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1 | Introduction

The modeling of dynamical processes plays an increasingly important role in science and
engineering. Some processes change continuously over time and exhibit only continuous
dynamics and are called continuous-time systems. Think for example of the water
level in a leaking vessel, where the water level continuously decreases as the water is
leaking out of the vessel. Other processes evolve only discretely in time, such as the
average amount of cars parked in a parking garage each day. Such processes are called
discrete-time systems. In the case a dynamical process exhibits both continuous- and
discrete-time dynamics, it is called a hybrid system. In particular, such a system involves
a class of linear or nonlinear systems and results from the interaction of continuous-time
subsystems with discrete events. More precisely, the internal variable of each system
is regulated by a set of differential equations and each of the separate subsystems is
labeled as a discrete mode. As a consequence of the transitions between discrete states,
the continuous variable may contain jumps.

Switched systems constitute a particular subclass of hybrid systems. Specifically, a
switched system is a dynamical system that consists of a finite number of subsystems,
referred to as modes and a logical rule that orchestrates the switching between these
subsystems. The main property of switched systems is that these systems switch among
a finite number of subsystems and the discrete events interacting with the subsystems
are governed by a piecewise continuous function called the switching signal. However,
one can classify switched systems based on the dynamics of their subsystems, for
example continuous-time, discrete-time, linear or nonlinear and so on. In the case that a
dynamical system is formed by a collection of linear continuous state space models and
the switching among them is according to a discrete signal, the system is called a linear
switched system. Due to the large number of applications of switched systems, they have
been studied extensively during the past decades. Examples of applications can be found
in aeronautical and mechanical systems, automotive industry, modeling of electronic

circuits with physical switches and power converters, as discussed in e.g., [25,133].

The class of switched systems with a time depending switching signal constitutes a
subclass of the general class of time-varying systems. In the case that each mode consists
of a linear system, the overall switched system remains linear; the switched system
can be regarded as a particular linear time-varying system. However, in the case of a
state-dependent switching signal linearity is lost and a particular nonlinear system is
obtained. In this thesis switched linear systems with a time depending switching signal
are studied. Therefore, the standard qualitative and quantitative properties for standard
systems cannot be applied, but it is necessary to develop specific tools for them. For a

11



12 CHAPTER 1. INTRODUCTION

detailed discussion on switched systems, cf. [40,75,113].

In the case of switched linear systems, the mathematical model for each mode is
typically given by an ordinary differential equation (ODE). However, in many applications
the dynamics are restricted by some algebraic equations and hence both algebraic and
differential equations are needed to model the dynamical system. Equations of this kind
are called differential algebraic equations (DAEs), descriptor systems, singular systems
or sometimes implicit systems and have been studied extensively, see e.g., [32,33, 64,132]
for early works and [14, 16, 17,24, 66,101, 107] and the references therein. A DAE
model is naturally obtained when modeling linear electrical circuits, mechanical systems
or linear systems with additional linear algebraic constraints. For examples of DAE
models used for the modeling of network structures such as electrical circuits and gas
networks see [1,24,94,102,105,122] and [42], respectively, where the algebraic constraints
are induced by the network topology. However, there are also applications in the
treatment of semidiscretized partial differential equations such as the Navier-Stokes
equation and fluid dynamics in general [2,41,82,131], chemical engineering [26,97],
holonomically constrained mechanical systems [29,90,106], and in a vast variety of
economical problems [85,86].

In the case a system undergoes abrupt structural changes due to physical switches in
the system or component failure, one generally needs multiple DAE models to describe
each mode of the system. In the case each subsystem of a linear system is governed by a
DAE, the switched system is called a switched DAE. Whereas for each mode it could be
possible to obtain an ODE model by solving for the algebriac constraints, there generally
does not exists an ODE model for each mode with a common state variable. Therefore
switched DAEs have been studied directly cf. [79,80,111,118,120,121,125].

1.1 Qualitative properties of switched systems

Given a mathematical model for a dynamical system, properties of the system can be
derived from the mathematical model. Many dynamical systems can be influenced by
applying an external input such as a force or a voltage. Alternatively, we can perform
measurements on certain components of a system to obtain information on the state
without influencing the system. One can for example measure the current running
through a resistor or measure the velocity of a vehicle driving. These measurements and
external inputs give rise to the question to what extent the behavior of a dynamical system
can be shaped by means of applying a suitable input. With the introduction of the state
space by Kalman [58] the research on control theory for linear ODE systems accelerated
rapidly. Fundamental properties such as controllability and observability of ODE systems
and their duality have been studied extensively, cf. [45,46,59,60,83,84,99,135,136] and
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similar concepts were studied for DAE systems [15-17,20,22,73]. For many control
purposes it is not necessary to be able to have full control over the system as long as
the system can be stabilized around some operating point. In the case a system can be
stabilized around the origin it is called stabilizable. As this property is of interest for
many applications, it has been the topic of research for a long time and in particular the
concept of stabilizability in terms of Lyapunov functions has been studied extensively,
see e.g., [5,96]. Similar to the geometric control theory for linear systems as provided
in [3,139] and later in [127], a coordinate independent approach to DAEs has been given
in [7,74].

Control theoretical properties of switched linear ODEs such as controllability, stabi-
lizability and observability have been studied during the past few decades as well, see
e.g., [18,81,98,115,116] and the references therein. Non-switched ODEs can be regarded
as particular switched systems, namely those with a constant switching signal. Hence
one would expect that the results for the non-switched case can easily be generalized to
the switched case. This is true up to a certain extent, but there are some subtleties that
have to be taken into account when considering switched systems. The results in the
field of switched systems namely depend in general on the switching signal and hence
one of the first questions to ask when considering control of switched systems is whether
to regard the switching signal as a control input. In the case that the switching signal is
not controllable, the question remains whether it is known a priori. The relevance of how
to regard the switching signal is evidenced by the results on stabilizability, where it is
shown that even though every subsystem of the switched ODE is stabilizable, the overall
system does not need to be stabilizable for certain switching signals [13,77,78]. Moreover,
there exist systems of which the state will grow unbounded for some switching signals,
but could be stabilized given some other switching signals. Similarly, if none of the
subsystems is observable, the overall system might be observable. [115]. Consequently,
a system that is stabilizable or observable if the switching signal is a control input, is
not necessarily stabilizable or observable for all switching signals. Another interesting
aspect which has been studied is the case where the switching signal is assumed to be
unknown. One generally assumes in such cases that each mode is active for a minimum
amount of time, the so called dwell time. Various results for switched systems with a
dwell time have been presented, cf. [30,47,53,55].

Whereas the literature on fundamental properties of switched ODEs and non-switched
linear systems is rich, the literature on properties of switched DAEs has not matured
yet. Stabilizability of switched DAEs has been studied in [79,80,91,92] and also some
results on controllability have been presented [68]. This gap in the literature can be
explained by the fact that a firm solution framework for switched DAE has recently
been developed [123]. In contrast to solutions of switched ODEs, solutions of switched
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DAEs typically contain Dirac impulses and jumps,which prevent classical solutions
from existence. These discontinuities in the state are however not only a mathematical
artifact. Dirac impulses can for example be observed in applications in the form of
sparks induced at a switch when an inductor is disconnected or as hydraulic shocks
in a water distribution network. In order to be able to incorporate these phenomena
in a mathematical model, the distributional solutional framework has to be adopted.
The jumps and Dirac impulses in the state can be beneficial for characterizing various
observability properties. They can e.g., be used in determining the state of a switched
DAE [118-121], but also to detect which mode is active [67,70,71]. However, Dirac
impulses are usually undesired in applications as they are prone to cause damage to
components of the system or cause a hazardous situation for the environment of the
system. Particularly in micro chips and water networks with fragile pipelines it is of utter
importance to avoid Dirac impulses. However, to the best of the authors knowledge only
properties for switched DAEs are studied where Dirac impulses in the state are allowed.
Hence it is unclear on how to stabilize or control a switched DAE while avoiding Dirac
impulses. For non-switched DAEs the property to avoid Dirac impulses is referred to as
controllability at infinity or impulse-controllability and it has been studied in e.g., [20].
Hence so far it has been an open research question on how to control a switched DAE
while avoiding Dirac impulses.

1.2 Optimal control of switched systems

Alongside qualitative properties such as controllability and observability, quantitative
properties of dynamical systems have been studied as well. By introducing a certain
cost functional, the performance of the system can be measured and one can make
quantitative statements about control inputs. For many applications it is of interest to
design a controller which performs optimal such that a minimum cost can be guaranteed.
From an economical perspective this might not need motivation, but even in a physical
setup it might be of interest to control a vehicle such that as little fuel is consumed while
driving.

In the context of linear systems the linear quadratic regulator (LQR) problem on
both the finite and infinite horizon has been studied extensively, see [56,61,62,134,138]
for results on ODEs and [6, 8,21, 37,38, 48, 65,87-89] for DAEs. In the LQR problem
a cost function that is quadratic in the state and input is considered and in the linear
case it admits a surprisingly elegant solution. The optimal input turns out to be a
teedback which can be computed by means of solving a Riccati equation or certain matrix
inequalities.

Most recent studies regarding the optimal control problem for DAEs focus on finding
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solutions based on the Lure inequality or an extension of the Kalman-Yakubovich-Popov
lemma [103,104, 130]. More recently the concept of model predictive control has been
studied. In model predictive control the future behavior of a system is predicted over a
finite time horizon. Based on these predictions and the current measured or estimated
state of the system, the optimal control inputs with respect to a defined cost functional
are computed and applied. After a certain time interval, the measurement or estimation
and computation processes are repeated with a shifted horizon. This subject has been
investigated in [34,49,50,93] and the references therein. Besides optimal control various
other optimization problems such as the #, and ., problem have been studied for
ODEs, see [27,28,57,108] and DAEs, cf. [23,52,95,114]. The H; and H., problem deal
with finding an optimal feedback that minimizes the influence of process disturbances
or measurement noise on an output of the system.

Optimal control of switched systems has also been studied. Given the results on
the LQR problem for non-switched ODEs it is rather straightforward to solve the LQR
problem for a switched ODE with a fixed and known switching signal using a dynamic
programming approach [4,11,76]. Hence the goal in optimal control of switched
systems is often to find an optimal switching signal. The cost may change for example
if the switching times are changed, but also when the sequence in which the modes
appear varies. The problem of finding an optimal switching signal has been studied
ine.g., [39,140,141,143]. Also model predictive control for switched systems has been
studied cf. [44,129,142]. However, so far optimal control of switched differential algebraic
equations has not been studied yet. Hence there are no techniques available to measure
the performance of a controller for switched DAEs.

Motivated by the gaps in the literature on fundamental qualitative and quantitative
properties of switched DAEs, this thesis aims to contribute to the development of control
theoretical tools for switched DAEs. First, impulse-free solutions of switched DAEs will
be investigated. Then the problem of stabilizing a switched DAE while avoiding Dirac
impulses in the state is considered. Finally, the linear quadratic regulator problem for
switched DAEs will be considered.

1.3 Thesis outline and contributions

So far it can be concluded from the overview in the previous section that impulse-free
solutions and optimal control of switched DAEs have not been studied yet in the existing
literature. Hence this thesis aims to contribute with respect to these topics. More
precisely, this thesis is concerned with control theoretical properties of switched DAEs.
We confine our attention to switched DAEs for which the switching signal is fixed and
known and adopt the piecewise-smooth distributional solution framework. To that
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extent, a brief introduction to mathematical distributions is given in Chapter 2, together
with a brief overview of some crucial control theoretical concepts for non-switched
DAEs.

The existence of impulse-free solutions of switched DAEs is studied in Chapter 3.
First impulse-controllability of switched DAEs with a switching signal that induces
finitely many switches is investigated. Necessary and sufficient conditions for such
switched DAEs to be impulse-controllable are given in terms of an algorithm that involves
subspaces and runs backward in time. Then sufficient conditions for switched DAEs with
infinitely many switches to be impulse-controllable are given in terms of an algorithm that
runs forward in time. Chapter 3 is concluded with a section on impulse-controllability
of system classes of switched DAEs. A switched DAE can in principle be thought of
as a system generated by some subsystems defined by triplets of system matrices and
a switching signal. Hence systems generated by some matrix triplets and a class of
switching signals define a system class. The concept of impulse-controllability of system
classes is introduced and impulse-controllable system classes generated by some matrix
triplets and the class arbitrary switching signals are characterized. For the classes of
systems with the same mode sequence it is shown that either all or almost all systems or
none or almost none of the systems in the class are impulse-controllable. Furthermore, it
is shown that although every system in the system class is impulse-controllable, inputs
that achieve impulse-free solutions are generally not independent of the switching signal.

Stabilizability and controllability of switched DAEs is studied in Chapter 4. First it
is shown by means of an example that if a switched DAE is impulse-controllable and
stabilizable it is not necessarily impulse-free stabilizable. However, it is shown that
the concepts of null-controllability, reachability and controllability in the behavioral
sense are equivalent for switched DAEs, but the same does not hold for the impulse-free
versions of these concepts. In order to deal with switched DAEs with a large number
of switches, a definition of stabilizability on a bounded interval is given, so called
interval-stabilizability. Under certain assumptions global stabilizability can be concluded
from interval-stabilizability. A similar counterpart for impulse-free interval-stabilizabilty
is also given. Necessary and sufficient conditions for impulse-free interval-stabilizability
are given in terms of an algorithm involving subspaces that runs forward in time. Based
on this approach a novel characterization of impulse-free controllability is given. The
chapter is concluded with the extension of the results to the case where Dirac impulses
in the state and input are allowed.

In Chapter 5 the linear quadratic regulator (LQR) problem for switched DAEs is
considered. It is shown that if there exists an input that solves the problem, the optimal
input is linear in the state and the optimal cost is a quadratic function of the initial value.
Given this result, it is shown how the finite horizon LQR problem can be motivated by the
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infinite horizon problem. In the case of a single switched DAE, the LOR problem on the
infinite horizon can be reduced to a finite horizon LQR problem for non-switched DAEs
with terminal constraints. As a consequence of the cost resulting from the second interval,
a general positive semi-definite cost matrix that is not necessarily structurally related to
the first mode has to be considered. Furthermore, the state at the end of the interval
needs to be contained in a subspace. Necessary and sufficient conditions for solvability
of this LOR problem with endpoint constraints are given and it is shown how to compute
the optimal feedback matrix. Intuitively these results can be interpreted as follows. The
optimal control problem for non-switched DAEs with endpoint constraints is solvable
if and only if it is solved by the input that solves the unconstrained LQR problem for
non-switched DAEs. Finally, necessary and sufficient conditions on solvability of the
LOR problem for switched DAEs with an arbitrary number of switches are stated.
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1.5. NOTATION

1.5 Notation

We close the introduction with the nomenclature used throughout the thesis:

Basic sets
N, Ny, Z

R,R,,R_

C,C,,C_

€;

[

set of natural numbers, Ny = NU {0}, set of all integers

set of real numbers, set of positive real numbers, set of

negative real numbers

set of comlex numbers, set of complex number with pos-
itive real part, set of complect numbers with negative
real part

The standard base vector of R, the ;' entry e;j = 1if
z:jandew:Olfz#j

Absolute value of a € R

Matrices and subspaces

AT
I,
rank A

imA

ker A

ALY

VJ_

V+W

(Alv)

V14

the transpose of the matrix A € R™*"
the n x n identity matrix
the rank of the matrix A € R™*"

the range of the linear map A : X — ), ie.,, imA =
{Az |z € X}

the kernel of the linear map A4, ie., ker A = {z € X' |
Ax =0}

the inverse image of a subspace V C ) given the linear
map A, ie, AWV ={zr e X | Az €V}

the orthogonal complement of V C X" in the inner
product space X, ie, Vi ={z € X |z'y=0, Vv €V}
the sum of subspaces V, )W C X, ie., V4+W ={z € X |
r=v+w, veEV, weW}

the smallest A invariant subspace generated by V), i.e.,
(A|V)=V+AV+ -+ A"V

the largest A invariant subspace contained in V), i.e.,
VIA) ={xeV]|Az eV}
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Dynamical systems

shorthand notation for a differential algebraic system

(E, A, B) .
of the form E& = Ax + Bu.
(E,. A, B,) shorthand notation for a switched differential algebraic
7o system of the for E,i = A,z + B,u.
the system class of switched differential algebraic sys-
2 tems generated by the matrix triplets (£, A, B), i.e.,

EO’ = {(E0'7A0'7 Bcr) | S Sn}

Functions and function spaces

Lle the space of locally integrable functions f : R — R
Lo the space of square integrable functions f : R — R
Cc> the space of infinitely differentiable functions f : R — R

the space of test functions, i.e., the space of smooth

Cg° functions f : R — R with support on a compact set
KCR
Cow the space of piecewise-smooth functions f : R = R
D the space of distributions D : C° — R
Dpweee the space of piecewise-smooth distributions
Norms

Il The Euclidean norm

- [lev = (o117 dt)”



2 | Mathematical Preliminaries

The purpose of this chapter is to lay a theoretical foundation for the subsequent chapters.
Before studying switched differential algebraic equations, the precise type of systems
considered throughout the thesis will be described. Then the solutional framework
adopted will be discussed. To do so, some theory on mathematical distributions is
recalled and the space of piecewise-smooth distributions is introduced. Furthermore,
some properties of regular matrix pencils in relation to differential algebraic equations
are presented. Finally some control theoretical results for non-switched DAEs are
considered.

2.1 Switched DAEs

Throughout this thesis we will study switched differential algebraic equations of the
form

Eo‘(t)x(t> = Ao‘(t)x(t> + Bo‘(t)u(t)7 (21)

where z € R" denotes the state, u € R" is the control inputand o : R — N is the switching
signal indicating which mode is active at which particular time instance. Unless stated
differently, we will assume throughout this thesis that the switching signal is fixed and
known a priori. Hence it is not regarded as a control input. Furthermore, to avoid
chattering behavior, we assume the switching signal is right-continuous and induces
locally finitely many switches. Specifically, we assume that the switching signal o € S,
where S, is defined as follows.

Definition 2.1. The class of switching signals S, is defined as the setof all 0 : R —
{0,1,...,n} of the form

o) =p 1€ ltptpr), 22)

wherep € {0,1,...,n} and t; < ¢t < ... < t, are the n € N switching times in (0, co) with
to := 0 and ¢,11 := oo for notational convenience. Furthermore, for a given sequence of
switching times, let 7, :=t;4; — ¢;,1=0,1,...,n—land 7 := (70, 71,..., Ta_1) € R%,

As a consequence of o € S,, we assume that on the interval [ty, c0) at most n + 1
modes are induced and each mode is described by a non-switched DAE with matrices
E,, A, € R"™and B, € R forp € {0,1,...,n}.

Solutions to (2.1) typically exhibit Dirac impulses which exclude classical solutions
from existence. Hence we need to consider a distributional solution framework. To do so,

21
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we will first give a brief review of distributions and we will show that the general space
of distributions is not suited as a solutional framework. Most of this section is based
on [123] and [125] to which is referred to for a more extensive treatment of distributions.
On occasion we include a proof for illustration or whenever the exact formulation is not
found in the literature.

2.2 Classical distribution theory

In this section classical distributions as formalized by Schwartz [112], i.e., linear func-
tionals on the space of test functions, are considered and important properties are
highlighted.

Definition 2.2. The space of test function is
Cy® :=={p € C*(R = R) | supp ¢ compact },
where

supp ¢ :=cl {t € R [ p(t) # 0}
is the support of ¢ and cl M denotes the closure of a set M/ C R.

Although the space of test function is equipped with a suitable locally convex topology,
the definition of continuity in terms of this topology is rarely used. Instead, one often
works with the following characterization of continuity.

Lemma 2.3 ( [54], Thrm 12.7 and 14.2). A linear map D : C§° — R is continuous if and only
if lim,, o D(p,) = 0 for all sequences (¢,,) € (C5°)N with the following properties

i) 3compact K CRVn € N:supp ¢, C K, and
ii) Ym € N : limyeo |00 [|oo = 0
where || - || denotes the supremum norm of a bounded function.
Definition 2.4. The space of distributions is
D:={D:C;° — R | D is linear and continuous}.

Definition 2.5. The space of locally integrable functions, i.e., the space of all measurable
functions f : R — R for which the integral [, |f| is finite for all compact sets K C R is
given by

LY :=LYR — R) :={f:R - R| fislocally integrable}.
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Distributions are sometimes referred to as generalized functions because of the
following result.

Theorem 2.6 ([123], Proposition 2.1.5). Each f € L£'°° induces a distribution f, € D given by
foiGF =R o [ o0r)

and for any f,g € L', there is the one-to-one correspondence in the following sense
fo=gp <= f= galmost everywhere.

Definition 2.7. The space of regular distribution is given by
D= {fp | f € LY},

A very important and useful property of distributions is that all distributions have a
distributional derivative within D.

Lemma 2.8 ([123] Definition 2.1.6 and Lemma 2.1.7). The distributional derivative of D € D
is given by

D'(p) :==D(¢"), DeD,peCe
and is again a distribution. Furthermore, for differentiable f : R — R it holds that (f")p = (fp)".

Perhaps the most famous distribution which is not induced by a function is the Dirac
impulse.

Definition 2.9. Let 1|; ) : R — Rbe the Heaviside step functionatt € R, i.e., L »)(7) =1
for 7 > t and zero otherwise. Then the distributional derivative of the Heaviside step
function is called Dirac impulse at ¢, denoted by d,, i.e.,

515 = (:H-[t7oo))/'
In the case t = 0 the index is omitted, i.e., § = dy.

The Dirac impulse can equivalently be defined in an alternative way. Namely as the
distribution satisfying

0(p) =(t), ¢€CF,VEER,

which concludes the revision of classical distributions. The product of smooth functions
and distributions is well-defined. This multiplication allows us to interpret linear
differential equations as distributional differential equations. However, to do so, we will
tirst need the following result.
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Lemma 2.10 ( [123] Proposition 2.1.10). Let D € D be a distribution and let o € C* be a
smooth function. Then the product oD is given by

aD(p) == D(ayp), DeD, aeC>® ¢eCy

and is again a distribution. In particular

afD = (af)Da
 (d o 4
d) _ _1\d—i . (d—i) (@)
ad ;:0 (z) (D) a'"(t)6, 7, ford e R

and
(aD) =da' D+ aD'.

By interpreting constant matrices and scalars as smooth constant functions, we can
interpret a linear differential equation as a distributional differential equation. This
observation leads to the following definition.

Definition 2.11. A distribution (z,u) € (D)"™™ is said to solve

Eix = Ax + Bu (2.3)
for some smooth constant functions F, A and B if for all p € C§°

Ei(p) = Ax(p) + Bu(y).

In the case that « is not smooth, then the product ay is not smooth in general and
the evaluation D(ay) is not well-defined. Hence it is not clear whether the space of
distributions can be used as a solution space for switched DAEs. In the case that the
entries of the matrices E,, A,, B, are regarded as piecewise-constant functions, it is
tempting to think the distribution space can be used as solution space by restricting
distributions to a time interval and regard the concatenation of each restricted distribution
as a solution. However, the restriction of a distribution to an interval is not well-defined
as the following example shows.

Example 2.12 (c¢f. [123], Lemma 2.2.3). Consider the following distribution, which is
well-defined:

(-
D =) ddy, di=-— i€eN
€N Z+1

The restriction to the interval (0, co) should have the form

1
keN

However, for any test function ¢ € Cg°, the series does not converge and hence the
restricted distribution is not well-defined. o
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From Example 2.12 we can conclude that the restriction of a distribution to an interval
is generally not well-defined and consequently the whole space of distributions is too
large to be a solution space for switched differential algebraic equation of the form (2.1).
This means that we need to find a suitable subspace of . To that extent we introduce
the following space.

Definition 2.13. The space of piecewise-smooth functions is

ngv = {OK = Z ﬂ[ti7ti+1)ai

1€Z

{t; e R| i € Z} locally finite,
ti < tiyr, (Qi)iez € (C™)*

Given the space of piecewise-smooth function, we can define the space of piecewise-
smooth distributions.

Definition 2.14. The space of piecewise-smooth distributions is

Dpwes 1= {D =fp+ ZDt

teT

Vt € T : Dy € span{dy, o}, 9}, ...

f e, T C Rlocally finite,
S

Clearly the first requirement is satisfied for this subspace of distributions. The second
and third requirement also hold as follows from the next results.

Lemma 2.15 ( [123] Proposition 2.3.4). For all D € D¢ the derivative D' € Dpyeee.

Lemma 2.16 ([123] Theorem 2.4.1). There exists a unique multiplication  : Dyyco0 X Dyyeoe —
Dpeee which is distributive, compatible with scalar multiplication and satisfies

i) foxgp = (fg)p forall f,g € Cx,
it) (F*xG) =F xG+ FxG forall F,G € Dpye,
i) Fx(GxH) = (FxG)xHforall F,G, H € Dyycoe.

Hence D¢~ is a suitable solution space for switched differential algebraic equations
of the form (2.1). However, in order to use the piecewise-smooth distributions in a
meaningful way in the context of control theory, we need to define how to evaluate a
distribution at a specific time instance. Before doing so, we state the following result,
from which an intuitive definition will follow.

Lemma 2.17. The distributions X € {fp | f € C*}"and U € {fp | f € C>*}™, ie., X and U
are induced by x € (C*)" and u € (C*)™, solve (2.3) in the distributional sense if, and only if

Ei(t) = Ax(t) + Bu(t) (2.4)

forallt > 0.
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Proof. After denoting g(t) = Eii(t) — (Az(t) + Bul(t)), we can write
EX'(¢) — (AX () + BU(p)) = /OOO Ei(t)o(t) — (Ax(t)o(t) + Bu(t)o(?)) dt
= [ (i) = (Aate) + Bu(e) ) ott)
/0 g(t)p(t) dt. (2.5)

If z € (C®)" and u € (C*)™ solve (2.4) for all ¢ > 0, it follows that g(¢t) = 0 for all ¢t > 0
Consequently, (2.5) is zero for all ¢ € C§°, which implies that (X, U) solves (2.3).

Let (X, U) solve (2.4) in the distributional sense. Then (2.5) equals zero for all ¢ € C*.
Furthermore, observe that as x, u € C* it follows that g € C*. Suppose that g(t) # 0 for
some ¢t > 0. Let ¢, be such that ¢(¢,) # 0. Without loss of generality we can assume that
g(t,) > 0. By continuity there exists a ¢ > 0 such that g(t) > 1¢(t,) forallt € (t —¢,t +¢).
Consequently, there exists a ¢ € C* such that (2.5) is unequal to zero, which contradicts
the assumption that (X, U) solves (2.3). Hence ¢(t) = 0 for all ¢ > 0, which implies that
(x,u) solves (2.4). O

The result of Lemma 2.17 shows that smooth distributions do not behave much
differently than classical solutions. However, a distribution X € D" generated by
€ (C>®)", can equivalently be regarded as generated by z € (£°)! if z = z almost
everywhere. Therefore, Z could also be thought as a solution in the distributional sense,
although z might not be well-defined everywhere. Consequently, more functions can be
regarded as solutions by considering their induced distributions as solutions. On the
other hand, information on the initial value is lost. To overcome this problem, there is a
need to evaluate distributions with respect to the function that induces them.

Definition 2.18. Lett € Rand D = fp +
t is given by

D(t) = f(t) =lm ft=2), D)= f(") = ()

+er Dr, then the left/right evaluation of D at

and the impulsive part of D at t is

{Dt teT,
D[t] =
0 te&T.

2.3 Existence and uniqueness of solutions

With the introduction of piecewise-smooth distributions for which a multiplication with
piecewise constant coefficient matrices is well-defined, it is now possible to interpret
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(2.1) as an equation within the space of piecewise-smooth distributions. The next step
is to study existence and uniqueness of solutions within this distributional solution
framework.

2.3.1 Regular matrix pairs

Regularity of the matrix pairs (£, A) will play a crucial roll in this investigation, which is
defined as follows.

Definition 2.19. The matrix pair (£, A) € R™" x R"*" is called regular if det(s£ — A) is
not the zero polynomial.

In the case that the matrix pair (F, A) is regular, there exists a coordinate transforma-
tion that allows for a convenient expression with respect to a DAE. This transformation
transforms the system in to the so called quasi-Weierstrass form [125].

Proposition 2.20 ( [9] Theorem 2.6). The matrix pair (E, A) is regular if and only if there
exist invertible matrices T, S € R™*" such that (E, A) is transformed into the quasi-Weierstrass
form (QWE):

sersan - ([1 7] [1 ) s

where J € R™*™ 0 < ny < n is some matrix and N € R™ "2, ny := n — ny, is a nilpotent
matrix.

The matrices S and T that transform (£, A) into the quasi-Weierstrass form can be
calculated by using the so-called Wong sequences [9,137]:

Vo .= R", ViJrl = A_I(EVZ'), 1=20,1, ...

, (2.7)
WO = {0}, Wi+1 = E_I(AWZ‘), 1= 0, 1,
The limiting subspaces are defined as follows:
Vo=V, wo=[Jw. (2.8)

ieN ieN
For any full rank matrices V, W withim V' = V* and im W = W*, the matrices T := [V, W]
and S := [EV, AW]! are invertible and (2.6) holds.

With a simple inductive argument it can be shown that the Wong sequences are
nested and terminate, i.e., there exist i*, j* < n such that

Vo2V 2DV =Yt =
WoCW C--- CWIT =WiTHl — ...
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and in particular

Vi=V" = AHEV") and W =W = E7HAWT).
Finally, it follows that

ker ACV* and ker E C W*.

Proposition 2.21 ( [124] Proposition 17). Let (E, A) be a regular matrix pair. Then for any
invertible matrices T, S the matrix pair (SET, SAT) is regqular.

2.3.2 Non-switched differential algebraic equations

A regular matrix pair (£, A) € R™" x R™", an input matrix B € R™*" and an input u
can be associated with the differential algebraic equation

Ei = Ax + Bu. (2.9)
The index of (2.9) is defined as follows.

Definition 2.22. Let (S, T) transform (£, A) into the quasi-Weierstrass form. The index
of (2.9) is defined as the smallest integer v € N for which N*~! = (.

To derive an explicit solution formula for (2.9) we define the following projectors and
selectors based on the Wong sequences (2.7).

Definition 2.23. Consider the regular matrix pair (£, A) with corresponding quasi-
Weierstrass form (2.6). The consistency projector of (E, A) is given by

I 0

M:=T T
00

Furthermore, the differential selector and impulse selector are respectively given by

. I .
it .— 7 0 S, IImP.=T 00 S.
00 0 I

In all three cases the block structure corresponds to the block structure of the
quasi-Weierstrass form. Next, we define

Adiff = HdiﬁA, Bdiff = HdiﬁB, Eimp = HimpE7 Bimp = HimpB'

Note that all the above defined matrices do not depend on the specifically chosen
transformation matrices S and 7’; they are uniquely determined by the original regular
matrix pair (£, A).
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Lemma 2.24. A classical solution x solves (2.9) if and only if x satisfies x = x4 2™P where

dlﬂ"

the differential component ™" := Ilx solves

j:-dlff — Adlffxdlff +Bd1ffu

and an algebraic component ™ := (I — II)x satisfies
2P — Z(Eimp)iBimpu(i)‘
i1

Proof. Using the projectors and selectors resulting from the Wong sequences we can

write x = Iz + (I — II)z. The component 24 := Iz solves
29 (4) =
=T[§81T "%
=T[§8]8S7 [ /1T "2 (2.10)
=" E;

= ANy (t) 4 BTy (t).
To find a similar expression for 2™ it is observed that
B = E = T[§9)557 (41T = TR} T
=TERITTRYT = E™ (I —1I)
and
(=T =TT =T[§9)Ss™ ({917 =11
Consequently, we can write for 2™ the following
EmPgimp — e[ 1)
= E"™Pj
= "™ Ei
= [I"™P Az + B™Py
= (I — M)z + B™y

= g™ 4 By,

(2.11)

The component 2™ can be expressed as an explicit function of the input and its derivatives
as the operator (E™4 — ) is invertible. Its inverse is given by (E™4 — 7)™ —
— >V (BE™P)i (4), where v € N is the nilpotency index of N, i.e., the smallest integer
value for which (E"™P)” = 0. Consequently

v—1
1mp Z Elmp Blmpu )<t),
=0

which concludes the proof. O
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Corollary 2.25. A classical solution to (2.9) is given by

i t i . 1/71 . . . .
w(t) = A" e + / A= Bty () dr — Y (E™P) By (1), (2.12)

0 i=0

for some value c € R™.
Altogether this leads to the following result.

Corollary 2.26. For every smooth input u there exists a smooth solution x to (2.9) which is
uniquely determined by the value x(t ) for any fixed t, € R if and only if the matrix pair (E, A)
is regular.

It follows as a direct consequence of the solution formula (2.12) that if x is smooth
and solves (2.9), it satisfies

v—1

x(tg) = e — Z(Eimp)iBimpu(i) (to).

=0

In particular, we can conclude that the initial value problem (2.9) with z(¢;) = =, has a
smooth solution if and only if

v—1
To + Z(Eimp)iBimpu(i) (tp) € im Il = V*,

1=0

which characterizes consistency of the initial value.

Definition 2.27. Consider the DAE (2.9), then the consistency space is defined as
ViE,4) = {xo € R" |3 smooth solution z of Fi = Az, with 2(0) = x¢ }

and the augmented consistency space is defined as
V(E,AB) = {xg € R™ |3 smooth solutions (z,u) of E4 = Ax + Bu and z(0) = xg }

Proposition 2.28 ( [10] Theorem 4.4). Consider the DAE (2.9), then the consistency space
Vig,a) = V* and the augmented consistency space V(g a,5) = V(5,4) @ (E™P | im B™P), where
(E™P | im B'™P) is the largest E™P invariant subspace generated by im B™>.

2.3.3 Inconsistent initial values

In the presence of switches, a consistent initial value cannot be assumed and a classical
solution fails to exist. Implicitly it is thus assumed that the DAE (2.9) was not active
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before the initial time in the case of an inconsistent initial value. This gives rise to the
following initial trajectory problem where 2° : (—oo, tg) — R" is some initial trajectory:

_ .0
L(—oo,to) = L(—o00,tg)>

| 2.13)
(E$)[t0,oo) = (Az + Bu)[to’oo).

If 2°(t,) is not consistent, a classical solution does not exist, however, it will be shown in
the following that there exists a distributional solution. Therefore (2.13) is considered as
an equation of piecewise-smooth distributions, in particular, the input v and the initial
trajectory are also pieceswise smooth distributions.

Theorem 2.29 ( [125] Theorem 5.1). Let (E, A) be a regqular matrix pair. Then for any initial
trajectory 2° € (Dpuee)" and any input u € (Dyypee)™ the ITP (2.13) has a unique solution
z € (Dywes)™. In particular the jump from 2°(ty) to x(t]) and the impulsive part x[to] is
uniquely determined.In the case that the input w is impulse-free, it follows that

[y

v—

z(ty) = Ma’(ty) — Y (BMP) B u(t),
1=0
v—1 7
xlto] = =Y (E™P)! (:cO(tg)a(i) +> Bimpu“—ﬂ(tg)a(j)) (2.14)
i=0 j=0

=3 () ()~ a0) 6

and for t € (ty,00)

x(t_) :eAdlfftHx0<t5) + / eAdlff(t—fr)Bdlffu(T) dr — Z(Elmp)lBlmpu(Z) (t_), (215)
to i=0

where 11 is the consistency projector and E™P = TI"™P E with the impulse selector IT"™P as in
Definition 2.23

Remark 2.30. As follows from the result in Theorem 2.29, the solution to the ITP (2.13) is
uniquely determined by the input and the initial value z°(¢; ). Consequently, the initial
value problem

Ei = Az + Bu, z(ty) = o,

can be equivalently be considered, with the implicit assumption that the DAE is active
only on [ty, c0) and uniqueness of x is only considered on that interval.

As follows from the formula (2.14), the solution of an ITP (2.13) generally contains
jumps and Dirac impulses, even in the case v = 0. For many applications, it is of interest
to avoid Dirac impulses. For some initial trajectories, Dirac impulses can be avoided by
means of a suitable input, but in general this is not possible for all initial trajectories.
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Lemma 2.31. There exists a solution of (2.9) that is impulse-free at t,, if and only if the initial
trajectory satisfies

(I —1)2°(ty) € (E™ | im B™P) 4 ker E.

Proof. Assume that x is impulse-free at ¢, and solves (2.9). Then it follows from (2.14)
that

(I —10) (2°(ty) — x(tg)) € ker(E™P)",
for i € N. Observe that
ker B =ker T'[§ 91T ' =ker T [ Q1T ' + ker T[J9] T
= kerT'SE +imIl = ker /' 4+ im I.
Consequently, since im IT N im(/ — II) = 0, we can conclude that
(I —1)a°(ty) € ker E + (I — I)x(t])
€ (E"™ | im B™P) 4 ker E.

Conversely, assume that (I — I1)z°(t;) € (E™P | im B™P) + ker E. Then (I — I1)2°(t;) =
v+ w for some w € (E™P | im B™P) and w € ker E. Observe that v € ker £ C ker E™P.
Hence for any u satisfying

—_

v—

(BB (1) = w,

I
=)

it follows that (I — I)z(¢J ) = —w and hence z[to] = 0. O
The result of Lemma 2.31 gives rise to the so called impulse-controllable space.

Definition 2.32. Consider the DAE (2.9), then the impulse-controllable space is defined as

Proposition 2.33 ([100] Proposition 1). Consider the DAE (2.9), then the impulse-controllable
space satisfies

I solution (z,u) € Dpweeo of (2.13)
s.t. z(07) = xp and (x, u)[0] = 0. ‘

CmP — V(E,A,B) + ker F.

Viewing (2.1) as a repeated ITP (where the switching times are the initial times), one
obtains the following result regarding the existence and uniqueness of solutions of (2.1).

Theorem 2.34 ( [125] Corollary 5.2). Consider the switched DAE (2.1) with a switching signal
o € S, and regular matrix pairs (E,, A,) € R™*". Then there exists a globally defined solution
x € (]:Dpwc‘x’)n to

E,i = Asx + B,u, z(ty) = wo,

which is uniquely determined by the value x(ty) and the input u € (Dye)™.
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2.4 Control theoretical concepts for DAEs

As each mode of (2.1) can be interpreted as a non-switched DAE which is active for some
time, we review some important controllability properties of non-switched DAEs. To
that extent consider the DAE

Ex = Ax + Bu (2.16)

and assume that the matrix pair (£, A) is regular. Concentrating on the relation between
x and u, the amount to which the solution x can be influenced by means of a suitable
choice of input u gives rise to the reachable space defined as follows.

Definition 2.35. The reachable space of the regular DAE (2.16) is defined as

R = e R"
{xT with 2(0) = 0 and z(7T') = x¢

3T > 0 3 smooth solution (z, u) of (2.16) }

It is easily seen that the reachable space for (2.16) coincides with the controllable
space, i.e. the space of initial values which can be controlled to zero in a smooth manner.

R = e R"
{xo with 2(0) = zo and #(T) = 0

3T > 0 3 smooth solution (z, u) of (2.16) }

Given the reachable space, we can decompose a solution into a part resulting from the
initial value and a part resulting from the input.

Lemma 2.36. Consider the DAE (2.16). Any solution (x,u) with x(t; ) = x satisfies for each
te (to, OO)

w(t7) = e Mlzg + 1,
for somen € R.

Proof. Considering the solution formula (2.15) in relation to the reachable space, we can
conclude that for all ¢

¢ ‘ v—1
/ eAdlff(t—T)Bdiffu(,]_) dr — Z(Eimp)"Bimpu(i) (t7):=neR.

to i=0
Hence the result follows. Il
The reachable space of (2.16) can be characterized as follows.

Lemma 2.37 ( [10] Corollary 4.5). Consider the reqular DAE (2.16). Then the reachable space
is given by

R = <Adiff ‘ im Bdiff) D <Eimp ’ im Bimp>.
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Given the result of Lemma 2.37, we can express the augmented consistency space
and the impulse-controllable space in terms of the reachable space.

Corollary 2.38. The augmented consistency space of (2.9) satisfies
Vie,AB) = V(EA @ (E™ | im B™P) = Viea +R.

Proof. Since im A% C Vg 4 and im BY € Vg 4 it follows that (AT | im BIT) C Vg 4.
Consequently

Vig.aB) = Vip.a) ® (E™ | im B™)
— V(E,A) D <Eimp | im Bimp> + <Adiﬁ | im Bdiﬁ> = V(E,A) + R.
where the first equality follows from Proposition 2.28. O

Corollary 2.39. The impulse-controllable space of (2.9) satisfies

Cimp = V(E,A,B) + ker £
= VE,a) + <Eimp | im Bimp> + ker &
= V(g4 + R +ker .

As the solutions of (2.16) are generally confined to a subspace, we can distinct the
following definitions of controllability.

Definition 2.40. The DAE (2.16) is called
i) completely controllable if R = R",
it) behaviorally controllable if R = V(g 4 p).

The following definition deals with the avoidance of Dirac impulses in the state
trajectory.

Lemma 2.41 ( [22] Proposition 3). The regular DAE (2.9) is impulse controllable if and only if
i) CmP =R",
i1) im £+ Aker £ +1im B = R",

i11) there exists a matrix K such that im E + (A + BK ) ker £ = R™

Besides the coordinate transformation that puts a regular matrix pair (£, A) in the
quasi-Weiserstrass form, there exists for every matrix triplet (£, A, B) a coordinate trans-
formation that puts the matrices in the Quasi-Weierstrass Form-Kalman decomposition
for differential algebraic equations.
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Proposition 2.42 ( [10] Proposition 4.2). For a reqular matrix pair (E, A) there exist invertible
matrices T', S € R™*" such that (E, A) is transformed into

I 0 0 0 &hl %2 0 0 BH
0O 7 O 0 0 Jy 00 0
(SET,SAT,SB) = : > , , (2.17)
O O Aﬁl Nﬁ 0 0 [ 0 Bm
0 0 0 Ny 0o 0 0 1[I 0

where ([{ A0, ], [ 9], [B11]) is completely controllable and Nyy and Ny, are nilpotent.

Corollary 2.43. Consider the matrices (E, A, B) in the form (2.17). Then

|\

where V' is any matrix with im V' = ker N15 N Nao.

¢ —im |

coO~
oOoO~O
o~NOoOo
<coco

Proof. Since ([5 A}, ] [ 7] [52]) 1

s c
1000 1000
im |29 2 § . Furthermore, V(g 4y = im § é § § . Then by Corollary 2.39 we obtain

00
00
]7

which proves the result. O

. 1000
C™ =Vg.a + R+ ker E =im [86?8] + ker [ = im [
0000

coo~
co~Oo
o~
<ococo

By transforming the matrices (£, A, B) into the form (2.17) we can prove the following
results regarding solutions of a DAE satisfying z (¢, ) = xo € C™P.

Lemma 2.44. Consider the matrix pair (E, A, B) and let T, S matrices that transform (E, A, B)
into the form (2.17). Then the matrix pair (EW, A) where

1000
W:T[gggg}T—l, (2.18)
0000
is regular.

Proof. By Proposition 2.21 the matrix pair (£, A) is regular, then (SET, SAT) is regular.
Consequently det(ASET — SAT) # 0 and hence we have

det(ASET — SAT) = det (A — [0t 712]) det (A [ "3 N2 ] — 1)
= det (AL — [73" 712]) det(ANy; — I) det(ANy, — 1)
#0
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and hence det (Al — [/ 712]) det(ANy; — I) # 0. As T, S are invertible, it follows that
(EW, A) is regluar if and only if (SEWT, SAT) = SETT'WT, SAT) is regular and thus

we compute

0 0 01

I0 0 O Ji1 J12 00
det ASETT'WT — SAT) = det (/\ {86&11 8} — { 0 J32?8D
00 0
(8 iz ]) det (N[5 8] = 1)
= —det (\ — [ J2]) det(ANyy — 1)

This proves regularity of (EW, A). O

Lemma 2.45. Consider (2.16) and assume it is regular. The pair (z,u) with x(ty) = z¢ € C™P
solves (2.16) if and only if it solves

EWi = Az + Bu, (2.19)
where W is given by (2.18). Furthermore, (2.19) is impulse controllable.

Proof. Without loss of generality we can assume that the matrices (F, A, B) are already in
the form (2.17). Then we can decompose = = [z =] =] =] ]T. By Theorem 2.29 it follows
that

v—1

1=0

Since zy € C™ it follows from Corollary 2.43 that x4(t;) € imV = ker Ni5 N ker Noy
and hence z, = 0 on [ty, 00). Consequently @4 = 0 on (tp, c0) and hence E& = EW i on
(to, 00). However, x4(t; ) € ker N1o N Nas it follows that at ¢

||

from which we can conclude that £ = EW 3 on [tg, 00).

I0 0 0 #1[to

. o[t .

Eilto) = [8 LN N} P = EWilt],
00 No

0 2 &4to

70 o o7 [t
0I 0 O @2 to]
00 N11 0 ig[to}
00 0 ]

&4to

(«) Conversely, assume that = solves EW i = Az + Bu. Then x solves
0700 07 8 0 8 7200 o
0070 T=]0oNuo|T= | ¢ FrolTT |Bnl|l
0000 00 0 0 0 001 0
and we can conclude that z, = 0 on [ty, 00) and thus &, = 0 on (ty, 00). Therefore z solves

6? 8 8 Ji1 J12 00 Bi
N 0 Jo2 00 0

0 0 Ni1 Ni2 xr = 0 0 I0 x+ Bis u’

00

1
0 N2 0 0 01 0
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on (tg, 00). Furthermore, at ¢, we can conclude that z4(t;) € ker NjsNker Ny as zg € Cimp,

10 0 0 &1[to]
—[w NO} inl]
- 11 V12 T3t

00 3[0%

0 Noad |y ro

Consequently, we obtain

0 0 o7 [ %ol
I 0 0} &2 [to]
0 N1 0 xg,[td
0 0 ]

0 T4 [to

= Eilto],

[

EWilt] = [

OO~

from which we can conclude that EW & = Ei on [tg, 00).

It remains to show that (2.19) is impulse-controllable. Let n;, ny, n3 and n4 correspond
to the sizes of the blocks in (2.17). Thenny+ny+ns+ng = n. Since ([{ 40, ], [ 9], [51])
is completely controllable, we can conclude that

m 4]+ [ $Tker (4, ] +im (] =R

Hence we can conclude that
0
0
Ni1
0

00 Ji1 J12 00 I
dim(im EW + Aker EW +im B) = dim (im l Ny 8] + [ 0 22 0 0} ker [8
0 0

10 0 007 }
1)
= dim (im [ 5, ] + [ 3 7] Ker [§ o7, ] +1im [51])

a7

=Ny +Ng+MNg+ Ny

O O~O
oooo

+im

OO0~

=n
and hence we can conclude
im EW + Aker EW +1im B = R".
Therefore (2.19) is impulse-controllable. [

We conclude this chapter with a geometric control concept for DAEs, namely con-
trolled invariant subspaces.

Definition 2.46. Consider the DAE (2.9). A subspace V is called (E, A, B) invariant, or
controlled invariant if for all =y, € V there exists an input « such that the solution (z, u)
with z(t;) = xz( satisfies z(t7) € Vforall t > ¢,

Lemma 2.47 ( [74] Theorem 10). Let W C R™ be a subspace. There exists a largest (E, A, B)
invariant subspace contained in W, denoted by (W | E, A, B), in the sense that if V is some
(E, A, B) invariant and contained in W, then V C (W | E, A, B). Furthermore, W | E, A, B)
equals the limit of the sequence

Vo = R, (2.20)
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Lemma 2.48. Let V be an (E, A, B) controlled invariant subspace. Then
ATY CV 4+ R,

Proof. Since V is controlled invariant, there exists for every z, € V an input u such that
the solution (z, u) with z(t;) = x¢ € V satisfies x(t~) € V for all t > ¢,. Consequently, it
follows from Lemma 2.36 that for each ¢ there exists a n € R such that

a(t™) = e Mag+neV+R,

for all t > to. Hence eA""!Tlzy € V + R for all t > t, and thus it follows from Lemma A.1
that

[lrg € (V+R| A CV+R.
Since AM = AYFT] we can write
Ay = AY 3y C AV R | A C (V+ R | AT CV + R.
Since zy € V was arbitrary, the result follows. O

Corollary 2.49. Let V be an (E, A, B) invariant subspace. Then TIV C (V + R | A4f),



3 | Switched DAEs and impulses

In this chapter we investigate the existence of impulse-free solutions of switched
differential algebraic equations, i.e., existence of solutions without the occurrence of
Dirac impulses. In many engineering applications it is of utter importance that Dirac
impulses in the state are avoided as they can damage components in the system or
cause hazardous situations. First we will investigate impulse-controllability for switched
differential algebraic equations with a known switching signal. Then we will investigate
the dependence of impulse-controllability on the switching times, by considering
impulse-controllability of system classes.

3.1 Impulse-controllability of DAEs

In this section we will introduce the concept of impulse-controllability of switched
differential algebraic equations. Again consider the switched differential algebraic
equation

E,x = A,x + B,u, (3.1

with a switching signal o € S, that induces finitely many mode changes. Hence we
assume that the switching times ¢; < t, < ... < t, are known and that mode n is active
on [t,,00). We will consider (3.1) on the interval [ty, c0) for some ¢, € (—o0,t;), but
assume that mode 0 was already active on (—o0, ¢;). Consequently, any initial trajectory
will satisfy x(t,) = 2o € V(£y,40,B,)- In order to define impulse-controllability we will
consider the behavior of (3.1) defined as follows.

Definition 3.1. Consider the system (3.1) for some switching signal o € S,. The behavior
B, is the set of all distribution pairs (z, u) that solve (4.3), i.e.,

B, = {(x,1) € (Dpwes)""™ | Eyi: = Ay + Byu}.

The system (3.1) will roughly speaking be called impulse-controllable if it has the
following property: for all initial trajectories there exists an impulse-free input u € Dpyee
such that the resulting state trajectory is impulse-free for all time. Since we assume that
the initial trajectory is a solution of (3.1) we will speak of behavioral impulse-controllability.

Definition 3.2. The switched DAE (4.3) with a switching signal o € S, is behaviorally
39
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impulse-controllable if the corresponding solution behavior 9B, is impulse-controllable, i.e.

V(z,u) € B, I(z*,u*) € B, :

(2%, U") (—oo,te) = (%) (—o0sto)

and (z*,u")[t] = 0, Vt > t.

Remark 3.3. The solution (z*, *) in Definition 3.2 is allowed to contain Dirac impulses as
long as they occur at ¢ < ¢y. These Dirac impulses can be induced by e.g., discontinuities
or even Dirac impulses in the input u. However, if there exists a solution (z*, «*) which
is impulse-free on [ty, 00) there also exists a solution (z, ¢) which is impulse-free on the
entire interval (—oo, 00) and satisfies (Z, %) ,00) = (%, 4" )jt9,00)-

As already mentioned, any initial trajectory satisfies z(t;) € Vg, 4,,5,)- In fact, any
initial trajectory satisfies x(t7) € Vg, 4,,8,) for t € (—00,1). This allows for defining
impulse-controllability of (3.1) equivalently in terms of the initial values as follows.

Definition 3.4. The switched DAE (3.1) with a switching signal o € S, is called impulse-
controllable on [ty,00), if for all zg € Vg, 4,,8,) there exists an impulse-free solution
(z,u) € DY I of (3.1) with z(ty ) = 0.

As an alternative for Definition 3.2 and 3.4, impulse-controllability could also be
defined in terms of arbitrary initial trajectories or initial values z, € R". This would
result in the immediate necessary condition that the first mode of a switched differential
algebraic equation is impulse-controllable. However, the only interesting initial values
with respect to the avoidance of Dirac impulses are those contained in Vg, 4,,5,). Indeed,
for initial values zy € ker E, the trajectory will jump to the augmented consistency space
and for initial values zo € Vg, 4,,8,) + ker Ey a Dirac impulse occurs inevitably.

As a consequence of defining impulse-controllability in the behavioral sense or
in terms of xg € V(g, 4,8,), all switched differential algebraic equations with a con-
stant switching signal, i.e., non-switched differential algebraic equations, are impulse-
controllable according to Definition 3.4, due to the definition of the augmented consistency
space in terms of smooth (in particular, impulse-free) solutions. This seems counter
intuitive, because the active mode on that interval is not necessarily impulse-controllable;
however, recall that impulse-controllability for a single mode governed by matrices
E, A, B is formulated in terms of an initial trajectory problem (ITP), which can be
interpreted as a switched system with one switch at ¢; = 0. In fact, letting ¢, = —¢,
tr = ¢, (Eo, Ao, Bo) = (1,0,0) and (E1, A1, B1) = (E, A, B), the DAE Ei¢ = Ax + Bu is
impulse-controllable if, and only if, the corresponding ITP (reinterpreted as a switched
DAE) is impulse-controllable on (—¢, ¢).
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3.1.1 A backward approach

In this section we will investigate impulse-controllability of a switched DAE (3.1) with
a switching signal o € S,, which is assumed to be known a priori. Hence we assume
that (3.1) has n € N modes and both the switching times and the switching sequence
are known. Clearly, impulse-controllability of each mode is a sufficient condition for
impulse-controllability of the overall switched DAE, however, the following example
shows that this is in fact not necessary.

Example 3.5. Consider the switched DAE

|
|

The first mode in the example is impulse-controllable, whereas the second mode is not.
Observe that as

e —sn {[{]. [§}

an impulse-free solution z has to satisfy z,(¢; ) = 0. However, as

Ro=san{[3]. [{]}

the state component z, can be controlled to zero in arbitrary time. Hence for any

} #(t) = a(t) + m u(t), 0<t<t,

o -

[efelg [evlenien)
[ =)= oo

oOoOo OO+

} 2(t) = z(t) + [@] ut), t <t

initial value o € V(g,,4,,8,) there exists an input such that the resulting trajectory is
impulse-free and thus the system is impulse-controllable. o

The reason that the system in Example 3.13 is impulse-controllable although not
every mode is impulse-controllable, is that every state that possibly results in a Dirac
impulse at the switch, can be controlled to zero before the switch occurs. Alternatively
formulated, the impulse-controllable space of the final mode can be reached from every
initial value in the augmented consistency space before the switch. Motivated by this
observation, we will investigate the largest subspace from which the impulse-controllable
space of the final mode can be reached without the occurrence of Dirac impulses. To
that extent, we define the following sequence of subspaces which can be associated with
the switched differential algebraic equation (3.1) for which the switching signal o € S,:

Ka Gy,
Kr, = imlIL;_1nN (e_A?iffl”‘llCZ' +Rict) + (B | im BI™) + ker By (3.2)

t=nn—1,...,1
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Remark 3.6. Recall thatim IT; = Vg, 4,y and that C}™ = Vg, a,)+ (E}™ | im BI™) +ker E;.
Therefore we have that T C Czi»mp.

Each space K7_, is the largest space containing the initial values from which K7 can
be reached given the dynamics of (3.1) restricted to the interval [t;,_;,t;). In particular,
we can prove the following result.

Lemma 3.7. Consider the DAE (3.1) restricted to the interval [t;_1,t;). Then there exists a local
solution (x,w) that is impulse-free on [t;_1,t;) and solves

(Eo'jj)[ti—lyti) = (Aﬂx + BUU)[ti—hti)’ w(t;—l) = o
and satisfies x(t;) € KT if and only if zo € KT_;.

Proof. (=) Assume there exists an impulse-free solution x that satisfies z(¢;") € K7. The
dynamics of (3.1) restricted to the interval [t;_,, ;) are governed by

E,L',l.fl'f = Ai,1$ + Bi,lu.
Consequently, for some 7,_; € R,_; and some k; € KT we can write

2(t7) = NN g + iy = ks € KT (3.3)

2

which after rearranging terms yields
Hi_lxo € €_A?i_f§n71/cz— -+ Ri—l- (34)
As x is impulse-free, in particular at ¢, the result of Lemma 2.31 and (3.4) lead to

xo = Il120 + (I — ;1)

cimIl_ N (e 45 KT + Risy) + (B | im BI™) + ker E;_,

=K1
Conversely, let zy € K7_,. We will construct an input « that is impulse-free on [t;_1, ;)
that results in a trajectory « which is impulse-free on [¢;_1, ¢;) too and satisfies (¢, ;) = x
and z(t; ) € K7. To that extent, we regard a solution z to (3.3) as the sum of two solutions,
ie, © = x1+ xy where z1(t,_;) = II,_129 and z5(¢t, ;) = (I — II;_1)zo. Observe that
xo € K7_, implies

r1(t_y) =120 € I, KT, =imIl; 1 N (fA?i_ﬁiTifl}CiT + Rifl)
and

x2<t;_1) = (I — Hl‘_l)ﬂfo € ([ - Hi_1>ICZ;1 == <E21r_n§> ’ im BIT{)> + ker Ei—l-

i
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In particular, it follows that

eA?i—ngHHi,lxo =k +ni1
and

Ta(ti_y) = i1 + €im1,

for some ;1 € R;—1, ki € KT, 0i—1 € <E§Tf | im B;Tﬂ and e;_; € ker F;_;.

As x1(t;,_;) € imII;_; the solution is impulse-free for any smooth input. Let u; be
a smooth input that steers the origin to the vector —7;_;. The resulting trajectory z; is
impulse-free on [t;_;, t;)then satisfies =1 (t; ) = k;. Next, let u; be smooth solution such
that

l/i—l .
imp\”? pim j —
332(@!) = Z (Eiff> Bif{)ugj)(tz—tl) = Ti—1
j=0

and uéj ) (t;)=0forj=0,1,...,v; — 1. Then it follows that x5 is impulse-free on [t;_;, ;)
and satisfies z5(¢; ) = 0. Consequently the input u := u; + uy results in an impulse-free
trajectory satisfying

w(ty) = a1 (t;) + a2(t;) = ki € KT,
which concludes the proof. O

The result of Lemma 3.7 can be used inductively to show that each K7_; space is
in fact the largest set containing initial values from for which there exist impulse-free
solutions to (3.1) restricted to [t;_1, 00). Although this is conceptually rather intuitive,
we provide a proof for the sake of completeness.

Corollary 3.8. Consider the switched differential algebraic equation (3.1) restricted to the interval
[ta—i, 00) for some i € {0, 1,...,n}. There exists a solution (z,w) that is impulse-free on [t,_;, 00)
and solves

(Eaft)[tn,i,oo) = (AJZE + BJU)[tnﬂ.,oo), :L“(t;ﬁi) = Xy, (35)
if and only if xy € KI_,.

Proof. (=) For i = 0 it follows that 2y € C'™P and hence there exists an impulse-free
trajectory on [t,, 00) as no more switches occur. Hence we can assume that the statement
holds for i. Together with Corollary 3.8 this means that we need to show that there exists
an impulse-free solution z satisfying =(¢,_,) = ¢ and z(¢;) € K7. By Lemma 3.7 this is
the cases if and only if (¢, ;) € K7_,. O
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Given these preliminary results we can present the following theorem, which
characterizes impulse-controllability of (3.1).

Theorem 3.9. Consider the switched system (3.1) with switching signal o € S,. The system is
impulse-controllable if and only if

V(EO7A07BO) - ICZ)- (36)

Proof. (<) Assume that Vg, 4,,8,) € KJ. This means that for all initial values z, €
V£, 40,B0) there exists an input v such that the resulting trajectory x is impulse-free.
Hence the system is impulse-controllable.

(=) Assume that the system is impulse-controllable. Then for all zg € V(g 4,8,
there exists an input u such that the resulting trajectory is impulse-free. By Corollary 3.8
it follows that zo € K. As this hold for all 7y € V(g 4,,5,) it follows that

V(Eo,40,B0) € Ky,
which proves the desired result. O

To illustrate the result from Theorem 3.9 we show the following example where we
verify impulse-controllability.

Example 3.10. Consider the switched DAE with a switching signal o with () = 0,
o(tf) = 1 and o(t5) = 2 and the switching times are given by ¢, = 0, {; = In(4) and
ty =1t + %W. Furthermore, let the modes be given by

[0 00 0117 1
(Eo, Ao, Bo) = <_,01(1)(1)} ’ [_01(1) ik _8]>’
(1007 [00 0]
(AL B = ([338]. 885 [8]).
r100 1007 [o0]
(B ) = ([383].[4,88] 18])

Since the second mode rotates the state, it is easy to calculate that:

e = {[{].[}]}. 5 =svn {[§]-[ 1]}

Then calculating the involved subspaces yields

. 01 _ Adiff . -2 -3
H0:1m|:%8:|, e 4 1“(4)ICI:1m[ L, 04},

Ro=span{ [ 4]}, ter 5 =span {[1] 1.

From this it can be calculated that XJ = R" and hence it follows that the system is
impulse-controllable. ©
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In the case that the switching signal only induces a single switch, the conditions for
impulse-controllability simplify considerably due to the A3 invariance of the reachable
space R, and the augmented consistency space Vg, 4,,5,)-

Lemma 3.11. Consider the single switched DAE (3.1) with switching signal o € S;. Then the
system is impulse-controllable if and only if

im HO Q Cimp + Ro.

Proof. (=) Since for all initial values there exists an input u such that the resulting
trajectory is impulse-free, it follows that for all =, there exists an 7y, € R such that

w(ty) = eAgiHTOHOl’o + 7o € Cimp7
which implies
@Agiﬂmnol'o € Cilmp + Ro.

Since this holds for all g € V(g,,4,,5,) and e%" is invertible and leaves im Il invariant
we obtain

imII, C Cimp + Ro.

(<) AsimIIy C C"™ + Ro and im Iy + Ro = V(g,.4,.5) it follows that
V. A0.80) € C™ + Ro.

The augmented consistency space Vg, 4,,5,) is A" invariant and thus
ViBoto.Bo) = €0 Vg, n0,80) S €70 (CI™ + Ry)

and consequently
im Ty N V(gy a0,8) C im Iy N e 4070 (CI™ 4 Ry).

Recall that Vg, 4,5, = im Ty + (Eg™ | im By™) and observe that im ITy N Vg, 4,.5,) =
im ITy from which it follows that

V(Eo,Ao,Bo) = i o N Vg, a0,80) + (Eg™ | im By™)
CimIly N e A" (CMP 4 Ry) + (B | im BI™) + ker E,
— K.

and thus by Theorem 3.9 the system is impulse-controllable. O
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3.1.2 A forward approach

The sequences (3.2) that led to the characterization of impulse-controllability of (3.1)
run backward in time. Consequently, if a switching signal is to be designed and it is to
be determined which modes should be induced next such that impulse-controllability
is guaranteed, the computations of the subspaces in (3.2) would have to be done for
each possible future mode. If the number of modes induced by the switching signal
and the order of the system are small, these computations can be done relatively easily.
However, if many modes are induced and the order of the system is large, doing these
computations can become computationally expensive. Furthermore, the subspaces in
(3.2) only contain the states from which C™P can be reached impulse-freely and hence
they are not necessarily very informative regarding states other than contained in Ci™?,
that can be reached in an impulse-free way. Therefore, we aim to find conditions, which
can be verified forward in time. To that extent, consider the following sequence of
subspaces.

WS = V(Eo,40) + Ro,

i . ~0,1,...n. 3.7
WT — QA?HTiHi< ’67'_1mc;mp> +R7,a n ( )

)

Note that these sequences are defined forward in time, in contrast to the sequence
(3.2) which are defined backward in time.

Lemma 3.12. Consider the switched system (3.1) with switching signal o € S,. Then for any
i €{0,1,2,...} and all w € WY there exists a solution (x,u) satisfying x(t;\,) = w which is
impulse-free on [to, t;+1).

Proof. The proof is by induction. By definition of the augmented consistency space (and
taking into account the time-invariance of the definition), there exists a smooth solution
(x,u) that is impulse-free on [to,t;) and satisfies z(t;) = w € W] = V(gy,a0) + Ro =
V(Eo,40,B0)- This proves the case for i = 0.

Assuming now that the statement holds for 7 — 1, we now consider the case for i. Let
w € WY, then by definition here exist elements @ € W7, N C;™” and 7; € R; such that

Adlﬂl _
w=e THZUJ—F?"]Z

Asw € WY ,, it follows from the induction assumption that there exists a solution (z, @)
of (3.1) with Z(t; ) = w which is impulse-free on (%, t;). Since Z(t; ) € C\™™, this solution
can be assumed to be impulse-free also on [t;,?;+1). We will now alter this solution
on [t;, t;+1) such that at ¢, ; the desired value w is reached and no additional impulses
occur. From the solution formula it follows that 7; := Z(t; ) — AT Lw € R; and
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hence n; — 7; € R,;. By definition of the reachable space of mode ¢ there exists a (smooth)
solution (7, u) of ;& = A;x + Byusuch that 2(t; ) = 0 and z(¢;,,) = n; — 7;. In fact, it can
be assumed that (7, u) is identically zero on (%o, t;), hence (Z, @) is then also a solution of
the switched DAE (3.1). By linearity, (x,u) = (Z 4+ Z, @ + u) is a solution of (3.1) that is
impulse-free on (tg, ;1) with z(t7,,) = Z(t5,) +F(tr,) = (e I +7;) + (1 —7;) = w,
which concludes the proof. O

The result of Lemma 3.12 yields that for all w € W, there exists an initial value
2o € V(E,,40,B0) and an impulse-free input u such that the resulting trajectory = will satisfy
x(t;,,) = w. Hence the spaces W, can be used in the case that a switching signal is to be
designed and a particular state is necessarily reached at time ¢, ,. However, although
Lemma 3.12 shows that the W spaces contain all the states that can be reached from
some initial condition with a trajectory that is impulse-free on [ty, t;11), not all those
trajectories can be continued impulse-freely on [t;, c0).

Example 3.13. Consider the following switched DAE restricted to the interval [t, t5),
where (A, B) is controllable.

100 .
[886] B(t) = a(t) ty <t <ty

In order to have impulse-free solutions, the state of the system needs to be in span{e;, e }
att = t,. However, W] = W/ = R" and therefore we can reach e; impulse-freely on
(0,t1], but this would lead to an impulse at t = ¢,. o

The example shows that the sequence (3.7) will not lead to a characterization of
impulse-controllability. However, these spaces can be used to find a sufficient condition.
The next result is concerned with the subspace of YW containing the points which can
be reached impulse-freely and which can be continued impulse-freely on the interval

(tit1,tiva)-

Lemma 3.14. Consider the switched system (3.1) with the switching signal o € S,. If (v, u) is
impulse-free on [ty, o) then

x(ti_Jrl) S WZT M C;Ti)a
foralli € {0,...,n— 1},

Proof. We will prove the statement by induction. For i = 0 it follows directly that
z(ty) = 21 € V(g 40,8,) = W(. As the solution z is impulse-free, it follows that at the
switch z(t]) € C™. Consequently, z(t7) € WJ N C™.
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This shows the claim for ¢ = 0 and we conclude the proof inductively by assuming
that the statement holds for i and proving that it holds for i 4 1. Since u is impulse-free
on [t;,t;+1) we have for some 7; € R;

2(ti) = L (l7) +

By assumption z(t;) € W7, N C™ and thus z(t;,,) € W7 . Furthermore the solution
z does not exhibit impulses, therefore we have z(t;,,) € C;T?. Combining these
observations leads to z(t;, ;) € WI NC;"? which completes the proof. O

Corollary 3.15. Consider the switched DAE (3.1) with switching signal o € S,. Then W NKT
is the smallest set containing states that can be reached in an impulse-free way on (to, t;) and that
can be extended in an impulse-free way on [t;, tay1).

Proof. By Lemma 3.12 we have for all z; € W7, N K7 € W7, N C™ that there exists an
impulse-free solution satisfying x(¢; ) = x; and x(t;) = w for some zy € V(g 4,,8,)- And
by Corollary 3.8 there exists an input such that CI™? is reached impulse-freely from z;.
Let (z,u) be an impulse-free solution. Then by Lemma 3.14 we have that at ¢,
z; € WI, NC™ and therefore x; € WY . Since we can reach Ci™® impulse-freely from
x; it must hold that z; € K7. Therefore x; € W, N K7, which proves the result. [

Given these intermediate result, we can now state the following sufficient condition
for impulse-controllability of switched DAEs in termes of the W spaces.

Theorem 3.16. Consider the switched system (3.1) with switching signal o € S,. If for all
ie{l,..,n}

WI, CC™ + R4, (3.8)
then the system is impulse-controllable.

Proof. We prove the statement inductively. For i = 1 there exists for any o € Vg, ,,5,)
by definition a solution (7, ) with Z(¢, ) = x¢ which is smooth (and in particular impulse-
free) on [ty, t;). Furthermore, Z(t7) € WJ C C™ + Ry, i.e. there exists ¢ € C;" and
n € Ro such that Z(¢;) = £ + 7. Since 7 is reachable in mode 0 there exists a solution
(z,u) of (3.1) satisfying 7(ty) = 0 and Z(t; ) = —n. Now (z,u) := (T + 7,0 + ) solves
(3.1), is impulse-free on [ty, ;) and satisfies z(tJ) = z¢ and z(t]) = £ + 1 —n € C™.
Now assume that any initial condition can be steered to C;"” impulse-freely on
[to,t;). This solution can now be extended to an impulse-free solution (z,u) onto
[to, tir1). Similar as in Lemma 4.11 we can conclude that Z(¢;) € W7, N C™, and hence
Z(ti,) € WI CCM + R,. Hence 2(t;,,) = £ +nfor ¢ € C7 and 5 € R;. Similar as
above we find a solution (7, w) which is smooth on [ty, #;+1), identically zero on (to, ;)
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and satisfies 7(¢;,,) = —n. Then (z,u) = (¥ + 7, u+ u) is a solution which is impulse-free
on [t, tf), has the same initial value as 7 satisfies x(t;,,) € C;T%.

Finally, from the fact that for any initial value there is a solution (z, u) with z(¢;) € Ci™p
it can be concluded that this solution can be extended to [ty, c0) in an impulse-free way;,
i.e. the switched system is impulse-controllable. O

Remark 3.17. Besides giving a sufficient condition for impulse-controllability of a system
for a given switching signal, the result of Theorem 3.16 can also be used to design a
specific switching signal for which the switched system becomes impulse-controllable.

To illustrate the result of Theorem 3.16 we will give an example where the subspaces
involved become apparent.

Example 3.18. Consider the following switched DAE with a switching signal o satisfying
o(ty) = 0and o(t]) = 1. Let the modes be given by:

(Eo, Ao, Bo) = <[,1 } , [fo) %_ﬂ ’ [é])’
(54 B) = ([3 ] [8])-

It follows from the computation of the consistency projector and the reachable space that

Vewan =spon {[§]. [1] }. Ro = span {{ 4]}

such that we obtain WJ = R". The impulse-controllable space is given by
imp - 10
C; " =im [(1) ! } .

This means that C;"™” + R, = R” and hence the condition that WJ C CI™ + R, of
Theorem 3.16 is satisfied and we can conclude that the system is impulse-controllable.
Indeed we see that for all elements of the consistency space there exists a reachable point
such that the sum of the two are in the impulse-controllable space. o

3.2 Impulse-controllability of system classes

Given the results on impulse-controllability of switched DAEs with a switching signal
o € S,, we will now investigate to what extent impulse-controllability is dependent
on the switching signal. To do so we will regard a switched DAE (3.1) as generated
by a set of n € N matrix triplets {E),, 4,, B,};_, and a switching signal, for example
o € S,. Note that for each o € S, the mode sequence is fixed. To fully investigate
impulse-controllability in relation to the switching signal, the sequence in which the
modes are induced should also be considered. Therefore we also define the class of
arbitrary switching signals.
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Definition 3.19 (Arbitrary switching signals). The class of (arbitrary) switching signals
S, is defined as the set of all 0 : R — {0, 1,...,n} of the form

o(t) =qp 1€ [ty,tps1), (3.9)

where q := (qo, 1, - .-, qa) € {0,1,...,n}*" is the mode sequence of o and t; < ty < ... < t,
are the n € N switching times in (0, 00) with #, := 0 and ¢,;; := oo for notational
convenience. Furthermore, for a given sequence of switching times, let 7; .= t;. 1 — t;,
1=0,1,...,n—1and

T = (7—077_17"'a7—n—1) € RI;Oa (310)
the sequence of (finite) mode durations.

Note that in the above definition, a switching signal for which ¢, = ¢,; for some
p is not excluded, effectively leading to a switching signal with less then n switches.
Consequently, for such a switching signal the mode duration 7 is not uniquely defined,
as the switching time ¢, can be altered without changing the actual switching signal.
Nevertheless, this does not lead to any technical problems in the following and we will
use 0 € S, and the pair (q, 7) € N**! x R? | interchangeably.

By regarding the switched DAE (3.1) to be generated by {F,, 4,, B,};_, and a
switching signal o € S,, we can define a system class of switched DAEs as follows.

Definition 3.20 (System classes). For a family of matrix triplets {(E,, 4,, B,) };—, with
regular pairs (E,, A,), the system class 3, of associated switched (regular) DAEs (3.1)

under arbitrary switching is given by
in = {(Eaa Aaa BO’) | S 3n} 9

where (E,, A,, B,) is understood as a triple of (piecewise-constant) time-varying matrices
for each specific switching signal o : (fy, 00) — {0,1,...,n}.

The corresponding system class >, of switched DAEs with fixed mode sequence
q=(0,1,...,n)is given by

Yo ={(Fs, Ay, By) |0 € S}

3.2.1 Strong impulse-controllability of >,

For a particular switched DAE (E,, A,, B,) € S, impulse-controllability has been
studied in the previous sections. However, impulse-controllability of (E,, A,, B,) might
be dependent on the switching signal in the sense that some (E,, A,, B,) € %, are
impulse-controllable, whereas some are not. In the case every system in the system class
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3, is impulse-controllable, the property can be said to be independent of the switching
signal. To that extent we define strong impulse-controllability of system classes as
follows.

Definition 3.21. The whole system class ¥, associated to the family {(E,, A,, B,)}2_,
and S, is called strongly impulse-controllable, if (E,, A,, B,) is impulse-controllable for
allo € S,.

Some system classes are trivially strongly impulse-controllable (e.g., when each
individual mode is impulse-controllable or the switched DAE:s is in fact non-switching
because (E,, A,, B,) = (E,, A,, B,) for all p, ¢). However, the following example shows
that there exists non-trivial example of strongly impulse-controllable system classes.

Example 3.22. Consider a switched DAE (E,, A,, B,) generated by the mode triplets

1 0] [o o] [o]

E’A’B - b b b

(o, Ao, Bo) <01 0 0 1)
- I - 3 - (3.11)
o 1] [1 ol [o

Ey, Ay, B)) = , , .

(B, 41, By <00 01 0)

It is easily seen that the corresponding augemented consistency and impulse-controllable
spaces satisfy Vo = C™® = R?> and V; = ;™ = im [}].

The corresponding system class ¥; is strongly impulse-controllable, which can be
seen by considering all possible cases for the switching signals: switching signals with
q = (0,0) or q = (1, 1) are trivially impulse-controllable as a non-switched DAE (with
consistent initial values); for mode sequence q = (0, 1) it is possible to choose a smooth
input on (¢, t;) such that z5(¢; ) = 0 and hence no impulse occurs at the switching time
tq; for the mode sequence (1, 0) the input u(¢) = 0 will result in an impulse-free solution

for all initial values in V; = im [} ] o

In the case of switched DAEs with a single switch, recall the characterization of
impulse-controllability for single switched DAEs in Lemma 3.11.The single-switch result
can directly be used to arrive at a characterization of strong impulse-controllability as
follows.

Theorem 3.23. Consider the system class 3, associated to S, and {E,, A, B, }:_, with corre-
sponding (individual) consistency projectors I1,,, impulse-controllable spaces C;"* and reachability
spaces R,,. Then 3, is strongly impulse-controllable if, and only if,

imII; C C™ + R; (3.12)

foralli,j € {0,1,...,n}.
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Proof. Necessity of (3.12) is clear by considering switching signals with mode sequences
of the form q = (4, J, ¢2, . . ., ¢n) together with Lemma 3.11 and the obvious fact that an
impulse-free solution needs to be impulse-free on the initial interval [t¢, 5) as well.
Sufficiency of (3.12) is also clear by considering each switched system (£,, A,, B,)
as a concatenation of single switch switched DAEs and the ability to choose the input
independently around the switching times to ensure impulse-freeness at each individual
switch (as a consequence of Lemma 3.11). O

Remark 3.24. The characterization of strong impulse-controllability of 3, via (3.12)
is much simpler than the characterization of impulse-controllability of an individual
switched system, which is based on a rather complicated recursive subspace sequence
(discussed in detail in the next subsection, see (3.14)) and depends on the specific mode
durations 7. The underlying reason is that strong impulse-controllability is by definition
independent from the mode durations and, furthermore, can be reduced to the single
switch case (as utilized in the proof of Theorem 3.23).

3.2.2 Impulse-controllability of 3,

As can be seen from Theorem 3.23, verifying whether a system class ¥, is strongly impulse-
controllable can be done by verifying impulse-controllability of all possible single switch
switched DAEs. However, if a mode sequence is fixed, these conditions are only sufficient
and not necessary in general. In fact, defining strong impulse-controllability for ¥,
analogously as in Definition 3.21 (see also the forthcoming Defintion 3.27), we have the
following consequence from Lemma 3.11.

Corollary 3.25. The system class %,, of switched systems with fixed mode sequence q =
(0,1,2,...,n) is strongly impulse-controllable if

imIl, CC° + Ry Vk€{0,1,...,n—1}. (3.13)

The following example shows that (3.13) is indeed only sufficient and not necessary
in general.

Example 3.26. Consider the system class ¥, with n = 2 and modes (Ey, Ay, By) =
(1,0,[§]) (Ey, Ay, By) = (1,0,0) (B2, As, Bo) = ([13],1,0). It is easily seen that ¥, is
strongly impulse-controllable; in fact, for any switching time ¢; and any initial value it is
possible to choose the input u on [0, ¢) such z;(¢;) = 0, in the second mode the state
then remains constant and hence (¢, ) = z;(¢;) = 0 which then implies that at the last
switch z; does not jump and hence no Dirac impulse is induced. However, condition
(3.13) is not satisfied for the mode pair (1,2); indeed imIT; = R? is not contained in
Ci™ + Ry =im[9] + {0}.
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The above example shows that characterization of impulse-controllability of 3, cannot
simply be reduced to the single switch case anymore. In particular, it will turn out that it
is possible that a switched system with fixed mode sequence has some isolated mode
duration for which impulse-controllability is lost, but for all remaining mode duration it
is impulse-controllable. Furthermore, for arbitrary switching signals it is not possible that
none of the systems in %, are impulse-uncontrollable, however, for a fixed mode sequence
it is indeed possible, that all of the systems in ¥,, are not impulse-controllable. Finally, it is
also possible that for some specific mode durations a system in X, is impulse-controllable,
while for all remaining mode durations the systems are not impulse-controllable. This
motivates us to introduce the following different notions of impulse-controllability for
the system class %,,.

Definition 3.27 (Strong and essential impulse-(un-)controllability for ¥,). Consider the
class X, of switched systems (3.1) with fixed mode sequence q = (0,1,2,...,n) and

arbitrary mode durations 7 = (79, 71, ..., Ta—1) € R2,.

o ¥, is called strongly impulse-controllable if all (E,,A,,B,) € X, are impulse-
controllable.

o Y, is called essentially impulse-controllable if the set of all mode durations 7 € RY; of
(Es, Ay, B,) € ¥, which are not impulse-controllable has measure zero in R,

o Y, is called strongly impulse-uncontrollable if all (E,, A,, B,) € ¥, are not impulse-
controllable.

o Y, is called essentially impulse-uncontrollable if the set of all mode durations 7 € R,
of (E,, A,, B,) € ¥, which are impulse-controllable has measure zero in R,

First note that clearly every strongly impulse-(un-)controllable system class is also
essentially impulse-(un-)controllable.

Example 3.26 already provides a nontrivial example for a strongly impulse-controllable
Y, and every ¥, with two modes which do not satisfy the single-switch impulse-
controllability condition (3.11) is an example for a strongly impulse-uncontrollable ¥,,. In
order to justify the introduction of the notion of essential impulse-(un-)controllability we
will provide in the following examples which are essentially impulse-(un-)controllable
but not strongly impulse-(un-)controllable.

Example 3.28 (Essentially, but not strongly, impulse-controllable class). Consider the
switched system class ¥, with modes

(EOa AOa BO) = (Ia 0, [%)])?

(Ev, A, Bi) = (1,[ % 6],0),

(E27 Ay, B2) = ([8 (1)] A, O)
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For any mode duration 7 = (7, 71 ) we see that the solution of the corresponding switched
DAE with initial value z(07) = (33} ) is given by

+(t) = (x(” +f0t“) L te(0,h),

Zo2

xlti] =

2(t) = [fzzf(t e (), e (ht),
rlts] = = [§ 4] 2(83)8e,

x(t) =0, t>t.

For the specific mode duration 7, = 27 we see that z(¢;) = x(¢; ), hence the second
component of z(t; ) is zg2, independently of the choice of the input u. However, for
22 # 0 this leads to an unavoidable Dirac impulse at t = t,, i.e., 2, is not strongly impulse-
controllable. On the other hand, for all 7, # k7, it is easily seen that there exists an input
u on (0,t;) resulting in a suitable first entry of z(¢; ) such that the rotation in mode 1
leads to x5(t; ) having a zero second component and hence resulting in an impulse-free
switch at ¢ = ¢,. This shows that 3, is indeed essentially impulse-controllable. o

Example 3.29 (Essentially, but not strongly, impulse-uncontrollable class). Consider the
switched system class ¥, with modes

(Eo, Ao, Bo) = ([56].[89].0),
(E1,A1,Bl) = (I, [—01 é]ao)a
(B2, A2, B2) = ([86].1,0)

Note that for this example the input is not effecting the dynamics at all, so impulse-
controllability reduces to impulse-freeness. Clearly, the solution in the initial mode is
given by z(t) = [*("' | and afterwards the solutions are given as in Example 3.28 (because
modes 1 and 2 are identical to the ones there). Consequently, for 7, = 27 we have
z(ty) = z(t7) = [*§" ], which results in an impulse-free solution of the switched DAE, i.e.,
¥, is not strongly impulse-uncontrollable. Nevertheless, for any 7, # km we see that the
second component of x(t; ) is non-zero (if x¢; # 0) and hence a Dirac impulse occurs at
t = to. This means that ¥, is essentially impulse-uncontrollable. o

In order to make statements regarding essential impulse-controllability, we will make
use of analytical matrix valued maps, so called analytic matrices. Loosely speaking
a matrix valued map M : R? — R™ " is called an analytic matrix if each entry of the
map is an analytic function, i.e., a function which if it is zero for some value, it is either
identically zero, or it is nonzero almost everywhere. Such a matrix M (7) has generically
full rank if it has full rank for almost all values 7 € R”. For precise definitions of matrix
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valued analytical maps which are generically full rank we refer to Appendix B. For the
spaces K7 we are able to construct an analytical matrix which has generically full rank as
the following result shows.

Lemma 3.30. Consider the sequence (3.2). Then for all i € {0, 1, ...,n} there exists an analytic
matrix N; : R*~" — R™* with generically full rank such that im N;(7) = K7 for a.a. T € R*.

Proof. For i = n we use the convention that a constant full rank matrix is interpreted
as an analytic matrix depending on an empty tuple 7 = () € R’ then the claim is
correct by simply choosing the columns of N,(7) as a (constant) basis of C2*P. We now
proceed inductively and assume the claim is correct for some i € {1,2,...,n}. Let
No 7= e A7 im Ny(7) + Ri_1 and RI™P .= (E™P | im B™P) + ker E;_1, then

’Cz(zil_lﬂ-) = (im i mNﬁ'—lﬂ') + R?EIL

for a.a. 7 € R* " and all ,_; € R. Utilizing Lemmas B.5 and B.8 we find analytic
and generically full rank matrices Ni; : Re=G-D _ Roxki N, | - Re—i+l _y Roxks
Ny : Re=(=D 5 R*ki guch that a.a. (-1, 7) € R*(71

im N; (721, 7) = No, 7y
imﬁi_l(n_l, T) =1im Hi—l N 1im Ni—l(Ti—b ’7')7

im Nifl(Tifl, 'T) = imwi,1<’7'i,1, 7') + Ririlli),
ie, K0 = im N,y (r,_1, 7) as desired. O

We are now ready to formulate our first main result concerning impulse-controllability
of the class of switched DAEs with fixed mode sequence.

Theorem 3.31. Consider a class X, of switched systems (3.1) with fixed mode sequence
q=(0,1,2,...,n). Then ¥, is either essentially impulse-controllable or essentially impulse-
uncontrollable.

The proof utilizes properties of analytic matrices which are provided in Appendix B.

Proof. Case 1: All systems in ¥, are impulse-controllable.
By definition ¥, is then strongly impulse-controllable and in particular essentially
impulse-controllable.

Case 2: There exists at least one impulse-uncontrollable system in .
In view of Lemma 3.30 we can choose an analytic matrix Ny : R* — R"**0 with generically
full rank such that im Ny(7) = K7 fora.a. 7 € R".

Case 2a: For all impulse-uncontrollable mode durations 7 € R%, we have that
im No(T) # K or No(T) does not have full rank.
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In this case the set of impulse-uncontrollable mode durations is contained in a set of
measure zero, hence ¥, is essentially impulse-controllable.

Case 2b: There exists an impulse-uncontrollable mode duration 7 € R, such that
im No(T) = KJ and Ny(7) has full rank.
Since impulse-controllability for a specific switching signal is equivalent to (3.6) we have

V(EO,Ao,Bo) /@ ’CO? = im NO(F)

Hence there exists a vector v € Vg, 4,,8,) such that M(7) := [N(7),v] has full rank
for 7 = 7. In particular, M is an analytic matrix for which 7 +— det M(7)"M(7) is
not identically zero, i.e., M is generically full rank. Consequently, v ¢ im N (7) for a.a.
T € R%; and hence

V(Eo,40,80) € im No(T) = Kf, fora.a. 7€ RY,.

This implies that almost all systems in ¥, are impulse-uncontrollable, i.e., ¥, is essentially
impulse-uncontrollable. This concludes the proof as no other cases are possible. O

Remark 3.32. Theorem 3.31 states that the classes of switched DAEs with fixed mode
sequences fall into four disjoint categories: 1) strongly impulse-controllable, 2) essen-
tially (but not strongly) impulse-controllable, 3) essentially (but not strongly) impulse-
uncontrollable, 4) strongly impulse-uncontrollable. Interestingly, there are only three
categories for the notions of observability and controllability for switched systems with a
fixed mode sequences (cf. [117] for observability, which by the duality arguments of [69]
also carry over to controllability). The underlying reason is that the characterization
of impulse-controllability is expressed in terms of sums and intersections of certain
subspaces (see the forthcoming discussion) which can result in a singular dimension
drop as well as a singular dimension increase in the involved duration-dependent
subspaces; this in contrast to the observability (reachability) subspaces, which only
involve intersections (sums).

In order to further investigate the different notions of impulse-controllability for the
system class X,, we again consider the sequences defined in (3.2). For each switched
DAE (E,, A,, B,) € ¥, with corresponding mode durations 7 = (79, 71, ..., 7-1) € R%,
and mode sequence g = [0 1 .. n| we can write

KT =,
IC{_1::<im I, N (e AMm T 4 Ri_1)> @ D (3.14)
t=nn—1,...,1.
where

D" — (E™ | im BI™) + ker E;_;.

i
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In view of invertibility of each exponential term e~ Aimio1 in (3.14) and A% -invariance
of the subspaces imIl;,_; and R,_;, it follows that the recursive definition (3.14) can
equivalently be written as

KT, = e 457 (imIL_, N (KT 4 Risy)) @ D™,

An obvious characterization of strong impulse-(un)controllability of the system class
3, is therefore the condition that (3.9) does (not) hold for all = € R2,. However, this
characterization is not very insightful and impracticable because uncountably many
subspaces need to be calculated. We can obtain more practible (sufficient) conditions for
strong impulse-(un-)controllability by using the fact that for any subspace S, any matrix
Aand any t € R we have

(S1A)ycerScC(A]S), (3.15)

where (S | A) denotes the largest A-invariant subspace contained in S and (A | S)
denotes the smallest A-invariant subspace containing S. In fact, we can construct an
over- and underestimation of K7 as follows:

Kio1 = (A" |im I, 0 (K; + Rio1)) & DY, (3.16)
Koy = {mIL_1 N (K, + Riz1) | AM) @ D™, (3.17)
each for i = n,n — 1,...,1 and with K, = K, = C™P. By construction we have

K, CKT C KC;, which immediately leads to the following sufficient condition for strong
impulse-(un-)controllability.

Corollary 3.33. The system class 3, is strongly impulse-controllable if
V(E0,40,80) € Ky

and it is strongly impulse-uncontrollable if
V(t0.40.80)  Ko.

Remark 3.34. It is also possible to obtain under- and overestimation of X7 by using (3.15)
directly in (3.14), however it turns out that this leads to smaller underestimations and
bigger overestimations and hence leads to more conservative sufficient conditions.
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3.2.3 (Quasi)-causal impulse-controllability of >,

So far we have presented several sufficient conditions for strong impulse-controllability,
which is concerned with the existence of an input (depending on the initial value) which
results in an impulse-free solution. Clearly, this “impulse-avoiding” input in general
depends on the switching signal and in particular for the system class %, with known
mode sequence it is not clear whether an impulse-avoiding input can be constructed
independently of the (unknown) mode durations. The following example shows, that
indeed the impulse-avoiding input may depend on future mode durations.

Example 3.35 (Non-causal impulse-controllability). Consider the class ¥, of switched
systems with fixed mode sequence q = (0, 1, 2) and with modes given by

For a given switching signal with mode durations 7 = (79, 71) € R?, the sequence (3.14)
is given by

KT = span{eA”1 [_11]} = Span{[e}n } },
K7 = K7 +Ro=span{[ 1, ].[9]} =R

K5 =" =im[ 1],

Hence the system class is strongly impulse-controllable. However, for two mode
durations T = (79, 1) and T = (7o, 71) with 7y # 7; we have that

KT NKT = {0}.

Since the first mode is not null-controllable, this means that the value of the state x(¢])
explicitly depends on the future mode duration in order to guarantee impulse-freeness.
For example, for the (consistent) initial condition z(0") = [}], it follows for the first state
component that z;(¢; ) = 1 as #; = 0 in the zeroth and first mode. Hence in order to
ensure an impulse-free solution it is required that the second state component satisfies
x5(t; ) = —1. This is achieved if and only if z4(¢; ) = e~ ™. Consequently, the control on
the interval (0, ¢;) needs to ensure that z5(t; ) = e™™ and therefore necessarily depends
on the future mode duration 7. o

quasi-causality

In some applications it may be the case that the current mode duration is known once
the mode is activated, but the mode durations of the future modes are not known yet;
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for example, if a switch is induced by shutting down or decoupling components for
scheduled maintenance whose duration is known upfront. In this case causality of the
input means that it should be independent from the future mode durations, but it can
utilize the knowledge when the next switch happens. This somewhat weaker notion of
causal impulse-controllability is called quasi-causal impulse-controllability and is defined
in terms of the existence of a family of input-defining maps

Us = (0 (19,0), To) F> Utz

such that for all ¢ € S, and all initial values z, € V( ) the corresponding

Eo(19)A0(19)Bo(tg)
solution (x, ), of (Ey, A, By) on (to,t) satisfying x(t]) = x is impulse-free. Addi-
tionally, we have to require that the map U4 is itself quasi-causal, i.e., for all switching

times ¢; and s > ¢; the following holds

Z/[ti (U(tg,ti) s 930) = US(U(to,s) ) xo)(to,ti) . (3-18)

Observe that for two switching signals 0,0 € S, satisfying o, ) = 0, for some
s € (t;, t;41) it may occur that Us(o(,.s), Zo) 7 Us(T(10,5), o)

Before presenting conditions for quasi-causal impulse-controllability we will present
the following lemma, which is required in the proofs to come.

Lemma 3.36. Forallp € {0,1,...,,n — 1} and IC, as in (3.17) we have

V7 > 0 3 impulse-free solution (x,u)
K,= 4z, €R"| ontyt,+7)of Epi = Apx + Byu, ;
with x(t, ) = xpand z((t, + 7)) € K,y

i.e., the subspace IC, consists of all initial states for mode p which can be controlled impulse-freely
into the subspace IC,,, | within a given time duration T > 0.

Before providing the proof we want to highlight that in the statement above the
impulse avoiding input in general depends on 7, i.e., on the mode duration of the current
mode, whereas the subspaces given by (3.17) are independent from the mode duration
(but depend on the mode sequence).

Proof. Let z, € K,. Then z, = w + v for some w € (imIl, N (K,.; + R,) | A%) and
v € Dy, Recall that any v € D)™ can be impulse-freely controlled to zero with a smooth
input for any given time duration 7 > 0. Hence, in view of linearity, it suffices to consider
the case z, € (imII, N (K, + R,) | AYT). It follows then from Ad-invariance that for
TeR

Adiff LT T
e lyx, = k:pH—i—n ,
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forsome k7, , € K,,, and " € R,. In particular, there exists a smooth input u defined
on [t,, t, + 7) which stears the state x from zero to —7”. Applying the same input for the
initial value z(t;’) = z, results in

T ((ty +7)7 1) = eAgiﬁTprp -
kp+1 + 7]7— - UT
= k7

p+1»

as desired.

Conversely, let z,, be such that for all 7 there exists an impulse-free solution (z, u) of
Byt = Ay + Bpu with z(t,) = r, and z((t, + 7)7) € K,,,. Using the same inductive
arguments as in Lemma 3.7 and utilizing Aﬁiﬁ invariance of imIl,, R,, D;mp, it then
follows for all 7 € R that

Tp € im I, N (eiAgiHTEpH +R,) & Dy = e (imIL, N (Kt +Ry) & DY)
As this holds for all = > 0 it follows from Lemma A.1 that

zp € (im1l, N (Ep—l-l +Rp) @& D;)mp | Agiﬁ> =K

.
This concludes the proof. O

Given this result, we can present the following simple characterization of quasi-
causally impulse-controllable system classes.

Theorem 3.37. The system class ¥, is quasi-causally impulse-controllable if and only if
V(Eo,Ao,Bo) g EO'

Proof. (=) Suppose the system class is quasi-causally impulse-controllable. Consider
the solution (z, u) of (3.1) with z(t{) = ¢ and wu,,,) given by Uy, (0(1.,), o). Then by
definition, the solution (z, u) is impulse-free on (¢, t;), in particular, z(t, ) € CI™ =
for all possible switching signals.

In the following, we want to show by induction that z(¢; ) € I, fori € {n—1,...,1,0}.
Hence, inductively, we may assume that if (z, u) satisfies z(tJ ) = zo and u is defined by
Uy, (010,15, o), then z(t;) € K, for all switching signals. We want to show that x(t;_;) €
K, for any solution (z,u) of (3.1) with z(t]) = ¢ and u given by Uy, ,(0(4y+, ), To). For
any 7 > 0, consider the switching signal & with 6.+, ) = 0,y and t; =t +7 =
ti-1 + 7. Let @ be given by Uy, (G, %0), then the corresponding solution (z,u) is
impulse-free and by induction assumption satisfies z(¢;) € K,. Since 7 > 0 was arbitary,
Lemma 3.36 yields that z(t,_;) € K,_;, By causality, u@, ,) = Uot,_,) and hence
x(t;_;) = z(t;_;) which concludes the inductive proof. Since for all zy € Vg, 4,,5,) there
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exists an impulse-free solution (x, u) satisfying z(tJ) = z(t; ) = xo we can conclude that
xo € K, and hence

V(EQ,AQ,BQ) g EO'

(<) Leto € S,. Recall thatby definitionforallo € S,, foreachmodep € {0,1,...,n—1}
and each r, € K, there exists an input v”(-, 7,) on [t,, t,,1) such that the solution z of
mode p satisfies #(t, ) = z,and x(t,, ) € K,,,. Now, concatenate these inputs inductively
as follows: u(t) := u°(t, o) for t € [to,t1) and u(t) := uP(t, z(t,)) for t € [t,, t,+1) where
x(t, ) is the value of the solution z corresponding to the already defined input u on
[to,t,). Finally, by assumption z(t,) € C™P, hence the input u can be extended on
[ta, 00) in such a way that the solution remains impulse-free. Altogether we can define
Uy, (010,15, To) := U, 1) Which satisfies the quasi-causality properties for all switching
signals and all z;yp. Hence the system class is quasi-causally impulse-controllable. O

Causal impulse-controllability with dwell time

Knowledge of the current mode duration cannot always be assumed, hence we want to
provide in this subsection a characterization of a more strict causality notion. To that
extent we will study the notion of causal impulse-controllability. Here causality can be
considered with respect to the whole switching signal (i.e., the impulse-avoiding input
should not depend on the future mode sequence as well as on the future mode durations)
or only with respect to the future mode duration (i.e., the future mode sequence is
assumed to be known and can be used in the construction of the impulse-avoiding input).

In both cases causality can be defined in terms of the existence of a family of
input-defining maps

Uy (U[to,t)wr()) =2 Ulto t) 5

such that for all ¢ € S, (or S,) and all zy € V(E, (1) Aoty Boryyy e corresponding
solution zy, ;) of (E,, A,, B,) on [ty, t) for the input up, ;) = Uy(0p,,1), To) is impulse-free;
additionally, we have to require that this map U/, is itself causal, i.e., for all s; < s, it holds

that

usl (U[t0,81)7 IO) - Z/{Sz (O-[to,82)7 xO)[to,Sl) . (319)

Furthermore, we need to restrict the class of switching signals by requiring a dwell time
condition, i.e., we have to assume a lower bound for the mode duration. Without such a
bound the control input needs to steer the state into a “safe” subspace within any given
time-interval, but then the causality property of /; cannot hold: Consider the situation
that for some switching times ¢; < ¢;1; we have t; < s; < sy := t;41, the input produced
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by U,, must result in a state value z(s; ) in a suitable subspace (to allow for a possible
switch at s;) while U, has more time to achieve that x(s; ) is in a suitable subspace,
consequently, without the dwell time condition, if s; is approaching the switching time
t; the input needs to be more and more aggressive and hence U/,, cannot remain equal to
the initial part of U,.

In order to derive anecessary and sufficient condition for causal impulse-controllability
for the system class X, with a dwell time, we consider the following sequence:

Qi—l = <QZ ’ Ei—l; Ai—h Bz‘_1> + Ri_l + ker Ei—l; (320)

fori = {n,n—1,...,1} and with C, = Ci™P.
We can now provide a simple necessary and sufficient condition for causal impulse-
controllability in terms of the sequence C, given by (3.17).

Theorem 3.38. The system class ¥, with some dwell time d > 0 is causally impulse-controllable
if and only Z:fV(EO,AmAO) < ngp.

Proof. (=) Suppose the system is causal with a dwell time d > 0. Then given a switching
signal o € S, there exists an impulse-free solution (x, u) where uy, ;) = Ui(0p 1), To)-

We will proof by induction that z(¢; ) € C, forall i € {n,n—1,...,1}. Since (z,u) is
impulse-free, it follows that (¢, ) € C™ = C,. Hence we assume that the statement
holds for i and continue to proof the statement for i — 1.

Consider now another switching signal ¢ € S, (with dwell time d > 0) such that
O(tots) = Ol(tot;) (AN particular, t; > t;) and with corresponding impulse-free solution
(Z,1), where 1y, = U(Gity), To) By the inductive assumption we have 7(f;) € C,.
Consequently, we can always find an input @ on [t;, {;) which ensures that the trajectory
7 which starts at z(¢;) € C, stays in the same subspace for arbitrary #; > ¢; under the
dynamics of £;_1& = A;_1x+ B;_ju. Consequently, (¢, ) must be contained in the largest
controlled invariant subspace within C,, i.e., z(t; ) € (C; | Ei—1, Ai—1, Bi—1).

Consequently, it follows from the solution formula for differential algebraic equations
that

AT () € (Cy | Eioy, Ay, Biot) + Ry
By Lemma 2.48 we have

ABNC, | Biov, Ais1, Biot) € (Ci | Bii, Aim1, Bist) + Ria (3.21)
and hence

I (t;y)

€ e~ ((Ci | Bic1, Aimy, Bi1) + Riza)
C(C| Eic1,Aim1, Bi1) + Ri-a.
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Since (x, u) is impulse-free it follows that z(t; ,) € C™ and hence (I — II,_,)z(t; ;) €
Ri_1 + ker E;_;. Altogether, we conclude the inductive proof by observing that

w(ty) =it ) + (I — Misy)a(t,)
€(C; | Bici,Aic1, Bica) + Rio1 + ker B,y
=Ci 4.

Now we can conclude that x4 € C, and since this holds for all zy € V(g,,4,,5,) We have
shown the necessity part of the statement.

(<) Let z; € C;. Then then x; = ¢y + 1 + 2 with ¢ € (Cipy | B, Ai, Bi), mi € R,
and z; € ker E;. Consequently, by Lemma 2.48 it follows that

ASC 1 | Biy Ay B) € (Ciay | iy Ay, Bi) + R,

and hence we have

Adifg Adift g
i Cry=e e i+ 2)

€ MM ({Cis1 | B Ai, Bi) + R + ker E;)
C{(Cit | Ei,Ai, B;) + R; + ker E;.
Hence multiplying by II; and using the result of Lemma 2.49 we obtain
e I, (<Qi+1 | E;, Ai, Bi) + R; + ker Ez)
C (Ci1 | Eiy Ai, Bi) + Ry

Consequently, e Lx; = ¢4 + 1; for some ¢4 € C, 41 and n; € R;. Let v, be a smooth
input such that z[t;] = 0 and z,(d,0) = —n,. Then the solution (z,u) on [t;,t;+1) with
z(t; ) = x; is impulse-free and satisfies x(¢;,,) = ¢;4+1 € C,,; furthermore, due to the
controlled invariance of C, ,, it is possible to extend v} (-, z;) onto [t;, t;11) such that the
corresponding solution satisfies z(t7) € 8§‘j§’ forallt € [t; + d, t;11). Now, concatenate
these inputs inductively as follows: u(t) := uy(t, xo) for t € [to, t1) and u(t) := u}(t, x(t;))
fort € [t;,t;+1) where z(t; ) is the value of the solution = corresponding to the already
defined input u on [tg, t;). Finally, by assumption z(¢; ) € C™?, hence the input u can by
extended also on [t,, 00) in such a way that the solution remains impulse-free. Altogether,
we can define U (o, 1), 2o) := up, ) which satisfies the causality properties with a dwell
time for all switching signals and all z. O

3.3 Concluding remarks

In this chapter we have studied impulse-free solutions of switched differential algebraic
equations with a fixed and known switching signal. In particular, a characterization of
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impulse-controllable switched DAEs with finitely many switches has been given based
on an algorithm that runs backward in time. In the case of infinitely many switches
sufficient conditions for impulse-controllability are given in terms of an algorithm that
runs forward in time.

Next, impulse-controllability of system classes of switched DAEs has been investigated.
System classes generated by arbitrary switching signals that are strongly impulse-
controllable are characterized. For system classes generated by switching signals
inducing the same mode sequence it was shown that there are several notions of
impulse-controllabilty. Finally, necessary and sufficient conditions for quasi-causal
impulse-controllability and causal impulse-controllability given a dwell time of ¥, have
been given.

If a switched system generated by some matrix triplets is impulse-controllable
for some arbitrary switching signal, with a probability one the system class is es-
sentially impulse-controllable, it remains to give necessary conditions for essential
impulse-controllability of the system class >,. The same holds for essential impulse-
uncontrollability. Furthermore, a natural direction of research is to consider quasi causal
and causal impulse-controllability given some dwell time of general system classes ¥,.
Finally, it remains an open question under what conditions system classes are causally
impulse-controllable without a dwell time.



4 | Stabilizability

In this chapter we are interested in the concept of stabilizability for switched differential
algebraic equations. In particular, we investigate to what extent the solutions can be
influenced by means of applying an input such that the system is stabilized while
guaranteeing the absence of Dirac impulses. In the previous chapter we showed that a
switched DAE is impulse-controllable if Dirac impulses in the state can be avoided for
any initial trajectory. We call a system stabilizable if any initial trajectory can be steered
asymptotically to the origin as time tends to infinity. However, for a switched DAE that
is both stabilizable and impulse-controllable not necessarily every initial trajectory can
be stabilized in an impulse-free manner. An example of such a system is given by the
electrical circuit given below.

u T() Vg L

v (]

N

Figure 4.1: An example of an electrical circuit that is stabilizable and impulse-controllable, but

not stabilizable without Dirac impulses.

Consider the circuit in Figure 4.1. Assume that for maintenance reasons the capacitor
and the component consisting of the operational amplifier combined with an inductor
are disconnected at ¢ = ¢;. In order to keep the network to which this circuit is connected
operational, the voltage source 1, needs to remain constant. However, there is another
controllable voltage source u available. Since the system is operational at ¢t = ¢ it is
assumed that the state at ¢, is consistent. The equations describing the dynamics of the
inductor and the capacitor are given by

LjL = VL, and CVC = ]C,

respectively. Note that the voltage over the capacitor is given by Vi = u — V4. Assuming
that R, = R, and that the operational amplifier is ideal, we have V;, = V, = 0 and
no current flows in or out of the operational amplifier. Consequently, I}, = I, = Ig,.

65
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Since the current through the resistors is given by I, = Iz, = —% and it follows that
RI;, = —u.

Defining the state as © = [Vi I Vo.lo,Vo |, we obtain that for ¢ € [t,¢;) the system is
described by equation (4.1).

0L 00O 1000 0 0
00 000 0 RO0OO 0 ~1

00 CO0Olé=|0001 0f|z+]|0]u (4.1)
00 000 0010 —1

00 0 0 1 0000 0] | 0]

[0 L 0 0 0] (1 0 0 0 0]

00000 0RO0OOO

00 CO0O0léi=|0001 0|z (4.2)
00 000 00010

00 0 00 0 0 00 1]

After opening the switch, the voltage over the resistor is zero and thus I, = I, = I, = 0.
Furthermore, since we are only interested in stabilizing the states of the components and
Vo will not affect the charge on the voltage once the switch is opened, we will assume
Vo = 0fort € [t;,00). Consequently, the system can be described on this interval by
equation (4.2). Hence for a non-zero input u at ¢;, we obtain that I;, jumps to zero at ¢
and consequently a Dirac impulse occurs in V;, = LI;,. However, if the input is brought
to zero smoothly, no Dirac impulses occur and hence the system is impulse-controllable.

Since the amount of charge stored on the capacitor is given by ¢ = C (V) — u), we
have for every input u with u(t;) # Vp, that the capacitor is charged and is unable to
discharge, since the current /o = 0. The capacitor can be discharged before ¢;, but that
requires a nonzero u at t; , which produces a Dirac impulse yet stabilizes the state of the
components. Hence we have an example of a system which is impulse-controlollable
and stabilizable, but not stabilizable with an impulse-free trajectory.

Motivated by this example, this chapter considers stabilization of switched DAEs
where Dirac impulses are to be avoided, so called impulse-free stabilization.

4.1 Stabilizability concepts
In this section we will introduce the concept of stabilizability for switched differential
algebraic equations. To that extent, consider the system

E,z = A,x + B,u, (4.3)

with a switching signal o € S,. Since the switching signal is assumed to be fixed a priori,
we assume that the switching times ¢; < ... < t, are known. The index n € N is arbitrary
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and hence the switching signal possibly induces infinitely many switches. We will
consider (4.3) on the interval [t(, c0) for some ¢, € (—00,t;) and hence we assume that
the system was already active for ¢ € (—o0,%;). Any initial trajectory is thus implicitly
assumed to be a solution of (3.1), which implies that z(t;) = o € V(g,,40,80)-

Roughly speaking, in classical literature on non-switched systems, a linear system
is called stabilizable if every trajectory can be steered to zero as time tends to infinity.
This concept can elegantly be defined formally for non-switched systems in terms of
its behavior. Given the behavior of a switched differential algebraic equations, we can
extend this definition of behavioral stabilizability for non-switched systems readily to
switched DAEs. To do so, recall the definition of the behavior of (4.3):

Definition 4.1. Consider the system (4.3) for some switching signal o € S,. The behavior
B, is the set of all distribution pairs (z, «) that solve (4.3), i.e.,

B, = {(2,1) € Dpuc=)"" | Byt = Ayt + Byu}.

Given the behavior of (4.3) we are able to define behavioral stabilizability for switched
DAEs. As we will mainly focus on finding conditions such that a system can be stabilized
in an impulse-free way, the definitions that follow define the impulse-free variant if the
term (impulse-free) is read without parentheses.

Definition 4.2 ((Impulse-free) Stabilizability). The switched DAE (4.3) with a switching
signal o € S, is (impulse-free) stabilizable if for every solution (z,u) € B, there exists a
solution (z*, u*) € B,, (which is impulse-free on [ty, 00)), satisfying

(2%, u%) (—oote) = (T,U)(—ooty) and  lim (:v*(t+),u*(t+)) =0.

t—o00

For many applications it is not sufficient to asymptotically steer the state of the system
to the origin, but it is necessary to control the state to zero in finite time. Once the state of
the system is zero, the system will remain at the origin if the input is switched off. Hence
this phenomenon can be regarded as a special form of (impulse-free) stabilizability. If
the system can be steered to zero on some bounded interval (¢, t ) we will call it time-¢;
(impulse-free) null-controllable. For non-switched systems there exist various other
definitions of controllability, which can be proven to be equivalent to null-controllability.
These definitions define controllability e.g., as the possibility to connect solutions or
as the possibility to reach states from the origin. The latter definition is often referred
to as reachability. These concepts can readily be extended to switched systems and
impulse-free solutions. A formal definition of these concepts in terms of the systems
behavior is given as follows.

Definition 4.3. Given some ¢; € R, the switched DAE (4.3) with a switching signal
o € S, is called
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i) time-ty (impulse-free) behaviorally controllable if for all solutions (1, u1), (z2,u2) € B,
there exists a solution (z, u), (which is impulse-free on [y, ¢ 7)) satisfying

— <t<t
(gu) = { (E1rtr) — o (4.4)
(.I'Q,UQ) tf <1 < oo,

it) time-t; (impulse-free) behaviorally null-controllable if ) holds for (z2,us) = (0,0),
i11) time-ty (impulse-free) behaviorally reachable if i) holds for (z1,u,) = (0,0).

Since we consider linear switched DAEs, the sum of solutions is again a solution.
Consequently, we can proof the following equivalence between the controllability notions
if Dirac impulses in the state are allowed.

Lemma 4.4. Consider the system (4.3). The following statements are equivalent:
i) The system is behaviorally null-controllable,
it) The system is behaviorally reachable,
i11) The system is behaviorally controllable.

Proof. i) = ii) As the system is time-t; null-controllable, there existss for every solution
(z,u) € B, an solution (z*,u*), satisfying (z,u) (o) = (T*,U")(—0orty) and z*(t;) = 0.
Let (%, @) be an solution satisfying Z(t, ) = z(t,) = ®o € V(g,,40,8,)- Then we obtain by
linearity of solutions that (7, ) defined as 7 = 2* —  and u = u* — @ satisfies z(¢;) = 0
and z(t;) = Z(t; ). Hence we can conclude that the system is time-t; reachable.

i1) = 1it) Let (21, u1), (22, u2) € B, be solutions. As the system is reachable there exist
solutions (3, u3), (74, us) satisfying z3(t; ) = z4(t; ) = 0 and (w3, u3)(t;,00) = (T1,%1)(t},00)/
(T4, Ua)(t;,00) = (T2, U2)(t;,00)- Then by linearity of solutions we obtain that (7, u) defined
by z = x1 — x5 + x4 and u = uy — u3 + uy satisfy

- (x1,u1) —oo <t < o,
(x,u) =
(g, ug) Ty <t < o0.

Since (x1,u1), (22, uz) € B, were arbitrary solutions, it holds for all (z1, uy), (2, u2) € B,.
Hence the system is controllable.

i1i) = 1) Since the zero distribution is contained in B, it follows that if the system
is controllable, there exists for every solution (z,u) € B, an solution (z*, u*) satisfying
(T, ) (—o0,te) = (T, ") (~00ty) @and z*(t;) = 0. Hence the system is null-controllable. [
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Since the various controllability concepts of (null-)controllabillity and reachability
are equivalent, we will simply refer to these concepts as controllability (at ¢;). A similar
statement in terms of the impulse-free versions of the controllabillity concepts does
not hold as the following example shows. Hence we need to make a clear distinction
between the concepts when impulse-freeness has to be guaranteed.

Example 4.5. Consider the switched DAE given by

z =0 to <t <ty
d = [8(1)]1‘ = t1 <t <ty
T =u to <t < 00.

As the mode on the interval [t, 00) is controllable, the system is clearly time-¢; impulse-
free reachable for all t; > ¢,. Futhermore, the system is time-t; null-controllable for
any t; > t; as every state will jump to zero at ;. However, in the case z»(t;) # 0 a
Dirac impulse will occur inevitably at ¢; and consequently the system is not time-t
impulse-free null-controllable. o

Finding conditions on the existence of a ¢; such that the system is (impulse-free)
controllable in a finite amount of steps might become cumbersome as a switching signal
possibly induces an large number of switches. The same problem arises when it comes
to finding conditions for (impulse-free) stabilizability. However, for some cases, e.g.,
for switched DAEs with a periodic switching signal, it is still possible to conclude
controllability and stabilizability based on some finite interval. If all initial values can
be contracted sufficiently over a period of the switching signal by means of applying a
suitable input on that time interval, any initial value can be steered asymptotically to
zero by applying a concatenation of such inputs. Hence we would be able to conclude
existence of an input that stabilizes the system. To formalize this notion of contraction
on a bounded interval to systems with a general switching signal we introduce the
following definition.

Definition 4.6 ((Impulse-free) interval-stabilizability). The switched DAE (4.3) is called
(to, t)-(impulse-free) stabilizable for a given switching signal o, if for every solution
(xz,u) € B, there exists a class L function! 5 : R.y x Ryy — Ry with

Br,ty—to) <r, ¥r>0 (4.5)
and an (impulse-free) solution (z*,u*) € B, satisfying (, ) (o) = (¥, U")(—c0,ty) and

|2*(t7)] < B(laol, t —to), Yt € (to, tf). (4.6)

1A function 8 : R x R»¢ — R is called a class KL function if 1) for each ¢ > 0, (-, ) is continuous,

strictly increasing, with 5(0,¢) = 0; 2) for each r > 0, 8(r, -) is decreasing and converging to zero as t — cc.
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One should note that a local solution on some interval is not necessarily a part of a
global solution on a larger interval. Consequently, stabilizability does not always imply
that all local solutions are interval-stabilizable. The switched system 0 = z on [0, ;)
and @ = 0 on [t1, 00) is obviously stabilizable, since the only global solution is the zero
solution. However, on the interval [¢, s) there are nonzero local solutions which do not
converge towards zero.

Furthermore according to Definition 4.6 it is required that the norm of the state is
smaller at the end of an interval. This means that (impulse-free) interval-stability could
depend on the length of the considered interval instead of the asymptotic behavior of
the system. If for example some states converge to zero, whereas some grow unbounded
regardless of the choice of input, it may occur that on some interval the system is
(impulse-free) interval-stable as the norm of the state initially decreases. However, as
time tends to infinity the norm of the state grows unbounded. Spefcifically, the state does
not converge to zero and hence the system is not (impulse-free) stabilizable. However,
under the following uniformity assumption on the switched DAE we can conclude global
stabilizability.

Assumption 4.7 (Uniform interval-stabilizability). Consider the switched system (4.3)

with switching signal 0. Let 7y := ¢, and assume that there exists an unbounded, strictly

increasing sequence 7; € (ty,00), i € N\ {0}, of non-switching times such that the system

is (impulse-free) (7,_1, 7;) -stabilizable with L function §; for which additionally it holds
that

Bi(r,mi — Ti—1) < ar, Vr>0,¥i € Ny, 4.7)

< Mr, Vr>0,Vie Ny, (4.8)

for some o € (0,1) and M > 1.

Proposition 4.8. For systems of the form (4.3) satisfying Assumption 4.7, (impulse-free)
interval-stabilizability implies (impulse-free) stabilizability.

Proof. For uniformly interval-stabilizable systems (4.3), there exists an input u for every
To € V(By,A0,B0) Such that the solution (z, u) with z(t;) = x, satisfies

x(tJr) < ﬁi(lx@;)’vt_tm)a (49)
fort e [t,,, t,,) and i € N. Let

. Mr(l —
B’i(rat - tpi) = Mr — (t - tpi)uv
t‘]i _tpi

that is, for each 7 > 0 the function j3;(r, -) is linear on [t,, t,,) and decreasing from Mr
towards aMr. Let

ﬁ(T‘, t) = max{ﬁi(airr?t - tpi)’ Bi(airv l— tpi)}7
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where i € N is such that ¢ € [¢,,,t,,). For fixed ¢ the function /(-,t) is continuous and
strictly increasing. From (4.7) and M > 1 it follows that

B(r,t,) = max{Bi(a'r,t, —t,), Ma'r} = Ma'r
and invoking (4.8),
B(r.t,) = max{f;(a'r,0), Ma'r} = Ma'r.

Because ¢; = p;+1, continuity of (r, -) with fixed r > 0 follows. Furthermore, on each
interval [t,,,t,,) the function §(r, -) is strictly decreasing as a maximum of two strictly
decreasing functions. Furthermore, 3(r,t,,) = Ma'r with « € (0, 1) implies that 5(r, t)
converges to zero as t — oo. Hence 3 is a L-function and it remains to be shown that
()] < Bl (to)], 1)-

First observe that by (4.7) and continuity of j; it follows that

(| = (| < Bille(t,)] ty, — tp) < al2(t, ],
and thus |z(t, | < o'|z(ty)|. Therefore,

2 ()] < Billo(tyl to — 1) < Bilc!|o(ty)] t — tp,) < Blla(ty)],1)-

Hence we can conclude thatlim,_,, z(¢) = 0. Consequently, the system is stabilizable. [J

Assumption 4.7 is readily satisfied for certain classes of systems, such as the class of
systems with a periodic switching signal and the class of systems with a finite amount of
modes. Therefore we turn our attention to finding necessary and sufficient conditions for
interval-stabilizability. The methods used to analyze impulse-free interval-stabilizabilty
of the system (4.3) will also lead to a characterization of impulse-free controllability. The
conditions that need to be verified are based on sequences that run forward in time and
hence are suitable to verify for systems with a large amount of modes.

4.2 Impulse-free interval-stabilizability

As shown in the previous section, a switched DAE which is impulse-controllable and
stabilizable is not necessarily impulse-free stabilizable. However, if there does not exist
an impulse-free solution (xz, u) satisfying x(t; ) € V(g,,4,,8,), there is no hope of finding an
impulse-free solution (z*, u*) satisfying x*(t, ) = xo and (4.6) for some class L function
3 satisfying (4.5). Obviously, in order to stabilize a state on a bounded interval in an
impulse-free way, there needs to exist an impulse-free solution in the first place. To
that extent, we will make the following standing assumption throughout the rest of this

section:
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Assumption 4.9. Consider the system (4.3) and assume it is impulse-controllable. Fur-
thermore, any initial trajectory z° is assumed to satisfy 2°(t5) = 2o € Vg, 40,50)-

Under this assumption, we will derive necessary and sufficient conditions for impulse-
free stabilizability. The approach taken is as follows. First we consider the space of
points that can be reached in an impulse-free way from an initial value z,. It will then be
shown that this space is an affine subspace. We then consider an element of this affine
subspace with minimal norm; if this norm is smaller than the norm of the corresponding
initial value, we can conclude interval-stabilizability.

421 Impulse-free stabilizability

We will start our investigation by considering the space of points that can be reached
from an initial condition zy € Vg, 4,,5,)- The reason that we do not consider the spaces
(3.7) in our analysis, is because although for each £ € W] there exists an initial value x
and an impulse-free solution (x, u) satisfying (¢, ) = x,, the converse of this statement is
not necessarily true. That is, not for all xy € Vg, 4,,5,) there exist an element { € W and
a solution (z, u) satisfying x(t;) = x¢ and z(¢;) = {. Hence we consider the following
sequence of (affine) subspaces (defined forward in time), given some xy € Vg, 4,,8,):

Wg(l’o) — eAgiff(u—to)HOmo + R()’

; ‘ (4.10)
W () = e Gt =T W () N C™P) + Ry, i > 0.

For zy = 0 we drop the dependency on z, and adopt the following notation:

_—

W, = W7 (0),
for notational convenience.

Remark 4.10. The space W, defined above is different from W7 in (3.7); the latter is
defined as the space of all points that can be reached in an impulse-free way.

The intuition behind the sequence is as follows: W] (z() contains all values z;, for
which there exists an impulse-free solution (x, u) satisfying z(¢;) = x¢ and z(t;) = z,.
Now, inductively, we calculate the set W] (x() of points which can be reached just before
the switching time ¢, by first considering the points W/, (z,) which can be reached in
an impulse-free way just before ¢;. Then we pick those which can be continued in mode ¢

imp
)

impulse-freely by intersecting them with C;™" and propagate this set forward according
to the evolution operator. Finally the reachable space of mode ¢ is added. This intuition

is verified by the following lemma.
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Lemma 4.11. Consider the switched system (4.3) on some bounded interval (to,t) with the
switching signal o € S,. Then forall i = 0,1, ..., nand xo € V(g,, 4,,B,)

3 an impulse-free solution (x, u)
W (z9) = < £ € R™ | of (4.3) on (to, tis1) 8.t
z(tg) = wo Na(tip,) =€

Proof. First we will show that x(¢; ;) is contained in W] (z) if (x, ) is an impulse-free
solution on (t,t). To that extent, consider an impulse-free solution (x, u) of (4.3) on
(to,t1), which by definition satisfies the solution formula (2.15), i.e.,

v—1

2(ty) = ety + / I B u(r) dr = 3 () By u ()

to i=0

ASE (4 —t
= e 0 ( 1 O)Hoxo _|_ /)70,

for some 7y € R and ¢ € V(g 4,,8,)- This shows that x(t;) € W] (xo). We proceed
inductively by assuming that the statement holds for i > 0 and prove the statement for
1+ 1.

Let (x,u) be an impulse-free solution on (%o, t;+1). Then we have that x(¢;,) is of the
form

w(tiy,) = SRl | W

forsomen; € R;and &_1 € C;mp. Furthermore, since (z, u) is impulse-free on (to,¢;11), it
follows that ; can be reached impulse-freely from z, and hence &, € W] (). This
proves that x(t;,,) € W (o).

In the following we will prove that for all elements of W} (z,) there exists an impulse-
free solution (x, u) with initial condition z(¢;) = xo. We will again prove this inductively.
Therefore, consider &, € W] (x). Then for some 7y € Ry we have

§o = A0 Mty Mo-

Since ¢ € V(g,,40,8,) C C™P, we have that there exists a @ such that the solution (Z, @)
satisfying Z(t, ) = x¢ is impulse-free on [ty, t1). Then it follows from the solution formula
(2.15) that

F(t7) = e M g + i,

for some 7, € Ry. Since 1y € Ry, there exists a smooth input @ such that the solution
(z,0) with 2(t, ) = 0 satisfies Z(t; ) = 1y — 7o and is impulse-free on [t¢, t1).

If we define u = @ + @ it then follows from linearity of solutions that (z,u) with
x(ty ) = xo satisfies x(t] ) = & and is impulse-free on (¢, t1). Assuming that the statement
holds for i > 0 we continue by proving the statement for : + 1.
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Let & € K7, ,(x0), then we have for some &_; € WT (z) N C;™ that
g = A EnIE, | 1y,

It follows from the induction assumption that there exists an impulse-free solution (z, u)
on (to, t;) with 2(t;) = &_1, because &_, € W7 (2). Furthermore, &_, € C;"P and n; € R;
implies that the impulse-free input u can be altered on the interval [¢;,¢;11) such that

x(t;1) = & and z(-) is impulse-free. O

Remark 4.12. If the system is not impulse-controlollable, then there exist x, for which
W (x¢) = @ as follows from the definition. This also follows from the subspace algorithm
because WY, (zo) N C;™ would be empty for some mode i and the sum of an empty set
and a subspace is empty.

Lemma 4.11 gives rise to another characterization of impulse-controlollability, which
follows as a corollary.

Corollary 4.13. Consider the switched system (4.3) on some interval (to,t) with the switching
signal o € S, and the sequence of affine subspaces WY (zo) given by (4.10). Then (4.3) is
impulse-controlollable on (o, ts) if and only if

Vo € V(EO,AO,Bo) : W;-($O) # 9.

Proof. If the system is impulse-controlollable, then for every initial condition z, there
exists an impulse-free solution (z,u) on (ty, ;). Therefore z(t;) € W, (z¢) (recall the
convention that ¢,,; := t;) and hence W], (z() # @. Conversely, if W, (z,) # @, then
let £ € W1, (x). By definition there exists an impulse-free solution (z,u) on (t,ts)
with z(ty) = zo and z(t;) = £. This holds for every z¢ € Vg, 4,,5,) and hence (4.3) is
impulse-controlollable. O

In the following we will show that W7 (z,) is an affine shift of W, and hence W (z)
is an affine subspace. In proving this statement, we will use some general results which
can be found in Appendix C.

Lemma 4.14. Consider the switched system (4.3) with switching signal o € S, and assume it is
impulse-controllable. The impulse-free-reachable space from x at t; is an affine shift from the
impulse-free reachable space, in particular, there exists a matrix M;, such that

WT (x0) = {Mizo} + W, . (4.11)

Proof. First we simplify the notation by introducing the following shorthand notation
Y; := A"t =8)[T;, Then we prove the statement inductively. The statement holds
trivially for n = 0, for W (zo) = {Yozo} + Ro and Ry = Wg. Hence we assume that the
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statement holds for n. Since we assumed that the system is impulse-controlollable, we
have that W (o) N CJT¥ # @ for all zp. Then for n + 1 we obtain that

Wi (20) = Y V] (o) NCED) + R
= Y ({Mizo} + W) NCET) + Risa
= Yit({NiMizo} + VT NCID)) + Riga
= {Yin NiMzo} + W;l,

for some matrix N;, i € {0, 1,...,n}, where (x) follows from the induction step and ()
follows from Proposition C.1 in Appendix C. Defining M;,; = Y; 1 N;M; yields the
result. O

Note that the matrix M; in (4.11) exists only in the case of an impulse-controllable
system, otherwise ); would also need to map to the empty set. In the case M; does exist,
this matrix can be chosen independently of z,. It is however not necessarily unique,
because M, is dependent on N; obtained from Proposition C.1 in a nonunique way. It
follows from Lemma C.2 from Appendix C that N; can be any matrix for which

. (4.12)

Thus, from the proof of Lemma 4.14 together with Lemma C.2 from the Appendix the
following constructive result can be obtained.

Corollary 4.15. Consider the switched system (4.3) with switching signal o € S, and assume it
is impulse-controllable. Let My = 4" ("=1)T1,, Then for any choice of N; satisfying (4.12), a
matrix M,y satisfying (4.11) can be calculated sequentially as follows:

diff (p oy ,
My = eAin1 (tira—tiy v N, M,.

Remark 4.16. In order to compute an /V; that satisfies (4.12) we can invoke Lemma C.3
from the Appendix. This means that given projectors onto R; and C}7, an N; that
satisfies the conditions (4.12) can be constructed by solving

(1 = Tl JMgimp Q:M; = (I = T, ) M, (4.13)

for ); and defining N; := I .impQ;. Since the existence of a solution of (4.13) is guaranteed
141

by the assumption of impulse-controllability, cf. Lemma 4.14, such a matrix equation

can be solved using a linear programming solver.

Since WY (z,) contains all the states that can be reached from z, in an impulse-free
way, it follows that the norm of the state with minimal norm is given by the distance
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dist(WT (z0), 0). The computation of this distance is straightforward, because W () is
an affine subspace. It follows from elementary linear algebra that the distance between
an affine subspace and the origin, is equal to the norm of any element projected to the
orthogonal complement of the vector space associated with the affine subspace. In the
case of W7 () we would need to project onto (W] )*. To find such a projector, let IL55r be
an orthogonal projector onto W, , then (I — II557) is projector onto (W, )*+. An important
property of these projectors is that their restriction to the corresponding augmented
consistency space is well-defined.

Lemma 4.17. Consider the DAE (4.3) with switching signal o € S,. Foranyi € {0,1,...,n}
let £ € V(g, A,,B,), then

(- HWZ’)& € V(E:,4:,B,)-

Proof. From £ € V(g, a,,5,) and (I — Hyyr) + gy = 1, it follows that

(I = Hypr )€ + 1€ € Vip, a,,8,)-

Since im Iy = W, and W, C Vg, 4,.5,) e obtain
(I = Uspr)€ € Vi, ai,8) — 578 € Vg, 4,8:)-
as was to be shown. O
Consequently, the following result follows.

Lemma 4.18. Consider the DAE (4.3) with switching signal o € S, and assume it is impulse-
controllable. For any M, satisfying (4.11) we have that
' = |({ = Iy ) M;zo|.
Lo 2| = |( wr ) Mizo|
It follows that we can consider (I — Iy~ )M; as a linear map from the initial condition
xo to the state with minimal norm in W (z,). This allows us to formulate the following

characterization of impulse-free stabilizability, which is independent of the initial
condition z;, and independent of any coordinate system.

Theorem 4.19. Consider the switched DAE (4.3) with switching signal o € S, and assume it
is impulse-controlollable. Then the system is impulse-free interval-stabilizable on (o, ty) if and

only if

||(I_HW:)MH||2 = sup z < 1.
z#£0 |$|2
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Proof. It follows from Lemma 4.18 that (I — I+ ) M, is the linear operator that maps z to
the element in W] (z¢) with minimal norm. Therefore we see that if ||( — Iy ) M;ls < 1
that for all z( there exists an input « such that

[zt s, o) = (I = g7 ) Mio| < |-

From this we can conclude that there exists a class L function 5(|zo|, tf — to) such that
the system is impulse-free interval-stabilizable in the sense of Definition 8.

Conversely, if the system is impulse-free interval-stabilizable, then there exists a
trajectory for each initial condition zy € V(g,,4,,5,) such that |xu(t;, zo)| < Billwol, tf —
to) < |zo|. This means that for the operator IIc-). M, that maps |z¢| to the element with
minimal norm that can be reached in an impulse-free way it must hold that

<1

Y

|<] - HiT)Mnxb
(I — Tl357 ) My||2 = sup s
‘ z#0 |I|2

which proves the result. O

4.2.2 Impulse-free controllability

Thus far we have only focused on impulse-free interval-stabilizability. However, the
methods used in the above are well suited to characterize impulse-free controllability.
We start by proving the following.

Theorem 4.20. Consider the system (4.3) with switching signal o € S,. There exists an
impulse-free solution (z,u) € B, satisfying x(t,) = xo and x(t;) = 0 if and only if for some
120

WY (z0) €W, .

Proof. If an initial condition z is impulse-free null-controllable, there exists an input
u such that (z,u) with z(t;) = 29 and z(t;) = 0 is impulse-free. This means that
0 € WZ,,(z0). Consequently

{0} € {Morz0} + Wi,

from which it follows that M, 2o € W, and therefore W7, (z) C W__,.
Conversely, assume that for some i > 0 we have W7 (x,) C W, . Then it follows that

Mixy € W, and thus {0} € { Mz} +W, = WT (1), which means that z, is impulse-free

null-controllable. O

As a direct consequence we can state the following result.
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Corollary 4.21. Consider the switched system (4.3) with switching signal o € S, and assume it
is impulse-controlollable. Then the system is impulse-free null-controllable on (o, ts) if, and only
if, for some i € {0,1,...,n}

Proof. If the system is impulse-null-controllable, we have that W/ () C W, for all .
Then it follows that

Mixo —+ W: C W:,

for all xy and hence im M; C W, . The result then follows.
Conversely, if (I — Ilz7)M; = 0, then (I — Il )W (20) = 0 for all zp, which implies
that W7 (z0) € W] for all . O

W, and M; can both be computed sequentially forward in time. This means that
it might not be necessary to have knowledge of all the modes of the switched system.
According to Corollary 4.21 we can conclude impulse-free null-controllability already if
the conditions are satisfied for some i € N.

4.3 Impulsive interval-stabilizability

For some applications the occurrence of Dirac impulses is irrelevant in the stabilization
process. Example applications are those where only a part of the state is of interest or a
certain output is to be stabilized, and any possible Dirac impulses will not be visible in
the output. For such cases it suffices for a system to be stabilizable or controllable rather
than impulse-free stabilizable or impulse-free controllable. When impulse-controllable
systems are considered, stabilizability and controllability are implied by the impulse-free
versions of these properties. The converse however is not necessarily true as was shown
in the at the beginning of this chapter.

In the case that Dirac impulses are allowed in the trajectory similar results as in the
previous section can be formulated. The crucial condition for impulse-free trajectories is
that the state is in the impulse-controlollable space of the next mode at each switching
instance. If this condition is dropped, a similar lemma as Lemma 4.11 can be formulated
after considering the following sequence of sets

Wg(%) — A" 0Tz + Ry,

- " N (4.14)
WZT(LCQ) = eA?ﬁ(tiHiti)HiWitl(Q?o) + Ri, 1> 0,

For zy = 0 we drop the dependency on xy, i.e.,

—~

W = W7 (0).
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Lemma 4.22. Consider the switched system (4.3) on some bounded interval (to,t) with the
switching signal given by o € S,. Then forall i =0,1,...,n

3 a solution (z,u)
W (z9) = < £ € R™ | of (4.3) on (to, tis1) .t
w(tg) = wo Aa(ti,) = ¢

Proof. The proof is along similar lines as the proof of Lemma 4.11 when C™ is replaced
by R" foralli € {1,2,...,n}. O]

It follows directly that VA\}{@(}) is an affine shift from )/NVZT, whether the system is
impulse-controlollable or not. This is formalized in the next lemma.

Lemma 4.23. Consider the switched system (4.3) with switching signal o € S,. Then VNV[(:EO)
is an affine shift of WY, i.e. for all i there exists a matrix M; such that

WT (20) = { Mz} + W (4.15)

Proof. DenoteY; = AT (L1 —t)T], for shorthand notation. Then fori = 0 we have M, = Y,
satisfies (4.15). Hence assume the statement holds for i. Then if we define M;,, = Y; M,
for i + 1 we have that

Wi (o) = KHVA\EJ(%) +Ri
= Yi({Mzo} + W) + R
= {YiMzo} + W,
= {Mi—i-lx(]} + Wﬁu

which proves the statement. O

Lemma 4.24. Consider the DAE (4.3) with switching signal o € S,. For any M,; satisfying
(4.15) we have that

win o] = (I — Ty, ) Miao|.

z€EWT (x0) *
Proof. The proof of Lemma 4.24 is analogous to the proof of Lemma 4.18. ]

Theorem 4.25. Consider the switched DAE (4.3) with switching signal o € S,. Then the system
is stabilizable if and only if for any M, satisfying (4.15)

: (= gy ) M,
I = Ty ATl = s z

Proof. The proof follows the proof of Theorem 4.19 analogously. O
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As was already shown at the beginning of this chapter, not every stabilizable system
that is also impulse-controllable, is automatically impulse-free stabilizable. This can be
explained by viewing W7 (z() and )/A\ji"(ato) as affine subspaces. Note that since every
state that can be reached impulse-free from z is by definition also an element of WT(xO).
This leads to the following result.

Lemma 4.26. Consider the switched system (4.3) with switching signal o € S, and assume the
system is impulse-controllable. Then

W () © W ().
Proof. This follows immediately from Lemma 4.11 and 4.22. O
As a consequence, we can state the following corollary.

Corollary 4.27. Consider the system (4.3) with switching signal o € S, and assume it is
impulse-controllable. Then for any M, satisfying (4.11) we have

W (z0) = {Mizo} + W,
i.e. M, satisfies (4.15).

Proof. Lety € W] (xg) C WT(xo) and consider an arbitrary element z € WT(xO) Then
we have that x — y € WT This means that + = y + 77 for some 77 € WT However,
since the system is impulse-controllable, by Lemma 4.14 there exists an M; such that
y = Mz + 7 for some n € W, . This means that for any x € WY (24) we obtain that
x = Mzo + 1+ 17 C Mg+ W (). This proves that W7 (20) € {Mzo} + Wr.
Consider a = M;x+1 for some 7 € WT Then since W C W" there existsan 7 € WT
and an n € WY such that 7 = 17+ n. Hence we obtain that « = M,z +7+n=06+n
for some 3 € WY (z9) C )/NVT(:UO) But this means that for some 1/; satlsfymg (4.15) and
n e WT that « = Mz + 7 + 7. Because /) + 1 € WT we have that « € WT(I()) Since «
was chosen arbitrary, it follows that {M;z} + W C Wr (z0). O

Given that a system is impulse-controllable and stabilizable, we have that there exists
an M; satisfying (4.11) and we know that ||(/ — IL;;, ) Myl < 1. However, the system
is impulse-free stabilizable if and only if ||(I — Il : 7)Myll> < 1. This is however not
implied by the statement that ||(/ — II;;; )M |2 < 1. Indeed since W, C W" we have
that im (7 — Ilj.) € im(] — ), Wthh means that it could happen that there exists an
initial conditiofl xo # 0 for which

(1 — yr) Mol |(1 — I3 )M o

>1, and < 1.
|$0|

’I0|
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Example 4.28. Again consider the example given in the at the beginning of this chapter.
Consider the system on the interval (0,¢;) with a switch at ¢ = ¢;. The matrices
(Eo, Ao, By) correspond the system matrices given in (4.1) and (E4, A, By) are the system
matrices given in (4.2). Then it follows from the algorithm (4.14) that the reachable space
of the switched system W, a suitable matrix M and I — [, are given respectively by

= g
WT = span M, = 0000 | .
1 p » A 0010

0001

From which it follows that ||(I — HWT)MI | = 0 < 1 and hence the system is stabilizable.

QOO O

0000
0000
0000
0000
0000

OO0

OO O+

]’(]_HVNVZT):

Moreover, it is controllable. However, the impulse-free reachable space KT can be
calculated from (4.10) and is given by

W =0, (I —Tlyr) =1, ]\/[1:[

[ele]elale]
[ele]elel]
[e]e]alele]
[ele]elele]
OOoO—OO

] = (I — yr) M,

from which it follows that ||(I — HW:)J\;[ 1/| = 1 and hence the system is not impulse-free
stabilizable.

Remark 4.29. In the case V;, becomes a control input after the switch the system would
be null-controllable, but not impulse-free null-controllable. Furthermore, since the state
of the initial condition can be reduced via an impulse-free trajectory, the system would
also become impulse-free (interval) stabilizable. However, since there is no way of
discharging the capacitor, it follows that there exists no input such that lim; ., z(t) = 0.

Remark 4.30. All the results on stabilizability in this paper can be applied to switched
ordinary differential equations (ODEs) without difficulty. In the case of a switched ODE
we have F; = [, II; = I, Bif = B; and A% = A;. Note that all solutions are trivially
impulse-free, hence, impulse-free stabilizability is equivalent to stabilizability.

4.4 Concluding remarks

In this chapter we considered stabilizability of switched differential algebraic equa-
tions. It was shown that controllability, reachability and null-controllability are equiv-
alent concepts for switched DAEs. Furthermore, we have introduced the notion of
interval-stabilizability. Necessary and sufficient conditions for a DAE to be impulse-free
interval-stabilizable have been presented. These conditions lead naturally to a novel
characterization of impulse-free controllability of switched DAEs.

A natural future direction of research would be the investigation of controllers
achieving interval-stabilizability for switched systems. The theory established in this
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thesis could be used as starting point in the search (for feedback) controllers. Furthermore,
a natural extension would be to consider stabilizability properties of switched systems
with unknown switching signals.



5 | The linear quadratic optimal control

In the previous chapters we have been concerned with control problems that require the
controlled system to satisfy specific qualitative properties, such as impulse-controllability,
(impulse-free) controllability and stabilizability. In the present chapter we will take into
account quantitative aspects. Given a control system we will express the performance of
the controlled system in terms of a cost functional. The control problem will then be to
tind all optimal controllers i.e., all controllers that minimize the cost functional. Such
controllers lead to a controlled system with optimal performance.

5.1 The linear quadratic regulator problem
Consider the switched differential algebraic system

E,i = A,x + B,u, 3
2o x(ty) = o € V(Ey,A0,B0) (5.1)
y = Cox + D,u,

where o € &, is the switching signal, E,, A, € R"*", B, € R*™, C,, € R?™" and
D, € R?”™, n,m,p,q € N. As we consider distributional solutions (z,u) € (Dpwee )",
it follows that the output y € Df c-. We assume that the switching signal o € S, is fixed
and known a priori. That is, the order in which the modes appear and the switching
times are assumed to be known. Hence the switched differential algebraic system (5.1)
can be regarded as a particular time-varying system.

For many applications it is desired to keep all components of the output as "small" as
possible. In the case of an initial value z, € ker £, applying a zero input will cause the
state of the system to jump to the zero distribution z = 0 at t = ¢, and evolve around this
stationary distribution. Consequently the output y will be the zero distribution as well.
However, in the case that the initial value zy ¢ ker E, the output y will generally be some
non-zero distribution, even if no input is applied. However, we need to be careful when
we say that a distribution is "small".

In the case that the solution space consists of locally integrable functions, the £, norm
squared of the output can be considered as a measure of the output. The requirement of
having the output as small as possible can then be expressed by requiring the £, norm
of the output to be as small as possible by means of applying a suitable input. In the case
of non-switched DAEs and ODEs this optimal control problem is the well known linear
quadratic regulator problem for DAEs and ODEs. Since we adopt the piecewise-smooth
distributional framework as a solution space for switched DAEs, we cannot simply take
the £, norm of the output as a measure. However, for switched DAEs we would like to

83
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formulate a similar problem within the distributional solution framework. Specifically,
as a distribution is not a function in the classical sense but a map from a function space to
the real numbers, the space D,y ¢~ cannot simply be equipped with the £; norm. Instead,
the £, induced norm of Dy, ¢~ will be considered. To do so, the space of test-functions
Ci° needs to be equipped with the £, norm, such that the £, induced norm of a linear
functional D € Dpyc~ is then given by

|D|ls = sup |D(¢)]. (5.2)
loll2=1

As solutions (z,u) of (5.12) generally contain Dirac impulses and Dirac impulses
are not induced by locally integrable functions, we need specify how to regard the £,
induced norm of the Dirac delta distribution, i.e., ||§||2. The following result shows that
the Dirac delta is an unbounded distribution.

Lemma 5.1. Consider C3° equipped with the L, norm. Then a distribution D € D satisfies
5 =
00, D&{folfe€Ls}.

Proof. First we will show that ||D||s = ||f||z, if D is induced by an square integrable
tunction, i.e., D = fp for some f € L. Note that it follows from the Cauchy-Schwartz
inequality that

- [T e s ( [ rar dt)é ( |t dt)% — Ifllesllles

which shows that || fp||cc < || f]|z,- It remains to show that this upperbound is the smallest
upperbound. However, as Ci° is dense in £, [110, Theorem 3.14] there exists a sequence
{¢n} € Ci° that converges to f € L£,. By continuity of f we have that

| F(en(t)
Ji%f”(y\fuﬁ) m/ HfHﬁz (/ 1 dt) = Wles

which proves the result.

Next assume that D is not induced by a square integrable function. Recall that as C§°
is dense in £, their dual spaces are equal (see Lemma D.1 in Appendix D). Hence every
bounded linear map from C§° can be represented as fp for some f € L,. Since D is not
induced by some f € L, it follows that

I1D(#)]l2 = o0,

which concludes the proof. O
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Remark 5.2. According to Lemma 5.1 the Dirac delta distribution is unbounded over Cg°
with respect to the induced £, norm. Consequently we can conclude that the Dirac delta
is not a continuous linear functional [109, Theorem 1.32]. This might seem contradictory
as § € D, i.e., the space of linear and continuous functionals on C3°. However, continuity
of distributions D € D is not defined in terms of the induced £, norm, but with respect
to a different topology.

According to Lemma 5.1 it thus makes sense to consider the induced £; norm of the
output y as a measure. Keeping the output as small as possible can thus be understood
as finding an input to (5.1) such that ||y||» is as small as possible. As a direct consequence
of Lemma 5.1 we can conclude that if the ||y||2 is bounded for a given input, the output is
impulse-free.

Corollary 5.3. If there exists a distributional solution (x,u) € (Dywce )" of (5.1) such that
llyll2 < oo then y is impulse-free. Moreover, y is generated by some piecewise-smooth function.

As the output is required to be impulse-free in order for an optimal control to exist
we assume that for each zy € Vg, 4,,5,) there exists a solution (z, u) satisfying x(t, ) = x
such that the corresponding output is impulse-free. Abusing notation slightly, we can
write

lyllz = / ()] at, (5.3)

where || - || denotes the Euclidean norm.

In the case the piecewise-smooth distributions are considered as solutions of (5.1),
the solution x is uniquely determined by the input u and the initial value x(¢; ). Hence
there is mathematically no problem considering the whole space (Dpwe=)"" as the input
space. However, from a practical point of view impulsive inputs are often undesirable as
Dirac impulses are difficult to generate. Therefore, we would like to focus on finding an
impulse-free input that minimizes (5.3). In that case the optimal control problem for
switched DAEs within the distributional framework can be formulated as follows.

Problem 5.4. Consider the system (5.1). Find an impulse-free input u € (Dpye~)™ that
solves the following problem:

min  J(o, u) :/ ly()|1? dt,

to
s.t. E,i = A,z + B,u, 5.4)
y =C,x+ Dyu,

x@a) =X € V(EO,A(LBO)'
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Here y(t) denotes the output generated by the solution (z, u) satisfying z(t,) = zo. A

m

pwC>
optimal solution and we will call x and u the optimal trajectory and optimal control

solution (z,u) for which (5.2) is minimal for all v € D will be referred to as an

respectively.

Since the switched differential algebraic system (5.1) is linear and the integrand in
the cost functional is a quadratic function of y, the problem is called linear quadratic.
Of course ||y||*> = 2"C)Cox + 2u" D} Coz + u' D] D,u, so the integrand can also be
considered as a quadratic functional of (z, u). As an infinite time horizon is considered
in this problem, it is referred to as the infinite horizon problem.

Due to the quadratic nature of the cost functional and the linearity of the constraints
Problem 5.4 we are also able to prove the following necessary results. Namely, if there
exists an input that solves Problem 5.4, there exists a linear map between the optimal
input and the optimal trajectory. To prove this result, we first define the value function
V(z,t) as follows.

Definition 5.5. Consider Problem 5.4. The value function V' (z, t) is defined as

V(. ) = inf J(zo, u) = inf / 1Coa(t) + Dou(t)|? dt, (5.5)

t

where (z,u) is a local solution of (5.1) on [t, o) satisfying z(t~) = .

The proof of the next results is along similar lines as the proof of Clements and
Anderson in [19], but for the sake of completeness the proof is included here.

Lemma 5.6. If there exists an input u € (Dpyeo )™ that solves Problem 5.4 then u(t) = F(t)xz(t)
for some F' : R — R™",

Proof. First we will show that the map xy — wu is linear, where x(t;) = =, and u solves
Problem 5.4; in particular, we will show that Au is the optimal control for any initial value
Az and that for any optimal inputs u,, u. corresponding to any initial values x¢, zp € R"
the input u, + u, is optimal for any initial value yy = x¢ + 2.

To that extent, let V' (x(, t) be the value function as defined in Definition 5.5. Applying
the input Au to an initial condition Az, results in a trajectory Az, due to the linearity of
solutions of the switched DAE. This means that J(Azg, Au) = A\*J (2, u) for any A € R
and we can conclude that

/\2V<I0, to) = )\2J<$0, u) = J()\.I‘o, )\u) = V()\Jfg,to). (56)

Hence we can conclude that if « is the optimal input for x, that Au is the optimal input
for Azy. In the following we will prove if © and w are the optimal inputs for z, and z,
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respectively, that u + w is the optimal input for =, + 2. To do so, it will be shown that
V(J?O + 205 to) + V(.%’U — 20, to) = QV(.QY(), to) + 2V(Z0, to). Observe that

1Co (2 + 2) + Do (u+ w)||* + [|[Co(x — 2) + Do (u — w)|*
= (Cox + 2) + Dy(u+w))" (Co(z + 2) + Dy(u+w))
+ (Cy(x — 2) + Dy(u — w))T (Cy(x — 2) + Dy(u — w))
= 2(Cyz + Dou) " (Cyx + Dyu) + 2(Cypz + Dyw) ' (Cyz + Dyw)
= 2||Cyx + Dyul® + 2||Cyz + Dyw|],

from which we can conclude that
J(zo + 20, u + w) + J(xg — 20,0 — w) = 2J(z9,u) + 2J (20, w). (5.7)
Hence for all input v and w (and thus not necessarily the optimal ones) we obtain

V(.To + Zo,to) + V(xg — Zo,to) < J(ﬂ?o + 20, U + "LU) + J(ﬂfo — 20, U — w)
= 2J(xg,u) + 2J (20, w),

which means that V(zo + 2o, t0) + V(20 — 20, t0) < 2V (0, t0) + 2V (20, to). Conversely

2‘/(.]70, to) -+ 2V(20, to) < 2J($0, U) + 2J(Zo, w)
= J(xo+ 20, u +w) + J(xg — 20, u — W),

from which we can conclude that 2V (zq, to) + 2V (20, t0) < V(20 + 20,%0) + V(o — 20, to)
and therefore the equality V (zo + 20, to) + V(20 — 20, to) = 2V (w0, to) + 2V (20, to) follows.
Furthermore, if v, is the optimal input for « and w, is the optimal input for 2 then

V(l’o — 20, t()) + V(l’o + 20, to) = 2V(ZL’0, to) + QV(Zo, to)
= 2J(xo, uz) + 2J (20, w,)

= J(zo + 20, Uy + w,) + J(xo — 20, Up — W,).

Since V(xo + 2o, to) < J(l’o + 2o, Uy + wz) and similarly V(IO — 20, to) < J(JIQ — 20, Uz — wz),
it follows that

0 < J(wo + 20, Uz +w;) — V(20 + 20, t0) = V(20 — 20, t0) — J (20 — 20, U — w;) <0,
and thus
V(xo + 20,t0) = J (o + 20, Uz + W),

which also shows that u, + w, is optimal for xy + 2.
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Hence there exists a linear map between the optimal trajectory and the optimal input.
In particular, the map z(t;) — u(t) is linear, i.e., there exists a matrix F(t,) € R™*"
such that u(ty) = F(to)z(ty).

From the dynamic programming principle [4,12] it follows that u, ;) is the optimal
control for the cost function in Problem 5.4 considered on the interval [r,tf) for any
T € [to, tr), hence by replacing the initial time ¢, in the above argumentation by 7 € [t;, )
we can conclude that for every 7 € [ty,t;) a matrix F(7) € R™*" exists such that the
optimal control satisfies u(7) = F(7)z(77). O

Given this result, it follows as a corollary that if Problem 5.4 is solvable, the optimal
cost is a quadratic function of the initial value. That is, if u is an input that solves
Problem 5.4 and J(x¢,u) is the corresponding optimal cost, we obtain the following
result.

Corollary 5.7. If there exists an input that solves Problem 5.4 then the optimal cost J(xo, u) is
quadratic in x(ty), i.e.,

J(wo,u) = x(ty) " K (to)x(ty),
for some K : R — R™™.

Proof. Given the optimal feedback u = K (t)x it follows that the value function is given
by
Viaoto) = [ @) de= [ 1(Co + DLF@)a(o)? d.
to to
Observe that the value function only depends on z, as the trajectory z is uniquely
determined by this initial value and the optimal input. Clearly V (Axo, to) = AV (20, to).
Now consider the function defined as follows for a fixed ¢,

V(l’o, 20, to) = V(l’o + Zo,to) — V(l’o,to) — V(Zo,to).

Then by noting that the optimal control is linear in the state it follows that
1— 1
§V(:1:0, 20, t0) = §<J(£L'Q + 20, F(x + 2)) — J(x0, Fz) — J(20, Fz))

— [ (Co+ DF@)0) (C+ DF(©)2(0)

to

Therefore, V (axq, 2, to) = V(z0, azo,t9) = oV (z0, 20,to) for a € R, which shows that

V (o, 20, to) is bilinear in zy and z,. This proves that V' (x, ty) is quadratic in x,, which
means there exists a K (t) € R"*" such that

V(.I'o, to) = l‘gK(tQ)J_?o,

which proves the desired result. O
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Remark 5.8. Although we consider optimal control of switched DAEs with a fixed
switching signal, i.e., the order in which the modes appear and the switching times are
known a priori, Corollary 5.7 has several consequences for the case that the switching
signal is considered an input. If chattering behavior is excluded and thus o € S, it
follows that if there exists a solution (x, u, o) for which ||y|| is minimal, it follows from
Corollary 5.7 that for this particular switching signal

J(zo,u,0) = 2(ty) " K (to)z(ty).

Hence if there exists an optimal sequence in which the modes appear together with an
optimal set of mode durations the optimal cost will be quadratic in the initial value.

The fact that we can regard the switched system (5.1) as a piecewise continous
time-varying system allows for a dynamic programming approach to Problem 5.4. The
approach relies on the principle of optimality as formulated by Bellman [4]. For the sake
of completeness we state this principle with Problem 5.4 in mind.

Lemma 5.9. Consider Problem 5.4. For all At € (ty, 00) the value function satisfies

to+At
V(zo,t) = inf {/ |Cox(t) + Dyu(t)||* dt + V (to + At, z(to + At))} :

Ultg,to+At) to

Proof. Let

to+At
V(xg,t) = inf {/ |Cox(t) + Dyu(t)||* dt + V (to + At, z(to + At‘))} :

Ultg,to+At) to

where z is a local solution of (5.1) satisfying x(t~) = x,. By definition of the infimum
there exists for every ¢ > 0 an input u. on [t,00) such that V(zg,t) + ¢ = J(zo, ue).
Consequently we have

to+At
J(wo, 1) = / 1Coaa(t) + Douc(®)? dt + J(@(t + AL), )

to

to+At
> / |Coxe(t) + Douc(t)||* dt + V(2 (t + At), t + At)

to
> V(ZL‘Q, t)

Since ¢ can be chosen arbitrarily it follows that V (zg,t) < V (0, ).
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Conversely, we have
V(zo,t) = inf/ |Cyx(t) + Dyu(t)||*dt
vJt

t+At oo
:inf/ |]C'J:z:(t)+DUu(t)H2dt+/ |Coz(t) + Dyu(t)||*dt
vJ

t+At

t+At
< inf / 1Coa() + Dou(t)|2dt + V(x(t + At), ¢ + Al)
voJt

t+AL
< inf {/ 1Cor(t) + Dou(t)|2dt + V(x(t + At), £ + At)}

Ult,t4At)

= V(l‘o, t)
and hence we can conclude that V (zg,t) = V (2, t) O

It follows from Lemma 5.9 that (z, v) is optimal on [t;, 00) if and only if (z, u)y ) is
optimal for all ¢ € [ty, 00). Hence if there exists optimal control on the interval [t,, c0) and
the resulting optimal cost is given by z(t, )" Paz(t; ) for some P, € R"*", the problem of
minimizing J(x¢, v) in (5.4) on the interval [¢, c0) reduces to the optimization of

me@)z/WwmejmmmW&

to tn

—1/WMNFm+ﬂ T Par(t;). 5.9

to

Regarding the cost functional (5.8) several observations can be made. First of all, as
att = t, the n'™ mode is already active, it remains to minimize (5.8) on the half open
interval [to, t,). Due to the algebraic state variables of the mode active on [¢,_1,1,) the
state (¢, ) is not necessarily equal to z(,). Moreover, it might not even be well-defined.

The second observation is that the terminal cost matrix P, in (5.8) can only be assumed
to be positive semi-definite, as the n'" mode is not necessarily structurally related to
the (n — 1)* mode. Hence even if each mode of (5.1) would be index-1 (and hence
impulse-free for all impulse-free inputs), an optimal control might fail to exist as is
illustrated in the next example.

Example 5.10. Consider the switched DAE with o € S, generated by the matrices

[
[

i.e., we consider the switched DAE given by

[o0]@

T

Eo
En

60] Ao=1[3%], By=[%], Cy=1, Dy =1,
10
01

]7 Al [01_01} 312[8, 01:2[%%], D1:1.

(092 + [ 2], to <t <ty (5.9a)
'O, <

[
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with z(t, ) = [y ] for some x¢, yo € R and the cost functional

S = [ T Coa(t) + Dyut)|? dt

to

— / 1($1(t)2 + 29(t)? + u(t)?) dt + /Oo(xl(t) + 29 (1)) + u(t)? dt.

to t1

Note that the input does not affect the system on [t;, 00). Since a nonzero input yields
a nonzero cost resulting from this interval, we can conclude that the optimal input
on [t1, 00) satisfies u, ) = 0 and hence the state x on the interval [t;, c0) is given by
z(t) = e 'z(t7). Consequently the cost resulting from this interval is given by

[e.e]

/002(951(15) + () + u()? dt :/ 27 [11]2() dt

t1 t1

= 2(t7) " Pya(ty) /OO et dt

t1

= a(ty) " Pua(ty),

where P, = [} 1]. Note that this result can also be computed via the standard theory on
the LOR problem with infinite horizon for ordinary differential equations, see e.g. [127].

Hence if there exists an input to (5.9) that minimizes J(zy, u) then there exists an
input to (56.9a) that minimizes

J(zo,u) = / l(wl(t)2 + 2o(t)? +u(t)?)dt + x(t7) " Pir(ty),

to

in which a finite horizon LQR problem for DAEs can be recognized.
Considering ¢, = 0 and ¢; = 1 and observing that (5.9a) states that z4(t) = —u(t) as
well as z1(t) = xo on [0, 1) leads, after substitution, to

1
J(zo,u) = 22 + 2/ u(7)2d7 + (20 +u(17))? = 2.
0
By choosing u(t) = 0 on [0, 1 — ¢) for some ¢ > 0 and u(t) = —z¢ on [1 — ¢, 1), we obtain

1
J(zo,u) = 23 + 2/ u(t)? = (1+ 2¢)x}.
1—¢

This shows that inf, J(zg, u) = z3. However for any input for which u(17) = —zq # 0 we
have that inf, J(xg,u) < J(zo, u), because fol u(t)? dt > 0. Hence there does not exist an
optimal control. o

Remark 5.11. In the case of a structural relationship between the mode of interest
and the corresponding terminal cost matrix, the consideration of z(¢) or z(¢”) in the
terminal cost might be indifferent. When for example the terminal cost matrix P, is of
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the form P, = E! | P,FE,_, for some positive semi-definite P, and F,_,z is a continuous
distribution on [¢,_1,t,), it follows that

z(t7) Pax(ty) = 2(ty) " Pax(ty).

and hence there is no difference in considering (¢, ) or z(t,) in the terminal cost. Indeed,
if F,_,x is continuous, it follows that E,_;x is induced by a continuous function and
hence E, 12(t7) = E,_1z(t). Hence the first and the second observation are closely
related.

Although it might seem that a terminal cost of the form E] | P,F, ; is necessary,
this is not the case. The following example shows that this is indeed only a sufficient
condition.

Example 5.12. Consider the switched DAE generated by the matrices

', Bo=[%], Co=1, Dy=1,
]7 AIZ |:_01_1:|7 Blz[(l)]7 CIZIJ Dlz]-

—o oo
i
BN
o
I
—
ol

0l =[]z +[%]u to <t <ty (5.10a)
Nie=[7"%]z+ 8w t <t < oo, (5.10b)

with z(ty) = [y ] for some xg, o € R and the cost functional

J (o, 1) — / |Co(t) + Dyu(t)|2dt
to

— /t12(x1(t)2 + 2o(t)? + u(t)?) dt + / z1 (1) + 2o(t)? + u(t)?dt.

to t1

For an input with u = 0 on [t1, c0) the solution on (¢, c0) is given by e™* [mgﬁ;)} and
thus the cost resulting form this interval is given by x,(¢7)?. Clearly this is minimal on

the interval [t;, 00) and thus it remains to minimize

t1

J (o, u) :/ 2(23 + 23 + u?) + 2o (t)*. (5.11)
to

subject to (5.10a). The input given by u(t) = 0 forall ¢ € [0, 1) resultsin J(zo,u) = z1(ty)?,

which is clearly minimal. The terminal cost matrix in (5.11) is not of the form F; PE, and

thus this example shows that a terminal cost weight matrix of this form is not necessary

for existence of an optimal control. o
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The third observation to be made regarding the cost functional (5.8), is that x(t, ) is
necessarily such that the output is impulse-free on [t,, c0). In general, there does not exist
a solution (z, u) satisfying x(t, ) = x, for which the output y(¢) is impulse-free on [t,, c0)
for all z, € R"™. However it is not difficult to show that the values for which there exists a
solution (z,u) with z(t; ) = z, generating an impulse-free output form a subspace V.
Consequently, if we aim to solve Problem 5.4 via a dynamic programming approach,
we have to optimize over all inputs that transfer the initial value to a state z(t;) € V™.
These observations together give rise to the following finite horizon problem.

Problem 5.13. Consider the system (5.1). Find an impulse-free input u € (Dpyc)™ that
solves the following problem:

ty
min J(zo,u,ty) :/ (1) dt +x(t; ) Px(ty),

to

s.t. E,z = A,x+ B,u,
y = Cex+ Dyu,
2(ty) = 2o € Vimo,40,B0);
x(ty) ey,
where V"4 C R is a subspace. Here y(t) denotes the output generated by the solution
(2, u) satistying z(t, ) = 2o. A solution (z,u) for which (5.2) is minimal for all u € D7}, ¢
will be referred to as an optimal solution and we will call x and u the optimal trajectory
and optimal control respectively.

Lemma 5.14. If there exists an input v € (Dyyc)™ that solves Problem 5.13 then u(t) =
F(t)x(t) for some F' : R — R™*".

Proof. Letu be an input such that the solution (x,u) with z(t; ) = ¢ satisfies z(t;) € Ve
and let @ be such that a solution (7, %) with Z(t;) = 7, satisfies 7(t;) € V*"!. Then
by linearity of solutions, it follows that the input @& = u + @ results in a solution (Z, )
satisfying (t;) € V** if i(ty) = &y = xo + Tp. Given, this observation, the proof is
analogous to the proof of Lemma 5.6, which is given in Appendix D. O

Similar to Corollary 5.7 we can also state the following result.

Corollary 5.15. If there exists an input that solves Problem 5.13 then the optimal cost J(xq, u)
is quadratic in x(t ), i.e.,

J(wo,u) = 2(t5) " K (to)=(ty),

for some K : R — R™™.
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The proof is analogous to the proof of Corollary 5.7, which is given in Appendix D. In
order to solve the problem, we can first solve the finite horizon problem given a switched
system on [ty,?;) by solving n finite horizon problems for non switched differential
algebraic equations, each on [t;,t;+1),7 € [0,1,...,n —1).

In the following section we will present necessary and sufficient conditions for
solvability of Problem 5.13 for some system with a constant switching signal, i.e., a non-
switched DAE. These conditions will enable us to formulate conditions for solvabvility
of the general case as we can regard the general case as a repeated non-switched DAE
optimal control problem.

5.2 Finite horizon optimal control

In this section we will consider the finite horizon optimal control problem for non-
switched differential algebraic equations on a finite horizon. Hence we consider the
following system:

5. Ei = Ax + Bu, (5.12)
y = Cx+ Du,
together with the following cost functional
tr
Havuty) = [Tl de+(ep)" Patey) (5.13)
to

We study this problem within the framework of switched DAEs. Consequently we
have to assume that the initial trajectory is a solution of the previous mode and thus
the initial value is not necessarily consistent. As a consequence, we have to consider
arbitrary initial values z(t;) = o € R™.

However, in order for (5.13) to be finite, it is necessary that the output is impulse-free
on [ty,ts) and at ¢, in particular. There exists an impulse-free input u such that the
solution (z,u) satisfying x(,) = x( results in an impulse-free output if and only if
contained in a particular subspace.

Lemma 5.16. There exists an impulse-free input u € (IDyycoc )™ such that for the solution (x,u)
satisfying x(t, ) = o of (5.12) the output is impulse-free at to, i.e., y[to] = Cz[to] + Dulte] = 0,
if and only if xy € C™P + O™ where
CEmP
, C(BmP)?
O™P .= ker ) , (5.14)

C(Eirr'lp)ufl

and v is the index of nilpotency of E™P.
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Proof. (=) Suppose that there exists an impulse-free input such that y[t] = 0. Then
since the input u is impulse-free, i.e., u[t] = 0, it follows that y[t] = Cz[t] + Du[t] = Cz]t].
Consequently, the output is impulse-free for a given impulse-free input if and only if
z[t] € ker C. In the case u[t] = 0 then it follows from the solution formula (2.14) that

v—1

Cxlt] = —=C ) (E™)(I —T0)(xo — 2(t))6@ = 0.

=0
Consequently (I — IT)(zo — z(t7)) € ker C(E™)¢, fori € {1,2,...,v — 1}. Hence we can
conclude that (I — II)(zo — z(t$)) € O™P. Since (I — I)xz(t]) € C™ it follows that
(I —T)zo € O™P + C™P. Finally, by recalling that im IT C C"™P we can conclude that

o = HZL’O + (I — H)ZEO
e cime 4 o,

which proves the desired result.

(«<). Let g = po + qo for some p, € C™ and ¢y € O™P. Then by definition of C™P
there exists an impulse-free input u such that (p, u) satisfying p(t, ) = po is impulse-free,
ie., p[t] = 0 forallt > ty. Furthermore, as E™P(I — I1) = E™P the solution (g, 0) with
q(ty) = qo will satisfy

v—1 )
Calto) = =C Y (E™)"" (I ~T1) gos'”
=0
v—1 )
—_C (Eimp)’“ o6
1=0

=0.

Hence the solution (¢, 0) with ¢(¢; ) = ¢o will only generate a Dirac impulse at ¢y, which
will not appear in the output y. By linearity of solutions, (z,u) with x(t;) = x, will
satisfy =(t) = p(t) + ¢(t) and hence

y[t] = Cx[t] + Dult]
= C(plt] + q[t)
= Cqlt]
=0.

Hence u is an impulse-free input such that (z,u) with z(¢;) = zo ensures y[t] =0. O

As the condition z, € C™ 4+ O™P js necessary and sulfficient for the existence of an
impulse-free output, it is a necessary condition for the existence of an impulse-free input
that minimizes (5.13), subject to (5.12). However, it suffices to consider initial values
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contained in C"™P only. Indeed, let ¢4, ..., ¢, be a basis for C™ and let ¢, 1, ..., ¢; be vectors
that are orthogonal to ¢y, ..., ¢, and are such that ¢y, ..., ¢; is a basis for C™P 4+ O™, Then
clearly, span{c,1,...,c;} C (C™P)L, but equality does not hold in general. A solution
(z,u) with z(ty) € span{cy+1, ..., ¢;} and @ = 0 will thus satisfy z(t7) = 0 for t € (¢, c0)
and a Dirac impulse will occur at ¢, although the output will remain impulse-free.
Consequently y = 0 and the input is clearly optimal. Hence it remains to find an optimal
input u for initial values z (¢, ) € C™.

As the DAE (5.12) is assumed to be part of a switched DAE, we assume that the
terminal cost matrix P € R"*" is some arbitrary positive semi-definite matrix resulting
from the cost on the interval [t;, c0). Furthermore, we assume that in order to prevent
Dirac impulses from occuring in the output at ¢y, i.e., to ensure y[t;] = 0, it is required
that z(t;) € V** for some subspace V" C R". Hence we restrict our attention to those
inputs which transfer an initial condition z, € C"™ to some state z(t;) € V.

For this particular case Problem 5.13 can be reformulated as follows.

Problem 5.17. Consider the system (5.12). Find an impulse-free input u € (Dpwe~)™ that
solves the following problem:

tr
min J(zo,u,ty) :/ (1) dt +z(t;) Px(ty),

to

s.t. Ei = Az + Bu,
y = Cx+ Du,

z(ty) =z € C™P,

x(ty) € Ve,

where V" C R" is some subspace. Here y(¢) denotes the output generated by the
solution (z, u) satisfying x(ty) = xo.

5.2.1 Reformulation of the problem

In the following we will show that although (5.12) might be of higher index, solvability
of Problem 5.17 is equivalent to an optimal control problem concerning an index-1 DAE.
Because the initial values are considered to be in the impulse controllable space, i.e.,
zo € C™P the input output behavior of (5.12) is equivalent to an impulse-controllable
DAE. Hence we can instead of (5.12) itself, equivalently consider the impulse-controllable
representation of (5.12) as a constraint in (5.17). That is, we consider

EWz = Ax + B, (5.15)
y = Cz + Dv, (5.16)
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where IV is given as in (2.18). Recall that by Corollary 2.45 the DAE (5.15) is impulse-
controllable, and hence by Lemma 2.41 we can apply a preliminary feedback of the form
u = Lz + v such that we obtain the system

o { EWi = (A+ BL)z + Bo, (5.17)

y =(C+ DL)x+ Du,

which is of index-1. The following result shows that instead of trying to find an optimal
input u, we can try to find an optimal input v such that the input v = Lx + v is optimal
for Problem 5.17.

Lemma 5.18. Consider Problem 5.17 and let C™ be the impulse-controllable space corresponding
to the DAE (E, A, B). There exists an input u € Dp,co that solves Problem 5.17 if and only if
there exists an input v € (Dyyc)™ that solves

min J(xg,v) = ftf (7> dt +a(ty) T Pa(ty),
s.t. EWx = (A+ BL)x + Buv,
) (5.18)
y =(C+ DL)x+ Dv,
fl](t&) =g € Cimp’
x(ty) e ved

where W' is given as in (2.18). Furthermore, the optimal inputs satisfies w = Lx + v, where (z,v)
is the optimal solution of (5.18).

Proof. As zy € C™ it follows form Corollary 2.45 that the solution (z,u) solves (5.12)
if and only if it solves (5.15). Hence we will consider solutions of (5.15). Applying a
teedback to (5.15) can be regarded as a change of coordinates

H:Eﬂﬂ' 5.19)

Writing (5.15) as

[EW 0 lz —|a B]|"].
enables us to write
EW ol [i — [EW 9| lz |4 5] i (; [i]:[(A—i—BL) 5| i

Hence (x, u) solves (5.15) if and only if, (Z, v) satisfying (5.19) solves (5.17). Furthermore,
it follows naturally from that if u = Lz + v that J(z,0u) = J(Z, v). O
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In the remainder of this section we assume that the index-reducing feedback has
already been applied, i.e., we assume that (EWW, A) is of index-1, where W is given as
in (2.18). Under this assumption we will show that given the index-1 system (5.12)
Problem 5.17 can be reformulated as an equivalent optimal control problem for ordinary
differential equations. This problem will not be a standard LQR problem for ODEs
as the value of the input at ¢; will be penalized by the terminal cost. However, this
equivalent problem will be easier to analyze. Given that the DAE (5.12) is index-1, let
the (IL, 114 IT™P) be the matrices resulting from the Wong sequences based on (EW, A)
and define

Adiff _ HdiﬁA, ’Bdiff _ HdiﬂB, Bimp — HimpB.
Then we can decompose the state as

T = xdlff + imP

— o4t _ pimpy, (5.20)

and substitute (5.20) in the output y of (5.12). The following ODE system, which has the
same input-output behavior is then obtained:

(7)) = Tla, (5.21)

5. it Adiff . diff | Bdiﬂfu7
o Yy = O pdiff -+ Du,

where C' = Clland D = (D — CB™P),

Remark 5.19. Any solution (24 u) of (5.21) satisfying 24 (¢;) € im Il satisfies [Tz (¢) =
x4 (¢) for all t > to. This follows from the fact that ITAYT = A4 and [TBAT = B4ff,
Consequently the solution x4 will satisfy Cz3f = CTIz4, which shows that there is in
fact no difference in defining C' = C or C' = CII. However, for computational reasons
which will become apparent later, it is of more convenience to define C' = CTI.

To find necessary and sufficient conditions for solvability of Problem 5.17 we can
thus either approach it with the DAE dynamics directly or, after some rewriting, with
the ODE dynamics (5.21) and the cost functional

J(zg,u) = / ' l7(t)]|* dt + (xdiff(t]?) — Bimpu(t;))T P (mdiﬁ(t;) - Bimpu(t;)) :

to

This leads to the following problem formulation which is equivalent to Problem 5.17:
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Problem 5.20. Consider the system (5.21). Find an impulse-free input v € (Dpyc~ ) that
solves the following problem:

min T(zo,u,ty) = [ ||g(1)]% dt

to

+((zt = B™Pu)(ty)) " P((a4" — B™Pu)(ty)),

St G AT it | it (5.22)
y = Cz% 4 Du,
r3 (1) = Tz,
x(ty) = xdiﬁ(t;) — Bimpu(t;) € yend,

where A4 Bdiff and B™P are the matrices resulting from the Wong-sequences based on
(EW, A). Furthermore C' = Cll and D = D — C' B™P.

Lemma 5.21. Consider the DAE (5.12) with the corresponding impulse-controllable space C™P.
If the matrix pair (EW, A) where W is given as in (2.18) is of index-1, then an input u solves
Problem 5.17 if and only if it solves Problem 5.20.

Recall that the Dirac impulse is an unbounded distribution with respect to the || - ||
norm. Hence to ensure that the optimal control is generated by an £, integrable function,
i.e., impulse-free, it is often assumed that any Dirac impulse in the input, results in
a Dirac impulse in the output. This is the case for the output in Problem 5.20 if the
feedforward term D has full column rank.

Lemma 5.22. If D has full column rank, then y[t] = 0 implies u[t] = 0.

Proof. We will proof the statement by contradiction. Suppose that y[t] = 0, but the input
ult] = f:O cl-ét(i) for some real constants cy, c1, ..., ¢; € R and some j € N. We will show

thatc; = 0foralli € {1,2,...,j}. Note that
g[t] = Cax¥[t] + Dult].

However, as 2 is the solution of 74 = Adiffydiff  pdifty, it follows that the component
[ = S0 iét(i) where the coefficient vectors ¢; are generated by the backward
recursion

5]' = 07 52'71 = Adiﬁgi + Bc’ia (Z = j> 0)7

see [127, Thrm 8.5] and thus 24 [¢] is of one order less then u[t]. As the Dirac impulse and
its derivatives are linearly independent, the statement ¢[t] = 0 thus implies Dc;6V) = 0.
This can only be the case if ¢; = 0. Consequently, we can write u = >7_, ¢;0”) and by
repeating the argument above it follows that c¢;_; = 0. Repeating this argument j times,
lead to the conclusion that ¢; = 0 forall i € {1,2, ..., j} which implies u[t] = 0. O
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In order to ensure that the columns of D are linearly independent, we make the
following assumption.

Assumption 5.23. The output matrices of the system (5.12) are assumed to satisfy
rank [anerE Di| =m,
where Iy, 5 is a projector onto ker E.

Remark 5.24. In the literature on optimal control on DAEs it is often assumed that the
matrix D has full column rank, in addition to some rank condition on the matrix C, see
e.g., [8]. However, since we only require D to have full column rank, this assumption is
too strict. It was also observed in [104] invertibility of D" D is an artificial assumption in
optimal control of differential algebraic equations.

Lemma 5.25. Let Assumption 5.23 hold. Then D := D — CB™P has full column rank.

Proof. Let v € R™ be some vector. Then as B™P C ker F it follows that B™ = Tl g B"™P
for any projector Il z. Consequently it follows from Assumption 5.23 that

Dv = (D — CB™)y

Bln’lp
=le o)
Bimp
|:0errE D] I (%
=0,
if and only if v = 0. This proves that D has full column rank. O

Remark 5.26. For any feedback v = Lx + v that reduces the index of the impulse-
controllable representation of (5.12) the matrix D — C'B™P — DL B™? has full rank. The
proof is analoguous to the proof of Lemma 5.25 once noted that for some v € R™

Bimp
1

I 0
L I

V.

(D—CB™ - DLE™)w = [C D

Given Assumption 5.23 it thus follows that if there exists an optimal control u that
solves Problem 5.17, it is impulse-free. However, as an additional consequence of
Assumption 5.23, the entire optimal solution (z, u) is required to be impulse-free.

Lemma 5.27. Let Assumption 5.23 hold. The output satisfies y[t] = 0 if and only if (x,u)[t] = 0.
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Proof. If (x,u) is impulse-free it follows trivially that y = Cz + Du is impulse-free.

Conversely, let y = Cz + Du be impulse-free. Then by Lemma 5.22 the input u is
impulse-free. Hence it remains to show that x is impulse-free. Assume for the sake of
contradiction that z[t] # 0. Since u[t] = 0 it follows that ITz[t] = 29 [¢] = 0. Consequently,
it remains to prove that 2'™P[t] = 0. However, observe that as u[t] = 0 and 24 [t] = 0 we
have

y[t] = Cx[t] + Dult]
= C(I — I)z[t] + Clx[t] + Dult]
= C(I —z[t] + C2Y[t] + Dult]
= C(I —)z[t].
By assumption rank [ Cll. » D] = m and by definition im(/ — II) C ker £. Consequently

ylt] = C(I — M)xt]
= CerrE([ — H)x[t]

(I — M)xt]
0

zkx%m ﬂ —0.

implies (I — II)z[t] = 0. O

Since we assume (EW, A) is index-1, we will restrict our attention in the remainder
of this section to finding an input that solves Problem 5.20. If we find such an input, it
follows from Lemma 5.21 that the input also solves Problem 5.17 if the DAE considered
is of index-1. As non-switched ODEs are a special form of switched DAEs, it follows
that Problem 5.20 is a special type of Problem 5.13. Consequently;, it follows that if there
exists an optimal control it is a feedback and that the optimal cost is a quadratic function
of zy, i.e., J (xo,u) = xOTK xo. Hence in the remainder of this chapter, we aim to find the
optimal feedback.

To illustrate the results of this section we introduce the following example, which

demonstrates how to obtain the index-1 representation from an impulse-controllable
DAE.

Example 5.28. Consider the following optimal control problem

min  J(zo,u) = [y [ly()|? dt + = (t7)],

1007 . 1
s.t. [om]x = —x+ o}u,
000 1
y :x+[éu, (5.23)
z(07) = x,

xz(17) € span { [

oo

I}
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Asim F + Aker E C R3, it follows from Lemma 2.41 the system is not index-1. However,
im F + Aker E + im B = R? and thus the system is impulse-controllable. Hence in order
to find an optimal control, we need to apply a preliminary feedback. Any index-reducing
feedback can be applied and therefore we choose u = F'z = [0 1 1]z +v. After calculating
IT, 19T and TT'"™P from the Wong-sequences based on (E, A + BF) we can compute

11’

Bimp — HimpB — g] .

AT _ T[4 4 BFY) — [—018}4}’ C = [(1)8_12}7
. 0 00 2 B 00 1 . 0
B =t = [ § | b =p-cpm=|{],

Finally decomposing the state as x = 24— B™Py, we canwrite C = C'and D = D—CB™,
which allows to rewrite the problem equivalently as follows. .

; 7 Lis iff (— im -
min J(zo,v) = Jo lg@)1* dt + |z (t;) — B*Pu(ty)]|?,
s.t. g = _01 8 —14} o4 [ 5 ] v,
%% 3 07
g =100 72] p [1] v, (5.24)
00 1 0

Note that in the reformulated problem the initial value is contained in the augmented
consistency space corresponding to the original system, i.e., [Izg € V(g 4 p). o

5.2.2 Regarding the terminal cost

Observe that the terminal cost term in Problem 5.20 penalizes the value of the input u
at ¢;. Furthermore, recall that the choice of input is free in the sense that it is allowed
to be any piece-wise smooth distribution, and thus any value u(t;) can be ensured.
Consequently, an input u with a value u(t} ) that minimizes the terminal cost with respect
to the resulting xdiﬁ(t;) can be chosen. However, as the terminal cost penalizes the value
of uatt; from the left and this value needs to be well-defined, the input u needs to be
continuous on at least [t; — ¢, ;) for some ¢ > 0. Therefore altering a solution (x4, u)
such the output has a desired value at ¢; will in general influence the running-cost. As
a result, we can not optimize the running-cost and the terminal cost independently of
each other. However, the following result shows that the value of the optimal input u(t})
minimizes the terminal cost with respect to the value xdiﬁ(t;) € imIL

Lemma 5.29. Let u be an input that solves Problem 5.20 and let x¥ be the corresponding
optimal trajectory. Denote u(t;) = v € R™ and 2 (t7) = ¢ € imIL. Then < is a minimizer of
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the following problem.
: _ Rim T _ Rim
Jnin (¢ = B™Py) P(¢ — B™Y),
(5.25)
s.t. ¢ — B™ryp € yend,

Proof. Assume that u solves Problem 5.20. Let 2% be the corresponding optimal
trajectory on [to, t;). Denote u(t;) = ¢ € R™ and 2% (t}) = ¢ € imII. Suppose there
exists a value w for which ¢ — B™Pw € V°id and

(¢ = B™w) P(C = B™w) = (¢ = B™P$) T P(C = B™) — M,

for some M > 0. Consider the solution (s, u;) where u, = u + @ be an input where
is defined as

0, o <t<ty—s,
Uy = Oée_Ale%, ty—s <t<tf—§,
—0, tf—g, <t<tf

and a = w — 1 € R™ is constant. Note that it follows from Lemma D.2 that this solution

diff

(z37, u,) satisfies 23 (t7) = 29 (¢;). Furthermore, it follows from Lemma D.3 that for

any ¢ > 0 there exists a us such that the output g, resulting from the solution (23, u,)

satisfies
tf tffs tf
/ 1g.(8)]2 dt = / (6|12 dt + / 7)1
to to ty—s
tf—s tf
- / 12 dt + / 7)1 dt
to ty—s

123
< / LI dt + <,

to

Furthermore, u,(t;) = u(t}) + us(t; ) = w and thus 23 (t;) — B™Pu,(t;) € V** and

s

J(xo,us) = J(xo,u) + — M.

diff
s

Hence for ¢ < M there exists a s such that the solution (z&f u,) satisfies J(xg, us) <

J (20, u), which contradicts the optimality of (z%f ). Hence the result follows. O

In general, there does notexista i) € R™ for every ¢ € imII that solves the optimization
problem (5.25). Necessary and sufficient conditions for solvability are given in the
following lemma.

Lemma 5.30. Given ¢ € im1l, there exists a vector i that solves the problem

min - (¢ = B™Y) P~ B™Y),
(5.26)

st ¢ — Bmpy € yend
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if and only if
¢ € Yy 4 im BimP,

Proof. Assume that ¢ € R™ solves (5.26). Then ¢ — B"™¢) € V°™. Since ¢ € imII the
equality ¢ = II¢ holds and consequently II¢ € V" + im B™P.

Conversely, assume I1¢ € V°* +im B™P. Then since ¢ € im IT we have II¢ = ¢. Hence
there exists a 1; such that ( — B™Pqy; € Verd, If ¢ is unique, then the problem is solvable.
If ¢4 is not unique, it follows that for any 1, satisfying ¢ — B"™P¢), € V"4 we can write

Bimp<¢1 _ 77Z)2) — (Idiff _ Bimp¢2) _ (Idiﬁ _ Bimp¢1) c Vend.

Clearly B™P(¢); —p5) € im B™P and thus we can conclude B™P1); = B™Py)y + 1) for some
n € V4 Nim B™P. Consequently, (5.26) is solvable if and only if given ¢ := { — B™Py),
the following problem is solvable.

min (¢ +7)" P(¢+n),

nER"

(5.27)
st. neyndn pimpe,

It follows from Lemma D.4 this problem is solvable. O

Corollary 5.31. If there exists an input v € (Dpyc)™ that solves Problem 5.20, then the
corresponding optimal solution (x", u) satisfies ' (t;) € V**! 4 im B,

Given the result of Lemma 5.30 we know that if a trajectory =4 satisfies 24 (¢;) =
¢ € y°rd 4 im B™P, there exists a value 1 that solves (5.25). Moreover, we can determine
all the possible values 1 € R™ that solve (5.25).

Lemma 5.32. For a given ¢ € (V™ + im B™P) N im II the vector ¢» € R™ solves

min (¢ — B™Py)TP(C — B™Py),

ver (5.28)
st. ¢ — Bmpyp g Yend)
ifand only if { € [oo1)ker H and ¢) € [100]ker H, where
imp T imp imp T _ 4 T _ pRimpT
b .| B™TPB BT (] — Iyena) BT P (5.29)

([ - HVend)Bimp O _([ - HVend)H
and Tyyena is any projector onto V4,

Proof. Note that the terminal cost function

(¢ — B™ )T P(( — B™1p), (5.30)
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for a given ¢ € imII is a convex function of ¢y € R™. Furthermore 7 € R™ minimizes
(5.30) if and only if ¢ minimizes

¢TBimpTPBimpw o QCTPBimpw.
The constraint ( — B™Py € V' is satisfied if and only if (I — [yena)(¢ — B™P1)) = 0,
where Il is a projector onto V. This condition can be written equivalently as

(I — Myena) B™Pt) = (I — TTyena )C.

As this constraint is a convex function and P is positive semi-definite, it follows that
this optimization problem is a convex problem. Hence any local minimizer is a global
minimizer. The first order necessary conditions are thus also sufficient. Hence v’ is a
minimizer that satisfies the constraints if and only if there exists a Lagrange multiplier A
such that

BimpTPBimp BimpT(I - HVend)T ¢ _ BimpTP g
(I - Hvend)Bimp 0 A N ([ - Hvend) ‘
This can equivalently be written as H{ = 0 where
BimpTPBimp BimpT T — Iven T _BimpTP
_ | (1 = Tlyena) (5.31)
(_[ - chnd)Blmp O _(I - chnd)
and €' = [vT AT ¢7 ]T. Since ¢ € im II and hence ¢ = IIC the result follows. H

Given the result of Lemma 5.32, we can compute which states ( € imII are possibly
an endpoint of an optimal trajectory. Moreover, for each endpoint ¢ € imII a value of ¥
that solves (5.28) can be computed. Consequenlty, for a given optimal solution (z4f, )
where xdiﬂ(t;) = (, we are able to express the terminal cost of this solution in terms of

29 (¢7) only.

Corollary 5.33. If there exists an input u that solves Problem 5.20 then the optimal terminal
cost satisfies

T

(:Ediﬁ(t;) . Bimpu(t;)) P ((L’diﬂr(t;) . Bimpu(t;)) = xdiﬂ(t;)T\I/TP\I/xdiff(t;)’

where U = (I — B™PN)IL, for any N satisfying [10 -N | ker H = 0.

Although the minimum of the objective function in (5.28) is uniquely given for a
particular z%f € R", a minimizer u € R™ is not necessarily unique. However, the

following result can still be concluded regarding an optimal input.

Corollary 5.34. If an input u solves Problem 5.20 then u(t; ) = Na®(t}) for some N satisfying
[10-N]kerH = 0.
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Given the result of Corollary 5.33, we are able to express the terminal cost in terms
of 24, Consequently, Problem 5.20 is closely related to the following optimal control

4iff jn the terminal cost. Particularly we can show that

problem, which only penalizes x
if an input solves the following problem and satisfies certain conditions at ¢, we can

conclude that it solves Problem 5.20 and vice-versa.

Problem 5.35. Consider the system (5.21). Find an input u € (Dpwce~) that solves the
following problem:

. T t _ i — i —
min  Ju(eouty) = [ Ja(0) d 4 2607 PO (r))
s.t. i.diff — Adiﬁwdiﬂ + Bdiﬂu
y = Cx% 4 Dy,

z(t5) =g € Viry,a0,80):
:L‘(t;) _ xdiﬂ(t;) o Bimpu(t;) S Vend7

(5.32)

where A% BT and B™P are the matrices resulting from the Wong-sequences based
on (EW, A). Furthermore C' = CII, D = D — CB™P and ¥ = (I — B™PN)II for some N
satisfying [ (1 0 N) | ker H = 0, where H is given by (5.31).

Lemma 5.36. An input v € (Dyycoc)™ solves Problem 5.20 if and only if u solves Problem 5.35
and u(ty) = NaW(t;) for some N satisfying [1 0 -N]|ker H = 0.

Proof. LetU(X, ) be the class of inputs for which Problem 5.20 is feasible. That is, if u €
U (X, 7o) then the output § corresponding to the solution (24 u) satisfying x4 (¢;) = g
results in a cost J(zo, u,t;) in (5.22) which is finite and %% (t7) — B™Pu(t;) € Vo
Similarly, let U, (3, x() be the class of inputs for which Problem (5.35) is feasible.

(<) Suppose u € U(X, zy) solves Problem 5.20. Then it follows from Corollary 5.34
that u(t;) = Nz%(t;) for some N satisfying [1 0 -~ | ker H = 0 and H is defined as in
(6.31). Furthermore, it follows from Corollary 5.33 that

(e (t7) = B™Pu(ty) T P(a™ () — B™Pu(ty)) = o™ (t;) "W POt (ty).

Consequently Jy (29, u) = J(zp,u). Hence we can conclude

inf  Jy(xo,u) < inf  J(zg,u). (5.33)

u€Uy (3,x0) wel (X,xo)

We will show that equality holds for (5.33). To do so, assume for the sake of contradiction
that this inequality is strict. Then there exists an input u € Uy (3, zo) such that

Ju(zo,0) < Jy(xo,u) = J(x0, 10).

Then it follows that J(xg,u) — Jy (7o, ) = M for some M > 0.



5.2. FINITE HORIZON OPTIMAL CONTROL 107

Consider the solution (7, @) where @s = @ + u} be an input where v is defined as

0, ty <t<tp—s,
uy =< ae A, ly—s <t<ty—3,
—, tf—g §t<tf

and o = Nz (t7) — a(t;) € R™ is constant. Then it follows from Lemma D.2 that
for any s > 0 we have 23" (t7) = z(t;) € V! 4 im B™P. Furthermore, the input ,
satisfies

Us(t;) = u(ty) + N (t;) —ulty)
— Ni’diff
= Nz (t;).
and thus 7$"(t7) — B™Pu,(t;) € V. Furthermore it follows that
(@3 (t7) — B™Pa(t; ))TP( SH(ty) — B™Pa(ty))
~d1 ( ;) ( BimpN)TP(I BlmpN) dn‘f( f)
~d1 ( ;)T\IITP\Ifxdlﬁ( )
( _)T\I/TP\II dlff( )

From Lemma D.3 we can conclude that for any € > 0 there exists a s such that

ty ty
/ 19|l dt =/ lg(t)|| dt + <.
to to

Combining these results yields
J(wo, %) = Jy(wo,0) +e = J(wo,u) +e— M

and thus by choosing s such that ¢ is sufficiently small, we obtain J(xg, @s) < J(zg,u)
which contradicts the optimality of (x4, v). Hence equality in (5.33) holds.
(«) Suppose u € Uy (X, ) solves Problem 5.35 and satisfies u(t;) = NV xdlﬁ( 7). Then

for this particular input we obtain

Ju(wg,u) = J(z0,10).
Suppose there exists an input @ € U (X, xo) for which J (g, @) < J(zg, u). Then

jdiﬁ(t;)T\IJTP\Iljdiﬁ(t;) ( dlff( ) Blmp ( ))TP( d1ff( ) Blmp ( f))
and consequently

Ju(wo, 1) < J(wg, 1) < J(w0,u) = Jy (0, ),
which contradicts the assumption that (2%, u) solves Problem (5.35). Hence u solves
Problem 5.20. L
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As a consequence of Lemma 5.36 we can focus on finding conditions under which an
input u € (Dpwe)™ solves Problem 5.35 and satisfies u(t;) = Nz (¢;). As the terminal
cost in Problem 5.35 only penalizes the state 24 and not the input v, this problem
is easier to analyze as standard tools for optimal control can be used. Hence in the
following, we will focus on solving Problem 5.35.

Example 5.37 (Example 5.28 Continued). Observe that for the optimal control problem
defined in (5.24) we have that

100
[Myena = [000]
000

and thus we can compute

HZ[(

BimpTPBimp BimpT (I_chnd)T _BimpTPH . é
Ifnvend )Bimp 0 7(17HVend )H i| (1)
Such thate.g.,, N = [000] satisfies [1 0 -~ | ker # = 0. Note that this NV is not uniquely
determined. Given this particular N we compute ¥ = /. Thus the solvability of (5.24) is
equivalent to

min Ju(zo,v) = Jo lg))1* dt + 2t (t;) T (),
s.t. i = _01 8 —14] B 4 [ 9 } v,

100 012 ; 071

00 1 0

Observe that the optimal control problem (5.34) does not penalize the terminal value of
the input anymore. o
Regarding the running cost

Whereas the previous section focused on the terminal cost and the value of the optimal
control at the end of the interval [ty, ¢), we will now turn our attention to the running
cost and the optimal control given in the interval of interest. To that extent we will write

o<1 I

As mentioned previously, the optimal cost is a quadratic function of z,. In particular,

C_vT
DT

Q 5

5P = o9 uT] e
S R

the minimum of the integral

b i1l | O S i
[N
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is a quadratic function z] K (to)zo. We assume that K (t) is any symmetric-matrix-valued
continuously differentiable function, defined on [ty, ;). Considering the difference
Jy (23 ) — x) K(tg)zo yields under this assumption

NI

S'RT :| [xiiff ] + %xdiff (t)TK(t)xdiﬁ (t) dt

+ 2T (VT PY - K(t7)) 2M(t5).

t
I 0) — o Kooy = [ #4717 |

to

Taking the two integrals together and computing the second integral using the
differential equation and the completion of the squares formula, we obtain while
omitting the dependence on t:

I Qi |9 0T GT 0T Ry % AT e diff
— (O 4 AT | AT )T 0 TR T G i
+u' Ru
T j GART ol gt fe A o) T (A T | GT) i
4o Ru 4 Ty g

:HRU + (BdiffTK + S«T)xdiffHZ + xdiffTdeiff,

where

W — K+AdiHTK+KAdiff_ (§+KTBdiH)R—1(BdiffTK+gT) +Q

Consequently, we can rewrite the cost in Problem 5.35 as

Ju (20, 1) = 2§ K(ty )0 + / ' | Ru(t) + (BT K (t) + 5724 (1))

to

X xdiﬁ(t)TW(t)xdiﬂ (t) dt + xdiﬁ(t;)—r (\IJTP‘IJ — K(t;)) $diﬂ(t;)'

This expression will play a crucial role in our analysis of the optimal control problem.
Choosing K () such that W = 0 and K(t;) = U'T P¥ we obtain that the cost Jy (2%, u)
can be expressed as

Ju (w0, u) = xg K (t5 )20 + / f | Ru(t) + (BT K (t) + ST)2M (1)) dt. (5.35)

Clearly without the constraint % (¢7) — B™Pu(t}) it follows that Jy (20, u) is minimized
if u=—RY(BYWTK 4+ ST)z4f, Using this observation, one can show that there always
exists a function K satisfying K (t;) = ¥T PW such that W = 0, as K(t) is then a solution
to the well known Riccati differential equation

K — _AdiﬁTK _ KAdiff + <5¢+ KTBdiH)R_l(BdiHTK+ ST) _ Q’
K(t;) = U PV. (5.36)
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However, the following result shows that if we assume there exists a solution to
Problem 5.20, the input also solves the optimal control problem without the constraint
xdiﬁ(t;) — Bimpu(t;) € yend,

Lemma 5.38. If an input u € U(X, x¢) minimizes Jy (x4 u) then
u=—R" (BYMTK(t)+S") 2% (¢). (5.37)

Proof. Let (z%, u) be a solution for the input defined as (5.37) satisfying x4 (¢ ) = .
Case 1: 2% (t7) € V"4 + im B™
Then consider the input us = v + u; where u; is defined as

0, ty <t<t;—4d,
us = ae= A3, tp—0 St<ty—g,
—a, tr—2 <t<ty,

where o = Nz%(t7) — u(t;) € R™, for some N satisfying [7 0 -N]ker H is constant.
Then the solution (x5, us) with 2§ (t5) = x4 (t;) = z, satisfies 23" (t) = 29 (t) = q.
Note that

d1ff< ; ) Bimpu(S (tf) dlff( ; ) BunpNxdlff( ; )
dlff( ) Blmle,dlfT( ) Vend

and thus u; is a feasible input. It follows from (5.35) that for every ¢ > 0 there exists a
solution (2§ us) such that

Ju (25, us) = wg K (ty o + ¢
and thus we can conclude

u@i{{gmo) Ju (Y w) = 2] K(tg)xo

However, the infimum is attained if and only if the input is given by (5.37). Hence if
there exists an input u € (Dpye~)™ that solves Problem 5.35 then (5.37) holds.

Case 2: 2 (t7) ¢ V" + im B™
We will prove that there does not exist an optimal control. For the sake of contradiction,
assume that the optimal control is given by @ € (Dpwc)™. Then the solution (z4, @)
must satisfy 24 (¢7) = ¢ for some ¢ € [0 0 1] ker #, as the input at t; needs to be such
that terminal cost must be minimal with respect to 74 (¢ P

Letyo € R", yy # o be an initial value such that the solution (y, u) with y3if(¢;) = y,
satisfies yd‘ff(t ) = ¢. Recall, that by Lemma 5.14, the optimal control is a feedback. As a
consequence of the linearity of the optimal control in the state, it must hold that v = u —@
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is the optimal control for the initial value zy = yy — xo. However, by linearity of solutions,
the solution (24, v) satisfies

t
Zdiff(t—) _ eAdth—ttZO +/ eAdiﬁ(t—T)Bdiff,U(T) dr

to

t
diffy_ diff (4_ HF ~
= ATt ttx0+/ eAT T)Bdlﬂu(T) dr

to

t

diff, diff (4 .

. €A t ttyo _/ €A (t T)Bdlﬁu(T) dr
to

— i,diff(tf) . ydiff (ti)

and consequently zdiﬁ(t;) = 0. However, this implies that z, = 0, as a feedback can not
control an initial condition to zero, unless it is zero. Hence we can conclude that zy = v,
which yields a contradiction. Hence there does not exist an optimal control for z,. [

Corollary 5.39. If an input u € (Dyuc~ )™ solves Problem 5.20 then
u(t)=—R" (BYMTK(t)+5") 2% (1), (5.38)

where K solves (5.36) with terminal condition K (t;) = VAN

5.2.3 Combining the results

Thus far we have only been concerned with necessary conditions for solvability of
Problem 5.20. The reason that the conditions in Corollary 5.39 are not sufficient is that
a feedback of the form (5.38) does not necessarily ensure that all the constraints are
satisfied. That is, a solution (9, v) with u given by (5.38) and 4 (¢, ) = ¢ € im II does

not necessarily satisfy
xdiﬁ(t;) — Bimpu(t;) e yend,
nor
(@ (t7) — B™Pu(ty)) T Pz (t;) — B™u(t;)) = 2V (7)) ¥ POz (¢]),

for any N for which [7 0-~ | ker # = 0. Both these conditions can be rewritten equivalently
as

(I = Myena)(I — B™PA)z () = 0 (5.39)
and

(I — B™A)TP((I — B™PA) — U PU)g4 = 0, (5.40)
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where we have written
A:=—R(BYTOTPY +ST),

for notational convenience. However, if a solution (24, 4) with 24 (¢;) = 2y and u
satisfies (5.38) is such that (5.39) and (5.40) are satisfied the input is optimal. To proof
this, we will first introduce the backwards state-transition matrix, defined similarly
to [56] or [128] and which also appears in [8].

Definition 5.40. The backwards state transition matrix for the closed loop time-varying
differential equation

:tdiff — (Adiff . BdiﬁR—l(BdiﬁTK + ST)) xdiff’

is given by Q(t, ), where K is a solution to (5.36) with terminal condition K (t;) = W' PU.
Hence % (t) = Q(t, t;)xM (t7).
Theorem 5.41. Problem 5.20 is solvable if and only if

([ - Hvend)(I - BlmpA)

. . 11, 5.41
(I — B™PA)TP(I — B™PA) — U7 PO (64D

zo € V™' 1= Q(tg, tf) ker
where ) (to,ty) is the backward state transition matrix as defined in Definition 5.40 and the
optimal control is given by

u(t) = =R (BYTK(t) + 5z (t), (5.42)
where K is a solution to (5.36) with terminal condition K (t}) = U Py,

Proof. (=) It follows from Corollary 5.39 thatif aninput u € (Dpyce<)™ solves Problem 5.20
then u is given by (5.42). Particularly, it follows that u(t}) = Az#"(t;). Furthermore, it
follows from Corollary 5.33 that the terminal cost resulting from the the optimal solution
(29 ) satisfies

(@ (t7) = B™Pu(ty) T P (t;) — B™u(ty))
=W (t7) (I = B™A)TP(I — B™A)z ()
= () U PUt(t)).

This implies
. . 1 .
| (I =B™A)"P(I — B™A) = W' PU)? z(t7)]]> = 0,
from which we can conclude

z(t;) e ker (I — B™A)TP(I — B™A) — U PV).
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As the input is assumed to be such that all constraints in Problem 5.20 are satisfied, it
follows that

M (t;) — B™u(t;) = (I — B™)Az(t;) € v

and consequently given any projector Iy onto V"¢ we can conclude that
(I — Myena)(I + B™PA)zt(t7) = 0.

Combining these observations leads to the conclusion that

([ - HVend)([ - BlmpA)

dlff
t;) ek . .
(f) € ker (I — B A)TP(I — B™A) — U7 Py

Finally, recall that Tz (¢;) = 29 (¢7) and 2 (t5) = Q(to, t;)z(t}) by definition.
Since 24 (¢;) = Iz, the result follows.

(<) Suppose Iz, € V™. Then by definition the input (5.42) ensures that a solution
(24 ) with 29 (¢;) = Iz, satisfies

(I — HVend)(] — BlmpA>

xdiff(
(I — B™A)TP(I — B™A) — U7 PY

ty) € ker

Then since 24 (¢;) = Iz it follows that 2% (¢) € im II for all ¢ > ¢,. Consequently

(a(ty) — B™u(ty)) " P(a(t7) — B™Pu(t}))
= 2 (4;) (1 = BN TP = BTPN)a (1))
— mdncf( f)TqJTP\Dxdlff( f)'

Consequently for this input we have
J(z0,u) = Jy(zo,u) = 24 K (t5 )20

Note that as (I — Iyena)(I — B™PA)x4(t7) = 0 and u(t}) = Az (t}) we can conclude
J'Jdiff(tf ) Blmpu( ) Vend

and thus all the constraints are satisfied. Hence by Lemma 5.36 the input u solves
Problem 5.20. O

The equivalence between solvability of Problem 5.20 and 5.17 leads to the following
corollary.
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Corollary 5.42. Problem 5.17 is solvable if and only if

zo € V™M N CIMP,
The optimal control is given by

u(t) = =RV (BT K (t) + STz (1), (5.43)
where K is a solution to (5.36) with terminal condition K(t;) = W' PW.

Proof. It follows from the constraints of Problem 5.17 that =y € C"™ and from Lemma 5.21
that the problem is solvable if and only if Problem 5.20 is solvable. The latter is the case
if and only if 25 € V™. Consequently, the result follows.

The optimal input that solves Problem 5.20 also solves Problem 5.17. Observing that
a4 (¢) = Tz (¢) leads to te conclusion. O

Given the result of Theorem 5.41 we can verify given an initial value z, € im C™P
whether Problem 5.20 is solvable and compute the optimal control if it exists. Since
Problem 5.20 was the result of a reformulation of Problem 5.17, an overview of how
to verify the existence of an input that solves Problem 5.17 and how to compute it, is
presented in Algorithm 1.

Optimal input Optimal trajectory
T L 4 T
6\ — optimal u || — it
-eu diff
P
2 i <o g ifF |
4 [ 7 . T,
0r ’.'.'.""""‘_'_"_':‘:'--a-----
2 | | “‘ “ﬂﬂ
—2f e 1
O | | | | "' | | | |
0 02 04 06 08 1 0 02 04 06 08 1

Figure 5.1: The optimal input u(¢) that solves the optimal control problem given in Ex-

ample 5.28 and the corresponding optimal trajectory x4 (#) (5.24) with initial value
xo = [2.163 —2.906 1.453]T.

Example 5.43 (Example 5.28 continued). Recall that for the optimal control problem
(5.34) we computed ¥ = Il and N = 0. Consequently we obtain

A=—-RYBYMTUPY+ST)=[0-23].
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Algorithm 1 LOR with subspace constraint
Input: E, A, B,C, D, P, tg,t;, V4, Cmp

Step 1: Preconditioning

Compute W as in (2.18)

Compute L such that rank [ Ew A+BL] =n

Compute projectors I1, 14T TT™P from the Wong sequences based on (EW, A + BL).
Define A% = TT4f(A 4 BL), BAf = [[4T B, Bimp — [[mp .

Define C' = (C' + DL)II, D = D — (C' + DL)B™?

Define@Q =C'C,S=C"D,R=D"D.

Step 2: Terminal cost matrix

Compute orthogonal projector IIye.a onto Ve

Define H according to (5.31) and compute ker H.

Compute N such that [7 0 -~ |ker H = 0.

Define U = (I — B™"N)Iland X;, = U PU.

Solve Riccati differential equation (5.36) on [to, ;] with terminal condition X (t;) = X;,.

Step 3: Verify solvability
Compute backward state transition matrix Q(t, ;) for z4f = Adiffpdiff 4 pdiffy, with
u(t) = —R-Y(BITTX (t) + ST)zd(1).

Set A = —R~YBYFTYT Py + ST)
(I-1y,ena)(I=B"™PA)
(I-B™PA)T P(I-B™PA)-U PV

init _ (I=Iena)(I=B"™PA)
Computg V t - Q(to, ty) ker [(I—BimPA)VTPd(IfBimPA)f\IJP\I/]
if o € V™' N C™P then
return Optimal feeback matrix K (t) = —R~}(BTX + ST)
else

Compute ker [

return There does not exist an optimal control
end if

Based on this matrix, we compute

=olo

(I — Tyena)(I — B™PA)IT = [

oo O0Oo
coo OOoOo

(I — B™A)TP(I — B™PA) — w7 PUII = [

o
Noo
| IS
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and hence

(I - Hvend)(_[ - BlmpA)

ker . )
(I — B™PA)TP(I — B™PA) — UT PU

o {[§- [}

Finally, computing the backwards state transition matrix Q(ty,¢;) from Definition 5.40

given the solution of the Riccati equation (5.36) with terminal condition X (t;) = VPV
yields

2.163 0 —6.2782]
1453 0 8733 |

Qto, ty) = [—2.906 1 —15.466

According to Theorem 5.41 we can conclude that

VIt — span { [722%336] , [(1)} }
1.453 0

and that the optimal input is given by u = —R(BYTX + ST)z4.  Applying this
input to the initial condition z9f(¢7) = [2163 —2.906 1.453] " yields the optimal input
u(t) and 2% (¢) as given in Figure 5.1. Observe that the solution indeed satisfies
W (t7) — B™Pu(ty) = [é} € V°rd, Furthermore, the cost corresponding to this solution

satisfies
J(x0, 1) = 9.2352 = 29T (+7) T X (¢0) 24 (¢;)
and is indeed quadratic in the inital value. o

The result of Corollary 5.42 shows that Problem 5.17 is generally not solvable for
arbitrary initial values x, € C"™P. Hence if the initial value of a system is unknown,
implementing an optimal control might be complicated. Secondly, if the system is
perturbed at some time ¢ € (%o, ¢), the subspace endpoint constraint will be violated in
general. Hence we can conclude that the optimal input is loosly speaking not very robust
with respect to disturbances. However, in some special cases the problem is solvable
for any z, and the control problem will be robust with respect to disturbances. Indeed,
as the optimal control input v is a feedback, a perturbation in the state will lead to a
perturbation in the input. To that extent we present the following result.

Lemma 5.44. Problem 5.20 is solvable for all initial values xo € Vg, a p) if and only if

(I - chnd)(] - BlmpA)

| . 5.44
(I — B™PA)TP(I — BmPA) — U7 PW (644)

V(Eoon,Bo) C ker

Proof. 1t follows from Theorem 5.41 that Problem 5.20 is solvable, if and only if

(_[ - HVOHd)(I — BlmpA)

€ Q(ty, tr) k ; i
) (0 f) 24 (I_BlmpA)TP([_BlmpA)—\I/TP\IJ
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Hence, this holds for any Vg 4 p) if and only if

(.[ - Hvend)(] — BlmpA)

v C Q(to, t7) k . |
(E,A,B) = ( 0 f) er ([_ BunpA)TP(I _ BlmpA) — TPy

Observing that the matrix ({, t;) is invertible and Q(to, ) "' V(r .4,5) = V(4,5 leads
to the conclusion that Problem 5.20 is solvable for all 2y € V(g 4 p) if and only if (5.44)
holds. O

In the case that the constraint x4 (¢ 5= By (t 7)€ Verd g relaxed by assuming
Vend — R™ the conditions of Lemma 5.44 can be simplified. Note that V"¢ = R™ occur in

the case that e.g., the next mode in the switched DAE is impulse-controllable or yields an
ODE.

Lemma 5.45. Consider Problem 5.17 and assume V" = R™. There exists an optimal control
for any xy € V(g a,,8,) if and only if

BimpTPH _ BimpTPBimpR_l(BdiﬁT\IfTP\I/ + ST)H (545)

Proof. (=) If there exists an optimal control that solves Problem 5.17 with V" = R" for
any z, then it follows from Lemma 5.39 that v is given by

u(t) = =R (BMTK(t) + 87)a™ (1),

where K solves (5.36) with terminal condition K (t;) = U PU. Furthermore, it follows
from Lemma 5.32 that u(t; ) minimizes the terminal cost with respect to 24 (¢;) if and
only if [u(t;)T 029%(;)7 " € ker H where now ker # is given by those [« 5 7] for which

B™PT Pl = BM™PT P BimP~,
Substituting u and noting that it needs to hold for all z4f (¢ ;) € imIl yields

BT Pl = p™pT ppe p=H(BATTY T py 4 ST
(<) If (5.45) holds then the input defined as

ut) = —R7H(BWTK(t) + 51z (1)
where K solves (5.36) with K(t7) = UT P¥ ensures

(9 (17) — BPu(ty))T P (t) — BPu(ty))

< (:zzdiﬁ(t]?) — Bimpw)TP(:cdiﬁ(t]T) — B™Py),

for all w € R™. Consequently

(#5(1) = BPu(t)TPA(t7) — Bu(ty) = (1) 0T PR (1),

Therefore, it follows that J (2%, v) = 24 (¢5) T K (¢o)x% (¢ ) and thus the infimum is
attained. We can thus conclude that u is an optimal control. O
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Finally, we can observe from Lemma 5.45 that if the terminal cost matrix P = £ TPE
for some P € R™*" there always exists an optimal solution under the assumption that
yerd — R”. In fact, the condition that PB™? = ( is sufficient for the existence of an
optimal control. Under this assumption the standard linear quadratic optimal control
problem for differential algebraic equations is obtained. Hence the following result
should not be surprising.

Corollary 5.46. Consider Problem 5.17 and assume V! = R" and PB"™ = (. Then there
exists an optimal control for any xo € C™P.

Given the results on solvability of Problem 5.17 under the assumption that =, € C™P
we can now restrict our attention to more general initial values. Recall from Lemma 5.16
that there exists an impulse-free input that ensures an impulse-free output if and only if
zg € C™P 4 O™, Consider the decomposition

Cimp + Oimp _ Cimp + (W . (] . W))oimp
= O L WO ([ — W)O™
=C™ (] - W)O™,

For initial values z, € C™P we have already stated results. For initial values
zg € (I — W)O™P the optimal control is given by u = 0. Although the state trajectory
will contain a Dirac impulse at ¢, and be zero elsewhere as a consequence of this input
and initial value, the corresponding output y = 0, which yields an optimum. Observe
that as zy € (I — W)O™P we can write

0=u(t) = —R BT X () + STa(t).
This leads to the following corollary
Corollary 5.47. Problem 5.17 is solvable if and only if
zo € VN (C™P 4+ OMP)
and the corresponding optimal input is given by
u(t) = —RY(BYTT X (¢) + STz (t).

where X (t) solves the Riccati differential equation (5.36) with terminal condition X (t;) = W' PW.

5.3 LQOR for the switched case

Given the necessary and sufficient conditions for solvability of Problem 5.17 for general
initial values we can now return to Problem 5.13 regarding the linear quadratic optimal
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control problem for switched DAEs on a bounded interval. Similar to the assumption
in the previous section that the DAE (5.12) was index-1, we will assume that each
mode of the switched DAE (5.1) is index-1. We can consider the impulse-controllable
representation of each mode and assume a preliminary index-reducing feedback of the
form u = F,x has been applied. However, in order to guarantee that if there exists an
optimal input, it is impulse-free, we make the following assumption.

Assumption 5.48. The output matrices of the system (5.1) are assumed to satisfy
rank |Gl 5, Di] —m, Vie{0,1,..n},
where each Iy, g, is a projector onto ker E;.

As a consequence of this assumption, it follows that the output to (5.1) is impulse-fee
if and only if (z, u) is impulse-free.

Lemma 5.49. Consider the switched DAE (5.1) and let Assumption 5.48 hold. The output
satisfies y[t| = 0 if and only if (z,u)[t] = 0.

Proof. 1t follows from Lemma 5.27 that the output y is impulse-free on [t;,%;41) for
i €{0,1,...,n — 1} if and only if (z, u) is impulse-free on [¢;,¢;11). Hence if y is impulse-
free on [to,t,) it follows that (z,u) is impulse-free on [t,?,). Conversely, if (z,u) is
impulse-free on [ty, t,) then y is impulse-free. O

Lemma 5.50. Consider the switched DAE (5.1) and let Assumption 5.48 hold. If y[t;] = 0 for
i €{0,1,...,n} then

x(t7) € C™ + O,

Given these results we can construct a sequence of subspaces from which solvability
of Problem 5.13 can be concluded. Indeed consider the following sequence of subspaces

end __ yjend
yond = pend

. : i=nn-—1,..,0, 5.46
yend = ymit o (M 4 0y), wE (5.46)

where V" is defined according to Theorem 5.41 on the interval [t;, ¢;,) w.r.t. V"4, Then
we can state the following result regarding solvability of Problem 5.13.

Theorem 5.51. Consider the sequences (5.46). Problem 5.13 is solvable if and only if
2o € VI (CIPP 4 Y.
Furthermore, if the problem is solvable, the optimal input is given by

u(t) = =R (BF" K (1) + S, e (t),



120 CHAPTER5. THE LINEAR QUADRATIC OPTIMAL CONTROL

where R, = D] D,, S, = C] D, and 1; is a projector resulting from the Wong sequence based
on (E;W;, A;) and W; an orthogonal projector onto C;"*, i € {0,1,...,n}. Finally, K(t) is a
solution to the switched Riccati differential equation

K =—-AMTK - KAT 4+ (S, + KB RN BITK + 5T) - Qo
where Q, = C.] C, and time conditions

K(tg,) =V K(th,)V;,  ie{0,1,..,n—1},

K(t7) = U, PV,

The optimal cost is given by

muin J(zo,u) = 2 K (to)wo.

As a consequence of Theorem 5.51 it follows that there generally does not exist an
impulse-free input that solves Problem 5.13. However, if the problem is solvable, it
is generally solved by a distribution u which is only piecewise continuous and hence
contains jumps. The same holds for the corresponding optimal state trajectory =. The
following example illustrates this observation.

Example 5.52. Consider the switched DAE given by

& :[%6?%[6}% 0<t<1,
112 0
[(1)8(1)]3: =—x+ |0|u, 1<t <2,
oo ~100 1

_— <

T [888 x—i—[g]u, 2t <3,
together with the output

1
Y=+ [8] U.

If the terminal state is not penalized at ¢t~ = 37, but it is required that z(37) €
span{ é := V4, we can compute the optimal feedback matrix on each interval

[ti,tis1), € {0, 1,2} by solving
K= — AT~ R AST 4 (S 4 KT BRI (BITTK 4 §T) —
Ki(t;7) = W] K ()95,
where ¥, = (I—Bli-mpNi)Hi for some N; which satisfies [7 0 -~ | ker H; = 0. and K (t3) = 0.
We obtain from the calculations that

.. 1 000
Yinit  _ gnan 0] } K(2~ = |01 0:|
2 P D ) ( ) 001l
sk 1 0 _ 0.39 0 0.38
Vimt = span 0 7 1} } , K(]_ ) = 00 0 |,
04 0 003310 2'61% 0.07
- 1 0 . —0. .
V(l)nlt = span 0 , 1 i| } , K(O_) = | —0.03 0.03 —0.19i| .
0.49 0.06 0.07 —0.19 1.59

Given the solution K we can compute the optimal input and optimal state trajectory,
which are shown in Figure 5.2. As can be seen, both the optimal input and the optimal
trajectory are piecewise continuous and contain jumps. o
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Optimal input Optimal trajectory
T T T T 60 T T
— optimal u(?) . —_ 11 (t)
40 \ 4 [ T"Tme=eaa... e 2, (t)
0 ey (t) |

20

,
,
,
'm S
\ O - (R ——— - ——

0 05 1 1.5 2 25 3 0 05 1 1.5 2 25 3

Figure 5.2: The optimal input u(t) that solves Problem 5.20 and the corresponding optimal

trajectory z(t) (5.24) with initial value z¢ = [32.98 52.30 19.46] " .

54 Concluding remarks

In this chapter we have considered the linear quadratic regulator problem for switched
differential algebraic equations. We showed that if there exists an input that minimizes
the cost functional subject to switched DAE constraints, the input is linear in the state.
Furthermore, if there exists an optimal input, the optimal cost is quadratic in the initial
value. Consequently, by taking a dynamic programming approach, the infinite horizon
case can be reduced to a repeated finite horizon optimal control problem for non-switched
DAEs with subspace endpoint constraints and a general quadratic terminal cost. It
was shown that generally there does not exist an input that solves the problem and
necessary and sufficient conditions for the existence of an optimal solution were given.
Furthermore, it was shown how to compute the optimal control if it exists.

Given the conditions for solvability of the constraint optimal control problem for
non-switched DAESs on a finite horizon, it was shown how to use these results to obtain
conditions for solvability of the optimal control problem for switched DAEs.

Although the linear quadratic regulator problem for non-switched ODEs where the
integrand of the cost functional is a possibly indefinite quadratic function of the state and
input variable has been studied by e.g., by Willems [134], it remains a future direction of
research in the field of switched DAEs. Moreover, as the distributional framework is
considered, a natural future direction of research is singular optimal control. That is, the
case where impulsive inputs are allowed and the state can contain Dirac impulses. If the
cost matrix is still quadratic in the state and the input, allowing Dirac impulses lead to
singular linear quadratic optimal control and cheap control problems. For ODEs such
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problems have been studied by [19, 31, 35,36,72,126].

In the current chapter the results are stated in terms of a Riccati differential equation
in terms of the matrices A4 and B4, which in turn are computed based on the matrices
E, Aand B. An interesting question would be whether the results could be formulated
in terms of a Riccati differential equation given in terms of the matrices £, A and B
only. Such generalized Riccati equations have been studied for the non-switched case by
e.g., [51,63]. Furthermore, the techniques developed so far do not take any constraints
on the state or input into account, besides the subspace endpoint constraint. In practical
applications often only bounded inputs can be applied and it is desired to keep the state
within certain bounds. Hence it remains to investigate the optimal control problem given
such additional constraints.

Whereas we have studied the optimal control problem for switched DAEs only for
switched systems with a fixed switching signal, it also remains to investigate the problem
for systems where the switching signal is not fixed, but is considered to be an input. Since
impulse-controllability of a switched systems generally depends on the switching times,
it is likely that there will not exists an optimal control for all switched DAEs generated
by the system matrices (E,, A,, B,). Alternatively, the optimal control problem could
also be considered in the context of switched systems where the switching depends on
the state of the systems instead of time.



6 | Conclusions

In this thesis fundamental control theoretical properties of switched differential algebraic
equations such as impulse-controllability and stabilizability have been considered.
Furthermore, the linear quadratic optimal control problem has been investigated. The
switched DAEs were assumed to have a known and a priori fixed switching signal. The
precise type of systems have been introduced in Chapter 2 alongside the necessary
mathematical preliminaries to analyze such systems.

In Chapter 3 we have studied impulse-free solutions of switched DAEs. Moreover,
for systems with a fixed switching signal that induces finitely many mode changes
a characterization of impulse-controllability was presented. The characterization is
based on an algorithm that runs backward in time. A sufficient conditions for impulse-
controllability of systems for which the switching signal induces infinitely many switches
has been presented as well. This condition was based on an algorithm that runs forward
in time and hence can be applied in real time.

Next, the notion of system classes of switched DAEs generated by a set of matrix triplets
and a class of switching signals has been introduced. Strong impulse-controllability of
such system classes has been defined. For the system class generated by some matrix
triplets and the calss of arbitrary switching signals a characterization has been presented.
In the case the order in which the modes are induced is fixed it turns out to be much
more difficult to characterize strong impulse-controllability. Furthermore, it was shown
that either all, or almost all systems in such system classes are impulse-controllable or
uncontrollable. A sufficient condition for strong impulse-(un)controllability was given.
Even in the case all systems in the system class are impulse-controllable and the property
is thus independent of the switching signal, the controller that achieves impulse-freeness
of the system might still depend on the switching signal. To that extent the concepts of
quasi-causal impulse-controllability and causal impulse-controllability given a dwell
time were introduced an characterized.

In Chapter 4 stabilizability of switched DAEs was studied. It was shown that con-
trollability, reachability and null-controllability are equivalent concepts for switched
DAEs in the behavioral sense. Furthermore, we have introduced the notion of interval-
stabilizability. Necessary and sufficient conditions for a DAE to be impulse-free interval-
stabilizable have been presented. These conditions lead naturally to a novel characteriza-
tion of impulse-free controllability of switched DAEs.

Finally, in Chapter 5 the linear quadratic regulator problem for switched DAEs has
been studied. We showed that if there exists an input that minimizes the cost functional
subject to switched DAE constraints, the input is linear in the state. Furthermore, if there

123
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exists an optimal input, the optimal cost is quadratic in the initial value. Consequently,
by taking a dynamic programming approach, the infinite horizon case can be reduced to
a repeated finite horizon optimal control problem for non switched DAEs with subspace
endpoint constraints and a general quadratic terminal cost. It was shown that generally
there does not exist an input that solves the problem and necessary and sufficient
conditions for the existence of an optimal solution were given. Furthermore, it was
shown how to compute the optimal control if it exists.

Given the conditions for solvability of the constraint optimal control problem for
non-switched DAESs on a finite horizon, it was shown how to use these results to obtain
conditions for solvability of the optimal control problem for switched DAEs.

Future direction of research

Although the properties such as impulse-controllabilty and stabilizability have been
discussed and characterizations have been presented, it remains a future direction of
research to design algorithms to compute controllers that achieve stability and guarantee
impulse-free solutions. It seems likely that impulse-freeness is generally not achievable
by means of feedback control and hence other control tools need to be developed.

Furthermore, it remains to find necessary conditions for essential impulse-controllability
and impulse-uncontrollability. So far only sufficient conditions for the strong variants
have been given and hence a systematic way to determine whether all or almost all
systems in a system class are impulse-controllable. Similarly, it remains an open question
for future research how to characterize causal impulse-controllability of system classes
without a dwell time. If a dwell time is not considered then an interesting problem
is how to deal with the limiting case where all the switching times accumulate and
how we should interpret such results. The concepts of quasi-causal and causal impulse-
controllability have thus far only been considered for the special system class where the
mode sequence is the same for all systems. Hence it also remains to investigate these
properties for general system classes.

As for the optimal control problem, we have investigated the LOQR problem in
terms of the Riccati differential equation. The matrices involved in this differential
equation depend on the transformation matrices computed based on the Wong-sequences
of the matrix pair (E,W,, A,). Hence it remains a future direction of research to
investigate whether an equivalent result in terms of the original matrices can be obtained.
Alternatively, it might be possible to obtain results in terms of a generalized Kalman-
Yakubovich-Popov lemma. Furthermore, the techniques developed so far do not take any
constraints on the state or input into account, besides the subspace endpoint constraint.
In practical applications often only bounded inputs can be applied and it is desired to
keep the state within certain bounds. Hence it remains to investigate the optimal control
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problem given such additional constraints.

Whereas we have studied the optimal control problem for switched DAEs with a
fixed switching signal, it also remains to investigate the problem for systems where
the switching signal is not fixed, but is considered to be an input. Since impulse-
controllability of a switched systems generally depends on the switching times, it is
likely that there will not exists an optimal control for all switched DAEs generated by the
system matrices (E,, A,, B,). Alternatively, the optimal control problem could also be
considered in the context of switched systems where the switching depends on the state
of the systems instead of time.






A | Appendix to Chapter 2

Lemma A.1. Let V C R" be a subspace and let A € R™". Then ez € V forall t > 0 if and
only if vg € (V| A).

Proof. Let xy € (V | A). Then Az, € V and consequently ez, € V for all t > 0.
Conversely, let e*‘xy € V for all t > 0. Then for any ¢, > t, we have

1

P— (et — Ay, € V.
1 — to

Being a subspace of R", V is closed in the Euclidean topology. Hence taking the limit of
t1 — to gives

Aettor, € V.

Consequently, since ez € V and Aetox, € V, it follows that ez, € (V | A). Hence

we obtain
Ty € e’At(’(V | A) C(V|A)),

which proves the desired result. O
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B | Appendix to Chapter 3

The proof of Theorem 3.31 relies on utilizing properties of analytic functions, which are
recalled first.

Definition B.1. A function f : R? — R is called analytic if for each x € R? the function f
may be represented by a convergent power series in some neighborhood of .

A useful property of analytic functions is the following well known result.

Lemma B.2 (Cf. [43, Cor 1.A.10]). The zero-set of a non-trivial analytic function f : R? — R
has (Lebesgue) measure zero.

The notion of analycity can be extended to matrix-valued function as follows.

Definition B.3. The matrix valued function M : R? — R™*" is called an analytic matrix if
each entry m;; : R” — R of M is an analytic function.

Definition B.4. A analytic matrix M : R? — R™*" is called generically full rank if either
det (M(7)"M(7)) # 0 for almost all' 7 € R? or det (M (7)M(7)") # 0 fora.a. T € RP.

Lemma B.5. Let A € R™", W : R? — R"** g generically full rank analytic matrix and
R C R™ some subspace. Then N : RP+T — R™ 1 given by

im N(r, 7) = e imW(r) + R (B.1)
is a generically full rank analytic matrix.

Proof. We use N, - C R" as short hand notation for the right-hand side of (B.1) in the
following. Pick any (7o, 7) € RP*! such that dim N5, 7 = max(,, ) dim N, , =: ¢ and let
71,...,7; € R" be a basis of R. Choose By, € R¥*(@=) such that [w, . ..,w, ;] = W (T)Bw
yields a basis

Ty ..., T, eA?Owl, e ,eA?qu,l
of Nz, =. Consider now the matrix valued function N : RP*t — R"*? defined by
N(71o,T) := [rl, Co T eATOW(T)BW} )

This matrix is analytic because the matrix exponential is analytic and the product of two
analytic matrices is again analytic. By construction

det (N (7o,7) " N(70,7)) # 0,

1A property P(7) is said to hold for almost all (a.a.) 7 € RP?, if there exists S C R? of Lebesgue measure
zero, such that P(7) holds for all 7 € R? \ S.

129
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and hence the analytic function (79, 7) — det (N (7o, 7) "N (79, 7)) is not identically zero.
In view of Lemma B.2 it therefore follows that V is generically full rank.

It remains to be shown that (B.1) holds. By construction, im N(7y, 7) C N, » for
all (r9,7) € RPYL. Furthermore, since dim N, ; < ¢ and dimim N(7,7) = ¢ for a.a.
(10, 7) € RPT! the claim follows. O

Remark B.6. Itisindeed possible that for some specific (y, 7) we haveim N (79, 7) C Ny, -
As an example consider for oo > 0

W(n) = span {[ "], [ [} := span{wy (1), wa(72) },
R =span{[}]|} :==span{r }, A=0.

Then clearly, e“™W () + R = R? for all (r5,1) € R%. However, while the choice
N(1g,71) = [r1, wi(71)] satisfies

im N(79,71) = e™W(r) + R =R?* foraa. (r,7),
for 1 = o we have
im N (7, o) = span{r; } # R”.

Lemma B.7. Let W : R? — R%*", n > ¢, be an analytic matrix with generically full rank.
Then there exists an analytic matrix N : RP — R™ (=9 with generically full rank such that
im N (1) = ker W(T) fora.a. T € RP.

Proof. By considering the field of meromorphic functions (i.e. fractions of scalar-valued
analytic functions), we can apply Gauss-Jordan eliminations on W () to obtain a reduced
row echolon form (RREF), which contains meromorphic entries and whose kernel for
a.a. 7 € R? equals ker W(7). Identically as for constant matrices, a full rank matrix
N(1) € R™(9, can be easily constructed from the (meromorphic) entries of the
obtained RREF such that W(7)N(7) = 0 for all 7 for which N(7) is well-defined.

a1 (T)
As a final step, let N(7) = N(1) [ - ], where «;(7) is the product of all

" anq(T)

denominators of the entries in the i-th column of N (7). Then M(7)N(7) = 0 for a.a.
7 € R? and 7 — N(7) is an analytic matrix and has generically the same rank as N, i.e.
N is generically full rank. O

Lemma B.8. Let W : R? — R™** | < n, be an analytic matrix with generically full rank. Then
for any 11 € R"*" there exists an analytic matrix N : RP — R™*™ with generically full rank
such that im N (1) = im IINim W () for a.a. T € RP.
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Proof. By Lemma B.7 there exists an analytic matrix N : RP — R"*¢ with generically full
rank and im N(1) = ker W(7)" for a.a. 7 € R?. Consequently,

(imITNim W (7))" = ker I + ker W(7) ",
=kerIT" +im N(7).
Applying Lemma B.5 for R = ker [T and A = 0, we find an analytic matrix N : R? — R"*@
with generically full rank such that im N(7) = ker IT" + im M () for a.a. 7. Finally, using

Lemma B.7 again we can find an analytic matrix N : R? — R"*9, ¢ = n—qwith generically
full rank such that im N() = ker N(7)T for a.a. 7. Altogether, we have for a.a. T

imIINimW(r) = (imﬁ(‘r))L —ker N(7)" = im N (7).






C | Appendix to Chapter 4

Proposition C.1. Let V and S be subspaces of R™ and let M € R™™. If {Mxzo} +S)NV # &
forall zo € R", then there exists a matrix N € R™ ™ such that for all x

{Mzo}+S)NV ={NMzo} +SNV. (C.1)

Proof. Let mi, ms, ..., m, be a basis for the image of A/. Then the statement is proven if
we can prove that
{mi} +S) NV ={Nm;} +(SNV), Vi e {1,2,...,p},

for some matrix N. Since we have that ({m;} + S) NV # & it follows that for all i there
exists an 7; € S such that m; +n; € V. Let N be a linear map such that

~

Nm; =n;.
Then if we define N = I + N we have that
Nm; =m; + Nmi,
=M + 1,
evn({m}+3S).

Since subspaces are closed under addition, it follows that for all € SNV C V we have
that

Nm;,+n=m;+n,+n€V.
and
m; i+ 17 =m; + 1€ {mi} +8,

for some n; + 7 =1 € S, which proves that N is such that {Nm,;} + SNV C (m; +S)N V.
Conversely, we have for £ € ({m;} +S) NV and for some § € Sthat{ =m; + 5 € V.
Let 8 = Nm; + ~, for some v € S. Then we obtain

§=m;+
= m; + Nm; + v
=Nm; +~
e ({mit+S)NV.
It remains to prove that v € SN V. Since Nm; € ({m;} +S) NV C V by definition,
we have that { — Nm,; = v € V. Furthermore, by definition, we had v € S and hence

v € SNV. Hence we have proven that (m; +S) NV C {Nm,;} +S N V. With the inclusion
in both direction proven, the equality follows. O

133



134 APPENDIX C. APPENDIX TO CHAPTER 4

It follows from Proposition C.1 that if the intersection (Mz, + S) NV # @ for all x,
that this matrix IV is not unique. In fact, this observation results in the next lemma.

Lemma C.2. With the same notation as in Proposition C.1 we have that N € R"*" satisfies
(C.1) if and only if

1. im(N-1)M C S,
2. imNM C V.

Proof. Assume that N satisfies im(N — I) € S and im NM C V. This means that
im(N — I)M C S. Hence NMxz, € S + Mux, for arbitrary z, € R”. Furthermore, by
assumption we had that NMz, € im N C V and hence NMz, € (Mzo+ S) N'V. Hence
it follows that NMxzo+ SNV C (Mzy+S) N V.

On the otherhand, let ¢ € (Mzy +S) N V. Then £ = Mz + n for some n € S and
& € V. Since NMxzy € V we have that NMxzy — £ € V. From which it follows that
(N —I)Mzy, € Vand also (N — )Mz, € S. Thus we have that NMzy — ¢ € SNV. From
this it follows that { € NMx, + S NV and thus it is proven that under the assumptions
(4.11) holds.

Next assume that (4.11) holds. Then it follows that

NMzg e (Mzg+S)NV+SNY
=(Mzo+S)NV.

Since this holds for all x, it follows that im NM C V. Furthermore, it follows that
NMzy € Mxy+ S, from which it follows that (N — )Mz, € S for all xy, and thus
im(N — I)M C S. Which proves the result. O

Given the subspaces V, S and the matrix M, a matrix N satisfying the conditions of
Lemma C.2 can constructively be computed.

Lemma C.3. Let Iy, and Ils be projectors onto V and S respectively. For any () that solves
(I = U)QM = (I —s)M,
the matrix N = I1,,Q satisfies (C.1).
Proof. Since im N C imII, =V the condition im NM C V is satisfied. Furthermore, we
have that
im(N — )M = im(Il,Q — )M
= im(Ils + (I — Ils))(ILQ — )M
C S +im(] — g)(IyQ — )M
=S+im((I—-Is)M — (I —Ils)M) = S.

Hence N satisfies the conditions of Lemma C.2, which proves the result. O
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Lemma D.1. Let Y be a Banach space and let X C'Y be a dense subspace. Then the dual space
X* of X is isometrically isomorphic to the dual space Y* of Y.

Proof. By the Hahn Banach theorem there exists for any bounded linear functional f € X*
v+ = || f|lx+.[109, Theorem

abounded linear functional f € Y* satisfying f|x = f and || f|
3.2].

Suppose there exist linear functionals f, f, on Y such that f,|x = f2|x = fi for some
fi € X*. Let f5 = fi — fo. Then f3]x = 0. Let {z,,} be a sequence in X converging to
x € Y. Then since f;|x is continuous, it follows that f;(x) = 0. Consequently f; = 0. As
x € Y was arbitrary, we can conclude that it holds for all z € Y. Hence f5 is bounded
and thus for every bounded linear functional f € X* there exists a unique bounded
linear functional f € Y* satisfying f|x = f. Hence there exists an isomorphism between
X*and Y*.

Observe that as || f|ly~ = || f]
that for any f; € Y* satisfying f; = f» — f, for some f,, fo € Y*

x+ and as both f and f are linear functionals, it follows

v = I fsllx+ = lfa = fil

HJF3| Y* = ||f2—f1|

X*
which proves that the isomorphism is in fact isometric. O

Lemma D.2. Consider the system & = Ax + Bu on the interval [ty,t;) and a solution (xq,u)
satisfying x1(ty ) = xq. The solution (xq, us) with xs(ty) = xo and us = uy + uz where

0, to <t <ty;—ts,
— —AdiffLs t
Uz = § ae 2, typ—ts St <ty—35,
—a, tp—5% <t <ty

for some ts € R, tg < ts <ty satisfies xo(t;) = x1(t;).

Proof. The general solution formula that given an initial value z, the solution to & =
Ax + Bu is given by

t
z(t) = et gy +/ A=) Bu(r) dr.
to

Observe that with the change of variables 7 = 7 + % we have d7 = dr and

tr—5 " ty _
/ A= 3 " Ba dr = / eA=" Ba d7.
t

fts ty—1
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Consequently, it follows that

tr
zi(t;) = eAtr=to) g 4 / A=) Buy (1) dr

to

ty .
— eAlbs=to) gy 4 / A=) By, (1) dr +/ A" Bae A" dr

to ty—ts

tf
— / A=) Ba dr
te—1ts

2
ly

tf
= eAlts—to) g, +/ 6A(tf_T)Bu1(7') dr +/ €A(tf_T)BU3(T) dr

to to

ts
0+ / eA(tf_T)B(ul(T) +us(1)) dr

to

8

tr
= A=ty 4 / A7) Buy (1) dr

to

This proves the result. O

Lemma D.3. Consider the system & = Ax + Bu together with the output y = C'xz + Bu and let
a cost functional be given by

J(wo,u) = / "yl d. (D.1)

Let (1, uy) satisfying x1(t, ) = xo be a solution for which (D.1) is finite, i.e. J(xy,u;) = M, for
some M; > 0. Let u. be an input depending on € € (o, t;) defined by u. = uy + u. where

0, ty < t<tf—8,
U, = ae 3, tr—e< t<ty—Eg,
—Q, tf—§< t<tf.

Let (z.,u.) be a solution satisfying x.(t,) = xo. Then there exists an M such that for any
€€ (to,tf)

J(xo,ue) < J(xg,ur) + M.
Proof. By linearity of solutions we have z. = z; + Z.. Consequently

y. = Cx. + Du,
= C(Z. 4+ 1) + D(u. + uy)
= Cxz1 + Duy + Cze + Du,
=v + U
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and hence the Minkowski inequality we have

(/t:f o dt); - (/: I (&) + g ()]I* dt)5
(/t:f g2 (8))? dt)é i (/t:f TG dt)é
_ </t:f g2 (£) || dt)é N (/t:t e dt) é‘

N

Next observe that
ty
5(t) = / A= Ba_(7) dr
to

and hence . is a continuous function of .. Consquently, sup,c, ;) [|Z:(t)|| is bounded

on the bounded interval [to, {7) as supyepy, ¢,) [|[ue(t)[| < . As g. is linear in Z. and 4., the

to,ty

output is also a conitnuous function thus it follows that y. is bounded as well on [t, t¢).
Moreover, there exists an M > 0 such for any ¢ € [to, ;) we have supy, g < M
forall ¢ € [to, tf). Hence we can conclude that

o a) < ([Mimora) s ([ o %
([ o)’ < ([ mora)« ([ wora
< (/t:f s ()12 dt)2 +el.

Since we assume that f;;f ly1(¢)]|? dt = M, and e < ¢ it follows that

[ ol ae < [ e e oo ([ e ) + ey

to to to

tf _ _
:/ lly (8)||? dt + 2e M M, + (e M)?

to

ly
- / lya(8)]2 dt + M,

to
where M = 2M, M + t; M>. O

Lemma D.4. Let P = P be a positive semi-definite matrix. For all x € V™ there exists an
u € R™ that solves

min (x — B™Py)T P(z — B™Py),
(D.2)
s.t. Bimpy g yend,
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Proof. Since z is fixed and
(x — Bimpu)TP(a: — B™Py) = x| Pz — 2x" PB™Py + ¢ B™PT pRimpy,

it follows after denoting B™Pu = y for some y € im B™P, solvability of (D.2) is equivalent
to solvability of

min y' Py+c'y,
(D.3)
s.t. y € Vrd N im BmP
where ¢ := —2Pz. Suppose that V" N im B™ = V™ N im B™ N ker P. Then any

y € V" N im B™P solves the problem and the minimum is given by 0.

Next, suppose that V™ Nim B™P Nker P C V°™ Nim B™P. Let yy, ..., yx be a basis for
yend M im BImP N ker P, and let yy1, ..., y, be such that yy, ..., y, is a basis for Vo4 0 Bimp,
Let Y be a matrix defined as

Y = Yk+1 - Yp| -

Observe that for any y € V°* N im B™P N ker P the objective function equals zero. Hence
we will focus on y € im Y. Hence we rewrite the optimization problem as follows

min ' YTPYr+c'x,
(D.4)
s.t. r € REk—P+1

where ¢ = Y. Note that imY Nker P = 0 and hence Y " PYx > 0 for all z € RF7*!
and hence Y'" PY is positive definite. Hence we can write

1 1
2 Y'PYr+ce a=a2"Y'PYxr+c o+ ZETC — ZETE

1 1
= |YTPY 2z + §E||2 — ZETE.

Consequently, the minimum is given by
LT —1
r = —§(Y PY) e

Hence (D.3) is solvable and the optimal value is given by min{0, —1c" (Y'" PY")~'c}. Note

that the minimizer is not unique in general. ]
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Summary

This thesis is concerned with the study of a particular subclass of hybrid systems, namely
switched systems. A switched system is a dynamical system that consists of a finite
number of subsystems, referred to as modes and a logical rule that orchestrates the
switching between these subsystems. The main property of switched systems is that
these systems switch among a finite number of subsystems and the discrete events
interacting with the subsystems are governed by a piecewise continuous function called
the switching signal. In the case where each subsystem is given by a linear differential
algebraic equation (DAE) a switched DAE is obtained.

In contrast to (switched) ordinary differential equations and non-switched DAEs,
switched DAEs have gained little attention in the literature, despite their many applica-
tions. In the case of e.g., modeling dynamical systems that undergo abrupt structural
changes or component failure, switched DAE models are naturally obtained. Solutions of
switched DAEs generally contain jumps and Dirac impulses, which may exclude classical
solutions from existence. These phenomena are not only mathematical artifacts, but can
be observed in practice as well. Thus far the literature has mainly focused on the study
of qualitative properties of switched DAEs without taking Dirac impulses into account
or Dirac impulses are exploited to obtain additional information about the state of a
system. However, Dirac impulses are undesired in general as they can cause damage to
the system or cause hazardous situations. Furthermore, no quantitative properties have
been studied yet. Quantitative properties such as optimal control aim to quantify the
performance of a system, which is necessary in many applications. Therefore, this thesis
is concerned with impulse-free properties and optimal control of switched DAEs

Regarding the qualitative properties, impulse-free solutions of switched DAEs are
investigated in particular. Systems for which impulse-free solutions can be ensured
via a suitable choice of control input are characterized. Regarding a switched DAE as
generated by a set of matrix triplets and a class of switching signals gives rise to the
concept of system classes of switched DAEs. Several impulse-controllability concepts
regarding system classes are presented and characterized. Interestingly, the conditions
simplify significantly in the case the system class is generated by arbitrary switching
signals instead of switching signals that induce the same mode sequence. It is shown that
although all systems in a system class are impulse-controllable and hence the property
can be regarded as independent of the switching signal, the control required to ensure
impulse-free solutions is in general not independent of the switching signal.

Besides impulse-free solutions, the concept of impulse-free stabilizability is also

studied, where a system is said to be impulse-free stabilizable if any initial trajectory can be
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steered asymptotically to the origin by means of a suitable choice of control input. In order
to deal with systems with an infinite number of switches, the concept op impulse-free
interval stabilizability is introduced. Under some mild assumption global stabilizability
can be concluded from interval-stabilizability. Necessary an sufficient conditions for
impulse-free interval-stabilizability are given, followed by a novel characterization of
impulse-free controllability.

The final chapter deals with a quantitative property, namely optimal control of
switched DAEs. It is shown that if a quadratic cost functional is considered, the optimal
control is a feedback and the optimal cost is a function that is quadratic in the initial
value. It is shown that these results give rise to a dynamic programming approach and
it is shown that the optimal control problem for switched DAEs can be regarded as a
repeated optimal control problem for non-switched DAEs. However, for each problem for
non-switched DAEs additional subspace endpoint constraints need to be imposed and a
general terminal cost matrix needs to be considered. Necessary and sufficient conditions
for solvability of the constraint optimal control problem for DAEs are presented and it is
shown how these results lead to results for the switched case.



Samenvatting

In dit proefschrift staat een bepaalde klasse van hybride system centraal, namelijk
schakelsystemen. Een schakelsysteem is een dynamisch systeem dat bestaat uit een
aantal deelsystemen, ook wel modes genoemd, en een logische regel die het schakelen
tussen de deelsystemen orchestreert. De voornaamste eigenschap van schakelsystemen
is dat deze systemen schakelen tussen een eindig aantal deelsystemen en de discrete
interactie tussen de systemen wordt geregeld door een stuksgewijs continue functie, ook
wel schakelsignaal genoemd. Indien ieder deelsysteem gegeven wordt door een liniaire
differentiaal algebraische vergelijking (DAE), heeft men te maken met een schakel-DAE.

In tegenstelling tot (schakel) differentiaal vergelijkingen en niet geschakelde DAEs,
hebben schakel-DAEs ondanks hun vele toepassingen weinig aandacht gekregen in
de literatuur. Bij het modelleren van dynamische systemen die abrupte structurele
veranderingen ondergaan, of systemen waarbij onderdelen kapot gaan, krijgt men te
maken met schakel-DAEs. Oplossingen van schakel-DAEs zijn in de regel genomen
discontinue en bevatten Dirac impulsen, waardoor klassieke oplossingen vaak niet
bestaan. Deze phenomenen zijn niet alleen een wiskundig artifact, maar komen in de
praktijk ook voor. Tot nu toe heeft de literatuur haar aandacht vooral gefocuset op
kwalitatieve eigenschappen van schakel-DAEs waarbij Dirac impulsen niet in acht worden
genomen, dan wel gebruikt worden om de toestand van het systeem te acherhalen. Dirac
impulsen zijn echter dikwijls ongewenst, aangezien ze het systeem kunnen beschadigen
of een gevaarlijk situatie kunnen veroorzaken. Ook kwantitatieve eigenschappen zijn nog
niet bestudeerd. Kwantitatieve eigenschapenp zoals optimale regeling hebben als doel
om de prestatie van een systeem te kwantificeren, wat nodig is voor menig applicatie.
Daarom staan impulse-vrije eigenschappen en optimale regeling van schakel-DAEs
centraal in dit proefschrift.

Wat beteft de kwalitatieve eigenschappen, worden imulse-vrije oplossingen van
schakel-DAEs in thet bijzonder onderzocht. Systemen waarvoor een impulse-vrije
oplossing kan worden gegarandeerd door een juist regel signaal toe te passen ongeacht
de beginconditie worden gekarakterizeerd. Door schakel-DAEs te beschouwen als
gegenereerd door een set van matrix triplets en een klasse van schakelsignalen, kan
een systeemklasse van schakel-DAEs worden gedefinieerd. Diverse concepten van
impulse-regelbaarheid worden geintroduceerd en gekarakterizeerd. Interessant genoeg
versimpelen de voorwaarden in het geval de systeemklasse gegenereerd door willekeurige
schakelsignalen beschouwt worden in plaats van schakelsignalen die dezelfde volgorde
van modes induceren. Het wordt aangetoond dat hoewel ieder systeem in de sys-
teemklasse impulse-regelbaar kan zijn en dat de eigenschap dus onafhankelijk van het
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schakelsignaal genoemd kan worden, dit niet impliceert dat het regelsignaal dat een
impulse-vrije oplossing garandeert onafhankelijk is van het schakelsignaal.

Naast impulse-vrije oplossing, wordt het concept van impulse-vrije stabilizering ook
bestudeerd, waar een systeem impulse-vrij stabilizeerbaar wordt genoemd indien iedere
beginoplossing asymptotisch naar de oorsprong gestuurd kan worden door het juiste
regelsignaal te kiezen. Om iets te kunnen zeggen over systemen met een oneindig aantal
schakelingen, wordt het idee van impulse-vrije stabilizatie op een interval geintroduceerd.
Onder een milde aanname kan globale stabilizeerbaarheid aangetoond worden op basis
van stabilizeerbaarheid op een interval. Nodige en voldoende voorwaarde voor impulse-
vrij interva-stabilizeerbaarheid worden gepresenteerd en een nieuwe karakterizatie van
impulse-vrije regelbaarheid volgt als een gevolg.

Het laatste hoofdstuk heeft te maken met een kwantitatieve eigenschap, namelijk
die van optimale regeling van schakel-DAEs. Er wordt aangetoond dat indien de
kostenfunctionaal kwadratisch is, het optimale regelsignaal een terugkoppeling is en
de optimale kost een kwadratische functie is van de beginwaarde. Deze observatie
geeft aanleiding om een dynamische programmeringsaanpak te nemen waardoor het
optimale regelprobleem voor schakel-DAEs herschreven kan worden als een repeterend
optimaal regelprobleem voor niet geschakelde DAEs. Voor het niet geschakelde probleem
moeten echter wel extra voorwaarde op de terminale toestand worden gesteld en een
algemene terminale kost moet in acht genomen worden. Nodige en voldoende voorwarde
voor het bestaan van een oplossing voor het probleem met extra voorwaarden worden
gepresenteerd en het wordt aangetoond hoe deze resultaten leiden tot het resultaat voor
het geschakelde geval.
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