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Despite the extensive literature accumulated since the pioneering works of D’yakov and Kontorovich in the
1950s, the stability of steady shocks is still an open question when realistic boundary conditions are accounted.
The consideration of a supporting mechanism, which is indeed a necessary condition for shock steadiness,
modifies the perturbation shock dynamics in the unstable range. The Noh problem is a suitable example
to form steady expanding shocks. This configuration is of great interest to the high-energy-density-physics
community because of its direct application to inertial confinement fusion and astrophysics, for which the
stagnation of a supersonically converging material via an accretion shock front is ubiquitous. In this work,
we extend the generalized Noh problem, both base-flow solution and linear stability analysis, to conditions
where endothermic or exothermic transformations undergo across the shock. Within the spontaneous acoustic
emission (SAE) conditions found for a van der Waals gas [J.W. Bates and D.C. Montgomery, Phys. Rev.
Let. 84, 1180 (2000)], we find that cylindrical and spherical expanding shocks become literally unstable for
sufficiently high mode numbers. Counter-intuitively, the effect of exothermicity or endothermicity across the
shock is found to be stabilizing or destabilizing, respectively.

I. INTRODUCTION

The studies of shock compression and shock-front sta-
bility started simultaneously in the 1940s within nu-
clear weapons projects. Notwithstanding the impres-
sive progress made in both fields since then, the fun-
damental shock-front instability theoretically discovered
by D’yakov (1954)1 and Kontorovich (1957)2 (DK) still
challenges the understanding of shock compression, since
the associated unstable range typically lies outside the
conventional gas dynamics realm. DK instability, which
refers to constant-amplitude oscillations of an isolated
planar shock, is more likely to be found in non-ideal
equations of state (EoS)3–7 or shocks undergoing mod-
ifications in the molecular structure8–12. These two dif-
ferent conditions may not necessarily occur separately, as
discussed below.

The shocks employed in high-energy-density-physics
(HEDP), like those associated with ICF experiments, are
extremely intense because achieving the desired compres-
sion ratio that fuel ignition calls for pressures and tem-
peratures of the order up to Gbar and a few Kev, re-
spectively. When the matter is compressed to such ex-
treme conditions, the perfect gas EoS does not apply.
Sufficiently strong shocks may trigger inelastic processes
that ultimately translate into changes in the fluid struc-
ture across the shock front. Some examples are phase
changes13,14 that mainly affect inter-atomic forces and/or
internal transformations through processes such as disso-
ciation and ionization of gases or ionization of electronic
shells in condensed materials, among others8–11,15–20.
Then, any shock-front stability theory that aims to emu-
late HEDP conditions needs to account for real fluid EoS,
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potential endothermicity/exothermicity effects across the
shock, and realistic boundary conditions that ensure the
shock steadiness.

Shock waves in real fluids have been extensively stud-
ied since the theoretical framework of shock propaga-
tion was put at disposal by Rankine21 and Hugoniot22,23.
They extended the Riemann problem by consistently cou-
pling the conservation equations across the shock, which
demanded incorporating the laws of thermodynamics -
the specification of the equation of state and the fluid
internal energy- that were available at that time. The
field has advanced with the progress in the modelization
of real fluid EoS, from first-principle theories to practi-
cal wide-range approximations such as SESAME24. The
work of Bethe on the shock theory for an arbitrary equa-
tion of state25, firstly published in 1942, is a distinguished
example. Further samples of similar importance were
carried out at the same time in the USSR, for which
Zel’dovich and Raizer26 offer a complete compendium
and discussion. More up-to-date monographs on the EoS
are Refs.27–30, which contain both experimental and the-
oretical studies. A review of laboratory and underground
shock-compressibility experiments at shock pressures up
to hundreds of Mbar is found in Ref.31. The platform for
EoS studies in the Gbar range developed on the National
Ignition Facility (NIF) and some recent experimental re-
sults are described in Refs.32–34.
One broadly used EoS that is suitable to different

shock-problem contexts is the van der Waals (vdW)
model, since it incorporates effects associated with in-
termolecular attraction and finite volume by the gas
particles35,36. Besides, it corresponds to the simplest
model that can emulate a phase transition37,38. The vdW
model is the earliest known non-ideal EoS. It was phe-
nomenologically derived long before the classified work
by Bethe, Zel’dovich, and Al’tshuler in the 1940s-1950s.
More specifically, at the time between the publication of
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Rankine’s21 and Hugoniot’s22,23 pioneering works, when
the concept of a shock wave was novel and not well un-
derstood. We refer to van der Waals’ 1873 Ph.D. thesis,
available in English since 200439. The vdW EoS encodes
enough complex physics to provide an example of the
DK-unstable shock loading conditions. This was not re-
alized when D’yakov and Landau did their pioneering
research on shock stability1,40, and only discovered by
Bates and Montgomery3 nearly 40 years later. As a re-
minder, the vdW EoS p(ρ, T ) and the corresponding in-
ternal energy E(ρ, T ) read as

p =
ρRgT

1− bρ
− aρ2 and E =

RgT

γ − 1
− aρ, (1)

where p, ρ and T are the gas pressure, density and tem-
perature variables, respectively, while Rg and γ denote
the gas constant and adiabatic index, respectively. With
respect to the ideal gas EoS, the term involving the con-
stant a corrects for intermolecular attraction, while b
represents the volume occupied by the gas particles (co-
volume). It is readily seen that (1) reduces to the ideal
gas model when a and b approach zero, namely p = ρRgT
and E = RgT/(γ − 1).

Modifications of the vdW EoS to cover wider con-
ditions have been proposed, such as denser state of
matter41 or hydrocarbons and polar gases, the latter typ-
ically modelled through a semi-empirical correction of the
vdW EoS42. Other modifications are indeed simplifica-
tions that, for example, neglect the inter-molecular at-
traction effect a = 0. In that particular case, the vdW
EoS turns out to be a reduced Mie-Grüneisen type, where
pressure is proportional to specific internal energy with
a coefficient that can be an arbitrary function of density.
It is usually written as p = Γ(ρ)ρE, where Γ(ρ) is the
Grüneisen coefficient that depends on the density only.
For example, for a vdW EoS with a = 0, the Grüneisen
coefficient reduces to Γ(ρ) = (γ− 1)(1− bρ), while for an
ideal gas EoS Γ = γ − 1 is constant.

Canonical shock problems in gas dynamics, such as
Guderley-type converging shock, impulsive-loading, or
the popular blast wave problem43–46, can be formu-
lated in absence of temporal and spatial scales through
the combination of the inviscid Euler equations and the
Rankine-Hugoniot (RH) equations at the shock, provided
that additional boundary and initial conditions do not
involve spatio-temporal scales. In that case, the possibil-
ity of writing a solution in terms of self-similar variables
only relies on properties of EoS. That is, there exist con-
straints in the EoS for the problem to admit a self-similar
solution. This was already commented by Sedov, in the
third Russian edition of his book46 in 1954, when dis-
cussing the problem of an intense explosion (chapter 4).
Sedov quotes Ref.47, which seems to be the first pub-
lication to establish that an EoS compatible with self-
similarity allows for a functional (not complete) arbi-
trariness; to be precise, involving two arbitrary functions
relating the pressure with temperature and density. Se-
dov noted that this was not a general case of a non-ideal

EoS: "many interesting EoS (for example vdW EoS) can-
not be written” in the form consistent with self-similarity.
Axford48 arrived at a similar conclusion using the math-
ematical formalism of Lie-group analysis, a theory that
was firstly developed and applied to compressible Eu-
ler equations by Ovsiannikov49 . The constraints on the
EoS are consequence of the hyperbolic system of non-
linear PDEs that govern the flow field in Guderley-type,
blast-wave or impulsive-loading problems.

For blast-wave, impulsive-loading and converging-
shock, the condition for self-similarity is that the EoS
is of reduced Mie-Grüneisen type, p = Γ(ρ)ρE, as sat-
isfied in the vdW EoS with a = 0. This property was
exploited by Wu and Roberts50,51, who studied the self-
similar solution of the converging-shock with the motiva-
tion of understanding the gas bubble collapse at regimes
where the density of the air was of the same order of
the density of the surrounding liquid, which calls into
question the use of an ideal gas EoS. Further examples
of self-similar solutions with a simplified vdW EoS can
be found in Refs.52–57. By way of contrast, the steadi-
ness and uniformity that characterize the flow behind the
shock in the generalized Noh problem does not impose
such a restriction in the compatibility of the EoS, and a
self-similar solution can be constructed for an arbitrary
EoS58,59, and an arbitrary energy addition/subtraction
across the shock, as shown in this work. This excep-
tion is possible when the scales of density and velocity
are time-independent, which is the case for the family of
generalized Noh solutions.

The Noh problem configuration is not only interest-
ing because of the high admissibility of the EoS form.
Stagnation shocks appear in a wide variety of scenar-
ios. For example, a planar stagnation shock develops
when a flyer plate hits a sample26. In ICF, planar
laser-accelerated foils hit stationary targets to produce
x-ray bursts for diagnostic purposes60 or thermonuclear
neutrons61. Spherically imploding flows are produced in
ICF configurations62,63, where the stagnation of a low-
density fuel via the accretion shock front expanding from
the centre of an imploded capsule, back into the converg-
ing once-shocked deuterium-tritium plasma, constitutes
the first stage of the central hot spot’s compression and
heating. Fast Z pinches64–66 implode cylindrically to pro-
duce keV x-rays or neutrons67. It has been argued68 that
most of the x-ray and neutron yields from Z pinches are
generated during the stagnation of magnetically driven,
cylindrically imploded mass via an expanding accretion
shock. In what concerns the flow dynamics, the steadi-
ness of the post-shock flow associated with the constant
velocity of the expanding shock allows doing a justified
parallelism with the piston-driven planar shock problem,
as demonstrated for inert shocks in Refs.59,69. However,
experiments in HEDP are seldom exempt of perturba-
tions, particularly so in expanding shock configurations
where the shock is formed in an infinitesimal volume. The
dynamics of the perturbed flow can completely change
the macroscopic picture of the flow field if the shock is
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found to be unstable, that ultimately translates into a
reduction in the shock compression efficiency.

In this work, we extend the generalized Noh prob-
lem and the associated stability analysis to conditions
where stagnation enthalpy (defined by the sum thermal
enthalpy plus kinetic energy) is not conserved across the
shock due to endothermic or exothermic processes in-
duced by shock compression and heating. Formally, one
can incorporate the corresponding change of enthalpy
into the equation of state, at least for endothermic pro-
cesses, such as dissociation or ionization. Here, we fol-
low the traditions established in the literature on shock
Rankine-Hugoniot’s relations with ionization chemistry19

and on detonation70–73, explicitly writing up the latent
energy absorbed or released in the shock transition. We
are interested specifically in the effect of this addition
on the stability of a steadily expanding shock front. Re-
call that the post-shock pressure reduction due to the
loss of thermal energy on endothermic processes, such
as ionization, increases the shock density compression.
Conversely, the compression is reduced by releasing la-
tent heat in exothermic reactions. Exothermic and en-
dothermic reactions can be regarded as increasing and
decreasing, respectively, the effective adiabatic exponent
γ of the shocked material. Expanding blast waves in
an ideal gas are unstable at sufficiently low γ. This is
demonstrated in extensive literature on the Vishniac in-
stability of blast waves, which, without support, decay as
they propagate74–79. However, we focus on steady, sup-
ported shock fronts, which are stable for an arbitrary γ
in an ideal gas. Therefore, the inclusion of exothermic
and endothermic effects is of particular interest for flu-
ids modeled with the vdW EoS, which allows for the DK
instability of a steadily expanding shock front59. One
can establish and quantify stabilizing and destabilizing
effects of exothermic and endothermic reactions, which
is done below.

A linear small-amplitude stability analysis is employed
in this work, as done in Ref.69 for strong shock in an
ideal gas and in Ref.59 for an arbitrary adiabatic shock.
It covers the general case of three-dimensional (3-D) per-
turbations of the classic Noh solution for spherical ge-
ometry, with small-amplitude distortion of the expand-
ing shock front proportional to the spherical harmonic,
∼ Y m

l (θ,ϕ), and a special case of two-dimensional (2-D)
filamentation perturbations, ∼ exp(imϕ), for a cylindri-
cal geometry. The general case of 3-D perturbations in
cylindrical geometry, however, needs to be studied sep-
arately, as the external arbitrary length scale associated
with the axial coordinate impedes the use of separation of
variables with the self-similar and temporal coordinates.
For the above two scale-free cases, our perturbation prob-
lem is solved analytically for an arbitrary EoS, arbitrary
shock strength, and energy addition/subtraction. For
both spherical and cylindrical cases, the stagnation via a
constant-velocity expanding accretion shock wave turns
out to be stable when low mode numbers are considered
for either an ideal gas and a vdW EoS, and for endo- and

exothermic conditions. Then, the distortion amplitude of
the expanding shock front decreases as a power of time,
with the decay rate being a function of the shock proper-
ties and perturbation wavenumber. On the other hand,
sufficiently large wavenumbers may lead to an unstable
behaviour in the same conditions as those used in Ref.3

for planar shocks: shocks moving in a vdW gas with
low adiabatic index γ. In an ideal gas with the same
value of γ, the shock wave is stable for any wavenum-
ber. The factors specific to expanding shock flow, such
as its divergence and the non-uniformity of the pre-shock
profiles, do not affect the stability criteria in this limit,
although the former has an important stabilizing contri-
bution with finite mode numbers. Within the unstable
range known for vdW gases, the effect of exothermicity
is to reduce the unstable range. By way of contrast, the
effect of endothermicity, more likely to occur within the
HEDP context, widens the unstable range and can split
it into two different regions.

The paper is structured as follows. A review of the
asymptotic stability theory for planar isolated shocks is
given in section II, where the resemblance and dissimilar-
ity with the generalized Noh problem is analyzed. The
case of spontaneous acoustic emission (SAE) is extended
to a non-adiabatic shock moving in a vdW gas. In Sec. III
it is presented the base flow solution and the first-order
perturbation analysis of the Noh reactive problem in the
limit of infinitely thin shocks. The eigenvalue patterns
are displayed in Sec. IV for different degrees of endother-
micity and exothermicity and the radial and transverse
limits are analytically evaluated. The stability limits are
computed in Sec. V. Lastly, conclusions are given in sec-
tion VI.

II. ASYMPTOTIC THEORY FOR PLANAR SHOCKS

A. Stability limits

In order to study the stability of the shock wave in a
manner that results can be attributed to the shock it-
self, the shock front must be steady and the downstream
flow must be constant. The former ensures that per-
turbed shock dynamics does not compare to the charac-
teristic time associated with the perturbation-free shock
evolution and the latter implies that acoustic perturba-
tions in the post-shock gas are not distorted by the non-
uniformness of the flow. Steady shocks can exist if there
is a supporting mechanism that maintains downstream
pressure constant. If the shock front is over-supported,
it is followed by a compression wave that gradually in-
creases its strength, as occurs in Guderley-type converg-
ing shocks43. By contrast, if the shock is under-supported
because it is followed by an expansion wave, its inten-
sity gradually diminishes, as found in Sedov-type blast
waves44,46. The flow associated with these two cases can
be unstable even when the shock front per se is surely
stable (blast wave76,77,80 and converging shock81,82 in an
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FIG. 1. Fluid particles trajectories and characteristics for
an isolated (a) and piston-driven planar shocks (b) in the
laboratory reference frame, piston-driven (c) and expanding
steady shocks (d) in the compressed gas reference frame.

ideal gas are examples).

For a planar shock, the steady state can be sim-
ply given, but not uniquely, by the consideration of a
rigid piston that moves at constant speed and keeps
downstream pressure constant. For expanding shocks,
the supporting mechanism needs for constant energy
and momentum entrainment by the converging upstream
flow46,52,58,59. It maintains the shock in steady state by
compensating the expected intensity decay that would
occur otherwise. Namely, it is the self-similar characters
of the upstream flow what keeps constant the shock inten-
sity, thereby leaving invariant the shock jump conditions
and, ultimately, the properties of the shocked gas down-
stream. We can conclude that investigating the stability
of a steady planar shock demands the consideration of the
supporting mechanism, a fact that can be qualitatively
explained with the aid of the sketches in Fig. 1.

Consider first the case of the isolated shock front mov-
ing with velocity u1 with respect to the stagnant up-
stream gas, as depicted in Fig. 1 (a). The shock moves
with velocity u2 with respect to the compressed gas,
which moves with velocity u1 − u2 relative to the up-
stream gas (laboratory) reference frame (xl, t). Then,
the upstream and downstream Mach numbers in the
shock-stationary reference frame satisfy M1 = u1/c1 > 1
(supersonic upstream) and M2 = u2/c2 < 1 (sub-
sonic downstream), where c is the corresponding speed of
sound. If the shock shape is weakly distorted with a given
wavelength, say λ = 2π/k at t = 0, the shock will oscil-
late with a given oscillation frequency, say ωs, that scales
with c2k, where c2 is the speed of sound downstream.

This length is considered in the separation of streamlines
in Fig. 1 (a). There, upstream and downstream stream-
lines (C0 characteristics) are given by xl = constant and
xl = (u1 − u2)t+constant, respectively. To compute the
transient evolution of the shock front, the linearized Euler
equations must be integrated within the domain enclosed
by the shock front and the leading acoustic wave radiated
at t = 0+, given by xl = u1t and xl = (c2 − u1 + u2)t in
the laboratory reference frame, respectively. It is in this
isolated-shock condition where the classical DK stability
analysis applies.

The stability conditions for a steady isolated shock
wave can be written in terms of the DK parameter

h =
p2 − p1
V1 − V2

(

dV2

dp2

)

H

= −u2
2

(

∂ρ2
∂p2

)

H

(2)

that measures the slope of the Hugoniot curve relative to
the Rayleigh-Michelson line on the (V, p) plane. Here p,
ρ, V = 1/ρ, and u denote the pressure, density, specific
volume, and fluid velocity with respect to the shock front,
respectively, subscripts 1 and 2 refer to pre- and post-
shock states, and the derivatives are calculated along the
Hugoniot curve with the pre-shock pressure and density
fixed. For an isolated steady planar shock front, the clas-
sic stability theory predicts an oscillatory decay of per-
turbations as t−3/2 (t−1/2 in the strong-shock limit), with
a constant oscillation frequency, for any wavenumber and
any EoS11,83,84, provided that the parameter h is in the
stable range, −1 < h < hc, where

hc =
1−M2

2 (1 +R)

1−M2
2 (1−R)

, (3)

and R = ρ2/ρ1 is the shock density compression ratio.
For hc < h < 1 + 2M2, shock perturbations with cer-
tain wavevectors oscillate at constant amplitude, caus-
ing spontaneous acoustic emission (SAE) from the shock
front2,30,85,86. Absolutely unstable ranges are h < −1
and h > 1 + 2M2, for which the exponential growth
of shock-front perturbations is associated with condi-
tions that render multi-valued87,88 or multi-wave89,90 so-
lutions of the planar Riemann/piston problem. For a
non-reactive shock moving in an ideal gas h = −1/M2

1,
hc = −1/(2M2

1 − 1), so that the stability condition
−1 < h < hc is always satisfied.

Now consider the presence of a rigid piston support-
ing the shock, as sketched in Fig. 1 (b). The integra-
tion domain reduces to the region enclosed by the shock
xl = u1t and the moving piston xl = (u1 − u2)t. In such
case, the radiated acoustic waves reverberate, thereby
involving additional frequencies to the oscillating shock
dynamics. It is readily seen that the reflected waves asso-
ciated with C− characteristics (green color) arrive at the
shock with a lower frequency by the Doppler shift effect.
The trajectories of the two family of characteristics in
the laboratory reference frame are straight lines because
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of the uniformity of the flow, namely:

C0 :
dxl

dt
= u1 − u2, (4a)

C± :
dxl

dt
= u1 − u2 ± c2. (4b)

In the stable range, −1 < h < hc, the acoustic distur-
bances decay exponentially with the distance from the
shock, which implies that the acoustic coupling is very
weak, even for short periods of time close to t = 0.
This is the reason why stability threshold and the de-
cay rate of the shock oscillations amplitude in the stable
range takes the same form in both isolated and piston-
driven configurations91–93. Likewise, the absolutely un-
stable ranges h < −1 and h > 1 + 2M2, which are ex-
clusively associated with the RH curve, are the same re-
gardless the boundary condition. By way of contrast,
including a supporting mechanism can make a difference
in the marginally stable/SAE range, hc < h < 1 + 2M2,
since the acoustic radiation does not decay with the dis-
tance from the shock and the acoustic coupling is always
present. As noted in Refs.88,93, the amplitude of a re-
verberating acoustic wave grows as a power of time for
h > 1 when perturbations are one-dimensional. For two-
dimensional perturbations, the stability analysis in Ref.94

for hc < h < 1 − 2M2
2 did not find any qualitative dis-

tinctness in the shock front perturbation behavior when
a piston is involved. On the other hand, Ref.95 found
instability, a linear growth of shock perturbations in the
whole range h > hc. Then, there is no clear consensus
about the shock dynamics in the marginally stable/SAE
range.

A spherically or cylindrically expanding shock front,
just like a planar one, can be steady if a constant-velocity
inflow of incident mass supports it. In such case, the cen-
ter or axis of symmetry plays the role of the rigid piston
and the shock strength, characterized by velocity, pres-
sure and density jumps across the shock, is time indepen-
dent, thereby yielding uniform properties of the shocked
gas put at rest. See Fig. 1 (c) and (d). Such an ex-
panding accretion-shock flow is described by a self-similar
solution of ideal compressible fluid dynamics equations,
which exists for an arbitrary EoS of the fluid and the pa-
rameters of the incident flow11,58. While the streamlines
in Fig. 1 (a)-(c) are uniformly separated, with the spac-
ing indicated the characteristic perturbation length being
inversely proportional to the shock oscillation frequency,
the streamlines in Fig. 1 (d) are not equidistant. The
consideration of a length-free problem impedes the asso-
ciation of the shock dynamics to a single characteristic
length and the divergence effect by the expanding shock
decreases the frequency of the associated perturbations
at a given location with time.

However, the Noh’s problem owns the main properties
as the piston-driven shock. The post-shock gas is charac-
terized by straight streamlines, where the fluid particles
are put at rest and by acoustic waves that move at the
speed of sound c2. They can be written in terms of char-

acteristics through

C0 :
dx

dt

∣

∣

∣

∣

planar

=
dr

dt

∣

∣

∣

∣

expanding

= 0, (5a)

C± :
dx

dt

∣

∣

∣

∣

planar

=
dr

dt

∣

∣

∣

∣

expanding

= ±c2. (5b)

It must be noticed that, although following the same tra-
jectories, the amplitude of the sonic perturbations is af-
fected by the divergent flow configuration, which will be
found to exert a stabilizing effect. In addition, the exten-
sion to multidimensional perturbations, either in planar,
cylindrical or spherical geometries, does also modify the
acoustic field. This is because, unlike one-dimensional
acoustic waves, two- or three-dimensional acoustic fronts
radiated from the shock can be evanescent waves if the
shock oscillation frequency is not sufficiently high.

B. Application to a reactive shock in a vdW gas

1. Rankine-Hugoniot equations

According to equations (2) and (3), the DK stability
boundary for a planar shock depends on three parame-
ters: the shock compression ratioR, the post-shock Mach
number M2 and the slope of the RH curve through the
parameter h. The first two can be constructed by inte-
grating the conservation equations across the shock. In
particular, if we admit the possibility of having exother-
mic or endothermic effects throughout the shock wave,
the corresponding mass, streamwise momentum and en-
ergy conservation equations read as

ρ1u1 = ρ2u2, (6a)

p1 + ρ1u
2
1 = p2 + ρ2u

2
2, (6b)

p1
ρ1

+ E1 +
u2
1

2
+ q =

p2
ρ2

+ E2 +
u2
2

2
, (6c)

where p is the thermal pressure, E is the internal energy
and q measures the energy removed (q < 0) or released
(q > 0) per unit mass by the corresponding process un-
dergoing across the shock. To solve the RH equations,
it proves convenient to write the internal energy as a
function of p and ρ by direct combination of the two re-
lationships in (1), namely

E =
(p+ ρ2a)(1− bρ)

ρ(γ − 1)
− aρ. (7)

Likewise, the speed of sound is written as a function of
pressure and density

c2 =
γ(p+ ρ2a)

ρ(1− bρ)
− 2aρ. (8)

Simple manipulation of (8) provides c2 = γRgT = γp/ρ
as the square of the speed of sound for an ideal gas a =
b = 0.
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6

Equations (6)-(8) suffice to provide the shock jump
properties in steady state, upon condition that the
non-equilibrium inner structure, where endothermic or
exothermic processes undergo, has no influence in the
shock beyond the net energy factor q, assumed constant.
This condition can be regarded as a twofold restriction:
the inner structure must be stable and the net energy
change cannot depend on the shocked gas properties.
The latter is effectively satisfied in the most common
exothermic shock configuration, a gaseous detonation,
since the combustion process, once initiated, progresses
until fuel depletion releasing all potential chemical en-
ergy. Only in some particular conditions, mostly asso-
ciated with rich mixtures, products depend on equilib-
rium conditions downstream. Then, the variation of q
with the Mach number affects the shock dynamics, and
therefore, modify shock stability properties11,12. For the
utmost practical applications, q can be regarded as a con-
stant parameter in gaseous detonations. As a matter of
example, in q is of the order of 106 J/kg in stoichio-
metric reactive mixtures made of air and light hydro-
carbons, and p1/ρ1 ∼ 105 J/kg in normal conditions.
We conveniently define the dimensionless energy factor
as Q = qρ1/p1 that indicates the heat release relative to
the thermal specific energy, which yields Q ∼ 10. This
renders propagation Mach numbers of the order of 10 in a
self-sustained detonation, termed Chapman-Jouget (CJ)
in the combustion argot. The CJ condition corresponds
to the maximum value of heat release for a given propa-
gation Mach number, although much smaller values of Q
for the same shock intensity can be obtained in diluted
mixtures, on condition that an external mechanisms con-
tributes in supporting the exothermic shocks. The as-
sumption on the inner structure stability is harder to
meet in gaseous detonations, unless it is sufficiently over-
driven (externally supported), i.e., the propagation shock
Mach number is significantly higher than that associated
with the CJ condition. Equivalently, this condition im-
poses the value of Q to be sufficiently low compared with
the associated CJ value for a given propagation Mach
number. We anticipate that the interest values for which
the shock turns unstable to self-induced acoustic distur-
bances (not generated in the inner reaction region) is
Q ∼ 1, which is one order of magnitude smaller to that
found in inherently unstable CJ detonations.

For exothermic shocks, we limit ourselves to the case
of overdriven detonations, i.e., the upstream and down-
stream Mach numbers satisfy M1 > 1 and M2 < 1,
respectively. Note that the CJ limit M2 → 1 can
only be approached asymptotically if the whole super-
sonic front is considered a discontinuity. Notice also that
M2 > 1 (underdriven) is actually feasible, but it requires
an additional mechanism to support a propagating reac-
tive front: radiation transport, as in so-called Marshak
waves96 or in laser-supported detonations97. Reaction
fronts of this kind require one boundary condition addi-
tional to (6) and will not be considered here. The pos-
sibility of considering exothermic waves with M1 < 1,

typically deflagrations, also demands the specification of
additional information -the reaction rate and the asso-
ciated transport mechanisms for heat and species- and
they are not considered in this analysis.

For endothermic transformations, the instability asso-
ciated with the non-equilibrium inner region is seldom ex-
pected, but the energy taken from the fluid particles may
likely depend on the post-shock conditions, e.g., shocks
triggering molecular excitation, dissociation, ionization
or phase change8,9,19. A recurrent example is related to
shocks involved in hypersonic flight98. The endothermic
processes are dictated by the type of molecular structure,
which can be simplified to molecular oxygen and nitro-
gen in case of considering atmospheric air as the flight
medium. The characteristic vibrational temperatures of
O2 and N2 are of the order of 103 K, which is relatively
feasible to reach at the hypersonic boundary M1 ∼ 5 as
the temperature jump is roughly proportional to M2

1 in
ideal gases. When the shock strengthens, the associated
endothermic effects of dissociation and ionization enter
into play. Although their characteristic temperatures are
of the order of 104-105 K, their functional dependence
with temperature makes these effects noticeable at much
lower temperatures. The main characteristic of the RH
curve associated with these effects is the turning point
at the highest compression ratio (see Fig. 2 in Ref.99).
Further examples closer to HEDP, which may include
radiative shocks, also exhibit turning points in the RH
curve, as computed in Ref.19. That said, assuming con-
stant the value of Q < 0 is not a marginal situation
since many of the above-mentioned phenomena saturate
at some shock intensity. As mentioned above, the value
at which the instability threshold is found is relatively
small −Q ∼ 1, considering q a constant parameter in-
directly imposes low concentration of the active species
undergoing molecular transformations.

Then, as a first approximation, we restrict ourselves to
energy variations that are not effectively sensitive with
the shock conditions:

∂Q
∂M1

$
1

E1

∂E2

∂M1
∼

1

E1

∂u2
2

∂M1
, (9)

thus, Q = constant, with Q being a free parameter with
some constraints. Notice that in case of considering Q
a variable function, an additional equation should be in-
cluded to model the dependence of Q with post-shock
properties. In our case, the problem formulation of the
jump conditions across the shock is closed with equations
(6a)-(6c) and (7), provided that upstream conditions are
known and an additional input related to the supporting
mechanism is specified, typically the propagation shock
Mach number M1.
To compute the jump conditions, the dimensionless

constants for the constitutive parameters of the EoS are
reduced with pre-shock conditions, i.e., α1 = aρ21/p1 and
β1 = bρ1. Thus, the RH curve P(R) involves four the di-
mensionless constants associated with the gas properties
{γ,Q,α1,β1}, specifically
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P =
R [γ + 1− 2β1(α1 + 1)− 2α1(γ − 2)]− (γ − 1) + 2α1R2 (γ − 2 + β1R)− 2QR(γ − 1)

(γ + 1)−R (γ − 1 + 2β1)
. (10)

The dependence of post-shock flow with the shock
strength can be obtained with the aid of the Rayleigh-
Michelson relationships

P = 1 + γ1sM2
1

(

1−R−1
)

(11)

obtained from direct combination of mass and momen-
tum conservation equations (so Q does not appear explic-
itly), where the definition of the effective sonic constant
is conveniently introduced

γ1s =
ρ1c21
p1s

= γ
1 + α1

1− β1
− 2α1. (12)

The post-shock Mach number reads as

M2 =
M1√
R

√

γ1s(1− β1R)

γ (P + α1R2)− 2α1R2(1− β1R)
. (13)

It is immediate to see that for Q = α1 = β1 = 0, the
sonic constant γ1s = γ, which ultimately renders

P =
R (γ + 1)− (γ − 1)

(γ + 1)−R (γ − 1)
, (14a)

R =
(γ + 1)M2

1

2 + (γ − 1)M2
1

, (14b)

M2
2 =

(γ − 1)M2
1 + 2

2γM2
1 − γ + 1

, (14c)

for the non-reactive Rankine-Hugoniot equation, mass
compression ratio and post-shock Mach number, for an
ideal equation of state. For such case, only compres-
sive shocks are admissible: they exist and are stable.
On the other hand, vdW EoS may yield compressive
shocks, as well as rarefaction shocks (also called negative
shocks, where density downstream is lower than density
upstream), even for Q = 0. They may be either admis-
sible or inadmissible depending on the EoS and shock
properties25,37,100,101. We restrict the analysis to con-
ditions that render uniqueness in the Riemann problem
solution and the only solution corresponds to a compres-
sive shock: the RH curve, as shown in Fig. 2 is monotonic
(h < 0). The above mentioned studies on the admissibil-
ity of shock types in vdW gases do not consider energy
variations across the shock. To the authors knowledge,
this is the first time a shock wave in a vdW gas is analyt-
ically evaluated in a reactive scenario, thereby justifying
a brief description, offered below, of the base-flow prop-
erties given by the RH equations.

In our case, we take the energy factor Q as a free pa-
rameter that is bounded in both negative (endothermic)
and positive (exothermic) cases. This is readily seen if
we picture the non-adiabatic shock as the sum of the
precursor adiabatic shock (Q = 0) plus the associated
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<latexit sha1_base64="WuEjMvy7Dk3wod/vG7GZuWnP9LY=">AAAB63icbZDNTgIxFIXv4B/iH+rSTSMxcSOZMURZkrhxiYn8RJiQTrkDDe3MpO2YkAlPoSuj7nwbX8C3seAsFDyrr/ecJvfcIBFcG9f9cgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqG1CNgkfYMtwI7CYKqQwEdoLJzdzvPKLSPI7uzTRBX9JRxEPOqLGjh6zPqCDN2YU3KFfcqrsQWQUvhwrkag7Kn/1hzFKJkWGCat3z3MT4GVWGM4GzUj/VmFA2oSPsWYyoRO1ni41n5CyMFTFjJIv372xGpdZTGdiMpGasl7358D+vl5qw7mc8SlKDEbMR64WpICYm8+JkyBUyI6YWKFPcbknYmCrKjD1Pydb3lsuuQvuy6l1Va3e1SqOeH6IIJ3AK5+DBNTTgFprQAgYRPMMbvDvSeXJenNefaMHJ/xzDHzkf33nCjcQ=</latexit> P
−

1

<latexit sha1_base64="Pz7o9LQBmOA6Qs1gbtbNWbcePno=">AAAB7nicbZDLTsJAFIZP8YZ4Q126mUhM3EhaQ5QliRuXaOSSQCXT4RQmTC/OTE1I09fQlVF3Powv4Ns4YBcK/qtvzv9Pcv7jxYIrbdtfVmFldW19o7hZ2tre2d0r7x+0VZRIhi0WiUh2PapQ8BBbmmuB3VgiDTyBHW9yNfM7jygVj8I7PY3RDego5D5nVJuRm/YZFeQ2u0/PnGxQrthVey6yDE4OFcjVHJQ/+8OIJQGGmgmqVM+xY+2mVGrOBGalfqIwpmxCR9gzGNIAlZvOl87IiR9JosdI5u/f2ZQGSk0Dz2QCqsdq0ZsN//N6ifbrbsrDONEYMhMxnp8IoiMy606GXCLTYmqAMsnNloSNqaRMmwuVTH1nsewytM+rzkW1dlOrNOr5IYpwBMdwCg5cQgOuoQktYPAAz/AG71ZsPVkv1utPtGDlfw7hj6yPb/Y1jzo=</latexit>

R−1
<latexit sha1_base64="Pz7o9LQBmOA6Qs1gbtbNWbcePno=">AAAB7nicbZDLTsJAFIZP8YZ4Q126mUhM3EhaQ5QliRuXaOSSQCXT4RQmTC/OTE1I09fQlVF3Powv4Ns4YBcK/qtvzv9Pcv7jxYIrbdtfVmFldW19o7hZ2tre2d0r7x+0VZRIhi0WiUh2PapQ8BBbmmuB3VgiDTyBHW9yNfM7jygVj8I7PY3RDego5D5nVJuRm/YZFeQ2u0/PnGxQrthVey6yDE4OFcjVHJQ/+8OIJQGGmgmqVM+xY+2mVGrOBGalfqIwpmxCR9gzGNIAlZvOl87IiR9JosdI5u/f2ZQGSk0Dz2QCqsdq0ZsN//N6ifbrbsrDONEYMhMxnp8IoiMy606GXCLTYmqAMsnNloSNqaRMmwuVTH1nsewytM+rzkW1dlOrNOr5IYpwBMdwCg5cQgOuoQktYPAAz/AG71ZsPVkv1utPtGDlfw7hj6yPb/Y1jzo=</latexit>

R−1

<latexit sha1_base64="WuEjMvy7Dk3wod/vG7GZuWnP9LY=">AAAB63icbZDNTgIxFIXv4B/iH+rSTSMxcSOZMURZkrhxiYn8RJiQTrkDDe3MpO2YkAlPoSuj7nwbX8C3seAsFDyrr/ecJvfcIBFcG9f9cgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqG1CNgkfYMtwI7CYKqQwEdoLJzdzvPKLSPI7uzTRBX9JRxEPOqLGjh6zPqCDN2YU3KFfcqrsQWQUvhwrkag7Kn/1hzFKJkWGCat3z3MT4GVWGM4GzUj/VmFA2oSPsWYyoRO1ni41n5CyMFTFjJIv372xGpdZTGdiMpGasl7358D+vl5qw7mc8SlKDEbMR64WpICYm8+JkyBUyI6YWKFPcbknYmCrKjD1Pydb3lsuuQvuy6l1Va3e1SqOeH6IIJ3AK5+DBNTTgFprQAgYRPMMbvDvSeXJenNefaMHJ/xzDHzkf33nCjcQ=</latexit> P
−

1
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<latexit sha1_base64="VyIvejyWxNzQBgy2HVw07nZ7IV4=">AAAB+nicbVDLTsMwEHTKq5RXgAMHLhYVEheqBFXQYyUuHAuiD6kp1cZ1Wqt2EtkOogr5GTgh4MZn8AP8DW7JAVrmNLszK+2MH3OmtON8WYWl5ZXVteJ6aWNza3vH3t1rqSiRhDZJxCPZ8UFRzkLa1Exz2oklBeFz2vbHl1O9fU+lYlF4qycx7QkYhixgBLRZ9e2D1CPA8U12l566WT/1pMACHrK+XXYqzgx4kbg5KaMcjb796Q0ikggaasJBqa7rxLqXgtSMcJqVvETRGMgYhrRraAiCql46C5Dh4yCSWI8ons2/vSkIpSbCNx4BeqTmtenyP62b6KDWS1kYJ5qGxFiMFiQc6whPe8ADJinRfGIIEMnMl5iMQALRpq2Sie/Oh10krbOKe16pXlfL9VpeRBEdoiN0glx0geroCjVQExGUoWf0ht6tR+vJerFef6wFK7/ZR39gfXwDDNqTxw==</latexit>

R
−1
max

<latexit sha1_base64="VyIvejyWxNzQBgy2HVw07nZ7IV4=">AAAB+nicbVDLTsMwEHTKq5RXgAMHLhYVEheqBFXQYyUuHAuiD6kp1cZ1Wqt2EtkOogr5GTgh4MZn8AP8DW7JAVrmNLszK+2MH3OmtON8WYWl5ZXVteJ6aWNza3vH3t1rqSiRhDZJxCPZ8UFRzkLa1Exz2oklBeFz2vbHl1O9fU+lYlF4qycx7QkYhixgBLRZ9e2D1CPA8U12l566WT/1pMACHrK+XXYqzgx4kbg5KaMcjb796Q0ikggaasJBqa7rxLqXgtSMcJqVvETRGMgYhrRraAiCql46C5Dh4yCSWI8ons2/vSkIpSbCNx4BeqTmtenyP62b6KDWS1kYJ5qGxFiMFiQc6whPe8ADJinRfGIIEMnMl5iMQALRpq2Sie/Oh10krbOKe16pXlfL9VpeRBEdoiN0glx0geroCjVQExGUoWf0ht6tR+vJerFef6wFK7/ZR39gfXwDDNqTxw==</latexit>

R
−1
max

<latexit sha1_base64="uNZukwSthm2WfBn2KFGlvM/y2PY=">AAAB/XicbVDLTsMwEHR4lvIKcIOLRYXEAaoEVdBjJS4cC6IPqS2V425aUzuJbAdRRRH8DJwQcOMn+AH+BrfkAC1zmt2ZlXbGizhT2nG+rLn5hcWl5dxKfnVtfWPT3tquqzCWFGo05KFsekQBZwHUNNMcmpEEIjwODW94PtYbdyAVC4NrPYqgI0g/YD6jRJtV195N2pRwfJXeJMdu2k3aUmB6eyTIfdq1C07RmQDPEjcjBZSh2rU/272QxgICTTlRquU6ke4kRGpGOaT5dqwgInRI+tAyNCACVCeZZEjxgR9KrAeAJ/Nvb0KEUiPhGY8geqCmtfHyP60Va7/cSVgQxRoCaixG82OOdYjHVeAek0A1HxlCqGTmS0wHRBKqTWF5E9+dDjtL6idF97RYuiwVKuWsiBzaQ/voELnoDFXQBaqiGqLoET2jN/RuPVhP1ov1+mOds7KbHfQH1sc3CbiU3g==</latexit>

R
−1
cj,max

<latexit sha1_base64="uNZukwSthm2WfBn2KFGlvM/y2PY=">AAAB/XicbVDLTsMwEHR4lvIKcIOLRYXEAaoEVdBjJS4cC6IPqS2V425aUzuJbAdRRRH8DJwQcOMn+AH+BrfkAC1zmt2ZlXbGizhT2nG+rLn5hcWl5dxKfnVtfWPT3tquqzCWFGo05KFsekQBZwHUNNMcmpEEIjwODW94PtYbdyAVC4NrPYqgI0g/YD6jRJtV195N2pRwfJXeJMdu2k3aUmB6eyTIfdq1C07RmQDPEjcjBZSh2rU/272QxgICTTlRquU6ke4kRGpGOaT5dqwgInRI+tAyNCACVCeZZEjxgR9KrAeAJ/Nvb0KEUiPhGY8geqCmtfHyP60Va7/cSVgQxRoCaixG82OOdYjHVeAek0A1HxlCqGTmS0wHRBKqTWF5E9+dDjtL6idF97RYuiwVKuWsiBzaQ/voELnoDFXQBaqiGqLoET2jN/RuPVhP1ov1+mOds7KbHfQH1sc3CbiU3g==</latexit>

R
−1
cj,max

<latexit sha1_base64="ghCXIXWro9jjfQ4FhQlc2YuYotk=">AAAB5HicbZDNTgIxFIXv+Iv4h7p000hMcENmDFGWJG5cYpSfBCakU+5AQzszaTsmZMIb6MqoO5/IF/BtLDgLBc/q6z2nyT03SATXxnW/nLX1jc2t7cJOcXdv/+CwdHTc1nGqGLZYLGLVDahGwSNsGW4EdhOFVAYCO8HkZu53HlFpHkcPZpqgL+ko4iFn1NjRfYVeDEplt+ouRFbBy6EMuZqD0md/GLNUYmSYoFr3PDcxfkaV4UzgrNhPNSaUTegIexYjKlH72WLVGTkPY0XMGMni/TubUan1VAY2I6kZ62VvPvzP66UmrPsZj5LUYMRsxHphKoiJybwxGXKFzIipBcoUt1sSNqaKMmPvUrT1veWyq9C+rHpX1dpdrdyo54cowCmcQQU8uIYG3EITWsBgBM/wBu9O6Dw5L87rT3TNyf+cwB85H998L4re</latexit>

(a)
<latexit sha1_base64="qDrdNvBRb7xVfdd/lr9Hrugp53Q=">AAAB5HicbZDNTgIxFIXv+Iv4h7p000hMcENmDFGWJG5cYpSfBCakU+5AQzszaTsmZMIb6MqoO5/IF/BtLDgLBc/q6z2nyT03SATXxnW/nLX1jc2t7cJOcXdv/+CwdHTc1nGqGLZYLGLVDahGwSNsGW4EdhOFVAYCO8HkZu53HlFpHkcPZpqgL+ko4iFn1NjRfSW4GJTKbtVdiKyCl0MZcjUHpc/+MGapxMgwQbXueW5i/Iwqw5nAWbGfakwom9AR9ixGVKL2s8WqM3IexoqYMZLF+3c2o1LrqQxsRlIz1svefPif10tNWPczHiWpwYjZiPXCVBATk3ljMuQKmRFTC5QpbrckbEwVZcbepWjre8tlV6F9WfWuqrW7WrlRzw9RgFM4gwp4cA0NuIUmtIDBCJ7hDd6d0HlyXpzXn+iak/85gT9yPr4Bfa6K3w==</latexit>

(b)

<latexit sha1_base64="wSES2/5ho0yg+Isu0TAgUnVjjQg=">AAAB6XicbZDNSgMxFIXv1L9a/6ou3QSL4KrMSNEuC92Iqwr2B9qhZNI7bWgyMyQZoQx9CF2JuvN1fAHfxrTOQlvP6ss9J3DPDRLBtXHdL6ewsbm1vVPcLe3tHxwelY9POjpOFcM2i0WsegHVKHiEbcONwF6ikMpAYDeYNhd+9xGV5nH0YGYJ+pKOIx5yRo0d9bKBkqR5Nx+WK27VXYqsg5dDBXK1huXPwShmqcTIMEG17ntuYvyMKsOZwHlpkGpMKJvSMfYtRlSi9rPlvnNyEcaKmAmS5ft3NqNS65kMbEZSM9Gr3mL4n9dPTVj3Mx4lqcGI2Yj1wlQQE5NFbTLiCpkRMwuUKW63JGxCFWXGHqdk63urZdehc1X1rqu1+1qlUc8PUYQzOIdL8OAGGnALLWgDAwHP8AbvztR5cl6c159owcn/nMIfOR/ff3+NPg==</latexit>

CJ
<latexit sha1_base64="wSES2/5ho0yg+Isu0TAgUnVjjQg=">AAAB6XicbZDNSgMxFIXv1L9a/6ou3QSL4KrMSNEuC92Iqwr2B9qhZNI7bWgyMyQZoQx9CF2JuvN1fAHfxrTOQlvP6ss9J3DPDRLBtXHdL6ewsbm1vVPcLe3tHxwelY9POjpOFcM2i0WsegHVKHiEbcONwF6ikMpAYDeYNhd+9xGV5nH0YGYJ+pKOIx5yRo0d9bKBkqR5Nx+WK27VXYqsg5dDBXK1huXPwShmqcTIMEG17ntuYvyMKsOZwHlpkGpMKJvSMfYtRlSi9rPlvnNyEcaKmAmS5ft3NqNS65kMbEZSM9Gr3mL4n9dPTVj3Mx4lqcGI2Yj1wlQQE5NFbTLiCpkRMwuUKW63JGxCFWXGHqdk63urZdehc1X1rqu1+1qlUc8PUYQzOIdL8OAGGnALLWgDAwHP8AbvztR5cl6c159owcn/nMIfOR/ff3+NPg==</latexit>

CJ

FIG. 2. Reactive Rankine-Hugoniot curve for a vdW gas with
γ = 31/30, α = 1/2, and β = 1/9 (a) and for an ideal gas
with γ = 5/3 (b) for different degrees of exothermicity and
endothermicity.

non-equilibrium zone. The properties right behind the
former are just given by (10)-(13), provided that Q = 0.
Then, the compressed gas evolves differently depending
on the particular phenomena. For Q < 0, the endother-
mic cooling effect increases the gas density with the cor-
responding flow velocity reduction (measured from the
shock front). The largest negative value of Q is that
given by the sonic condition upstream M1 → 1. On the
other side, for exothermic shocks, the reactive process
increases the temperature of the gas that expands. The
maximum value of Q is that given by the sonic condition
downstream M2 → 1, the CJ condition.

The value of the maximum energy delivered for a given
shock condition can be written analytically for a vdW
EoS as a function of the mass compression ratio, namely

Qmax =
(R− 1)2

2(γ − 1)R [R(β1 + γ)− (γ + 1)]
[−γ(γ + 1)

+ 2α1β1R3(2β1 + γ − 1) + α1R2 (2(β1 − 4)β1

+ (γ − 2)(γ − 1))− 2α1(γ + 1)R(β1 + γ − 2)] ,(15)

which reduces to

Qmax =
γ(γ + 1)(R− 1)2

2(γ − 1)R [Rγ − (γ + 1)]
(16)

for an ideal gas EoS. Notice that not all values of R are
possible when sonic conditions apply downstream.

By substitution of (15) into (10), we obtain the curves
P(R−1) plotted in Fig. 2 corresponding to CJ conditions.
The shadowed region above this curve (top right side)
corresponds to underdriven detonations, excluded in the
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analysis because the possibility of having M2 > 1 cannot
be exclusively determined by (6a)-(6c). It is also found
that, within the CJ condition, the maximum compression
ratio for a vdW EoS is

Rcj,max =
γ + 1

γ + β1
, (17)

that corresponds to the strong-shock limit for a self-
sustained detonation. If we admit overdrive, i.e., if pres-
sure downstream is also exerted by any supporting mech-
anism downstream, the maximum mass compression ra-
tio across the shock increases to

Rmax =
γ + 1

γ − 1 + 2β1
, (18)

that is the value that makes (10) go to infinity. This
value does not depend on the heat release since it cor-
responds to thermal energies downstream that are much
larger than the energy factor Q, thereby being the equiv-
alent to that for adiabatic shocks. This limit does not
change for Q < 0 so long the endothermic contribution
remains invariant with the shock intensity. See dashed
lines in Fig. 2.

Likewise, the supersonic condition of the propagating
shock imposes Q to be larger than

Qmin = −
(R− 1)2

2(β1 − 1)(γ − 1)R2
[−γ(γ + 1)

+ α1 (2(β1 − 1)R(2β1 + γ − 2) (19)

+ 2(β1 − 1)β1R2
)

− (γ + 1)(2β1 + γ − 2)
]

,

which gives Qmin ≤ Q < Qmax as the possible range of
the energy factor. The limiting sonic condition M1 = 1
for pressure is obtained substituting (19) into (10). We
obtain the curves P(R−1) plotted in Fig. 2, where the
region below this curve (bottom left side) is omitted as
it corresponds to M1 < 1.

The Rankine-Hugoniot curves for a vdW gas with
γ = 31/30, α = 1/2, and β = 1/9 (a) and for an ideal gas
with γ = 5/3 (b) are displayed in Fig. 2 for different val-
ues of Q. The non-reactive case corresponds to the grey
curves that depart from the upstream conditions in the
weak shock limit: P = 1 and R = 1. When endothermic
effects are considered (blue curves), the departing points
(minimum mass compression ratio) shift to the left, cor-
responding to the sonic condition upstream M1 = 1. On
the other side, when exothermic effects are considered
(red curves), the departing points also shift to the left,
corresponding to sonic conditions downstream M2 = 1.

It has been mentioned that a typical value of Q for
detonations is of the order of 10. However, it will be
noted in this study that Q of the order of unity are used,
as showed in Fig. 3 and Fig. 4. This is because in order
to study stability one must be in the region where h ex-
ceeds its critical value hc (regime in which the expected
SAE occurs). It is reminded that divergence of the shock
provides an additional stabilizing effect, being more re-
strictive. Any detonation case with a typical Q higher
than those shown will predictably present a stable front,
as long as the hypotheses presented apply.

1.5 2.0 2.5 3.0 3.5 4.0

-0.05

0.00

0.05

0.10

0.15

0.20

0.25
<latexit sha1_base64="KDi+I1uNNKPeFRjzK/J8u/xxQo4=">AAAB83icbVDLTgJBEOzFF+Jr1aOXicTEE9k1RD0SvXjERB4JbMjs0MCEmd3NzCyRbPgSPRn15p/4A/6NA+5BwTpVd1WnuytMBNfG876cwtr6xuZWcbu0s7u3f+AeHjV1nCqGDRaLWLVDqlHwCBuGG4HtRCGVocBWOL6d660JKs3j6MFMEwwkHUZ8wBk1ttVz3ayrJMHH2IxQSc5mPbfsVbwFyCrxc1KGHPWe+9ntxyyVGBkmqNYd30tMkFFlOBM4K3VTjQllYzrEjqURlaiDbHH5jJwNYkXsarKof3szKrWeytB6JDUjvazNm/9pndQMroOMR0lqMGLWYrVBKoiJyTwA0ucKmRFTSyhT3F5J2IgqyoyNqWTf95efXSXNi4p/WaneV8u1mzyIIpzAKZyDD1dQgzuoQwMYTOAZ3uDdSZ0n58V5/bEWnHzmGP7A+fgGwCGRdA==</latexit>

exothermic
<latexit sha1_base64="n5SQzjMat6I94l0mzB/TV9VpaDU=">AAAB9HicbVDLTgJBEJzFF+Jr0aOXicTEE9k1Rj0SvXjERB4JbMjs0MCEeWxmZjFkw5/oyag3v8Qf8G8ccA8K1qm6qzrdXXHCmbFB8OUV1tY3NreK26Wd3b39A7982DQq1RQaVHGl2zExwJmEhmWWQzvRQETMoRWPb+d6awLaMCUf7DSBSJChZANGiXWtnl/OulpgkH1lR6AFo7OeXwmqwQJ4lYQ5qaAc9Z7/2e0rmgqQlnJiTCcMEhtlRFtGOcxK3dRAQuiYDKHjqCQCTJQtTp/h04HS2K3Gi/q3NyPCmKmInUcQOzLL2rz5n9ZJ7eA6yphMUguSOovTBinHVuF5ArjPNFDLp44Qqpm7EtMR0YRal1PJvR8uP7tKmufV8LJ6cX9Rqd3kQRTRMTpBZyhEV6iG7lAdNRBFj+gZvaF3b+I9eS/e64+14OUzR+gPvI9vcWqR2A==</latexit>

endothermic

<latexit sha1_base64="y8VpQtBNQhv+gpe3QEL0n7TFso0=">AAAB5nicbZDNTsJAFIVv8Q/xD3XpZiIxcSNpDUEXLkjcuMTEAgk0ZDrc0gnTn8xMTUjDK+jKqDsfyBfwbRywCwXP6pt7ziT3XD8VXGnb/rJKa+sbm1vl7crO7t7+QfXwqKOSTDJ0WSIS2fOpQsFjdDXXAnupRBr5Arv+5Hbudx9RKp7ED3qaohfRccwDzqg2IzccsotwWK3ZdXshsgpOATUo1B5WPwejhGURxpoJqlTfsVPt5VRqzgTOKoNMYUrZhI6xbzCmESovXyw7I2dBIokOkSzev7M5jZSaRr7JRFSHatmbD//z+pkOrr2cx2mmMWYmYrwgE0QnZN6ZjLhEpsXUAGWSmy0JC6mkTJvLVEx9Z7nsKnQu606z3rhv1Fo3xSHKcAKncA4OXEEL7qANLjDg8Axv8G6F1pP1Yr3+REtW8ecY/sj6+AZbrIwD</latexit> h
c
−

h

<latexit sha1_base64="y8VpQtBNQhv+gpe3QEL0n7TFso0=">AAAB5nicbZDNTsJAFIVv8Q/xD3XpZiIxcSNpDUEXLkjcuMTEAgk0ZDrc0gnTn8xMTUjDK+jKqDsfyBfwbRywCwXP6pt7ziT3XD8VXGnb/rJKa+sbm1vl7crO7t7+QfXwqKOSTDJ0WSIS2fOpQsFjdDXXAnupRBr5Arv+5Hbudx9RKp7ED3qaohfRccwDzqg2IzccsotwWK3ZdXshsgpOATUo1B5WPwejhGURxpoJqlTfsVPt5VRqzgTOKoNMYUrZhI6xbzCmESovXyw7I2dBIokOkSzev7M5jZSaRr7JRFSHatmbD//z+pkOrr2cx2mmMWYmYrwgE0QnZN6ZjLhEpsXUAGWSmy0JC6mkTJvLVEx9Z7nsKnQu606z3rhv1Fo3xSHKcAKncA4OXEEL7qANLjDg8Axv8G6F1pP1Yr3+REtW8ecY/sj6+AZbrIwD</latexit> h
c
−

h

<latexit sha1_base64="E+MQBaHUspg2krpzEXQIkm/G1gY=">AAAB6XicbZDLSgNBEEVr4ivGV9Slm8YguAozIurCRcCNyyjmAckQejqVpEnPg+4aIQz5CF2JuvN3/AH/xk6chSbe1em6t6FuBYmShlz3yymsrK6tbxQ3S1vbO7t75f2DpolTLbAhYhXrdsANKhlhgyQpbCcaeRgobAXjm5nfekRtZBw90CRBP+TDSA6k4GRH7awruGL301654lbdudgyeDlUIFe9V/7s9mORhhiRUNyYjucm5GdckxQKp6VuajDhYsyH2LEY8RCNn833nbKTQawZjZDN37+zGQ+NmYSBzYScRmbRmw3/8zopDa78TEZJShgJG7HeIFWMYjarzfpSoyA1scCFlnZLJkZcc0H2OCVb31ssuwzNs6p3UT2/O6/UrvNDFOEIjuEUPLiEGtxCHRogQMEzvMG7M3aenBfn9SdacPI/h/BHzsc3obKNWA==</latexit>

R
<latexit sha1_base64="E+MQBaHUspg2krpzEXQIkm/G1gY=">AAAB6XicbZDLSgNBEEVr4ivGV9Slm8YguAozIurCRcCNyyjmAckQejqVpEnPg+4aIQz5CF2JuvN3/AH/xk6chSbe1em6t6FuBYmShlz3yymsrK6tbxQ3S1vbO7t75f2DpolTLbAhYhXrdsANKhlhgyQpbCcaeRgobAXjm5nfekRtZBw90CRBP+TDSA6k4GRH7awruGL301654lbdudgyeDlUIFe9V/7s9mORhhiRUNyYjucm5GdckxQKp6VuajDhYsyH2LEY8RCNn833nbKTQawZjZDN37+zGQ+NmYSBzYScRmbRmw3/8zopDa78TEZJShgJG7HeIFWMYjarzfpSoyA1scCFlnZLJkZcc0H2OCVb31ssuwzNs6p3UT2/O6/UrvNDFOEIjuEUPLiEGtxCHRogQMEzvMG7M3aenBfn9SdacPI/h/BHzsc3obKNWA==</latexit>

R

<latexit sha1_base64="W3l3e3Rdt4fxgoYFEoAob9II38Y=">AAAB63icbZDNSgMxFIXv1L9a/6ou3QSL4KrMiKgLhYIbly3YH2yHkknvtKGZzJBkhDL0KXQl6s638QV8G9M6C209qy/3nMA9N0gE18Z1v5zCyura+kZxs7S1vbO7V94/aOk4VQybLBax6gRUo+ASm4YbgZ1EIY0Cge1gfDvz24+oNI/lvZkk6Ed0KHnIGTV29JD1GBWkMb1x++WKW3XnIsvg5VCBXPV++bM3iFkaoTRMUK27npsYP6PKcCZwWuqlGhPKxnSIXYuSRqj9bL7xlJyEsSJmhGT+/p3NaKT1JApsJqJmpBe92fA/r5ua8MrPuExSg5LZiPXCVBATk1lxMuAKmRETC5QpbrckbEQVZcaep2Tre4tll6F1VvUuqueN80rtOj9EEY7gGE7Bg0uowR3UoQkMJDzDG7w7kfPkvDivP9GCk/85hD9yPr4BkumN2A==</latexit>

Q = 0
<latexit sha1_base64="7InszjOuREAukW0kEYykYOd43sQ=">AAAB7nicbZDLSsNAFIZPvNZ6q7p0M1gEN4ZE6mWhUHDjsgV7gTaUyfSkHTq5ODMRSuhr6ErUnQ/jC/g2TmsW2vqvvjn/P3D+4yeCK+04X9bS8srq2npho7i5tb2zW9rbb6o4lQwbLBaxbPtUoeARNjTXAtuJRBr6Alv+6Hbqtx5RKh5H93qcoBfSQcQDzqg2Iy/rMipIfXJz6tjnvVLZsZ2ZyCK4OZQhV61X+uz2Y5aGGGkmqFId10m0l1GpORM4KXZThQllIzrAjsGIhqi8bLb0hBwHsSR6iGT2/p3NaKjUOPRNJqR6qOa96fA/r5Pq4MrLeJSkGiNmIsYLUkF0TKbdSZ9LZFqMDVAmudmSsCGVlGlzoaKp786XXYTmme1e2JV6pVy9zg9RgEM4ghNw4RKqcAc1aACDB3iGN3i3EuvJerFef6JLVv7nAP7I+vgG41mOhg==</latexit>

Q = −0.5
<latexit sha1_base64="S6ky+99G2Ms15XbW7PFbCctTRiY=">AAAB7HicbZDNSgMxFIXv+FvrX9Wlm2AR3FhmpKgLhYIbly3YH5gOJZPetqGZzJBkhDL0LXQl6s6n8QV8G9M6C209qy/3nMA9N0wE18Z1v5yV1bX1jc3CVnF7Z3dvv3Rw2NJxqhg2WSxi1QmpRsElNg03AjuJQhqFAtvh+G7mtx9RaR7LBzNJMIjoUPIBZ9TYkZ91GRWkMb0993qlsltx5yLL4OVQhlz1Xumz249ZGqE0TFCtfc9NTJBRZTgTOC12U40JZWM6RN+ipBHqIJuvPCWng1gRM0Iyf//OZjTSehKFNhNRM9KL3mz4n+enZnAdZFwmqUHJbMR6g1QQE5NZc9LnCpkREwuUKW63JGxEFWXG3qdo63uLZZehdVHxLivVRrVcu8kPUYBjOIEz8OAKanAPdWgCgxie4Q3eHek8OS/O6090xcn/HMEfOR/f/9yOEA==</latexit>

Q = −1
<latexit sha1_base64="eUS7pOIJcPt7rkJYojGWQoGVFpk=">AAAB7nicbZDLSsNAFIZPvNZ6q7p0M1gEN4ZE6mWhUHDjsgV7gTaUyfSkHTq5ODMRSuhr6ErUnQ/jC/g2TmsW2vqvvjn/P3D+4yeCK+04X9bS8srq2npho7i5tb2zW9rbb6o4lQwbLBaxbPtUoeARNjTXAtuJRBr6Alv+6Hbqtx5RKh5H93qcoBfSQcQDzqg2Iy/rMipIfXJz6trnvVLZsZ2ZyCK4OZQhV61X+uz2Y5aGGGkmqFId10m0l1GpORM4KXZThQllIzrAjsGIhqi8bLb0hBwHsSR6iGT2/p3NaKjUOPRNJqR6qOa96fA/r5Pq4MrLeJSkGiNmIsYLUkF0TKbdSZ9LZFqMDVAmudmSsCGVlGlzoaKp786XXYTmme1e2JV6pVy9zg9RgEM4ghNw4RKqcAc1aACDB3iGN3i3EuvJerFef6JLVv7nAP7I+vgG5NmOhw==</latexit>

Q = −1.5
<latexit sha1_base64="aH1jYGJ0lRwp52GwBmFxRETw3ic=">AAAB73icbZDLTgIxFIbPeEW8oS7dNBITN05mDCoLTUjcuIRELgmMpFPOQEPnYtsxIROeQ1dG3fkuvoBvY0EWCv6rr+f/m5z/+IngSjvOl7W0vLK6tp7byG9ube/sFvb2GypOJcM6i0UsWz5VKHiEdc21wFYikYa+wKY/vJn4zUeUisfRnR4l6IW0H/GAM6rN6D7rMCpIbXx96trl826h6NjOVGQR3BkUYaZqt/DZ6cUsDTHSTFCl2q6TaC+jUnMmcJzvpAoTyoa0j22DEQ1Redl06zE5DmJJ9ADJ9P07m9FQqVHom0xI9UDNe5Phf1471UHZy3iUpBojZiLGC1JBdEwm5UmPS2RajAxQJrnZkrABlZRpc6K8qe/Ol12ExpntXtilWqlYuZodIgeHcAQn4MIlVOAWqlAHBhKe4Q3erQfryXqxXn+iS9bszwH8kfXxDWFkjsk=</latexit>

Q = −1.85

<latexit sha1_base64="W3l3e3Rdt4fxgoYFEoAob9II38Y=">AAAB63icbZDNSgMxFIXv1L9a/6ou3QSL4KrMiKgLhYIbly3YH2yHkknvtKGZzJBkhDL0KXQl6s638QV8G9M6C209qy/3nMA9N0gE18Z1v5zCyura+kZxs7S1vbO7V94/aOk4VQybLBax6gRUo+ASm4YbgZ1EIY0Cge1gfDvz24+oNI/lvZkk6Ed0KHnIGTV29JD1GBWkMb1x++WKW3XnIsvg5VCBXPV++bM3iFkaoTRMUK27npsYP6PKcCZwWuqlGhPKxnSIXYuSRqj9bL7xlJyEsSJmhGT+/p3NaKT1JApsJqJmpBe92fA/r5ua8MrPuExSg5LZiPXCVBATk1lxMuAKmRETC5QpbrckbEQVZcaep2Tre4tll6F1VvUuqueN80rtOj9EEY7gGE7Bg0uowR3UoQkMJDzDG7w7kfPkvDivP9GCk/85hD9yPr4BkumN2A==</latexit>

Q = 0
<latexit sha1_base64="oF07eM0RYJX2MB6Ox4Q3AXZ+7s0=">AAAB7XicbZDLSsNAFIZP6q3WW9Wlm8EiuAqJeFsoFNy4bMFeoAllMj1ph04uzEyEEvoYuhJ158v4Ar6N05qFtv6rb87/D5z/BKngSjvOl1VaWV1b3yhvVra2d3b3qvsHbZVkkmGLJSKR3YAqFDzGluZaYDeVSKNAYCcY3838ziNKxZP4QU9S9CM6jHnIGdVm5OUeo4I0p7eOfdGv1hzbmYssg1tADQo1+tVPb5CwLMJYM0GV6rlOqv2cSs2ZwGnFyxSmlI3pEHsGYxqh8vP5zlNyEiaS6BGS+ft3NqeRUpMoMJmI6pFa9GbD/7xepsNrP+dxmmmMmYkYL8wE0QmZVScDLpFpMTFAmeRmS8JGVFKmzYEqpr67WHYZ2me2e2mfN89r9ZviEGU4gmM4BReuoA730IAWMEjhGd7g3UqsJ+vFev2JlqzizyH8kfXxDXeGjk8=</latexit>

Q = 0.5
<latexit sha1_base64="Xc66iYImNS+1BAWZpJTwhQ1865c=">AAAB63icbZDNSgMxFIXv1L9a/6ou3QSL4KrMiKgLhYIbly3YH2yHkknvtKGZzJBkhDL0KXQl6s638QV8G9M6C209qy/3nMA9N0gE18Z1v5zCyura+kZxs7S1vbO7V94/aOk4VQybLBax6gRUo+ASm4YbgZ1EIY0Cge1gfDvz24+oNI/lvZkk6Ed0KHnIGTV29JD1GBWkMb3x+uWKW3XnIsvg5VCBXPV++bM3iFkaoTRMUK27npsYP6PKcCZwWuqlGhPKxnSIXYuSRqj9bL7xlJyEsSJmhGT+/p3NaKT1JApsJqJmpBe92fA/r5ua8MrPuExSg5LZiPXCVBATk1lxMuAKmRETC5QpbrckbEQVZcaep2Tre4tll6F1VvUuqueN80rtOj9EEY7gGE7Bg0uowR3UoQkMJDzDG7w7kfPkvDivP9GCk/85hD9yPr4BlGeN2Q==</latexit>

Q = 1

<latexit sha1_base64="ELha3BYMBFiaZfoSvfOGSRg440I=">AAAB73icbZDLSsNAFIZPvNZ6q7p0M1gEVzUpRV0oFNy4rGAv0MZyMp00QycXZyZCCX0OXYm68118Ad/Gac1CW//VN+f/B85/vERwpW37y1paXlldWy9sFDe3tnd2S3v7LRWnkrImjUUsOx4qJnjEmpprwTqJZBh6grW90fXUbz8yqXgc3elxwtwQhxH3OUVtRvdZD0USYN+ZXDmn1X6pbFfsmcgiODmUIVejX/rsDWKahizSVKBSXcdOtJuh1JwKNin2UsUSpCMcsq7BCEOm3Gy29YQc+7EkOmBk9v6dzTBUahx6JhOiDtS8Nx3+53VT7V+4GY+SVLOImojx/FQQHZNpeTLgklEtxgaQSm62JDRAiVSbExVNfWe+7CK0qhXnrFK7rZXrl/khCnAIR3ACDpxDHW6gAU2gIOEZ3uDderCerBfr9Se6ZOV/DuCPrI9vOPSPVw==</latexit>

α1 = 1/2
<latexit sha1_base64="bIh8y/toVTxgaWvuk2rXp9auGG4=">AAAB7nicbZDLSgNBEEVr4ivGV9Slm8EguIozEnyAQsCNywjmAckQejqVpEnPw+4aIQz5DV2JuvNj/AH/xk6chSbe1em6t6Fu+bEUmhzny8otLa+sruXXCxubW9s7xd29ho4SxbHOIxmpls80ShFinQRJbMUKWeBLbPqjm6nffESlRRTe0zhGL2CDUPQFZ2RGXtrxkVjXnVy7J5fdYskpOzPZi+BmUIJMtW7xs9OLeBJgSFwyrduuE5OXMkWCS5wUOonGmPERG2DbYMgC1F46W3piH/UjZdMQ7dn7dzZlgdbjwDeZgNFQz3vT4X9eO6H+hZeKME4IQ24ixusn0qbInna3e0IhJzk2wLgSZkubD5linMyFCqa+O192ERqnZfesXLmrlKpX2SHycACHcAwunEMVbqEGdeDwAM/wBu9WbD1ZL9brTzRnZX/24Y+sj296zI7q</latexit>

β1 = 1/9
<latexit sha1_base64="1N4eK2KOuJSPMEhdj638F0VAiPM=">AAAB7XicbZDNSgMxFIXv1L9a/6ou3QSL4KrO2KIuFApuXFawP9AZSibNtKHJZEgyQhn6GLoSdefL+AK+jWmdhbae1Zd7TuCeGyacaeO6X05hZXVtfaO4Wdra3tndK+8ftLVMFaEtIrlU3RBryllMW4YZTruJoliEnHbC8e3M7zxSpZmMH8wkoYHAw5hFjGBjR74/xELgm5p3VnP75YpbdedCy+DlUIFczX750x9IkgoaG8Kx1j3PTUyQYWUY4XRa8lNNE0zGeEh7FmMsqA6y+c5TdBJJhcyIovn7dzbDQuuJCG1GYDPSi95s+J/XS010FWQsTlJDY2Ij1otSjoxEs+powBQlhk8sYKKY3RKREVaYGHugkq3vLZZdhvZ51buo1u/rlcZ1fogiHMExnIIHl9CAO2hCCwgk8Axv8O5I58l5cV5/ogUn/3MIf+R8fAMqs44c</latexit>

γ = 31/30
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<latexit sha1_base64="ucUfph2menea3VIBbxcsiElui0w=">AAAB7XicbZDLSsNAFIZP6q3WW9Wlm8EiuAqJeFsoFNy4bMFeoAllMj1ph04uzEyEEvoYuhJ158v4Ar6N05qFtv6rb87/D5z/BKngSjvOl1VaWV1b3yhvVra2d3b3qvsHbZVkkmGLJSKR3YAqFDzGluZaYDeVSKNAYCcY3838ziNKxZP4QU9S9CM6jHnIGdVm5OUeo4I0p7eufdGv1hzbmYssg1tADQo1+tVPb5CwLMJYM0GV6rlOqv2cSs2ZwGnFyxSmlI3pEHsGYxqh8vP5zlNyEiaS6BGS+ft3NqeRUpMoMJmI6pFa9GbD/7xepsNrP+dxmmmMmYkYL8wE0QmZVScDLpFpMTFAmeRmS8JGVFKmzYEqpr67WHYZ2me2e2mfN89r9ZviEGU4gmM4BReuoA730IAWMEjhGd7g3UqsJ+vFev2JlqzizyH8kfXxDXkGjlA=</latexit>

Q = 1.5
<latexit sha1_base64="H8m7T3MUceLIPmelEk5gZzNV20I=">AAAB7XicbZDLSsNAFIZP6q3WW9Wlm8EiuApJqZeFQsGNyxbsBZpQJtPTdujkwsxEKKGPoStRd76ML+DbOK1ZaOu/+ub8/8D5T5AIrrTjfFmFtfWNza3idmlnd2//oHx41FZxKhm2WCxi2Q2oQsEjbGmuBXYTiTQMBHaCyd3c7zyiVDyOHvQ0QT+ko4gPOaPajLzMY1SQ5uy2al/0yxXHdhYiq+DmUIFcjX750xvELA0x0kxQpXquk2g/o1JzJnBW8lKFCWUTOsKewYiGqPxssfOMnA1jSfQYyeL9O5vRUKlpGJhMSPVYLXvz4X9eL9XDaz/jUZJqjJiJGG+YCqJjMq9OBlwi02JqgDLJzZaEjamkTJsDlUx9d7nsKrSrtntp15q1Sv0mP0QRTuAUzsGFK6jDPTSgBQwSeIY3eLdi68l6sV5/ogUr/3MMf2R9fAN6ho5R</latexit>

Q = 2.5

<latexit sha1_base64="jhATiZKP1Wvr0mTAKqd101kwL1c=">AAAB5HicbZDLSgMxFIZPvNZ6q7p0EyxC3ZQZKepKCm5cVrQXaIeSSc+0oZkLSUYoQ99AV6LufCJfwLcxrbPQ1n/15fx/4PzHT6TQxnG+yMrq2vrGZmGruL2zu7dfOjhs6ThVHJs8lrHq+EyjFBE2jTASO4lCFvoS2/74Zua3H1FpEUcPZpKgF7JhJALBmbGj+wo765fKTtWZiy6Dm0MZcjX6pc/eIOZpiJHhkmnddZ3EeBlTRnCJ02Iv1ZgwPmZD7FqMWIjay+arTulpECtqRkjn79/ZjIVaT0LfZkJmRnrRmw3/87qpCa68TERJajDiNmK9IJXUxHTWmA6EQm7kxALjStgtKR8xxbixdyna+u5i2WVonVfdi2rtrlauX+eHKMAxnEAFXLiEOtxCA5rAYQjP8AbvJCBP5IW8/kRXSP7nCP6IfHwDff2K5A==</latexit>

(a)
<latexit sha1_base64="b5kP0CVYJ145RrMPU2sdkR4CSSg=">AAAB5HicbZDLSgMxFIZPvNZ6q7p0EyxC3ZQZKepKCm5cVrQXaIeSSc+0oZkLSUYoQ99AV6LufCJfwLcxrbPQ1n/15fx/4PzHT6TQxnG+yMrq2vrGZmGruL2zu7dfOjhs6ThVHJs8lrHq+EyjFBE2jTASO4lCFvoS2/74Zua3H1FpEUcPZpKgF7JhJALBmbGj+4p/1i+VnaozF10GN4cy5Gr0S5+9QczTECPDJdO66zqJ8TKmjOASp8VeqjFhfMyG2LUYsRC1l81XndLTIFbUjJDO37+zGQu1noS+zYTMjPSiNxv+53VTE1x5mYiS1GDEbcR6QSqpiemsMR0IhdzIiQXGlbBbUj5iinFj71K09d3FssvQOq+6F9XaXa1cv84PUYBjOIEKuHAJdbiFBjSBwxCe4Q3eSUCeyAt5/YmukPzPEfwR+fgGf3yK5Q==</latexit>

(b)

FIG. 3. Stability range hc −h for a vdW gas with γ = 31/30,
α1 = 1/2, and β1 = 1/9 and different degrees of exothermicity
(a) and endothermicity (b).

2. The DK instability range for planar shocks

As commented in previous subsection, the stability
limits of a planar shock can be expressed in terms of
the DK parameter h. For a reactive shock in a vdW gas,
this factor can be analytically derived from (2), (10) and
(11), through the equation

h = −γ1s
M2

1

R2

(

∂P
∂R

)−1

, (20)

while hc is obtained by direct substitution of relationships
(10)-(13) in equation (3).

For the pre-shock and vdW EoS parameter values used
in Refs.3,59 for adiabatic shocks, associated with high gas
compressibility γ = 31/30 with α1 = 1/2, and β1 = 1/9,
the DK instability condition h > hc is met within an in-
terval of shock strengths corresponding to density com-
pressions 2.2586 < R < 3.1482. This is shown in Fig. 3,
where the adiabatic curve hc − h is displayed in dashed
line. The effect of exothermicity (a) and endothermic-
ity (b) is also computed in solid orange and cyan col-
ors, respectively. It is found that increasing the exother-
mic contribution tends to stabilize the shock and so that
for Q > Qc = 2.2285, the condition h > hc is never
met. By contrast, endothermicity does not exhibit a
clear trend. While the range of compression ratios R
at which h > hc can occur increases, there may exist an
inner region where h < hc for sufficiently endothermic
contributions.

The form of the RH curve for the cases displayed in
Fig. 3 is that plotted in Fig. 2 in solid lines. For exother-
mic shocks, the condition h = −1 is marginally achieved
in the CJ limit, where M2 = 1, that corresponds to the
minimum value of R in the red curves of Fig. 3 (and the
maximum value of R−1 in red curves in Fig. 2). For en-
dothermic shocks, we can see that the RH curve flattens
less when Q < 0 for low mass compression ratios, which
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<latexit sha1_base64="E+MQBaHUspg2krpzEXQIkm/G1gY=">AAAB6XicbZDLSgNBEEVr4ivGV9Slm8YguAozIurCRcCNyyjmAckQejqVpEnPg+4aIQz5CF2JuvN3/AH/xk6chSbe1em6t6FuBYmShlz3yymsrK6tbxQ3S1vbO7t75f2DpolTLbAhYhXrdsANKhlhgyQpbCcaeRgobAXjm5nfekRtZBw90CRBP+TDSA6k4GRH7awruGL301654lbdudgyeDlUIFe9V/7s9mORhhiRUNyYjucm5GdckxQKp6VuajDhYsyH2LEY8RCNn833nbKTQawZjZDN37+zGQ+NmYSBzYScRmbRmw3/8zopDa78TEZJShgJG7HeIFWMYjarzfpSoyA1scCFlnZLJkZcc0H2OCVb31ssuwzNs6p3UT2/O6/UrvNDFOEIjuEUPLiEGtxCHRogQMEzvMG7M3aenBfn9SdacPI/h/BHzsc3obKNWA==</latexit>

R
<latexit sha1_base64="E+MQBaHUspg2krpzEXQIkm/G1gY=">AAAB6XicbZDLSgNBEEVr4ivGV9Slm8YguAozIurCRcCNyyjmAckQejqVpEnPg+4aIQz5CF2JuvN3/AH/xk6chSbe1em6t6FuBYmShlz3yymsrK6tbxQ3S1vbO7t75f2DpolTLbAhYhXrdsANKhlhgyQpbCcaeRgobAXjm5nfekRtZBw90CRBP+TDSA6k4GRH7awruGL301654lbdudgyeDlUIFe9V/7s9mORhhiRUNyYjucm5GdckxQKp6VuajDhYsyH2LEY8RCNn833nbKTQawZjZDN37+zGQ+NmYSBzYScRmbRmw3/8zopDa78TEZJShgJG7HeIFWMYjarzfpSoyA1scCFlnZLJkZcc0H2OCVb31ssuwzNs6p3UT2/O6/UrvNDFOEIjuEUPLiEGtxCHRogQMEzvMG7M3aenBfn9SdacPI/h/BHzsc3obKNWA==</latexit>
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↓ Q

FIG. 4. DK parameters h and hc for a vdW gas with
γ = 31/30, α1 = 1/2, and β1 = 1/9 and different degrees
of exothermicity (a) and endothermicity (b), corresponding
to those in Fig.3

turns into higher values of h; an effect that occurs with a
much weaker intensity in ideal gases (b). Although this
explains the increase of h with endothermicity, the insta-
bility limits cannot be uniquely determined the by RH

shape as it also involves the parameter hc. As we see in
Fig. 4, where both h and hc parameters are computed
separately in the same shock conditions as in Fig. 3, the
two functions follow a similar trend in what concerns to
variations in R and Q, yet in some particular conditions
h is slightly higher than hc (shadowed region), thereby
providing instability. This subtle property is what im-
pedes us to isolate effects that could explain the lead to
the DK instability when varying the degree of endother-
micity/exothermicity.

When considering adiabatic shocks, Q = 0, the asymp-
totic sonic condition downstream 1 − M2 # 1 only oc-
curs in the acoustic limit M1−1 # 1. Now, as we admit
an order-of-unity change in the energy factor, these two
limits get decoupled. A distinguished case corresponds to
exothermic shocks in the CJ limit, M2 → 1, where the
Rayleigh-Michelson line, given by (11), is tangent to the
Rankine-Hugoniot curve, determined by (10). In other
words, ∂P/(∂R) in (11) equals the same derivative in
(10), thereby making the DK parameter h = −1.

On the other hand, the case M1 → 1 associated with
endothermic shocks does not provide constant values for
h and M2 but rather functions that depend on the shock
properties:

h(M1 → 1) = − [α1(2β1 + γ − 2) + γ] [−γ +R(2β1 + γ − 1)− 1] /
{

γ(γ +R(2β1 − γ − 3) + 1)

+ α1

[

(γ + 1)(2β1 + γ − 2) + 4(β1 − 1)β1R4 + 2(β1 − 1)(γ − 2)R3 − (γ + 1)R(2β1 + γ − 2)
] }

(21)

and

M2(M1 → 1) =

√

(β1R− 1)(2α1(β1 − 1) + (α1 + 1)γ)

(β1 − 1)γ [α1 (R3 − 2R+ 2) +R] + 2α1(β1 − 1)R3(β1R− 1)− (α1 + 1)γ2(R− 1)
(22)

for the DK parameter and the post-shock Mach number,
respectively. Exploring the possibility of SAE is readily
given by h−hc > 0, where the value of hc as a function of
R is derived from (3) with use made of (22). Unlike the
CJ condition, this limit does not render any condition
qualitatively different to an adiabatic shock.

III. LINEAR STABILITY OF THE NOH’S PROBLEM

Previous section has been devoted to the study of the
stability of an isolated planar shock, where the energy
factor Q is due to internal processes undergoing across
the shock. Besides, only small perturbations have been
considered. That is, the thickness of the non-equilibrium
region is much smaller than the perturbation transverse
wavelength and the displacement of the shock from its
planar flat shape is also much smaller than the pertur-
bation wavelength. This warrants the decoupling of the
perturbation modes into vortical, entropic and acoustic,

upon which the perturbation analysis relies. In our case,
either upstream or downstream flow variables are sub-
ject to isentropic transformations of acoustic type. The
source of irreversible transformations, that will take the
form of entropic and vortical spots downstream, are only
generated across the shock.

Likewise for the expanding shock problem, the en-
dothermic and exothermic effects triggered by the shock
passage are assumed to occur in an infinitesimal thick-
ness region attached to the shock, thereby allowing the
reactive shock be treated as a moving discontinuity. As
the Noh problem is scale free, there is no externally im-
posed length affecting the flow dynamics. Accordingly,
the equations that govern the flow outside the shock are
the linear inviscid non-reactive Euler conservation equa-
tions, namely

∂ρ

∂t
+∇ · (ρv) = 0, (23)
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∂v

∂t
+ v ·∇v +

1

ρ
∇p = 0, (24)

∂p

∂t
+ v ·∇p = c2

(

∂ρ

∂t
+ v ·∇ρ

)

, (25)

where ρ(x, t), v(x, t), p(x, t) and c(x, t) stand for the
density, the velocity, the pressure and the speed of sound,
respectively, as functions of the Eulerian coordinate x

and the time t.
Equations (23) and (24) refer to the conservation of

mass and momentum, respectively, while (25) refers to
the conservation of entropy of the fluid particles. The
speed of sound is related to the isentropic condition as-
sociated with the flow perturbations. It can be deter-
mined with the aid of the equation of state expressing
the specific internal energy as a function of density and
pressure c = c(p, ρ), as shown in (8) for the vdW EoS.
Note that (25) should be correspondingly modified when
finite-rate reaction processes are considered behind the
shock, which would call for an additional relationship to
describe the reaction progress rate and the net energy
released/substracted in the process q. In such case, the
shock would be simply described with the correspond-
ing adiabatic Rankine-Hugoniot curve. It is readily seen
that finite-rate reaction processes cannot be neglected at
the first stage of the shock expansion, where the shock
radius is comparable to the reaction region. Then, the
case considered in this work reduces to an intermediate
asymptotic regime where the shock radius is sufficiently
large compared to the reaction region. Regarding the
perturbation analysis derived below, an additional con-
dition is that the shock corrugation amplitude must be
much smaller than the shock radius, yet much larger than
the reaction zone.

A. Generalized Noh problem for reactive shocks

The general Noh problem is formulated as follows. At
t = 0−, an infinite space is filled with a uniform material
whose density and pressure are denoted by ρ0 and p0.
Its initial velocity is supersonic, it has the same absolute
value v0 everywhere, and it is directed at each point to
the plane, axis, or center of symmetry in the cases of pla-
nar, cylindrical, or spherical symmetry, respectively. The
1D accretion-shock flow emerging after t = 0+, maintains
its initial planar, cylindrical, or spherical symmetry. We
need to determine the preshock profiles of density, pres-
sure, and velocity and calculate the strength of the ex-
panding shock wave and the postshock conditions, for
which the integration of (23)-(25) is initiated with

ρ1(r, t = 0) = ρ0, (26a)

p1(r, t = 0) = p0, (26b)

v1(r, t = 0) = −v0er, (26c)

where x = rer and er is a unit vector in the positive
radial direction. Subscript 1 refers to variable conditions

FIG. 5. Sketch of the generalized Noh problem at t = 0 (a)
and t > 0 (b).

in the whole domain ahead of the shock front. A sketch
of the generalized Noh problem is depicted in Fig.5.

The lack of scales justifies the definition of the self-
similar coordinate

ξ =
r

v0t
(27)

to describe the converging flow. By direct substitution
in the system of equations (23)-(25), the mass, the ra-
dial momentum, and the energy conservation equations
are rewritten as a system of differential equations for ξ,
namely

(v1 − ξv0)
d ln ρ1
dξ

+
dv1
dξ

+
(ν − 1)v1

ξ
= 0, (28a)

(v1 − ξv0)
dv1
dξ

+
1

ρ1

dp1
dξ

= 0, (28b)

dp1
dξ

− c21
dρ1
dξ

= 0. (28c)

The coefficient ν represents the geometry. The case ν =
1 denotes a planar geometry that renders a trivial flat-
profile behaviour, and ν = 2 and ν = 3 refer to the
cylindrical and spherical geometries, respectively, which
provide a variable flow as a result of the inwards mass
accumulation.

Equations (28a)-(28c) are supplemented with the equa-
tion for the speed of sound c1 = c(p1, ρ1), to be deter-
mined with (8), and the associated boundary conditions

v1(ξ → ∞)

v0
=

ρ1(ξ → ∞)

ρ0
=

p1(ξ → ∞)

p0
= 1 (29)

that impose the flow properties relatively far from the
center at a given time frame r ' v0t. Notice that
c1(ξ → ∞) = c0. However, the integration of (28a)-(28c)
does not provide a physically meaningful solution in the
whole domain ξ > 0. The solution calls for the consid-
eration of an expanding shock that emerges at t = 0+

and puts the downstream flow at rest. The shock moves
at constant speed vs and always encounters the same
properties upstream since both shock position and up-
stream variable rate of change are linearly proportional to
t, thereby rendering uniform flow variables downstream.
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The velocity of the shock vs is to be determined, which
translates into obtaining the position of the shock in the
self-similar coordinate ξs = vs/v0. This can be done with
the aid of the RH equations across the shock, (6a)-(6c),
where upstream conditions are evaluated at the front po-
sition u1(ξs) = ξsv0 − v1(ξs), ρ1 = ρ1(ξs), p1 = p1(ξs)
and downstream velocity measured at the shock is u2 =
u1(ξs)−ξsv0. The endothermic and exothermic processes
are assumed to occur within the shock front, thereby not
involving any additional scale. In what respect to the re-
semblance with detonations, notice that the present work
omits its direct initiation, which is still an open problem
in combustion theory102,103.
In sum, equations (28a)-(28c), subject to (6a)-(6c),

comprise three independent equations for ρ2, p2, and
ξs (or vs), thereby providing the necessary informa-
tion to compute the flow variables in the whole domain
0 ≤ ξ < ∞. Note that (28a)-(28c) can be written in the
form

d ln v

d ln ξ
= (ν − 1)

c2

(ξv0 − v)2 − c2
, (30a)

d ln ρ

d ln ξ
= −(ν − 1)

v(ξv0 − v)

(ξv0 − v)2 − c2
, (30b)

d ln p

d ln ξ
= −(ν − 1)

v(ξv0 − v)

(ξv0 − v)2 − c2
ρc2

p
, (30c)

knowing the value of the variables p, ρ, and v at any
position implies knowing the r.h.s. in (30a)-(30c) that
corresponds to the rate of change for each of the variables.
This is convenient when one needs to solve the problem
backwards: determining the conditions at ξ → ∞ that
provides some particular properties at the shock, e.g.,
Chapman-Jouget condition M2 = 1. Properties in the
the stagnant zone 0 < ξ < ξs are uniform and correspond
to those right behind the shock ρ2, p2, and upstream flow
conditions ξs < ξ < ∞ are those given by (30a)-(30c).
An example of the solution for reactive Noh problem

is displayed in Fig. 6 for the spherical case ν = 3 in a van
der Waals gas with α0 = aρ20/p0 = 0.1, β0 = bρ0 = 0.01,
and γ = 7/5. The far-field Mach number is fixed to
M0 = vo/c0 = 2.5 and the dimensionless energy term
Q = qρ1s/p1s is varied. Since the upstream compression
process is assumed isentropic and adiabatic, the factor Q
does not affect the upstream profiles, but it does affect
the shock position ξs. With respect to the non-reactive
case Q = 0, the endothermic case, computed with Q =
−1, renders a lower value of ξs (slower propagation speed)
and higher values of pressure and density downstream.
By way of contrast, the exothermic case, computed with
the highest value of energy released given by the sonic
flow downstream (vs = c2), which corresponds to Q =
16.3 for the given upstream conditions, renders a higher
value of ξs (higher propagation speed) and lower values
of pressure and density downstream resulting from the
expansion of hot products.

The expanding CJ-detonation resembles the clas-
sic Zel’dovich-Taylor (ZT) detonation104,105, which de-
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FIG. 6. Dimensionless pressure, density and velocity profiles
for the spherical Noh problem (ν = 3) in a van der Waals gas
with α0 = aρ20/p0 = 0.1, β0 = bρ0 = 0.01 and γ = 7/5, with
initial Mach number M0 = 2.5 and different values of Q.

scribes the self-similar flow structure behind a constant-
velocity CJ detonation originated at the center without
an external initiating energy. As in the reactive Noh
problem, the steadiness of the expanding wave makes the
flow downstream homentropic. However, in the ZT det-
onation, the compressed gas zone can be split into two
distinguished zones separated by a weak discontinuity: a
stagnant gas flow for the inner region and a rarefaction-
like profile for the region between the weak discontinuity
and the detonation wave106. In our case, since there is
an incoming flow converging ahead of the shock, a uni-
form, resting stagnant gas can be produced immediately
behind the shock, as in the classic Noh solution. Our
stability analysis is not applicable to ZT flows involving
a centered rarefaction wave behind the CJ detonation
front.

B. Linear perturbation analysis

The perturbation analysis presented next closely fol-
lows Ref.59, where a detailed explanation is given. We
then restrict the problem formulation and resolution to
its minimum definitions, to focus on the effect of en-
dothermcity and exothermicity. For a spherical geome-
try, the perturbed shock-front position δrs = rs(θ,ϕ, t)−
vst is written in terms of spherical harmonics, i.e.,

δrs
vst

= ε
∑

l,m

ζl,m

(

t

t0

)σl,m

Y m
l (θ,ϕ), (31)
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where vs and vst correspond to the unperturbed shock
velocity and radial position of the shock, respectively,
and θ ∈ [0,π] and ϕ ∈ [0, 2π] stand for the polar
and azimuthal angles, respectively. The term propor-
tional to the small-amplitude parameter ε ( 1 includes
Y m
l (θ,ϕ) = Pm

l (cos θ) exp(imϕ), where Pm
l is the asso-

ciated (generalized) Legendre function with l and m ≤ l
referring to the polar and azimuthal integer mode num-
bers. The complex amplitude of a given eigenmode is
denoted by ζl,m. The lack of scales dictates the power-
law dependence (t/t0)σ, where t0 is an arbitrary temporal
parameter used to provide dimensional consistency and
σl,m = σ = σR + iσI is the complex dimensionless eigen-
value. The stability condition then reduces to σR ≤ 0. A
sketch of the spherical (a) and cylindrical (b) perturbed
shocks is presented in Fig. 7.

Since all irreversible processes take place right behind
the shock, within a zone of negligible thickness, the per-
turbations at the post-shock flow are governed by the lin-
earized scale-free Euler equations, thereby imposing the
perturbations δρ = ρ(θ,ϕ, η, t)−ρ2, δp = p(θ,ϕ, η, t)−p2,
δv = vr(θ,ϕ, η, t) for the density, pressure and radial
velocity disturbances. For convenience, the variable
δd = r∇⊥ · δv⊥(θ,ϕ, η, t) is introduced, which involves
the components of the transverse velocity perturbations
δv⊥ = δvθeθ + δvϕeϕ. Separation of variables dictates

ρ̄ =
δρ

ρ2
= ε

∑

l,m

(

t

t0

)σ

G(η)Y m
l (θ,ϕ), (32a)

p̄ =
δp

ρ2c22
= ε

∑

l,m

(

t

t0

)σ

P (η)Y m
l (θ,ϕ), (32b)

v̄r =
δv

c2
= ε

∑

l,m

(

t

t0

)σ

V (η)Y m
l (θ,ϕ), (32c)

d̄ =
δd

c2
= ε

∑

l,m

(

t

t0

)σ

D(η)Y m
l (θ,ϕ), (32d)

as the functional dependence of the perturbed flow vari-
ables, which are all proportional to (t/t0)σ along any
constant-speed trajectory, for example, at the shock po-
sition rs = vst. This is because the corresponding eigen-
functions G(η), P (η), V (η) and D(η), are to be deter-
mined. They depend on the self-similar variable that is
conveniently constructed with the speed of sound in the
compressed gas

η =
r

c2t
, (33)

which satisfies η = M2ξ/ξs.
The main mode number j ≥ 0 is used to unify the no-

tation for both cylindrical and spherical geometries. The
former is given by ν = 2 and j = m and the latter is
represented by ν = 3 and j = l. The substitution of the
perturbed variables (32a)-(32d) into the Euler equations
(23)-(25) yields a system of first-order differential equa-

FIG. 7. Sketch of the spherical (a) and cylindrical (b) per-
turbed shocks. The perturbation amplitude is purposely mag-
nified to facilitate its visualization.

tions that only involve geometrical parameters, ν and j:
(

σ − η
d

dη

)

G+
dV

dη
+

(ν − 1)V

η
+

D

η
= 0, (34a)

(

σ − η
d

dη

)

V +
dP

dη
= 0, (34b)

(

σ − η
d

dη

)

D − j(j + ν − 2)
P

η
= 0, (34c)

(

σ − η
d

dη

)

(G− P ) = 0. (34d)

The integration of (34a)-(34d) to obtain G(η), V (η)
P (η) and D(η) must be carried out with the aid of the
boundary condition at the shock front, given by the four
linearized conservation equations corresponding to the
conservation of mass, radial momentum, tangential mo-
mentum and energy. After some straightforward algebra,
they can be rewritten as

Ps =
M2

2 (R− 1)

R
2(σ + ν)−R(ν − 1) (1 + h1)

1 + h
, (35a)

Gs = −
R− 1

R
2h(σ + ν)−R(ν − 1) (h− h1)

1 + h
, (35b)

Ds = M2 (R− 1) j(j + ν − 2), (35c)

Vs =
M2 (R− 1)

R

×
(1− h)(σ + ν) +R(ν − 1) (h− h1)

1 + h
, (35d)

for the values of the sought eigenfunctions at η = M2.
The shock boundary condition assumes that the thick-

ness of the non-equilibrium region is much smaller than
the perturbation wavelength (thin shock limit), with the
latter being much greater than the shock perturbation
amplitude (linear theory).

The upstream flow is not uniform. A relatively ad-
vanced position of the shock will find lower density, lower
pressure and higher velocity, as seen in Fig. 6. The op-
posite occurs for a local retarded position of the dis-
torted shock. This affects the mass, radial and energy
entrainment at the shock at a given shock location and
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time. The influence of the upstream flow variations is
accounted in the factor

h1 =
h

M2
1 − 1

[

1

c2s1

∂p2
∂ρ1s

∣

∣

∣

∣

ρ2,p1s

+
∂p2
∂p1s

∣

∣

∣

∣

ρ2,ρ1s

]

, (36)

which takes the following form:

h1 =
M2

1

R2 (M2
1 − 1)

(

∂P
∂R

)−1 [

R
∂P
∂R

− β1
∂P
∂β1

+ (γ1s − 2)α1
∂P
∂α1

− γ1sP +Q(γ1s − 1)
∂P
∂Q

]

(37)

for a reactive shock in a vdW gas. The partial derivatives
of the pressure function P with respect to the dependent
variables can be explicitly written with the aid of (10).

The Euler equations only involve geometrical param-
eters ν and j, but the Rankine-Hugoniot equations in-
troduce four additional parameters: R, M2, h and h1.
They are similar to those shown in Ref.59, the difference
relies on the values of the variables defining the shock
properties for a given shock condition. For example, for
an ideal gas, the four parameters can be expressed in
terms of γ and M1, which means that two of them can
be expressed, either explicitly or implicitly, as a function
of the other two. For an ideal gas with a constant en-
ergy factor Q, three parameters are needed to calculate
R, M2, h and h1. For a vdW EoS, either adiabatic or
not, all four of them are independent parameters.

The integration of (34a)-(34d) can be done analyti-
cally following the procedure detailed in Refs.59,69 which
can be summarized as follows. The pressure eigenfunc-
tion is only of acoustic type, while the density and ve-
locity eigenfunctions are split into acoustic and entropic
for the former and acoustic and vortical for the latter.
The acoustic mode corresponds to reverberating waves
whose amplitude in each fluid particle is time dependent.
On the other hand, the entropic and vortical perturba-
tions in each fluid particle are constant, their respective
values being determined at the instant of this particle’s
passage through the shock front, after which its unper-
turbed radial position remains r = vst. In sum, the in-
tegration of (34a)-(34d) with the boundary condition at
η = M2, can be used to compute the value of the three
mode amplitudes and the eigenvalue σ, with the latter
being determined by the dispersion relationship

R(ν − 1)− σ − ν +Rj(j + ν − 2)

σ + ν + j − 1
F+
1s

=
R(ν − 1) (1 + h1)− 2(σ + ν)

(1 + h) (σ + ν − 1)
F−
1s, (38)

where the functions F+
1s and F−

1s, which refer to the Gauss
hypergeometric functions evaluated at the shock front,
can be defined conjointly as

F±
1s = 2F1

(

j − σ

2
,
j ± 1− σ

2
; j +

ν

2
; η2 = M2

2

)

. (39)

IV. THE EIGENVALUES POOL

The eigenvalue σ that is solution of (38) can be com-
puted numerically. For each combination of parameters
ν and j, R, M2, h and h1 there exists an infinite num-
ber of complex conjugate eigenvalues satisfying (38). We
define the radial mode number n that corresponds to the
different eigenmodes, for a given value of j, in the order
of increasing σI.

In order to study the effect of endothermicity and
exothermicity in the unstable range h > hc, as done for
the planar isolated shock in Fig. 3, we choose the same
gas properties as those employed by Refs.3,59 associated
with a highly compressible vdW gas with γ = 31/30,
α1 = 1/2, and β1 = 1/9. Thus, Fig. 8 displays the first
seven (lowest frequencies) values of σ with three different
values of the dimensionless energy factor corresponding
to adiabatic Q = 0, endothermic Q = −1/2 and exother-
mic cases Q = 1/2. The perturbation mode numbers are
j = 10, j = 125, j = 200, and j = 350, from left to right.
Mode numbers are chosen to give four different results,
presented as they progressively follow one another as the
mode number increases: all are stable cases (a), only
the endothermic case is unstable (b), only the exother-
mic case is stable (c), and all are unstable cases (d). It
is observed that eigenvalues are all stable for low mode
numbers, even if condition h > hc is satisfied. This is be-
cause of the stabilizing effect of the expanding domain.
In contrast to what happens in planar shock geometry,
in cylindrical or spherical configurations the expansion of
the front attenuates the amplitude of the acoustic waves
reaching the shock from behind. As j increases the ex-
pansion effect weakens and the set of complex eigenvalues
moves to the positive half-plane σR > 0, being that asso-
ciated with the lowest oscillation frequency the one that
crosses first the axis σR = 0, thereby setting the stabil-
ity threshold. If we were analyzing a case with h < hc,
the crossing to the positive half space will never occur,
i.e., h > hc is a necessary, but not sufficient, condition
for shock instability because the mode number j must
be sufficiently large. Similar computations in spherical
geometry shows a qualitatively similar picture, but the
required mode numbers to get the four different cases are
higher as the stabilizing effect of shock divergence is more
pronounced for ν = 3.

In what concerns the effect of endothermic-
ity/exothermicity, it is found that endothermic shocks
Q < 0 are the first to become unstable with the same
EoS properties and shock compression ratio. Then
follows the adiabatic Q = 0 and the exothermic Q > 0
cases, in agreement with Fig. 3 for planar shocks. By
increasing the mode number we can find multiple poles
in the region σR > 0, although the first to cross is the
one with the largest σR and therefore, the dominant one.
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<latexit sha1_base64="1+5eIvFAkXLVKBz1czc0bd1ujiQ=">AAAB+3icbVDLSsNAFL2pr1pfUTeCm8EiuCqJFHUlBTe6q2Af0IQwmU7asTNJmJkIJcSf0ZWoO//CH/BvnNYutPWszr3nXLjnhClnSjvOl1VaWl5ZXSuvVzY2t7Z37N29tkoySWiLJDyR3RAryllMW5ppTruppFiEnHbC0dVE7zxQqVgS3+lxSn2BBzGLGMHarAL7wIskJrmn2EDgIPekQDdFkd8XgV11as4UaJG4M1KFGZqB/en1E5IJGmvCsVI910m1n2OpGeG0qHiZoikmIzygPUNjLKjy82mCAh1HiUR6SNF0/u3NsVBqLELjEVgP1bw2Wf6n9TIdXfg5i9NM05gYi9GijCOdoEkRqM8kJZqPDcFEMvMlIkNsytCmroqJ786HXSTt05p7Vqvf1quNy1kRZTiEIzgBF86hAdfQhBYQeIRneIN3q7CerBfr9cdasmY3+/AH1sc35zyU7w==</latexit>

σI

j

<latexit sha1_base64="1+5eIvFAkXLVKBz1czc0bd1ujiQ=">AAAB+3icbVDLSsNAFL2pr1pfUTeCm8EiuCqJFHUlBTe6q2Af0IQwmU7asTNJmJkIJcSf0ZWoO//CH/BvnNYutPWszr3nXLjnhClnSjvOl1VaWl5ZXSuvVzY2t7Z37N29tkoySWiLJDyR3RAryllMW5ppTruppFiEnHbC0dVE7zxQqVgS3+lxSn2BBzGLGMHarAL7wIskJrmn2EDgIPekQDdFkd8XgV11as4UaJG4M1KFGZqB/en1E5IJGmvCsVI910m1n2OpGeG0qHiZoikmIzygPUNjLKjy82mCAh1HiUR6SNF0/u3NsVBqLELjEVgP1bw2Wf6n9TIdXfg5i9NM05gYi9GijCOdoEkRqM8kJZqPDcFEMvMlIkNsytCmroqJ786HXSTt05p7Vqvf1quNy1kRZTiEIzgBF86hAdfQhBYQeIRneIN3q7CerBfr9cdasmY3+/AH1sc35zyU7w==</latexit>

σI

j

<latexit sha1_base64="1+5eIvFAkXLVKBz1czc0bd1ujiQ=">AAAB+3icbVDLSsNAFL2pr1pfUTeCm8EiuCqJFHUlBTe6q2Af0IQwmU7asTNJmJkIJcSf0ZWoO//CH/BvnNYutPWszr3nXLjnhClnSjvOl1VaWl5ZXSuvVzY2t7Z37N29tkoySWiLJDyR3RAryllMW5ppTruppFiEnHbC0dVE7zxQqVgS3+lxSn2BBzGLGMHarAL7wIskJrmn2EDgIPekQDdFkd8XgV11as4UaJG4M1KFGZqB/en1E5IJGmvCsVI910m1n2OpGeG0qHiZoikmIzygPUNjLKjy82mCAh1HiUR6SNF0/u3NsVBqLELjEVgP1bw2Wf6n9TIdXfg5i9NM05gYi9GijCOdoEkRqM8kJZqPDcFEMvMlIkNsytCmroqJ786HXSTt05p7Vqvf1quNy1kRZTiEIzgBF86hAdfQhBYQeIRneIN3q7CerBfr9cdasmY3+/AH1sc35zyU7w==</latexit>

σI

j

<latexit sha1_base64="1+5eIvFAkXLVKBz1czc0bd1ujiQ=">AAAB+3icbVDLSsNAFL2pr1pfUTeCm8EiuCqJFHUlBTe6q2Af0IQwmU7asTNJmJkIJcSf0ZWoO//CH/BvnNYutPWszr3nXLjnhClnSjvOl1VaWl5ZXSuvVzY2t7Z37N29tkoySWiLJDyR3RAryllMW5ppTruppFiEnHbC0dVE7zxQqVgS3+lxSn2BBzGLGMHarAL7wIskJrmn2EDgIPekQDdFkd8XgV11as4UaJG4M1KFGZqB/en1E5IJGmvCsVI910m1n2OpGeG0qHiZoikmIzygPUNjLKjy82mCAh1HiUR6SNF0/u3NsVBqLELjEVgP1bw2Wf6n9TIdXfg5i9NM05gYi9GijCOdoEkRqM8kJZqPDcFEMvMlIkNsytCmroqJ786HXSTt05p7Vqvf1quNy1kRZTiEIzgBF86hAdfQhBYQeIRneIN3q7CerBfr9cdasmY3+/AH1sc35zyU7w==</latexit>

σI

j

<latexit sha1_base64="Nr9mbSmhVfHuAUM98ADZRt9YrSA=">AAAB73icbZC9TsMwFIVvyl8pfwVGFosKialKEAImVImFsSD6IzWhctzb1qqdBNtBqqI+B0wI2HgXXoC3wS0ZoOVMn+85lu65YSK4Nq775RSWlldW14rrpY3Nre2d8u5eU8epYthgsYhVO6QaBY+wYbgR2E4UUhkKbIWjq6nfekSleRzdmXGCgaSDiPc5o8aO7n3NB5J2M19Jcjvplitu1Z2JLIKXQwVy1bvlT78Xs1RiZJigWnc8NzFBRpXhTOCk5KcaE8pGdIAdixGVqINstvWEHPVjRcwQyez9O5tRqfVYhjYjqRnqeW86/M/rpKZ/EWQ8SlKDEbMR6/VTQUxMpuVJjytkRowtUKa43ZKwIVWUGXuikq3vzZddhOZJ1Turnt6cVmqX+SGKcACHcAwenEMNrqEODWCg4Bne4N15cJ6cF+f1J1pw8j/78EfOxzdNV5AR</latexit>

σR
<latexit sha1_base64="Nr9mbSmhVfHuAUM98ADZRt9YrSA=">AAAB73icbZC9TsMwFIVvyl8pfwVGFosKialKEAImVImFsSD6IzWhctzb1qqdBNtBqqI+B0wI2HgXXoC3wS0ZoOVMn+85lu65YSK4Nq775RSWlldW14rrpY3Nre2d8u5eU8epYthgsYhVO6QaBY+wYbgR2E4UUhkKbIWjq6nfekSleRzdmXGCgaSDiPc5o8aO7n3NB5J2M19Jcjvplitu1Z2JLIKXQwVy1bvlT78Xs1RiZJigWnc8NzFBRpXhTOCk5KcaE8pGdIAdixGVqINstvWEHPVjRcwQyez9O5tRqfVYhjYjqRnqeW86/M/rpKZ/EWQ8SlKDEbMR6/VTQUxMpuVJjytkRowtUKa43ZKwIVWUGXuikq3vzZddhOZJ1Turnt6cVmqX+SGKcACHcAwenEMNrqEODWCg4Bne4N15cJ6cF+f1J1pw8j/78EfOxzdNV5AR</latexit>

σR
<latexit sha1_base64="Nr9mbSmhVfHuAUM98ADZRt9YrSA=">AAAB73icbZC9TsMwFIVvyl8pfwVGFosKialKEAImVImFsSD6IzWhctzb1qqdBNtBqqI+B0wI2HgXXoC3wS0ZoOVMn+85lu65YSK4Nq775RSWlldW14rrpY3Nre2d8u5eU8epYthgsYhVO6QaBY+wYbgR2E4UUhkKbIWjq6nfekSleRzdmXGCgaSDiPc5o8aO7n3NB5J2M19Jcjvplitu1Z2JLIKXQwVy1bvlT78Xs1RiZJigWnc8NzFBRpXhTOCk5KcaE8pGdIAdixGVqINstvWEHPVjRcwQyez9O5tRqfVYhjYjqRnqeW86/M/rpKZ/EWQ8SlKDEbMR6/VTQUxMpuVJjytkRowtUKa43ZKwIVWUGXuikq3vzZddhOZJ1Turnt6cVmqX+SGKcACHcAwenEMNrqEODWCg4Bne4N15cJ6cF+f1J1pw8j/78EfOxzdNV5AR</latexit>

σR
<latexit sha1_base64="Nr9mbSmhVfHuAUM98ADZRt9YrSA=">AAAB73icbZC9TsMwFIVvyl8pfwVGFosKialKEAImVImFsSD6IzWhctzb1qqdBNtBqqI+B0wI2HgXXoC3wS0ZoOVMn+85lu65YSK4Nq775RSWlldW14rrpY3Nre2d8u5eU8epYthgsYhVO6QaBY+wYbgR2E4UUhkKbIWjq6nfekSleRzdmXGCgaSDiPc5o8aO7n3NB5J2M19Jcjvplitu1Z2JLIKXQwVy1bvlT78Xs1RiZJigWnc8NzFBRpXhTOCk5KcaE8pGdIAdixGVqINstvWEHPVjRcwQyez9O5tRqfVYhjYjqRnqeW86/M/rpKZ/EWQ8SlKDEbMR6/VTQUxMpuVJjytkRowtUKa43ZKwIVWUGXuikq3vzZddhOZJ1Turnt6cVmqX+SGKcACHcAwenEMNrqEODWCg4Bne4N15cJ6cF+f1J1pw8j/78EfOxzdNV5AR</latexit>

σR

<latexit sha1_base64="jxsbCN10trNPyS5Ptu8SFTPPY4E=">AAAB5nicbZDLTsJAFIZP8YZ4Q126mUhMXJFW8bLRkLhxiYkFEmjIdDiFkeklM1MT0vAKujLqzgfyBXwbB+xCwX/1zfn/Sc5//ERwpW37yyosLa+srhXXSxubW9s75d29popTydBlsYhl26cKBY/Q1VwLbCcSaegLbPmjm6nfekSpeBzd63GCXkgHEQ84o9qM3Ier0zO7V67YVXsmsghODhXI1eiVP7v9mKUhRpoJqlTHsRPtZVRqzgROSt1UYULZiA6wYzCiISovmy07IUdBLIkeIpm9f2czGio1Dn2TCakeqnlvOvzP66Q6uPQyHiWpxoiZiPGCVBAdk2ln0ucSmRZjA5RJbrYkbEglZdpcpmTqO/NlF6F5UnXOq7W7WqV+nR+iCAdwCMfgwAXU4RYa4AIDDs/wBu/W0HqyXqzXn2jByv/swx9ZH9+cgYuF</latexit>

j = 350
<latexit sha1_base64="3uQZyWE3wUppgCk5a3XKALuMsMs=">AAAB5nicbZDNTsJAFIVv8Q/xD3XpZiIxcUVaYtSNhsSNS0wskEBDpsMtHZn+ZGZqQhpeQVdG3flAvoBv44BdKHhW39xzJrnn+qngStv2l1VaWV1b3yhvVra2d3b3qvsHbZVkkqHLEpHIrk8VCh6jq7kW2E0l0sgX2PHHNzO/84hS8SS+15MUvYiOYh5wRrUZuQ9XDdseVGt23Z6LLINTQA0KtQbVz/4wYVmEsWaCKtVz7FR7OZWaM4HTSj9TmFI2piPsGYxphMrL58tOyUmQSKJDJPP372xOI6UmkW8yEdWhWvRmw/+8XqaDSy/ncZppjJmJGC/IBNEJmXUmQy6RaTExQJnkZkvCQiop0+YyFVPfWSy7DO1G3Tmvn92d1ZrXxSHKcATHcAoOXEATbqEFLjDg8Axv8G6F1pP1Yr3+REtW8ecQ/sj6+AaThot/</latexit>

j = 200
<latexit sha1_base64="eDr9A79PsVAonvRzsDnYDezHU3w=">AAAB5nicbZDLTsJAFIZP8YZ4Q126mUhMXJGW4GWjIXHjEhMLJNCQ6XAKI9NLZqYmpOEVdGXUnQ/kC/g2DtiFgv/qm/P/k5z/+IngStv2l1VYWV1b3yhulra2d3b3yvsHLRWnkqHLYhHLjk8VCh6hq7kW2Ekk0tAX2PbHNzO//YhS8Ti615MEvZAOIx5wRrUZuQ9XTu2sX67YVXsusgxODhXI1eyXP3uDmKUhRpoJqlTXsRPtZVRqzgROS71UYULZmA6xazCiISovmy87JSdBLIkeIZm/f2czGio1CX2TCakeqUVvNvzP66Y6uPQyHiWpxoiZiPGCVBAdk1lnMuASmRYTA5RJbrYkbEQlZdpcpmTqO4tll6FVqzrn1fpdvdK4zg9RhCM4hlNw4AIacAtNcIEBh2d4g3drZD1ZL9brT7Rg5X8O4Y+sj2+ceouF</latexit>

j = 125
<latexit sha1_base64="P94qxBJIAONIKhI5T7Ks49/yf8I=">AAAB5XicbZDLSsNAFIZP6q3WW9Wlm8EiuCqJFHWjFNy4rGAv0IYymZ40YycXZiZCCX0EXYm684V8Ad/GSc1CW//VN+f/B85/vERwpW37yyqtrK6tb5Q3K1vbO7t71f2DjopTybDNYhHLnkcVCh5hW3MtsJdIpKEnsOtNbnK/+4hS8Ti619ME3ZCOI+5zRnU+erhy7GG1ZtftucgyOAXUoFBrWP0cjGKWhhhpJqhSfcdOtJtRqTkTOKsMUoUJZRM6xr7BiIao3Gy+64yc+LEkOkAyf//OZjRUahp6JhNSHahFLx/+5/VT7V+6GY+SVGPETMR4fiqIjklemYy4RKbF1ABlkpstCQuopEybw1RMfWex7DJ0zurOeb1x16g1r4tDlOEIjuEUHLiAJtxCC9rAIIBneIN3a2w9WS/W60+0ZBV/DuGPrI9vJHqLRA==</latexit>

j = 10

<latexit sha1_base64="fYp3AZriA7D7eBInOyyjr00eCi4=">AAAB63icbZDNSgMxFIXv1L9a/6ou3QSL4KrMiKgbpeDGZQv2B9uhZNI7bWgmMyQZoQx9Cl2JuvNtfAHfxrTOQlvP6ss9J3DPDRLBtXHdL6ewsrq2vlHcLG1t7+zulfcPWjpOFcMmi0WsOgHVKLjEpuFGYCdRSKNAYDsY38789iMqzWN5byYJ+hEdSh5yRo0dPWQ9RgVpTK/dfrniVt25yDJ4OVQgV71f/uwNYpZGKA0TVOuu5ybGz6gynAmclnqpxoSyMR1i16KkEWo/m288JSdhrIgZIZm/f2czGmk9iQKbiagZ6UVvNvzP66YmvPIzLpPUoGQ2Yr0wFcTEZFacDLhCZsTEAmWK2y0JG1FFmbHnKdn63mLZZWidVb2L6nnjvFK7yQ9RhCM4hlPw4BJqcAd1aAIDCc/wBu9O5Dw5L87rT7Tg5H8O4Y+cj2+Tg43a</latexit>

Q = 0
<latexit sha1_base64="NVhsM92037+1UTzhbnzcxPOGvY0=">AAAB7XicbZDLSsNAFIZP6q3WW9Wlm8EiuAqJeNsoBTcuW7AXaEKZTE/aoZMLMxOhhD6GrkTd+TK+gG/jtGahrf/qm/P/A+c/QSq40o7zZZVWVtfWN8qbla3tnd296v5BWyWZZNhiiUhkN6AKBY+xpbkW2E0l0igQ2AnGdzO/84hS8SR+0JMU/YgOYx5yRrUZebnHqCDN6Y1jX/SrNcd25iLL4BZQg0KNfvXTGyQsizDWTFCleq6Taj+nUnMmcFrxMoUpZWM6xJ7BmEao/Hy+85SchIkkeoRk/v6dzWmk1CQKTCaieqQWvdnwP6+X6fDaz3mcZhpjZiLGCzNBdEJm1cmAS2RaTAxQJrnZkrARlZRpc6CKqe8ull2G9pntXtrnzfNa/bY4RBmO4BhOwYUrqMM9NKAFDFJ4hjd4txLryXqxXn+iJav4cwh/ZH18A3ggjlE=</latexit>

Q = 0.5

<latexit sha1_base64="EBR4FdbxmCdrCDF/PthczPJB1JU=">AAAB7nicbZDLSsNAFIZPvNZ6q7p0M1gEN4ZE6mWjFNy4bMFeoA1lMj1ph04uzkyEEvoauhJ158P4Ar6N05qFtv6rb87/D5z/+IngSjvOl7W0vLK6tl7YKG5ube/slvb2mypOJcMGi0Us2z5VKHiEDc21wHYikYa+wJY/up36rUeUisfRvR4n6IV0EPGAM6rNyMu6jApSn1yfOvZ5r1R2bGcmsghuDmXIVeuVPrv9mKUhRpoJqlTHdRLtZVRqzgROit1UYULZiA6wYzCiISovmy09IcdBLIkeIpm9f2czGio1Dn2TCakeqnlvOvzP66Q6uPIyHiWpxoiZiPGCVBAdk2l30ucSmRZjA5RJbrYkbEglZdpcqGjqu/NlF6F5ZrsXdqVeKVdv8kMU4BCO4ARcuIQq3EENGsDgAZ7hDd6txHqyXqzXn+iSlf85gD+yPr4B4/OOiA==</latexit>

Q = −0.5

<latexit sha1_base64="40OrRbEtBvj7MME3ERLpwUFEyl0=">AAAB8nicbVDLTgJBEOzFF+ID1KOXicTEE9k1RI0nEi8eMZFHAhsyO8zChN3ZzUyPkWz4ET0Z9ean+AP+jQPuQcE6VXdVd7o6SCOh0XW/nMLa+sbmVnG7tLO7t1+uHBy2dWIU4y2WRInqBlTzSEjeQoER76aK0ziIeCeY3Mz1zgNXWiTyHqcp92M6kiIUjKJtDSrlPvJHzIzUSO3MbFCpujV3AbJKvJxUIUdzUPnsDxNmYi6RRVTrnuem6GdUoWB2X6lvNE8pm9AR71kqacy1ny0On5HTMFEEx5ws6t/ejMZaT+PAemKKY72szZv/aT2D4ZWfCZka5JJZi9VCExFMyDw/GQrFGUZTSyhTwl5J2JgqytB+qWTje8thV0n7vOZd1Op39WrjOn9EEY7hBM7Ag0towC00oQUMDDzDG7w76Dw5L87rj7Xg5DNH8AfOxzd3/JFO</latexit>
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FIG. 8. Eigenvalues for an expanding cylindrical shock (ν = 2) with R = 2.9 in a vdW gas EoS with γ = 31/30, with α1 = 1/2,
and β1 = 1/9 and different energy values Q = −0.5, 0 and 0.5. Four mode numbers are chosen: j = 10, j = 125, j = 200, and
j = 350.

A. Radial acoustic modes

Radial modes correspond to those where acoustic
waves reverberate normally to the shock front. Then,
this limit resembles the case of a one-dimensional shock
front that is perturbed in velocity with no associated cor-
rugation. The acoustic wave number then points in the
shock propagation direction. In our case, it corresponds
to the case n $ j given by the short-wavelength limit
σI → ∞, with σR and j finite.

The multiple-frequency character of the solution stems
from the closed domain between the shock and the center
(or axis of symmetry). Then, an isolated shock only ex-
hibits a fundamental oscillation frequency, as discussed
below. As detailed in Refs.59,69, the relation between
subsequent frequencies reads as

σ(n#j)
I ∼

2πn

lnDs
+O(1), (40)

which accounts for the expanding domain effect through
the Doppler shift factor

Ds =
1 +M2

1−M2
> 1. (41)

The real part of the eigenvalue that characterizes the
decay/growth rate depends, not only on the Doppler shift
factor, but also on the reflection coefficient Rs in the
following form:

σ(n#j)
R ∼ −

ν − 1

2
+

ln |Rs|
lnDs

, (42)

where

Rs =
2M2 − 1 + h

2M2 + 1− h
(43)

measures the amplitude change of an acoustic wave that
impinges on the shock from behind.

The real part of the eigenvalues in the radial limit,
given by (42), yields σR(n ' j) = −2.66, −2.63, and
−2.61 for the conditions displayed in Fig. 8 that corre-
spond to Q = −0.5, Q = 0 and Q = 0.5, respectively.
Then, the eigenvalues for n ' j are all stable and, more-
over, they are not the ones with a lower decay rate. This
is not necessarily true for all EoS. For example, a similar
perturbation analysis for an inert shock in an ideal gas
EoS with γ = 7/5 shows that the σR(n ' j), although
negative, gives the less negative of the complex eigenval-
ues pool, then being the dominant ones in describing the
shock dynamics.

From the reflection coefficient, we find that Rs > 1
if 1 < h < 1 + 2M2, so acoustic waves are amplified
upon reflection from the shock front. When considering
a planar shock with no corrugation, just a perturbation
in the propagation speed, this condition indicates shock
instability, in agreement with Refs.88,93. However, the
geometry plays a role in the stability limits. By doing
σR(n ' j) = 0 in (42), we find that the unstable range
for all cases (ν = 1, 2, and 3) is

1 + 2M2
D

ν−1

2

s − 1

D
ν−1

2

s + 1
< h < 1 + 2M2, (44)

with the lower boundary corresponding to σR(n ' j) =
0. It indicates that the condition for instability is harder
to meet in expanding shocks because the factor accom-
panying 1 in the lower boundary is greater than unity
for ν > 1. The upper boundary does not change with
geometry as it corresponds to an unstable condition for
the Rankine-Hugoniot equation irrespective of the sup-
porting condition. We find that as h increases from the
lower to the upper boundary of the range (44), the cor-
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responding power index σR(n + j) increases from zero
to infinity.

It is readily seen that the Doppler factor (41) diverges
in the CJ limit because acoustic waves downstream move
at the same speed as the shock front, thereby imped-
ing them to catch up the shock from behind. On the
other hand, the reflection coefficient (43) drops to zero,
as h → −1 in this limit. Interestingly however, the two
coefficients share the same leading order contribution,
thereby making the asymptotic function (42) converge
to σR → −(ν +1)/2 in the CJ limit. On the other hand,
the factor 2πn/ lnDs in (40) goes to zero for M2 → 1,
so the infinite set of complex poles tends to occupy the
same position in the complex plane of Fig. 8. Another
interesting feature of the CJ limit is observed in (44),
since the instability region collapses to a single value of
the DK parameter, namely h = 3.

The approach to the singular conditions of the CJ limit
is better described with the aid of Fig. 9(a) and (c), that
shows the asymptotic expressions of the eigenvalues in
the radial limit as a function of Qmax − Q for different
mass compression ratios R. For simplicity, and because
it does not affect the analysis, it is chosen an ideal gas
EoS (α1 = 0, β1 = 0) with γ = 5/3. As the factor
Qmax − Q decreases (or M2 → 1), the reactive shock
becomes more self-supported. Figure 9(a) shows that
σR → −(ν + 1)/2 = −3/2 when Q approaches its maxi-
mum value. On the other side, σR → −(ν + 1)/2 − 2 =
−7/2 in the adiabatic limit Q → 0. This is a singular
result obtained only for γ = 5/3, as asymptotically de-
rived in Ref.69. Other values of γ render a shock-strength
dependent value of the eigenvalue in the radial limit69.
It is also found that, as R → Rcj,max, the curve becomes
stiffer because R = Rcj,max implies Q = Qmax by defi-
nition. Therefore, when R = Rcj,max it is either at CJ
conditions for Q > 0 or it is a regular adiabatic shock
for Q = 0. In any case, CJ conditions predict oscillation
with lower decay rate for the radial modes. Figure 9(c)
shows the frequency variation between correlative eigen-
modes as a function of Qmax − Q. As anticipated, this
value tends to zero because M2 → 1 in this limit. How-
ever, because of the logarithm dependence, this decay is
remarkably slow.

Let’s now explore the opposite case corresponding to
endothermic shocks. The same asymptotic magnitudes
are computed now in Fig. 9(b) and (d) as a function of
Q−Qmin, whereQmin < 0, for different values of the mass
compression ratio R. In this case, as the factor Q−Qmin

decreases, the shock wave propagation speed, relative to
the upstream gas, approaches the sonic condition M1 →
1. This limit renders finite and non-singular values for
M2 and h, which are the parameters that ultimately de-
scribe the shock stability in the radial limit. Therefore,
this case is not particularly distinctive to any other con-
dition associated with an adiabatic shock, beyond the
quantitative differences. In agreement with panel (a),
Fig. 9(b) shows that σR → −(ν + 1)/2 − 2 = −7/2 in
the adiabatic limit Q → 0. However, for finite values
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<latexit sha1_base64="ghCXIXWro9jjfQ4FhQlc2YuYotk=">AAAB5HicbZDNTgIxFIXv+Iv4h7p000hMcENmDFGWJG5cYpSfBCakU+5AQzszaTsmZMIb6MqoO5/IF/BtLDgLBc/q6z2nyT03SATXxnW/nLX1jc2t7cJOcXdv/+CwdHTc1nGqGLZYLGLVDahGwSNsGW4EdhOFVAYCO8HkZu53HlFpHkcPZpqgL+ko4iFn1NjRfYVeDEplt+ouRFbBy6EMuZqD0md/GLNUYmSYoFr3PDcxfkaV4UzgrNhPNSaUTegIexYjKlH72WLVGTkPY0XMGMni/TubUan1VAY2I6kZ62VvPvzP66UmrPsZj5LUYMRsxHphKoiJybwxGXKFzIipBcoUt1sSNqaKMmPvUrT1veWyq9C+rHpX1dpdrdyo54cowCmcQQU8uIYG3EITWsBgBM/wBu9O6Dw5L87rT3TNyf+cwB85H998L4re</latexit>

(a)
<latexit sha1_base64="qDrdNvBRb7xVfdd/lr9Hrugp53Q=">AAAB5HicbZDNTgIxFIXv+Iv4h7p000hMcENmDFGWJG5cYpSfBCakU+5AQzszaTsmZMIb6MqoO5/IF/BtLDgLBc/q6z2nyT03SATXxnW/nLX1jc2t7cJOcXdv/+CwdHTc1nGqGLZYLGLVDahGwSNsGW4EdhOFVAYCO8HkZu53HlFpHkcPZpqgL+ko4iFn1NjRfSW4GJTKbtVdiKyCl0MZcjUHpc/+MGapxMgwQbXueW5i/Iwqw5nAWbGfakwom9AR9ixGVKL2s8WqM3IexoqYMZLF+3c2o1LrqQxsRlIz1svefPif10tNWPczHiWpwYjZiPXCVBATk3ljMuQKmRFTC5QpbrckbEwVZcbepWjre8tlV6F9WfWuqrW7WrlRzw9RgFM4gwp4cA0NuIUmtIDBCJ7hDd6d0HlyXpzXn+iak/85gT9yPr4Bfa6K3w==</latexit>

(b)

<latexit sha1_base64="UI5SW71/MKmKy+e3pHmf5WbvLsM=">AAAB5HicbZDNTgIxFIXv+Iv4h7p000hMcENmDFGWJG5cYpSfBCakU+5AQzszaTsmZMIb6MqoO5/IF/BtLDgLBc/q6z2nyT03SATXxnW/nLX1jc2t7cJOcXdv/+CwdHTc1nGqGLZYLGLVDahGwSNsGW4EdhOFVAYCO8HkZu53HlFpHkcPZpqgL+ko4iFn1NjRfYVdDEplt+ouRFbBy6EMuZqD0md/GLNUYmSYoFr3PDcxfkaV4UzgrNhPNSaUTegIexYjKlH72WLVGTkPY0XMGMni/TubUan1VAY2I6kZ62VvPvzP66UmrPsZj5LUYMRsxHphKoiJybwxGXKFzIipBcoUt1sSNqaKMmPvUrT1veWyq9C+rHpX1dpdrdyo54cowCmcQQU8uIYG3EITWsBgBM/wBu9O6Dw5L87rT3TNyf+cwB85H99/LYrg</latexit>

(c) <latexit sha1_base64="XBIGla8nOb2TXjkpUWyUrAYCHdw=">AAAB5HicbZDNTgIxFIXv+Iv4h7p000hMcENmDFGWJG5cYpSfBCakU+5AQzszaTsmZMIb6MqoO5/IF/BtLDgLBc/q6z2nyT03SATXxnW/nLX1jc2t7cJOcXdv/+CwdHTc1nGqGLZYLGLVDahGwSNsGW4EdhOFVAYCO8HkZu53HlFpHkcPZpqgL+ko4iFn1NjRfWV4MSiV3aq7EFkFL4cy5GoOSp/9YcxSiZFhgmrd89zE+BlVhjOBs2I/1ZhQNqEj7FmMqETtZ4tVZ+Q8jBUxYySL9+9sRqXWUxnYjKRmrJe9+fA/r5easO5nPEpSgxGzEeuFqSAmJvPGZMgVMiOmFihT3G5J2Jgqyoy9S9HW95bLrkL7supdVWt3tXKjnh+iAKdwBhXw4BoacAtNaAGDETzDG7w7ofPkvDivP9E1J/9zAn/kfHwDgKyK4Q==</latexit>(d)

<latexit sha1_base64="tNrGjC1xDyx/+xodo0civRXnq30=">AAAB5HicbZDNSsNAFIVv6l+tf1WXbgaL4CokItplwY3LivYH2lAm05t26GQSZiZCCX0DXYm684l8Ad/Gac1CW8/qm3vOwD03TAXXxvO+nNLa+sbmVnm7srO7t39QPTxq6yRTDFssEYnqhlSj4BJbhhuB3VQhjUOBnXByM/c7j6g0T+SDmaYYxHQkecQZNXZ077n1QbXmud5CZBX8AmpQqDmofvaHCctilIYJqnXP91IT5FQZzgTOKv1MY0rZhI6wZ1HSGHWQL1adkbMoUcSMkSzev7M5jbWexqHNxNSM9bI3H/7n9TIT1YOcyzQzKJmNWC/KBDEJmTcmQ66QGTG1QJnidkvCxlRRZuxdKra+v1x2FdoXrn/lXt5d1hr14hBlOIFTOAcfrqEBt9CEFjAYwTO8wbsTOU/Oi/P6Ey05xZ9j+CPn4xtSRIrC</latexit>

0.8

<latexit sha1_base64="OaANq8/2vDRQMAHJ5T6u9+dLq3E=">AAAB5HicbZDLSsNAFIZP6q3WW9Wlm8EiuAqJFK27ghuXFe0F2lAm05N26OTCzEQooW+gK1F3PpEv4Ns4jVlo67/65vz/wPmPnwiutON8WaW19Y3NrfJ2ZWd3b/+genjUUXEqGbZZLGLZ86lCwSNsa64F9hKJNPQFdv3pzcLvPqJUPI4e9CxBL6TjiAecUW1G9459PazWHNvJRVbBLaAGhVrD6udgFLM0xEgzQZXqu06ivYxKzZnAeWWQKkwom9Ix9g1GNETlZfmqc3IWxJLoCZL8/Tub0VCpWeibTEj1RC17i+F/Xj/VQcPLeJSkGiNmIsYLUkF0TBaNyYhLZFrMDFAmudmSsAmVlGlzl4qp7y6XXYXOhe1e2vW7eq3ZKA5RhhM4hXNw4QqacAstaAODMTzDG7xbgfVkvVivP9GSVfw5hj+yPr4BU8KKww==</latexit>

0.9

<latexit sha1_base64="VltGH3A76TEmJsu62Qm5Bac8724=">AAAB5XicbZDLSsNAFIZP6q3WW9Wlm8EiuAqJFG13BTcuK9gLtKFMpifN0MmFmYlQQh9BV6LufCFfwLdxWrPQ1n/1zfn/gfMfPxVcacf5skobm1vbO+Xdyt7+weFR9fikq5JMMuywRCSy71OFgsfY0VwL7KcSaeQL7PnT24Xfe0SpeBI/6FmKXkQnMQ84o3oxcuxmc1StObazFFkHt4AaFGqPqp/DccKyCGPNBFVq4Dqp9nIqNWcC55VhpjClbEonODAY0wiVly93nZOLIJFEh0iW79/ZnEZKzSLfZCKqQ7XqLYb/eYNMBw0v53GaaYyZiRgvyATRCVlUJmMukWkxM0CZ5GZLwkIqKdPmMBVT310tuw7dK9u9tuv39VqrURyiDGdwDpfgwg204A7a0AEGITzDG7xbE+vJerFef6Ilq/hzCn9kfXwDzkmLBg==</latexit>

0.99
<latexit sha1_base64="nYN5QQ55swlPaXdpgT7xFGEqGq4=">AAAB5nicbZDNTsJAFIVv8Q/xD3XpZiIxcdW0hijsSNy4xMQCCTRkOtzChOlPZqYmpOEVdGXUnQ/kC/g2DtiFgmf1zT1nkntukAqutON8WaWNza3tnfJuZW//4PCoenzSUUkmGXosEYnsBVSh4DF6mmuBvVQijQKB3WB6u/C7jygVT+IHPUvRj+g45iFnVJuR59jNZnNYrTm2sxRZB7eAGhRqD6ufg1HCsghjzQRVqu86qfZzKjVnAueVQaYwpWxKx9g3GNMIlZ8vl52TizCRRE+QLN+/szmNlJpFgclEVE/UqrcY/uf1Mx02/JzHaaYxZiZivDATRCdk0ZmMuESmxcwAZZKbLQmbUEmZNpepmPruatl16FzZ7rVdv6/XWo3iEGU4g3O4BBduoAV30AYPGHB4hjd4tybWk/Vivf5ES1bx5xT+yPr4Bkkai0k=</latexit>

0.999

<latexit sha1_base64="IM7LA3kzA7PFYK+IsMpus3TZy5w=">AAACCnicbVC7TsMwFHV4lvIKMLJYVAgGFCWool2QKrEwFkQfUhNFjuu0pnYS2Q6iivIH8DMwIWBj5Af4G9ySAVrOcs+951jyOUHCqFS2/WUsLC4tr6yW1srrG5tb2+bOblvGqcCkhWMWi26AJGE0Ii1FFSPdRBDEA0Y6wehionfuiJA0jm7UOCEeR4OIhhQjpU++eeSGAuHMxYjB67yYfuYKDvHtCeToPs/PbavmmxXbsqeA88QpSAUUaPrmp9uPccpJpDBDUvYcO1FehoSimJG87KaSJAiP0ID0NI0QJ9LLpoFyeBjGAqohgdP9tzdDXMoxD7SHIzWUs9rk+J/WS1VY9zIaJakiEdYWrYUpgyqGk15gnwqCFRtrgrCg+pcQD5HuRun2yjq+Mxt2nrRPLefMql5VK416UUQJ7IMDcAwcUAMNcAmaoAUweATP4A28Gw/Gk/FivP5YF4zizR74A+PjG8RSmYw=</latexit>

R
Rcj,max

= 0.7

<latexit sha1_base64="tNrGjC1xDyx/+xodo0civRXnq30=">AAAB5HicbZDNSsNAFIVv6l+tf1WXbgaL4CokItplwY3LivYH2lAm05t26GQSZiZCCX0DXYm684l8Ad/Gac1CW8/qm3vOwD03TAXXxvO+nNLa+sbmVnm7srO7t39QPTxq6yRTDFssEYnqhlSj4BJbhhuB3VQhjUOBnXByM/c7j6g0T+SDmaYYxHQkecQZNXZ077n1QbXmud5CZBX8AmpQqDmofvaHCctilIYJqnXP91IT5FQZzgTOKv1MY0rZhI6wZ1HSGHWQL1adkbMoUcSMkSzev7M5jbWexqHNxNSM9bI3H/7n9TIT1YOcyzQzKJmNWC/KBDEJmTcmQ66QGTG1QJnidkvCxlRRZuxdKra+v1x2FdoXrn/lXt5d1hr14hBlOIFTOAcfrqEBt9CEFjAYwTO8wbsTOU/Oi/P6Ey05xZ9j+CPn4xtSRIrC</latexit>

0.8

<latexit sha1_base64="OaANq8/2vDRQMAHJ5T6u9+dLq3E=">AAAB5HicbZDLSsNAFIZP6q3WW9Wlm8EiuAqJFK27ghuXFe0F2lAm05N26OTCzEQooW+gK1F3PpEv4Ns4jVlo67/65vz/wPmPnwiutON8WaW19Y3NrfJ2ZWd3b/+genjUUXEqGbZZLGLZ86lCwSNsa64F9hKJNPQFdv3pzcLvPqJUPI4e9CxBL6TjiAecUW1G9459PazWHNvJRVbBLaAGhVrD6udgFLM0xEgzQZXqu06ivYxKzZnAeWWQKkwom9Ix9g1GNETlZfmqc3IWxJLoCZL8/Tub0VCpWeibTEj1RC17i+F/Xj/VQcPLeJSkGiNmIsYLUkF0TBaNyYhLZFrMDFAmudmSsAmVlGlzl4qp7y6XXYXOhe1e2vW7eq3ZKA5RhhM4hXNw4QqacAstaAODMTzDG7xbgfVkvVivP9GSVfw5hj+yPr4BU8KKww==</latexit>

0.9
<latexit sha1_base64="VltGH3A76TEmJsu62Qm5Bac8724=">AAAB5XicbZDLSsNAFIZP6q3WW9Wlm8EiuAqJFG13BTcuK9gLtKFMpifN0MmFmYlQQh9BV6LufCFfwLdxWrPQ1n/1zfn/gfMfPxVcacf5skobm1vbO+Xdyt7+weFR9fikq5JMMuywRCSy71OFgsfY0VwL7KcSaeQL7PnT24Xfe0SpeBI/6FmKXkQnMQ84o3oxcuxmc1StObazFFkHt4AaFGqPqp/DccKyCGPNBFVq4Dqp9nIqNWcC55VhpjClbEonODAY0wiVly93nZOLIJFEh0iW79/ZnEZKzSLfZCKqQ7XqLYb/eYNMBw0v53GaaYyZiRgvyATRCVlUJmMukWkxM0CZ5GZLwkIqKdPmMBVT310tuw7dK9u9tuv39VqrURyiDGdwDpfgwg204A7a0AEGITzDG7xbE+vJerFef6Ilq/hzCn9kfXwDzkmLBg==</latexit>

0.99

<latexit sha1_base64="nYN5QQ55swlPaXdpgT7xFGEqGq4=">AAAB5nicbZDNTsJAFIVv8Q/xD3XpZiIxcdW0hijsSNy4xMQCCTRkOtzChOlPZqYmpOEVdGXUnQ/kC/g2DtiFgmf1zT1nkntukAqutON8WaWNza3tnfJuZW//4PCoenzSUUkmGXosEYnsBVSh4DF6mmuBvVQijQKB3WB6u/C7jygVT+IHPUvRj+g45iFnVJuR59jNZnNYrTm2sxRZB7eAGhRqD6ufg1HCsghjzQRVqu86qfZzKjVnAueVQaYwpWxKx9g3GNMIlZ8vl52TizCRRE+QLN+/szmNlJpFgclEVE/UqrcY/uf1Mx02/JzHaaYxZiZivDATRCdk0ZmMuESmxcwAZZKbLQmbUEmZNpepmPruatl16FzZ7rVdv6/XWo3iEGU4g3O4BBduoAV30AYPGHB4hjd4tybWk/Vivf5ES1bx5xT+yPr4Bkkai0k=</latexit>

0.999

<latexit sha1_base64="IM7LA3kzA7PFYK+IsMpus3TZy5w=">AAACCnicbVC7TsMwFHV4lvIKMLJYVAgGFCWool2QKrEwFkQfUhNFjuu0pnYS2Q6iivIH8DMwIWBj5Af4G9ySAVrOcs+951jyOUHCqFS2/WUsLC4tr6yW1srrG5tb2+bOblvGqcCkhWMWi26AJGE0Ii1FFSPdRBDEA0Y6wehionfuiJA0jm7UOCEeR4OIhhQjpU++eeSGAuHMxYjB67yYfuYKDvHtCeToPs/PbavmmxXbsqeA88QpSAUUaPrmp9uPccpJpDBDUvYcO1FehoSimJG87KaSJAiP0ID0NI0QJ9LLpoFyeBjGAqohgdP9tzdDXMoxD7SHIzWUs9rk+J/WS1VY9zIaJakiEdYWrYUpgyqGk15gnwqCFRtrgrCg+pcQD5HuRun2yjq+Mxt2nrRPLefMql5VK416UUQJ7IMDcAwcUAMNcAmaoAUweATP4A28Gw/Gk/FivP5YF4zizR74A+PjG8RSmYw=</latexit>

R
Rcj,max

= 0.7

<latexit sha1_base64="eXAYT2TmU3M4Wl9Gj+ltm+mqSIk=">AAACCnicbZDLSsNAGIUn9VbrLerSzWARXYVEiu1GKLhxWcVeoAlhMp20Q2eSMDMRS8gb6MvoStSdS1/At3Fag2jrv/rmP2fgPydIGJXKtj+N0tLyyupaeb2ysbm1vWPu7nVknApM2jhmsegFSBJGI9JWVDHSSwRBPGCkG4wvpnr3lghJ4+hGTRLicTSMaEgxUnrlm8duKBDOMhcjBq/z/If8zBUccnSX5+e2VffNqm3Zs4GL4BRQBcW0fPPDHcQ45SRSmCEp+46dKC9DQlHMSF5xU0kShMdoSPoaI8SJ9LJZoBwehbGAakTg7P3bmyEu5YQH2sORGsl5bbr8T+unKmx4GY2SVJEIa4vWwpRBFcNpL3BABcGKTTQgLKi+EuIR0t0o3V5Fx3fmwy5C59RyzqzaVa3abBRFlMEBOAQnwAF10ASXoAXaAIMH8ARewZtxbzwaz8bLt7VkFH/2wZ8x3r8AE/aaYw==</latexit>

R
Rmax

= 0.7

<latexit sha1_base64="eXAYT2TmU3M4Wl9Gj+ltm+mqSIk=">AAACCnicbZDLSsNAGIUn9VbrLerSzWARXYVEiu1GKLhxWcVeoAlhMp20Q2eSMDMRS8gb6MvoStSdS1/At3Fag2jrv/rmP2fgPydIGJXKtj+N0tLyyupaeb2ysbm1vWPu7nVknApM2jhmsegFSBJGI9JWVDHSSwRBPGCkG4wvpnr3lghJ4+hGTRLicTSMaEgxUnrlm8duKBDOMhcjBq/z/If8zBUccnSX5+e2VffNqm3Zs4GL4BRQBcW0fPPDHcQ45SRSmCEp+46dKC9DQlHMSF5xU0kShMdoSPoaI8SJ9LJZoBwehbGAakTg7P3bmyEu5YQH2sORGsl5bbr8T+unKmx4GY2SVJEIa4vWwpRBFcNpL3BABcGKTTQgLKi+EuIR0t0o3V5Fx3fmwy5C59RyzqzaVa3abBRFlMEBOAQnwAF10ASXoAXaAIMH8ARewZtxbzwaz8bLt7VkFH/2wZ8x3r8AE/aaYw==</latexit>

R
Rmax

= 0.7

<latexit sha1_base64="tNrGjC1xDyx/+xodo0civRXnq30=">AAAB5HicbZDNSsNAFIVv6l+tf1WXbgaL4CokItplwY3LivYH2lAm05t26GQSZiZCCX0DXYm684l8Ad/Gac1CW8/qm3vOwD03TAXXxvO+nNLa+sbmVnm7srO7t39QPTxq6yRTDFssEYnqhlSj4BJbhhuB3VQhjUOBnXByM/c7j6g0T+SDmaYYxHQkecQZNXZ077n1QbXmud5CZBX8AmpQqDmofvaHCctilIYJqnXP91IT5FQZzgTOKv1MY0rZhI6wZ1HSGHWQL1adkbMoUcSMkSzev7M5jbWexqHNxNSM9bI3H/7n9TIT1YOcyzQzKJmNWC/KBDEJmTcmQ66QGTG1QJnidkvCxlRRZuxdKra+v1x2FdoXrn/lXt5d1hr14hBlOIFTOAcfrqEBt9CEFjAYwTO8wbsTOU/Oi/P6Ey05xZ9j+CPn4xtSRIrC</latexit>

0.8

<latexit sha1_base64="OaANq8/2vDRQMAHJ5T6u9+dLq3E=">AAAB5HicbZDLSsNAFIZP6q3WW9Wlm8EiuAqJFK27ghuXFe0F2lAm05N26OTCzEQooW+gK1F3PpEv4Ns4jVlo67/65vz/wPmPnwiutON8WaW19Y3NrfJ2ZWd3b/+genjUUXEqGbZZLGLZ86lCwSNsa64F9hKJNPQFdv3pzcLvPqJUPI4e9CxBL6TjiAecUW1G9459PazWHNvJRVbBLaAGhVrD6udgFLM0xEgzQZXqu06ivYxKzZnAeWWQKkwom9Ix9g1GNETlZfmqc3IWxJLoCZL8/Tub0VCpWeibTEj1RC17i+F/Xj/VQcPLeJSkGiNmIsYLUkF0TBaNyYhLZFrMDFAmudmSsAmVlGlzl4qp7y6XXYXOhe1e2vW7eq3ZKA5RhhM4hXNw4QqacAstaAODMTzDG7xbgfVkvVivP9GSVfw5hj+yPr4BU8KKww==</latexit>

0.9

<latexit sha1_base64="VltGH3A76TEmJsu62Qm5Bac8724=">AAAB5XicbZDLSsNAFIZP6q3WW9Wlm8EiuAqJFG13BTcuK9gLtKFMpifN0MmFmYlQQh9BV6LufCFfwLdxWrPQ1n/1zfn/gfMfPxVcacf5skobm1vbO+Xdyt7+weFR9fikq5JMMuywRCSy71OFgsfY0VwL7KcSaeQL7PnT24Xfe0SpeBI/6FmKXkQnMQ84o3oxcuxmc1StObazFFkHt4AaFGqPqp/DccKyCGPNBFVq4Dqp9nIqNWcC55VhpjClbEonODAY0wiVly93nZOLIJFEh0iW79/ZnEZKzSLfZCKqQ7XqLYb/eYNMBw0v53GaaYyZiRgvyATRCVlUJmMukWkxM0CZ5GZLwkIqKdPmMBVT310tuw7dK9u9tuv39VqrURyiDGdwDpfgwg204A7a0AEGITzDG7xbE+vJerFef6Ilq/hzCn9kfXwDzkmLBg==</latexit>

0.99

<latexit sha1_base64="nYN5QQ55swlPaXdpgT7xFGEqGq4=">AAAB5nicbZDNTsJAFIVv8Q/xD3XpZiIxcdW0hijsSNy4xMQCCTRkOtzChOlPZqYmpOEVdGXUnQ/kC/g2DtiFgmf1zT1nkntukAqutON8WaWNza3tnfJuZW//4PCoenzSUUkmGXosEYnsBVSh4DF6mmuBvVQijQKB3WB6u/C7jygVT+IHPUvRj+g45iFnVJuR59jNZnNYrTm2sxRZB7eAGhRqD6ufg1HCsghjzQRVqu86qfZzKjVnAueVQaYwpWxKx9g3GNMIlZ8vl52TizCRRE+QLN+/szmNlJpFgclEVE/UqrcY/uf1Mx02/JzHaaYxZiZivDATRCdk0ZmMuESmxcwAZZKbLQmbUEmZNpepmPruatl16FzZ7rVdv6/XWo3iEGU4g3O4BBduoAV30AYPGHB4hjd4tybWk/Vivf5ES1bx5xT+yPr4Bkkai0k=</latexit>

0.999

<latexit sha1_base64="tNrGjC1xDyx/+xodo0civRXnq30=">AAAB5HicbZDNSsNAFIVv6l+tf1WXbgaL4CokItplwY3LivYH2lAm05t26GQSZiZCCX0DXYm684l8Ad/Gac1CW8/qm3vOwD03TAXXxvO+nNLa+sbmVnm7srO7t39QPTxq6yRTDFssEYnqhlSj4BJbhhuB3VQhjUOBnXByM/c7j6g0T+SDmaYYxHQkecQZNXZ077n1QbXmud5CZBX8AmpQqDmofvaHCctilIYJqnXP91IT5FQZzgTOKv1MY0rZhI6wZ1HSGHWQL1adkbMoUcSMkSzev7M5jbWexqHNxNSM9bI3H/7n9TIT1YOcyzQzKJmNWC/KBDEJmTcmQ66QGTG1QJnidkvCxlRRZuxdKra+v1x2FdoXrn/lXt5d1hr14hBlOIFTOAcfrqEBt9CEFjAYwTO8wbsTOU/Oi/P6Ey05xZ9j+CPn4xtSRIrC</latexit>

0.8
<latexit sha1_base64="OaANq8/2vDRQMAHJ5T6u9+dLq3E=">AAAB5HicbZDLSsNAFIZP6q3WW9Wlm8EiuAqJFK27ghuXFe0F2lAm05N26OTCzEQooW+gK1F3PpEv4Ns4jVlo67/65vz/wPmPnwiutON8WaW19Y3NrfJ2ZWd3b/+genjUUXEqGbZZLGLZ86lCwSNsa64F9hKJNPQFdv3pzcLvPqJUPI4e9CxBL6TjiAecUW1G9459PazWHNvJRVbBLaAGhVrD6udgFLM0xEgzQZXqu06ivYxKzZnAeWWQKkwom9Ix9g1GNETlZfmqc3IWxJLoCZL8/Tub0VCpWeibTEj1RC17i+F/Xj/VQcPLeJSkGiNmIsYLUkF0TBaNyYhLZFrMDFAmudmSsAmVlGlzl4qp7y6XXYXOhe1e2vW7eq3ZKA5RhhM4hXNw4QqacAstaAODMTzDG7xbgfVkvVivP9GSVfw5hj+yPr4BU8KKww==</latexit>

0.9
<latexit sha1_base64="VltGH3A76TEmJsu62Qm5Bac8724=">AAAB5XicbZDLSsNAFIZP6q3WW9Wlm8EiuAqJFG13BTcuK9gLtKFMpifN0MmFmYlQQh9BV6LufCFfwLdxWrPQ1n/1zfn/gfMfPxVcacf5skobm1vbO+Xdyt7+weFR9fikq5JMMuywRCSy71OFgsfY0VwL7KcSaeQL7PnT24Xfe0SpeBI/6FmKXkQnMQ84o3oxcuxmc1StObazFFkHt4AaFGqPqp/DccKyCGPNBFVq4Dqp9nIqNWcC55VhpjClbEonODAY0wiVly93nZOLIJFEh0iW79/ZnEZKzSLfZCKqQ7XqLYb/eYNMBw0v53GaaYyZiRgvyATRCVlUJmMukWkxM0CZ5GZLwkIqKdPmMBVT310tuw7dK9u9tuv39VqrURyiDGdwDpfgwg204A7a0AEGITzDG7xbE+vJerFef6Ilq/hzCn9kfXwDzkmLBg==</latexit>

0.99
<latexit sha1_base64="nYN5QQ55swlPaXdpgT7xFGEqGq4=">AAAB5nicbZDNTsJAFIVv8Q/xD3XpZiIxcdW0hijsSNy4xMQCCTRkOtzChOlPZqYmpOEVdGXUnQ/kC/g2DtiFgmf1zT1nkntukAqutON8WaWNza3tnfJuZW//4PCoenzSUUkmGXosEYnsBVSh4DF6mmuBvVQijQKB3WB6u/C7jygVT+IHPUvRj+g45iFnVJuR59jNZnNYrTm2sxRZB7eAGhRqD6ufg1HCsghjzQRVqu86qfZzKjVnAueVQaYwpWxKx9g3GNMIlZ8vl52TizCRRE+QLN+/szmNlJpFgclEVE/UqrcY/uf1Mx02/JzHaaYxZiZivDATRCdk0ZmMuESmxcwAZZKbLQmbUEmZNpepmPruatl16FzZ7rVdv6/XWo3iEGU4g3O4BBduoAV30AYPGHB4hjd4tybWk/Vivf5ES1bx5xT+yPr4Bkkai0k=</latexit>

0.999

FIG. 9. Asymptotic expressions of the eigenvalues in the ra-
dial limit as a function of the displaced energy factor Q for
different values of the mass compression ratio R. Panels (a)
and (b) show σR in exothermic and endothermic cases, re-
spectively, and panels (c) and (d) display frequency variation
between correlative eigenmodes in exothermic and endother-
mic cases, respectively. Results are computed for a cylindrical
shock (ν = 2) in an ideal gas (α1 = 0, β1 = 0) with γ = 5/3.

of Q < 0, the effect of increasing the mass compres-
sion ratio R is the opposite to that found in exothermic
shocks. With regard to the frequency of the oscillations,
increasing the energy subtracted amplifies the variation
between correlative eigenmodes because the post-shock
Mach number decreases with the endothermicity degree.

B. Transverse acoustic modes

Relation (44) gives sufficient rather than necessary in-
stability conditions, since instability may occur even if
σR(n ' j) < 0. This is readily seen in Fig. 8, where
increasing the mode number j may lead to instability
and this occurs for the eigenvalue with the lowest fre-
quency n = 1. It is then convenient to evaluate the
opposite limit, j ' n, associated with short perturba-
tion wavelengths. In this case, the shock-ripple oscilla-
tion frequency corresponds to the fundamental frequency
occurring in planar shocks

σ(j!n)
I

j
→

√

1−M2
2

M2
. (45)

This can be easily deduced with the aid of Fig. 10 that
sketches the time that needs an acoustic wave to cover
a wavelength distance in the transverse direction. Since
the sonic wave moves at velocity c2 and the shock moves
with velocity vs = u2 < c2, the distance needed to travel
a λ unit along the transverse direction is c2∆t, while
the shock moves frontwards a distance vs∆t. We have
λ2 = (∆t)2(c22 − v2s) by construction, that finally renders
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FIG. 10. Sketch of the acoustic interaction along the shock
surface in the short wavelength limit.

λ/(vs∆t) =
√

1−M2
2/M2 as the dimensionless char-

acteristic frequency, in agreement with (45). Note that
different normalization yields λ/(c2∆t) =

√

1−M2
2.

Evaluating σI(j $ n)/j for the conditions computed
in Fig. 8(d) we obtain 0.68, 0.76, and 0.82 for Q = −0.5,
Q = 0 and Q = 0.5, respectively, which fairly correspond
to the scaled frequency of the leading eigenvalues, those
in the half-plane σR > 0. They are order-of-unity val-
ues of the relative oscillation frequency. However, if we
evaluate the CJ limit M2 → 1 the relative oscillation fre-
quency drops to zero, i.e., there is no actual oscillation.
It stems from the fact that the effective acoustic time
that needs an acoustic wave to cover a wavelength in the
transverse direction, ∆t, tends to infinity, as sketched in
Fig. 10, when vs → c2. Therefore, in the CJ limit, dif-
ferent positions of the shock front get acoustically decou-
pled. In such case, the inner structure of the detonation
front cannot be neglected, since the local Mach number
is lower than unity within the reaction zone. The inclu-
sion of the reaction region adds a characteristic scale in
the perturbation analysis, and that impedes the use of
the proposed separation of variables with the self-similar
coordinate. Moreover, CJ detonations are known to be
strongly unstable as it involves an exponential thermal
sensitivity, exhibiting in many cases the so-called cellu-
lar instability73,86.

Although the limit j ' n recovers the characteristic
oscillation frequency of a planar shock, the expanding-
shock configuration should be evaluated with finite mode
numbers. In such case, the divergence effect is always
noticeable. To evaluate the transition towards the limit
j → ∞, the value σn

I /j is computed in Fig. 11 for differ-
ent conditions of exothermicity/endothermicity. Among
the multiple solutions corresponding to all solutions of
the dispersion equation, Fig. 11 shows the one that dom-
inates for j ' 1, which typically corresponds to n = 1.
Computations are all carried out for a cylindrical shock
(ν = 2) withR = 1.5. Different EoS are studied: an ideal
monatomic gas (a) and a vdW gas (b), corresponding to
decaying and non-decaying (SAE) for an isolated non-
reactive planar case, respectively. It is observed that,
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(b)

FIG. 11. Asymptotic expressions of the imaginary part of the
eigenvalues that satisfy σR = 0 compared to the asymptotic
limit j " n as a function of the mode number j. Computa-
tions are all done for a cylindrical shock (ν = 2) with a finite
mass compression ratio R = 1.5. Panel (a) corresponds to an
ideal monatomic gas (α1 = 0, β1 = 0, γ = 5/3) and (b) to a
vdW gas (α1 = 1/2, β1 = 1/9, γ = 31/30) .

regardless the conditions, stable or unstable, σI/j ap-
proaches the asymptotic value

√

M2
−2 − 1 when j → ∞,

as previously anticipated. The inset shows that the ap-
proach towards the transverse limit requires very large
values of j, of the order of 103 to obtain the 99% of the
asymptotic value. This evidences that the effect of diver-
gence will be noticeable in most practical applications.
Considering a spherical shock wave does not change the
qualitative results, but will demand higher values of j to
effectively approach to the planar limit. We recall that
σI/j approaches 0 when Q → Qmax (or M2 → 1) and
that endothermic shocks oscillate with higher frequency
because M2 is lower.

V. THE STABILITY LIMITS

In Sec.IV, we have numerically evaluated the poles of
the dispersion relationship (38) in conditions where a pla-
nar non-reactive isolated shock renders SAE, see Sec.II.
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We found that Q < 0 promotes instability in the sense
that the difference h−hc increases as well as the domain
where the DK condition is satisfied. Unlike in the planar
shock case, the value of h has an impact in the growth
rate for h > hc in steady expanding shocks, and so will
have the value of Q. For example, we have analyzed the
effect of endothermicity and exothermicity on the theo-
retical limits corresponding to dominantly radial n + j
and transverse perturbations j + n, previously derived
in Refs.59,69. We found that the case n + j is more
restrictive to yield instability because the mechanism of
unstable growth relies on having a reflection coefficient
greater than unity. The condition for instability in the
transverse limit j + n will be discussed below.

Let’s first evaluate the stability of steady expanding
shocks for finite mode numbers j. As illustrated in Fig. 8,
the real part of the eigenvalue could be positive or nega-
tive depending on the specific conditions, thereby render-
ing unstable or stable conditions, respectively. The inter-
est is placed in the identification of the stability thresh-
old that corresponds to a purely imaginary eigenvalue,
σR = 0. To determine its location, we solve (38) for h
and substitute an imaginary value of σ = is, where s is
real and positive, into the result, arriving at

ĥ(s) = −1−
F−

1s

F+
1s

∣

∣

∣

∣

∣

σ=is

× (46)

[

2(is+ ν)−R(ν − 1) (1 + h1)
]

(is+ ν + j − 1)

(is+ ν − 1)
[

R(ν − 1)− is− ν
]

+R j(j + ν − 2)
.

For an arbitrary value of s, the right-hand side of (46)
is complex, implying that σ = is is not a physically
meaningful eigenvalue because h must be real, so that
Im[ĥ(s)] = 0. This equation provides an infinite num-
ber of solutions that are actual eigenvalues and that cor-
respond to conditions where complex eigenvalues cross
the line σR = 0, each of them being associated with a
different value of h. The lowest of these values is the
instability threshold for the DK parameter, denoted by
hst(M2,R, h1, ν, j). Notice that there exists an infinite
number of solutions corresponding to different oscillation

frequencies σ = 0 ± iσ(n)
I , where n is the radial number

defined previously.
To evaluate the effect of Q in the stability limits, we

show the iso-curves σR = 0 on the plane R− j, for differ-
ent conditions of endothermicity/exothermicity. This is
illustrated in Fig. 12, which has been computed with EoS
properties that render SAE in planar geometry (h > hc)
in a finite interval of mass compression ratio, as in Fig. 3.
Then, the factor Q is varied to investigate its effect.
The stabilizing effect of the expanding shock is readily
seen: there exists a minimum value of j = jmin, below
which the shock is stable for any shock compression ra-
tio R. For cylindrical and spherical geometries in non-
reactive gases, we find jmin = 148 and 213, respectively,
which occur at R ∼ 2.8. However, modifying the degree
of endothermicity/exothermicity changes the instability
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<latexit sha1_base64="E+MQBaHUspg2krpzEXQIkm/G1gY=">AAAB6XicbZDLSgNBEEVr4ivGV9Slm8YguAozIurCRcCNyyjmAckQejqVpEnPg+4aIQz5CF2JuvN3/AH/xk6chSbe1em6t6FuBYmShlz3yymsrK6tbxQ3S1vbO7t75f2DpolTLbAhYhXrdsANKhlhgyQpbCcaeRgobAXjm5nfekRtZBw90CRBP+TDSA6k4GRH7awruGL301654lbdudgyeDlUIFe9V/7s9mORhhiRUNyYjucm5GdckxQKp6VuajDhYsyH2LEY8RCNn833nbKTQawZjZDN37+zGQ+NmYSBzYScRmbRmw3/8zopDa78TEZJShgJG7HeIFWMYjarzfpSoyA1scCFlnZLJkZcc0H2OCVb31ssuwzNs6p3UT2/O6/UrvNDFOEIjuEUPLiEGtxCHRogQMEzvMG7M3aenBfn9SdacPI/h/BHzsc3obKNWA==</latexit>

R
<latexit sha1_base64="E+MQBaHUspg2krpzEXQIkm/G1gY=">AAAB6XicbZDLSgNBEEVr4ivGV9Slm8YguAozIurCRcCNyyjmAckQejqVpEnPg+4aIQz5CF2JuvN3/AH/xk6chSbe1em6t6FuBYmShlz3yymsrK6tbxQ3S1vbO7t75f2DpolTLbAhYhXrdsANKhlhgyQpbCcaeRgobAXjm5nfekRtZBw90CRBP+TDSA6k4GRH7awruGL301654lbdudgyeDlUIFe9V/7s9mORhhiRUNyYjucm5GdckxQKp6VuajDhYsyH2LEY8RCNn833nbKTQawZjZDN37+zGQ+NmYSBzYScRmbRmw3/8zopDa78TEZJShgJG7HeIFWMYjarzfpSoyA1scCFlnZLJkZcc0H2OCVb31ssuwzNs6p3UT2/O6/UrvNDFOEIjuEUPLiEGtxCHRogQMEzvMG7M3aenBfn9SdacPI/h/BHzsc3obKNWA==</latexit>

R

<latexit sha1_base64="W3l3e3Rdt4fxgoYFEoAob9II38Y=">AAAB63icbZDNSgMxFIXv1L9a/6ou3QSL4KrMiKgLhYIbly3YH2yHkknvtKGZzJBkhDL0KXQl6s638QV8G9M6C209qy/3nMA9N0gE18Z1v5zCyura+kZxs7S1vbO7V94/aOk4VQybLBax6gRUo+ASm4YbgZ1EIY0Cge1gfDvz24+oNI/lvZkk6Ed0KHnIGTV29JD1GBWkMb1x++WKW3XnIsvg5VCBXPV++bM3iFkaoTRMUK27npsYP6PKcCZwWuqlGhPKxnSIXYuSRqj9bL7xlJyEsSJmhGT+/p3NaKT1JApsJqJmpBe92fA/r5ua8MrPuExSg5LZiPXCVBATk1lxMuAKmRETC5QpbrckbEQVZcaep2Tre4tll6F1VvUuqueN80rtOj9EEY7gGE7Bg0uowR3UoQkMJDzDG7w7kfPkvDivP9GCk/85hD9yPr4BkumN2A==</latexit>

Q = 0
<latexit sha1_base64="S6ky+99G2Ms15XbW7PFbCctTRiY=">AAAB7HicbZDNSgMxFIXv+FvrX9Wlm2AR3FhmpKgLhYIbly3YH5gOJZPetqGZzJBkhDL0LXQl6s6n8QV8G9M6C209qy/3nMA9N0wE18Z1v5yV1bX1jc3CVnF7Z3dvv3Rw2NJxqhg2WSxi1QmpRsElNg03AjuJQhqFAtvh+G7mtx9RaR7LBzNJMIjoUPIBZ9TYkZ91GRWkMb0993qlsltx5yLL4OVQhlz1Xumz249ZGqE0TFCtfc9NTJBRZTgTOC12U40JZWM6RN+ipBHqIJuvPCWng1gRM0Iyf//OZjTSehKFNhNRM9KL3mz4n+enZnAdZFwmqUHJbMR6g1QQE5NZc9LnCpkREwuUKW63JGxEFWXG3qdo63uLZZehdVHxLivVRrVcu8kPUYBjOIEz8OAKanAPdWgCgxie4Q3eHek8OS/O6090xcn/HMEfOR/f/9yOEA==</latexit>

Q = −1

<latexit sha1_base64="W3l3e3Rdt4fxgoYFEoAob9II38Y=">AAAB63icbZDNSgMxFIXv1L9a/6ou3QSL4KrMiKgLhYIbly3YH2yHkknvtKGZzJBkhDL0KXQl6s638QV8G9M6C209qy/3nMA9N0gE18Z1v5zCyura+kZxs7S1vbO7V94/aOk4VQybLBax6gRUo+ASm4YbgZ1EIY0Cge1gfDvz24+oNI/lvZkk6Ed0KHnIGTV29JD1GBWkMb1x++WKW3XnIsvg5VCBXPV++bM3iFkaoTRMUK27npsYP6PKcCZwWuqlGhPKxnSIXYuSRqj9bL7xlJyEsSJmhGT+/p3NaKT1JApsJqJmpBe92fA/r5ua8MrPuExSg5LZiPXCVBATk1lxMuAKmRETC5QpbrckbEQVZcaep2Tre4tll6F1VvUuqueN80rtOj9EEY7gGE7Bg0uowR3UoQkMJDzDG7w7kfPkvDivP9GCk/85hD9yPr4BkumN2A==</latexit>

Q = 0
<latexit sha1_base64="oF07eM0RYJX2MB6Ox4Q3AXZ+7s0=">AAAB7XicbZDLSsNAFIZP6q3WW9Wlm8EiuAqJeFsoFNy4bMFeoAllMj1ph04uzEyEEvoYuhJ158v4Ar6N05qFtv6rb87/D5z/BKngSjvOl1VaWV1b3yhvVra2d3b3qvsHbZVkkmGLJSKR3YAqFDzGluZaYDeVSKNAYCcY3838ziNKxZP4QU9S9CM6jHnIGdVm5OUeo4I0p7eOfdGv1hzbmYssg1tADQo1+tVPb5CwLMJYM0GV6rlOqv2cSs2ZwGnFyxSmlI3pEHsGYxqh8vP5zlNyEiaS6BGS+ft3NqeRUpMoMJmI6pFa9GbD/7xepsNrP+dxmmmMmYkYL8wE0QmZVScDLpFpMTFAmeRmS8JGVFKmzYEqpr67WHYZ2me2e2mfN89r9ZviEGU4gmM4BReuoA730IAWMEjhGd7g3UqsJ+vFev2JlqzizyH8kfXxDXeGjk8=</latexit>

Q = 0.5
<latexit sha1_base64="Xc66iYImNS+1BAWZpJTwhQ1865c=">AAAB63icbZDNSgMxFIXv1L9a/6ou3QSL4KrMiKgLhYIbly3YH2yHkknvtKGZzJBkhDL0KXQl6s638QV8G9M6C209qy/3nMA9N0gE18Z1v5zCyura+kZxs7S1vbO7V94/aOk4VQybLBax6gRUo+ASm4YbgZ1EIY0Cge1gfDvz24+oNI/lvZkk6Ed0KHnIGTV29JD1GBWkMb3x+uWKW3XnIsvg5VCBXPV++bM3iFkaoTRMUK27npsYP6PKcCZwWuqlGhPKxnSIXYuSRqj9bL7xlJyEsSJmhGT+/p3NaKT1JApsJqJmpBe92fA/r5ua8MrPuExSg5LZiPXCVBATk1lxMuAKmRETC5QpbrckbEQVZcaep2Tre4tll6F1VvUuqueN80rtOj9EEY7gGE7Bg0uowR3UoQkMJDzDG7w7kfPkvDivP9GCk/85hD9yPr4BlGeN2Q==</latexit>

Q = 1

<latexit sha1_base64="St0gtH/Z1WjpS6GEcffABwGMYcQ=">AAAB9XicbZC9TsMwFIWd8lfKXygji0WFxFQlCAFjBQtjkeiP1ESV4960Vm0nsh2givooMCFg40V4Ad4Gt2SAljN9vudYuvdEKWfaeN6XU1pZXVvfKG9WtrZ3dvfc/WpbJ5mi0KIJT1Q3Iho4k9AyzHDopgqIiDh0ovH1zO/cg9IskXdmkkIoyFCymFFi7KjvVvNACSySAQRYZiICNe27Na/uzYWXwS+ghgo1++5nMEhoJkAayonWPd9LTZgTZRjlMK0EmYaU0DEZQs+iJAJ0mM93n+LjOFHYjADP37+zORFaT0RkM4KYkV70ZsP/vF5m4sswZzLNDEhqI9aLM45NgmcV4AFTQA2fWCBUMbslpiOiCDW2qIo93188dhnap3X/vH52e1ZrXBVFlNEhOkInyEcXqIFuUBO1EEWP6Bm9oXfnwXlyXpzXn2jJKf4coD9yPr4Bvr6R+g==</latexit> m
od

e
nu

m
b
er

<latexit sha1_base64="lFmvfNF9naATFThkhhB2O6J9qVo=">AAAB4nicbZDNTgIxFIXv4B/iH+rSTSMxcUVmDFGXRDcuIZGfBCakU+5ApTOdtB0TMuEFdGXUnY/kC/g2FpyFgmf19Z7T5J4bJIJr47pfTmFtfWNzq7hd2tnd2z8oHx61tUwVwxaTQqpuQDUKHmPLcCOwmyikUSCwE0xu537nEZXmMr430wT9iI5iHnJGjR01Hwblilt1FyKr4OVQgVyNQfmzP5QsjTA2TFCte56bGD+jynAmcFbqpxoTyiZ0hD2LMY1Q+9li0Rk5C6UiZoxk8f6dzWik9TQKbCaiZqyXvfnwP6+XmvDaz3icpAZjZiPWC1NBjCTzvmTIFTIjphYoU9xuSdiYKsqMvUrJ1veWy65C+6LqXVZrzVqlfpMfoggncArn4MEV1OEOGtACBgjP8AbvztB5cl6c159owcn/HMMfOR/fyUOKjA==</latexit>

j

<latexit sha1_base64="St0gtH/Z1WjpS6GEcffABwGMYcQ=">AAAB9XicbZC9TsMwFIWd8lfKXygji0WFxFQlCAFjBQtjkeiP1ESV4960Vm0nsh2givooMCFg40V4Ad4Gt2SAljN9vudYuvdEKWfaeN6XU1pZXVvfKG9WtrZ3dvfc/WpbJ5mi0KIJT1Q3Iho4k9AyzHDopgqIiDh0ovH1zO/cg9IskXdmkkIoyFCymFFi7KjvVvNACSySAQRYZiICNe27Na/uzYWXwS+ghgo1++5nMEhoJkAayonWPd9LTZgTZRjlMK0EmYaU0DEZQs+iJAJ0mM93n+LjOFHYjADP37+zORFaT0RkM4KYkV70ZsP/vF5m4sswZzLNDEhqI9aLM45NgmcV4AFTQA2fWCBUMbslpiOiCDW2qIo93188dhnap3X/vH52e1ZrXBVFlNEhOkInyEcXqIFuUBO1EEWP6Bm9oXfnwXlyXpzXn2jJKf4coD9yPr4Bvr6R+g==</latexit> m
od

e
nu

m
b
er

<latexit sha1_base64="lFmvfNF9naATFThkhhB2O6J9qVo=">AAAB4nicbZDNTgIxFIXv4B/iH+rSTSMxcUVmDFGXRDcuIZGfBCakU+5ApTOdtB0TMuEFdGXUnY/kC/g2FpyFgmf19Z7T5J4bJIJr47pfTmFtfWNzq7hd2tnd2z8oHx61tUwVwxaTQqpuQDUKHmPLcCOwmyikUSCwE0xu537nEZXmMr430wT9iI5iHnJGjR01Hwblilt1FyKr4OVQgVyNQfmzP5QsjTA2TFCte56bGD+jynAmcFbqpxoTyiZ0hD2LMY1Q+9li0Rk5C6UiZoxk8f6dzWik9TQKbCaiZqyXvfnwP6+XmvDaz3icpAZjZiPWC1NBjCTzvmTIFTIjphYoU9xuSdiYKsqMvUrJ1veWy65C+6LqXVZrzVqlfpMfoggncArn4MEV1OEOGtACBgjP8AbvztB5cl6c159owcn/HMMfOR/fyUOKjA==</latexit>

j

<latexit sha1_base64="c7+cO4ThePS8GNnrlV2MfVC0gcI=">AAAB8nicbZDLSsNAFIZP6q3WS6Mu3QwWwY0hkWrdCEU3LluwF2hDmUxP26GTCzMToYS+iK5E3fkovoBvY1Kz0NZ/9c35/4HzHy8SXGnb/jIKa+sbm1vF7dLO7t5+2Tw4bKswlgxbLBSh7HpUoeABtjTXAruRROp7Ajve9C7zO48oFQ+DBz2L0PXpOOAjzqhORwOznPQZFaQ5vzl3rNplaWBWbMteiKyCk0MFcjUG5md/GLLYx0AzQZXqOXak3YRKzZnAeakfK4wom9Ix9lIMqI/KTRaLz8npKJRET5As3r+zCfWVmvlemvGpnqhlLxv+5/ViPbp2Ex5EscaApZHUG8WC6JBk/cmQS2RazFKgTPJ0S8ImVFKm0ytl9Z3lsqvQvrCcK6varFbqt/khinAMJ3AGDtSgDvfQgBYwiOEZ3uDd0MaT8WK8/kQLRv7nCP7I+PgGEMuPEw==</latexit>

Q = −1.75

<latexit sha1_base64="gYs8WEZ/GzEscD/y9d+x1HKFT9w=">AAAB5HicbZDNTgIxFIXv+Iv4h7p000hMcENmDFGXRDcuMcpPAhPSKXegoTOdtB0TMuENdGXUnU/kC/g2FpyFgmf19Z7T5J4bJIJr47pfzsrq2vrGZmGruL2zu7dfOjhsaZkqhk0mhVSdgGoUPMam4UZgJ1FIo0BgOxjfzPz2IyrNZfxgJgn6ER3GPOSMGju6r9CzfqnsVt25yDJ4OZQhV6Nf+uwNJEsjjA0TVOuu5ybGz6gynAmcFnupxoSyMR1i12JMI9R+Nl91Sk5DqYgZIZm/f2czGmk9iQKbiagZ6UVvNvzP66YmvPIzHiepwZjZiPXCVBAjyawxGXCFzIiJBcoUt1sSNqKKMmPvUrT1vcWyy9A6r3oX1dpdrVy/zg9RgGM4gQp4cAl1uIUGNIHBEJ7hDd6d0HlyXpzXn+iKk/85gj9yPr4BfzGK6A==</latexit>

(a)
<latexit sha1_base64="RZzZrlw1y6wT0FKyTcjZlkJFgzk=">AAAB5HicbZDNTgIxFIXv+Iv4h7p000hMcENmDFGXRDcuMcpPAhPSKXegoTOdtB0TMuENdGXUnU/kC/g2FpyFgmf19Z7T5J4bJIJr47pfzsrq2vrGZmGruL2zu7dfOjhsaZkqhk0mhVSdgGoUPMam4UZgJ1FIo0BgOxjfzPz2IyrNZfxgJgn6ER3GPOSMGju6rwRn/VLZrbpzkWXwcihDrka/9NkbSJZGGBsmqNZdz02Mn1FlOBM4LfZSjQllYzrErsWYRqj9bL7qlJyGUhEzQjJ//85mNNJ6EgU2E1Ez0ovebPif101NeOVnPE5SgzGzEeuFqSBGklljMuAKmRETC5QpbrckbEQVZcbepWjre4tll6F1XvUuqrW7Wrl+nR+iAMdwAhXw4BLqcAsNaAKDITzDG7w7ofPkvDivP9EVJ/9zBH/kfHwDgLCK6Q==</latexit>

(b)

<latexit sha1_base64="vUKysHNKSrSjo7DQFlbyPt+PNto=">AAAB83icbZDNTgIxFIXv4B/i36hLN43ExBWZMUZZuCBx4xKN/CQwmXTKBRramUnbISETnkRXRt35Jr6Ab2NBFgqe1dd7TpN7T5QKro3nfTmFtfWNza3idmlnd2//wD08auokUwwbLBGJakdUo+AxNgw3AtupQiojga1odDvzW2NUmifxo5mkGEg6iHmfM2rsKHTdruYDScO8qyR5mN54oVv2Kt5cZBX8BZRhoXrofnZ7CcskxoYJqnXH91IT5FQZzgROS91MY0rZiA6wYzGmEnWQzzefkrN+oogZIpm/f2dzKrWeyMhmJDVDvezNhv95ncz0q0HO4zQzGDMbsV4/E8QkZFYA6XGFzIiJBcoUt1sSNqSKMmNrKtnz/eVjV6F5UfGvKpf3l+VadVFEEU7gFM7Bh2uowR3UoQEMxvAMb/DuZM6T8+K8/kQLzuLPMfyR8/ENuOqQvA==</latexit>

σR < 0

<latexit sha1_base64="vUKysHNKSrSjo7DQFlbyPt+PNto=">AAAB83icbZDNTgIxFIXv4B/i36hLN43ExBWZMUZZuCBx4xKN/CQwmXTKBRramUnbISETnkRXRt35Jr6Ab2NBFgqe1dd7TpN7T5QKro3nfTmFtfWNza3idmlnd2//wD08auokUwwbLBGJakdUo+AxNgw3AtupQiojga1odDvzW2NUmifxo5mkGEg6iHmfM2rsKHTdruYDScO8qyR5mN54oVv2Kt5cZBX8BZRhoXrofnZ7CcskxoYJqnXH91IT5FQZzgROS91MY0rZiA6wYzGmEnWQzzefkrN+oogZIpm/f2dzKrWeyMhmJDVDvezNhv95ncz0q0HO4zQzGDMbsV4/E8QkZFYA6XGFzIiJBcoUt1sSNqSKMmNrKtnz/eVjV6F5UfGvKpf3l+VadVFEEU7gFM7Bh2uowR3UoQEMxvAMb/DuZM6T8+K8/kQLzuLPMfyR8/ENuOqQvA==</latexit>

σR < 0

<latexit sha1_base64="5zKoZxSuWBZwGN7hOYI6LnPAzsg=">AAAB+HicbVBNT8JAEN3iF+JX1Xjy0khMPJHWEPVI9OIRE0ESaMh2mcKGbbfZnRprw3/Rk1Fv/g7/gP/GBXtQ8J3ezHuTmXlBIrhG1/2ySkvLK6tr5fXKxubW9o69u9fWMlUMWkwKqToB1SB4DC3kKKCTKKBRIOAuGF9N9bt7UJrL+BazBPyIDmMeckbRtPr2QQ/hAXOIBxJHoCLOOGaTvl11a+4MziLxClIlBZp9+7M3kCyNIEYmqNZdz03Qz6lCzgRMKr1UQ0LZmA6ha2hMI9B+Pjt/4hyHUjlmuzOrf3tzGmmdRYHxRBRHel6bNv/TuimGF37O4yRFiJmxGC1MhYPSmabgDLgChiIzhDLFzZUOG1FFGZqsKuZ9b/7ZRdI+rXlntfpNvdq4LIIok0NyRE6IR85Jg1yTJmkRRnLyTN7Iu/VoPVkv1uuPtWQVM/vkD6yPb086lBw=</latexit>

endothermicity

<latexit sha1_base64="02McOStxCAMkp7S7EkRCBhJfA04=">AAAB93icbVC7TsNAEDyHVwgv8+hoLCIkqshGEVBG0FAGiTykxIrOl01yytln3a1RjJVvgQoBHf/BD/A3XIILSJhqdmdWuztBLLhG1/2yCiura+sbxc3S1vbO7p69f9DUMlEMGkwKqdoB1SB4BA3kKKAdK6BhIKAVjG9meusBlOYyusc0Bj+kw4gPOKNoWj37qIswwQwmEkegQs44ptOeXXYr7hzOMvFyUiY56j37s9uXLAkhQiao1h3PjdHPqELOBExL3URDTNmYDqFjaERD0H42v37qnA6kcsx2Z17/9mY01DoNA+MJKY70ojZr/qd1Ehxc+RmP4gQhYsZitEEiHJTOLASnzxUwFKkhlClurnTYiCrK0ERVMu97i88uk+Z5xbuoVO+q5dp1HkSRHJMTckY8cklq5JbUSYMw8kieyRt5t1LryXqxXn+sBSufOSR/YH18A5wVk7g=</latexit>

exothermicity

<latexit sha1_base64="ogmQ+aZ8gF2vo1KqFUemV7X1dhY=">AAAB73icbZC7TgJBFIbP4g3xhlraTCQmVmTXELWwILGxhEQuCbuS2eEsTJi9MDNrQjY8h1ZG7XwXX8C3ccAtFPyrb87/T3L+4yeCK23bX1ZhbX1jc6u4XdrZ3ds/KB8etVWcSoYtFotYdn2qUPAIW5prgd1EIg19gR1/fDv3O48oFY+jez1N0AvpMOIBZ1Sb0UPmMipIc+YOcULsfrliV+2FyCo4OVQgV6Nf/nQHMUtDjDQTVKmeYyfay6jUnAmcldxUYULZmA6xZzCiISovW2w9I2dBLIkeIVm8f2czGio1DX2TCakeqWVvPvzP66U6uPYyHiWpxoiZiPGCVBAdk3l5MuASmRZTA5RJbrYkbEQlZdqcqGTqO8tlV6F9UXUuq7VmrVK/yQ9RhBM4hXNw4ArqcAcNaAEDCc/wBu/WxHqyXqzXn2jByv8cwx9ZH99vGo98</latexit>

Q ≥ 0
<latexit sha1_base64="LhvGFE9TrsrQuoQEVlxbaV3hJuE=">AAAB73icbZC7TgJBFIbP4g3xhlraTCQmVmTXELWwILGxhEQuCbuS2eEsTJi9MDNrQjY8h1ZG7XwXX8C3ccAtFPyrb87/T3L+4yeCK23bX1ZhbX1jc6u4XdrZ3ds/KB8etVWcSoYtFotYdn2qUPAIW5prgd1EIg19gR1/fDv3O48oFY+jez1N0AvpMOIBZ1Sb0UPmMipIc+YKnBC7X67YVXshsgpODhXI1eiXP91BzNIQI80EVarn2In2Mio1ZwJnJTdVmFA2pkPsGYxoiMrLFlvPyFkQS6JHSBbv39mMhkpNQ99kQqpHatmbD//zeqkOrr2MR0mqMWImYrwgFUTHZF6eDLhEpsXUAGWSmy0JG1FJmTYnKpn6znLZVWhfVJ3Laq1Zq9Rv8kMU4QRO4RwcuII63EEDWsBAwjO8wbs1sZ6sF+v1J1qw8j/H8EfWxzd2pI+B</latexit>

Q ≤ 0

FIG. 12. Unstable regions as a function of the mass compres-
sion ratio R and the mode number j for different values of the
energy factor Q, exothermic cases in panel (a) and endother-
mic in panel (b). Results are computed for a cylindrical shock
(ν = 2) in a vdW gas (α1 = 1/2, β1 = 1/9) with γ = 31/30.

boundary, as the values of h and hst implicitly depend
on Q, in a similar fashion to that computed in Fig. 4
for planar shocks. Qualitatively, the higher is the differ-
ence h − hc > 0, the higher will be h − hst > 0. For
example, the higher is the heat release the more stable
is the expanding shock. If Q is sufficiently large so that
h < hc, the shock will be stable regardless the mode
number. On the other hand, endothermicity exhibits an
opposite effect: the minimum mode number to render in-
stability decreases, yet the unstable region splits into two
different regions, as anticipated in Fig. 3 that would cor-
respond to the instability boundaries for j → ∞. Note
that a spherical shock, ν = 3, displays a similar pattern
with the unstable regions will being roughly shifted up-
wards, i.e., the condition for instability calls for higher
mode numbers.

The asymptotic limits j ' n, to which the limits of
the unstable regions tend, correspond to the zeros of the
function h− hc displayed in Fig. 3. This is equivalent as
saying that

hst(M2,R, h1, ν, j) → hc(M2,R) (47)

when j → ∞, for any set of shock conditions (exothermic-
ity/endothermicity) and geometrical properties (spheri-
cal/cylindrical).

For finite values of j, we find hst > hc, so that the
condition for instability is harder to meet. However, (47)
does not provide information of the next leading-order
contribution which could be used to theoretically ana-
lyze the contribution of j for large values of the mode
number. We have not found in the literature the expan-
sion of Gauss hypergeometric functions (or the equivalent
Legendre associated functions) with complex arguments
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ln∆R

FIG. 13. Functions ∆R and ∆R that satisfy as a function of
the mode number j. Computations are all done for a cylin-
drical shock (ν = 2) with and R = 1.5 in a vdW gas with
α1 = 1/2, β1 = 1/9 and γ = 31/30.

in the limit j $ n. The only available relation is the
asymptotic short-wavelength limit

lim
j→∞
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∣

σ=i j
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2
−1

= 1−M2
2 + iM2

√

1−M2
2 (48)

that does not depend on ν for j → ∞. Then, a direct nu-
merical analysis is performed to demonstrate the validity
of (47). In particular, the following parameters:
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2
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)

, (50)

are introduced to evaluate the transverse limit, since ∆R

and ∆I approach unity for j → ∞. These parameters are
computed in Fig. 13 as a function of the mode number
up to j = 1000. It is observed that, regardless the de-
gree of endothermicity and exothermicity, both real and
imaginary parts of F−

1s/F
+
1s for σ = i j

√

M2
−2 − 1 ap-

proach their asymptotic short-wavelength values, 1−M2
2

and M2

√

1−M2
2 , respectively. The case close to the CJ

limit, however, exhibits a much lower approach in what
concerns the function ∆R, which can be seen to come
nearer unity in the inset. This is because the approach
to the sonic condition downstream is associated with a
longer characteristic time, as discussed in Fig.10. Per
the imaginary part ∆I, the approach towards unity is
not monotonic, yet the function ultimately gets a clearer
trend towards its asymptotic prediction.

VI. CONCLUSIONS

The stability of expanding shock waves that induce
endothermic and exothermic effects has been addressed.

For this purpose, use has been made of the so-called gen-
eralized Noh problem, extended to non-adiabatic shocks,
to compute the perturbation-free solution. Although the
problem can be formulated for an arbitrary EoS, a vdW
gas has been employed because it has been proved to give
non-decaying acoustic emission in the conditions found
by J.W. Bates and D.C. Montgomery3 for planar isolated
shocks.

The results presented here indicate that endothermic
and exothermic effects, here assumed to be independent
of the post-shock properties, act markedly on the stabil-
ity in a number of important ways with respect to the
results predicted by adiabatic shocks. A breakdown of
the results is offered:

(a) For planar isolated shocks, in conditions where
the adiabatic isolated planar shock renders SAE,
the effect of endothermicity is to widen the unsta-
ble range in the shock-compression ratio domain,
with the possibility of splitting the unstable range
into two separated zones. On the other hand,
exothermicity has an opposite effect and sufficiently
exothermic shocks may give rise to acoustically sta-
ble shocks for any shock strength.

(b) The generalized Noh problem admits self-similarity
for shocks that induce endothermic or exothermic
effects across the shock so long the shock plus the
reaction zone can be treated as a single discontinu-
ity. The restrictions on the energy substracted or
delivered across the shock are imposed by the sonic
conditions upstream and downstream, respectively.

(c) In agreement with adiabatic shocks, the DK in-
stability of expanding steady shock waves drives
a power-law growth of shock ripples and other flow
perturbations in the range hc < h < 1 + 2M2

deemed marginally stable in the classic theory1,2,85.
The difference between this case and the classic case
of isolated planar shock is due to the piston sup-
porting the steady shock and represented with the
center or axis of symmetry.

(d) The case associated with dominant radial modes,
n ' j, is more restrictive to yield instability be-
cause the mechanism of unstable growth relies on
having a reflection coefficient greater than unity.
The instability threshold in the transverse limit
j ' n is the same as that for planar shocks h > hc.
Therefore, being in the unstable region for a planar
shock is a sufficient, but not a necessary condition
for the steady expanding shock to be unstable for
finite mode numbers j.

(e) Divergence of the flow in cylindrical and spherical
shocks has a stabilizing effect, but the center/axis
of symmetry, which play the role of the piston in
a planar shock, changes the character of the insta-
bility. The role of endothermicity and exothermic-
ity is qualitatively similar to that found in planar
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shocks, see item (a). For exothermic shocks close
to the CJ condition (sonic flow downstream), the
acoustic coupling becomes ineffective and the shock
oscillation frequency drops to zero.

(f) The modification of the stability limits by en-
dothermic/exothermic effects in a DK unstable
vdW gas (with the EoS properties prescribed in
Ref.3) is found to occur at relatively low values
of the dimensionless energy factor Q, thereby be-
ing associated with low concentration of the active
species responsible of the non adiabaticity within
the shock structure.

A more realistic model should include a variable en-
ergy factor in endothermic shocks, with the correspond-
ing description of the phenomenon responsible of the en-
ergy variation (as done for example in planar dissociat-
ing shocks8,11). For exothermic shocks, the inclusion of
the inner structure that may develop its own unstable
evolution73, would complete the global stability picture
for non-adiabatic shocks. Nonetheless, the presence of
the characteristic chemical time would impede the use of
separation of variables and the analysis should be done
with a different approach to that employed here. For
similar reasons, the extension to include axial perturba-
tions in cylindrical expanding shocks should be formu-
lated with a different technique. Regardless the case, the
findings reported in this work would greatly benefit from
comparisons with numerical simulations in future works.
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