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A B S T R A C T

Fused deposition modelling (FDM) is the most common additive manufacturing technology used for ther-
moplastic components. This layers-based manufacturing process results into direct links between printing
parameters and the polymer mesostructure by means of porosity and structural anisotropy. These dependencies
along with other features of thermoplastic polymers (i.e., nonlinearities, viscous and thermal responses)
makes its constitutive modelling very challenging. This work distances from studies that model the 3D
printing process. Instead, we aim at complementing such approaches with a continuum model to describe the
macroscopic behaviour of FDM thermoplastics while preserving links with printing parameters. Prior to the
modelling conceptualisation, experimental characterisation tests are conducted on ABS specimens to evaluate
the influence of printing parameters on the macroscopic mechanical response. The physical fundamentals
behind the deformation and failure mechanisms are identified and motivate the new constitutive model. This
model is formulated for finite deformations within a thermodynamically consistent framework. The model
accounts for: nonlinear response; anisotropic hyperelasticity related to a transversely isotropic distribution of
porous; strain rate dependency; macroscopic stiffness dependent on 3D printing processing. Finally, the model
is numerically implemented and calibrated for ABS with original experiments, demonstrating its suitability.
1. Introduction

Additive manufacturing or three-dimensional (3D) printing tech-
nologies has led to an industrial revolution, allowing the manufac-
turing of components by the addition of material layers from a CAD
file. This comes down to the integration of the design and manu-
facturing processes, efficient use of the material with minimal waste
and great opportunities for customised geometries [1]. Despite all
these advantages, 3D printing techniques still offer inferior mechanical
properties due to additional porosity and anisotropy caused by the
nature of the manufacturing process by layers [2]. In this regard, both
porosity and mechanical anisotropy strongly depend on the printing
parameters. Therefore, far from considering these as disadvantages,
the influence of printing parameters may be used to customise the
mechanical properties of the printed components by imposing intricate
porosity patterns.

Among all 3D printing techniques, fused deposition modelling
(FDM) is the most common for thermoplastics and reinforced ther-
moplastic materials such as acrylonitrile butadiene styrene (ABS),
polylactic acid (PLA) [2], polycarbonate [3], Ultem [4], polyether-
ether-ketone (PEEK) [5] or fibre reinforced thermoplastics [6,7]. FDM
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offers a great versatility to fabricate thermoplastic components with
complex 3D geometry in reasonable manufacturing times, thus becom-
ing a good alternative for applications in different sectors such as the
aeronautical, automotive, and biomedical industries [2,8]. However,
despite the advances in this field, there is still limited knowledge
about the links between the manufacturing process conditions and the
final mechanical performance of these components, impeding further
progress and exploitation of this technology.

Prior to deepen into FDM polymers, a proper understanding of
traditional thermoplastics is needed. These polymers reach large de-
formations presenting nonlinear response, pressure, temperature and
strain rate dependencies. Some of these dependences have also been
observed in FDM materials by other authors, e.g. increase in elastic
modulus and yield strength with strain rate [9–11]. Moreover, the
mechanical properties of FDM components are sensitive to printing
parameters that affect the mesostructure [12]. Some printing param-
eters have already been analysed experimentally in the literature:
the influence of layer thickness [12–14]; air gap [12,15]; printing
temperature [5,14–16]; or feed rate [17]. In this regard, a decrease
in layer thickness or an increase in printing temperature result in a
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decrease of void density, thus leading to higher elastic modulus and
yield stress [13,14,16]. Furthermore, filaments are deposited with a
preferential alignment causing a marked anisotropic behaviour [9,13,
15,18–20]. The results from these works show that specimens manu-
factured with a 0◦ (longitudinal) raster orientation present the highest
ensile performance; while specimens with a 90◦ (transversal) raster
angle present the weakest. Therefore, further optimisation of FDM
components and their applications requires the identification of manu-
facturing process dependences on the deformation mechanisms of these
materials. To this end, the development of reliable constitutive models
can help to guide their design and optimisation. Current efforts to
date approach the 3D printing manufacturing process describing the
interplay between thermo-mechanical processes providing direct links
between printing parameters and the final mesostructure [21]. The
current work distances from these approaches and aims to complement
them by providing a continuum model describing the macroscopic
behaviour of FDM thermoplastics while still linking it to printing
parameters. However, such modelling is very challenging as all the
aforementioned considerations must be taken into account together.

The macroscopic mechanical response of traditional thermoplas-
tic materials has extensively been modelled in the current literature.
Among these approaches, one of the first advanced models to pre-
dict their mechanical response is the hyperelastic–viscoplastic model
proposed by Arruda and Boyce [22]. This model captures strain rate
and temperature dependences as well as strain softening in glassy
polymers. Mulliken and Boyce [23] proposed a model which captures
the transition in the yield behaviour and large strain post-yielding over
a wide range of temperatures and strain rates. More recently, Polanco-
Loria and co-authors developed a constitutive model to predict the
response of thermoplastic materials under isothermal conditions [24,
25]. Nguyen et al. [26] proposed a phenomenological constitutive
model to capture the pressure- and rate-dependent mechanical response
of amorphous glassy polymers including a softening variable to capture
strong nonlinearities. More recently, Garcia-Gonzalez and co-authors
have studied the mechanical behaviour of semi-crystalline polymers
and have proposed a series of models to reproduce the mechanical
behaviour of semi-crystalline polymers accounting for viscous effects
and thermo-mechanical coupling [27–29]. Another alternative is the
application of time-fractional models for the computation of viscous
responses [30], which can be also applied for damage evolution [31].
Regarding the constitutive modelling of 3D printed polymers, most
of the models to date are formulated for infinitesimal deformations
and based on linear elasticity combined with a yield criterion for
orthotropic materials [3,20,32,33]. Zou et al. [20] provided a com-
parison between two modelling approaches: isotropic linear elasticity
and transversely isotropic linear elasticity. However, these models are
insufficient to predict the inelastic deformation process of 3D printed
polymers under large deformations and do not include links with the
printing process.

Despite the efforts made to date to model the mechanical behaviour
of 3D printed polymers, to the authors’ knowledge, there is no con-
stitutive model available in the literature accounting for the principal
characteristics of both elastic and inelastic responses of such type of
materials. In this paper, a hyperelastic constitutive model is proposed to
describe the mechanical behaviour of FDM thermoplastics. We distance
from modelling the thermo-mechanics of the 3D printing manufactur-
ing process, and focus on the final links between printing parameters
and the effective macroscopic behaviour of FDM thermoplastics. This
model is developed for finite deformations within a thermodynamically
consistent framework and accounts for: nonlinear response; anisotropic
hyperelasticity related to a transversely isotropic distribution of porous;
strain rate dependency; macroscopic stiffness dependent on 3D printing
processing. Some of the previous dependencies can be directly linked to
the 3D printing parameters used during the manufacturing process. To
motivate the principal bases and assumptions of the model, an experi-
2

mental characterisation campaign is conducted on FDM ABS specimens. i
Table 1
Printing parameters.
Printing parameter Value

Infill density 100%
Road width 0.4 mm
Air gap 0 mm
Infill pattern Lines
Printing temperature 240 ◦C
Build plate temperature 100 ◦C

Table 2
Void density as a function of layer height.
Layer height (mm) Mean void density (%)

0.1 1.1
0.2 2.28
0.3 4.45

These results are shown in Section 2 analysing the influence of some
rinting parameters and strain rate, permitting the identification of
he physical fundamentals behind the deformation and failure mech-
nisms that govern the mechanical behaviour of FDM thermoplastics.
ection 3 presents the formulation of the constitutive model proposed
in this work. Section 4 describes the numerical implementation and the
identification of the model parameters for FDM ABS. The corresponding
results and discussion are presented in Section 5. Finally, Section 6
oncludes this work.

. Experimental characterisation of FDM thermoplastics

The aim of this section is to identify the physical fundamentals
ehind the mechanical behaviour of FDM printed materials and to
stablish the basis of the constitutive model proposed. To this end, we
rovide a detailed characterisation of FDM ABS to analyse the influence
f two printing parameters: layer height and raster orientation; and
train rate in terms of stress–strain response and failure mechanisms. In
ddition, the influence of the number of layers and the corresponding
nterfaces formed is approached.

.1. Material and methods

To study the macroscopic mechanical response of ABS FDM compo-
ents, experimental tensile tests are conducted at two different strain
ates (3 ⋅ 10−4 s−1 and 3 ⋅ 10−3 s−1). Thin rectangular specimens with
imensions 164 mm × 50 mm are printed in ABS. This geometry has
een chosen to avoid premature failure due to stress concentration
n the radius of the fillet observed in 3D printed dog-bone geometry
amples [13,34].
The influence of 3D printing parameters has been studied consid-

ring three different layer heights (0.1, 0.2 and 0.3 mm), two rasters
rientations (longitudinal and transverse) and different number of lay-
rs (from one to three), giving a total number of eighteen different
pecimen-type groups. All the specimens are manufactured with unidi-
ectional layers to have a better control on the effects of the parameters
tudied. The remaining parameters are hold at the recommended or
efault values, see Table 1. Moreover, only a single contour is deposited
long the component edge in all the specimens, to avoid the influence
f the contours on the mechanical properties [35]. A total number of
our specimens per condition are tested to obtain reliable results.

.2. Experimental results

.2.1. Mechanical dependencies and stress–strain response
The layer height has a great influence on the final mesostructure

nd, therefore, on the porosity of FDM components. To study this

nfluence, the cross-sectional area of the specimens was previously
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Fig. 1. Comparison of stress–strain response of 0.1 mm FDM ABS specimens at different strain rates: (a) longitudinal and (b) transversal orientations.
Fig. 2. Comparison of stress–strain response of longitudinal FDM ABS specimens at a strain rate of 3 ⋅ 10−4 s−1: (a) one layer and three different layer heights and (b) 0.1 mm
layer height and three different number of layers.
Fig. 3. Comparison of stress–strain response of longitudinal FDM ABS specimens with the same total thickness at different strain rates: (a) total thickness of 0.3 mm and (b) total
hickness of 0.6 mm.
nalysed with a scanning electron microscope and estimated by image
echniques. The average results are summarised in Table 2, where an
ncrease in porosity is observed when layer height increases.
The effect of the strain rate on the mechanical response of FDM

hermoplastics is shown in Fig. 1, where the stress–strain response of
pecimens with a layer height of 0.1 mm is presented for both raster
rientations. A slight increase is observed in the Young’s modulus as
train rate increases for both longitudinal and transverse. Moreover, a
ore noticeable increase in the yield stress is observed for longitudinal
3

specimens, and in the ultimate tensile strength for transversal ones.
On the other hand, comparing the mechanical response for both raster
orientations, higher Young’s modulus and maximum stress is observed
for longitudinal specimens. Note that maximum stress corresponds to
yield stress for longitudinal specimens and ultimate tensile strength
for transversal specimens. These tendencies are in accordance with the
previous studies found in the literature [9–11].

The dependences with the layer height and number of layers are

shown in Fig. 2. Higher performance, in terms of Young’s modulus
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Fig. 4. Shear bands and crazing on a longitudinal one-0.1 mm-layer specimen tested
at a strain rate of 3 ⋅ 10−4 s−1.

and maximum stress, is observed as layer height decreases, being the
effect more significant when the layer height decreases from 0.2 mm
to 0.1 mm than from 0.3 mm to 0.2 mm, see Fig. 2a. These tendencies
are explained by the previous results shown in Table 2, where an
increase in void density is observed with layer height. In the same
way, a lower mechanical response, in terms of Young’s modulus and
maximum stress, is observed when the number of layers increases, see
Fig. 2b. These differences in mechanical response are explained by the
fact that when the number of layers increases so does the number of
bonding interfaces. In this regard, a steady limit is expected for a given
number of layers, from which the mechanical response would not be
altered. The definition of such limit needs of further studies and is out
4

of the scope of this work.
Finally, Fig. 3 compares the response of specimens with the same
hickness (i.e., one-0.3 mm-layer specimens vs. three-0.1 mm-layers
pecimens or two-0.3 mm-layers specimens vs. three-0.2 mm-layers
pecimens). Better performance is obtained with a smaller layer height
ue to lower porosity. However, similar mechanical properties are
btained for the case of specimens with a total thickness of 0.6 mm
nd a longitudinal raster orientation, as shown in Fig. 3b.
More details of these experimental results are shown in Appendix.

.2.2. Deformation and failure mechanics
As for mechanical properties such as Young’s modulus and maxi-
um stress, the deformation mechanisms and failure modes observed
uring deformation and fracture also depend on the printing param-
ters, especially on the raster orientations. Longitudinal specimens
resent a linear elastic region followed by necking and, finally, a plastic
low at constant stress. During the deformation process of longitudi-
al specimens, shear zones appeared on each filament and propagate
bliquely before yielding. In addition, crazes formation and growth
re observed. Crazing develops when excessive stress is applied to
he polymer, leading to microvoid formation normal to the loading
irection [36], see Fig. 4. These crazing and shear banding continue
ropagating along the whole gauge length. From the microvoids, cracks
tart to propagate slowly at first but rapidly when the cross section is
educed. Finally, the fracture occurs normal to the loading direction
eading to stress whitened areas, see Fig. 4. The fracture surface is also
nalysed with an optical microscope, where micro-shearing is observed
n each filament, see Figs. 5a and 5b.
On the other hand, transverse specimens exhibit a linear elas-

ic behaviour with a brittle fracture. The fracture occurs along the
ilament-to-filament interface as observed when comparing Figs. 5c and
d. This is explained by the fact that, in transverse specimens, the
oads are taken by the bond between filaments and not by the filaments
themselves.
Fig. 5. Microphotograph of superficial surface of a one-0.1 mm-layer specimen tested at a strain rate of 3 ⋅ 10−4 s−1: (a) longitudinal before testing and (b) after testing; (c)
transversal before testing and (d) after testing.
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Fig. 6. Rheological scheme of the proposed constitutive.

. Constitutive model

In the previous section, the layer height has been identified as
key parameter influencing the final mesostructure. This parame-

er has a great influence on the porosity (void density) of the final
tructure, strongly influencing the mechanical performance. Moreover,
he mechanical anisotropy of FDM components has been found to
trongly depend on the orientation of filaments deposition and porosity
istribution. In addition, the number of layers affects the mechanical
erformance of these components due to the density of bonding in-
erfaces. On the other hand, the nature of thermoplastic polymers is
omplex so viscoelastic and viscoplastic behaviours play a relevant role
n the overall mechanical response.
In this paper, a hyperelastic constitutive model is developed to

escribe the macroscopic mechanical behaviour of FDM thermoplastics.
his model is developed for finite deformations within a thermody-
amically consistent framework and accounts for: nonlinear response;
nisotropic hyperelasticity related to a transversely isotropic distribu-
ion of porous; strain rate dependency; macroscopic stiffness dependent
n 3D printing processing. Some of the previous dependencies can be
irectly linked to the 3D printing parameters used during the manu-
acturing process. In this regard, the dependency of the mechanical
esponse with the layer height is introduced by the void density (poros-
ty). Moreover, a softening model is used to include the influence of
he number of layers. This section presents the proposed continuum
echanics model including the description of the rheological scheme,
he finite deformation kinematics and the thermodynamics.
To help the understanding of the model formulation, the list of

ymbols used is provided in Table 3.

3.1. Rheological model

From experimental results, it is observed that FDM polymers prese-
nt an viscoelastic–viscoplastic anisotropic behaviour. Therefore, the
rheological model is composed of a purely elastic anisotropic spring
(E) followed by two dashpots, see Fig. 6. The former (V) accounts
for viscoelastic dependencies while the second one (P), which is in
parallel with a friction element, accounts for viscoplasticity. The fric-
tion element represents a yield function controlling the plastic flow
activation. Note that the viscoelastic response is intimately described
associating the elastic spring and the first viscous dashpot. Therefore,
we define these two rheological elements in front of the viscoplastic
dashpot acting on top.

According to the rheological model, the total stress is equal on the
three components

𝝈 = 𝝈𝑬 = 𝝈𝑽 = 𝝈𝑷 (1)

.2. Kinematics

The finite deformation kinematics is defined by four configurations
oing from an initial reference configuration 𝛺0 to a current con-
iguration 𝛺, see Fig. 7. Two additional intermediate configurations
ave been added. The former refers to as a dilated configuration �̄�
n which only viscoplastic deformation is accounted for, while the
econd one refers to as a dilated relaxed configuration ̄̄𝛺 in which both
5

Table 3
Nomenclature used for the constitutive formulation.
𝛺0 , �̃�, ̄̄𝛺,𝛺 Initial, dilated, dilated relaxed and current configurations

𝛹 Helmholtz free-energy function
e0 Specific internal energy per unit volume in 𝛺0
𝜂0 Specific entropy per unit volume in 𝛺0
𝜃0 Reference temperature
𝑸 Heat flux per unit volume in 𝛺0
𝑅 Heat source per unit volume in 𝛺0
𝒂0 FDM filament orientation
𝑰 Second-order identity tensor
𝑭 Deformation gradient
𝑭 𝑬 ,𝑭 𝑽 ,𝑭 𝑷 Elastic, viscoelastic and viscoplastic deformation gradients
𝐽 Jacobian
𝑪 Right Cauchy–Green strain tensor
𝑩 Left Cauchy–Green strain deformation
𝐼𝑖 Principal invariants of C
𝝈 Cauchy stress tensor
𝝈𝐄 ,𝝈𝐕 ,𝝈𝐏 Elastic, viscoelastic and viscoplastic Cauchy stress tensor
𝑷 First Piola–Kirchhoff stress tensor
𝒍 Velocity gradient in 𝛺
𝒍𝑬 Elastic velocity gradient in 𝛺
�̄�𝐕 Viscoelastic velocity gradient in �̄�
̄̄𝐋𝐏 Viscoplastic velocity gradient in ̄̄𝛺
𝑵𝒑 Direction tensor of the plastic flow
𝜁 Softening variable
𝜇𝑚 Matrix shear modulus
𝑣𝑚 , 𝑣𝑓 Initial matrix and voids volume fractions
𝑛 Shear modulus porosity-sensitivity parameter
𝜁∞ Dimensionless maximum softening
𝛼 Phenomenological softening parameter
𝜄 Softening saturation parameter
𝜂 Viscosity
𝑞1 , 𝑞2 Material parameters of the yield function
𝜎𝑘𝑘 Transverse hydrostatic stress
𝜎𝑒𝑞𝑣 Equivalent von Mises stress
𝜎𝑦 Yield stress
𝜎𝑠 Saturation stress
𝐻 Hardening/softening parameter
�̄�𝑝 Equivalent plastic strain
̇𝛾𝑝 Viscoplastic multiplier
�̇�0 Reference strain rate
𝐶 Rate-sensitivity parameter

Fig. 7. Kinematics of the proposed constitutive.

viscoelastic and viscoplastic deformations are considered. Therefore,
the total deformation gradient can be multiplicatively decomposed as

𝑭 = 𝑭𝑬𝑭 𝑽 𝑭 𝑷 (2)

where 𝑭𝑬 is the elastic component and 𝑭 𝑽 and 𝑭 𝑷 are the viscoelastic
and viscoplastic components, respectively.
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The velocity gradient 𝒍 can be written, according to the kinematics
f the model, as

𝒍 = 𝒍𝑬 + 𝑭𝑬
̄̄𝑳𝑽 𝑭 −1

𝑬 + 𝑭𝑬𝑭 𝑽 �̄�𝑷𝑭 −1
𝑽 𝑭 −1

𝑬 (3)

where 𝒍𝑬 = �̇�𝑬𝑭 −1
𝑬 is the elastic component of the velocity gradient in

𝛺, ̄̄𝑳𝑽 = �̇� 𝑽 𝑭 −1
𝑽 is the viscoelastic component defined in ̄̄𝛺 and �̄�𝑷 =

̇ 𝑷𝑭 −1
𝑷 is the viscoplastic component defined in �̄�. Both viscoelastic

nd viscoplastic velocity gradients are equal to the symmetric parts of
he corresponding velocity gradients since the configurations �̄� and ̄̄𝛺
re assumed to be invariant to the rigid body rotations of 𝛺.

.3. Thermodynamics

The constitutive relations of the model have to satisfy the first and
econd laws of thermodynamics to ensure thermodynamic consistency,
hich are expressed per unit of reference volume as

̇0 = 𝑷 ∶ �̇� −𝐷𝑖𝑣𝑸 + 𝑅 (4a)

̇𝜂0 ≥ −𝐷𝑖𝑣
(

𝑸
𝜃0

)

+ R
𝜃0

(4b)

The constitutive modelling of a hyperelastic material is constructed
rom the definition of a Helmholtz free-energy function 𝛹 per unit of
eference volume, that can be defined as a function of the specific
nternal energy and entropy per unit reference volume by

= e0 − 𝜃0𝜂0 (5)

nd expressed in its rate form

̇ 0 = �̇� + �̇�0𝜂0 + 𝜃0�̇�0 (6)

The choice of the energy function is motivated on the deformation
echanisms and material dependences observed from the experiments
erformed. In this regard, to account for viscous effects, 𝛹 is assumed
o depend on 𝑭 , 𝑭 𝑉 and 𝑭 𝑃 . Furthermore, to introduce transverse
sotropy of 3D printed polymers, the strain energy function also de-
ends on the preferred direction of the material 𝒂0 and, therefore,
an be introduced as 𝛹 = 𝛹 (𝑭 ,𝑭 𝑉 ,𝑭 𝑃 ,𝒂0). Moreover, there is a
trong influence of the number of layers leading to lower stiffness and
echanical performance. This dependence is included in the energy
unction by a softening model as

= (1 − 𝜁 )𝛹0(𝑭 ,𝑭 𝑉 ,𝑭 𝑃 ,𝒂0) (7)

here 𝜁 is the softening parameter which depends on the number
f layers. In addition, the experimental results show important de-
endences of the mechanical behaviour of FDM polymers on printing
arameters such as layer height. All these experimental observations
re taken into account in the definition of the energy function, which
s further particularised in detail in Section 3.4.

The rate form of 𝛹 can be derived using the chain rule as

̇ = (1 − 𝜁 )
[

𝜕𝛹0
𝜕𝑭

∶ �̇� +
𝜕𝛹0
𝜕𝑭 𝑽

∶ �̇� 𝑽 +
𝜕𝛹0
𝜕𝑭 𝑷

∶ �̇� 𝑷

]

(8)

Note that 𝜁 depends on the manufacturing process and remains constant
during the deformation process. Combining both laws with Eqs. (6) and
6

8), the Clausis–Duhem inequality is rewritten as o
Fig. 8. Matrix with aligned continuous cylindrical pores isotropically distributed.

(

𝑷 − (1 − 𝜁 )
𝜕𝛹0
𝜕𝑭

)

∶ �̇� −
(

𝜕𝛹
𝜕𝜃0

+ 𝜂0

)

�̇�0 − (1 − 𝜁 )
𝜕𝛹0
𝜕𝑭 𝑽

∶ �̇� 𝑽 − (1 − 𝜁 )
𝜕𝛹0
𝜕𝑭 𝑷

∶ �̇� 𝑷 −
𝑸𝐺𝑟𝑎𝑑𝜃0

𝜃0
≥ 0 (9)

This inequality must be satisfied for all thermo-mechanical pro-
esses. The terms 𝜕𝛹0

𝜕𝑭 𝑽
∶ �̇� 𝑽 and 𝜕𝛹0

𝜕𝑭 𝑷
∶ �̇� 𝑷 are related to viscous

dissipation and 𝑸𝐺𝑟𝑎𝑑𝜃0 corresponds to the thermal conduction (ne-
glected in this work as isothermal conditions are assumed). Therefore,
applying Coleman–Noll arguments [37,38], the first Piola–Kirchhoff
stress tensor 𝑷 and entropy can be derived as

𝑷 = (1 − 𝜁 )
𝜕𝛹0
𝜕𝑭

(10a)

𝜂0 = − 𝜕𝛹
𝜕𝜃0

(10b)

Eq. (10a) relates a stress tensor with the strain energy function and
deformation-related tensor. This relation can be arbitrarily expressed
y means of the Cauchy stress tensors 𝝈 as

= (1 − 𝜁 ) 2
𝐽
𝑭
𝜕𝛹0
𝜕𝑪

𝑭 𝑇 (11)

where 𝑪 = 𝑭 𝑻 𝑭 is the total right Cauchy–Green deformation tensor.

3.4. Constitutive equations

3.4.1. Visco-hyperelastic resistance
FDM is an extrusion process where components are built layer by

layer by the union of melt filaments. The mesostructure of the resulting
components leads to orthotropic materials composed by polymeric
filaments partially bonded and voids [39]. In this regard, they can
be approached as a matrix reinforced by continuous aligned voids as
shown in Fig. 8. Note that a circular cross-section of the void fibres is
considered as a first approach.

Thus, the elastic resistance is defined by the strain energy func-
tion developed for neo-Hookean composites with aligned continuous
cylindrical pores by [40]

𝛹0(𝑪𝑬 ,𝒂0) = 𝛹0(𝐼𝐸1 , 𝐼𝐸3 , 𝐼𝐸4 ) =
𝜇𝑚𝑣𝑚
2

(

𝐼𝐸4 + 2𝐼𝐸4
−1∕2 − 3

)

+
𝜇𝑚
2
(𝐽 − 1)𝐼𝐸4

−1∕2 ln
(

𝐽 − 𝑣𝑚
𝐽𝑣𝑓

)

+
𝜇𝑚𝑣𝑚

2(1 + 𝑣𝑓 )

⎛

⎜

⎜

⎝

𝐼𝐸1 − 𝐼𝐸4 − 2

√

√

√

√

𝐼𝐸3
𝐼𝐸4

⎞

⎟

⎟

⎠

(12)

here 𝑣𝑚 and 𝑣𝑓 are the initial volume fractions of the matrix and
he voids (𝑣𝑚 + 𝑣𝑓 = 1), respectively, 𝜇𝑚 is the shear modulus of the
atrix, 𝐼𝐸1 = 𝑡𝑟𝑎𝑐𝑒(𝑪𝑬 ), 𝐼𝐸3 = 𝑑𝑒𝑡(𝑪𝑬 ) and 𝐼𝐸4 = 𝒂0𝑪𝑬𝒂0. Note that
he energy function from Eq. (7) is alternatively defined by means

f 𝒂0 and the elastic right Cauchy–Green deformation tensor 𝑪𝑬 =
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𝑬𝑭𝑬 . This energy is based on an additive decomposition of the total

free energy into: an isochoric uniaxial deformation along the preferred
direction, an equi-biaxial deformation on the transverse plane, and a
subsequent shear deformation. The Cauchy stress tensor can be derived
from Eqs. (11) and (12).

The parameter 𝜇𝑚 is the shear modulus of the material itself and,
rom the experimental results, it is proven that the mechanical prop-
rties for specimens with different layer heights are different. This
ifferences in stiffness cannot be captured alone with effective elastic
roperties accounting for the porosities as done by other authors [41].
n extra dependence arises from differences in the molecular organ-
sation of the chains during the printing process due to the amount
f material extruded in each condition. This difference in 𝜇𝑚 must be
onsidered on top of the pure effect of porosity and is defined, as a
irst approach and based on experimental tendencies, by an exponential
unction as

𝑚 = 𝜇𝑚0(1 − 𝑣𝑓 )
𝑛 (13)

here 𝜇𝑚0 is the shear modulus of the bulk material and 𝑛 is a material
arameter introducing an extra dependency on porosity [42].
Finally, the softening variable, which describes the dependency with

he number of layers, is given by

= 𝜁∞[1 − 𝑒𝑥𝑝(−𝛼∕𝜄)] (14)

here 𝜁∞ describes the dimensionless maximum softening (i.e the
aximum softening of the printed polymer with respect to the bulk
aterial that is observed because of increasing the number of layers)
nd 𝛼 = (𝑍 − 1), with 𝑍 being the number of layers. In addition, 𝜄 is
eferred to as the softening saturation parameter, that is the number of
ayers 𝑍 from which the softening does not increase.
For the definition of the viscoelastic component of the velocity

radient in 𝛺, the expression used by Garcia-Gonzalez [43] and Garcia-
onzalez and Landis [44] is taken

𝒗 = 1
√

2𝜂
𝝈 (15)

here 𝜂 is the viscosity, which is assumed constant for all the cases.

.4.2. Viscoplastic resistance
In the rheological model, the viscoplastic dashpot is defined in par-

llel to a friction element. This friction element governs the activation
f the plastic flow by a yield function dependent on void fraction of
D printed materials. Note that the materials used for FDM are glassy
r semi-crystalline polymers and, therefore, the plastic yielding mainly
ccurs by shear deformation mechanisms (e.g. shear transformation
ones [45,46]). As this work focuses on thin layers of FDM printed
olymers subjected to tensile conditions, although the hydrostatic stress
sually has a relevant influence on the yielding, we avoid to include
uch dependency on the yielding of the bulk material here. In addition,
he experimental results, see Figs. 4 and 5, show shear bands suggesting
he dominance of shear mechanisms during the plastic deformation.
he modelling of shear yielding in porous materials has been previously
ddressed in the literature by Gurson based criteria, even for polymeric
aterials showing a good predictive capability [47,48]. Therefore, we
ropose the use of a Gurson type model for long cylindrical voids
previously). To this end, the yield function proposed by Gurson [49]
nd modified by Tvergaard [50,51] is chosen as

=
𝜎𝑒𝑞𝑣2

𝜎02
+ 2𝑣𝑓 𝑞1 cosh

(

𝑞2

√

3
2

𝜎𝑘𝑘
𝜎0

)

− (1 + (𝑞1𝑣𝑓 )2) = 0 (16)

where 𝑞1 and 𝑞2 are material parameters that control the dependency
ith the porosity, 𝜎𝑘𝑘 is the transverse hydrostatic stress to filament (or
orous) direction, i.e. 𝜎𝑘𝑘 = 𝜎22+𝜎33 if 𝒂0 = [100], 𝜎𝑒𝑞𝑣 is the equivalent
on Mises stress and 𝜎0 follows an isotropic softening Voce law as

= (1 − 𝜁 )
(

𝜎 + (𝜎 − 𝜎 )
[

1 − exp(−𝐻�̄� )
])

(17)
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0 𝑦 𝑠 𝑦 𝑝
here 𝜎𝑦 is the yield stress, 𝜎𝑠 is the saturation stress, 𝐻 is the softening
arameter and �̄�𝑝 is the equivalent plastic strain. Since the yield stress
s influenced by the number of layers, Eq. (17) also includes a softening
variable.

The viscoplastic part of the velocity gradient in 𝛺 is defined by an
associated viscoplastic flow rule as

𝑳𝑷 = ̇𝛾𝑝𝑵𝒑 (18)

where ̇𝛾𝑝 is a viscoplastic multiplier providing the magnitude of the
plastic flow and 𝑵𝒑 is a tensor that provides its direction. This last
tensor is obtained by deriving the yield function with respect to the
Cauchy stress as

𝑵𝒑 =
𝜕𝑓
𝜕𝝈

(19)

Finally, the rate of flow is taken to follow a thermally activated process
of Arrhenius type [52] that can be rewritten [24] as

̇𝛾𝑝 =

⎧

⎪

⎨

⎪

⎩

0 if f≤0

�̇�0

[

exp
[

1
𝐶

(𝜎𝑒𝑞𝑣
𝜎𝑇

− 1
)]

− 1
]

if f > 0
(20)

where �̇�0 and 𝐶 are rate-sensitivity parameters and 𝜎𝑇 derives from
Eq. (16) as

𝜎𝑇 =

[

𝜎0
2(1 + (𝑞1𝑣𝑓 )2) − 2𝜎02𝑣𝑓 𝑞1 cosh

(

𝑞2

√

3
2

𝜎𝑘𝑘
𝜎0

)]1∕2

(21)

4. Numerical implementation and model calibration

This section introduces the numerical implementation of the pro-
posed model. In addition, the correspondence of the model parame-
ters with the mechanical response of FDM thermoplastics and their
identification for FDM ABS is presented.

4.1. Numerical implementation of the model

The model previously described is numerically implemented to
reproduce the uniaxial tensile stress–strain response. Apart from the
numerical implementation of the constitutive equations, this numerical
cases requires the additional implementation of a Newton–Raphson
integration algorithm to calculate the progressive compressible defor-
mation of the structure during the application of the load. To this end,
the following residual is defined as

𝑅𝑙𝑜𝑛𝑔 =
[

𝜎22
𝜎33

]

= 0 (22a)

𝑅𝑡𝑟𝑎𝑛𝑠 =
[

𝜎11
𝜎33

]

= 0 (22b)

where Eq. (22a) represents the cases when the load is applied longitudi-
ally to the filaments direction (𝑋 direction) and Eq. (22b) represents
the cases when the load is applied transversally to the filaments di-
rection (𝑌 or 𝑍 direction). 𝜎11, 𝜎22 and 𝜎33 are the Cauchy stress
components in the 𝑋, 𝑌 and 𝑍 directions, respectively. The stiffness or
iteration matrix, can be expressed by means of the stretch components
as:

𝐾 𝑙𝑜𝑛𝑔 =
⎡

⎢

⎢

⎣

𝜕𝜎22
𝜕𝜆2

𝜕𝜎22
𝜕𝜆3

𝜕𝜎33
𝜕𝜆2

𝜕𝜎33
𝜕𝜆3

⎤

⎥

⎥

⎦

(23a)

𝐾 𝑙𝑜𝑛𝑔 =
⎡

⎢

⎢

⎣

𝜕𝜎11
𝜕𝜆1

𝜕𝜎11
𝜕𝜆3

𝜕𝜎33
𝜕𝜆1

𝜕𝜎33
𝜕𝜆3

⎤

⎥

⎥

⎦

(23b)

The final numerical scheme is shown in Fig. 9.
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Fig. 9. Numerical implementation scheme.
.2. Identification of model parameters for FDM ABS

Here, the identification of the parameters of the previously proposed
onstitutive model is presented for FDM ABS. The void density value
sed for each layer height is shown in Table 2.
Taking as reference the result obtained for longitudinal one-0.1 mm-

ayer components at a strain rate of 3 ⋅ 10−4 s−1 and considering
𝒂0 =

[

1 0 0
]

, the model parameters are identified based on their
correspondence with the mechanical response following four blocks:

1. Visco-hyperelastic response
The model parameters 𝜇𝑚0 and 𝑛 determine the hyperelastic
response of the material. Moreover, the parameter 𝜂 governs the
linear viscoelastic response and is calibrated against experimen-
tal results at different strain rates.

2. Yield stress
The parameters 𝜎𝑦, 𝜎𝑠 and 𝐻 define the yielding process, while
𝑞1 and 𝑞2 are parameters to capture the dependency of the yield
stress with void density. Because of plasticity is only reached
when the load is applied along the filaments direction (𝜎𝑘𝑘 = 0),
the value of 𝑞2 is not identified in this work.

3. Viscoplastic response
�̇�0 and 𝐶 are associated with the nonlinear viscoplastic dash-
pot. The former is set at the lower strain rate used for the
experimental tests, while the second one controls the strain rate
dependency on yielding.

4. Softening model
Although the elastic response is modelled as a porous hyper-
elastic function, the experimental results have shown that the
stiffness and strength of specimens manufactured by FDM are
not only a function of the void density but also of the number of
layers. Therefore, an overall softening of the material associated
to the 3D printed process is included to reproduce the depen-
dency of the shear modulus and yield stress with the number of
layers. The maximum softening value 𝜁∞ is set constant for all
the cases. However, the rate with which this value is reached
is different for shear modulus (𝜄𝜇) and yield stress (𝜄𝜎0 ), and for
longitudinal (𝐿) and transverse (𝑇 ) components.

Some parameters can be directly identified by their physical mean-
ing, i.e., the shear modulus of the bulk material (𝜇𝑚0). In addition, other
material parameters are directly identifiable from the experiments by
means of mechanical response tendencies: i.e., the material parameter
(𝑛), the yield stress (𝜎𝑦), the saturation stress (𝜎𝑠), the softening pa-
rameter (𝐻). Finally, all the phenomenological parameters have been
8

calibrated following the same optimisation procedure used in [53],
Table 4
Material parameters for FDM ABS.
Elastic response Viscoelastic response Softening model

𝜇𝑚0 (MPa) 𝑛 𝜂 (MPa s) 𝜁∞ 𝜄𝜇𝐿
𝜄𝜇𝑇

𝜄𝜎0
780 4.7 4.5 ⋅ 105 0.7 7 14 30

Viscoplastic response

𝜎𝑦 (MPa) 𝜎𝑠 (MPa) 𝐻 𝑞1 𝑞2 �̇�0 (𝑠−1) 𝐶
34.4 31.9 110 4.2 – 3 ⋅ 10−4 0.028

which consists of a sequential quadratic programming method (fmincon,
in MATLAB terminology). The parameters for FDM ABS material are
provided in Table 4.

5. Results and discussion

This section analyses the suitability of the model to predict the
mechanical behaviour of FDM polymers for different printing and
loading conditions. To this end, model predictions are compared with
the original experiments to analyse the predictive capability on:

1. FDM ABS specimens manufactured with different layer heights
(0.1, 0.2 and 0.3 mm).

2. FDM ABS specimens manufactured with different raster orienta-
tion (longitudinal and transverse).

3. FDM ABS specimens manufactured with different number of
layers (from one to three).

4. FDM ABS specimens tested at different strain rates (3 ⋅ 10−4 s−1

and 3 ⋅ 10−3 s−1).
5. FDM ABS specimens tested at load–unload uniaxial tension at a
strain rate of 3 ⋅ 10−4 s−1.

The ability of the model to predict the elastic nonlinear and yield-
ing behaviours of FDM ABS depending on different void densities
is presented in Fig. 10. This figure compares model predictions and
experimental data for one layer specimens with three different layer
heights at 3 ⋅ 10−4 s−1. The model is able to capture the anisotropic
response and the dependence on porosity. Good agreement between the
model predictions and experimental data is found in terms of elastic
slope and yielding. However, although the yield function used in this
work captures the dependence on porosity for layer heights of 0.1 and
0.3 mm, a higher error is observed for 0.2 mm specimens. This is due
to the particular behaviour of these 0.2 mm specimens where their
maximum stress is similar to the one obtained for 0.3 mm specimens.
Note that the modelled response with respect to this printing parameter

(layer height) is not directly defined but it is accounted for by means of
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Fig. 10. Comparison of experimental stress–strain response versus model predictions of one layer FDM ABS specimens with three different layer heights at a strain rate of 3⋅10−4 s−1:
a) longitudinal and (b) transversal.
Fig. 11. Comparison of experimental stress–strain response versus model predictions of 0.1 mm layer height FDM ABS specimens at a strain rate of 3 ⋅ 10−4 s−1: (a) longitudinal
specimens with different number of layers and (b) transversal specimens with different number of layers.
Fig. 12. Comparison of experimental stress–strain response versus model predictions of one layer FDM ABS specimens at different strain rates: (a) longitudinal 0.1 and 0.3 mm
ayer height specimens and (b) transversal 0.1 and 0.3 mm layer height specimens.
he resulting porosity. In this regard, we captured these dependencies
y the Gurson model without including any extra term, for the sake of
implicity as a first approach.
9

On the other hand, experimental results show that the mechanical
response of FDM thermoplastics is influenced by the number of layers
due to manufacturing imperfections and interfaces between filaments.
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Fig. 13. Comparison of experimental stress–strain response versus model predictions of three-0.3 mm-layer FDM ABS specimens at different strain rates: (a) longitudinal specimens
and (b) transversal specimens.
Fig. 14. Comparison of experimental load–unload tensile response versus model
redictions of one-0.1 mm-layer longitudinal FDM ABS specimens at a strain rate of
⋅ 10−4 s−1.

his particular dependence is included in the model through a softening
ariable. Experimental data are compared with model predictions for
.1 mm layer specimens with different number of material layers for
oth loading directions in Fig. 11. The predictions demonstrate that the
roposed model faithfully captures both shear modulus and yield stress
ependencies with the number of layers as well as the influence with
he raster orientation. However, more experimental tests are needed to
ully analyse this dependence and provide the number of layers which
onstitutes the upper softening limit.
The ability of the model to account for strain rate dependency

n both viscoelastic and viscoplastic behaviours is shown in Fig. 12.
he results confirm the ability of the proposed model to predict the
ardening increase, in both elastic and inelastic parts, with increasing
oading rate.
Moreover, with the aim of illustrating the ability of the model to

ccount for both the number of layers and strain rate, Fig. 13 shows
the model predictions for three-0.3 mm-layer specimens. Although
the dependency with the number of layers is calibrated for 0.1 mm
components, a good agreement can be also observed between model
and experimental results for specimens with different layer height and
10

for both raster orientations.
Finally, Fig. 14 shows the prediction capability of the model to
capture the load–unload tensile response for a one-0.1 mm-layer longi-
tudinal specimen.

In view of the numerical results, it can be concluded that the
proposed model constitutes the first continuum approach for finite
deformations that accounts for both material and printing dependencies
with a proved capability to describe the mechanical behaviour of FDM
3D printed thermoplastic polymers. The model is able to capture with
good agreement the dependencies with the layer height, number of
layers and loading conditions (direction and strain rate). However, fur-
ther efforts are needed to complete the constitutive description. In this
regard, the model is not able to capture the nonlinear behaviour before
yielding and fails at predicting adequately the response of 0.2 mm layer
specimens.

6. Conclusions

In this paper, the influence of three printing parameters and strain
rate on the mechanical response of FDM 3D printed ABS specimens
is experimentally studied: layer height, number of layers and raster
orientation. The results show highest performance when the layer
height decreases, as a consequence of porosity decrease, and when the
filaments are deposited along longitudinal direction. Moreover, the me-
chanical properties are lower when the number of layers increases, as
a consequence of an increase in bonding interfaces between filaments.

Motivated on these original experimental observations, a new con-
stitutive model for FDM 3D printed components is developed for finite
deformations within a thermodynamically consistent framework, and
accounts for: nonlinear behaviour, strain rate (in both elastic and
inelastic responses), transverse isotropy (in both elastic and inelastic
responses), porosity and number of layers dependencies. This contin-
uum constitutive framework is formulated in general bases allowing
for further improvements. This constitutive framework is particularised
and calibrated for FDM 3D printed ABS polymers. A good agree-
ment between numerical predictions and experiments is found in terms
of stress–strain curves depending on loading direction, layer height
(equivalent to void density here), number of layers and strain rate. The
numerical predictions demonstrate the capacity of the proposed model
to predict the mechanical behaviour of FDM polymers by a continuum
approach. To the authors’ knowledge, this model constitutes a novel
continuum approach for finite deformations that accounts for both
material and printing dependencies with a proved capability to model
the mechanical behaviour of FDM 3D printed thermoplastic polymers.

Note that this work does not focus on the printing process itself but
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Table A.1
Mechanical properties of specimens with a longitudinal and transverse raster orientations at a strain rate of 3 ⋅ 10−4𝑠−1.
Specimen Longitudinal Transverse

Number of
layers

Layer Elastic modulus (MPa) Maximum stress (MPa) Elastic modulus (MPa) Maximum stress (MPa)

Height
(mm)

Mean SD Mean SD Mean SD Mean SD

1
0.1 2229.1 41.4 45.3 0.8 2104.9 54.1 18.6 1.6
0.2 2088.1 26.6 38.9 0.2 1965.6 18.4 15.7 2.3
0.3 1966.5 39.4 38.1 0.3 1629.2 35.0 18.5 0.8

2
0.1 2056.5 85.3 43.6 0.3 1984.7 59.9 20.2 2.7
0.2 1874.5 17.1 38.8 0.3 1765.5 64.3 17.9 0.2
0.3 1821.3 22.9 38.0 0.7 1554.5 45.2 19.6 1.9

3
0.1 1866.0 51.7 42.2 0.1 1974.0 30.3 23.2 3.9
0.2 1793.7 31.7 38.0 0.4 1806.2 29.0 22.2 0.7
0.3 1802.7 40.5 36.6 0.1 1556.4 41.2 20.1 0.3
Table A.2
Mechanical properties of specimens with a longitudinal and transverse raster orientations at a strain rate of 3 ⋅ 10−3𝑠−1.
Specimen Longitudinal Transverse

Number of
layers

Layer Elastic modulus (MPa) Maximum stress (MPa) Elastic modulus (MPa) Maximum stress (MPa)

Height (mm) Mean SD Mean SD Mean SD Mean SD

1
0.1 2317.6 54.7 48.9 0.6 2017.8 19.4 23.0 0.9
0.2 2063.2 14.0 43.3 0.3 1916.4 40.3 16.4 1.3
0.3 2012.2 21.3 40.8 0.4 1629.9 15.8 22.8 0.1

2
0.1 2098.0 39.0 45.2 0.6 2039.1 56.4 21.2 5.5
0.2 1971.6 26.0 42.3 0.4 1865.3 56.4 20.4 1.2
0.3 1918.3 44.6 41.1 0.3 1645.8 60.4 20.1 2.0

3
0.1 1880.9 97.6 45.6 0.5 1983.8 39.6 28.4 2.2
0.2 1921.8 13.8 41.9 0.2 1872.5 38.3 22.9 0.8
0.3 1922.7 65.8 39.4 0.7 1621.1 22.1 23.5 0.6
provides a continuum model to predict the final macroscopic mechan-
ical response of FDM components. This model, along with previous
modelling approaches to describe the FDM process [21], postulates
as a relevant tool to aid at the design of customised FDM structures.
However, it is worth to mention that the model has been tested and
validated against uniaxial loading. Therefore, although the present
work provides a significant advance in the constitutive modelling of 3D
printed polymers, further efforts are needed to provide a complete for-
mulation to describe accurately the response of such materials within
a wider range of loading conditions.
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Appendix

The results in terms of Young’s modulus and maximum stress are
shown in Tables A.1 and A.2. The maximum stress corresponds to
the yield stress for longitudinal specimens and to the ultimate tensile
strength for transverse specimens.

The values of standard deviation show good repeatability in the
results. However, some scatter is observed in the maximum stress for
transverse specimens. These values correspond with the ultimate tensile
strength, which is highly influenced by the defects of the components.
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