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Metastructures made of spring-mass resonators use to
present a band gap at the natural frequency of the res-
onator. This rule cannot be generalized for more com-
plex resonators. This work analyses the case of a metas-
tructure composed by a periodic arrangement of vertical
beams rigidly joined to a horizontal beam. The vertical
beams work as resonators, and their natural frequencies
play a strong role on the band structure of the whole
system, however, different to the case with spring-mass
resonators. Since this metastructure can be considered
as a lattice, Bloch’s theorem is applied to the unit cell
and a numerical procedure based on the Finite Element
Method permits to obtain the dispersion curves. Illus-
trative results show the influence of the natural frequen-
cies of the horizontal and vertical beams on the band
structure.

1 Introduction

In the past decade, the study of metamaterials
based on periodic structures has drastically increased in
the wave propagation field. The ability of these metas-
tructures in the formation of band gaps and the location
of them at the required frequency has caught the atten-
tion of many researchers [1,2].

Among the great variety of metastructures, systems
composed by a substrate (plate or beam) and an array
of spring-mass resonators periodically joined to it have
been commonly investigated [3-5]. Moreover, studies
related to systems with beams working as resonators
instead of the spring-mass ones have been developed by
several authors [2,6-9].

A metastructure composed by a plate as substrate
and a square arrangement of spring-mass resonators
joined to it, considered as a lattice structure, was stud-
ied by Xiao et al. [3]. The authors showed the evidence
of a band gap around the resonant frequency when they
vibrate perpendicularly to the plate. Additionally, Sug-
ino et al. [5] stated that the width of this band gap

is related to the ratio of the mass of the resonator to
the mass of the portion of plate corresponding to the
unit cell. A honeycomb arrangement of these spring-
mass resonators was studied by Torrent et al. [10]. In
this work it was found that the frequency at which the
Dirac cone appears depends on their resonant frequency.
Hsu [11] studied a plate arranged with stubs working as
resonators. The band gaps show up due to the combi-
nation of Bragg scattering and resonances of the stubs
mechanisms.

A metastructure composed by a beam as substrate
of a periodic arrangement of spring-mass resonators was
studied by Sugino et al. [4]. In this work, they evidenced
again a band gap whose mean value is close to their res-
onant frequency and its width is related to the ratio of
the mass of the resonator to the mass of the portion of
beam corresponding to the unit cell. Huang et al. [12]
studied a beam with an arrangement of more complex
resonators made of inclined trusses joined to conven-
tional spring-mass resonators. Despite of the complex-
ity, the band gaps still appeared around the spring-mass
natural frequencies.

In summary, the above works concluded that the
band gaps generated by metastructures with spring-
mass resonators always exist and appear at the natural
frequency of the resonators. However, these represent a
idealization slightly away from reality. A real resonator
has mass and stiffness distributed along its length and
its deformation could not be exclusively transversal to
the substrate when the system vibrates. Hence, it is
convenient to study a type of resonator that better cov-
ers these effects. The metastructure presented in this
paper is composed by a beam as substrate and an ar-
rangement of other beams joined to it, working as res-
onators. Similarly to metastructures with spring-mass
attachments, they should show band gaps at the nat-
ural frequencies of a clamped-free beam. However, for
this kind of resonators the rule stated above cannot be
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generalized. Xiao et al. [13] showed this exception for
a system composed by a beam as substrate of an array
of beam-like resonators. The authors suggest that the
resonant frequency of the resonators does not necessar-
ily lie in a band gap. Serrano et al. [2] also showed this
behavior for a system composed by a plate as substrate
and different arrangements of beam-resonators joined to
it. In the cited work, the band gaps do not appear at the
natural frequencies of the beams working under bending
vibration. A brief remark of this singularity on the band
gap formation is made on [2,13]. Thus, in the current
work, we give a extended analysis focusing on the role of
resonator natural frequencies on the band structure of
the whole system. In the following sections, we present
a study showing a high influence of the resonant fre-
quencies on the appearance, location, and width of the
band gaps in the dispersion curves of the metastruc-
ture. For some cases, the beam-like resonators enforce
the formation of band gaps at their natural frequencies
but, for others, these frequencies just limit the width
of the band gaps. The results will show the ability of
beam-like resonators to create band gaps due to bend-
ing and axial vibration, in contrast to the spring-mass
resonators in which the band gap is only created by the
axial vibration of the resonator.

The paper is organized as follows. Section 1 pro-
vides a brief introduction and Section 2 describes the
problem considered in the study. Section 3 provides
the methodology used to apply Bloch’s theorem to the
FEM model of the unit cell. Section 4 presents the wave
propagation characteristics of the metastructure and the
band gap evolution influenced by the resonant frequen-
cies of the beams within the unit cell. Finally, Section
5 summarizes the main results of the work.

2 Problem formulation

Let us consider a system consisting of an infinite
beam parallel to the X axis, and a periodic array of
beams perpendicular to the first one and with their
lower ends rigidly joined to it. Both the length of the
vertical beams and distance between them is equal to L.
A scheme of the metastructure is depicted in Fig. 1a.
The beams are considered to be slender, thus permitting
to use Euler-Bernoulli theory, neglecting the effect of
shear strains. Same Young’s modulus E and volumetric
density p are considered for both vertical and horizon-
tal beams. Circular cross-section with distinct diameter
for vertical (Dy) and horizontal (Dg) beams is selected.
The degrees of freedom of the system are u, w, 0 for the
horizontal and vertical beams, which can be identified
in the representative unit cell, Fig. 1b, u,w being the
displacements in X and Z direction, respectively, and 6,
the rotation around the out-of-plane axis.

The plane-wave propagation characteristics of the
defined metastructure are analyzed in the following sec-
tions.

L
7 L
x
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e=Ii

Fig. 1: Lattice structure: (a) Scheme of the metastruc-
ture, (b) Unit cell i with degrees of freedom of boundary
(left and right) and internal points, and lattice vector e.

3 Numerical Analysis

We are going to apply Bloch’s theorem [1,2] to the
representative unit cell (Fig. 1b) which defines the lat-
tice structure. The intrinsic periodicity allows to ana-
lyze a single unit cell in order to obtain the dispersive
properties of the whole lattice. We have followed an ap-
proach based on the FEM model of the unit cell, which
has been modeled as two perpendicular beams rigidly
joined at the middle point of the horizontal one. Stiff-
ness and mass matrices are built for a two-node Euler-
Bernoulli beam element in the classical way [14]. As-
suming a plane-wave solution, the equation of motion
leads to the following eigenvalue problem written in ma-
trix form as

(K —o*M)u =0, (1)

where K and M are the global stiffness and mass ma-
trices, respectively, and u contains the displacements
and rotations of the unit-cell nodes. These can be ei-
ther internal nodes or boundary nodes, shared with the
neighboring cells. Bloch’s theorem states a constraint
condition between the displacements and rotations of
the boundary nodes. Let uf and u} be the displacements
and rotations of the right and left boundary nodes (Fig.
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1b), respectively, defined by

uf u;

r__ 1_ )
w=w|, w=|w]. (2)

0’ 6!

Then, in accordance to Bloch’s theorem, u} and ug
have the following relationship
r__ eik~e 1 ix,.1

lli lll- =€ lli,

(3)
where k is the wavevector and e is the lattice vector de-
fined in Fig. 1b. Focusing the analysis just for wavevec-
tors within the First Brillouin Zone [1], k =k-e € [0,T].
Hence, the vector u can be expressed as a function of ug
and u! (of size 3Nx 1, being N the number of internal

nodes) by
uj eIz 03 3n .
u=<{ul } =Tug;T= I; 0338 7uR:{ i} (4)
u! Ons Iy Y

where I, is the identity matrix of order m and 0y, ; is
the zero matrix of size mxn. Introducing Eq. (4) into
Eq. (1), and premultiplying by TH (Hermitian transpose
of T), we get

TH(K — 0*M)Tug = 0. (5)
Finally, the dispersive behavior of the lattice expressed
as ® = (k) can be derived from the solution of the
eigenvalue problem given by Eq. (5).

4 Analysis of results

Band structure and mode shapes, derived from
the solution of Eq. (5), will be presented for spe-
cific mechanical properties. These correspond to steel
(Young’s modulus E = 2.1-10"" N/m?, mass density
p = 7800 kg/m?). The length of the beams is L =1 m,
and the diameters of horizontal and vertical beams are
Dy =0.1 m and Dy = 0.15 m, respectively, for the first
analysis that will be presented. Later on, these diame-
ters will be modified in order to analyze their influence
on the band structure. In both analyses, the natural
frequencies of a beam of length [ and diameter d work-
ing under clamped-free (hereinafter C—F) or clamped-
pinned (hereinafter C—P) boundary conditions are in-
cluded to clarify their influence in the band structure of
the metastructure. The parameters [ and d take the cor-
responding values of the horizontal and vertical beams.

4.1 Dispersion curves and mode shapes

Dispersion curves (Fig. 2a) and shape of modes
3, 4, and 5 at certain wavenumbers (Figs. 2b-2f) are
presented.

For mode 3 at k¥ =0, the transverse displacement
of the vertical beam, shown in Fig. 2b, fits the first
bending mode shape of a C—F beam (leaving aside the
rigid-body motion due to the displacement and rotation
at the join with the horizontal beam). For the mode
5 at kK ==, the deformation of the vertical beam in Z
direction corresponds to the first axial mode shape of
a C—F beam (Fig. 2f); regarding the horizontal beam,
each half shows transverse displacement which fits the
first bending mode of a C—P beam. These evidences
suggest the influence of the corresponding natural fre-
quencies on the dispersion curves. It can be verified that
frequencies of mode 3 at k=0 and mode 5 at Kk =T at the
dispersion curves take the frequency values of the cor-
responding natural modes discussed above. Hence, Fig.
2a includes the first axial and bending natural frequen-
cies of a C—F beam (I =L, d = Dy) and the first bending
natural frequency of a C—P beam (I =L/2, d =Dy) in
order to show their influence on the dispersion curves.
Additionally, the shape of modes surrounding the band
gap (modes 3 and 4) at k¥ =0 and k¥ =7 are shown in
Figs. 2b-2e for completeness of the analysis.

(d) (e) (f)

Fig. 2: (a) Dispersion curves (solid lines) and band gaps
(gray zones) for Dy =0.15m, Dy =0.1 m,and L=1.0m
and natural frequencies of C—F beam and C—P beam:

C—F C—-F
x: wl,axial(d:DV’l:L)V o: ml,bending(d:DV’l :L)’
. C—-F _ _ . C-P _ —
ik O)Z,bending(d - DV7l - L)7 o ml,bending(d - DH’l -

L/2), (b) Shape of mode 3 at k=0, (c) Shape of mode
3 at k=7, (d) Shape of mode 4 at k=0, (e) Shape of
mode 4 at x =7, (f) Shape of mode 5 at x =m.
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As mentioned above, other works [4] stated that a
band gap appears at the natural frequency of the res-
onators, which were composed by a spring of stiffness k
and a mass m (natural frequency ® = \/k/m), vibrating
perpendicularly to the beam. Here, as it can be ob-
served in Fig. 2a, the band gaps do not appear around
the natural frequencies of a C—F beam nor C—P beam.
In this case, when ¥ tends to @, modes 2 and 5 trend
towards these natural frequencies. Frequency of mode
3 at k¥ =0, which shows a bending C—F mode shape of
the vertical beam, matches with the first bending fre-
quency of a C—F beam. Frequency of mode 5 at Kk =,
which shows an axial C—F mode shape of the vertical
beam and a bending C—P mode shape of the horizontal
beam, is limited by the first axial frequency of a C—F
beam and the first bending frequency of a C—P beam.

From the results, it is clear to see that the natural
frequencies play a role in the dispersive behavior. They
evidence that the band gaps do not appear around the
natural frequencies of the beam-like resonator, at least,
for the selected set of mechanical properties.

4.2 Evolution of band structures with the diameter of
the resonator

In order to know how the natural frequencies of
the resonators, or of the horizontal beam, interfere in
the band structure of the system, as found in Fig. 2a
for specific mechanical properties, we have performed
a parametric analysis varying the diameter of vertical
beams Dy, thus inducing changes in both area and in-
ertia of the vertical beam. These modify the bending
natural frequencies of the resonator, while keeping the
axial ones unchanged. Then the analysis consists in de-
riving the band structure as a function of Dy, and it
has been done for Dy ranging from 0.01 m to 0.3 m,
and Dy = 0.1 m.

Fig. 3 shows the evolution of the band structures
for Dy = 0.1 m. The gray zones represent the ampli-
tude of the band gaps at a certain Dy/Dg. The first
axial and bending natural frequencies of a C—F beam
of length [ and diameter d, and the first bending natural
frequencies of a C—P beam of length [ and diameter d
are included in both figures for the mechanical proper-
ties specified above.

From Fig. 3 it can be noticed that the axial and
bending natural frequencies of a C—F beam and a C—P
beam develop a decisive role in the formation of band
gaps. For values of Dy close to the lower limit, the bend-
ing natural frequencies of a C—F beam pass through the
band gaps. This agrees with the hypothesis that a band
gap exists at the natural frequency of the resonator, sim-
ilarly to the behavior of spring-mass resonators attached
to a horizontal beam [4]. As Dy increases, the natural
frequencies move from creating band gaps around them
to limiting their width. The transition of this effect ap-
pears around Dy /Dy = 1. For values of Dy smaller than
Dy, the resonators create band gaps at their bending

Fig. 3: Evolution of band gaps with Dy /Dy (Dy = 0.1
m, and L =1.0 m). o: mf;}gal(d =Dy,l=1), O

mf;ﬁal(d =Dy, l=L/J2), x: mfgglding(d =Dy, l=L)2),

. C-F _ _ . C-F _ —

X ml,bending(d = D\/,l == L)7 <>- wZ,bending(d - DV)l =

. C-F _ — . C-F —

L): +: m3,bending(d =Dy,l = L)’ B w4~,beﬂding(d -
DVal = L)

natural frequencies under C—F boundary conditions. In
contrast to this, for values of Dy higher than Dy, the ax-
ial natural frequencies under C—F boundary conditions
together with the bending ones with C—F and C—P
boundary conditions constitute the borders of the band

gaps.

5 Conclusions

In this work a metastructure composed by an ar-
rangement of vertical beams rigidly joined to a horizon-
tal beam has been studied. The aim of this work was to
analyze the influence of the natural frequencies of the
resonators on the formation of band gaps in beams with
periodic arrangement of beam-like resonators.

A numerical analysis based on FEM has been done
through the application of Bloch’s theorem to the unit
cell of the metastructure considered as a lattice.

The main finding of the work is that beam-like res-
onators, in contrast to spring-mass resonators, do not
always create band gaps at their natural frequencies,
but just for certain values of their mechanical properties.
Hence, the rule cannot be generalized. In fact, depend-
ing on the ratio of mass and stiffness of the horizontal
and vertical beam, the band structure is differently in-
fluenced by the natural frequencies of the resonators.
For Dy /Dy < 1, they create band gaps at their bending
natural frequencies under C—F boundary conditions. In
contrast, for Dy /Dy > 1, natural frequencies due to ax-
ial and bending vibration limit the width of the band
gaps. For this diameter ratio, bending modes related to
the horizontal beam also contribute to this limit.
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