, since 0, (z, w) # 0 for all n € N and (z, w) € B, it follows that either o0 = 0
or o(z,w) # 0 for all (z, w) € B. Since (r,r) € B for all »r > 0 sufficiently small,
recalling that we have just proved that o (z, w) = w + (zw)*h(z, w) with |k| < C for all
(z, w) € B and 2a > 1, we have

lo(r, )| = |r +r2%h(r, )| > r —r2*C = r(1 — o(r)),

proving that o # 0. O

We shall now prove that the map B > (z, w) — (¥ (z, w),o(z, w)) is injective on a
suitable subset of B. Such a result is crucial to show that the global basin of attraction,
which we shall introduce in the next section, is biholomorphic to C x C*.

Proposition 3.5. Let F and B be as in Theorem 2.3, let ¥ : B — C be the Fatou
coordinate given by Proposition 3.1 and let 6 : B — C be the second local coordinate
defined in Proposition 3.4. Then there exist Ry > Ro, f1 € (Bo, 1/2) and 61 € (0, 6p]
such that the holomorphic map

B(f1.61, R1) 3 (z, w) = Oz, w) := (¥ (z, w), 0 (z, w))

is injective. Moreover, there exist R > 1, 6 e 0, 7/2) and B € (0, 1/2) such that

(U, w) e C*: U € HR, ), |UP" < |w| <UP) c 0B). (3.18)

Proof. Let Ry > Ry, B1 € (Bo, 1/2) and 0 < 61 < 6y be given by Lemma 3.3. Thanks to
the injectivity of B(81, 61, R1) > (z, w) — (¥ (z, w), w) shown in Lemma 3.3, it follows
easily that the map

B(B1,61, R1) 3 (z, w) = (¥ (z, w), 0x(z, w))

is injective for all n € N, where o;, is the map defined in (3.10) for n € N. Since o is the
uniform limit of the sequence {0}, it follows that either the Jacobian of Q = (¥, o) is
identically zero on B(f, 61, R1), or Q is injective on B(f1, 61, R1).

We now compute the Jacobian of Q at (r,r) € B(Bi, 61, R1) for r > 0 sufficiently
small. To simplify computation, we consider the holomorphic change of coordinates
x: B(B1,601, R)) — C? given by x(z, w) = (sz’ w) = (U, w) and we compute the
Jacobian of Q(U, w) at (1/r2,r).

By Propositions 3.1 and 3.4, we have

OWU,w) = U +clogU +v(U, w), w+nU, w)), (3.19)
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where v(U, w) = £g(U, w) and n(U, w) = g=h(U, w), a € (1 — fo, 1) with |g], ||
< C for some C > 0 on B. Hence,

l+cr2+—§8(%,r) v (%r)
J = det . r wiAr
a2 Q =de < CAEA N R N

25 w
av (1 an (1 ov [ 1 an (1

= 1 2 e ) 1 -~ | -~ | -\ .

( ter +8U<r2 r))( +8w<r2 r)) 3w(r2 r)BU(r2 r)

First of all, note that for Y. eN(O, 1/2), R>1landd ¢ (0, /2) there exists ryp > 0 such
that (1/r2,r) € x((B(y, 6, R))) for all r € (0, ro). Hence, by (3.6), there exists C; > 0
such that for r sufficiently small,

ov (1

QE— _’ r

aU \ r?

A similar argument to (3.6) for 7 instead of v shows that for r sufficiently small,

on (1

(=, r

oU \ r2
for some C3 > 0.

On the other end, it is easy to check that, for every r € R, (1/r%, r(14¢/2)) € x(B)
whenever r is positive and small enough. Hence, by the Cauchy formula for derivatives,

< r2C2.

<r¥cy

av [ 1 1 v(1/r? r2 max;_ |- 1/r?%,
%(r_z’ r)‘ T om /;—r|_r/2 ((5/— i:)g) d ‘ - : "—’}{2 E— =cr
Similarly,
%(}%J’) <cret,
Therefore,

Jac 2 Q=1+ o>,
showing that the Jacobian is not zero for r sufficiently small since @ > 1/2. Hence Q is
injective on B(f1, 01, R1).

Now we prove there exist R > 1,0 € (0, /2) and ,3 € (0, 1/2) such that (3.18)
holds. The rough idea is that Q|p is “very close” to the map (z, w) — (le—clog(zw), w),
for which the statement is true, and hence (3.18) follows by Rouché’s Theorem.

Consider again the constants Ry > Ry, 1 € (Bo, 1/2) and 6; € (0, 6g] given
by Lemma 3.3, and the holomorphic change of coordinates on B given by x(z, w) =
(55> w) = (U, w). Then x(B) = {(U,w) : U € H(Ry, 61, [UIP! < |w| < |U[7F1}.

The map x(B) 3 (U, w) —» QU,w) = (WU, w),o(U, w)) is given by (3.19). In
particular

YU, w)=U1+t(U, w)), (3.20)

where || < Con x (é) for some C > 0, and lim|y|— o T(U, w) = 0. This implies imme-
diately that there exist R; > 0 and 6 € (0, 6y/2) such that H(R;,20) C ¥ (B) C ¥/(B).
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To prove (3.18) it s~ufijces to show that there exist R > Ié] and ,3 € (B1, 1/2) such
that for every ¢p € H(R, 6),

£ eC:lolf! <8 <10l c o). 3.21)

In order to prove (3.21), we first show that there exist Rz > R 1 and ,32 € (B1,1/2)
such that for every ¢y € H (Rz, 0)

£ eC: 0" <& <1277} € m@ ™" (o). (3.22)
Indeed, by (3.20), o = ¥ (U, w) = U(14+7(U, w)) with |7| < C and lim|y| 00 T (U, w)
= 0. Hence, if {y € H(ﬁz, 5) for some Rg > Iéb then
R
Ul > 1ol s R
1+ |t(U,w)| ~ 1+C

Thereliore, given ¢’ € (0, 1), we can choose Iéz > 151~ large enough that for every (U, w)
in x (B) such that ¥ (U, w) = ¢y and {o € H(R3, 0), the modulus |U]| is so large that
|t (U, w)| < ¢. This implies that

(1 =NUI < 1%l < (1 + DU (3.23)

for every U € C such that there exists w € C with (U, w) € X(fs’) and ¥ (U, w) = ¢ €
H(R», 0).
Let B2 € (B1, 1/2). Let rp > 0 be such that

1 1 1 1

< — < — < —, Vt>r
[A+ND=A f=p [ —eHlpe th 0
Up to choosing 152 > rp, (3.23) implies that
UolP1 =" < 1001727 < 15012 < Ul (3.24)

for every Up € C such that there exists w € C with (Up, w) € X(B) and ¥ (Up, w) =
to € H(Ry,0). i i

Fix ¢ € H(Rz,é) and fix & € C such that |¢o|#2~1 < |&| < |¢o| 2. Since there
exists (Up, wo) € x (B) such that Y (Up, wo) = &o, it follows from (3.24) that (U, &) is
in x (B). In particular, x (B) N {w = &} # @. Set

1 1 ~
A&o) = {U € H(Ry,01): (G [V/0=BD) <|U| < W} = x(B) N{w = &o}.
Then
A) 33U — Yg,(U) =y (U, &) =U +clogU + gU, &)/U € C

is well defined and holomorphic. Moreover, up to taking R larger and 9-smaller, we can
assume that the set H(R3, 6) is contained in the image of the map x(B) > (U, w) +—
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U + clog U. Hence, there exists (Uy, wp) € X(é) such that Uy + clog Uy = ¢p. Since
Lo = Uo(l +c]°gU°) it follows that |Up|(1 —€) < |Zo] < |Up|(1 +€) for some € € (0, 1)
provided that Ry is sufficiently large. Recalling that |§'0|/§2_1 < |&] < |{0|_B2, we have

20l 1 1
|Uol = ~ RPNV
Lhe ™ (+e)lgl/0-P ~ Igol/I-A

where the last inequality holds provided R is sufficiently large. Similarly, one can show
that |Up| < 1/1&]"/"1, so Uy € A(&).

Let § € (0,1) be such that D(Up,8) := {U € C : |U — Uy| < &} is con-
tained in A(&). Since |g(U, £&)|/|U| < ¢/, up to choosing R, so large that ¢’ + 8 <
|c] max|y—y,|=s | log U — log Uy, it follows that for all U € 3 D(Uy, §),

|Ye,(U) —U —clogU| < ¢’ < |c]

U
log—‘ — 8 <|U +clogU — &
Uo

<|U +clogU = ol + ¥, (U) — &ol-

Hence, Rouché’s Theorem implies that there exists U; € D(Up, §) C A(&y) such that
¥ (U1, §0) = g, (U1) = &o, proving (3.22).

Let K: x(B) — C? be defined by K(U, w) := (¢ (U, w), w). Then the map K is
injective and from (3.22) we obtain

X(B(B2,6, R) C K(x(B)). (3.25)
Let R > Ry, and let &y € H(R, §). Thanks to (3.25), we have (o, w) € K(x(B)) for
every w € J (&), where
J(@0) = {w e C: gl < Jw| < |20/77}.

Let B € (B2, 1/2), and let & € C be such that |g0|ﬂ U< &l < 12 F  In particular

£ € J(¢o), and setting r := min {|%|P~! — |201P271, |20l P2 — 1601 ﬁ}~ > 0, the disc
D&, r) :=1{& € C: |& — & < r}is contained in J (). Moreover, if R is sufficiently
large, then

r > Lmin{lzof ", 120172, (3.26)
Set (0, w) := K (U, w). For every (U, w) € K(X(E)), we can write
(U, w):= (oK YU, w)=w+nU,w),

where n(U, w) = #h(f], w) with & € (1 — Bo, 1), and |h| < C for some C > 0. By
(3.26), since o« > 1 — Bg > 1/2, if R is sufficiently large, then |1 (¢p, w)| < r for every
w € J(&o). Therefore, for all w € 0D (&, r),

lw — 6 (o, w)| = N5, w)| <7 = |w—&l < |w—&ol + 5 (%0, w) — &ol-

Hence, by Rouché’s Theorem, there exists wg € D (&, r) such that 6 (¢o, wop) = &o. By
the arbitrariness of &y, this implies that for every {o € H (R, 0),

£ eC:lolf~" <&l < 201} € 620, )T @)) C o (¥ (o)),
which finally proves (3.21). O
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4. The topology of the global basin 2

Let Fy be a germ of biholomorphism of C2 at (0, 0) of the form (2.1). Thanks to a result
of B. J. Weickert [18] and F. Forstneri¢ [6] (see in particular [6, Corollary 2.2]), given
any [ > 2 there exists an automorphism F' of C? such that |F(z, w) — Fy(z, w)| =
O(Ji(z, w)||l ). In particular, given a unimodular number A not a root of unity, we take
| > 4 such that Bo(/ + 1) > 4, where 0 < By < 1/2 is given by Theorem 2.3, and we
consider automorphisms of C? of the form

Fz,w) = (M(l - %) + R (. w),xw<1 - %) + Rz, w)), 4.1)

where R/ (z, w) = O(ll(z, w)|), j = 1, 2.

Definition 4.1. Let F be an automorphism of C? of the form (4.1). Let B be the local
basin of attraction of F given by Theorem 2.3. The global attracting basin of F is

Q= U F~"(B).
neN

In this section we are going to prove that the global basin €2 is biholomorphic to C x C*.
We start by proving that €2 is not simply connected:

Proposition 4.2. The open set 2 is connected but not simply connected.

Proof. We see that Q2 is the growing union of images biholomorphic to B, which is doubly
connected by Lemma 2.7. Moreover, F is the identity on 1 (B) and on H;(B), therefore
w1 (R) = H(Q) =Z. O
In order to prove that €2 is biholomorphic to C x C*, let us consider the Fatou coordinate
for F given by Proposition 3.1 and the holomorphic function o given by Proposition 3.4.
We can use the functional equation (3.1) to extend i to all Q2. Indeed, let p € 2. Then
there exists n € N such that F"(p) € B. We define

g1(p) ==Y (F"(p)) —n.

Set H := g1(B), and consider g := gl_l(H) = U;eH gl_l(c).
Using (3.8) we can extend o to Q2 as follows. For any p € Q9, we set

n—1

1
=" -y ——— Jo(F"
22(p) e"p(z;gl(p)+j>“( (P)
n—1 1
=\" — F" s
exp(Zj;w(F”(p»ﬂ—n)“( »)

where n € Nis such that F”*(p) € B. Notice that since g1(p) € H, wehave Reg;(p) > 0
and the previous formula is well defined.

The next lemma shows that the map G := (g1, g2): Qo — C2 is well defined and
holomorphic:
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Lemma 4.3. The map G = (g1, g2): Qo — C? is well defined, holomorphic and injec-
tive.

Proof. The map G is holomorphic by construction and since Re g1 (p) > 0forall p € .

The map G is well defined. Indeed, if n and m are both integers such that F"(p) and
F™(p) belong to B, and n < m, then F"(p) = F" " (F"(p)). Therefore ¥ (F™(p)) =
Y(F" T (F"(p) = I/f(F"(p)) + m — n, whence ¥ (F"(p)) —m = y(F"(p)) —n.
Analogously, o (F™(p)) = 2" " exp((1/2) >ito "1/ (F™(p)) + j)o (F"(p)), and
o)

1] 1
Fm
exp( L S T )”( *D
1 _

m 1% —men 1S )
exp(§ w(Fn(p))_l_J_n))\ exp< 3 Z (F"(p))+ )a(F (p)

-1 1
— )\ - Fn ,
e""(2,; w(F"<p>>+j—n>0( )

™

[u—
3

0

and we are done.
Let us now prove the injectivity of G. Let p,q € 2p. By the very definition of G,
G(p) = G(q) if and only if

(W (F*(p)), o (F*(p) = (Y (F"(g)), o (F"(¢)))

for all n € N such that F"(p) and F"(q) are contained in B. By Proposition 3.5, there
exist R; > Ro, B1 € (Bo, 1/2) and 0 < 8; < 6y such that Q := (¢, o) is injective on
B(B1, 01, R1). Also, by Lemma 2.5, there exists n € N such that F"(p), F"(g) are in
B(B1, 61, R1). Therefore, G(p) = G(q) if and only if p = q. m]

Proposition 4.4. G(Q20) = H x C*.
Proof. Let T : C> — C? be defined by
e
T, &) :=G+1 re %8).

Notice that T is not defined at ¢ = 0. However, since g1(€29) = H, the map T is well
defined and holomorphic on G (£2p) and satisfies

GoF =ToG.

Let (o, &0) € H x C*. By induction, for n € N, we have

| =
(En, &n) = T" (%0, §0) = (é“o +n, eXp(-z Z J)So)-
i=0 &
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Now,

lnfl 1
|&a] = exp(—§ Z Re(C0 — j>>|§0|

j=0
121 /14 7 'Re o
=exp<_§]=1;< I lco+1|2))exp(_R 2120 |2>'E°'
which implies that
|Snl ~ n, |€n|'\’x%-

Therefore, given B € (0, 1/2), for all n sufficiently large,

1621P1 < 8] < 120l 7P (4.2)

Moreover, since ¢, = o + n, it follows that, given R >0andé € (0, /2), for all n
sufficiently large, o
tn € H(R, 0). “4.3)

Note that G(z, w) = Q(z, w) = (Y (z, w), 0(z, w)) for all (z, w) € B. Hence, by
Proposition 3.5, there exist 8 € (0,1/2), 0 € (O, 71/2) and R > 1 such that the set

(U, w) € C2: U € H(R, §), |[UIP~" < |w| < |U|~P} is contained in G (B). Therefore,
from (4.2) and (4.3), it follows at once that H x C* € G(£2p), and in fact equality holds
since 2p—and hence G (£2p9)—is not simply connected. ]

We finally have all ingredients to prove the final result of this section.
Proposition 4.5. Q ~ C x C*.

Proof. Consider again H := g{(B) and set H,, := H — n. Since ¥ (B) C H, we clearly
have |, .y H, = C. For each n, define ¢, : gl_l(Hn) — C? by

on(z, w) = G(F"(z, w)) — (n,0).

Note that g1 (F"(z, w)) = g1(z, w) + n, hence F" is a fiber preserving biholomorphism
from gfl (H,) to 9. Therefore, by Proposition 4.4,

¢n: g1 (Hy) — Hy x C*
is a fiber preserving biholomorphism. Moreover, for each p € Q, if F"*(p) € Qo we have

G(F"™(p)) = G(F(F"(p))) = T(G(F"(p))).

1
Now, take ¢ € H, N Hy41 and let w € C*. Note that { — Ae2@+ is a never vanishing
holomorphic function on H,, N H,,41. Hence, thanks to the previous equation, we have

Pnog, (G w)=(GoF")o(GoF) 'T™' (¢ +n+1,w)—(n,0) = (¢, Aeﬁw).

This proves that 2 is a fiber bundle over C with fiber C* and with transition functions

1
¢ +— Ae2ttn on H, N Hy41. In particular, 2 is a line bundle minus the zero section
over C. Since H!(C, O ) = 0, that is, all line bundles over C are (globally) holomorphi-
cally trivial, we conclude that Q is biholomorphic to C x C*. O
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5. The global basin 2 and the Fatou component containing B

Let F be an automorphism of the form (4.1) as in the previous section, let B be the local
basin of attraction given by Theorem 2.3 and €2 the associated global basin of attraction.
Since B is connected by Lemma 2.7, and {F"*} converges to (0, 0) uniformly on B, there
exists an invariant Fatou component, which we denote by V, containing B, and we clearly
have Q C V.

The aim of this section is to characterize €2 in terms of orbits behavior, and to prove
that Q = V under a generic condition on A.

We use the notations introduced in the previous sections. We start with the following
corollary of Lemma 2.5.

Corollary 5.1. Let F be an automorphism of C* of the form (4.1). Suppose that {(z,, wy,)
= F"(z0, wo)}, the orbit under F of a point (29, wg), converges to (0, 0). Then (zg, wop)
€ Q if and only if (z,, wy) is eventually contained in W (B) for some—and hence any—
B € (0,1/2) such that B + 1) > 2.

Proof. If (z,,w,) € W(B) eventually for some g € (0,1/2) with (I + 1) > 2
then, by Lemma 2.5, (z,, w,) € B eventually, and hence (zg, wo) € 2. Conversely, if
(zo, wp) € R, then (z,, w,) € W(Bo) eventually and So(/+1) > 4, and hence Lemma 2.5
implies that (z,, w,) € W(B) eventually for any 8 € (0, 1/2) suchthat (I+1) > 2. O

We can now prove the following characterization of 2.

Theorem 5.2. Let F be an automorphism of C? of the form (4.1). Then
Q= [z w) € C\ (0,00} lim [z, wn)| =0, [2a] ~ ],
n—o0

where (z,, w,) = F"(z, w).

Proof. If (z, w) € €2, then eventually (z,, w,) € W(Bp), and hence |z,| ~ |wy| by
Lemma 2.5. On the other hand, if (z,,, w,) — (0, 0) and |z,,| ~ |w,], it follows that for
every B € (0, 1/2), (zn, wy) € W(B). Indeed, let 0 < ¢1 < ¢y be such that ¢1]z,| <
|w,| < c2|z,| eventually. Let 8 € (0, 1/2). Then for n large,

22| TP < cy)2,] < |whl,

that is, |z,| < |un|?, and similarly it can be proved that |w,| < |u,|?. Hence, by Corol-
lary 5.1, (z, w) € Q. O
In order to show that, under some generic arithmetic assumptions on A, 2 coincides with
the Fatou component which contains it, we need to prove some preliminary results.
Lemma 5.3. Let x be a germ of biholomorphism of C* at (0, 0) given by

x(z, w) = (z+ Az, w), w + B(z, w)),

where A and B are germs of holomorphic functions at (0,0) with A(z,w) =
O(l(z, w)|I") and B(z, w) = O(||(z, w)||") for some h > 2. Let B € (0,1/2). As-
sume that B(h + 1) > 1. Then for any B’ € (0, B) there exists € > 0 such that for every
(z, w) € W(B) with ||(z, w)|| < € we have x(z, w) € W(8').
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Proof. Let us write (z, w) = x(z, w). Thenz = z + A(z, w) and w = w + B(z, w).
Fix r > 0, 8 € (0,1/2) such that B(h + 1) > 1, and B8’ € (0, B). By definition, for

I(z, w)|| < r,if (z, w) € W(B), then there exists a constant C > 0 such that |A(z, w)| <

Clzw|P" and |B(z, w)| < C|zw|P". Hence, for all (z, w) € W(B) with ||(z, w)|| < r,

2] < Izl + 1AG, w)| < lzwl’ + Clzw* = zw/P (1 + o(|zw|P#~ D)),
and similarly |w| < lzw|?(1 + o(|zw|P"=D)). Therefore, since B(h + 1) > 1,

20| > |zw| — |z| 1B — |w||A| — |AB| > |zw| — 2C|zw PN +D — C2|zw|?"P

= lzw|(1 4 o(jzw[PH+D~1y),
It thus follows that, for (z, w) € W(B) sufficiently close to (0, 0), we have

1+ o(jzw|PB=D)
T+ o(ew oDy = ¥

7| < lzwl? (1 + o(jzw|P" 1)) < |zw| 1P(1+ o(1))

< zw|”.
Since a similar argument holds for w, the statement is proved. O

Remark 5.4. Note that the previous lemma does not hold without the hypothesis 8(h+1)
> 1. Consider for instance the holomorphic map y (z, w) = (z + w?, w). Then the points
of the form (—w?, w) belong to W(B) forall B < 1/3 but x (—w?, w) = (0, w) & W(B)
for any B’ € (0, 1/2).

To state and prove Theorem 5.7 we also need one more assumption, namely an arithmetic
condition on the eigenvalue A.

Let & € C be such that |A| = 1. Recall that A is called Siegel if there exist ¢ > 0 and
N € N such that [A¥ — 1| > ¢k forall k € N, k > 1 (such a condition holds for 6 in a
full Lebesgue measure subset of the unit circle; see, e.g., [13]). More generally, one says
that a number A is Brjuno if

o
1

E — < 400, 6.1
k o (Ok+1y

:0 a)(2 +1)

where w(m) = miny<z<,, |A¥ — A| for any m > 2. Roughly speaking, the logarithm of
a Brjuno number is badly approximated by rationals (see [5] or [13] for more details).
Siegel numbers are examples of Brjuno numbers.

Lemma 5.5. Let F be given by (2.2). If A is Brjuno, then there exists a germ of biholo-
morphism x of C2 at (0, 0) of the form x (z, w) = (z, w) + O(||(z, w)||") such that

FG W)= (xoFox DG W) =0I+i0AGE, ®), M + Z0BGE, 1),  (5.2)

where A, B are germs of holomorphic functions at (0, 0).
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Proof. Thanks to the fact that A is Brjuno, the divisors A* — A and A¥ — X are “admissible”
in the sense of Poschel [13] for all k € N, k > 2. Hence, by [13, Theorem 1], there exist
8 > 0 and an injective holomorphic map ¢; : Ds — C2, where Ds := {£ € C: || < 8},
such that ¢1(0) = (0, 0), ¢ (0) = (1, 0) and

F(p1(¢)) = ¢1(A8) (5.3)

for all ¢ € ;. Since F is tangent to {w = 0} up to order /, it follows from the proof of
[13, Theorem 1] that ¢; can be chosen of the form ¢; () = (¢, 0)+ O(|¢|"). In particular,
up to shrinking §, we can write ¢ (Ds) implicitly as w = v (z) for some holomorphic
function yr; defined on Ds and such that ¥ (¢) = O(|¢ |l).

Similarly, X — % and %* — X are admissible divisors in the sense of Péschel for all
k € N, k > 2, and hence there exist 8 > 0 and a holomorphic function v, : Dy — C
with ¥»(¢) = O(|¢|") such that F leaves invariant the local curve C := {(z, w) : z =
Yrp(w)} and the restriction of F to C is a A-rotation.

We can therefore define (z, w) := x(z, w) = (z — Y2(w), w — ¥ (z)). By construc-
tion, x is a germ of biholomorphism at (0, 0) and x(z, w) = (z, w) + O(||(z, w)lll).
Moreover, the conjugate germ FG, W) = (x o F o x~1(Z, W) satisfies our conclusion.
Indeed, z = O corresponds to z — Y (w) = 0, and since F leaves such a curve invariant
and it is a A-rotation on it, it follows that F (0, i) = (0, A). A similar argument proves
that F(Z,0) = (AZ, 0). a]

The last ingredient in the proof of Theorem 5.7 is the following fact, which can be easily
proved via standard estimates:

Lemma 5.6. Let D* = {¢ € C : 0 < |¢| < 1}. Let kp+ denote the hyperbolic distance
in D*. Let
1 1

loglz]” log [€]

g, &) :=2n max{—

Then forall ¢, & € D¥,

+ g, 8).

‘1 log ¢ log |¢]|
og
log |&] log |&]

Now we can state and prove the main result of this section:

Theorem 5.7. Let F be an automorphism of C* of the form (4.1). If A is Brjuno, then
Q=V.

Proof. Assume that the statement is not true, i.e. there exists go € V \ Q. Let pg € €,
and let Z be an open connected set containing po and go and such that Z C V.

By Lemma 5.5, since A is Brjuno, there exists an open neighborhood U of (0, 0) and
a biholomorphism x : U — x(U) such that (5.2) holds for all (z, w) € x(U). Up to
rescaling, we can assume that

B? :={(Z, W) € C?: z> + [0)? < 1} C x(U).
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Since { F"'} converges uniformly to (0, 0) on Z, up to replacing F with F” for some fixed
m € N, we may assume that Q := |,y F"(Z) satisfies 0 := x(0) c B~
The Z-axis and the W-axis are F-invariant and F is a rotation once restricted to the
axes, therefore
0 CB2:=B*\ ({Z=0}U{wb = 0}).

Given a complex manifold M, we denote by kjy, its Kobayashi distance. By con-
struction, for every § > 0, one can find p € ZNQand g € Z N (V \ ) such that
ko(p,q) < kz(p,q) < é.Let p := x(p) and g := x(g). Hence, kQ(ﬁ,é) < §. Thus,
since F (Q) - Q by construction, and Q C IBﬁ, it follows that for all n € N,

k2 (F"(p), F"(§) < kg (F"(p), F"(§)) < 8. (54)

Now, since ¢ ¢ €2, by Lemma 2.5 there is no 8 € (0, 1/2) with 8(/ + 1) > 2 such that
{F"(q)} C W(B) eventually. We claim that the same happens to {(F" (¢)}. Indeed, if there
existed B € (0, 1/2) with B(/ + 1) > 2 such that {ﬁ” (@)} € W(B) eventually, taking 8’
in (0, B) with g/(I + 1) > 2, Lemma 5.3 applied to x ~'(Z, ) = (Z, W) + O(|Z, ®)||")
would imply that {F"(g)} € W(B’) eventually, contradicting our assumption.

Therefore, fixing B € (0, 1/2) with (I + 1) > 2, we can assume, without loss of
generality, that there exists an increasing subsequence {n;} C N tending to co such that,
setting (2,(g), W, (q)) := F"(q), for all ny we have [Z,, ()| = 1Zn, (§) Wy, (@)]?, that is,

W (@)] < 12, @) PP (5.5)

On the other hand, by Lemma 2.5, {F"(p)} C W (B) eventually for all 8 € (0, 1/2) such
that B(I+1) > 2. Hence, by Lemma 5.3, { F" ()} C W(8’) eventually forall 8’ € (0, B).
Since this holds for all 8 € (0, 1/2) such that (I + 1) > 2, we obtain (F" (p)} Cc W(B)
eventually. Therefore, again by Lemma 2.5, there exist 0 < ¢ < C and nn > 0 such that
forall n > n,

clza(P) = [ (P)] = Clzn(p)I. (5.6)

Consider the holomorphic projections 7r; : B2 — D* given by m1(Z, W) = Z, and
T IB%& — D* given by m2(z, w) = w. By the properties of the Kobayashi distance,
kp+ (1 (A), mj(B)) < kBE (A, B)forall A, B € IB%ﬁ. Hence, by (5.4), for all ny,

ks (Zn (P)s Zni (@) < 8, ks (Wi (D), Wiy (7)) < 8. (5.7

Thanks to (5.6) and Lemma 5.6, since the orbit of p converges to the origin, there exists
ko € N such that for all n; > ko,

log |2, (P)]

Tog [, (]| T §Cm (P B (P)) <.

ks (Zny (), Wy (P)) = ‘log

Hence, by (5.7) and the triangle inequality, for all ny > ko,

ks (Zn (@), Wi (P)) < ko (Zn (@), Zny (P)) + ki (T (P), Wy (P)) < 28. (5.8)
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On the other hand, let k1 € N be such that, for all n; > kq,

g(znk (@), @nk(‘i)) <4,

where g is the function defined in Lemma 5.6. By the same lemma and (5.5),

1 ~n q ~ ~ ~ ~
ke G (@) g (@) = 'log % — G (@) 10, (@)
ni
- (log|znk<c7)|“—ﬂ>/ﬁ) Cstee s o)
= 10g 120y (@)

The triangle inequality, together with (5.8) and (5.9), implies that for ny > max{ko, k1},
k]D)* (wnk (ﬁ)v a)nk (é)) = k]D)* (an (‘}), a}nk (é)) - k]D)* (znk (é)v wnk (ﬁ))

1—
> log p —36.
Therefore, by (5.7),
1-p
45 > log ,
giving a contradiction since (1 — 8)/B > 11is fixed and § > O is arbitrary. O

6. The proof of Theorem 0.1 for k = 2

Let F be an automorphism of the form (4.1), and assume that A is Brjuno. By Theo-
rem 5.7, 2 is an invariant attracting Fatou component at (0, 0) and €2 is biholomorphic to
C x C* by Proposition 4.5.

7. The case k > 3

In the general case, k > 3, we start with a germ of biholomorphism of C* at the origin of
the form

FxGia .. 2i) = </\1z1<1 _u ']'C'Z">,...,Akz;(<1 _a ka>> (7.1)

where

e each A; € C, ;| = 1,is not aroot of unity for j =1, ..., k,

e the k-tuple (A1, ..., Ar) is one-resonant with index of resonance (1,...,1) € N¥ in
the sense of [4, Definition 2.3], that is, all the resonances A; — )\'1"1 - AZ”‘ = 0, for
J=1,...,k, are precisely of the form A; = A; - (A1 - - - An)K for some k > 1,

e the k-tuple (A1, ..., Ag) is admissible in the sense of Poschel (see [13]), that is,

i ! 1 —1 + for j =1 k
—lo < (0, ¢] or =1,...,
2520 ) !

where w; (m) = miny<j, <, ming <; <k |A§’ — Aj| for any m > 2.
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Thanks to a result of B. J. Weickert [18] and F. Forstneri¢ [6], for any large [ € N there
exists an automorphism F of C* such that

FGziy.oovzi) — FnGzis .. z0) = Ol (zhs - - sz |I). (7.2)

Moreover, thanks to [4, Theorem 1.1], given 8 € (0, 1/k) and ! € N, [ > 4 such that
B+ 1) >4, forevery 6 € (0, w/2) there is R > 0 such that the open set

B::{(zl,...,zk)eCk:u:=11-~-zkeS(R,9), ;] <|u|ﬁf0rj=1,...,k}

is non-empty, forward invariant under F, the origin is on the boundary of B and we have
lim,— 00 F"(p) = O for all p € B, uniformly on compacta. Arguing as in Lemma 2.5
we find that for each p € B, we have lim,_, o nu, = 1 and |7; (F"(p))| ~ n~—Yk for
J =1,...,k, where m; is the projection on the jth coordinate. Moreover, the analogue
of the statement of Proposition 3.1 holds for k£ > 3 (see also [3]), allowing us to define a
local Fatou coordinate v/ : B — C such that ¢ o F = ¥ 4+ 1 with the required properties.

Now we need k — 1 other local coordinates 07, ..., 0. For2 < j <k,0;: B— Cis
defined as the uniform limit on compacta of the sequence {0} , }, where

021, ..., k)
k—j+14 1
= A TIL(F (2, ..., 2k ex( )
i S e ey s
and IT; : Ck — C is defined as Ilj(z1,...,2k) := zj---zx. The map o; satisfies the
functional equation
k—j+1

ajoF:Aj-~-Ake_ W oj.

Let Q := (J,-o F~"(B). Arguing as in dimension 2, one can prove that H*1(Q,C)
# 0. Using the functional equation we can extend v/ to a map g1: 2 — C. Moreover, set
H := g1(B) and Q9 := gl_l(H). For j = 2,...,k, we can extend o; to 2 by setting,
for any p € Qo,

()—(%---M”ex(—k_"“f )
SR T e +) T

where n € N is such that F"(p) € B. As in dimension 2, the map Qg > p — G(p) :=
(g1(p), ..., gk(p)) € H x Ck~1 is univalent with image H x (C**=1 In fact, we can
use coordinates

W, y2, oo Y1) = (21 Zks 227" Tk -+ -5 2h)

in B so that we have

B={uecSWR, 0 :ul"" <yl <uf, " <yl < ulPlyl
forj=2,...,k—1}.
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Following the proof of Proposition 4.4, since, for p € Qp, limy_nu, = 1 and
[T1; (F"(p))| ~ n~=i+D/k for j = 2,...,k, one can see that for any a € H and
by € C* there is a point p € Qg such that g;(p) = a and gx(p) = br. Now fixa € H

and by € C*. Using

|I-k-2p

|u < Iyk=t1l < |ulP |yl

one sees that C* C gz (gl_1 (a)N gk_1 (b)), and with the same argument one recursively
proves that C* C g;_1(g1~"(a) N g;~1(b))) for j = 2,...,k — 2. Therefore G(R) =
H x (C*)*=1 and as in Proposition 4.5 we see that g;: @ — C is a holomorphic fiber
bundle map with fiber (C*)k_l. Since the transition functions belong to GL,(C), by
[7, Corollary 8.3.3] we find that  is biholomorphic to C x (C*)k—1.

Finally, assuming the k-tuple (A1, ..., Ar) is admissible in the sense of Poschel [13],
we can locally choose coordinates as in Lemma 5.5 so that the Fatou component V con-
taining 2 cannot intersect the coordinate axes in a small neighborhood of the origin.
Hence using the estimates for the Kobayashi distance as done in Theorem 5.7, one can
show that V = Q.
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