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1 | INTRODUCTION

Joachim Naumann?

This paper is concerned with Kolmogorov’s two-equation model for turbulence
in R3 involving the mean velocity u, the pressure p, an average frequency w > 0,
and a mean turbulent kinetic energy k. We consider the system with space-
periodic boundary conditions in a cube Q = (]0, a[)?, which is a good choice for
studying the decay of free turbulent motion sufficiently far away from bound-
aries. In particular, this choice is compatible with the rich set of similarity
transformations for turbulence. The main part of this work consists in proving
existence of global weak solutions of this model. For this we approximate the
system by adding a suitable regularizing r-Laplacian and invoke existence result
for evolutionary equations with pseudo-monotone operators. An important point
constitutes the derivation of pointwise a priori estimates for w (upper and lower)
and k (only lower) that are independent of the box size a, thus allow us to control
the parabolicity of the diffusion operators.

In 1942, A. N. Kolmogorov (see Kolmogorov [1] and pp. 214-216 in Spalding [2] for an English translation) postulated
the following system of PDEs as a model for the isotropic homogeneous turbulent motion of an incompressible fluid

(x,t) € R3x 10, o0[:

divu=0, (1.1a)
g—?+(u-V)u:vodiv <£D(u)> -Vp+f, (L1b)

%—C; +u- Vo =v,div <£ Vco) - a;w?, (1.1c)

g—lt‘ +u-Vk =v,div <£ Vk) + vog ID@w)|” - azke. (11d)
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20f31 m MIELKE AND NAUMANN

Throughout the paper, bold letters denote functions with values in R* or R? as well as normed spaces of such functions.
Here, the unknowns have the following physical meaning:

u is the velocity of the mean flow, p isthe average of the pressure, k is the mean turbulent kinetic energy,

w is the average of the frequency associated with the turbulent kinetic energy. 1.2)

The velocity field v of the fluid motion is given by v = u + i, where @ denotes the turbulent fluctuation velocity, such

that the scalar k is the time average % |it|2. Further,

Vo, V1, V2 > 0and a,, a; > 0 are dimensionless constant;

f is a given averaged external force,

D(u) =

N =

(Vu+ (Vu)") is the mean strain-rate tensor. 1.3)

The function Vo~ X denotes the kinematic eddy viscosity, while V1= K and V2= X denote the corresponding diffusion constants

for the scalars w and k. The constants v, v{, v, > 0and a,, a; > 0 in Equatlon (1.1) are related to the constants A, A’, A”
[1] (cf. also p. 213 in Spalding [2] where b = %k) as follows:

v0=4—tA, v1=gA’, v2=gA”, a1=l a, =1. 1.4)
3 3 3
In Section 2, we discuss the scaling properties of the two-equation model (1.1) with the special viscosities “v; k /w” and
loss terms “ot;?” and “a, kw.” These specific choices of power-law nonlinearities relate to specific scaling laws in free
turbulence. In Kolmogorov [1], there is no indication why the particular values of a; and a, were chosen.

Since the numerical values of v; and v, are not relevant for the existence theory of weak solutions for Equation (1.1)
we are going to develop below, we assume them to be equal to 1. A detailed discussion of the numerical values of clo-
sure coefficients and their role in turbulence modeling can be found, for example, in Baumert [3] and Chap. 4.3.1 in
Wilcox [4]. However, we keep the coefficient v, to emphasize that the viscous dissipation generated by the viscous term
in Equation (1.1a) is feeding into the mean turbulent kinetic energy, see the second last term in Equation (1.1d). Hence,
for sufficiently smooth solutions, we have the formal energy relation

%/W <%|u|2+k>dx=/RS(f-u—oczwk)dx, 15)

where the first term on the right-hand side gives the power of the external forces, while the second term is Kolmogorov’s
way of modeling dissipative losses, for example, through thermal radiation. We refer to Refs. [5, 6] for general issues in
turbulent modeling, in particular to Chap. 7+8 in Chacén Rebello and Lewandowski [6] for the mathematical analysis of
the NS-TKE model (Navier-Stokes equation with Turbulent Kinetic Energy), where Equation (1.1c) for w is absent and
the energetic losses in Equation (1.1d) are modeled via k3/2 /¢ with a suitable mixing length ¢ instead of a,kw (see e.g.,
Equation (4.137) in Chac6n Rebello and Lewandowski [6].

System (1.1) is an outgrowth of A. N. Kolmogorov’s theory of turbulence published in a series of papers in 1941. Com-
prehensive presentations of this theory can be found, for example, in Frisch [7] and Vol. I, Chap. 6.1, 6.2; Vol. II, Chap. 8

in Monin [8] (see also the article pp. 488-503 in Tikhomirov [9]). The function L = K2 (“external length scale” or “size of
largest eddies”) plays an important role for the study of the energy spectrum of the turbulence (see Chap. 33 in Landau and
Lifschitz [10], Chap. 8.1in Wilcox [4]). A review of the work of A. N. Kolmogorov and the Russian school of turbulence can
be found in Yaglom [11]. This paper contains also some remarks about a possibly “missing source term” in Equation (1.1c)
(cf. p. 212 in Spalding [2]).

A profound discussion of the mathematical background of Obukhoff-Kolmogorov’s spectral theory of turbulence (K41-
functions, bounds for the energy spectrum for low and high frequencies) is given in Vigneron [12].
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In Bulicek and Malek [13], the authors study system (1.1) in Qx]0, T [, where Q C R3 is a bounded C'! domain, with
mixed boundary conditions for w and k, the condition u - n = 0 and a condition for the normal traction of the tensor

—pI + v, L D(u) on 6Q X ]0, T[. Under these boundary conditions, system (1.1) characterizes a wall-bounded turbulent
motion, thwat is, turbulence is generated at the Dirichlet part of the boundary. The authors complete this boundary value
problem by the initial conditions (1.10b) and prove the existence of a weak solution by combining a truncation method
and the Galerkin approximation. Wall-generated turbulence is an important topic in engineering applications where
two-equation models, including the k,- € model, are heavily used, see Chacon Rebello and Lewandowski [6] and the
references there.

The emphasis of this paper is quite different as we are interested in free turbulence (also called isotropic or homogeneous
turbulence) that develops far away of the boundary and is rather governed by suitable scaling symmetries in the sense of
Oberlack [14] and Klingenberg et al. [15]. In Ref. [1] Kolmogorov writes about the derivation of his model: “We may submit
to a rather less complete mathematical investigation the turbulent motion which is homogeneous and isotropic (in all scales),
and from which mean flow is absent; such a flow decays continuously with time. ... Starting from the above local properties
of turbulence (and with the help of some more coarsely approximate assumptions), we may construct the following complete
system of equations to describe turbulent motion:” and then he states his two-equation model (cited from English translation
in Spalding [2]).

To preserve these similarity transforms, we avoid boundaries and use periodic boundary conditions and on a cube
size with side length a, that can be chosen much larger than the structures under consideration. A bonus of the scaling
invariance of Equation (1.1) for f = 0 is the existence of a rich class of similarity solutions. Compatible with the periodic
boundary conditions, we have the following explicit spatially constant solutions:

W ko
9 k(t) = b
14+a 0.t (1+aywot)%2/n

(1.6)

u=1u,, p=0, w(t) =

that is, the mean turbulent kinetic energy decays like t~%2/1, if there is no feeding through macroscopic viscous dis-
sipation. Indeed, independent of u and k, Equation (1.1c) for w can always be solved by the spatially constant solution
w(x,t) = w,/(1+a,w,t). The occurrence of asymptotically self-similar behavior for Q = R? for a closely related, but
much simpler coupled system (obtained by replacing the Navier-Stokes equation by a scalar equation for shear flows
and neglecting lower order terms) is discussed in Mielke [16].

To show the effect of energy feeding from viscous dissipation into the turbulent kinetic energy k via the source term
Vog |D(w)|?, we can look at the following family of exact shear flow solutions:

sin(4x3) ® K
u(x,t) = ——— | cos(Ax3) |, w(x,t) = —=—| k(x,t) = ——2—, 1.7
(. ) 1+ w,t (0 3) (. 1) 1+ w,t (. ) (A+aw,t)? 7
with p = 0, where the positive constant parameters w,, k., 4, and U are related by
a, —2a 20, w?
U2=2 "1k and 22=2L—2, (1.8)
a Vo ko

These solutions only exist for the case &, /a; > 2, and thus the decay of k like 1/t is slower than 1/t%/% in Equation (1.6),
because of the spatially constant source term v, S |ID(w)|? = oy, U?(1+0aw,t) 3. Asin Oberlack [14], these invariant solu-
tions exist because of the scaling symmetries, and moreover they are indeed compatible with period boundary conditions
if la € 2zN. For a given a, we find infinitely many solutions by choosing 1,, = 2zn/a and suitable k, and w,. This also
highlights the fact that there are no uniform compactness properties unless we prescribe a lower bound for k.

In place of R3? x ]0, co[, in the present paper, we study system (1.1) in the space-time cylinder Q = Q X ]0, T[, where
Q = (]0,a[)? with T, a > 0 arbitrary but fixed. To implement periodic boundary conditions, we interpret Q as a torus by
identifying the opposite sides. If Q denotes the boundary of the cube Q C R* we set

Fl- =0QnN {x,- = O}, Fl-+3 =0Qn {xi = a} fori = 1,2,3, (19)
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and complement (1.1) with periodic boundary conditions and initial conditions as follows:

u|rl-><]o,T[ = “|FH3><]0,T[ and analogously for p,w,k,

fori=1,2,3; (1.10a)
D(u)lr,- xlor[ = D(u)|r,-+3><]0,T[ and analogously for Vw, Vk

u=u; w=w), k=kyin Qx{0}. (1.10b)

Initial/boundary-value problem (1.1) and (1.10) characterizes a turbulent motion of an incompressible fluid in Q that
evolves from {u,, wy, ko} at time ¢ = 0. We assume the pressure to be periodic thus avoiding additional pressure gradients
that might occur when assuming that Vp is periodic only. As a consequence the mean flow a™ /. o u(x, 1) dx is constant,
when assuming f = 0, cf. [17, 18]. The usage of periodic boundary conditions is common in theoretical investigations of
the Navier-Stokes equations and modeling of free turbulence, see, for example, Refs. [7, 12, 19-22].

On physical grounds, the size a of the underlying cube Q should be greater than certain quantities of the turbulent
motion. A detailed discussion of this aspect is given on pp. 25-26 and 424-435 in Davidson [23] (cf. also item 2° below).
This is one of the main reasons why we consider a cube Q of side length a and periodic boundary conditions, which
provides an analysis that is completely independent of a. In particular, we can choose a much bigger than the “external
length scale” L(x, t) := k(x, t)'/?/w(x, t).

Our proof of the existence of weak solutions of Equations (1.1) and (1.10), which has been already sketched in Mielke
and Naumann [24], is entirely independent of the discussion in Bulicek and Malek [13]. More specifically, the basic aspects
of our paper are:

1° InSection 3, we introduce the notion of weak solution {u, w, k} with defect measure u for Equations (1.1) and (1.10). This
notion leads to a balance law for /Q k(x,-) dx and gives a connection between the energy equality for % f o lu(x, )|?dx
and the vanishing of y, cf. Proposition 3.7, which states that Equation (1.5) holds if u = 0.

2° In Section 4, we present our existence theorem for weak solutions {u, w, k} with defect measure . Based on comparison
arguments with the explicit solution in Equation (1.6), our solutions {u, w, k} satisfy, for a.a. (x,t) € Q x ]0, T|[,

*

w, k
— >w(x,t) > —— and k(x,t >—*, 1.11
14+a w*t — (02 14+ w,t (.02 (I+a w,t)*/a (L1D)

if the initial conditions in Equation (1.10b) satisfy the corresponding estimates at ¢ = 0. It is important to preserve these
estimates even through the necessary approximations, since that provide a lower bound for the diffusion coefficients
k/w in the three evolution equations.

3° Moreover, the bounds in Equation (1.11) provide a physically relevant lower bound for Kolmogorov’s external length
scale L = k'/2 /w, namely

1/2
L(x,t) = % > c(1+)%/Cx)  forallt €[0,T], 1.12)
w(X,

where a, and «; are from Equations (1.1c) and (1.1d), and where ¢ = const > 0 neither depends on a nor on T (cf.
Corollary 4.3 in Section 4). Using A. N. Kolmogorov’s values from Equation (1.4), we have a, /a; = 11/7 and L grows
at least as t3/1*, which compares well to t>/7 mentioned in Kolmogorov [1].

4° The proof of our existence theorem is given in Section 5. It is based on the existence of an approximate solution
{u,, w;, k.} (without defect measure) of Equations (1.1) and (1.10), establishing a priori estimates independently of €
and then carrying out the limit passage ¢ — 0. The existence of the approximate solutions is obtained by applying an
abstract existence results for evolutionary equations with pseudo-monotone operators from Thm. 8.9 in Roubicek [25],
see Appendix A for the details.

5° QOur approach is easily adaptable to more general domains with suitable boundary conditions, and to the full-space R¢
with general d € N. However, for notational convenience and physical relevance, we restrict ourselves to d = 3 and
the spatially periodic case.
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6° In Lewandowski [26], a simplified one-equation model of turbulence is studied, where a defect measure appears as
well (see the pages 397 and 416 there). Weak solutions for the full one-equation model were obtained in Bulicek et al.
[27].

The parallel work in Buli¢ek and Malek [13] developed completely independently to the present work, which had its
origin in Mielke and Naumann [24]. The former work is based on an intricate Galerkin approximation with several regular-
ization parameters and is devoted to the case of bounded domains with nontrivial (even non-smooth) boundary conditions
that can trigger the generation of turbulence. For the initial condition k, := k(:,0), we rely on the stronger assumption
ko(x) > k. > 0to obtain the very explicit lower bound for k(x, t) in Equation (1.11) that is independent of the domain size
a. In Buli¢ek and Malek [13], it is sufficient to assume the much weaker condition min{0, log k,} € L!(Q), but estimates
are given in terms of domain-dependent constants. Moreover, Bulicek and Malek [13] has a stronger notion of solution that
additionally guarantees the validity of a local balance equation for the total energy density E(x, t) = k(x,t) + %lu(x, 1L
see Remark 3.6 and relation (3.19) there.

In subsequent work, we will investigate similarity solutions that are induced by the scaling laws discussed in Section 2.
The most challenging question will be the derivation of suitable solution concepts that allow the turbulent kinetic energy
k to vanish on parts of the domain. This would allow us to study the predictions of the Kolmogorov model (1.1) in which
way turbulent regions invade nonturbulent regions.

2 | SCALING LAWS AND SIMILARITY

We consider the free turbulent motion of an incompressible fluid in R? x ]0, oo[, which is governed by the following system
of PDEs (note that f = 0):

divu =0, (2.1a)
ou .
T + (u - V)u = div (d;(w, k)D(u)) — Vp, (2.1b)
ow .
5 +u- Vo =div (dy(w, k) Vo) — g,(w, k)w, (2.1¢)
ok . 2
T Vk = div (d3(w, k)VK) + di(w, k)|D(w)|” — g3(w, k)k, (2.1d)
where u, p, w and k are the unknowns, and
d;: (10,0[)” — J0,00[ (i=1,23) and g, : (10,00’ — 10,00[ (m=2,3) 2.2)

are given coefficients. The coefficient d;(w, k) represents a “generalized” viscosity of the fluid. System (2.1) obviously
includes Kolmogorov’s two-equation model (1.1) with

k k k
b0 =n=, h@R=r, d@b=n- s@k=ae gk =ne 23)

We want to show that these choices are special, because they give a richer structure of scaling invariances than arbi-
trary nonlinear functions. In particular, they respect the classical Reynolds symmetry (see Sec. 3.3 in Chacén Rebello
and Lewandowski [6]), but go one step beyond because the viscosities d j(w, k) also have scaling properties. We refer to
Refs. [14, 28, 29] where the importance of scaling symmetries for the modeling of free turbulence is discussed.

Let {u, w, k} be a classical solution of Equation (2.1) that has a suitable decay for |x| — oo such that the following inte-
grals over R3 exist. We multiply Equation (2.1b) by u, integrate by parts over R3, integrate Equation (2.1d) over R3, and
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add the equations obtained. This gives the energy balance

%/ <%|u|2+k> dx:-/ g3(w,k)kdx, te]o,c0[, (2.4)
R3 R3

cf. Proposition 3.7 in Section 4.
We are now studying the invariance of {u, w, k} under the scaling

0; — ad;, 6xj - ﬁaxj, u—yu, b pw, k- ok, (2.5)

where (a, 8,7, 0,0) € (]10,+00 [ )°. Here, the pressure p is omitted, for it can be always suitably scaled. In addition to the
well-known scaling laws for the Navier-Stokes equations, the scaling (2.5) have to leave invariant the coefficients d;(w, k)
and g, (w,t) fori =1,2,3 and m = 2, 3, too.

To this end, we consider the following conditions for the family of parameters («, 3,7, p, o) and the coefficients d; and
8m*

a=8y, o=p (2.6)
B%d;(pw, ck) = ad;(w, k), i=1,2,3,

Vwk>0: 2.7)
gmlpw,ck) = ag,(w, k), m=2,3.

The first condition in Equation (2.6) implies the invariance of the convective derivative d; + u - V under Equation (2.5),
while the second condition implies that |u|? and k have the same scaling property which is necessary for the conservation
law (2.4) to hold. It is now easy to see that system (2.1) is invariant under the scaling laws (2.5) if the conditions (2.6) and
(2.7) hold.

In order to relate the present discussion to Kolmogorov’s two-equation model (1.1) we make an “ansatz” for the
parameter § as well as for the coefficients d; and g,,,. For (7, p), (w, k) € (]0, oo[)? define

B = pAyl—28 (2.8)

di(@,k) = Diw™k?,  gu(w,k) = G otk 5, (2.9)
where D;, G, (i = 1,2,3; m = 2,3) and A, B are arbitrary positive constants. Condition (2.8) is equivalent to
A o 4y?B =1 resp. 1 pAy21-B) = 1, (2.10)
Y By

Observing Equation (2.6), it is readily seen that d; and g,, as in Equation(2.9) obey the scaling conditions (2.7) for all
choices of D;, G, A, and B.
Finally, let A = B = 1 in Equations (2.8) and (2.9), that is, g,, does not depend on k. Then we obtain

d@ k) =D, gu(@.K)=Gpo (=123 m=2,3). (211)

Hence, Kolmogorov’s two-equation model of turbulence, which is obtained for D; = v;_;, G, = a1, and Gz = a5, is
invariant under the scaling (2.5) with the two-parameter family

(0, 7) = (a,B,7,p,0) = <p, g,y,pf)- (2.12)
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3 | DEFINITION OF WEAK SOLUTIONS

We begin with introducing notations that will be used throughout the paper.

Let X denote any real normed space with norm | - |y, and let (x*, x)x denote the dual pairing of x* € X* and x € X.
By LP(0,T;X) (1 < p < +00) we denote the vector space of all equivalence classes of Bochner measurable mappings u :
[0,T ] - X such that

T p 1/p .
(fy luolgar) ™ i 1<p <o,
lulleo,rx) = 3.1
esssup |u(t)| if p=+c0
te[0,T ]

is finite (see e.g., Chap. III, §3, Chap. IV, §3 in Bourbaki [30], App. in Brézis [31], and Droniou [32] for details). Let Q € RV
(N > 2) be any open set, and let Q = QX [0, T[ for T > 0. For 1 < p < o0 and u € LP(Q) define

[ul()(-) = u(-,t) fora.a. t€[0,T]. (3.2)

By Fubini’s theorem, the function ¢t — fQ lu(x, £)|Pdx is in L*(0, T) and there holds

! p p
/O IO e = /Q JuCe, 0| dx dt. (33)

An elementary argument shows that the mapping u — [u] is a linear isometry of L”(Q) onto LP(0, T; LP(Q)). Therefore,
these spaces will be identified in what follows. By W!P(Q), we denote the usual Sobolev space, and we set WP(Q) =
WhP(@)N.

Unless otherwise stated, from now on let Q = (]0, a[)? denote the cube introduced in Section 1. We define

Lp _ 1, . _ -
Woer(Q) = {u e Whr(Q); u|11— = u|ri+3 fori = 1,2,3},

o Q)= {u € Wl’p(Q); divu =0a.e.in Q},

per,div per
1 M) — 1(N)- — — ;= —
Cper,T(Q) - {qo € C (Q)s ¢|FiX]O,T[ - ¢|Fi+3X]O,T[’ VgolriX]O,T[ - V§D|Fi+3x]0,T[ forl - 13 2a 3’ ¢(7T) - O on Q}y
1 M) — 1 ) Ai —0i
Cper’T’div(Q) = {v IS Cper,T(Q), divo=0in Q}. (3.4)

1
per,

bounded Radon measures on the o-algebra of Borel sets C Q, which is a closed cone in the vector space M(a) ~ C(a)* of
all (signed) Radon measures.

To simplify the notation, we subsequently set &; = 1 and v, = 1, which can always be achieved by exploiting the scaling
(2.12). We further set v; = 1, but keep the constant v, > 0 to emphasize that the source term in Equation (1.1d) for the
turbulent energy k arises from the dissipation in the momentum equation (1.1b) for u.

We emphasize that the test functions in C T(a) vanish att = T. Finally, by MZ(G), we denote the set of all non-negative,

Definition 3.1. Let f € L'(Q), uy € L'(Q) and wy, ky € L'(Q) such that wy, ko > 0 a.e. in Q. A triple of measurable
functions {u, w, k} in Q is called weak solution of Equations (1.1) and (1.10) with a non-negative defect measureu € M(Q),
if

k .
w >0, > > const > 0 a.e.in Q, (3.5)



8 of31 m MIELKE AND NAUMANN

. . 1,2
u € L°(0,T; LA(Q)) n L2<o, W div(Q)),

w e L®(0,T; LA(Q)) N L2<0, T; ngr(g)), [ (3.6)
k € L®(0,T; L1(Q)) n L%/ 14(0, T Wae! 1“(Q)),
/ g((l + |D@)|)|D(w)| + | Vol + |VEk|) dx dt < oo, 3.7)
Q
the following weak equations hold
Jdv k
—fu-—dxdt—/ (u®u) : Vodxdt+v, /| —D(u) : D(v)dxdt
0 ot 0 Q@
(3.8)
— 1 72)
= /Quo(x) - v(x,0) dx+/Qf-vdx dt forallv e Cper’T’diV(Q),
0
_/w_go dxdt—/cou-Vgo dxdt+/ EVco-Vgodxdt
0 ot 0 Q@
_ (3.9)
= / wo(x)p(x,0)dx — / w’p dxdt forallp € Cll)erT(Q),
Q Q ’
oz k
— [ k=dxdt— [ ku-Vzdxdt+ /| —Vk-Vzdxdt
0 ot 0 Q@
. 3 (3.10)
= /Qko(x)z(x,o) dx +/Q <Voa |D(u)|2 — azkw)z dxdt + /62 du forallz e C;er’T(Q),

the Leray-Hopf type energy bound for the Navier-Stokes equation

t t
/ l|u(x, t)|2dx + / / 7/0E|D(u)|2 dxds < / l|u0(x)|2dx + / / f-udxds foraa.t €[0,T], 3.11)
a2 0Ja % 0?2 0/a

and the total energy satisfies the estimate

1 2 ! <1 2 ) !
= ,t k(x,t) ) d kw dxds < = k d -u dxds fora.a.t €[0,T].
/Q<2|u(x )| +k(x )> x+/0/gocz w dxds /Q 2|u0(x)| +ko(x) x+/0/Qf u dxds fora.a.t €[0,T]

(3.12)

It is easy to see that all integrals in Equations (3.8)—(3.10) are well-defined. It suffices to consider the integrals with
integrands ku - Vz and ElD(u)Pz in Equation (3.10). First, it is well-known that condition (3.6) on u implies u €
L'9/3(Q) (combine Holder’s inequality and Sobolev’s embedding theorem). Analogously, the condition (3.6) on k implies
k € L1%7(Q) (take N = 3,0 = 3/4, (py, p,) = (1, 5), and (sy, s,) = (oo, E) in Lemma 4.1(B) below). Hence, ku € L(Q).

Second, S |D(u)|? € LY(Q) by virtue of Equation (3.7).

Remark 3.2. The condition k/w > const > 0 is crucial for our existence theory, in particular for obtaining the regularities
for{u,w, k} stated in Equation (3.6). It would be desirable to develop an existence theory without this condition, because this
would allow us to study how the support of k, which may be called the “turbulent region’, invades the “non-turbulent region”
where k = 0.
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Remark 3.3 (Classical solutions are weak solutions). Every sufficiently regular classical solution {u,w, k} of Equations (1.1)
and (1.10) satisfies the variational identities (3.8)—(3.10) with defect measure u = 0. To verify this, we multiply (1.1b)-(1.1d) by
the test functions v, ¢, and z, respectively, and integrate by parts over the cube Q and then over the interval [ 0, T |. Moreover,
it is easy to see that the energy inequalities (3.11) and (3.12) hold as equalities.

Of course, the important implication to be shown is that smooth weak solutions are indeed classical solutions. In order
to establish this, we crucially use that the inequality (3.12) for the total energy fﬂ(% |u|? + k) dx and combine it with the

upper estimate (3.11) for the macroscopic kinetic energy f o % |u|? dx and a lower energy estimate for the turbulent kinetic
energy fQ k dx, which will be derived next.

Lemma 3.4. Let {u, w, k} be a weak solution of Equations (1.1) and (1.10) with defect measure . Then, we have the integral
relations

t
/Qco(x, f)dx + /0 /Qa)2 dxds = /Qcoo(x) dx forallt €[0,T], (3.13a)
/Qk(x, f)dx = /Qko(x) dx + /O/Q <Vog |D(u)|2 - oczkco> dxds + ,u(ﬁx[O,t]) fora.a.t €[0,T], (3.13b)
lim /Q k(x, 1) dx = /Q ko(x) dx + u(ﬁx{O}), (3.13¢)

t
/ k(x,t)dx = / k(x,s)dx + // <7/0E |D(u)|2 - azkcu> dxdr + u(ax]s,t]) fora.a.s,twiths <t. (3.13d)
Q Q s 40 @

Proof. 1t suffices to prove Equation (3.13b). The same reasoning gives Equation (3.13a), and the relations (3.13c) and (3.13d)
follow from Equation (3.13b). For t €10,T [, and m > TL—z with m € N we define

1 if 0<s<1,

() =4 mt=9)+1 if t<s<t+ -, (3.14)
0 if s> 14—
m

Then, 7, € C([0, oo[) and 7j,,, = M1y ;41 - For the Steklov average 7),, ;(s) = %f;” Nm(t)dr withs > 0, 4 > 0, we find

A—07
nm,l € Cl([O’ T]), nm,/l — Um in CO([Os T])’ Um,ﬂ(o) =1land 7Jrn,/l(T) =0 (3-15)
for A € 10, t[. Moreover, we have 7, ;(s) = 7,,(s) forall s € [0, T] \ {¢, t+i}, and for all f € L'(Qr) we find

t+1/m

s SMma(s)dxds — — ,s)dxd A—= 0. 3.16
/Qrf(x $)m,2(s) dx ds m/[ /Qf(xs) xds as (3.16)

Inserting the function z(x, s) = Lo (x)n,, 1 (s) for (x, s) € Q into Equation (3.10) with s in place of ¢, the limit 1 — 0% gives
the relation

t+1/m t+1/m k 2 —
m/ /k(x,s) dxds=/ ko(x)dx +/ /<vo— |D(w)|” - oczkco>77m dxdr+,u(Q><[0,t]>+/ Ny (T) du.
t Q Q 0 a\ % Ox]t 4
(3.17)
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[nm(r) dp < p(Qx t,t + i[) — 0 as m — oo. The limit

Because of 1,,(t) € [0,1] for all s €[0,T], we have fﬁx]z L
passage m — oo in Equation (3.17) gives Equation (3.13b) for every Lebesgue point ¢t € [0,T ] of the function ¢ —
fQ k(x,t)dx. O

We are now ready to show that smooth enough weak solutions are indeed classical solutions and that the associated
defect measure has to vanish.

Proposition 3.5 (Smooth weak solutions are classical). If {u, w, k} is a weak solution of Equations (1.1) and (1.10) with defect
measure U (in the sense of Definition 3.1) such that u, w, and k are sufficiently smooth (e.g., twice continuously differentiable
in x and onceint), then {u, w, k} is a classical solution of Equations (1.1) and (1.10).

Proof. By definition, weak solutions lie in wh?  (Q), which implies Equation (1.12). Similarly, the periodic boundary
per,div
conditions (1.10a) follow from the choice of spaces for the weak solution.

Using the smoothness of {u, w, k}, we can integrate by parts in the weak equations (3.8) and (3.9). From this, we obtain
the validity of the classical equations (1.1b) and (1.1c) for u and w, respectively, and the initial conditions (0, -) = u, and
(0, -) = wy.

Since the Navier—Stokes equation is classically satisfied, the kinetic energy satisfies Equation (3.11) with equality. Adding
this equality to relation (3.13b) for the turbulent energy, the term VOE |D(u)|? exactly cancels; and we obtain

w

t
/Q <%|u(x, DR +k(x, t)) dx = /Q <%|u0|2+k0> dx + /0 /Q (f-u—ctykw) dx ds + u(Qx0, 1) (3.18)

for a.a. t € [0, T]. Comparing this to the total energy inequality (3.12) and using u > 0, we conclude /,t(ﬁx[o, t]) = 0 for
a.a. t € [0,T]. Thus, we find u(Qx[0, T[) = 0, which gives /5Z du = f5 z(x, T)du(T, x) = 0 in Equation (3.10). For the
last identity we exploit that z € CII) er,T(a) implies z(x,T) = 0 on Q.

Again, using the smoothness of {u, w, k}, we can integrate by parts in the weak equations (3.10) and obtain the validity
of the classical equations (1.1d) and the initial conditions k(0, -) = k. O

We note that by Equation (3.13b) the defect measure u > 0 contributes positively to the integrated turbulent energy
/. o k(x, 1) dx. In contrast, the energy inequality (3.11) for weak solutions of the Navier-Stokes equations provides an upper

bound for the integrated kinetic energy fQ % |u(x, t)|? dx in terms of possibly different defect measure uys. The expectation

is that these two measures exactly cancel each other when considering the total kinetic energy f Q(% lu(x, £)|? + k(x, 1)) dx,
and then Equation (3.12) holds as an equality. Our methods will not be strong enough to show this cancellation but we
establish the corresponding upper bound stated in Equation (3.12), which may be interpreted as u < uys. In the related
work Bulicek and Malek [13], the desired cancellation is derived by completely different methods.

Remark 3.6 (Conservation law for the energy density E). For fluid models involving an additional energy equation, it is
natural to derive equations for the total energy density, which in our case reads E(x,t) = k(x,t) + %Iu(x, t)|. This idea goes
back to Feireisl and Mdlek in Refs. [33, 34] and provides a local balance law for the total energy density E. We expect that the
result of Thm. 1.1, Eqn. (1.50) in Bulicek and Mdlek [13] also holds in our case and conjecture that there exist weak solutions
as stated in Theorem 4.1 that additionally satisfy the distributional form of the local balance equation

%E + div (E+p)u) = div <£Vk + vogD(u) u> + fu—ako, (3.19)

A close inspection of our estimates shows that all terms in this equation can be defined as distributions, if the pressure p is
recovered from Equation (1.1b) in the standard way. However, at present, it remains unclear how this relation can be derived
using our approach based on pseudo-monotone operators.



MIELKE AND NAUMANN m 11 of 31

Clearly, integrating the local balance law (3.19) over Q and using the periodic boundary condition implies that the
total-energy inequality (3.12) holds as equality for all ¢t € [0, T]:

t t
/Q<%|u(x,t)|2+k(x,t)) dx+oc2/o/ﬂkwdxds=/ﬂ<%|u0(x)|2+ko(x)) dx_,_/o/gf.udxds. (3.20)

The following result shows that in this case, the defect measure u in Equation (3.10) is closely related to the defect measure
associated with the weak solution of the Navier-Stokes equation. The result follows simply by subtracting Equation (3.13b)
from Equation (3.20).

Proposition 3.7 (Energy equalities and defect measure). Let {u,w, k} and u be a weak solution as in Definition 3.1. If
additionally the energy equality (3.20) holds, then the following two statements are equivalent:

i) u=0;
i/, %|u(x, H)|? dx + v, fotfQ £|D(u)|2 dxds = %fﬂ lug(x))? dx + /Otfg.f -udxds fora.a t€[0,T].

This result shows that the two energy inequalities (3.11), (3.12) and the defect measure u in Equation (3.10) are related
to the classical problem of proving an energy equality for weak solutions of the Navier—Stokes equations. A similar result
for the case of Navier-Stokes equations with temperature dependent viscosities has been obtained in Naumann [35].
Defect measures also appear in a natural way in the context of weak solutions of other types of nonlinear PDEs (see,
e.g., Refs. [36-38]).

4 | AN EXISTENCE THEOREM FOR WEAK SOLUTIONS
We define the function spaces
Coer(Q) = {ulg ; u € C®(R?),u is a-periodic in the directions e}, e,, e;},
Coor i (@) = {uecy,(Q); divu=0 in Q}. (4.1)

We impose the following conditions upon the right-hand side in Equation (1.1b) and the initial data in Equation (1.10b):

) — .

f € L2(Q)5 Uuy € LdiV(Q) = C;zr,diV(Q) » @Wo € LOO(Q)ﬂ kO € Ll(Q)y
there exist positivew,, w* such that w, < wy(x) < w* fora.a. x € Q, (4.2)

there exist positivek,, such that ko(x) > k. fora.a. x € Q.
The following theorem is the main result of our paper.

Theorem 4.1 (Main existence result). Assume Equation (4.2) and a, = const > 0 (cf. (1.1d)). Then there exists a triple of
measurable functions {u, w, k} in Q and a non-negative defect measure u € M (Q) such that

*

w w? k
“— <w(x,t) < .

_ - — < .a. ; .
T+ o, < I ior and Tt = k(x,t) foraa.(x,t) €Q; (4.3)

S

u € Cy ([0, TLLHQ) NL20,T; W, div(Q)) ,

'

w e Cy ([0, T LAQ) N L2<0, T; Wéé(Q)), (4.4)

ke L®(0,T;LYQ)n N LP(O,T;W;;’(Q));
1<p<2

J
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/k (Ip@[*+1Vel?) dxdr < o, (4.5)
Q

* *
! 4/3 . 1,0 , 4/3 ) ( 1o )
we ﬂa>16/5L (O’T’ (Wper,div(‘Q)> )’ and o' € ﬂ0>16/5L <0, T; Wper(Q) > (4.6)

The triple {u, k, w} is a weak solution of Equations (1.1) and (1.10) in the sense of Definition 3.1 with

u(0) = u, in L*(Q) and «(0) = w, in L*(Q); 4.7

In particular, Equation (3.10) holds and for all ¢ > 16/5 we have

T
/0 (u’(t), v(t))Wl,g dt +/Q<—(u®u):Vv+ vogD(u):D(v)> dx dt =/f-v dxdt forallv e L"(O,T;W;g,div(ﬂ)),

per,div Q

(4.8)

T
/ (cu’(t), cp(t))Wl,a dt — /cuu - Vo dxdt +/ cho -V dxdt = — /co2¢ dxdt forallp € L"(O,T;Wfl)éi(ﬂ))
0 pet Q Q Q

4.9

Of course, in Equations (4.8) and (4.9), it suffices to consider o = 1—56 + 7 for an arbitrarily small 7 > 0. The derivatives

u’ and ' in Equation (4.6) are understood in the sense of distributions from ] 0, T [, into (W;;' 4iv(@)* and (W;g(Q))*,
respectively (see, e.g., App. in Brézis [31] or pp. 54-56 in Droniou [32] for details). Here we have used the continuous and

dense embeddings

N
Wa(@) C IX(Q) c (Wig(©@)  foro > 5. (4.10)

To see that {u, w, k} together with the measure u in the above theorem are a weak solution of Equations (1.1) and (1.10)
in the sense of the Definition 3.1, it suffices to note that Equations (3.8) and (3.9) follow from Equations (4.8) and (4.9),
respectively, by integration by parts of the first integrals on the left-hand sides.

Before starting the proof, it is instructive to check that the above estimates (4.3)-(4.6) are enough to show that all terms
in (4.8)—(3.10) are well-defined. For this, we first recall the classical Gagliardo-Nirenberg estimate and then provide an
anisotropic version that is adjusted to the parabolic problems on Q = [0, T] X Q, we use the short-hand notations

LS(LP) 1= L5(0,T;LP(Q)) and Js(a,b) := a'~2(a+b)’. (4.11)

Lemma 4.1 (Gagliardo-Nirenberg estimates). For N € N consider a bounded Lipschitz domain Q c RN. (A) (Classical
isotropic version) Assume 1 < p; < p < o, p, € |1, N[ and 6 € 10, 1 such that

1 1 1 1
E_(l_e)EJr@(E_ﬁ)' (412)

Then, there exists a constant C > 0 such that for all p € WHP2(Q) we have
191lLe) < CJo (111l ) IVl (q))- (4.13)

(B) (Anisotropic version) Consider p, py, p,, and 6 asin (A) and s, s;, and s, satisfying

1 1 1
1<s,<s<s; and=-=01-0)—+06—. (4.14)
s s, s,
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Then, there exists C* > 0 such that for all p € L*2(0,T; W'P2(Q)) we have

lollzsey < C*Te(ll@llzs oy, IV@llLs2rz))- (4.15)

Proof. Part (A) is well-known, see, for example, Thm. 1.24 in Roubicek [25].
To establish Part (B) we apply Part (A) for = ¢(t) a.a. t € [0, T]. Thus, we obtain (abbreviating ||l := [¥llzr(q))

T T
S — s 413) (1-8)s Os
el oy = lep®ll,dt < C llpll (lellp, VeIl p,)  dt (4.16)
LS(LP) o p o p1
Holder+(4.14) 1-9)s Os
< allleln o |1l el o (417)
5128 —_0)s _ 0s s
< C1||§t’||(Llsl(L);l)(T1/S2 Vstllelps e HIVellpe@r)) < Co(Jo(l@llmswonys IV@llLn@ey)) s (4.18)
which is the desired estimate. O

Remark 4.2 (Well-definedness of nonlinear terms). We first show that the second integral on the left-hand side of the vari-
ational identity in Equation (4.8) is well-defined. For the integral of (u®u): Vv we see that Equation (4.4) allows us to use
Lemma 4.1 with N = 3, (81, p1) = (00,2) and (s,, p;) = (2,2). With 6 = 3/4 part (A) gives

4 3/4
lullzscoy < (el + il VR ), (4.19)
whereas part (B) leads to u € L¥3(0, T; L*(Q)), which implies
u®u € L*3(0, T; L2(Q)). (4.20)

Witho > 16/5 > 2, we have Vv € L*(0, T; L>(Q)) and fQ(u®u) : Vudx dt is well-defined. Using 6 = 3/5in Lemma 4.1(B)
we obtain s = p = 10/3 and hence conclude

laell 10730y < CaTss (el ooqzys Vel 2i2y)- (4.21)

For the integral ofSD(u) :D(v) weusew > w,/(1+Tw,) > 0 from Equation (4.3), k'/2D(u) € L*(Q) from Equation (4.5).
Using Equation (4.4), we can apply Lemma 4.1(B) to k with N = 3, (s;, p1) = (00, 1), and s, = p, € [1,2[. Choosing 6 = 3/4,
we obtain s = p = 4p, /3, such that k lies in L*P2/3(0, T; L*P2/3(Q)) = L*P2/3(Q). As p, € [1,2[ is arbitrary, we have k'/? €
L9(Q) for all q € [1,16/3[. By Holder’s inequality, we arrive at

kD(u) = k'/? k'/2D(u) € LP(Q) forall p € [1,16/11]. (4.22)

Using D(v) € L°(0,T; L°(Q)) = L°(Q) with ¢ > 16/5, we see that there is always a p € [1,16/11] such that 1y é <1.
o P
Hence, we conclude

/Q |£D(u):D(v)| dx dt < CllkD@)|l 5 IPW)llzo(g) < 0. (4.23)

Thus, by a routine argument, Equations (4.20) and (4.22) lead to the existence of the distributional derivative u' as in
Equation (4.6), see also Sections 5.4-5.6.

An analogous reasoning applies to the second and the third integral on the left-hand side of the variational identity in
Equation (4.9).
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Finally, combining u € L*(Q) and Vk € LP(Q) for all p € [1,2[ (see Equation (4.4)) and k € L*P/3(Q) from above,
Halder’s inequality gives

ku € L9(Q) and kVk € L1(Q) forallq € [1,8/7], (4.24)
that is, the second and third integral on the left-hand side in Equation (3.10) are well-defined.

The estimates (4.3), which will be derived by using suitable comparison arguments, allow us to deduce the following
result (based on the choice a; = 1).

Corollary 4.3. Fora.a. (x,t) € Q, we have the following estimates:

1/2 k1/2
L(x,t) := % > = (1+ 1)/, (4.25)
w(x,
1 1 1

+t< < —+t. 4.26

Kolmogorov claimed in Ref. [1] that L = L(x, ) “... grows in proportion of t>/7 ...” (see also p. 215 in Spalding [2] or
p. 329 in Tikhomirov [9]). Clearly, from Equation (4.25) with a, = 10/7, it follows

1/2

L(x,t) > w (1 +tw*)?7 foraa. (x,t) € Qx|t,, T|. (4.27)

Of course, Kolmogorov’s claim is compatible with our lower estimate for any choice a, > 10/7 (and in Kolmogorov [1]
a, = 11/7 was chosen). However, it cannot be true for a, € ]0,10/7[.

5 | PROOF OF THE EXISTENCE THEOREM

The proof of the main Theorem 4.1 proceeds in several steps. First, we regularize the problem by adding small higher-order
dissipation terms of r-Laplacian type and small coercivity-generating lower-order terms. A general result for pseudo-
monotone operators, which is detailed in Appendix A, then provides approximate solutions {u,, w,, k.}. In Section 5.2, we
provide e-independent upper and lower bounds for w, and k. by comparison arguments. In Section 5.3, we complement
the standard energy estimates by improved integral estimates for k, that allow us to pass to the limit ¢ \, 0 in Section 5.5.

5.1 | Defining suitable approximate solutions {u,, w,, k. }

Let be w,,, w*, and k, as in Equation (4.2). We introduce the comparison functions

w
= m, }f([) = m fort € [0, T], (51)

W, _
w(t) = —, ot
(1) 1T ta, (®)

which will be the desired bounds for w, and k, in Q. Subsequently, we will use the notion
Et i=max{£,0}>0 and £ =min{{,0} <0 (5.2)

for the positive and negative parts of real numbers or real-valued functions.
We choose a fixed number r € ]3, o0 and consider for all small ¢ > 0 the following r-Laplacian approximation of
Equation (1.1), where we add the coercivity-generating terms ¢|u|" ~'u, ¢lw|" 2w, and ¢|k|" "2k to the right-hand sides
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of Equations (1.1b)—(1.1d), respectively:

divu =0, (5.3a)
du ) + . _ _
5 + (u- V)u =y div (m D(u)) - Vp+f+ E(le (|D(u)|r 2D(u)) — |u| 2u), (5.3b)
g +u- Vo = div K Vo | —otw+e(div (Vo 7?Vo) — o] 2w) + s(cu(t))r_1 (5.3¢)
ot e+ wt = ’ ’
ok 5 kt k* |D(u)|2 + B r—2 r—2 r-1
E +u-Vk =div <E+CL)+ Vk>+'l/0m —szka) +E(le(|Vk| Vk) - |k| k) +€(}{(I)) . (53(1)

The additional terms e(w(t))" ! and e(x(¢))" ! are added in Equations (5.3b) and (5.3c), respectively, to make the com-
parison principle work again. In principle, it would be possible to use different exponents r,, r,,, and r; in Equations
(5.3a)—(5.3c), because they need to satisfy different restrictions. In our case, r = r,, = r,, = ry is sufficient and fits exactly
with the assumptions in Equation (A.1) with p = r for the abstract existence Theorem A.1.

We consider system (5.3) with initial data {u, ¢, o ¢, ko ¢} satisfying

1, 1,

{uO £ C")0 £ kO E} € Wper le(Q) X Wpe';‘(Q) X Wperr(Q)’ (543)

w, <woe(x) <w" and ko (x) >k, ae inQ, (5.4b)

Uy, — Uy in L*(Q), wp, — wpa.e.inQ, ko, — ko in L(Q) fore - 0. (5.4¢)

The existence of a sequence {u, }.o, which satisfies Equation (5.4a) follows immediately from the condition on u, in
Equation (4.2), whereas the existence of sequences {w . };~ and {k, ¢ J.~ satisfying Equation (5.4) can be derived by routine
argument from the conditions on w, and k; in Equation (4.2).

The following lemma states the existence of weak solutions of Equation (5.3) under the periodic boundary conditions
(1.102) and initial data (5.4). This result, which we derive in Appendix A by a direct application of existence results for
pseudo-monotone evolutionary problems (see Theorem A.1), forms the starting point for our discussion in Sections 5.2-5.6.

Proposition 5.1 (Existence of approximate solutions). Let {1 ¢, wg ¢, Ko ¢ Jes be as in Equation (5.4), r > 3, and f € L*(Q).
Then, for every € > 0, there exists a triple {u,, w., k.} such that

u, € C([0,TJ;L2(©)) nL’(O T, W erdw(Q)), (5.52)
w., k. € C([0,TT;,LX(Q)) nLr<0 T: Wper(Q)> (5.5b)
w el <0, T (W, div(n))*>, Wl K eL” <0, T; (W;gr(g))*>, (5.50)
and
T +
/ (ul(1), v(t)) 1 dt+/2u€l(6 u,)- vdxdt+v0/ D(uE) D(v)dx dt
0 perdlv Q

(5.6a)
te /Q (|D(u5)|r_2D(ug) : D(V) + |uc| " 2u, dxdt / f-vdxdt forallv eLr<o W dw(m),
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T +
k
/ (wl(D), go(t))Wé’e'} dr + / ou, - Vo, dx dt + / j Va, - Vedxdt + / wfw.pdxdt
0 Q Q 3 Q (5.6b)

+ E/ (IVw|"2Va, - Vo + || %w.p) dx dt = E/ (Q(t))r_lqo dxdt forallg € L’(O, T; er,’err(Q)),
Q Q

T + +
k k
/ (kL(1), 2(8) ) 0 dt + / zu, - Vk,dxdt + / £ _Vk,-Vzdxdt—v, / — |D(ug)|zz dx dt (5.6¢)
0 Wper Q Q E+CU;— Q E+w:+5k:

+/oczkgco;'z dxdt + /E<|Vk5|r_2ng~VZ+|kE|r_2kEZ> dxdt = /E(}{([))r_lz dxdt forallz € L” (O,T; W;é(ﬂ)),
Q Q Q

us(o) = Uy, COE(O) = Woe» ks(o) = k0,£~ (5-7)

The proof of Proposition 5.1 is the content of Appendix A. Observing the separability of W;’r (Q) and Wll,;fr(Q) and

er,div
using Equation (5.5), a routine argument yields that the system (5.6) is equivalent to the following conditions for a.a.

te[0,T]

, ki () _ B _
(ul(0), w>W;’err,dw + /Q<(ug(t).VuE(t))-w +, T D(ug(t)).D(w)> dx /Qf(t) wdx -
+ E/Q (|D(u5(t))|r_2D(uE(t)) : D(w) + |uE(t)|r_2u€(t) . w) dx=0 forallw e W;gr’div(Q),
) k& ()
<w5(t),¢>er’érrq + /Q<1Pus(t) - Var(t) + prweT Va(t)-V§ + w:(f)wg(f)ll)) dx 550

r—2 r—2 r—1 1r
Vo, ()| Vo)V (t (0P ) ) dx = e(w(t dx forallyp € Wi (Q),
+/Q<+s<|co()| @) Vi + |00 w09 ) ) dx = £(w(0) /szxora ¥ € Wii(Q)

: HO) [ vokd () D)) .
<k€(t)’Z>W;1{err + /Q<zu£(t) Vi (t) + ot (0) Vk.(¢) Vz> dx /Q e+t (Drekt () zdx + /rozkg(t)caE ()zdx

y / <|Vk5(t)|r_2VkE(t) -Vz + |kE(t)|r_2kE(t)z) dx = () / zdx forallz € W,l(Q)
“ “ (5.8¢)
We notice that the set ' C [0, T ] of measure zero of those t where Equation (5.8) fails, does not depend on (w, ), z).
More specifically, if € = ¢,,, > 0 with n%l_r)rgo &€, = 0, then N can be chosen independently of m.
The variational identities in Equation (5.8) are the point of departure for the proof of a series of the a priori estimates
for {u,, w, k.} we are going to derive in Sections 5.2-5.4.

5.2 | Upper and lower bounds for {w,, k_}
Let w, w, and x be asin Equation (5.1) and r > 3 as chosen in Section 5.1. The following result provides pointwise upper and

lower bounds that are obtained via classical comparison arguments for weak solutions of the scalar parabolic equations for
w and k, cf. Equations (1.1c) and (1.1d), respectively.
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Lemma 5.2. Let be {u,, w,, k.} a triple according to Proposition 5.1 with r > 3. Then,
w(t) < w(x,t) <w(t) and x(t) <k.(x,t) (5.9)
fora.a. (x,t) € Qand foralle > 0.

Proof. For notational simplicity, we set u = u,, @ = w, and k = k, within this proof.
Step 1: w > w. The function ¢ = (w(:,t) — w(t))~ is an admissible test function for Equation (5.8b). Since w(t) does not

depend on x, we have %V(zpz) =9%Vw and Vo - Vi = |Vy|? > 0. Using w > 0 and the monotonicity of w - |w|" 2w we
arrive at

('), () —a(®) ), + / w?(w—w()) dx < s/ ((g(t))r_1 - ler'zw) (w—w(®) dx <0 (5.10)
Q

per Q

for a.a. t€[0,T]. By construction, we have «'(t)= %g(t):—(g(t))z. Identifying « with a function in
ci(o,T; W;;:r(Q)), the estimate (5.10) leads to

per

(@)~ @/ @), (@(O~a() Yprr < — / (@ - (20)) (@ - w®) dax <o. (5.11)
Q

By Equations (5.1) and (5.4b), we have w(x,0) — w(0) > 0, which means (x,0) =0 for a.a. x € Q. Using a slight
modification of pp. 290-291 in Lions [39], we find

t t
1 1
/Q El,b(t)2 dx = /Q 5z,b(O)z dx + /0 (1,[)’,1,!)){)[,11),;r dt=0+ /0 (' —a, (co—g)‘)W;gr dt <o. (5.12)
Hence, we conclude 1(t) = 0 for all ¢, which means that
w(x,t) > w() foraa. (x,t)e€Q. (5.13)

Step 2: w < w. Next, we insert 3 = (w(-, t)—w(t))" in Equation (5.8b) and argue as in Step 1:

(o, (co—E)*’)Wl,, + / w?(w— 5)+ dx < s/ (@) t=aw"1) (w—5)+ dx <o0. (5.14)
Q Q

per

For the last estimate, we used w > w, which was obtained in Step 1. Hence, as above

% /Q S92 dx = (@) - 50, (00 = 5®) Yy, < - /Q (0>-3")(0-8)"dx <0 (515)

per
fora.a.t € [0,T ]. Again by Equations (5.1) and (5.4b), we have 1(0) = 0 a.e. in Q and conclude
w(x,t) <w(t) fora.a. (x,t)eQqQ. (5.16)

Step 3: k > x. We first insert z = k™ (-, t) into Equation (5.8c) and find k > 0 a.e. in Q. Next, we insert the test function
z(x,t) = (k(x,t) — x(t))” and obtain as above

(K@, (k(6) = % ()" )10 + / k(a(t)(k—x(t)) dx <0 (5.17)
per Q



18 of 31 m MIELKE AND NAUMANN

fora.a. t € [0, T ]. By construction x satisfies x’(t) = —a,x(t)w(t) for all t € [0, T ]. It follows

d 1

5 5((k(t)—}f(t))_)2dx = (k' (O=5(), (k(O=x(6)" ) 10 < = / o (k(D)w(t) — x(Ow(0)) (k(H)=x(1) " dx < 0.
Q per Q

(5.18)
To see the last inequality, we use w < w a.e. in Q from Step 2, which gives k(x, t)w(x, t) < x(t)w(t) for a.a. x of the set
{x € Q; k(x,t) < x(t)}. Since k(x,0) > »(0) for a.a. x € Q by Equations (5.1) and (5.4b) we obtain, as above, k(x, t) > x(t)
for a.a. (x, t) € Q. Altogether the upper and lower bounds in Equation (5.9) are established. ]
5.3 | Energy estimates for (u,, w,) and improved estimates for k,
For the subsequent estimates, we fix the data
D =T, f, w,, @, ky, 1} (5.19)

and will indicate constants that only depend on D by C4. However, depending on the context, the constants Cq may be
different. We also define the constant

— k*

T (14 )1+ Tw*)®’

B (5.20)

which according to Lemma 5.2 is a lower bound for k. /(¢+w.). This allows us to derive the standard estimates for u, and
we.

Lemma 5.3. There exists a constant Cq, > 0 such for all € € 10,1] and all solutions {u., w,, k.} as in Proposition 5.1 we have
the estimates

k 2
el oy + / </3* + H—;)Iv(ual dxdr +e / (Ip@of +laucl" ) dxde < Co(lluoel2, + I, ), (21)
Q € Q
k
||wg||§w(L2)+/ (5* = >|Vcog|2dxdt+£/(|Vw€|r+co£)dxdt sC@<1+ ||w0,5||§2). (5.21b)
Q € Q

Proof. We insert the test functions w = u, and ¢ = w, in Equations (5.82) and (5.8b), respectively. Integrating over [0, ¢]
and using ke S B. a.e.in Q (cf. Equation (5.9)), the desired estimates (5.21) are readily obtained by the aid of Gronwall’s

e+w,
lemma. O

By Equation (5.4), the approximative initial conditions satisfy sup,___, ([uollz2+l@gll2) < oo. Therefore, all terms
on the left-hand sides of Equation (5.21) are bounded independently of ¢ € 10, 1].

Of course, one obtains a trivial bound for k, in L*(0, T; L' (Q)) by testing Equation (5.8c) with z = 1. We include this
result in the following nontrivial estimate that implies uniform higher integrability of k., as well as suitable bounds for
Vk,. For this, we test Equation (5.8c) by z = 1 — (14k.)~¢ for & € 0, 1[, which is a well-known technique for treating
diffusion equations with an L! right-hand side, see, for example, Refs. [40-42].

Proposition 5.4. For given data D, p € [1,2[, and § € 10,1, there exists ng > 0 such that for all € € 10,1] and all
{u,, w;, k.} as in Proposition 5.1, we have the estimate

|Vk,|? €| Vk.|"
(+k)S * (1+k )i+

4p/3 - 0
lkellzeso.7:010) + / (kgp/ + | Vke|P + + ek 1>dxdtscg (1+ 0112, g+l )
Q

L2(Q)
(5.22)
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Proof. Step1: For 0 < § < 1, we define @ : [0, oo[ — [0, oo[ via

d(t)=1+ %(1 -1+, 0<T< . (5.23)

Hence, @ is convex and satisfies, for all 7 > 0, the estimates

- % <P(r)<t, d()=1- ; efo,1], @"(z) = L (5.24)

T
2 A +7) ’ (14 7)1+d

From pp. 360-361 and 365-366 in Rakotoson [43] (with Wper(Q) in place of W’ Lp (©)) we have the chain rule

¢
/ (ké(s),(l)’(kg(s)»wl,, ds=/(b(kg(x,t))dx—/@(koig(x)) dx (5.25)
0 per Q

Q

forallt € [0, T ]. Using div u, = 0 we obtain

/ @' (k.(, t)u(t) - Vk(t)dx = / u.(t) - V(o(k.(-,t))dx =0 foraa.te€[0,T]. (5.26)
Q Q

Inserting z = ®'(k,(-, t)) into Equation (5.8c) and using the last relation, we find (recall vy = 1 = a;,)

t
k. |Vk|? // |V, |" B 1
O(k.(x,t))d o £ dxd K11 —- ——— dxd 5.27
/Q (ke(x,t))dx + /O/QEHOE ETRTE xds+ ¢ Tk )1+5+ . ATk)8 xds  (5.27)

! r—1 k 1
= /be(ko,g(x)) dx + +/0 /Q <E(X(S)) m |D (uE)| ) <1 — (1+k5)5> dx ds (5.28)

forall t € [0,T ]. By Equations (5.21a), (5.24), and k. /((e+w.)(1+k.)) > 1/(1+w(T)) > 0, we find

kel? VK" .
”k ||L°°(OTL1(Q)) + / £ dxdt +e6 dxds+¢ k; dx dt
(1+k.)° ( (+k) 0
1
<c (1 5+||u0£|| + llkoellzy + IFIG, + k5™ 1) (5.29)

where the constant ¢ is independent of § and e. Thus, we have estimated all the terms on the left-hand side of
Equation (5.22) except for the second and third.
Step 2: To estimate Vk,, we choose p € ]1,2[ and § = (2—p)/p € ]0, 1[. With Holder’s inequality, we find

p/2 (2-p)/2

Vk,|P Vk,|?

|Vk,|P dx dt = _IVk? (+k)PS/2dx dt < V| dx dt (1+k,)5P/C=P) dx dt (5.30)
Q o (1+k.)Po/2 o (1+k.)° Q

p/2
1 Vk, |2
r(eQ ©(0.T; : 31
=502 (5 o (LHk,)? dxdt (1Q1+k L0 721 0)) (5.31)

Using Equation (5.29), this provides the estimate for the third term on the left-hand side of Equation (5.22).
Step 3: To show higher integrability of k., we simply use the Gagliardo-Nirenberg interpolation from Lemma 4.1 for
z € WhHP(Q) with Q C R3 where p € [1,2[ as in Step 2:

1/4 3/4
21l 2p/3¢q) < CGN”Z”L{(Q)(”Z”U(Q) +llzlle)) s (5.32)
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Applying this to z = k.(t), taking the power 4p/3, and integrating t € [0, T] we obtain

T T
/ k. |*P/3 dx dt = / ||kE(t)||2fp//33(mdtgcéll’\I/3 / KPP (K, + 1V llpgey) de, (5.33)
Q 0 0

where K, = [|k;(-)llL=1(q)) < C < oo by Step 1. Hence, together with Step 2, the second term on the left-hand side of
Equation (5.22) is uniformly bounded by the right-hand side of Equation (5.22).
In summary, the desired a priori estimate (5.22) is established. O

5.4 | Estimates for {u], o/, k}

We now provide a priori estimates on the time derivative. To obtain estimates that are independent of ¢ € ]0,1], we
recall r > 3 and will use o > r and estimate in the dual space of W1°(Q). While for u] and w/, we obtain estimates in
spaces L4(0, T; (W'9(Q))*) with g > 1, the time derivative k. can be estimated only for ¢ = 1, because of the source term

— k: — |D(u,)|?, for which the only e-independent a priori estimate is in L' (Q) = L'(0, T; L'(Q)). This problem will result
We 3

in the occurrence of the defect measure u. The estimates for ué and cog will work for arbitrary r > 3, however, for the esti-
mate of k., we need to restrict 7 to the small interval [3,11/3[. Here the upper bound r < 11/3 seems to be critical for
N = 3, while 2 < r < 3 might still be considered.

Proposition 5.5. Let D be fixed.
(A)Forallr > 3 (implyingr’ = r/(r—1) < 3/2)and o > r, there exists a constant C, such that forall0 < ¢ < 1 the solutions
{u,, w;, k.} of Proposition 5.1 satisfy the estimates
/ /
”ug”Lr’(O,T;(W;-e‘;div(g))*) + ”wE”L"(O,T;(W;’;(Q))*) <C. (5.34)
(B) Forallr € [3,11/3 and o > 8r/(11—3r), there exists a constant C, such that for all 0 < ¢ < 1, the solutions {u., v, k.}
of Proposition 5.1 satisfy

[ <G, (5.35)

lzso,mswtey

Proof. Step 1. Estimate for u.: For w € W;ei diV(Q), we write Equation (5.8a) in the form

ke(t)
e+ (t)

(ué(t),w)wm = (ué(t),w)wl,, = /(ug(t)®ug(t)):dex—vo/ D(u,(t)):D(w)dx (5.36)
Q Q

4
— / (|D(u5(t))|r_2D(uE(t))ZD(w)+ |u5(t)|’_2u5(t)-w) dx + / @O wdx = Y10
Q Q m=1

fora.a.t € [0, T]. The aim is to show I, ,,(1)| < fe m(Dllwlly10(q) With f. , bounded in Lm(0, T) for some q,, >r/(r=1).
For this, we proceed as in Remark 4.2, but use now that w € W;éi div(Q) is fixed.

For I, we use Vw € L?(Q) and need to bound |u . Q@u.| < lu.|? in LU'(Q), which means u, € LP(Q) with p =
20 /(0—1). For this, we use the bounds (5.21a) for u,, which allow us to apply Lemma 4.1(B) with (s, p;) = (0,2),
(52, p2) = (2,2), N = 3,and 6 = 3/(20) < 1/2. This provides the desired p = 20/(c—1) and g, = s = 40/3.

To estimate I , we use € + w.(x,t) > w(T) > 0 and need to bound

|kD(uo)| = k/? |k}*D(uy)|  in L%(0, T; L% (). (537)

By Equation (5.21a), we have a uniform bound for |k;/ 2D(uE)| in L?(Q) = L(0, T; L*(Q)). Moreover, Equation (5.22) pro-
vides uniform bounds for |||l (0,711 (qy) and for [| VK[| ooy With p € [1, 2[. Hence, restricting to q, € [1, 2], we proceed
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as follows:

— T
q, 1/2 1/2 >q2
D@, o = [ (s D)

T 7/ = Holder T 7,/(2-1,) (2_52)/2 62/2
2 2—
s/ ||k5||ZfI/(H)||k€1/2D(uE)||Z§ dr < </ lieel 2!, dt) (/kgw(ug)p dt) . (5.38)
0 0 Q

The second term in the last product is already uniformly bounded. To estimate the first term, we apply Lemma 4.1(B) with
(81, p1) = (00,1), 8, = p, € [1,2[, N =3, and 6 = 6p,/((4p,—3)0) € 10, 1[, where we use o > r > 3 such that p, can be
chosen close to 2. From the interpolation condition (4.14), we obtain the range of possible g, via

.
2 TR g glieloosel 6
q2 q S Sl Sz

) 2) - (4p,—3)a’

(5.39)

Thus, we are able to choose all g, € [1,100/(50+6)[ by adjusting p, suitably. As o > r > 3 we see that g, = 3/2 is
always admissible.
Using o > r > 3 and Hdlder’s inequality, we obtain

s (0] < fes@llwllwrs  with fo5() = Celluc(®)|[5p,- (5.40)

By the uniform bound (5.21a), we obtain ||fe |, 1) < C.€’/~" with a constant C, independent of ¢. Thus, we can
choose g, =r' =r/(r-1) < 3/2.

With [I 40| < [IFOllzlw®llr2 < CNFOl2 lwllwre and f € LA(Q) = L*(0, T; L*(Q)), we obtain g, = 2, and con-
clude that in all cases, we have g,, > ¥' = r/(r—1) and the first part of Equation (5.34) is established.

Step 2. Estimate for w.: We proceed as in Step 1 by writing Equation (5.8b) in the form

5
(L) e = 2, Tem@®  With [T (D] < gemOlpllwiro, (5.41)

m=1

where g, has to be bounded in Lim(0,T) for suitable g, >r =r/(r—1). Exploiting Lemma 5.2, namely 0 <
@(T) < w,(x,t) < w(0) = w* and Equation (5.21b) and proceeding as in Step 1 we easily find §; = ¢ = @5 = 0, §, =
100/(50+6) > 3/2, and g, = r’ <3/2. Thus, the second part of Equation (5.34), and hence all of Equation (5.34),
is established.

Step 3. Estimate for k/: We again write

OIS 120

(ke(t).z) = - /Q (Z“E(t) kO = 200 et (D+ek (D)

ID(ue(t)|°z — szkg(t)wg(t)z> dx

7
—/5(|Vk€(t)|r‘2Vk5(t) - Vz + |k (O" 2k (D)z) dx + Ge(2)) ! / zdx =: Z K. (1)
Q m=1

Q

and have to show that K, ,,(t) < he ,,(¢)||z|l 1.0, Where each hg ,, is bounded in L(0, T) independently of ¢ € 0, 1[.
Before starting the estimates, we note that the condition r € [3,11/3[ and o > 8r/(11-3r) implies o > 12, which will
be useful below.
For m = 1, we integrate by parts using div u, = 0 and obtain

|K5,1(t)| = )/kzua'vz dx| < ha,l(t)”Z”Wlﬁ with he,l(t) = ”ksuallLa’- (5-42)
Q

Using Equation (5.21a) for u, and applying Lemma 4.1 with (s1, p;) = (00, 2), (s3, p2) = (2,2), N = 3,and 6 = 3/5, we find
(s, p) = (10/3,10/3), which means that u, is uniformly bounded in L'%/3(Q). Using the uniform bound (5.22) for k, in
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L9(Q) for all g € [1, 8/3[, we can choose g such that é + 1—30 <1/¢’ <1asoc > 40/13 and obtain

T T
/ he (0)dt < / Clike(OllLacoy lue(Oll 103 dt < CrllkellLaco)luellf10/3g) < Cr1- (5.43)
0 0

For m = 2, we again use Equation (5.22) and o > 8. Choosing p € [1,2[ with 3/(4p)+1/p+1/c <1, Holder’s
inequality gives
T T

/ IKe o (0] dt < / kel 4o/ VKl Le IV 2] Lo At < Crallkellpapr3 )l VRellLe) 121l wie (5.44)
0 0

The case m = 3 follows easily as ||z||;~(q) < Cl|z|ly1c because o > N. Together with the simple energy estimate (5.21a)
(uniform boundedness of the dissipation), we obtain

T

k

/ K 3()] dt < C/ “—|D(u,)|? dx dt||z|| ;= < Csl|z|lwie. (5.45)
0 Q EF%e

The case m = 4 is also trivial, since |K, 4(t)| < C|lk.(t)[|*||z]| -
The most difficult term is K, 5 because we do not have an a priori bound on ¢|Vk,|". We adapt the method developed in
Step 2 of the proof of Proposition 5.4. Using

IKes(O] < heslzllyre  with ke s(t) = €| | V(O o (5.46)

we proceed as follows:

/ Th dt =¢ / T IVk(OI'TL  dt < eTY/7||Vk,||"! <eTl° / V2 (1+k)° dx de " (5:47)
. €,5 - o € Lr—1)o’ - -1 () ~ Q (1+k5)p ‘ ‘

for a p > 0 to be chosen appropriately. Applying Holder’s inequality with p = r’ /o’ > 1 and using ¢ = ¢'/7¢!/ o) we
continue

1/(pa”) 1/(p'd")
1 1 E|Vks|r /
<¢l/rri/e ———< _dxdt (1+k,)P'P dx dt ) (5.48)
o (+k.)pe o

According to Equation (5.22), both integral terms are uniformly bounded if we can choose p such that pp € ]1,2] and
p'p < 8/3. Writing » = 1/p, this means x < p < min{2x, 8(1—x)/3}, which has solutions p if and only if » € ]0,8/11],
that is, we need p = r' /o’ > 11/8, which in term can only be possible if ¥’ > 11/8 or r < 11/3. Then, p =" /¢’ > 11/8
is equivalent to o > 8r/(11—3r). This explains the restriction for r and ¢ in Equation (5.35) and provides the L' bound

T
Jy 1Kes@ldt <e7C 4|zl

The estimate of K, ¢ follows easily from Equation (5.22) using r—1 € [2, 8/3[, which implies ||k|| 1oy < C and thus

T T
[ Kesldr < [ el dt izl < Cliyn (5.49)
0 0

The case of K 7 is trivial.
For later use in the limit passage ¢ — 0, we note that

T
/ (IKes(D] + [Kes (O] + [Ke7(D]) dt < €/7Cr 5|zl s (5.50)
0
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Hence, the a priori estimate (5.35) for k. is established. O

5.5 | Convergent subsequences

After having derived a series of a priori estimates, we are now able to choose weakly converging subsequences fore — 0. Of
course, the major step is to identify the limits of the nonlinear terms. For simplicity, we now choose one fixed r, € [3,11/3[
and a o, > 12, which implies that Parts (A) and (B) of Proposition 5.5 can be applied. From Equations (5.9), (5.21), (5.22),
(5.34), and (5.35), we obtain a limit triple {u, w, k} with the properties

w<w<wae onqQ,

u € L0, T; W'2(Q)) N L=(0, T: LA(Q)) N W' (0, T, (W>° (Q))*),

per,div

. . - (5.51)

w € L=(Q) N L0, Ts WH(Q) n W (0,T: Wy () ),

k € L®(0,T; L}(Q)) n L**/3(Q) N LP(0,T; er,éf;(ﬂ)) NBV(O,T; (Wéé*(Q))*)

for all p € [1, 2[, such that along a suitable subsequence (not relabeled) we have
u, = u in L2<0, T; W;;zr’div(ﬂ)> and weakly* in L* (0, T; L*(Q)), (5.52a)
= in L7 (0,T;(Whey (Q)), (5.52b)
®, = w in L2(o, T W;;fr(g)> and weakly* in L*(Q), (5.52¢)
Wl = o inL (o, T3 (Wat (Q))*), (5.52d)
k., — k in LP<0, T; W;;‘;((l)) and in L*P/3(Q) forall p € [1,2]. (5.52e)

These weak convergences imply the corresponding properties of the limits # and w in Equation (5.51). Moreover,
Ikl oo 0,1 (q)) < C < oo follows from Equations (5.22) and (5.52¢) by a routine argument. As in Sec. 1.3.2 in Barbu
and Precupanu [44], the space BV(0,T;X), where X is a Banach space, denotes all functions g : [0,T] - X such that
Vary(g, [a, b]) := sup Zil llg(t;)—g(ti—1)llx < oo where the supremum is taken over all finite partitions a <ty < t; <
-+- <ty < b. Clearly, Equation (5.35) implies Var(W;,;)* (ke, [0, T]) = |IKLIl LT W) < C,. Since for all partitions, we
have

N

N
D)=kt Dll ey < liminf Y k() =ke(ti- Dl gy iz, < Co, (5.53)
i=1 i=1

which provides || k|| ) < C, < oo as stated at the end of Equation (5.51).

BV(0,T;(Wpir* (Q)*
We next apply the Aubin-Lions-Simon lemma (see Cor. 4, p. 85 in Simon [45], Thm. 5.1, p. 58 in Lions [39], or Lem. 7.7
in Roubicek [25]) to obtain strong convergence. By taking a further subsequence (not relabeled) Vitali’s theorem implies

the pointwise convergence almost everywhere.

u, - u in L5(Q) foralls € [1,10/3[ and a.e. in Q, (5.54a)
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w, > w inLP(Q)forallp>1 anda.e.in Q, (5.54b)

k. - k inL9(Q) forallg € [1,8/3[ and a.e. in Q, (5.54¢)

To obtain the results in Equations (5.54b) and (5.54c), we first derive strong convergence for s = p = g = 2 and then use
the boundedness of the sequence for higher s, p, and g to obtain strong convergence for intermediate values by Riesz
interpolation (use Equation (4.21) for u,).

We are now ready to consider also the limits of the nonlinear terms. We first treat the diffusive terms.

Lemma 5.6. Along the chosen subsequences for ¢ — 0, we have the convergences

k. k k. k I
£+wED(uE) aD(u) and e, Vo, va in L5(Q) forall s € [1,16/11], (5.55a)
k. k -
o, Vk, EVk inL°(Q) forallo € [1,8/7]. (5.55b)

Proof. We first recall the weak convergences of the gradients D(u.), Vw,, and Vk, in LP(Q) for all p € [1,2[, see
Equation (5.52). Next, we establish the strong convergence

K 1/2 K 1/2
€ e . q
<£+cog> - (co) in L9(Q) for all g € [1,16/3]. (5.56)
To see this, we use the explicit estimate
1/2 1/2 1/2 1/2 1/2 1/2
1) (5) s l(22) (35) ot l(25) - (5) ]
e+, @] LI(Q) e+, e+, LI(Q) e+, )] L1(Q)
1/2
ke=kll g g) NI+ =) k12| 4 ) (5.57)
T (4w(T))V/? 2(1+a(T))3/? '

Clearly, the first term on the right-hand side tends to 0 using Equation (5.54c) and q/2 < 8/3. For the second term,
we can still choose § € ]g,16/3[ and p > 1 such that 1/q = 1/§ + 1/p. Then, Holder’s inequality, k'/? € LI(Q), and
Equation (5.54b) for p = pyield the convergence to 0. Hence, the convergence (5.56) is established.

Now using the weak convergences D(u;) = D(u) and Vw, = Vw, and Vk, — Vk in LP(Q) for p €[1,2[ and
Equation (5.56), we obtain the weak convergences

(£) b~ (£) “paw. (=)

in L9(Q) for all g € [1,16/11].

However, by the standard a priori estimates (5.21), we see that the first two sequences are bounded in L?(Q) and
hence converge weakly in L?(Q) as well. The convergence of the third term cannot be improved, because we do not have
appropriate a priori bounds.

Multiplying once again by (k. /(e+w,))'/?, which converges strongly according to Equation (5.56), we obtain the results
in Equation (5.55). O

1 1/2

Yo, = (£)

w

Vo, ( ke )1/2Vks—x (S)l/zw (5.58)

£+w;

5.6 | Limit passage ¢ — 0 and appearance of the defect measure

In this subsection, we finalize the proof of Theorem 4.1.
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Using the convergences derived above, it is now straight forward to perform the limit passage ¢ — 0 in the equation for
u, and w,. In the energy equation for k., we have to be a little more careful to show the occurrence of the defect measure
H.

In the Steps 1-3, the limit € — 0 will be done with test functions with high integrability s in ¢ € [0, T] taking values in
the Sobolev WLF(Q) with large 7. This choice will be independent of the chosen r,, in the regularization terms. After the
artificial r, has disappeared in the limit, in Step 4, we discuss which minimal s and 7 can be chosen in the weak form.

Step 1. Limit in the momentum balance for u., from Equations (5.6a)-(4.8): We consider a fixed test function v €

Lb (0 T Wper div
Equation (5.62) individually.

The first term is linear in u) and converges because of Equation (5.52b). The second term can be rewritten as
/Q(ug®u£) : Vudx dt and converges by Equation (5.54a).

For the third term, we use the nonlinear convergences from Lemma 5.6, cf. the first in Equation (5.55a). The fourth and
fifth terms converge to 0 by the estimate fOT I 5(t)| dt < C,eV/ =D |ID()|| 1. (La*)SCEI/(’*_D||v||L§(W13), see Step 1 of the
proof of Proposition 5.5.

Thus, Equation (4.8) is established for test functions v € L0, T; wh per, dlv(Q))*).

Step 2. Limit for w,, from Equation (5.6b) to Equation (4.9): This case works similar as Step 1.

Step 3. Limit in the energy equation for k., from Equation (5.6c) to Equation (3.10): For this limit passage, we choose a
test function z € Cpl)er,T(a)’

because we want to take the limit of the dissipation, which is bounded only in L'(Q).

The first term of the left-hand side in Equation (5.6¢) is integrated by parts in time to obtain

(Q))*) with s =4 and 7 > s, > 12 and discuss the convergence of the five terms on the left-hand side of

T
/ (kL. 2()) 0 dt = / ko.<z(-,0) dx — / k.z dxdt — / koz(-, 0) dx — / kz' dx dt (5.59)
0 per Q Q Q Q

by Equations (5.4c) and (5.52¢). For the second term, we use Equation (5.54) and conclude

/zuE-ngdxdt: —/kEVuE-Vzdxdt - —/ku-Vzdxdt. (5.60)
Q Q Q

For the third term, Lemma 5.6 can be exploited (cf. Equation (5.552)) to find

k.
/ Vk Vzdxdt —>/ Vk - Vzdxdt. (5.61)
Q¢ +w

We return to the fourth term at the end and continue with the fifth term. Using Equation (5.54) and o} = w, > w(-) > 0,
we easily find fQ k.ol zdxdt — fQ kwz dx dt.

The sixth and seventh terms on the left-hand side and the single term on the right-hand side converge to 0, which was
established in Step 3 of the proof of Proposition 5.5, see Equation (5.50).

For the fourth term, it remains to prove the appearance of the non-negative defect measurey € M (Q) such that

[ o pwofsaxar — [ 28 pafpardt + [ pau forali g € CQ) (562)
Q Q @ Q

etw.+ek, |

Indeed, by the positivity of the integrand and the a priori estimate (5. 21a) we can apply Riesz’ Representation Theorem
for linear continuous functionals on C(Q). Hence, there exist ue M>(Q) such that

/ ke |D(u£)| pdxdt — /qu/.t for all ¢ € C(Q). (5.63)
0 k.

e+, +¢

Asin Lemma 5.6 ;we can show that (———— — )1/ 2D(u,) converges weakly to (k/w)'/2D(u) in L2(Q). Of course, this weak

€

convergence remains true if we multiply by a contlnuous function ¢ € C(Q). Thus, the lower semi- continuity of the L?
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norm yields

~ vok 2 vok 2
/Q P2du = ?l% . Hw‘i—igkg |D(u,)| p? dx dt > /Q % |D(w)| " dx dt (5.64)
forally € C(Q). Thus, the linear functional ¢ /Q ¢du — fQ % |D(w)|?>¢ dx dt is non-negative and defines the desired
defect measure y € M (Q), and

w

/_ $dit = / Yok |D(w)[* ¢ dx dt + /_ $du forallp € C(Q), (5.65)
Q Q Q

which gives the desired convergence (5.62).
Step 4. More test functions: After having passed to the limite — 0, the regularization terms involving the exponent r have

disappeared. From the a priori estimates (5.51) for {u, w, k}, we know that u®u € L*/3(Q) and SD(u) € LI(Q)forallq €

[1,16/11[. Thus, by density, we can extend the set of test function v in Equation (4.6) can be chosen in L3(0,T; W;fr’ div(Q))
for any s > 16/5 and 7 > 16/5. This proves Equations (4.8) and (4.9) for the full set of test functions.

Moreover, we find u’ € Lq((W;gj gD forallg € [1,16/11[, which proves Equation (4.6).

Step 5. Several further statements: To derive Equation (4.5), we define the functional J : (k,u,w)
f 0 k (|D(u)|*+|Vw|?)dx dt and use the a priori estimate J(k,, u,, ) < C, which follows from Equation (5.21) since
w, > w(T) > 0. The functional is convex in u and w, hence, it is lower semicontinuous with respect to strong convergence
in k (see Equation (5.54c)) and weak convergence for (u, ) (see Equations (5.52a) and (5.52c)), so that

J(k,u,w) < lim iglf Ik, u,w,) <C, (5.66)
e—

which is the desired estimate (4.5). The limit passage ¢ — 0 in the pointwise a priori estimates (5.9) leads immediately to
the pointwise estimates (4.3) for w and k.

By Equations (5.52b) and (5.52d), the functions u.(-) and w, are uniformly bounded with respect to € € ]0,1]
in Wb(0, T; Wh+(Q))*) ¢ CV/([0,T];(W9+(Q))*). Thus, we have uniform convergence and obtain (u,w) €
CY/r([0, T]; (W9 (Q))* x(Wo (Q))*). Together with the essential boundedness of (u, w) in L2(Q)xL3(Q), this implies

(u, ) € Cy ([0, T]; L*(Q)XL*(Q)). (5.67)
Hence, Equation (4.4) is established. Moreover, with Equation (5.4c) and the uniform convergence, we deduce the initial

conditions (4.7), that is, u(-,0) = uy and w(-,0) = w,.
Step 6. Energy estimates: To obtain the energy-dissipation inequality (3.11) for the Navier-Stokes equation, we insert

w = u.(t) into Equation (5.8a), integrate over the interval [0, ¢ ], drop the non-negative term fol / o ¢|D(u,)|" dx dt, and take
the limite — 0.

Finally, we insert z = 1 into Equation (5.8c), integrate over [0, t] and add this identity to the one just obtained for u,.

. k k s . . L
Using +—€ - +—:k > 0, we can drop the two dissipation terms involving |D(u,)|?. Moreover, the regularization term
e+, etwe+eke

/Q €|Vk,|"?Vk, - Vzdx with z = 1 gives 0. Hence, taking the limit ¢ — 0 yields inequality (3.12) for the total energy.
With this, the proof of our main existence result in Theorem 4.1 is complete.
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APPENDIX A: EXISTENCE OF APPROXIMATE SOLUTIONS
We now provide the proof of Proposition 5.1, which will be obtained as an application of a general existence result of
evolutionary equations of pseudo-monotone type.

We consider a separable reflexive Banach space V that is continuously and densely embedded in a Hilbert space H
suchthatV C H~ H* c V*.For U € V and E € V*, we denote the dual pairing by (E, U). Our operator A : V — V*is
assumed to satisfy the following conditions depending on p > 1:

p-boundedness: AC; >0 JJAW)|ly= < Cl<1+||U||€_l) forallU e V; (A.la)
p-coercivity: 1C,>0: (AU),U) > CL||U||€ —C, forallU eV, (A.1b)
2

ifU,, = UinV and limsup{A(U,,), U,,—U) <0, then
pseudo-monotonicity: e (A.lc)

(A(U),U-V) < linl;n inf(A(U,,),U,,—V)forallV € V.

Under these conditions, the following existence result is available.
Theorem A.1 see, e.g., Thm. 8.9 in Roubicek [25]. Let V and H be as above and let the operator A : V — V* sat-
isfy the assumptions (A.1) with p > 1. Then, for all T > 0, all uy € H, and all f € LP/([O, T, V™), there exists a solution
u € LP(0,T; V)N C([0,T]; H) n WP (0, T; V*) of the Cauchy problem
w'(@)+ A@®) = f(t) inV* fora.a. t €[0,T] and u(0) = uy. (A2)

To apply this result, we choose p =r > 3, U = (4, w, k),

H =12 (QXLXQ)XLXQ), and V=W." (Q)xW5(Q) X W,i(Q). (A.3)

div per,div
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The operator A is defined to make the approximate system (5.6) equivalent to the abstract Cauchy problem (A.2). We
recall that € > 0 is fixed in Proposition 5.1, so we do not keep track of the dependence on . With V' = (v, ¢, w), we define
A:V > V*by

(A(U), V) =1(U,V)

:/u~Vu~v+
Q
k* kt 2
+/co+cucp+/ u~Vk+/ . —/—|D(u)|w+/k+a)+w
Q g £t q Etwt+ekt Q

+ e/ |D(u)| D(u) D)+ |ul"?u-v+ |Vo|" 2V - Vo + |o| we + |VK|""2Vk - Vw + |k|"2kw>. (A.5)
Q

i k*
.D(v)+/quu~Vco+/Q£+wJr Vw - Vo (A4)

For the rest of this appendix, we continue to omit the measure symbol “dx” for integration over Q. Moreover, we have set
a, = vy = 1 for notational simplicity, because these numerical constant have no influence on the analysis.

Proof of Proposition 5.1. It remains to establish the conditions (A.1) on the operator A.
Step 1. r-boundedness (A.1a): Using r > 3 and Holder’s inequality, it is easily seen that all integrals in the definition of
I(U, V) are well-defined. In particular, we find a constant ¢; > 0 such that

[T V)| <e; (U + U ) IV Iy forall U,V e V. (A.6)

But this implies Equation (A.1a) because of r > 3.

Step 2. r-coercivity (A.1b): For estimating (A(U), U) = I(U, U) from below, we see that all convective terms disappear
because of div u = 0. After dropping the three non-negative terms arising from the dissipation terms involving k* /(e+w™),
we find

r k+ 2
(A(U),U) =1(U,U) = ¢||(D(w), u, Vo, w, Vk, k)||L,(Q) - / D(u)| k (A7)

q etwt+ekt

forallU € V. Wenow use k* /(e+wt+eck*) < 1/cand r 2 3. By Holder’s and Young’s inequality, we find ¢, > 0 such that

k* 2, 1 2, € ro€ P
/Q—E+w++gk+ |D(w)| "k < E/Q|D(u)| kSE/Q|D(u)| +§/Q|k| +0, (A.8)

where the constant ¢, depends on ¢ > 0, r > 3, and vol(Q). Inserting this into Equation (A.7) and using Korn’s inequality
in WL (Q), we have established Equation (A.1b) for p = r.

Step 3. Strong convergence: In the remaining two steps, we consider a sequence U,, = (U,,, w,, k;,) satisfying the
assumptions in condition (A.1c), namely

(@) U, —~U inV (b) limsup (A(U,,),U,,—U) < 0. (A9)

m-—oo

In this step, we first show that this implies the strong convergence U,, — U in V, and in Step 4, we deduce the liminf
estimate for Equation (A.1c).
Combining parts (a) and (b) of Equation (A.9), we immediately obtain

limsup (A(U,,) — A(U), U, —U) <0. (A.10)

m-—oo
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We decompose these duality products into ten separate integrals, namely
10
(AU,) = AU, Uy —U) = Y K (A1)
j=1

o ko kt _
i= /Q [w,,-Vu,,—u-Vu] - (u,,—u) +/Q [g+co; D(u,,) — e D(u)] :D(u,,—u) + /Q(um-Vcom —u-Vo) (w,,—w)

+
k — Vco] - V(wy,—w) + /(co,;cum —wtw)w,—w) + /(um -Vk,, —u- Vk)(k,—k)
Q Q
Ko k* + + kn|D(w,)>  k*|Dw)|?
/Q [ Vk . Vk] V(=) + /Q (Kt — keo™) (ki) — /Q (Hw%sk; - E+w++ek+>(km—k)

" etw

[(@,(D(u,,)) — ®,(D(w))): D(upy,—u) + (2,(u,,) — ©,(w)) -(wy,—u) + (2,(Va,,) — 0,(Vw)) - V(w,—w)

y
Q
+ (q)r(wm) - q)r(w))(wm_w) + (q)r(Vkm) - q)r(Vk)) : V(km_k) + ((Dr(km) - (Dr(k)) (km_k) ] s (A.IZ)
where ®,(£) 1= |£|"2£. The last term K, can be used to control U,, — U in the norm of ¥ by using the estimate
(&)~ () - E-m) 2227 |E —n forallf,peRY, (A13)
see Lindqvist [46] for the derivation of the exact constant. In particular, we find
(A14)

Kiom 2 €27 ||Uy = U1,

and the strong convergence U,,, — U follows if we show limsup,, , Ko, < 0.

By Equation (A.10), we control the limsup of Zio K, and hence obtain
(A.10) 9
< 0 - ) liminfK;,. (Al5)
l:l m— 00

lim sup K¢ , = lim sup
m— oo m-—oo

10 9 10 9
<Z Kjm— ZKl,m) < limsup ZKJ'J" - lierQ’ior;f ZKl’m
Jj=1 =1 m— oo j=1 =1

Thus, it suffices to show lim inf ,, _, , K; ,,, > 0for | € {1, ..., 9}. To do so, we use U,, = U (i.e., Equation (A.9 a)), which by

r > 3 and the compact embedding W' (Q) € C°(Q) implies

k., = k uniformly in Q. (A.16)

u, > u w,—o,

For treating K ,,,, we use integration by parts and div u,,, = divu = 0 to find

Kypm= / (div(w,,®u,,) : Vu—u-Vu -u,,) — /(div(u®u) :Vu—uVu-u) =0, (A7)
Q Q

because of the uniform convergence u,, — u.
Similarly, the other convective terms K ,,, and K¢ ,, converge to 0, since w,, = @ and k,, — k converge uniformly.

For the second term K, ,,;, we again use the uniform convergence in the decomposition

+
(A18)

ki kt k
Kym= /Q ( n >D(um) : D(u,,—u) + /Q e

e+t etot

D(u,,—u) : D(u,,—u).

The first integral converges to 0 as the two terms involving D are bounded in L"(Q) C L?(Q) while the prefactor converges
to 0 uniformly. The second integral is non-negative, hence lim inf K, ,,, > 0 follows. Analogously, the liminf of K, ,, and
m—o0 m—oo

K; ,, is non-negative.
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By uniform convergence of the integrands, we easily obtain K5 ,, — 0 and Kg ,, — 0.

In Ky ,,,, the integrand is a product of a function bounded uniformly in L" /2(Q) and k,,,—k, which converges uniformly
to 0; hence K ,, — 0 as well.

This finishes the proof of Step 3 guaranteeing U,, —» U in V.

Step 4. A is pseudo-monotone: For the sequence U,, satisfying Equation (A.9) we have to show

(A(U),U-V) < liminf{A(U,,),U,,—V) forallV = (v,p,w) €V (A.19)
m—oo

By Step 3, we are now able to use the strong convergence U,, — U. Again we split the duality-product term into 10 parts
and treat the parts separately:

10
(AU, Up=V) =) Gipm (A.20)
j=1
ki
:=/um-Vum-(um—v)+/ — D(uy,) : D(um—v)+/um-Vcom (Wm—p)
Q Q €ty Q
ko +
+ [ — = Vo V(=) + | wpop(wn—¢)+ [ Wy Vky, (ky—w)
Q £twy Q Q
L V(k )+/k * (ki —W) / ki |DCu,) [ (e —w)
L . —w w —-w)— | ———|D(u —w
e+l " " q omm o etw) ek " "

+ [ @D : Dty=0) + B (y) - (=) + B, (Ves) - V(=)
Q
+q)r(wm)(wm_¢) + q)r(Vkm) . V(km_w) + q)r(km)(km_w)) . (A-zl)
Using the uniform convergence of U,,, (see Equation (A.16)) and the strong convergence in L"(Q) of the derivatives VU,,,,

it is straight forward to see that the integrals G; ,, for j € {1, ..., 9} converge to their respective limits. For Gy ,, we can
use the estimate

|@.(&) — @,(n)| < 3r(|&] + |n|)’_2|§ —g| forall{,neRY, (A.22)

see “exerc. 10.a”, p. 257 in Bourbaki [30]. Thus, we conclude that Equation (A.19) holds, even with equality.
Hence, all the assumptions in Equation (A.1) are established, Theorem A.1 is applicable, and the proof of Proposition 5.1
is complete. O

Remark A.2. An alternative proof for Proposition 5.1 is given in the first draft [47] of the present work. That proof is based
on the method of elliptic regularization of abstract evolution equations, cf. Ch. 3, Thm. 1.2 [39].
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