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List of F requen tly  Used Sym bols

Let R he a ring. Let I lie an ideal of R. Let P and Q be prime ideals of R. Let X  

Le a subset of R. Let M  and N  be right R-modules.

Symbol Meaning

XIR M is a right /2-module

rM M is a left /?-module

A C  B the set .4 is a subset of the set B

A C B

A<£B

7L

the set .4 is a subset of the set B and A ^  B 
the set A is not a subset of the set B 

the set of integers

N(R)

C(I)
C'(I)

'C(I)

rH(Y) or r(Y) 

h d  X)  
Ass(M)n

the prime radical of R,

the set of all elements of R regular modulo I 

the set of all elements of R right regular modulo 1 

the set of all elements of R left regular modulo /  
the right annihilator in R of a subset Y  C M  
the left annihilator in M  of a subset X  C R 
the set of all associated prime ideals of Mr

A f f { M ) R the set of all affiliated prime ideals of Mr

Q ^ P Q is linked to P
Cl(P) t he clique containing P

an isomorphism (of rings or modules)

Mn(R)
RX~l

the set of all n x n matrices over R

the right, ring of fractions of R with respect X
X ~ lR
M X - 1

the left ring of fractions of R with respect X  
the module of fractions of M with respect A'

V the extension of / into R X~X
,JC the contraction of an ideal J of RX~x into R
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Endn(M)

hi
M ®R N 
Z(M) 

tx {M) 
R [ t~ \I t } 

<jr,(R)

Sn

£>n
Pldeg(R)
R

Brod(R, I)

the set of all 7?-endomorphisms of M
the multiplicative identity element of R
the tensor product of M and N

the singular submodule of M

the Ar-torsion submodule of M
the Rees ring of R with respect to /
the associated graded ring of R at 1
the nth symmetric group

the nth standard polynomial
the PI degree of R
the opposite ring of R

the Brodmann stabilizing point of 7
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Sum m ary

This thesis is concerned with the asymptotic behaviour of the prime divisors of powers 
of an ideal /  in a ring R. The main focus is on the case when R is a prime Noetherian 

polynomial identity ring.
Our starting point is a theorem, first proved by M. Brodrnann ([2]), which shows 

that in a commutative Noetherian ring, the prime divisors of powers of an ideal turn 
out, to be asymptotically stable. We first, generalize this result to Azumaya algebras, 
and then attempt to find an overring which satisfies the following two criteria:

1. prime divisors ‘go up and down’ between this overring and the original ring;

2. prime divisors ‘go up and down’ between this overring and its centre.

After finding conditions under which such an overring exists, it is possible to 

formulate a theorem concerning asymptotic stability of prime divisors in the original 

ring, using the fact that prime divisors are asymptotically stable in the centre of the 
overring.

In chapter 1 we outline the basic definitions, results and theory required for this 

thesis. In chapter 2 we first establish some properties concerning associated primes 
of a module, and in Proposition 2.1.3 we note that a result connecting two sequences, 
due to M. Brodinann in the commutative case, is equally valid in the noncomrnutative 
setting. Next we outline a proof of the definitive asymptotic stability result in the 
commutative theory, due to M. Brodinann ([2]). The proof followed in this thesis is 

that given by S. McAdam and P. Eakin in [10]. In the final section of this chapter 

we discuss some results concerning invertible ideals, due to A..1. Gray, and their 
applications to aspects of the proof of M. Brodmann’s result. We note difficulties 
with this approach and give reasons why this does not lead to a generalization of M. 
Brodmann’s theorem.

In chapter 3 we provide the generalization of M. Brodmann’s theorem to Azumaya 
algebras. Affiliated prime ideals have often been viewed as a generalized class of asso
ciated prime ideals in the noncommutative setting, which contain more information
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than associated prime ideals. With this in mind, we shift the focus of our study from 

associated prime ideals to affiliated prime ideals. We also show that there is a very 
simple relationship between the prime divisors of an ideal in an Azuinaya algebra 

Rand the prime divisors of the corresponding ideal of the centre of It. We give an

example to illustrate this result.
Iu chapter 4 we introduce localizations of rings and modules, giving basic prop

erties. We give a method of ‘going up and down’ between ideals of the original ring 
and ideals of localizations of that ring, and give conditions under which this method 
is applicable. We then use this to derive a relationship between the prime divisors of 

the original ring and the prime divisors of localizations of that ring.
In chapter 5 we attempt to find a ring satisfying the two criteria set out above, 

using a localization as the overring. We give conditions under which this localization 
is an Azumaya algebra, enabling us to make use of the results in chapter 3. 1* iist, 

we give necessary and sufficient conditions for asymptotic stability of prime divisors 

to hold in a prime Noetherian polynomial identity ring. We then give alternative 

sufficient conditions for asymptotic stability to hold in the same class of lings. We 

conclude with a discussion of some results in the general Noetherian c ase.



In troduction

Let /  lie an ideal in a commutative Noetherian ring R. The usage of the terminology 
prime divisor of l to mean an associated prime ideal oi (R/I)r arises from the tact 

that the associated prime ideals of (Z/aZ)z are precisely those ideals pZ such that 
p is a prime divisor of a. A study of the behaviour of the sets Ass{R/In)R as » 
gets larger was initiated by M. Nagata ([14]), who noticed the following fact: if R 
is a commutative Noetherian integral domain, P  is a prime ideal of R and b is a 

non-zero element of P, then P is an associated prime ideal of R/bR implies that P 

is an associated prime ideal of R/cR, for any non-zero element c of P. It is an easy 
consequence of this that P is an associated prime ideal of R/bR if and only if P is an 

associated prime ideal of R/buR for any positive integer n.

Observations made by D. Rees in [17] led to various attempts to generalize M. Na- 
gata’s result to all ideals in a commutative Noetherian ring. The first such attempt 
was made by L..I. Ratliff, who conjectured the general result in [6]. This attempt 
failed, and the conjecture was subsequently shown to be false by M. Brodmann in 

[2]. However, L..1. Ratliff did prove a modified result for large powers of ideals which 

contain regular elements ([G, 2.11]), and also proved a corresponding statement con

cerning the integral closure of ideals ([6, 2.5]). The latter result was then improved 
in a later paper of L..I. Ratliff ([9, Theorems 2.4 and 2.8]).

The main stability result for prime divisors in a commutative Noetherian ring R 
was proved by M. Brodmann in [2]: that the sequences Ass(R/In)n and Ass(In~l/ I n)n 

eventually become stable as n gets large. S. McAdam and P. Eakin then provided 
characterizations of the stable values of these sequences in [11]. An excellent overview

viii
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of the development of this theory is provided by L.J. Ratliff in [8].
Chapter 2 gives a detailed exposition of the proof of M. Brodmann’s theorem 

(2.3.8) given in [10], which uses the associated graded ring, The proof has
three main stages. Firstly, it is shown that it is sufficient to show that the sequence 

Ass(In~l/ I n)R is eventually stable. Secondly, it is shown that the union of all prime 

ideals in all terms of this sequence is a finite set. This is achieved by showing that 
there is a relationship between the associated prime ideals of (In~x/ I n)R and the asso
ciated prime ideals of [gri(R))gTl(n), and by using the fact that gri(R) is a Noetherian 
ring. Lastly, it is shown that the sequence Ass(In~l/ /" )«  is eventually monotoni- 
cally increasing. In section 2.4 we discuss the extent to which this argument can be 
generalized to a noncommutative setting, using some results of A..I. Gray ([5]).

Chapter 3 marks the beginning of our focus on noncommutative rings, and study 

of affiliated prime ideals instead of associated prime ideals. In Corollary 3.5.1 we 

give a generalization of M. Brodmann’s theorem (Corollary 2.3.8) to a class of rings 

called Azumaya algebras. This is achieved by using the fact that there is a one-to-one 

correspondence between ideals of an Azumaya algebra and ideals of its centre. It 
is shown that this correspondence preserves the ‘affiliated’ property of prime ideals 

(3.3.6). An example is provided to illustrate this result in section 3.4.
A study of localizations of rings at suitable sets is made in chapter 4 and we 

determine in Theorem 4.7.5 and Theorem 4.7.6 conditions under which a localization 
preserves the ‘affiliated’ property of prime ideals. The conditions sufficient to preserve 

this property when ‘going up’ differ from those sufficient to preserve the property 

when ‘going down’: however we apply a result of T.H. Lenagan and R.B. Warfield 
([7, Theorem 1.2], Theorem 4.7.10) to show that in the situation we are interested in 
the conditions are the same (Corollary 4.7.13).

The results in chapters 3 and 4 are tied together in chapter 5, where we make use 

of a theorem due separately to M. Artin ([1]) and C. Procesi ([16]), which determines 
a situation in which localizations are Azumaya algebras. This enables us to give 
sufficient conditions for asymptotic stability of prime divisors in a prime Noetherian
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polynomial identity ring to hold, in Proposition 5.2.3. We also give a necessary 

condition for the sets of prime divisors of two ideals in a prime Noetherian polynomial 
identity ring to coincide, in Proposition 5.2.2. In section 5.3 we give different sufficient 
conditions for asymptotic stability to hold, (Proposition 5.3.1). This thesis concludes 

by giving a characterization of the situation in which the sets of prime divisors of two 

ideals in a general Noetherian ring coincide (Proposition 5.4.1) in terms of the prime 
divisors of a localization. We then give an equivalent condition for asymptotic stability 
to hold in a general Noetherian ring (Theorem 5.4.2), also in terms of asymptotic 
stability in a localization.



C hap ter 1 

P relim inaries

Throughout this thesis we will assume that all rings are associative and have an 
identity element and that all modules are unital. If R is a ring and M  is a right (left) 
^-module then we will denote this by Mr (rM ). Unless stated otherwise all modules 
over rings will by convention be taken to be right modules.

1.1 C hain  conditions
Let R be a ring. Let M  be an Ji-module. If M satisfies the ascending chain con
dition (ACC) on submodules then M  is called a Noetherian module. If M  satisfies 
the descending chain condition (DCC) on submodules then M is called an Artinian 
module. If Rr (rR) is a Noetherian module then R is called a right Noetherian (left 
Noetherian) ring. Similarly, if Rr (rR) is an Artinian module then R is called a 
right Artinian (left Artinian) ring. If N  is a submodule ot an h --module M then A/ is 
Noetherian if and only if N  and the factor module M/N  are both Noetherian. A finite 
direct sum of Noetherian modules is again Noetherian. M is called a finitely gener
ated module if there exist elements mu . • •, ro», for some positive integer n, such that 
A/ =  mxR + -  ■ • +  mnR. Any finitely generated right module over a right Noetherian

ring is Noetherian.
Examples of noncommutative Noetherian rings can be generated from commuta

tive Noetherian rings by using the following result.

P roposition  1.1.1. [4, Proposition 1.8] Let R be a right Noetherian ring. Let n be

1



a positive integer. Let S  be a subring of the matrix ring Mn{R)- If S  contains the

" >
r 0

| r € R

0 r >
then S is a right Noetherian ring. In particular Mn{R) is a right Noetherian ring.

The two-sided ideals of * /.(« )  cat, he easily described in terms of the ideals of R 
as follows. A subset X  of M„(ll) is an ideal of Mn(R) if and only il -V -  Mn(l) ior 

some ideal J of R.

1.2 P rim e and  sem i-prim e ideals

An ideal P  of a ring R is called a prime ideal if P ± R and whenever I and ./ are 
ideals of R such that IJ  C P , then either I C P  or J C P. Equivalently, P  is a 
prime ideal of R if P i  R and whenever I and ./ are right (left) ideals of R such that 
IJ c  P, then either /  C P  or J C P. An ideal M of R is called maximal ideal if 
M ^  R and whenever M' is an ideal of R such that R ^  M 2  M, then M — M. 
Any maximal ideal of R is a prime ideal of R. R is called a prime ring if 0 is a prime 
ideal of R. An ideal P of R is a prime ideal if and only if R /P  is a prime ring.

A prime ring R is right Artinian if and only if it is left Artinian; rings of this class 
are called simple Artinian rings. An element x <E R is called invertible if there is an 
element y € R such that xy =  yx =  1«. If such an element y € R exists then it is 
unique and is denoted by *“ 1. A ring R with at least two elements such that every 
non-zero element of R is invertible is called a division ring. Note that the centre of 
a division ring is a field. A ring R is a simple Artinian ring il and only il there is a 
division ring D and a positive integer n such that R & Mn{D). It follows from this 
that the centre of a simple Artinian ring is a field.

A prime ideal P  of R is called a minimal prime ideal if whenever Q is a prime 
ideal of R such that Q C P, then Q =  P. It should be noted that it is a consequence 
of Zorn’s lemma that any ring contains a minimal prime ideal. Ihus given an ideal



/ Of R , the ring /? // has at least one minimal prime ideal. Any prime ideal P oi R 
such that 1 C P  and such that P /7  is a minimal prime ideal of f l / /  is called a pnme 

ideal minimal over 1.
. . ■ ■ Gnito\ nf nrime ideals of R is called a semi-prime ideal.An intersection (finite or infinite) ot prime media

r> • n i  ■ „ ii ic 9 «jpmi-nriuie ideal of R. An ideal / oi /7 is aR is called a semi-prime ring it 0 is a sum i
. , , , , -c d / t is « spmi-Drime ring. The semi-prime ideal of Rsemi-prime ideal if and only it n / l  is a sum pi mu ft

■ . . . . c 11 ■ id^oic nf R is called the prime radical of R. It,which is the intersection of all prime ideals ot it i- - 1
is denoted by N(R).

1.3 A nn ih ila to r, associated  and  affiliated p rim e ide-

als
Throughout this section let R be a ring and let M be a light /?-moduk.

Let X  be a subset of M. Then r*(X), the (right) annihilator of X  in R, is defined 
by;

rH(X) =  {7- € R | xr =  0 for all x e  Ar}.

If the ring R in which the annihilator is being taken is clear from the context then 
the subscript R is usually suppressed and the notation r( A ) is used. If A =  {a,} is a 
singleton then we abbreviate the cumbersome notation /’/¿({-1}) to i n{x). Note that 
rR(X) is always a right ideal of /?, and any right ideal of R of this form is called a 
right annihilator. If further X  is a submodule of M then rR(X) is a (two-sided) ideal 
of R.

Let Y  be a subset of R, Then lM(Y), the (left) annihilator o fY  in A/, is defined 
by:

lM(Y) = { m e  M  | my =  0 for all y 6 Y }.

Again, if Y  =  [y)  is a singleton we simply denote the annihilator by lM(y). Note 
that Za/(V) is always a subgroup of M considered as an additive group. If further ) 
is a left ideal of R then l\t{Y) is a submodule of A/.

We remark that if X  is a subset of M  and Y  is a subset of R then we have 
the relations X  C lM(rn(X)) and Y  C rR(lM{Y)). Further we have the equalities 
rR(X) =  rR(lM(rR(X))) and lM(Y) =  lM(rR(lM(Y))).
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M is called a faithful module if rn(M) = 0. M is called a fully faithful module if 
it is faithful and every non-zero submodule of M is faithful. Note that M is always 
a faithful right module over the ring R /rR(M). It further M is a fully faithful right. 
R / r/i(A/)-inodule, then M  is called a prime, module. It is easy to see that rR(M) is a 
prime ideal of R if M  is a non-zero prime module. For, if A and B are ideals of R such 
that AB c  tr(M) then either MA =  0, in which case .4 C ru(M), or MA ±  0, in 
which case vn/r[AM){MA) = 0, which is equivalent to the equality rR{MA) =  r*(M ). 
Then B C rR{MA) (since AB C rR(M)), and thus B C rn(M). This explains the

terminology.

Definition 1.3.1. A prime ideal P  of R is called an annihilator prime of M if there is 

a non-zero submodule N  of M such that P  =  rR(N). In this case Im(I ) is a non-zeio

faithful right /2/P-module.

A right /2-module M  is called irreducible if it has no submodules other than 0 
and M. A special class of annihilator primes can be defined, arising from irreducible

modules.

Definition 1.3.2. Let P  be an ideal of R. P is called a right primitive ideal of R if 

there is an irreducible right //-module M  such that P  =  rn(M). Left primitive ideals 

of R are defined analogously.

We note that any right (or left) primitive ideal of R is a prime ideal, and that any

maximal ideal of R is both right and left primitive.
The following result gives us a situation in which the existence of annihilator

primes is guaranteed.

Proposition 1.3.1. [4, Proposition 2.12] If the set:

{m{N)  I N is a non-zero submodule of A/} 

of ideals of R has a maximal element P , then the following two statements hold

1. P is a prime ideal of R;



2. lM(P) is a fully faithful right R/P-module.

Thus if R is a right (or left) Noethcrian ring and M is a non-zero right «-module
then annihilator primes do exist. The annihilator primes wl.icli ar.se as maxima
i . ,• • v, of non-zero submodules of M are calledelements among the set of right annilnlator.

maximal annihilator primes ol M .

Definition 1.3.3. Let P be an annihilator prime ideal of M„. Let N  be a non-zero 

submodule of M such that P  = r K(JV). If N is a fully faithful right R/P-module then 

P is called an associated prime of M .In other words, P  = is an associated 

prime of M if whenever N' is a non-zero submodule ol N we have f - r K(N).

The set of all associated primes of Mwill be denoted by Ass(M). or by A 

it the ring R needs to be made explicit.

Definition 1.3.4. A submodule 1V of Mis called an submodule of Ai  if 

there is a maximal annihilator prime ideal of Ai„ such that N =  f„ (P ). We note 

that since P is an annihilator prime we have in this case that P =  r „ (!„ (« )). A 

series of submodules of M :

0 =  M0 g  Mi . • • 5  Mn =  M

is called an affiliated series for M if for each i € {1, • ■ •,»}, Mi/Mi-i w an affiliated 

submodule of M/M<_i. The series of prime ideals of R:

Px =  r ft (Mi/M q), . . . ,Pn =  rR{Mn/Mn-1)

is called the senes of affiliated primes corresponding to the affiliated series. The 

prime ideal Pn of if is occasionally called the top affiliated prime of the affiliated 

series. Finally a prime ideal P  of R is called an affiliated prune of M if P appears 

among the series of affiliated primes corresponding to some affiliated series for M.
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The set of all affiliated primes of M will be denoted by Aff (M) ,  or by A f f i M h

it the ring /? needs to be made explicit.
i i novo an affiliated scries, as the followingThere is a large class of modules which have an nmunu

result demonstrates.

_ . _ ... n io i r d hr a riaht Noetherian ring. Let MProposition 1.3.2. [4, Proposition 2.13] Let oe a ugni

be a finitely generated right R-module.Then » an series

Lem m a 1.3.3. [7, Lemma U l  Let Rbe a Noetherian Let M

generated right R-module. U t  AT be a submodule of M. Suppose that:

0 = Mo g  M l g  • • • g Mn = M

is an affiliated series for M with corresponding affiliated primes A . . - ,  A - the

distinct terms in the. chain:

0 = N  n  Mo c  N n  Ml c  . . .  c  N n Mn = N

form an affiliated series for N. The corresponding affiliated primes of this affiliated 

series are precisely the elements of the set.

{Pt \ i e  {l } and (N  D Ali-1) 7̂  {Al D Ali)}.

In particular we note that if N g  AIn- then Pn is an affiliated prime of N and

Pn =  rR{ { N n M ) / { N n M n-\))-

Proof. Choose an index ¡ 6 ( 1 ....... ») such that (N n  Air-,) #  n  A/,). Now we

have:
A f n M ,

/ v n A / . - i
NnM,

— ( V n A / . j n A / . - i  

Mi-1

C AY,
Mi-1 '



Thus P, = miMi/Mi-x) C rR((N n  Mt)/ (N n A/,-,)). The above also gives that 

{N n  Mi)/ (N n  Mi-1) is isomorphic to a (non-zero) submodule ol M/Mi-\.  So since 

P  is a maximal annihilator prime ideal of A//A/t_, we have that P, = rIt((N n  

Mi)/(NC\ Mi-1)). This gives that lN/(Nr\Mi-i)(Pi) 2  [N n  Afj)/(iV H A/,_i). io Provo 

the opposite inclusion, take an element n G iV such that nPi C -V n A/t-i- Then 

nPi C A/i_! and so n +  M -i € =  M /M .-i- This gives that n G iV n  A/,

as required. Finally, since JV/(N n M ^ )  is isomorphic to a (non-zero) submodule 

of M/Mt-i  it follows from the fact that P, is a maximal annihilator prime ideal oi 

M/Mi-i that P, is also a maximal annihilator prime ideal ol N/ ( N  (T A/i_1). □

It is clear that any maximal annihilator prime of M is an associated prime, and 
that any associated prime of M  is an annihilator prime. We provide a link between 
these latter two sets of primes and the set of affiliated primes of M as follows.

Lem m a 1.3.4. Let R be a right Noetherian ring. Let M be a finitely generated right 

R-rnodule. Let P be an annihilator prime ideal of Mr . Then P is an affiliated prime 

ideal of A//e.

Proof. Choose any affiliated series for A/, with corresponding affiliated primes P i , . . . ,  I 

Let P  be an annihilator prime ideal of Mr, and choose a non zero submodule N  of 

At such that P  =  rH(N).  By 1.3.3 it is possible to choose an affiliated series for N:

3n*

Q =  N o $ N l $ . . . £ N m = N

with corresponding affiliated primes Q \ , . ■. ,Qm such that {Q\, • • ■ Is a subset

of { P i,...,P „} .
Now it follows from the fact that Qm — ri{(NJn/N m-i)  that NmQm C Nm~\. 

Similarly, it follows from the fact that Qm-i ~ 7’/f( Nm_i/A'TO- 2) that Q
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iVm_2, so that NmQmQm-\  C AU-iQm-i C iVm_2. This process continues all of the 

way down the chain of affiliated submodules, eventually yielding the following:

This shows that QmQm-\ • Q\ C r l{(Nm) =  P. Thus we must have Qt C P , for 

some i € { 1 ,..., m}, because P is a prime ideal of R. However it is clear that 

P =  ru{N) C r«(Wj) C ruiNj/Nj-i)  =  Qj, ^  all j  € Tims P = Qt.

We have established that P  6 {Qi....... Cm} £  { P i , . . . , / 5»}, which shows that P  is

an affiliated prime of AP

In addition we note that it is clear from the definition that any affiliated prime of 
a right /2-module M  is a maximal annihilator prime of some factor module of M.

Examples exist of affiliated primes which are not annihilator primes, and of an
nihilator primes which are not associated primes. However the sets of annihilator, 
associated and affiliated primes of a finitely generated module over a ring R coincide 
in the case when R is a commutative Noetherian ling.

P roposition  1.3.5. Let R be a commutative Noetherian ring and let M be a finitely 

Venerated right R-module. If P is an affiliated prime ideal of MR then P is an 

associated prime ideal of Mp-

1.4 T he singu lar subm odule

Let M be a right module over a ring R. A submodule E of M  is called essential 
(in M ) if whenever N  is a non-zero submodule of A/, the submodule N  D E  of M  is 
also non-zero. In this case M  is additionally called an essential extension of E. The 
module M is called uniform if M  is non-zero and every non-zero submodule of M  is 
essential.
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M is said to be a finite dimensional module if there are uniform submodules 
Eu . . . . E n of M,  for some positive integer n, such that the direct sum of these sub- 
modules, is an essential submodule of M.  Note that M is finite
dimensional if and only if M does not contain an infinite direct sum of non-zero 
submodules. Any Noetherian module is finite dimensional.

Let H be a ring. Essential submodules of the module Rr are called essential right 
ideals of R. Note that if R is a prime ring then every non-zero two-sided ideal of R 
is essential as a right (or left) ideal.

Lem ma 1.4.1. [4, Lemma 3.25] Let It be a Let he Then 

the following subset of M :

(m € M | m l =  0 for some essential right ideal I of R)

— {m e M | rR(m) is an essential right ideal of R)  

is a submodule of M.

The submodule given by the above result is called the singular submodule of M 
and is usually denoted by Z(M).  M  is called a singular module if Z{M) =  M.  The 
module M is called non-singular if Z(M)  =  0.

1.5 R egu lar e lem ents and  orders

Let /? be a ring. An element x £ R is called right, regular if rR(x) — 0, left regular if 
hdx) =  (), and regular if it is both right and left regular. Elements of R which are not 
regular are called zero-divisors. Let / be an ideal of R. An element x 6 R is called 
fight, regular modulo I if the element x + / 6 R / l  is right regular, left regular modulo 
l if the element x + 1 G R/I  is left regular, and regular modulo I if the element 
x + /  e R/I  is regular. The sets of all right regular modulo f, left regular modulo 
 ̂ and regular modulo I elements are denoted by C'(I), 'C{I) and C(I) respectively. 
I hus the set of regular elements of R is sometimes denoted by C(0). If P  is a prime 
•deal of R and S is the centre of R then we have the following useful properties:

1. S C / J UC(P);
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2. S \ P  =  C(P) D S';

3. s\C(P) = P n S .

Definition 1.5.1. Let R be a ring. An overring Q 2  R is called a right quotient ring 

°f R if the following two conditions are satisfied:

1. every regular element of R is an invertible element of Q\

2. every element of Q has the form rc~x for some elements r G R and c G C{0).

In this case R is called a right order in Q. Left quotient rings of R are defined 

analogously.

There are important theorems of AAV. Goldie and LAV. Small which give criteria 
for R to be, respectively, a right order in a semi-simple Artinian ring and a right order 
in an arbitrary right Artinian ring. We first define a right Goldie ring to be a ring R 
such that Rh is finite dimensional and which satisfies the ACC on right annihilators.

T heorem  1.5.1. (Goldie) [4, Theorem 5.10] Let R be any ring. Then R has a serni- 

sirnple Artinian right quotient ring if and only if R is a semi-prime right Goldie 

ring.

T heorem  1.5.2. (Small) [4, Theorem 10.9] Let R be a right Northman ring. Let 

AT(R) denote the prime radical of R. Then R has a right Artinian right quotient ring 

if and only ifC{0) =  C(N(R)).

1.6 Tensor p ro d u c ts

Let R be a ring. Let M, N  and P  be right /2-modules. Let /  : M x N 
•nap. Then /  is called R-bilinear if the following two conditions hold:

-> P  be a
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i f  1 t -r a M the null) <ir • N — > P defined by gx(y) =  f{x,y) ,  for1. tor every element x £ M , tne map yx •
all y e N,  is a right /¡-module homomorphism;

o r  i * c v  tli<> man /i • M — > P defined by /iv( J') = f{x,y),  for2. for every element y £ iv, tne map ny ■ m

all x € M, is a right /¡-module homomorphism.

Lot S bo a commutative ring. Given arbitrary S-modules U  an,I AT. there is a
pair (T, 9) such that T  is a right S-module and fl : M x N - + T  is a ¿.'-bilinear map 
satisfying the following property. If r  is any right S-module and /  : M N r 
is an , S-bilinear map, then there is a unique S-module homomorphism 
such th a t /  =  /•<» g. Further, if (T, g) and (T \ ;/) are two such pairs then there is a 
(unique) S-module isomorphism j - . T - ^ T '  such that j o g  =  g'. Tins leads to the 

following definition.

Definition 1.0.1. Lot S be a commutative ring. Let M and N be S-modules. 1 hen 

the S-module T given in the above discussion is called the tensor product »/ M and 

N and is denoted by M ®s  N,or simply by «  if the ring S is clear from the

context.

Given elements x £ M  and y £ N  the element y{m, n) £ M 0  N  is denoted by 
x ® y and is called an elementary tensor. The following relations on the elements of 
M ® N follow from the fact that the map y is .S-bilinear:

1. (x + x') ® y =  (x 0  y) -f (x' 0  y), for all elements x , x' £ M  and y £ N;

2. x ® (y +  y') = (x 0  y) + (x 0  //), for all elements x € A/ and y, y' £ N;

3. xs 0  y — x 0  ys =  (x 0  y)s, for all elements x £ M, y £ N  and s £ S.

Remark 1.6.1. Let 5  be a commutative subring of rings ll\ and R2. Then the S- 

module Rx ®s Ri has a ring structure under the multiplication defined on elementary 

tensors by (r t 0  r2)(r[ 0  r!2) =  (rxri 0  r2r'2).
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1.7 Links betw een prim e ideals

Let R be a Noetherian ring. Let P  and Q be prime ideals of R. Suppose that there 
is an ideal ,4 of R satisfying the following three properties:

1. Q P C A C Q n p .

2. the right P/P-module (Q f1 P)/A is non-zero and non-singular;

3. the left P/Q-module (Q fl P)/A is non-zero and non-singular.

Then there is said to be a link from Q to P. This fact is denoted by Q P. The 
{R/Q,  i?/P)-bimodule (Q fl P)/A is called a linking bimodule between Q and P and 
the link from Q to P is said to be via (Q n  P)/A.

Tlie graph of links of R is defined to be the diagram with the prime ideals of R as 
the vertices and with the property that there is an arrow from one prime ideal Q to 
another prime ideal P  if and only if there is a link from Q to P.

The connected components of the graph of links of R are called digues. The 
(unique) clique containing a prime ideal P  is denoted by Cl(P).

Lem m a 1.7.1. [4, Lemma 11.7] Let R be a Noetherian ring. Let S be the centre of 

R. Let P be a prime ideal of R. Let c be an element of S. If c G P, then c G Q for 

every prime ideal Q G Cl(P).

1.8 Polynom ial id en tity  rings

Throughout this section we will use the notation Z(x) to denote the free Z-algebra 
on countably many elements {.r, | i G Z, i > ()}.

D efinition 1.8.1. Let R be a ring. An element /(a q ,. . . ,  xn) G Z(x) is called a 

polynomial identity of R if for any choice of n elements r , , . . . ,  rn of R we have 

f ( r i , . . . ,  rn) =  0. In this case II is said to satisfy f.

f  is called monic if at least one of the words of highest degree in the support of /

has coefficient 1.
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Alternatively, a polynomial identity of R can be defined as an element of Z(x) 
which is a member of ker(6) for every ring homomorphism 0 : Z(x) — » R.

The following polynomials play an important role in the theory ot polynomial 
identities.

D efinition 1.8.2. Let n be a positive integer. Define the nth standard identity, sn, 

as follows:

Sn — Z (Tg5n (sigll . . ..?(j(n)i

where Sn denotes the nth symmetric group. Note that sn is a monic polynomial of 

degree n.

D efinition 1.8.3. A ring R is called a polynomial identity ring (PI ring) if R satisfies 

some monic polynomial identity / .

Note that any commutative ring is a PI ring because it satisfies the identity 
«2 =  X1X2 — X2X1 . Also any subring, or any homomorphic image, of a PI ring is 
again a PI ring.

D efinition 1.8.4. A polynomial /  G Z(:r!, . . . ,  xn) is called multilinear of degree n if 

it is non-zero and has the following form:

/  — ^ a6Sn • • • %o(n))

where, for each a G Sn, a„ is an integer, and Sn denotes the nth symmetric group.

An important property exhibited by a multilinear polynomial /  of degree n is that 
for any choice of n integers Ci,. . . , cn we have:

f (cixi , . . . ,  enxn) — C\. . .  cnf  (x 1, . . . ,  xn).

D efinition 1.8.5. Let /  G Z(xj , . . . ,  xn) be a multilinear polynomial of degree n. 

Then /  is said to be alternating if given any two distinct integers i , j  G {! , . . . ,  n}, 

we have that f ( x u . . . ,  Xj-u Xj+u ■ ■ ■ > xn) =
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It is clear that, for any positive integer n, the nth standard identity sn is multi
linear of degree n. It is also alternating.

D efinition 1.8.6. Let R be a ring and let g(x\ , . . .  ,xn) € Z(x) be a polynomial of 

degree n. An element of R of the form g(r\ , . . . ,  rn) for some elements r  1, . . . ,  rn of 

R, is called an evaluation of g. The set of all evaluations of g is denoted by g(R), and 

the additive subgroup of R generated by g(R) is denoted by <j( R)+.

D efinition 1.8.7. Let R be a ring. Let S be the centre of R. Let g € Z(x) be a 

polynomial. Express g in the form g = a +  / ,  where a is an integer (the constant 

term of g) and /  € Z(x) is a polynomial which has zero constant term. Then g is 

called a central polynomial for R if the following two conditions hold:

1. g(R) C 5;

2. /  is not a polynomial identity of R.



C h ap ter 2

The C om m utative Case

In this chapter we outline the commutative ring theory result concerning asymptotic 
stability of prime divisors which provides the motivation for our study. M. Brodmann 
was the first to prove this result ([2]), but the proof we outline is the one given by S. 
McAdam and P. Eakin in [10].

2.1 A ssociated  prim e ideals

Lem m a 2.1.1. Let U be a ring. Let M be a right R-module. Let N be a submodule 

of M. Then we have the following:

1. Ass(N)r C A ss(M)r ;

2. Ass(M)r C Ass(N),< U Ass(M/N)r .

Proof. Let P  be an associated prime ideal of NR. Choose a non-zero submodule N' of 

N  such that P  — rR(N') and such that N 1 is a fully faithful P/P-module. It follows 

that P is an associated prime of Mu, since N1 is also a non-zero submodule of M.

Now let P be an associated prime ideal of MR and choose a non-zero submodule 

A/ ' of M such that P  = rR(M') and such that A/' is a fully faithful R/ P- module.
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Consider M' n N.  Suppose that M' n N is non-zero. Then since M' n N  is a

submodule of Kl\  we have P  = rR(M' fl N). Any non-zero submodule of a fully

faithful module is again fully faithful. Thus M' D N  is a fully faithful R/ P- module,

and a non-zero submodule of N . This shows that P is an associated ])rime of N.

Now suppose that M' n N = 0. Then we have:

(M' ® N) M'  s  M,
N  (.M ' D N )

Thus P  =  rR((M'®N)/N),  which shows that P is an associated prime of (M / N )n.

□

Proposition  2.1.2. Let M be a right module over a ring R. Suppose that M is finite 

dimensional. Then Ass(M) R is a finite set.

In particular Ass(M)h is finite if M is a Noetherian module.

Proof. Let I \ , . . . ,  I \  be distinct associated prime ideals of MR, where k is some 

positive integer. Renumber these primes if necessary so that P\ is minimal among 

the set {Pj , . . . ,  Pk). For each index i € {1, . . . ,  k) choose a non-zero submodule Bl 

of M such that P, =  r^Bf)  and which is a fully faithful R/Pl -module. We claim

that the sum B x + -----(- B̂  is a direct sum. To establish this we use induction on k.

The result is trivial for k =  1 so suppose that k > 2 and assume that the claim is 

true for all positive integers j  such that j  < k. It suffices to show that the following 

holds:

p , n  (P 2 © • • • © B k) =  o.

Suppose for a contradiction that B\ fl (P2 © • • • © Bfi) is non-zero. Since Bx n  (Bo © 

■ • • © Bk) is a non-zero submodule of B\  we have:

P, = r ( B l n ( P 2 © - - - © P fc)).
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Now take an element x 6 P2 H .. .  Pi Pk and an element:

b\ =  b2 +  • • • + bk € D\ n  (D-2 © • • • © Bk), 

where bt e Bt for each i 6 {1,. Now since we have:

x e  P2 n . . .  n  Pk =  r(B2) n . . .  n  r(Bk),

we must have b\X — b2x + -----h bkx — 0. This shows that:

x € r(B\ n (B2 © • • • © Bk))-

But we have that r(J3 in (£ 20* • -®Bk)) =  /V  Thus x G Pi, and hence P2n . . . n Pk C 

Pi- Now we have:

from which it follows that Pj C Px for some index j  € { 2 , , k},  since Px is a prime 

ideal of R. This is a contradiction to the minimality of Pi, which establishes the 

claim.

Finally we note that this implies that the existence of an arbitrarily large collection 

of distinct elements of Ass(M)r would yield an arbitrarily large direct sum of non

zero submodules of M,  which would contradict the fact that M is finite dimensional. 

So the set Ass(M)n is finite. □

Proposition 2.1.3. Let R be a right Noetherian ring. Let I be a right ideal of R. 

Suppose that the sequence:

P2 . . . P k c p 2 n . . . n p fc c  Pu

stabilizes.
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Then the sequence:

Ass n € Z, n >

stabilizes.

Proof. Let n he a sufficiently large positive integer so that the sequence:
ju-X

/Is.S’
V

n G Z, n > 1 (2 . 1 . 1 )

stabilizes.

Since Jn/ l n+l is a right /¿-submodule of /¿ / /n+1 we have the inclusion:

by 2.1.1. Now we have:

since the sequence (2.1.1) is stable. But we also have:

n n~[\  , ( n
Ass ( ) Ç Ass -

\ I " J r W R
by 2.1.1, so in fact we have:

Ass R C Ass
Tn+ 1 — \ Jn
1 /  R \ 1 /  R

So, when n is sufficiently large, the sequence:

A s s n G Z, n >  1

is decreasing.

But we have that R is a right Noetherian ring, so that R/ I n is a Noetherian right 

/¿-module. Thus Ass(R/ In)n is a finite set, by 2.1.2. Thus the sequence:

4 ss n G Z, n > 1

must eventually stabilize. □
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2.2 G raded  rings

The proof of M. Brodmann’s result ([2]) given in [10] makes crucial use of the asso
ciated graded ring of a ring R at an ideal /, which is defined in this section.

Definition 2.2.1. A ring R is called a graded ring if there is a collection of additive 

subgroups of /?, indexed by the integers, {R,, | g G Z}, which satisfies the following 

two conditions:

T ^ =

2. RqRq' C Rq+q>, for all integers g and g'.

Definition 2.2.2. Let R =  0  gZ Rq be a graded ring. An element r € R is called 

homogeneous if there is an integer q such that r  G Rq.

Further, an element r  G R is called homogeneous of degree g if r  G Rq and r /  0. 

In this case we use the notation deg(r) = g.

Remark 2.2.1. Let R =  0 i/iiZ Rq be a graded ring. Let a, h G R be non-zero homoge

neous elements. Then we have the following properties:

1. deg(ab) = deg (a) +  deg(b);

2. whenever a 4- b is homogeneous, we have deg {a) — deg(b) and either a 4  b =  0 

or deg{a -f b) = deg(a) =  deg(b).

This second property can be extended by induction to give that whenever k is a

positive integer and a \ , . . . ,  ak are homogeneous elements of R such that «i -t------ b ak

is homogeneous, we have that either a\ +  • • • +  ak =  0 or deg (a]) = • ■ • =  deg(ak) — 

deg(a\ +  • • • 4  ak).
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Definition 2.2.3. Let /? be a ring. Let /  be an ideal of /?. Define the associated 

!/radcd ring of R at /, denoted by gr[(R), by:

gr,{R) =  ®
geZ, q> 0

only finitely many components are non-zero
(x0 + I, x \  + 72, . ..)  |

and Xi e I \  for all positive integers i 

where 7° =  R. The component-wise addition is defined as follows. If we have elements 

x,y  € gri(R) with yth components (x)q =  xq + Iq+l and (y)q = yq +  79+1 respectively, 

then the </t,h component of their sum is given by:

(x + y)q = xq + yq +  Iq+1.

The multiplication is defined as follows. If we have, as above, elements x,y  € gr/(R) 

with 9th components (x)q -  xq + 7?+1 and (y)q =  yq + Iq+l respectively, then the r/tli 

component of their product is given by:

{xy)q= XiVj +  I9+l-
i j e l ,  i + j —Q

It, can be checked that gri(R) is a ring with identity element l /f + 7 and is graded 

with the grading given by the following rules:

Rq =  0 if g < 0

1 Rq =  Iq/ I q+1 if 9 > 0

Clearly 9/7 (7?) is a commutative ring whenever R is a commutative ring.

2.3 A sym pto tic  s tab ility  in th e  com m utative  case

Now we outline the proof of M. Brodmann’s result given in [10]. We first give a 
characterization of associated primes of a module over a commutative ring. Note



that an ideal P  of a commutative ring R is a prime ideal if and only if whenever a 
and b are elements of R such that ab £ P, we have either a 6 P  or b £ P.

Lem m a 2.3.1. Let R be a commutative ring. Let M be a right R-module. Let P 

be a prime ideal of R. Then P is an associated prime ideal of MR if and only if 

P  = rn(m) for some non-zero element m £ M .

Proof. Let P  be an associated prime ideal of MR. Choose a non-zero submodule M' 

of M such that P = r(M') and such that M' is a fully faithful module over R/P.  

Choose any non-zero element m! £ M'. Since R is a commutative ring we have 

r(m ') =  r(m'R). But m'R is a non-zero submodule of A/', so we have P — r(ni'R) = 

r(m').

Conversely, suppose that P = r(m) for some non-zero element m £ M.  As above 

r(m) =  r(mR)  so that P = r(mR). Suppose that N  is a non-zero submodule of mR. 

Trivially we have that P C r(N).  Take an element x £ r(N).  Choose a non-zero 

element n £ N.  Since n £ mR  we can write n =  mr  for some element r £ R. Now 

nx =  0 so that mrx =  0, which means that rx £ r(m) =  P. So since P is a prime 

ideal of R we must have either r £ P  or x £ P. But if r £ P  then r £ r(m), from 

which we deduce that mr =  n = 0. This is a contradiction, so we must have that 

x £ P.  Hence we have P D r(N)  and thus P =  r(N).  This shows that P is an 

associated prime of MR. □

Lem m a 2.3.2. [10, Lemma 1.1] Let R be a commutative ring and let 1 be an ideal 

of R. Suppose that gig{R) is a Noetherian ring. Let c £ gri( R) be a homogeneous 

element. Let S be a subset of R /I  with the property that the product of any two 

elements of S is again an element of S. Suppose that rgri(R)(c) 0  5  =  0. Them there 

is a homogeneous element d £ gri(R) such that rgri(n)(cd) D S — 0 and such that



rgr,(R)(cd) is a prime ideal of gr/(R).

Proof. The set:

{rgr,(R){cd) I d £ gri(Ii) is homogeneous and rgr̂ R)(cd) n S = 0}

is a non-empty set of ideals of grt (R) by hypothesis, since we can take d to be the 

identity element in the ring grfiR). Thus it has a maximal element, since grt (R) is a 

Noetherian ring. Let rgn(R)(cd) be such a maximal element, where d is a homogeneous 

element of grt (R) such that rgr,(R)(cd) 0  5  = 0. Take homogeneous elements x, y £ 

(jri(R) such that xy £ rgr,(R)(cd) and suppose that x f  rgr,(R){cd) and V <£ rgrg R)(cd). 

Then x £ rgn(R)(cdy)\rgr,(R)(cd) and so we have rgri(R){cd) C rgr,(R)(cdy). Thus there 

is an element s £ S n  rgrp R)(cdy), by the maximally of rgrp R)(ed).

Now y £ rgrj(R)(cds)\rgr,(R)(cd), so we have rgr,(R){cd) C ryTl(H){cds). Thus, again 

by the maximally of rgr,(R)(cd), there is an element s' £ S Cl rgri(R)(cds). But then 

we have ss' £ S (1 rgrp Rfcd). This is a contradiction, since d was chosen so that 

S n  rgr,(R)(cd) =  0.

It can be checked that this is sufficient to show that rgr,(R)(cd) is a prime ideal of

Lem m a 2.3.3. Let R be a commutative ring. Let l  be an ideal of R. Suppose that 

gri(R) is a Noetherian ring. Then the set:

R. □

is finite.

Proof. [10, Proposition 1.3] Take an element P £ Unez,n>i •Tss(/n-1/^ n)«//- Choose 

a positive integer n such that P  is an associated prime ideal of (7n~1/ / n)/e//- Then



have P =  rgri(R){c) n R/I.

Now by applying 2.3.2 (with S =  (R/I)\P),  there is a homogeneous element 

d £ gr,(R) such that rgr,w (cd) is a prime ideal of gn(R)  and rgri{R)(cd) n S =  0. 

Denote rgrj(R)(cd) by P*. Then we have P* D R / 1 = P. Now by applying 2.3.1 again 

we see that P * is an associated prime of gn(R)gr,{R)- In summary we have now shown 

that:

Now, by 2.1.2, the set Ass(grI(R))gT,(R) is finite. Thus the set on the right hand side 

of the inclusion above is also finite. This shows that the set:

Lem m a 2.3.4. [10, Lemma 1.1 (a)] Let R be a commutative ring. Let 1 be an ideal 

of R. Suppose that grr(R) is a Noetherian ring. Then there is a positive integer l 

such that whenever n is a positive integer such that n > l, we have:

Proof. We have that rgr,(R){I/ 12) is an ideal of the Noetherian ring grj(R) so we can 

choose a finite set, of elements a\ , . . . ,  a, (for some positive integer s) which generate 

vgrl(R){I/ 12) as an ideal. Since every element of grj(R) can be expressed as a finite 

sum of homogeneous elements, we may assume that the elements o i , . . . , a s are all 

homogeneous.

V Jn )n6Z,n> 1 '
M  C {P* f) R/1 \ P* E Ass(gn(R))gri{R)}.

. . V * / li ! I

is finite, completing the proof. □

Set / = 1 + rnax{deg(ai) | i G (1, . .  .,#}}. Let n be an integer such that n > l 

and take an element x € rgn{R)(I/T2) D (In/ I n+1). Since x £ rgr̂ R)(I/ / 2), we



can write x =  altcli +  ••• -f aikcik for some positive integer k and some indices 

i \ , . . . ,  ik G { 1, . . . ,  s }, where ct l , . . . ,  cik are homogeneous elements of gr,(R). Since 

x is homogeneous with deg(x) = n, either x =  0, in which case the result follows, or 

we must have that deg(aijci}) =  n, for every j  € A:}. Then we can deduce the

following:
n =  deg(atjci})

= deg(ah ) + deg(cl})

< l + deg(cy)

< n +  deg(cl}).

Thus deg^Cij) > 0, for every j  G It, follows that ci] e ( I / I2)gri(R) and

hence that alj('ij =  0, for every j  G { 1 •  This shows that x =  0. Hence 

rgr,(R)(I/I2) H (In/ I n+1) = 0 as required. □

Lem m a 2.3.5. ([10]) Let R. be. a commutative ring. Let 1 be an ideal of R. Suppose 

that grj(R) is a Noetherian ring. Then there is a positive integer l such that whenever 

n is a positive integer such that n > l, we have:

.•4 s ¿>
In

J n  + \ C A s a
R/l

7n+1 \
n+2 ) R/l

Proof. Choose the positive integer l given by 2.3.4 and let n be an integer such that 

n > l. Let P  be an associated prime ideal of ( /" /1 n+l)n/i- Clioose a non-zero element 

c G ( /n/ / n+1) such that P  =  rji/i[c). It, follows from 2.3.4 that P — rn/i(c(J/J‘2)), 

and since we have c(I/12) C (7n+1/ / n+2) we deduce that P  is an associated prime 

ideal of (In+l/ I n+2)R/i. □
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Corollary 2.3.6. ([10]) Let R be a commutative ring. Let I be an ideal of R. Suppose 

that gr[(R) is a Noetherian ring. Then the sequence:

stabilizes, it is straightforward to check that for a right /¿-module M such that 

MI =  0, we have that P /I  is an associated prime ideal of MR/t if and only if P  is an 

associated prime ideal of MR and /  C P. So there is a one-to-one correspondence be

tween elements of Ass(In~l/ In)n/i and elements of Ass(ln~l/ In)R, lor each positive 

integer n. Thus the sequence:

P roposition  2.3.7. Let R be a commutative Noetherian ring. Let I be an ideal of 

R. Then grj{R) is a Noetherian ring.

Proof. This is a consequence of the Hilbert basis theorem ([18, Theorem 4.48]). □

Thus we have the result giving asymptotic stability of prime divisors of powers of 
an ideal in a commutative Noetherian ring.

C orollary  2.3.8. (M. Brodmann) [2] Let R be a commutative Noetherian ring. Let 

/  be an ideal of R. Then the sequence:

stabilizes.

Proof. It is clear from 2.3.3 and 2.3.5 that the sequence:

stabilizes. □

stabilizes.
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2.4 P rim e ideals in th e  associated  graded  ring

We now briefly discuss the consequences of an attempt to generalize the above ar
gument, to a noncommutative setting. Let R be an arbitrary ring and let 1 be an 
ideal of R. It, is clear that a method is needed for producing a prime ideal P* of the 
associated graded ring of R at / , gri(R). It is also clear that the method to do this 
used in the above argument (2.3.2) cannot be generalized in a straightforward way. 
There is however a method for producing such a prime ideal, in a certain setting, due 
to A.J. Gray ([5]). We first define a particular ring, named after D. Rees.

D efinition 2.4.1. Let R be a ring. Let / be an ideal of R. Let t be a commuting 

indeterminate. Then the Rees ring of R at / , denoted by R[t~l ,It], is defined to be 

the set of all polynomials of the form:

+  • • • +  1 + i'q + Xu t + • • • + xntn,

where rn and n are positive integers, i'j £ R for each j  £ {—rn, . . .  ,0}, and aq £ P  

for each i £ {1, . . . ,  n}.

It is straightforward to describe the Rees ring in terms of the associated graded 
ring, as follows.

Lem m a 2.4.1. [5, Lemma 3.11.1] Let R be a ring. Let I be an ideal of R. Then:

IR]* m - 1, m
S t-'

Proof. Define a map 0 : R[t~], It] — » gi'i(R) on an element r_wi~m -i------ (- r ^ t r 1 +

r0 + x0t +  • • • + xntn of R[t~l , It] as follows:

0(r_mf "* + ••• + r- \ t  1 + r() + xqt + • • • + xntu) — (ru -f /, aq +  / " , . . . ,  xn +  In f l ).

It, is straightforward to check that 0 is a ring homomorphism which is surjective and 

is such that her(6) — It]. The result now follows from the first isomorphism

theorem. □
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Thus calculating the prime ideals of gr,(R) is equivalent to calculating the prime 
ideals of R[tr \I t ]  which contain the ideal t~lR[t~], It].

Definition 2.4.2. Let R be a ring. Let S be an overling of 7?. Suppose that R and 

S share the same identity element. Let I be an ideal of R. Then define the following 

two subsets of S:

1. I* =  {s e S | s i  C 77};

2. 7+ =  {s € S \ Is C R}.

It is easy to verify the following basic properties of the sets 7* and 7+:

1. I* and I+ are additive subgroups of 5;

2. 1 e 7* fl /+;

3. 7*7 C R and 77+ C 7?;

4. 7* = I* R and I* =  RI*\

5. /+  =  I+R and 7+ =  RI+.

D efinition 2.4.3. Let R be a ring. Let S be an overring of R. Suppose that R and S 

share the same identity element. Let / be an ideal of R. Then / is called an invertible 

ideal of R if 7*7 = 77+ =  R.

The properties listed above can be used to prove the following result.

P roposition  2.4.2. Let R be a ring. Let S be an averring of R. Suppose, that R and 

S share the same identity element. Let I be an invertible ideal of R. Then I* =  1 +, 

and this invariant is denoted by 7-1.

Proof. We have 7* = 7*7? =  7*77+ =  RI+ =  7+. □
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In attempting to generalize 2.3.8 to invertible ideals in a Noetherian ring, we have 
the following advantage.

Theorem  2.4.3. (A.J. Gray) [5, Corollary 4.2] Let R be a right Noetherian ring. Let 

I be an invertible ideal of R. Then gri(R) is a right Noetherian ring.

T heorem  2.4.4. (A.J. Gray) [5, Lemma 4.4, (a)] Let R be a ring. Let I be an 

invertible ideal of R. Let P be a prime ideal of R such that PI  =  IP. Then the 

following subset of R[t~l , It\:

p ' =  ©  (P P 'n P )P  ] © P ©  ©  P P t1
\jez,j<o )  Viez, ¡>0

is a prime ideal of R[t~l , It].

However to apply this result to a particular associated prime ideal P  of (R /I n)n, 
for some positive integer n, we would need to establish that PI =  IP. It is unclear 
whether this condition would hold in these circumstances. To conclude this discussion, 
we consider the following result.

Lem m a 2.4.5. [3, Lemma 4.2] Let R be a ring. Let I be an invertible ideal of R. Let 

P be a prime ideal of R. Suppose that I <j- P. Then PI — IP.

Proof. First note that since ( P H / ) / -1 C 7 /_1 =  R, and since P  D I is an ideal

of R, we must have that (P  D / ) / “ ’ is a left ideal of R. Further we have that

( P n / ) / _1/  = P n  /  C P. Now P  is a prime ideal of P, and / <£. P by hypothesis, so

we must have (P  Pi /)/"*  C P. Multiplying both sides of this inclusion by /, we see

that P  D /  C PI. Thus we have P f l /  =  PI. A symmetrical argument shows that

we also have P  Pi / =  IP. Hence PI -- IP  as required. □

Note that if P  is an associated prime ideal of (R / I n),t, for any positive integer n, 
then we have that I n C P, and so /  C P. In view of the above result, it is not true 
that PI  =  IP  under the general hypothesis that I C P, for we would arrive at the 
contradiction that P I ■=£ IP  implies that PI  = IP.



C hap ter 3

A zum aya A lgebras

In this chapter we give a generalization of M. Brodmann’s theorem (2.3.8) to Azumaya 
algebras, transferring the focus of our study from the associated primes of (R/I)r 
to the affiliated primes of (R /I )r. In doing so we show that there is a very nice 
relationship between the affiliated primes of (R / I ) r and the affiliated primes of (S/ If) 
S)s (Corollary 3.3.6), where S is the centre of a Noetherian Azumaya algebra R and 
I is any ideal of R.

3.1 In tro d u c tio n  to  A zum aya algebras

Let R be a ring. Let M  be a right /?-module. An /?.-endomorphism of M is a right 
/?-module homomorphism 0 : M  — > M . The set of all 72-endomorphisms of M  forms 
a ring and is denoted by EndpfM).

The opposite ring of R is denoted by Rop and is defined to be the set R together 
with the same addition as in R and the multiplication defined as follows. If juxtapo
sition denotes the multiplication in R then the product of two elements a, b € Rop is 
defined to lie a x b =  ba.

D efinition 3.1.1. Let R be a ring. Let S be the centre of R. Let E — Ends(R), the 

ring of all endomorphisms of the 5-module R. If a and b are elements of R then we 

can define a map 0(i,6 € E on an element r € R by:

(/>a, b(r) = 0,rb.

29
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Using this definition we can define a ring homomorphism 0 : R ®s E"v —  ̂ E on an 

elementary tensor a ® b (where a, b G R) by:

9 {a <S> b) -  <j>a,b,

and then extending this definition to the whole of R R“1' by linearity.

Then R is called an Azurnaya algebra (over S) if the following hold:

1. R is a finitely generated and projective 5-module;

2. the map 9 as defined above is a ring isomorphism.

Examples of Azumaya algebras include the class of central simple algebras (see 
chapter 5). In addition the ring Mn(A), where n is any positive integer and A is any 
commutative ring, is an Azumaya algebra. As will be seen, Azumaya algebras have 
some very desirable properties in connection with their centres.

P roposition  3.1.1. [12, Proposition 13.7.9] Let R be an Azurnaya algebra. Let S be 

the centre of R. Then we have the following:

1. If I is an ideal of R then I D 5  is an ideal of S;

2. If J is an ideal of S then JR is an ideal of R.

Further we have:

1. If 1 is an ideal of R then ( / fl S)R1 = I ;

2. If J is an ideal of S then JR  fl 5  = J.

In other words there is a one-to-one correspondence between ideals of R and ideals of 

S.

The following result establishes that this correspondence preserves products.



Lem m a 3.1.2. Let R be an Azumaya algebra with centre S. Then:

1■ If J  i and ,/2 are ideals of S then [J\ /i>)(d2/i>) = (J iJ2/i);

2. If /[ and 1-2 are ideals of R then (I\ fl 5 )(/a H S) =  / i / 2 fl S.

Proof. Let J\ and J2 be ideals of S. That (,/] R)(J>R) =  { J\ .PR) follows easily from 

the fact that elements of S commute, since S is the centre of R. Now let Ix and /2 

be ideals of R. We have the following:

(/i n S)(l2 n s) = ( ( h n S ) ( i 2n S ) ) R n S  (by 3.1.1)

=  ( i l n S ) R ( h n S ) R n S  

— R h n S  (by 3.1.1 again).

□

This result is easily extended by induction, a fact we state explicitly due to its 
relevance to the subject of this thesis.

C orollary 3.1.3. Let R be an Azumaya algebra with centre S. Them:

1. If J is an ideal of S and n is a positive integer then (JR)n — JnR;

2. If I is an ideal of R and n is a positive integer then (1 11 S)n = /" n S.

Using the above result we obtain a crucial property of ideals in Azumaya algebras.

C orollary  3.1.4. Let R be an Azumaya algebra with centre S. Then:

J. If P is a prime ideal of R then P  D S is a prime ideal of S;

2. If Q is a prime ideal of S then QR is a prime ideal of R.

The above results do not hold for one-sided ideals, as the following example illus
trates.
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Remark 3.1.1. Let R be the ring A/afZ). This ring has centre:

€ Z

and R is an Azumaya algebra over S , since it is a matrix ring over a commutative 

ring. The set:

/  =
Z Z 

0 0

is a right ideal of R. But clearly we have /  ft S =  0.

The next result establishes that chain conditions pass between an Azumaya algebra 
and its centre.

C orollary 3.1.5. [12, Corollary 13.7.10] Let R be an Azumaya algebra with centre 

S. Then the following three conditions are equivalent:

1. R has the ascending chain condition on ideals;

2. R is a (two-sided) Noetherian ring;

3. S is a Noetherian ring.

3.2 A ffiliated subm odules

Let I be an ideal in a ring R. In this section we give a result characterizing the 
affiliated submodules of (R/I)n . This result arises from the fact that R / l  is an 
(R, /?)-bimodule. The result in this section is a special case of a result concerning 
bimodules given, for example, in [4, Chapter 7].

Lem m a 3.2.1. Let R be a ring. Let I be an ideal of R. Let . / / /  =  lnji(P) be 

an affiliated submodule of { R / l ) r, where P is a maximal annihilator prime ideal of



(/?//)/?. Then J /I  is a two-sided ideal of ll /I,  and P is a maximal element of the 

set:

tr
X_ X

7 is an ideal of — such that I ^  X  j  .

Conversely, if P is a maximal element of the set:

' X  \  , X
tr I

is an ideal of y  such that I C X  j  ,

then In/1 (P) is an affiliated submodule of (R /I )r .

Proof. By definition J/I  is a submodule of (R /I)r, and so is a right ideal of R/I. 

Thus it is enough to show that J/I  is a left ideal of R/I.  Take elements j  -f / € J/I  

and r + /  € R/I.  Then we have j P  C /, and so r jP  C /. Thus we have:

(r +  I)(j  +  / )  =  rj  +  I € Ir/ i (P) =  J / I ■

Thus J/I  is a left ideal, and hence a two-sided ideal, of 11/1.

To establish the second part of the necessary condition, we note that P  is a 

maximal element of the set:

X . R
— is a right ideal of — such that / C x

again by definition. Now since we have established that P  belongs to the set:

j/'/f ^ y  ̂  | y  is an ideal of y  such that 1 ^  X

it must actually be a maximal element of this set as required.

To prove the converse, we need to show that P  is a maximal annihilator prime 

ideal o{ (R /I ) r . Choose an ideal X of R such that I C X  and P  =  rR(X/I).  Suppose 

that P  C m (Y/I)  for some right ideal Y  of R such that I C y , Then RY  is an ideal
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of R and /  C y  C R Y . So RY/I  is a non-zero ideal of R/l.  But it is easily seen 

that:

P C r,t
7 ) = '■ ( ¥ '

We must have equality in this chain, by the maxirnality of P among annihilators of 

non-zero ideals of R/I.  This completes the proof. □

3.3 Affiliated prim es and A zum aya algebras

Let R, be an Azumaya algebra with centre S. Let 1 be an ideal of R. In this section 
we outline the relationship between the affiliated prime ideals of (R/I)n and the 
affiliated prime ideals of (S/(I  D S))s-

Let R be a Noetherian ring. Let /  be an ideal of R. We note that by 1.3.2 there 
does exist an affiliated series:

7/7 =  Jo /7 ^  J\/1 ^  ^  Jn/ 7 =  R / 1

for (R/I)r .

P roposition  3.3.1. Let R be an Azumaya algebra with centre. S. Suppose that R is 

a right Noetherian ring. Let I be an ideal of R. Suppose that:

1 /1 =  • y / c . / . / f  C c , / „ / /  =  Æ//

is an affiliated series for {R/I)a with corresponding affiliated primes P \ , . . . , P n, 

Then:
m s  Jo n s  r  J m s  r  r  jn n s  s 
i n s  ~ i n s  * 1  n s  * ' ' '  * m s  ” 7n s

is an affiliated series for (S/(I  fl S))s with corresponding affiliated primes i f  n

5 , . . . ,  Pn n S.



Proof. The given chain clearly consists of (right) 5-submodules of 5/(7 n S). To

see that the chain is strictly ascending, we note that J0, .......7„ are ideals of R by

3.2.1 and so if n  S =  Ji D S for any index i G {1, . . . ,  n} then we would have 

{Ji-i D 5)7? = («/,• D 5)7? from which it follows that Jj_i = J, by 3.1.1. This is a 

contradiction.

Now, for any i G { l , . . . , n} ,  we have that Pi =  rR(Ji/Ji~i) by definition, and 

we claim that Pt n S -  rs ((Ji n  5 )/(Jri_ i n  5)). Take an element p G Pt fl 5. Then 

(JiDS)p C JipnS C J i_1n 5 , so that p G r s ((.7in 5 ) / ( J l_1n5)). This establishes that 

Ptr)S C rs ((JinS)/(Ji-inS)).  For the reverse inclusion, let s G rs ((JiC\S)/(J^nS)). 

Then we have:
JiS =  (J,n5)7?,s (by 3.1.1)

=  (Ji n  S)sR (since s G 5) 

c  ( j i. l n S )R  

= Ji_! (by 3.1.1).

Thus s G rn(Ji/Ji-i) fl 5  =  Pj fl 5. This proves the claim. It remains to show that 

(Ji D S)/(J i-1 D 5) is an affiliated right 5-submodule of 5/(.7,_1 D 5).

Since Pj ft 5  = r.s’((,7, n  5 )/(Jj_ i n  5)), we have the following inclusion:

ls/(j^ns)(Pr n  5) 2  (j , n  5)/(«7j_i n  5).

The reverse inclusion is proved as follows. Take an element s+(,7j_in5) G p7(j,^1ns)(PIn 

5). Then s(P,- n  5) C ,7j_! n  5. Multiplying both sides of this inclusion by R, we 

have that s(Pt- n  5)7? C ( J ^  n  S)R. Then sPt C Jt_u by 3.1.1. This shows that 

s + Ji-\ G hi/j.-i (Pi) =  Ji/Ji-i and hence that s G ,7, D 5.

Thus ls/(Ji-ir\s)(Pi H 5) = (,7j n  5 )/(Jj_ i n  5), and by 3.2.1 it is now sufficient to



36

show that Pi D S is a maximal element of the set:

|  rs ^ j  'Vi''*?)   ̂ ^  *s an ^  suc-h ^ ia*: *̂1 - 1  n  5 ^  Ar |  .

We have established that P{C\S =  rs({JiPiS)/(Ji-\ PS)),  so that P, PiS is a member 

of the above set. Suppose that Pi D S  C rs(Ar/(  ./¿-i D S)) for some ideal A of S such 

that i n S  P X. Then we have:

« = lp' nS>S £ " ( ^ s )  n -

We note that given elements s E rs(X/(Ji - \  PIS')) and r E R  we have X s  C Ji_l C\S, 

and so we have:

X R s r  =  X s R r  C ( J ^  n  S)Rr = Jl- {r C

This shows that:

Now we have:

J t_i D S ,

, X  \ „ wv/? 
Pt c  rs ( ------ 7̂7; j R c  rRJ i - i DSj  \Ji_j

But we must have equality in this chain by 3.2.1. It follows, by taking intersections

in S, that we have:

P, D S = rs
X

Ji-i n s
This completes the proof. □

C orollary 3.3.2. Let R be an Azumaya algebra with centre S. Suppose that R is a 

right Noetherian ring. Let I be an ideal of R. Then:

A 5 i { i ) x s c - A i i i M s



Proof. This follows directly from 3.3.1. □

Before proving the reverse inclusion, we need the following result.

Lem m a 3.3.3. Let R be an Azurnaya algebra with centre S. Let I be an ideal of R. 

Let J be an ideal of R such that J D /, so that ,J/1 is an ideal of R / l . Then:

( J  S + I \ R J
r

Proof. It is clear that:
J S + I \
7 n ~~r~ )

R J R J

To prove the reverse inclusion, note that it follows from the fact that ,7 is an ideal of 

R that (./ n S)R. =  ./. So we have the following:

J  ( J nS) R ^ ( J n( S + i ) )R J n ( s  + i) R ( J  S + i \ r  
i  ~ i  ç i  ~ / ' / V / / / / '

□

We can now prove a result which amounts to a converse of 3.3.1.

P roposition  3.3.4. Let R be an Azurnaya algebra with centre S. Suppose that R is 

a right Noetherian ring. Let /  be an ideal of R. Suppose that:

i n s  Jq r  J\ r  r  Jn s 
i n s  = 7ri5 * m s  * ' ' ‘ * m s  = m s

is an affiliated series for (S/(InS))s  with corresponding affiliated primes Q i , . . . ,  Qn. 

Then:
I J0R r  J\R r  r  JnR R
I ~ j  *  j  *  ■ • • *  j  ~  j

is an affiliated series for (/? //)«  with corresponding affiliated primes Q \R , .. .  ,QnR.
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Proof. Take an index i G n}. We first establish that:

Take elements q G Qt and a G R. Using the fact that Qt =  rs {Ji/Ji~ 1), we have that:

JiRqa =  JiqRa (since q G Q, C S')

C J^Jin  

C J ^ R .

Thus qa G rn{JiR/R-\R),  from which it follows that:

For the reverse inclusion, note that for any element s G rn(JiR/J,- \ R) ft S, we have 

that JiRs C Ji_iR. Thus JisR C since s G S. Intersecting both sides of this

inclusion in S gives that JtsR D S C  J t_x R n  S. Now since is an ideal of S , we 

can apply 3.1.1, giving that .Rs C Ji_x. Thus s G rs{'h/Ji~i) =  Qi- This shows that:

Now apply 3.1.1 again to conclude that:

This establishes the initial claim (3.3.1).

From the claim (3.3.1) we can immediately deduce that:

Then we have the following:



rims, using 3.1.1, we have:

= s (Q,),

and so, by the second isomorphism theorem:

■h + >h-\R
Ji-iR

Is+J^̂ K (Qi).

Then:
(J ,R n S )  + ./.-,/? = (Q,) n

Applying the Dedekind modular law to this gives that:

J ,R n (S  + J , - M = l ^ m

Thus:

J i- iR

JiR  ( S  +

■ h - i R  J '

S +  J i- iR
Ji-iR

So since Qi C Qt R, we have:

JJi ^ ( S + J i -x R

n l " x i 7 r J = ,^ (iWnv

-j— 7z 111  — j— 5— 1 3  i * (QiR) n 1 — -— —
J i - \ R  \  J i - i R  J  ■'<-«* V J i - i R

We claim that lR/ j^ lR(QiR) is an ideal of R / J ^ R .  QiR. is an Tleal of R, which shows 

that lR/Jl„lR(QiR) is a submodule of (R/Ji- \R)R. In other words Iji/j^^niQiR) is a 

right ideal of R/Ji-\R.  Given an arbitrary element r £ R and an element a £ R such 

that <iQiR C Ji-iR, clearly we have that raQiR C ,/,_]/? (since Ji-iR is an ideal of 

R). Thus ra + Ji-iR £ l h (Q,R). This establishes that lR/ j l_lR{Q,R) is an ideal of 

R/Ji-xR. Now by applying Lemma 3.3.3 to the inclusion 3.3.3 we can conclude that:

f s  +
(3.3.3)
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which together with the inclusion 3.3.2 gives that:

JiR
l -a —{QiR) -  j ,yJi-1«

So, by using 3.2.1, it is now sufficient to show that QtR is a maximal element of the 

set:
X  '

i'll , A' is an ideal of R such that Jl~\R (y  X  > .
Ji-\R,

QiR does belong to this set, since QtR = rR(JiR/Ji-\R). Now suppose that QJl  Ç 

rR(X/Ji-iR)  for some ideal X  of R such that J,-\R ^  X.  Then QiR n S Ç 

rR(X/  Ji-iR) Pi S, and so Qt Ç rs(X/Ji-iR),  by 3.1.1. Now if we take an element 

s e S such that X s  Ç then we have:

Ç As n 5

Ç J i ^ R n s

= Ji-1.

This gives the chain of inclusions:

Finally, note that Qi is maximal among annihilators of non-zero ideals of S/J, l5 by 

3.2.1, so equality must hold across the above chain. This gives that:

X  \
Qi F

Thus, by 3.1.1, we have:

QtR n S  =  rn

Ji-iR,

x
n s .

Ji- iR,

Applying 3.1.1 again, this time to both sides of the inclusion, gives that:

X
QiR =  r,

Ji~xR
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rims QiR is a maximal annihilator prime ideal of ( I i / a  as required. This 

completes the proof. □

C orollary 3.3.5. Let R be an Azumaya algebra with centre S. Suppose that R is a 

right, Noetherian ring. Let I be an ideal of R. Then:

A f f l j j  n S D A / f
s

m s

Proof. This follows directly from 3.3.4. □

C orollary 3.3.6. Let R be an Azumaya algebra with centre S. Suppose that R is a 

right Noetherian ring. Let /  be an ideal of R. Then:

A f f
R' n s  = A f f m s

and:

A f f  { y A f f
S

j n s j s
R.

Proof. The first statement follows from 3.3.2 and 3.3.5. The second statement follows 

directly from 3.1.1. □

3.4 A n exam ple

In this section we provide an example to illustrate 3.3.6.
Let A be a commutative Noetherian ring. Then M2(A) is a Noetherian Azumaya 

algebra. Suppose that A/2(A) is a Noetherian ring. Let I be an ideal of M2(A). Then 
I = M2(J) for some ideal ./ of A. We aim to use 3.3.6 to determine the elements of 
the set:

A f f / A h (A ) \  
U  h ( J ) J
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We now introduce some notation. If Si, S2, S3 and S4 are subsets oi A, then the 
notation:

'S, s2
_ S3 S4

will normally denote the set:

S’ S'2 | e  Si for each i =  1,2,3,4 } .

S3 sA _

However, in this example the notation:

S 0 
0 5

where S is a subset of A, will denote the set:

s 0 
0 s

Let X  denote the centre of M2{A). Then:

8 € 5

X
A 0 

0 /I

and clearly X  — A via the ring isomorphism 0 : X  — >■ A defined by:

a 0 

0 a
a,

for all a € A. Now since X is a commutative Noetherian ring, we have

A f f Hj(.I) n X ) x Ass ( m2(./) n.v) v
bv 1.3.5. Further we have Q(M2(J) fl .V) =  .7, and so:
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Thus:

Al,M{ \ i 2(j)n x ) x
p  o 

o P
P € Ass

We claim that:

« ' ( S ) MA P) | P  G Ass 

M2(A)\

Mi{A)  t  \ "  /  A.

Take an element:
F' e A f f  ( . . iV M2{J) J m2(A)

Then there is an ideal P  of .4 such that Y — MAP). Then, by 3.3.6, we have that:

MAP)
P' 0 
0 P'

MA A),

for some associated prime ideal P' of (A/J)a- So it is enough to show that P  =  P'. 
This is true as follows. Take an element p € P. Then we have:

P 0 
0 0

G MAP)
P' 0 
0 P'

Then it follows that there is a positive integer n, elements p i , . . . ,  pn G P ' and elements
«11, . . .  , «nil «1 -2> . . .  1 «n2, «13, • • • , «n3, «14, • • • , «n4 £ -d SUCh that:

p 0 Pi «11 + • V+Pnûnl Pl «12 + • 4" Pn«n 2
0 0 Pi «13 +  ■ + Pn«n3 Pi «14 + • • +  Pn«n4 .

Thus p G P'. For the opposite inclusion, let p' G P'. Then clearly we have:

MAA) =  MAP).
P' 0 ‘

G
’ P' 0

Ç
' P' 0

0 0 0 P' 0 P '

Thus p' G P.
Conversely, let P  be an associated prime ideal of (A /J )a■ Then clearly we have 

that:
, r P  0

MAP) n X  =
0 P
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Hence we have:

MAP) n X  € Ass

Hence:

A'
m 2(J) n x  

M2(P) € A f f

= Af f ( — X  , 
x JJ \ M 2{J) n x J  x

X

Thus by 3.3.G we have:

MAP) e A f f

MAJ) n X  )  v 

m 2(A)\

M2(A).

MAJ) M2(A)

Remark 3.4.1. In the above example we have used 2 x 2 matrices, but the argument 

is equally valid for matrices of higher dimensions. Thus we have the following. Let n 

be a positive integer. Let A be a commutative ring such that Mn(A) is a Noetherian 

ring and let Mn(J) be an ideal of Mn(A), where ./ is an ideal of A. Then:

A f f
'Mn(AY

=  \ MAP)  I P e Ass
Mn(A)

'A'

Remark 3.4.2. Let A =  Z in the above example. Then Z is a Noetherian ring, so 

Mn{Z) is also a Noetherian ring. Now Z is a principal ideal domain, so that ideals of 

Z are of the form nZ, for some integer a € Z. Thus ideals of Mn(Z) are of the form 

Mn(aZ), for some integer a e Z.

Now let Mn(aZ) be an ideal of A/n(Z). It can be checked that the prime ideals of 

the factor ring Z /oZ are precisely the elements of the set {pZ/aZ | p is a prime divisor of a}. 

Now every prime ideal of Z/oZ is an associated prime ideal of (Z /aZ)(Z/aZ) as follows.

Let pZ/aZ be a prime ideal of Z/aZ. Then since p is a prime divisor of a there is an 

integer x € Z such that a = xp. Then it is easy to check that pZ/aZ =  r^/az(x +  aZ), 

so that pZ/aZ is an associated prime ideal of (Z/aZ)(z/a£) by 2.3.1. Thus we have 

that:

Ass =  {pZ | p is a prime divisor of a ) .
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Hence we can conclude that:

= {A/n(pZ) | p is a prime divisor of a } .
Mn(aZ) )  Af„(z)

3.5 A sym pto tic  stab ility  for A zum aya algebras

Having now established that affiliated prime ideals go up and down between an Azu
maya algebra and its centre in the manner we desire, we are in a position to prove 
an asymptotic stability result for Azumaya algebras. This result generalizes 2.3.8 to 
right Noetherian Azumaya algebras.

C orollary 3.5.1. Let R be an Azumaya algebra with centre S. Suppose that R is a 

right Noetherian ring. Let I be an ideal of R. Then there is a positive integer p such 

that whenever n is a positive integer such that n > p, we have:

Proof. Since R is a right Noetherian ring, S is also a Noetherian ring by 3.1.5. Thus 

by 2.3.6 we can choose a positive integer p such that whenever n is a positive integer 

such that n > p, we have:

Take a prime ideal:

Then, by 3.3.6, we have:

Thus, by applying 3.1.3, we have:
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Bv hypothesis:

P n S e A f f

By applying 3.1.3 again, we have:

P n S e A f f

S
(.i n s )

S

n+1

jn+ l n  5

By applying 3.3.6 again, we have:

P6W(A )r-
This shows that:

The reverse inclusion is proved analogously. □



C hap ter 4

Affiliated prim es and localization

Let R be a Noetherian PI ring. Our general strategy is to find a overring R' which 
satisfies the following two criteria:

1. affiliated primes ‘go up and down’ between R' and /?;

2. affiliated primes ‘go up and down’ between R' and the centre of R'.

It would then be possible to formulate a theorem concerning asymptotic stability of 
affiliated primes in R, using the fact that asymptotic stability of associated primes 
holds in the centre of R'.

4.1 Localizations

Recall in chapter 1 that we defined the right quotient ring of a ring. If a ring R does 
have a right quotient ring then the set of all regular elements of R form what is called 
a right denominator set, and the right quotient ring can be viewed as a localization of 
R at the set of regular elements. In this section we generalize this concept and define 
a localization at any right denominator set in a ring R.

D efinition 4.1.1. A subset X  of a ring R is called a multiplicative set if the following 

conditions hold:

1. whenever we have elements x i , xi € A', we have X\X,2 G X ;

47
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2. 1« G X.

D efinition 4.1.2. Let A' be a multiplicative subset of R. Then A is called:

1. a right Ore set if given arbitrary elements x € A” and r  € R, there exist elements 

x' G A and r' G /? such that xr' — rx';

2. a right reversible set if whenever r G /? and x G A" are elements such that 

xr — 0, then there is an element x' G A such that rx' — 0;

3. a right denominator set if it is both a right Ore set and a right reversible set.

Left Ore sets, left reversible sets and left denominator sets are defined analogously.

D efinition 4.1.3. Let R be a ring. Let A be a multiplicative subset of R. Then 

a right ring of fractions (or right Ore quotient ring, or right Ore localization) for

R with respect to X  is a pair (S, (p), where S is a ring and <fi : R — > S is a ring

homomorphism which satisfies the following conditions:

1. (j){x) is a unit in S whenever x G A;

2. every element of S has the form (f>{r)<j>{x)for some elements r G R and x G A";

3. ker(cj)) = {r G R \ rx =  0 for some x G A }.

Remark 4.1.1. 1. In this case S is usually referred to as the right ring of fractions

for R with respect to A, and an element (p(r)(j)(x)~l of S (where r G R and 

x G A") is abbreviated to simply rx~l .

2. A left ring of fractions for R with respect to X  is defined symmetrically.
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3. If X  consists of regular elements of R then the map 0 : R — > S is a monomor

phism. In fact, 0 : R — > S is a monomorphism if and only if X  consists of left 

regular elements.

4. The map 0 is occasionally called the natural localization map.

The next two results establish for which multiplicative sets it is possible to form 
a right ring of fractions, and that when we can form such a ring it must be unique.

T heorem  4.1.1. [4, Theorem 9.7] Let R be a ring. Let X  be a multiplicative subset 

of R. Then there exists a right ring of fractions for R with respect to X  if and only 

if X  is a right denominator set.

T heorem  4.1.2. [4, Corollary 9.5] Let R be a ring. Let X  be a right denominator set 

in R. Suppose that 0i : R — > S\ and 02 : R — > S2 are both right rings of fractions 

for R with respect to X. Then there is a unique ring isomorphism r / : Si — > S2 such 

that 7) o 0j = 0 2.

Thus given a right denominator set X  in a ring /?, the right ring of fractions for R 
with respect to X,  which exists and is unique up to isomorphism by 4.1.1 and 4.1.2 
can be denoted by R X~l without ambiguity.

If A" is a denominator set in a ring /?, that is to say if X  is both a right and a left 
denominator set in 7?, then we can form both a right ring of fractions, R X ~ \  and a 
left ring of fractions, A'-1/?, for R with respect to A. Furthermore, by 4.1.2 and the 
left-handed version of 4.1.2, both RX~1 and X~' R  are unique (up to isomorphism). 
In fact, we have the following.

P roposition  4.1.3. [4, Proposition 9.8] Let X  be a (two-sided) denominator set in 

a ring R. Then any right, ring of fractions for R with respect to X  is also a left ring 

of fractions for R with respect to X . Symmetrically, any left ring of fractions for R 

with respect to X  is also a right ring of fractions for R with respect to X .
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Thus if A' is a (two-sided) denominator set in a ring 72, then RX  1 and X 172 are 
isomorphic and thus it is possible to speak of a ring of fractions for R with respect to 
X  which is unique up to isomorphism.

Suppose that 72 is a ring which has a right quotient ring Q. Let A” be the set of 
all regular elements of R. We note that in this case A" is a right denominator set and 
that the right ring of fractions for 72 with respect to A' is (isomorphic to) Q. Thus a 
right ring of fractions can be regarded as a generalization of a right quotient ring.

4.2 T he X -torsion  subm odule

Let 72 be a ring and let M  be a right 72-module. If 72 is a semi-prime right Goldie 
ring then it is standard to use ‘torsion’ terminology for the singular submodule of 
M. That is: the singular submodule of M is called the torsion submodule of M ; if 
M is a singular right 72-rnodule then it is called a torsion right 72-module; if M  is 
a non-singular right 72-module then it is called a torsion-free right 72-module. The 
reason for using this terminology is that in the case when 72 is a semi-prime right 
Goldie ring the singular submodule of a right 72-module is analogous to the torsion 
submodule of a module over a commutative integral domain, as the following result 
shows.

P roposition  4.2.1. [4, Proposition 6.9] Let 72 be a semi-prime right Goldie ring. Let 

M be a right R-rnodule. Let Z(M) denote the singular submodule of M . Then we 

have:

Z(M)  =  {in £ M  | mx =  0 for some regular element x £ 72}.

Thus, generally speaking, it only makes sense to use ‘torsion’ terminology when 
72 is a semi-prime right Goldie ring. However, using the following result, we are able 
to make a more general definition.

Lem m a 4.2.2. [4, Lemma 9.3] Let 72 be a ring. Let X be a subset of R such that X  

is a right Ore set. Let M be a right R-module. Then the subset of M:

N =  [rn £ M  | mx — 0 for some x £ A"}
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is a submodule of A/.

D efinition 4.2.1. Let R be a ring. Let .Y be a subset of R such that .Y is a right 

Ore set. Let M be a right /¿-module. Then the submodule described above:

N  = {in £ M | rnx = 0 for some x £ A"}

of M  is called the X-torsion submodule of M and is denoted by tx (M).

D efinition 4.2.2. Let R be a ring. Let A" be a subset of R such that A' is a right 

Ore set. Let M be a right /¿-module. Then:

1. M is said to be X-torsion if tx (M)  = M;

2. M is said to be X-torsion-free if tx (A/) =  0.

Remark 4.2.1. Let R be a ring. Let A" be a right denominator set in R, so that the

right ring of fractions for R with respect to A', RX~l , exists. Let rx~l £ RX~ ]

(where r £ R and x £ X).  Then rx~l =  0 if and only if r £ t x (R.[i).

U R is a semi-prime right Goldie ring and A" is the set of regular elements of R then 
the Ar-torsion submodule of a right /¿-module is just the torsion submodule. Thus the 
above is a generalization of the definition of torsion and torsion-free modules. There 
are corresponding generalizations of some of the important results concerning torsion 
and torsion-free modules. We give those that are relevant to our study.

P roposition  4.2.3. Let R be a ring. Let X  be a right Ore set in R. Let M be 

an X-torsion right R-rnodule. Then everg submodule of M is X-torsion, and every 

factor module of M is X-torsion.

Proof. Take a submodule N  of M . Take an element n £ N. Then n £ M  also, so 

there is an element x £ X  such that nx — 0. This shows that N  is A’-torsion. Now
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take an element m + N  G M/N,  where m G M.  Since M is A'-torsion, there is an 

element x e X  such that mx =  0. Then (m + N)x = mx 4- N  =  JV, showing that 

M/ N  is A'-torsion. D

P roposition  4.2.4. Let R be a ring. Let X  be a right Ore set in R. Let M be an 

X-torsion-free right R-module. Then every submodule of M is X-torsion-free, and 

every essential extension of M is X-torsion-free.

Proof. Take a submodule N  of M. Let n e N  be an element such that nx =  0 for

some element x G X. Then n G M, and thus n =  0 since M is A'-torsion-free. This

shows that N  is A'-torsion-free. Now let M' be a right /¿-module such that M is an

essential submodule of M'. Clearly we have that t \ ( M ' ) r \ M  -  t x ( M) .  So since M is

A'-torsion-free we have that t x ( M)  = 0 and hence that t \ ( M ' ) r \ M  =  0. Now t x(M' )

is a submodule of M' so the fact that M  is essential in M' shows that tx(M') — 0.

Thus M'  is A"-torsion-free. □

For the results of which 4.2.3 and 4.2.4 are generalizations, see [4, Proposition 
6.10, (a) and (c)].

4.3 L ocalizations of m odules

Throughout this section let X  be a right denominator set in a ring /?, so that the right 
ring of fractions for R with respect to A', RX~x, exists. We generalize the concepts 
in the above section further, and define the localization of a right /f-module M  at X.

Remark 4.3.1. Let 0 : R — > S be any ring homomorphism. Note that any right 

5-module M can be made to form a right /¿-module under the module action rnr = 

m0(r). Thus even if the natural localization map 4> : R — > RX  ~1 is not a monomor

phism it is still true that any right module over RX~l is also a right module over R.



This allows a greater level of generality to he assumed in the following theory.

D efinition 4.3.1. Let M  be a right R-module. Then a module of fractions for M 

with respect to X is defined to be a pair {N, f) ,  where N  is a right RX~l-module and 

/  : M  —-> N is n right /i-module homomorphism which satisfies the following:

t. every element of N  has the form f(m)x~l for some elements m £ M and x £ A';

2. ker(f)  =  tx {M) =  {m £ M \ mx  =  0 for some x £ X) .

As with localizations of rings, we abuse the notation and simply call N  a module of 

fractions for M  with respect to X,  and denote an element f [a)x~x (where a £ M and 

x £ X)  of the module of fractions simply by ax~x. The map /  is occasionally called 

the natural localization map.

There are existence and uniqueness theorems for modules of fractions which are 
similar to those which exist for localizations of rings.

T heorem  4.3.1. [4, Theorem 9.13] Let M be a right R-module. Then there exists a 

module of fractions for M with respect to X .

T heorem  4.3.2. [4, Corollary 9.11] Let M be a right R-module. Suppose that f\ : 

M — ► Ni and f 2 : M  — > N2 are both modules of fractions for M with respect to 

X. Then there is a unique right RX~l -module isomorphism h : N\ — > No such that 

ho f x = f 2.

Given a right R-module M, the module of fractions for M with respect to A", 
which exists and is unique up to isomorphism by 4.3.1 and 4.3.2, is denoted by 
M X ~ l . As with localizations of rings, there is no ambiguity in this notation because 
of the uniqueness of the module of fractions.



Remark 4.3.2. Considering R as a right module over itself, it is clear that the right 

ring of fractions RX~l is also a module of fractions for Rr with respect to A'. Thus 

the localization of R as a ring at A' and the localization of R as a right module over 

itself at X  are isomorphic.

4.4 E xtensions and  con tractions

In order to be able to make use of localizations, or rings or modules of fractions, we 
need to be able to relate the ideal structure of a ring with the ideal structure of a 
localization of that ring. To do this, mechanisms for going up and down between the 
ideals of a ring and the ideals of a localization of that ring are needed. This is the 
purpose of this section.

Definition 4.4.1. Let A' be a right denominator set in a ring R. Let M be a right 

/2-module.

1. For any submodule N  of A/ft, define the extension of Ar, denoted by N e, as 

follows:

N e = {/¿aT1 | n € N, x G A'].

2. For any submodule A of (MX~l)nx-l i define the contraction of A, denoted by 

Ac, as follows:

Ac = {m G M | m l-1 G A}.

P roposition  4.4.1. Let X be a right denominator set in a ring R. Let M be a right 

R-module, Let N be a submodule of Ain and A a submodule of (MX Then

N e is a submodule of (MX~l)nx-' tmd Ac is a submodule of M r .

Proof [4, Theorem 9.17, (a) and (b)]. □



Lem m a 4.4.2. Let X  be a right denominator set in a ring R. Let M be a right 

R-module.. Let N be a submodule of Mu and let A be a submodule of (MX  1)u\ -■ • 

Then we have the following:

1. Ace = A;

2. Nec D N;

3. N ec =  N if and only if M /N is a torsion-free right R-module.

Proof. [4, Theorem 9.17, (a) and (b)]. □

An important consequence of these results is the following.

C orollary  4.4.3. Let X  be. a right denominator set in a ring R. Let M be a right R- 

module. Suppose that M is a Noetherian right R-module. Then M X ~ l is a Noetherian 

right R X ~1 -module.

Proof. [4, Corollary 9.18, (a)]. □

Remark 4.4.1. Let A” be a (two-sided) denominator set in a (two-sided) Noetherian 

ring R. Then we have by 4.4.3 that RX~l is a right Noetherian ring. We also have that 

the left ring of fractions for R with respect to AT, X ~ lR, is a left Noetherian ring, by 

the left-handed version of 4.4.3. But by 4.1.2 and 4.1.3, we have that X ~ xR = RX~l. 

Thus RX~x is a (two-sided) Noetherian ring.

Lem m a 4.4.4. Let X  be a right denominator set in a ring R. Suppose that X  consists 

of central elements of R. Then the set:

{x~l | x G X }  C R X -'

consists of central elements of RX  1.



Proof. Let x E X.  Since X consists of central elements of /?, we have rx = xr for any

element r E R. So x - l r = rx~x for any element r E R. Now for any ry~1 E RX~]

(where r E R and y E X), we have ry~xx~x = r(xy)~x = r(yx)~l =  rx~xy~x =

x~xry~l . Thus the element x~x E RX~X is central as required. □

We next need to investigate the circumstances in which the extension and con
traction operations preserve products.

Lem m a 4.4.5. Let X  be a right denominator set in a ring R. Let R and I2 be right 

ideals of R. Then:

{ h h Y  c  IRIR.

Let, J\ and J2 be right ideals of RX~x. Then:

JR JR C (J iJ2)c.

Proof. Take an element cx~x E (I\h)e where c E R h  and x E X.  Since c E 111> we 

can write c =  a\by +  • • • + anbn, where at E R and R E R for each i E ( 1 , . . . ,  n).

Then cx~x — a^yx*1 -I------ H------------------------------------- Eanl~xbnx~x E R eR e■ Thus

{RR)e C R eI2e as required.

To prove the second statement, note that by 4.4.1, JR and JR are right ideals of 

R. Thus we can apply the first statement, which gives (JRJRY C JR*JR* — J\J2. 

Then, contracting both sides of this inclusion, we have (,JRJRR0 C (J1J2)C and so 

JR JR Q {J1 J2Y} by 4.4.2. □

Lem m a 4.4.6. Let X  be a right, denominator set in a ring R. Suppose that X  consists 

of central elements of R. Let R and I2 be right ideals of R. Then (RRY — IRLR-

Proof. The inclusion in one direction is shown by 4.4.5. For the inclusion in the 

opposite direction, take elements ax~x E LR, where a E R and x E Ar, and by~x E IR,
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where b € 12 and y £ X.  Then:

ax~lby~x = abx~xy~l (by 4.4.4)

= ab(yx)~l

e ( / , /2)e.

It follows from this that IxeI2e C (h h )e, as required. □

C orollary 4.4.7. Let X  be a right, denominator set in a ring R. Suppose that X  

consists of central elements of R. Let n be any positive integer. Let Iu . . . ,  /„ be right 

ideals of R. Then (I\ . . .  In)e =  I\e • • • In ■

Proof. This is a straightforward extension of 4.4.G by induction. □

We now turn our consideration to two-sided ideals.

P roposition  4.4.8. Let X  be a right denominator set in a ring R. Let J be an ideal 

of R X~l . Then dc is an ideal of R.

Proof. [4, Proposition 9.19 (a)]. □

However if 1 is an ideal of R then / ' is not necessarily an ideal of RX  ~1. The 
reader is referred to [4, Exercise 9N] for an example to demonstrate this. However, 
we have the following.

P roposition  4.4.9. Let X  be a right, denominator set in a ring R such that RX~x 

is a right Noetherian ring. Let I be an ideal of R. Then l c is art, ideal of RX ~l .

Proof. [4, Theorem 9.20 (a)]. □

There are alternative circumstances in which we can ‘go up’ from ideals in a ring 
to ideals in a localization of that ring, provided by the following.



58

P roposition  4.4.10. Let X  be a right denominator set in a ring ft. Suppose that 

X  consists of central elements of ft. Let I be an ideal of ft. Then Ie is an ideal of

RX~K

Proof. By 4.4.1 we have that Ie is a right ideal of R X ~1. Take elements ax~l G ft,

where a G /  and x G A", and ry~l G RX~l , where r G ft and y G Ar. Then, using

4.4.4, we have ry~1ax~l =  ray~lx~l - ra(xy)~1 G Ie. □

We note that a number of the preceeding and following results require A" to be 
a subset of R which is ‘a right denominator set which consists of central elements of 
ft’. In fact it is clear from the definition that any multiplicative set which consists of 
central elements is automatically a right denominator set. Hence the sets we require 
are precisely the central multiplicative sets.

P roposition  4.4.11. Let X  be a central multiplicative set in a ring R. Let P  be a 

prime ideal of R. Then the following three conditions are equivalent:

1. P  =  Qc for some prime ideal Q of RX~1;

2. the elements of X  are regular modulo P: in other words we have X  C C{P);

3. R /P  is an X -torsion-free right R-module.

Proof The equivalence of the first and the third statements is given by [4, Theorem 

9.20 (d)]. We proceed to show that the second and the third statements are equivalent.

Suppose that Ar C C(P) and take an element r+ P  G tx{{R/P)u)- Then there is an 

element x G Ar such that rx G P. But x G C(P), so we must have r G P. Conversely, 

suppose that R /P  is an A'-torsion-free right ft-module and take an element x G A'. 

Let r G R be an element such that rx G P. Then (r + P)x — P which means that 

r + P  G t\-{{R/ P)r) — 0. Thus r G P. Since the elements of A' are central, xr G P 

implies that rx G P, which implies that r G P  as above. So x G C(P) as required. □



4.5 Linking m axim al ann ih ilâ t or prim es

It is now necessary to approach the problem of finding a relationship between the 
affiliated primes of two modules. In order to do this we must first consider the 
relationship between the maximal annihilator primes of the two modules. An affiliated 
prime of a module is a prime ideal that occurs as an annihilator of a factor in an 
affiliated series for that module. Each of these factors is an affiliated submodule of 
the original module, which arise as annihilators of maximal annihilator primes. This 
is the relationship which we must explore to make progress.

We first note the following.

Lem m a 4.5.1. Let R be a ring. Let M be an X-torsion-free right R-module. Then 

(R/rii(M)) is also an X-torsion-free right R-module.

Proof. We must show that tx (R /rR(M)) =  Ü. Let r + rR(M) G t \ (R/ r R(M)).

Then there exists an element x G Ar such that rx G rR(M). So Mrx — 0 and thus

Mr  Ç tx(M).  Thus Mr  =  0, since M is Ar-torsion-free. Hence r G rR(M), and so

(R/rR(M))R is Ar-torsion-free. □

We now establish how annihilators behave under the extension and contraction 
operations defined in the previous section.

Lem m a 4.5.2. Let X  be a central multiplicative set in a ring R. Let M be a right 

R-module. Let A be a right RX~l -module. Them we have the following inclusions:

1. rR(M)e Ç rRX~i(Me);

2. rR(Ac) Ç rRX-i(A)c.

Proof. Take an element rx~l G rR(M)e, where r G rR(M) and x G X.  Now take an 

arbitrary element ay~l G M e, where a G M  and y G A'. Then we have ay~'rx~l =  

ary~lx~l -  0, using 4.4.4. So we have rx~x g rRX-i{Me) as required.
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To prove the second part, we note that T' is a right /•’-module by 4.4.1. Thus we 

can apply the first statement to Ac, to give:

rR(AcY C rRx-iiA")

= rRX-i(A) (by 4.4.2).

Then, contracting both sides of this inclusion, we have: 

and hence:

rr{Ac) C rRX-i(A)c,

by 4.4.2. This is as required. □

We provide the circumstances under which the opposite inclusions hold.

Lem m a 4.5.3. Let X  be a right, denominator set in a ring R. Let M be an X-torsion- 

free right R-module. Let A be a right R X~x -module such that Ac is an X-torsion-free 

right R-module. Then the following inclusions hold:

1. r f i ( M ) e D r M - . ( A / e ) ;

2- rR(Ac) D r RX^(A)c.

Proof. Take an element rx~x £ rRX~i(Me), where r £ R and x £ A'. Now for an 

element m £ M  we have m l-1 6 M e and so rn\~1rx~l — 0. Then mrx~l =  0 and 

hence mry =  0 for some y e A. Thus mr £ tx (M) =  0. This shows that r £ rR{Al) 

and hence that rx~x £ rR(M)e.

For the second statement, we note that applying the first statement with M =  Ac

rR(Ac)e D rRX-\(Ace)

= rnx-i (A) (by 4.4.2).

gives that:
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Thus we have:

rR(Ac)ec2 r RX- ' (A)c-

By 4.5.1, (.R /m {Ac)) is an A'-torsion-free right R-module. So we have rR(Ac)ec =  

rR(Ac), by 4.4.2. Thus rR(Ac) D rRX-'{A)c as required. □

C orollary 4.5.4. Let X  be a central multiplicative set in a ring R. Let M be an 

X-torsion-free right R-module. Then:

rfi(M )e =  r«x - i(M e).

Proof. The two inclusions are given by 4.5.2 and 4.5.3. □

C orollary 4.5.5. Let X  be a central multiplicative set in a ring R. Let A be a right 

RX~X-module such that Ac is an X-torsion-free right R-module. Then:

r,t(Ac) =  r**-i (.A)c.

Proof. The two inclusions are given by 4.5.2 and 4.5.3. □

The above two results establish conditions under which we may ‘go up’ and ‘go 
down’ between annihilator ideals of a module and annihilator ideals of a localization 
of that module. We can use these results to outline conditions under which there is a 
desirable relationship between the maximal annihilator (prime) ideals of the respective 
modules. We first need one further observation.

Lem m a 4.5.6. Let X  be a right denominator set in a ring R.

1. Suppose that M is a right R-module that is not X-torsion. If M is non-zero 

then AP is non-zero.

2. Suppose that A is a right RX~x -module. If A is non-zero then Ac is non-zero.
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Proof. We have that tx (M) ^  M so take an element m G M \tx (M). Then ml 1 is a 

non-zero element of M X ~ l for otherwise we would have m G tx (M ), a contradiction.

For the second statement, simply note that if Ac =  0, then Ace =  0 and so 

.4 =  0. □

Proposition  4.5.7. Let X  be a central multiplicative set in a ring R. Let M be an 

X-torsion-free right R-module. Suppose that P is a maximal annihilator prime ideal 

of Mu. Then P e is a maximal annihilator prime ideal of .

Proof. P  is a maximal element of the set:

{ i'r(N) | N  is a non-zero submodule of M).  (4.5.1)

Thus we can choose a non-zero submodule N  of M such that P  =  rR(N). Then 

P e =  rR(N)e =  rRX-i (Ne). This follows from 4.5.4, since N  is W-torsion-free, by 

4.2.4. Now Ne is non-zero by 4.5.6, so that P e is a member of the set:

{rnx-l (A) | A is a non-zero submodule of M X " 1}.

It remains to show that P e is a maximal element of this set. Suppose that B is a 

non-zero submodule of M X ~ l such that Pe C rRX-\(B). Then:

P Q P KCQ r RX- i {B)c =  r R(B<), (4.5.2)

by 4.4.2 and 4.5.5 (the latter applies because Bc is a submodule of M, and so is 

A'-torsion-free, by 4.2.4). Now if Bc =  0 then Li -  Bce =  0, a contradiction. So by 

the maximality of P  in 4.5.1 we have equality in the chain of inclusions (4.5.2). Thus:

P ec =  rRx^(BY.



G3

From this we have, by extending both sides:

p ece = r nx-\(B)c

and so:

P‘ — r nx-1 (B),

by 4.4.2. This is as required. □

P roposition  4.5.8. Let X  be a central multiplicative set in a ring R. Let M be an 

X-torsion-free right R-module. Suppose that Q is a maximal annihilator prime ideal 

of (MX~1)Rx-i ■ Then Qc is a maximal annihilator prime ideal of MR.

Proof. Q is a maximal element of the set:

{rnx-i(A) | .4 is a non-zero submodule of M X “1}. (4.5.3)

Thus we can choose a non-zero submodule /I of M X ~ l such that Q — rnx-i(A). 

Then Qc =  rRX-i(A)c = rR(Ac). This follows from 4.5.5, since Ar is an X-torsion- 

free right /¿-module, by 4.2.4. Now Ac is non-zero by 4.5.G, so that Qc is a member 

of the set:

{rR(N) | iV is a non-zero submodule ot M }.

It remains to show that Qc is a maximal element of this set. Suppose that N  is a 

non-zero submodule of M  such that Qc C rR(N). Then:

Thus:

Qce C rR(NY.

Q C rR(N)c (by 4.4.2)

rRx-i(Ne) (by 4.5.4).
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Now since N  is non-zero and A-torsion-free, l)y 4.5.C we have that N1' is non-zero. 

Thus by the maximality of Q in the set (4.5.3) we have Q = rRx - i (N e). d ims 

Qc =  rRX-i{Ne)c and so Qc =  ra{N)ec by 4.5.4. Now by 4.5.1, (.R /r R(N)) is an 

AT torsion-free right i?-module and so 4.4.2 gives that Qc — rR(N). Thus Qc is a 

maximal annihilator prime ideal of MR as required. □

4.6 Left an n ih ila to r subm odules

Let /  be an ideal of a ring R and let M be a right /2-module. We would like to study 
what happens when we extend the submodule Im(I) of M into the localization of M 
at X.  This is addressed in this section.

Lem m a 4.6.1. Let X  be a central multiplicative set in a ring R. Let M be a right 

R-module. Then:

lM(I)e QlMx-i(Ie)-

If further the submodule M l  of M is X-torsion-free then:

w r  =  iMx A n

Proof Take elements ax~] e ht(IY,  where a € l\j(I) and x £ A', and wy~x € 7e, 

where w £ / and y £ X . Then:

ax~lwy~x =  awx~xy~x (by 4.4.4)

= 0 (since a £ /a/ (/) arid w £ /).

Thus ax~x £ required.

Now suppose that the submodule M l  of M is A'-torsion-free and take an element 

ax 1 £ lmx 1 (7'). where a £ M and x £ X.  We claim that a £ Now for any
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element w 6 / we have w 1 1 G I e , so since ax 1 6 l ^ x we have ax 1 ?/> 1 1 =  0. 

Thus aiax_1l _1 = 0, by 4.4.4. This gives that:

aw € t \ (M I)  — 0.

So a G l.u(I), as claimed, and ax^1 € hi(I)e■ □

4.7 G oing up  and  down

Our aim is to gain information about suitable localizations of the right /¿-module 
R/I,  where I is an ideal of a ring R. We have two possible approaches: given a right 
denominator set X  in R we can either localize the ring R and then factor out the 
extended ideal Ie, or we can localize the module (R /I ) r. It transpires that it does 
not make any difference which of these approaches we take.

Lem m a 4.7.1. Let 1 be an ideal of a ring R. Then the map 0 : (RX 1 / I e) 

(R /I )X ~ x defined by:

0(rx~x + Ie) =  (r + I ) x ~ \

for each r G R and x G Ar, is an isomorphism of right RX  1 -modules. Further if J 

is an ideal of R then we have:

Je + Ie 
~ R

Proof Let rxxx 1 4- Ie and r2x2 1 + Ie be elements of RX~l/ I e, where rx and r2 

are elements of R and Xi and x2 are elements of A". Suppose that rxx f l + Ic — 

r2x2 1 +  / ' .  Then rxx x 1 — r2x2 1 G Ie. Since A' is a right denominator set we may

choose elements x3 G A' and r3 G R such that xjx3 =  x2r;t. Set y — xxx$ =  x2r;i G X .  

Then x f l — x3t/-1 and x2 1 =  r3y~l . Hence we have rxx3y~l -  r2r3y "1 G P', and 

so (r,x3 -  r2r3)y-1 G t e. Thus there are elements a G /  and x4 G A" such that
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(r\x3 -  r2r3)y~1 =  axf l , which implies that -  r2r’3 =  a x fxy. Using the fact 

that X  is a right denominator set again we can choose elements x5 € A" and r4 6 /? 

such that yx5 =  a;4r4, from which it follows that x f [y = r4Xgl . Hence we now 

have that -  r2r3 =  ar.pxf'. Then there exists an element G X  such that

(rjx3 -  r2r3)x5x6 = ar^Xe G I. Now rix3x5x6 -  r2r3x5x6 G /, which implies that 

rix3x5x6 + /  = r2r3x5x6 + I. Thus (n  + I)x3x3x6 =  (r2 + I)r3x5x6. Multiplying both 

sides of this equation by (x5xe)~1y~l gives that (r4 +  I )x f ] =  (r2 +  /):r.J l . This shows 

that 0 is a well-defined map. It is straightforward to check that 0 is an isomorphism, 

and that the image under 9 of the right 7LY-1-submodule (Je + P')/Ie of RX~l/ I e

is ((./ + /)//)*• □

P roposition  4.7.2. [4, Proposition 7.5] Let M be an (R,S)-bimodule where S is a 

right Noetherian ring and R is any ring. Suppose that M is Noetherian as a left 

R-module. Then there is an affiliated series:

0 =  Mo C c S M

for Ms with corresponding affiliated primes P\ , . . . ,  Pn such that for each i G {1, . . . ,  n), 

(M,/A/f_i) is a torsion-free right (S/Pf)-module.

Remark 4.7.1. Under the above hypotheses, if:

0 =  Mo g  M, C .. .  C Mn = M

is any affiliated series for Ms , then (Mi/M<_i) is a torsion-free right (5/P<)-module 

for each i G {1, . . . ,  n}, where P b , . . ,  Pn are the corresponding affiliated primes.

We now apply this result to the special case that we are interested in.



67

Corollary 4.7.3. Let R be a Noetherian ring. Let:

be an affiliated series for (/?.//) w with corresponding affiliated prunes Px = rR(Jx/ / ) , . . . ,  Pn 

tr{R/Jn_x). Then for each i E { l , . . . , n} ,  (./,/./,_!) is a torsion-free right (/? /Pt)- 

module.

P roposition  4.7.4. Let 1 be an ideal of a ring R. Let:

I / I  =  JQ/ I $ J x/ l C . . . C j n/ I = R / I

be an affiliated series for (R/I)n . Suppose that X  is a right Ore set in R such that 

for each i E {1, . . . ,  n}, (Ji/Ji-1) is an X-torsion-free right R-rnodule. Then for each 

i E {1, . . . ,  n}, {R/Ji-  i) is an X-torsion-free right R-rnodule.

Proof. Let i E {1, . . . ,  n] and take an element r +  T E t\(R/J{).  Choose an element 

x € X  such that rx € Then we have:

rx E Ji C Ji+l C . . .  C Jn—\ C Jn = R.

Thus r + Jn_! is an element of R /Jn-1 such that rx 6 Jn-i- Hence r +  Jn_x E 

tx (R/Jj,-i). But, tx (R /Jn- 1) =  6. Hence r E Now r +  ,/n_2 is an ele

ment of Tn_j/ Jji—2 such that rx E ./n_2. Hence r + Jn_2 € tx (Jn- \ / J n- 2 )- But, 

tx(Jn- i /Jn - 2) — 0. Hence r E 2. We can continue this process until eventually 

we get that r E This proves that R /J l is an „Y-torsion-free right /2-module. □

We are now in a position to prove a ‘going up’ theorem for affiliated primes.

T heorem  4.7.5. Let R be a Noetherian ring. Let. I be an ideal of R. Let:

/// = V / § . ; , / / c . . . c .  i„/r = R/i
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be an affiliated series for (R /I ) r with corresponding affiliated primes P i , . . . ,  Pn. Let 

X  be a central multiplicative set in R such that X  C C[P\) D . . .  C)C{1 \ ). Then:

r / r  =  j 0e/ i e c  j y / p  c  . . .  c  j y / p  = r x ~'/p

is an affiliated series for (RX~l/P)nx~l corresponding affiliated primes P f , . . . ,  Pne.

Proof. Let i € { l , . . . , n} .  Applying 4.7.3 we see that is a torsion-free right

/?/P,-module. This is equivalent to saying that ./,/./*_! is a C(P,)-torsion-free right 

/¿-module. So since X  C C{P{), the module (./¿/./¿_i)« is A'-torsion-free. This is true 

for arbitrary i € {1, . . . ,  n}, so by 4.7.4 we have that R/Ji-i  is an A'-torsion-free right 

/¿-module for every i € (1, . . . ,  n}.

Now observe that if J j- ie = J f  for any i € { l , . . . , n}  then «/,•_\ec =  J f c and 

thus Ji_] =  since both R/Jl-\  and R/Ji are A-torsion-free right /¿-modules. This 

contradicts our hypothesis, so we must have that ./¿-V' ^  J f  for every i. This shows 

that the chain is strictly ascending as claimed. Further we have:

P i  =  r R { J i / J i - X) ,

from which it follows that:

Now by 4.5.4 we have:

Pie = rRx-i((Ji/Ji-x)e),

and applying 4.7.1 gives:

Pie =  r a x - iW /J i - i e) .

It remains to show that, for each i e {1, . . . , «}, the factor:

J f / P
J i - i e / I e
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is an affiliated submodule of the module:

This is equivalent to showing that J f  /  ie is an affiliated submodule of RX x/J, V - 

By hypothesis we have:

Extending both sides into the localization of the right /2-module R/Ji-i  at X  gives:

Now since /?/./,_! is an A'-torsion-free right /2-module we can apply 4.6.1 to give:

Now we can apply 4.7.1 to conclude that:

Finally by hypothesis we have that Pi is a maximal annihilator prime ideal of (R/Ji~\)u

So by 4.5.7, Pte is a maximal annihilator prime ideal of ((R./ J ,- \ )X~l) kx- i ■ Thus P f

is also a maximal annihilator prime ideal of the isomorphic module (RX~l /  Ji^xe) Rx~\.

This shows that ./¿e/^ t- i< is an affiliated submodule of R X ~l/ and completes

the proof. □

The hypotheses we need to prove the dual ‘going down’ theorem are slightly 
different, although we will see later (see 4.7.7 and 4.7.12) that in the situation we are 
interested in they turn out to be the same.

T heorem  4.7.6. Let R be a Noetherian ring. Let 1 be an ideal of R. Let X be a 

central multiplicative set in Li such that X  C C{1). Suppose that:

r / r  = j 0/ie c  J{/ r  c  . . .  g Jn/p = Rx~'/r
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is an affiliated series for (IIX 1 / / e)/?A'-> mtJi corresponding affiliated primes Qu . . . ,  Qn. 

Then:

l / l  =  V l i  c  . / , 7 /  c . . . c  . / „ « / I  =  / i / y  

¿5 an affiliated series for (R/I)r with corresponding affiliated primes Qxc, . . . ,  Qnc.

Proof. First note that since Ar C C(I), the module (R /I )r is A'-torsion-free. Thus 

Iec — l  and hence ,70c =  I- It is now clear that the chain is as claimed, for if 

Ji-ic =  Jtc for any i G then Ji-\ce = Jffi and hence J ^ x =  which is

a contradiction. Now we liave Qi =  Trx- i f i ) and we proceed to prove that 

Q,c =  r/?(,7/c/.7,_1c) directly. Take an element r G Qf.  Then r l -1 G Q,. Take an 

element s G ,7,c. Then s i -1 G J,. Now Qi =  (-^ M - 1 ), s0 that s l -1r l -1 G ,7i_l ,

which shows that sr G Ji-\c. Thus r G r/;(<7,V'A-ic)- For the reverse inclusion, take 

an element r G r«(.7jc/J i_ ic). Now let s z -1 G .7* =  Jf'6, where s G .7;c and x G A". 

Since s G .7,c we have sr G .7,_ic- Then:

.sx-1 ;’! -1 =  srx -1 (by 4.4.4)

G .7,-ice (since sr G Jt- i c)

=  Ji-1-

This shows that r l -1 G Q, and hence that r G Qf.

We now need to show that for each i G { l , . . . , n } ,  the factor:

<hc / 1

Ji~ic/ r

is an affiliated submodule of the module:
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We show, equivalently, that ./ic/ J i - i c is an affiliated submodule of R/Ji_lc. We 

already have that Q f  — rl{(Jlc/.1i- \ c) which, by taking left annihilators in the right 

72-module 72/Jj-ic, gives the following inclusion:

Ji-\

We claim that in fact equality holds. By hypothesis we have the following:

Jil BA  - 1 (Qi) 7
Ji-1 ' i — 1

Thus:

Applying 4.7.1 gives:

so that:

2 R x - 1 (Qi) —
■W

7 ce Ji
j ce ’ Ji-0-1

J, c \ e

Ji-1 c I ’

' ( * ) - » " ) =  ( ¿ ) e-
Now it follows from the equality J,_icec =  J l_1c that R/Ji- \c is an A-torsion-free

right 72-module and so we can apply 4.6.1 to give the following:

Jie X 6/ h (Q,c)e =1 i c•A-l

Contracting back both sides gives:

Jicc \  ec

Now Rj  is an A'-torsion-free right 72-module and since we have:

R ~  R/Ji- ic
Jic ~  Jic/J i - ic’
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it, follows that:

(Qicy J U

Thus we havave:

l « (Qic) Q - ^ - r,

as required. Finally by hypothesis Qi is a maximal annihilator prime ideal of the mod

ule (RX~]/J i- i )RX-i, and so is a maximal annihilator prime ideal of the isomorphic 

module ((/?/,/»_\c)X~l)Rx - 1- Again, using the fact that is an Ar-torsi on-free

right /2-module we can apply 4.5.8 to conclude that Q f  is a maximal annihilator 

prime ideal of (7?./Jj_1c)ft. This shows that ,///,/*_\c is an affiliated submodule of 

R/Ji-xc. The proof is now complete. □

P roposition  4.7.7. Let R be a Noetherian ring. Let S be the eentre of R. Let I be 

an ideal of R. Let:

0 1 =  Jail  % J J I C . . . C

be an affiliated series for (R /I ) r with corresponding affiliated primes P \ , . . .  , Pn. 

Then:

c (p 1) n . . . n c ( p n) c ' c ( i ) ,

and:

C { P i )n . . .n C (P n) n s  c  C ( i ) n s .

Proof. Take an element x £ C(l \ )n .. .nC(Pn). We claim that for each i £ {1, . . . , «} ,  

the following implication holds:

(ax e  J,_i and a £ Jf) => a £



The fact that a 6 ./, ensures that a + _ 1 € while the fact that x 6 C(P,-)

gives that x + P, e P /P t is a regular element. So a + J t-_ j is a torsion element of 

because ax G J,_i. But this module is torsion-free, by 4.7.3. Thus 

a e Ji-i, proving the claim. Now take an element a € R such that ax E I. Then 

since we have:

ax E /  =  Jo ^  ^  ^  =  P,

we can apply our claim (with i — n) to give that a E Jn-i- Now we can apply the 

claim (with i =  n— 1) to give that a € J n_2. This process continues until eventually we 

get that a 6 /. This proves that x G 'C(I). The second statement is now obvious. □ 

In aiming to prove the reverse inclusion, we will need the following results.

C orollary 4.7.8. Let P  be a Noetherian ring. Let M be a finitely generated right 

R-rnodule. Let:

0 = A/,, ^  M, ^ ^ Mn = M

be an affiliated series for M with corresponding affiliated primes P i , . . . ,  Pn. Then for 

any i £ {1, . . .  ,n}, the submodule series:

0 = M„CM1C . . . C Mi

is an affiliated series for Af with corresponding affiliated primes P i , . . . ,  Pr.

Proof. The result follows from applying 1.3.3 with N  =  Afi. □

Lem m a 4.7.9. [4, Lemma 7.3] Let R,\ be any ring and let R> be a prime right 

Noetherian ring. Let M be a (P , , R-f)-bimodule such that Rl M is a Noetherian module. 

Let N be a sub-bimodule of M . Let L be a right R2 -submodule of AI such that L D N. 

Suppose that L /N is a torsion right R2-module. Then there is a non-zero ideal 1 of 

P2 such that LI C N.
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This lemma is crucial in proving the following result.

T heorem  4.7.10. [7, Theorem 1.2] Let It be a Noetherian T in y .  Let M be a f in i t e ly  

generated right R-module. Let:

0 =  Mo g  Mi < = . . . §  Mn =  M

be an affiliated series for M with corresponding affiliated primes Pu . . . , P n. Then 

one of the following conditions holds:

1. Pn is an annihilator prime ideal of Mr;

2. Pn Pi for some integer i such that 1 < i < n.

Proof. We first show that it is sufficient to prove the result for a submodule D of M 

such that D Mn-\.  In this case, by 1.3.3, we have that the distinct terms in the 

submodule series:

o = D n  Mo c  d n  Mi c  . . .  c  d n  A/n_! c  D r  Mn — D

form an affiliated series for D. Further, the corresponding affiliated prime ideals are 

a subset of {Pi , . . . ,  Pn}- Since D <£. Mn_j, we have D n  Mn_i ^  D and so the top 

affiliated prime corresponding to this affiliated series is Pn. Since the result holds for 

Z), either Pn is an annihilator prime ideal of Dr or P„ L\ for some integer i such 

that 1 < i < n. But clearly Pn is an annihilator prime ideal of Dr implies that Pn is 

an annihilator prime ideal of Mr. Thus the result holds for M.

Now consider the set:

{r/i(A') | X  is a submodule of M  such that X  £ M„_x}.



Clearly this set is non-empty, since rn(M) is a member. Thus since M is a Noetherian 

right /2-module we may choose a maximal element r t((D) of this set. By the above 

argument it is sufficient to prove the result for D. So we may assume without loss of 

generality that D =  M  and that rR(M) is maximal in the above set. We claim that 

if M'  is a submodule of M  such that At' <£. Mn_i, then for every i € {(),... , /i — 1} 

we have that:

follows directly from the fact that M' C At. For the opposite inclusion, let x e

we have xPlPi- i . . . P { C m(M') .  By the maximally of rR(M)  we have rR(M) = 

fR(M'). So in fact - Pi Q rR(M) and MxP{P ...  P} = 0 .  It follows that

Thus x 6 rR(M/Mi)  as required.

Since M P n C M n - \ ,  there exists an integer 0 < r < n -  1 such that there is 

a submodule M '  of M  with M '  <£ Mn_i and M ' P n C M r . Let r  be the least such 

integer. If r =  0 then M ' P n =  0 for some submodule M '  of M  with M '  <£ M n . \ .  

Thus P n C r n ( M ' ) .  Now consider the following chain of inclusions:

(4.7.1)

To establish this, fix i e {0, . . . ,  n — 1}. That:

Now (AP  +  M n- i ) / M n- 1 is a non-zero subm odule of M / M n- U so equality in the
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above chain of inclusions follows from the fact that Pn is a maximal annihilator prime 

of (M/Mn-i)n. Thus Pn =  rR(M') and Pn is an annihilator prime ideal of M as 

required.

Now suppose that r  > 0. To establish the result it is enough to show that Pn PT. 

Let A = rR{M/MT~i), and set P — Pn and Q = Pr. Claim that P Q via A. We 

first show that PQ  C A C p  n  Q. Claim that P = vR{M /M r). Now there is a 

submodule M' of M  with M' $7 Mn- 1 and M'P C Mr. Thus P C rR((M' +  Mr)/Mr) 

and so P  C rR(M/Mr) by equation (4.7.1). The reverse inclusion follows because 

Mr C Mn_! and P  =  rR(M/Mn- 1). Then we have the following:

MPQ  C MrQ C Mr-\.

Thus PQ C rR(M/ Mr-\) — A. Further we have that A = rR(M/Mr-i)  C rR(M/Mr) — 

P, since Mr-1 Q Mr , and that A = rR(M/MT-\)  C rR(Mr/Mr- 1) =  Q. Thus 

A C P n  Q. Now suppose that A =  P  n Q. If Q C P  then Q =  Q D P =  A, and 

so rr(M/ A/r_i) =  Q. Taking the left annihilator of both sides of this equation in 

the module (M/Mr- i ) R gives that M/Mr~\ =  But we also have that

MrfMr-i — l(M/Mr-i)(Q)- This is a contradiction, since Mr C M . Thus we must 

have Q £  P. From this it follows that MQ <jt Mn-\. Hence by equation (4.7.1) we 

have that:

P Q rR((M/Mr-\)Q)  =  rR(M/Mr-\). But then MP  C Mr_i, contradicting the

and thus:

Then (M/ Mr-\)QP  C {M/Mr-i)(Q  n  P) =  (M/Mr^i)A =  0, which gives that



minimality of the integer r. Thus our initial supposition must be false, so that 

-4 C p  n  Q.

Suppose that (Pf)Q)/A  is not a torsion-free left P/P-inodule. Let R/P(B/A) be 

the torsion submodule of R/P((P n  Q)/A). Then B ^  A. Now by applying the left- 

handed version of 4.7.9 with M  = (P  f)Q)/PQ, R\ — P /P , R-i = R/Q, N  =  A/PQ  

and L = B /PQ  we can conclude that there is an ideal X  of R such that Ar ^  P  and 

such that X B  C A. Thus (.M/Mr- \ )X B  — 0. Now M X  is a submodule of M and if 

M X  C Mn_i then A" C P, a contradiction. Thus by equation (4.7.1) we have that:

Hence we have that B C rR{(MlMr-\)X)  — rR(M/Mr-i) = A. But B was con

structed so that A C B. This is a contradiction, so (P DQ) / A  is a torsion-free left 

R/P-  module.

Finally, suppose that (Pf \ Q) / A  is not a torsion-free right R/Q-module, and let 

(B/A)R/q be the non-zero torsion submodule of ((P D Q)/A)R/q. Again by apply

ing 4.7.9 we have that there is an ideal Y  of R such that Y ^  Q and such that 

BY  C .4. Thus (M/Mr- i )B Y  =  0. This gives that (M/ Mr-\)BQ — 0 and hence 

rR(Mr/Mr- 1) — Q C rR((M/Mr-\)B).  Now (M/Mr-\)B  must be non-zero, for oth

erwise B C .4, and so since Q is a maximal annihilator prime of (M/Mr- \ ) R w<> have 

that rR([M/Mr-\)B)  =  rR{M/MT-\). This gives that:

Y  C vfi((M/Mr..l )B) = rR(M/Mr-i)  = Q,

a contradiction. So (P  D Q)/A is a torsion-free right R/Q-module. This completes 

the proof. □
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C orollary 4.7.11. Let It be a Noetherian ring. Let M be a finitely generated right, 

R-module. Let P be an affiliated prime ideal of Mr- Then there are affiliated prune 

ideals 1\ , .  Pk of Mr such that:

P  ^  Pi Pk- 1 Pki

w h e re  Pk is a n  a n n i h i l a t o r  p r i m e  id e a l o f  M r .

Proof. Suppose that:

0 =  Mo C M\ ^  ^  Mn — M

is an affiliated series for M with corresponding affiliated primes P\ , . . . ,  P  =  Pt, . . . ,  Pn. 

By 4.7.8 we have that:

0 =  A/q C M  i C . . .  C  j\ /t

is an affiliated series for A/, with corresponding affiliated primes Pi, • • • Pj. By applying 

4.7.10 we have the following two possible cases:

1. P( =  r/f(A/') for some non-zero submodule A/' of A/, proving the result;

2. Pi Pj for some positive integer j  such that j  < i.

If the second case applies, we then apply 4.7.8 and 4.7.10 as above with Pi replaced 

by Pj. Continuing this process, we must eventually get:

P - . . . - P * ,

where k is a positive integer such that Pk =  r«(M ') for some non-zero submodule M' 

of M  so that Pk is an annihilator prime ideal of Mr. □



Proposition 4.7.12. Let R be a Noetherian ring. Let S be the centre of R. Let I be 

an ideal of R. Suppose that:

l / I  = J J I $ , J l/ l C ' " C j n/ I =  R / I

is an affiliated series for (/?//)« with corresponding affiliated primes i \ , . . . ,  Pn. Then 

we have:

C(i) n 5 c  c(Pi) n ... n C(Pn).

Proof. Take an element c E C(I) D S. Suppose that c E Pi for some i E {1,. . .  , n}. 

By 4.7.11 there is a subset {P*,,. . . ,  Plk} of the set of affiliated primes {P \ , . . . ,  Pn) 

such that:

P. — P v4 v4 P — P1 l — 1 l\ * • • 1 Ifc 1

and such that Pj is an annihilator prime ideal of (/?//)« . Thus there is a right ideal 

A of R such that /  C A and Pj = rn(A/I).  Since c E P, we have by 1.7.1 that 

c E Pj. Hence Ac C I. From the fact that c E C(I) it follows that A C /, which 

is a contradiction. Thus c is not a member of P{, for any i E { l , . . . , n} .  Hence 

c e C ( P i ) n . . . n  C(P„) n  S, as required. □

C orollary 4.7.13. Let R be a Noetherian ring. Let S be the centre of R. Let I be 

an ideal of R. Suppose that:

I / I  =  J o / I $ J l/ l C . " C j n/ I =  R/ I

is an affiliated series for (R/I)n with corresponding affiliated primes Pu . . . , P n. 

Then:

C ( i ) n s  =  C{PX) n... nC(Pn) nS.

Proof. The two inclusions are shown by 4.7.7 and 4.7.12. □



80

In summary, then, we have proved the following.

Theorem  4.7.14. Let R be a Noetherian ring. Let I be an ideal of R. Let X  be a 

central multiplicative set in R such that X  Ç C(/). Then:

A f f
R

A f f
RX -1 \ c

RX - 1

and:

Proof. It is clear from 4.7.13 that the hypotheses of 4.7.5 and 4.7.6 both hold. □



C hap ter 5

C onditions for stab ility

Chapter 4 outlines under which conditions a localization behaves sufficiently well to 
enable us to go up and down between the two sets of affiliated primes in which we are 
interested. We would like to find a localization which behaves well enough as a ring 
to allow going up and down between the prime divisors of its ideals and the prime 
divisors of the ideals of its centre. This is the aim of this chapter. We first need to 
introduce some terminology.

Let R be a ring. An ideal /  of R is called a Brodmann ideal of R if there is a 
positive integer p such that whenever n is a positive integer such that n > p, we have:

In this case the smallest positive integer p it is possible to take in the above definition 
is called the Brodmann stabilizing point of I and is denoted by Brod(R, I). Note that 
in the commutative ring theory literature this integer is sometimes called the index of 
stability of /  (cf. [13]). R is called a Brodmann ring if every ideal of R is a Brodmann 
ideal. Thus, by 2.3.8, a commutative Noetherian ring is a Brodmann ring.

Let R be a prime polynomial identity ring. Then we can define a degree function 
on R , called the PI degree of R and denoted by Pldeg(R). We begin by defining 
this degree for a class of PI rings called central simple algebras and then extend this 
definition to include the larger class of all prime PI rings.

5.1 T he P I degree
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Definition 5.1.1. Let R be a simple Artinian ring with centre S. 11 R is finite 

dimensional (as a vector space) over (the field) S then R is called a central simple 

algebra (over S).

Lem m a 5.1.1. [12, Lemma 13.3.4] Let R be a simple Artinian ring. Let D be a 

division ring and t. be a positive integer such that R =  Mt(D). Choose a maximal 

subfield H of D. Let S be the centre of D (so that S C H). Let V be an irreducible 

right R-module. It follows from this that End(Vn) =  D. Then the following two 

statements hold:

1. T =  R ® s H is a simple ring and V forms an irreducible right T-module with 

End(VT) “  H;

2. if V is finite dimensional (as a vector space) over H with dimly¡f) =  m then 

T =  dirn(Dfi) — dim(Hs) =  m jt  and dim(Rs) =  m2.

C orollary 5.1.2. [12, Corollary 13.3.5] Let R be a central simple algebra. Let D be 

a division ring and t be a positive integer such that R =  Mt(D). Let S be the centre 

of D mid let H be a maximal subfield of D. Then the following hold:

1. D ®s H =  where rri2 — dim(Ds);

2. Li®s H =  Mn(H), where n2 = (mi)2 =  dim(Rs);

3. R satisfies s2n and does not satisfy ,s2n_i .

D efinition 5.1.2. Let R be a central simple algebra with centre S. Then the integer 

n given by 5.1.2 is called the PI degree of R. Property 2 in 5.1.2 shows that n2 is the 

vector space dimension of R over S.
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To extend the definition of PI degree to the class of all prime PI rings wo will 
require a well-known result, which is due to E.C. Posner ([15, 13.11 .G]).

Theorem  5.1.3. (E.C. Posner) Let R be a prime PI ring. Let S be the centre of R. 

Let X  denote the set 5\{0}. Let Q — RX~x and let Z — S X ~1. Then Q is a central 

simple algebra with centre Z, R is a right and left order in Q and Q =  R Z .

D efinition 5.1.3. Let R be a prime PI ring and let Q be the quotient ring of R 

given by E.C. Posner’s Theorem (5.1.3). Then we can now define the PI degree of /?, 

Pldeg(R), by Pldeg(R) = Pldeg(Q).

C orollary 5.1.4. [12, Corollary 13.6.7] Let n be a positive integer. Then there is 

a multilinear polynomial gn which satisfies the following three conditions for every 

prime PI ring R with Pldeg(R) =  n:

1. for every non-zero ideal I of R we have gn(I) ^  0;

2. if X  is the set gn(R)\{0} then Q = RX~l;

3. gn is a central polynomial for R, but if rn is an integer such that rn > n then 

gm is a polynomial identity for R.

Lem m a 5.1.5. [12, Lemma 11.7.2, (i)] Let R be a prime PI ring. Suppose that 

Pldeg(R) =  n. Let P be a prune ideal of R. Then PIdeg(R/P) < Pldeg(R). 

Further we have PIdeg(R/P)  =  Pldeg(R) if and only if gn(R) P.

D efinition 5.1.4. Let R. be a prime PI ring. Let P  be a prime ideal of R. If 

PIdeg(R/P) = Pldeg(R) then P  is called a regular prime ideal.

Regular prime ideals play an important part in the definitive result for Azumaya 
algebras, a characterization due to M. Artin ([!]) and C. Procesi ([16]).
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T heorem  5.1.6. (M. Artin-C. Procesi) Let It be a prime ring. Then the following 

three conditions are equivalent:

1. It is an Azumaya algebra;

2. It is a prime PI ring, Phleg(It) =  n and every prime ideal of It is regular;

3. gn(R)R = R.

Thus if we could find a way of transferring to a ring in which every prime ideal is 
regular, then it would follow that this ring is a Brodmann ring by the above result. 
The next result gives a class of localizations in which this situation occurs.

P roposition  5.1.7. [12, Proposition 13.7.4] Let It be a prime PI ring. Suppose that 

Pldeg(R) — n. Suppose that X  is a central multiplicative set in R such that 0 ^ A'. 

Suppose that X  n gn(R) i1 0- Then every prime ideal of R X ~{ is regular.

5.2 N ecessary  and  sufficient conditions for s tab il

ity
Given an arbitrary prime Noetherian PI ring we are able to find a class of local
izations in which asymptotic stability of prime divisors holds, by using 5.1.7, 5.1.6 
and 3.5.1. We also know a class of multiplicative sets at which we can localize and 
preserve some desirable ‘going up and down’ properties (4.7.14). We now aim to use 
these observations to determine necessary and sufficient conditions for a version of 
asymptotic stability to hold in a prime Noetherian PI ring. We first need a slight 
variation on a previous result.

P roposition  5.2.1. Let R be a Noetherian ring. Let S be the centre of It. Let I be 

an ideal of R. Then we have:

C ( I ) n S =  p |  C( P) nS.
PeAffdi/Dn
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Proof. This follows directly from 4.7.13. □

This result can be used to derive a straightforward necessary condition for the 
sets of prime divisors of two ideals to coincide.

P roposition  5.2.2. Let Ft be a Noetherian ring. Let S be the centre of It. Let F and 

J be ideals of It. Suppose that:

A f f

Then:

C{I) n  S = C(J) n  S.

Proof. We have the following:

C( I ) nS  =  f lPeAfHR/i)r, C( P ) ^ S (by 5-2.1)

=  r\peA/HR/j)RC(P ) r)S (by hypothesis)

=  C ( J ) n S  (by 5.2.1).

□

We now give sufficient conditions for an ideal I of a prime Noetherian PI ring It 
to be a Brodinann ideal.

T heorem  5.2.3. Let It be a prime Noetherian PI ring. Suppose that Pldeg(It) — n. 

Let S be the centre of Ft. Let I be an ideal of It. Suppose that there is a positive 

integer rn such that the following two conditions hold:

1. C(Pn) n  S =  C(Im+i) n  S, for every positive integer i;

2. gn(R) r\C(Fm) 0.
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Then there is a positive integer p such that whenever k is a positive integer such that 

k > p we have:

A f ! [ ^  I = A /J
R

Jk+1
R

Proof. Set X  =  C(Im) Pi S. Note that X  is a central multiplicative set in R. Since 

RX~l is a Noetherian ring (by 4.4.1), it follows from 5.1.7, 5.1.6 and the hypotheses 

that RX~l is an Azumaya algebra. Thus by 3.5.1 we have that Ie is a Brodmann 

ideal of RX~l. Set p = max{m, Brod(RX~l , Ie)}. Let k be an integer such that 

k > m. Let P be an affiliated prime ideal of (R /Ik)R. Then we have:

/ RX~V
Pe e A f f V (/*)• R X - 1

by 4.7.14. This follows from the fact that since k > p > m we have X  = C(Ik) n 5, 

and so X  C C(Ik). By 4.4.7 we have that (Ik)e =  (Ie)k and thus we have:

RX~l
P e € A f f

( I e ) k R X - 1

Now since k > p > Brod(RX , Ie) we have: 

and using 4.4.7 again we deduce that:

Pe e A f f RXr-i

(.i k+iy R X - 1

Applying 4.7.14 again, we have that:

Pec € A f f R
J k + 1

We finally note that since X  C C(P), by 5.2.1, we have P  =  P ec, by 4.4.11 and 4.4.2, 

and so we have:
RP € A f f ¡k+l

R



which gives that:

The same proof works to establish the reverse inclusion. □

5.3 R egular p rim e ideals

We now state a result with the same conclusion as 5.2.3, but under hypotheses which 
involve the regularity of appropriate prime divisors.

D efinition 5.3.1. Let R be a PI ring. Suppose that Pldeg(R) =  n. Let S  be a non

empty collection of prime ideals of R which has the property that for each element 

P  € S, we have gn(R) C\C(P) /  0. Then S  is said to satisfy the gn(R)-intersection 

condition if the following condition holds:

Using the above condition we can obtain another set of sufficient conditions in
volving regularity of prime ideals for asymptotic stability of prime divisors to hold in 
a prime Noetherian PI ring.

P roposition  5.3.1. Let R be a prime Noetherian PI ring. Suppose that Pldeg(R) =  

n. Let S be the centre of R. Let I be an ideal of R. Suppose that there is a positive 

integer m such that the following two conditions hold:

1. whenever I is a positive integer such that I > m, we have C(Il)n S  =  C(Il lrX)C\S;

2. there is an integer m' such that m' > m and such that every affiliated prime 

ideal of (R /Im')R is regular and A f f ( R / I m')H satisfies the gn(It)-intersection

condition.



Then there is a positive integer p such that whenever k is a positive integer such that

k > p we have:

n

Proof. Let A" = C(Pn) D S. Then X  is a central multiplicative set. We claim that 

RX~l is an Azumaya algebra. A prime ideal P  of R is regular if and only if gn(R) $£ P  

(5.1.5), which in turn is true if and only if gn(R) D C(P) 7̂  0. So since every prime 

ideal in A f / ( /? /Pn')n is regular, we have that gn(R) DC(P) 7̂  0 for each prime ideal 

P e A f f ( R /P n')n. Now since the set A f f ( R / I m')R satisfies the #n(P)-intersection 

condition, we have the following:

^ 7̂  9n(R)  H (C\p£Aff(R/Im')R ( ' (P) ' j

~  9n(P) n s  n
(since gn is a central polynomial for R) 

= gn(R)nC(Im' ) n S  

(by 5.2.1)

= 3„(/f)nC(P)ns

Now we proceed as follows:

(since m' > m) 

gn(R )n C (Im).

The result now follows from 5.2.3. □
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5.4 G eneral equivalent conditions

To conclude our discussion, we move away from the prime PI case and consider 
asymptotic stability of prime divisors in a general Noetherian ring.

P roposition  5.4.1. Let R be a Noetherian ring. Let S be the centre of R. Suppose 

that I and J are ideals of R. Then the following two conditions are equivalent.:

1. Af f ( R/ I ) n = Af f ( R/ J ) lt;

2. C( I ) nS =  C( J) nS and A f f  (RX~l/ I e)rx-> =  Af f ( RX~x/ where X  

is the set C(I) D 5 =  C(J) PI S.

Proof Suppose that Af f { R/ I ) n =  A f f ( R / J ) n. Then C{l) n  S -  C( J) D S by 5.2.2. 

To establish the second condition, set X  = C{1) D S =  C(J) Pi S. Then we have the 

following equivalences:

Q e A f f f ^ - ) ^  Q c e A f f (Ii)H (by 4.7.14)

<=» Qc e A f f  ( j ) R (by hypothesis)

«=> (by 4.7.14)

Conversely, suppose that we have C(I) C]S — C(J) n  S and:

where X  — C(I) D S = C(J) n  S. Then the following equivalences hold:

P‘ e A f f  ( a t i )  (by hypothesis) 

P ‘c€ A f f  ( f ) R (by 4.7.14).
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But since X  C C(P),  we have P ec =  P,  and so in fact we have the following equiva

lence:

Using this result we can obtain an equivalent condition for asymptotic stability 
to hold.

T heorem  5.4.2. Let R be a Noetherian ring. Let S be the centre of R. Let I be an 

ideal of R. Then I is a Brodrnann ideal of R if and only if there is a positive integer 

m such that the following hold:

1. whenever 7i is a positive integer such that n > rn, we have C(ln) nS  = C(Jn+l) D

2. if X  is the set C( /m) n S then T' is a Brodmann ideal of RX

Proof. Suppose that /  is a Brodmann ideal of R and choose a positive integer rn such 

that whenever n is a positive integer such that n > rn, we have:

Take a positive integer n such that n > rn. Now by 5.4.1 we have that C(Pl) D S =  

C(P‘ H) Pi S , and, letting Ar be the set C(In) 0  5  =  C(/n+1) n  S, we also have that:

By 4.4.7 we have that for any ideal I of R and any positive integer n we have (.Pl)e =  

{Ie)n. Thus for any integer n such that n > rn, we have:

This gives the result. □
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Hence T‘ is a Brodmann ideal of RX  1.

Conversely, suppose that there is a positive integer m such that whenever n is a 

positive integer such that n > tn, we have C(In) Cl S = C(In*') n  S, and such that 

Ie is a Brodmann ideal of R X ~ \  where A' is the set C(/m) D S. Choose a positive 

integer p such that whenever n is a positive integer such that n > p, we have:

RX~l \  . . . ( R X ~ l
n I

R X - '
A f f {Ie)n

By 4.4.7 again, we have that:

R X - 1

A f f
( m V ™ -

A f f
( inY

=  A f f
R X - '

RXr-l

( in+iy-J Rx-''

for every integer n such that n > p. Now set / =  max{m , p}. Then, by 5.4.1, we 

have:
R

[n+l

whenever n is an integer such that n > l. So I is a Brodmann ideal of /?, as 

required. □

Finally, we note an immediate consequence of the above result.

C orollary 5.4.3. If the equivalent statements given in Theorem 5-4.2 hold, we have 

the following relation:

Drod(RX~\ Ie) < Brod(R, I).

Little is known about the Brodmann stabilizing point of an ideal /  in a Brodmann 
ring R. The subject has been touched upon by S. Morey, and the reader is referred 
to [13] for more information.
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