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Abstract

This work is devoted to the study of Bessel and Riesz systems of the type {wa }7 r
obtained from the action of the left regular representation L. of a discrete non abelian
group I' which is a semidirect product, on a function f € ¢2(T"). The main features about
these systems can be conveniently studied by means of a simple matrix-valued function
F(¢). These systems allow to derive sampling results in principal I'-invariant spaces, i.e.,
spaces obtained from the action of the group I' on a element of a Hilbert space. Since
the systems {Lyf }vel“ are closely related to convolution operators, a connection with C*-
algebras is also established.

Keywords: Semidirect product of groups; left regular representation of a group; dual Riesz
bases; sampling expansions.
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1 Introduction

This work is devoted to the study of a characterization as Riesz bases, together with some
sampling applications, of systems {va }7 eI obtained from the left regular representation of

a discrete non abelian group T', that is, L,f(n) := f(y~!n), n,7 € T, where f denotes a fixed
element in the Hilbert space ¢2(I'). Throughout the paper the group I' := N x, H is the
semidirect product of two groups: a discrete abelian group N and a finite group H; the
subscript o denotes the action of the group H on the group N. Some important examples of
non abelian groups such as dihedral groups, infinite dihedral group or crystallographic groups
are semidirect products with these characteristics.

In addition to the intrinsic importance of the left regular representation v — L, € U (62 (F))
in representation theory of groups, the systems { L.t }7 cr arising from the left regular repre-
sentation of I' are relevant in applications; for instance they appear in sampling theory. In
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fact, in the present paper we deal with two types of samples where these systems have an
important role:

Firstly, given a unitary representation I' 5 v +— U(y) € U(H) of the group I' on a separable
Hilbert space H, for a fixed ¢ € H we consider the subspace of H

A = {3 aUMp : a={a(n)}er € A}

vyel

For a fixed 1 € H, which does not necessarily belong to A, we can define for each f € A, its
samples

Lof(y) == {f,U))y, ~veT.

These samples give average sampling in classical shift-invariant subspaces of L?(R) (see, for
instance, Refs. [1, 9, 11, 17]). As we will see in Section 4, there exists fy, € ¢%(T) such that, for
each f € Ay, we get Ly f(v) = (a, Lyfy)e2ry, v € T, being a € £2(T') the coefficients sequence
of feA,.
Secondly, when H = L?(R%), for a fixed point p € R% we consider, for any f € A, the
samples
Lpf() = [UDf](p), v€T,

Again, there exists f, € £2(T) such that, for each f € A, we obtain the expression for these

samples L, f () = (a, Lyfp)e2r), v € I'. This situation englobes the case when we are dealing

with pointwise samples in classical shift-invariant subspaces of L?(R) [11, 16, 17, 23, 27].
Needless to say that a feasible characterization of the system {L,yf }7 cr as a Riesz basis

for (2(T') along with the search of its dual Riesz basis will play a crucial role in obtaining
an interpolatory sampling formula allowing the recovery of any f € A, from the given data
sampling {Lqy f(7)}yer or {Lyf(7)}yer. Some I'-invariant spaces A, of special relevance are
those appearing in composite wavelet theory. These wavelets allow many more locations, scales
and directions than the classical ones. They have been studied in the last few years; see, for
instance, Refs. [18, 19, 20, 21].

In order to get a suitable characterization of when the system {L,Yf },Y cr is a Riesz basis

for /2(T), we briefly describe the mathematical techniques used in this paper. Since, for
a,f € /2(T), we have

Za(n)Lnf =axf and (a,Lyf)ppr) = (axf)(y),
nel’

where f* denotes the involution in ¢2(T") of f, we can use techniques of linear time-invariant
(LTT) systems. In fact, the given characterization will be described in terms of a matrix-valued
function F (&) which turns out to be the transfer matrix of a multi-input multi-output (MIMO)
system. Although, our group I' = N X, H is not abelian and a classical Fourier analysis is
not directly applicable, the MIMO system formalism will allow us to make use of the Fourier
transform on the locally compact abelian (LCA) group N; in fact, F(€) is defined for £ in N )
the dual group of characters £ of V.

As the above equalities show, the study of the systems {va }'y cr is related to convolution
algebras on I', and specially, to the representation of the group C*-algebra of I', C*(I"), given



in Ref. [25]. In the last section we show this relationship and, in so doing, we provide a
convolution C*-algebra larger than C*(I") and suitable for the present context.

The paper is organized as follows: Section 2 provides the mathematical setting needed
throughout the paper giving the keys for different approaches, together with some lemmata
used in the sequel. Section 3 includes the main theoretical results in the paper: A characteri-
zation of when {va }7 cr 1s a Bessel sequence or a Riesz basis for £2(T") is respectively proved
in Theorems 5 and 6; in particular the orthonormal basis case is considered (Corollary 7). The
dual Riesz basis of {wa }7 cr» Which has the same form {La,g}“Y cr» is also obtained (Corollary
8). Closing the section, an example of Riesz bases associated to the infinite dihedral group
D is proposed. Section 4 is devoted to a sampling application of the results in Section 3;
thus, an abstract sampling result is obtained (Theorem 9) in a principal U-invariant subspace
of a Hilbert space H. An example using crystallographic groups illustrates the sampling re-
sults, where we consider pointwise samples as well as average samples. Finally, in Section 5 a
C*-algebras connection is also exhibited.

2 The mathematical setting

The aim of this section is twofold: Firstly, to provide a brief on the needed mathematical
preliminaries and, secondly, to establish the mathematical setting which will give us the keys
and tools to get the main aim in the paper, i.e., a suitable characterization of the system
{L“/f}yer as a Riesz basis for £2(T).

We begin stating the main facts concerning the group I' as a semidirect product of groups.
Let (N, +) be a discrete abelian group, (H,-) a finite group of order x, and a homomorphism
o : H — Aut(N) referred as the action of the group H on the group N. Its semidirect product
I' := N %, H is the group whose elements are the pairs (n,h) € N x H with multiplication
rule

(n,h)(m,1) := (n + o(h)(m),hl), n,me N and h,l € H.
In particular, the identity element in T is ep = (On,1x) and (n,h) ™t = (= o(h™!)(n),h 1),
(n,h) € I'. Notice that, unless o(h) equals the identity for h € H, the group I is not abelian.

An important example of semidirect product of groups that will be used in this paper is the
crystallographic group I'np, g = MZ® %, H, where M is a non-singular d x d matrix and H is
a finite subgroup of O(d), the orthogonal group of order d, such that A(MZ?) = MZ? for all
A€ H. Here 0(A)x = Az for A € H and = € RY. The infinite dihedral group Do = 7 X5 Za,

where o(1)(n) = n and o(—1)(n) = —n for each n € Z, is a unidimensional crystallographic
group.
Throughout the paper we denote by greek letters v, n, ... oras (n, h), (m,l), ... the elements
in I'. The left regular representation of the group I' on £2(T) is given by
L.f(n) :=f(y" '), n,v€T andfe Z(T).

Note that, for each f € £2(I"), the synthesis operator As of the system {L’Yf}yer is a convolution
operator. Indeed, for any a € £2(T)

Ara(y) ==Y a(m)Lyf(y) =D _a(m)f(n'y) = (axf)(7), v €T.

nel’ nel’



Recall that the above definition gives a bounded linear operator A : £2(I') + ¢2(T') if and only
if the system {Lﬂ,f }veF is a Bessel sequence [8, Theorem 3.2.3] (see also Theorem 5 infra).
Our study is based on the following representation of Asa:

Lemma 1. Given f,a € (*(T'), Asa is represented as:

Asa(n,h) = (ar*y fro)(n), (n,h) €T, (1)

leH

where aj(n) := a(n, 1), fn(n) := f[(0,1)"Y(n, k)], and *,, denotes the convolution on the abelian
group N, i.e., (axy b)(n) =, na(m)bn—m).

Proof. Having in mind that (m,1)~! = (0,1)~!(—m, 1), we get

Asa(n,h) =Y " a(m, D) f[(m, )" (n, k)] = > " a(m, D) f[(0,1) " (n — m, h)],

leH meN leH meN
and representation (1) holds. O

According to expression (1), the operator A can be seen as a linear time-invariant system:

[al}leH S Ei(N) — [Z ap ¥y ch] hell (2)
leH

where (2(N) := (?(N) x---x 2(N) (x times). In signal processing jargon this type of system is
called a multi-input, multi-output (MIMO) linear time-invariant system; it can be effectively
analyzed by using the Fourier transform.

Since N is a discrete abelian group, we can use the Fourier transform on N defined by

a€) = Y an)(-n§), €eN,

neN

for any a € (*(N), and extended to (2(N) as a unitary operator between ¢2(N) and L2(N)
where N denotes the dual group of characters (see, for instance, Ref.[10] for the details).

Next lemma will be needed in taking the Fourier transform in Eq. (1). It also gives a
condition so that the output in (2) belongs to £2(N).

Lemma 2. Let a,b € (?(N) such that the product 3(5)3(5) € L%(N). Then the convolution
a*y be?(N) and

—

(a%y b)(€) =3(6)b(¢), ae £€N.

Proof. By using Plancherel theorem [10, Theorem 4.25] and denoting b(n) = b(—n), we obtain

—

(a *N b)(n) = Z a(m) b(n - m) = <a’B(- - n)>g2(N) = <3, b( - n)>52(]’\})
meN
— [ 35O Tm G (e) = [ 3050 Tmdug(©)
N N



Since {(—n, &) } is an orthonormal basis for L2(N) [10, Theorem 4.26] and we have assumed
that a(¢ )B( €) € L2( V), we obtain that a %, b€ ?(N) and

A(ObE) =Y (axy b)(n)(-n.&), ae €N,

neN

O

By taking the N-Fourier transform in the second term of expression (1) we obtain the so
called transfer matriz of the MIMO system (2). This motivates the following definition:

Definition 1. For each f € (?(I) we introduce its associated transfer matriz as the k X K
matriz-valued function F defined on N as

F(f) = [?hvl(g)]h,leH where fh,l(n) = f[(ov l)_l(n’ h)] ;, meN. (3)

The involution in ¢?(I') and in £2(N) are denoted, respectively, by

f(y)=f(y7 1), yel and f(n)=Fh(—n), neN.

The role of the conjugate transpose matrix-valued function F*(§) is also well understood
realizing that it is the transfer matrix of the system

[atlien — [Z ap *y ?lh}

heH
leH €

which represents the analysis operator of the sequence {Lﬂ,f }7 cr- Namely, for f,a in £2(T), we
have

Ag(n,h) == (a, L(n, f>e2(1“ (axf*)(n,h) = Z (ar %y Eh) (n). (4)

leH
Indeed, equality

ZZ (m,)f ZZ (m, D)f ~L(m —n,l)]

leH meN leH meN

yields (4). Recall that the analysis operator is the adjoint operator of the synthesis operator
[8, Lemma 3.2.1]; in other words, whenever the system {va }76p is a Bessel sequence for £2(T),
operator As in (4) is the adjoint operator of A¢, i.e., A = Af.

In our context, we will need the transform ’7} given in the following lemma, where L? (N )
denotes the product Hilbert space L2(N) x --- x L2(N) (x times):

Lemma 3. The linear map Tp : (2(T) — L2(N) defined by Tra := [} |acn, where ap(n) =
a(n,h), (n,h) €T, is a unitary operator.

Proof. The map Tr is surjective since the N-Fourier transform is a unitary operator between
?2(N) and L%(N). It is also an isometry since, for each a,b € £2(T"), we have

(a:bhairy = Y (@n,brdeey) = D (3nbn) oy = (Tra, Tob) a5 -

heH heH



The above lemma, related to the abstract version of the Zak transform (see, for instance,
Refs.[3, 12]), says that any a € ¢*(T) is completely determined by the Fourier transform of its
k phases ap, h € H.

With a view to built the matrix-valued function F(¢) and the vector-valued function Tra(§),
indexed by the elements of H, we order the k elements of H such that the first element is
1g, the identity element of H. Thus the first column of F(&) is 7Trf(£). Notice also that its
l-column is Tr Lo, yf(§). Hence, for § € N matrix F() is a redundant matrix, similar to what
happens with the modulation matrix in wavelet or in filter bank theory.

In next result, we obtain a representation for the analysis and synthesis operators, Egs.
(1) and (4) respectively, in the Tr domain:

Theorem 4. Assume that f,a € (2(N) and that the products /a\l(f)?h’h/ (&) € L2(N) for all
I,h,h' € H. Then
TrAsa(€) = F(&) Tra(€) and TrAsa(E) = F*(€) Tra(€), ae £€N.

Besides, on the assumption that b = a xf then

B(¢) = F(OA(), ae (€N, (5)
where A(§) and B(§) are the transfer matrices associated to a and b defined in (3).

Proof. By taking the N-Fourier transform in equalities (1) and (4), and having in mind Lemma
2 we obtain that TrAfa(§) = F(£)Tra(§) and TrAsa(§) = F*(§) Tra(§). Concerning the
second part, the [-column of A(€) is Tr(L(o, @) and the l-column of B(§) is

Tr (Lo 1yb)(§) = Tr(Lioyp[a * f1)(E) = Tr([Lioy nal * F)(§) = F(E)Tr(Loypna) (),
that is, the I-column of F(&)A(¢). O

A similar formula to (5) is obtained in Ref. [25] for functions in the C*-algebra of the group
', even for a non discrete group N; see Section 5 below. It can be also found in Ref. [21] for
functions in ¢!(T'), being T' a crystallographic group.

3 Riesz bases for (*(T') generated by the left regular represen-
tation of I’

In what follows we will assume that the non abelian group I' is the semidirect product N x, H,
where (N, +) is a discrete abelian group and (H,-) is a finite group of order . For a fixed
f € (2(T"), this section is devoted to give a characterization of the sequence {Lyf }7 cr as a

Riesz basis for 2(T') in terms of the associated matrix-valued function F(¢) introduced in (3).

Theorem 5. For f € (2(T'), let F(€) be its associated transfer matriz defined in (3). Then, the
system {LVf}veF is a Bessel sequence for £2(T') if and only if the entries of the matriz-valued

function F(§) belong to Loo(ﬁ). In this case the optimal Bessel bound is given by

B¢ = ess sup Amaz[F*(§)F(E)],
EEN

where Apqq denotes the largest eigenvalue of F*(§)F ().



Proof. Having in mind the equivalence between the spectral and the Frobenius norms for
matrices [14], we deduce that Bf < oo if and only if the entries fj,; of F(&) belong to L>(N).

Whenever a € (2(N) with 3(¢)fu(€) € L3(N), I,h, i/ € H, by using Lemma 3 and
Theorem 4 we obtain that

2
[ o020ty = el = el = [P Ty
and then,
|02, - TR OIF PO Tra(dng 6). (©

Hence, using Lemma 3, we obtain that, whenever a € £2(N) and ?hJ(f) € L*(N), l,h € H,

we have
[DIEICHAIC)
yerl

< / Amax [F*(E)F ()] | Tra(€) [2de
N

(D)
< Be [ I1T0a(€)1Pde = Bel1Teall 5, = Be ol

Consequently, if ?hJ(f) € L>®(N ) h,l € H, or equivalently Bf < oo, then {L.f } is a Bessel
sequence with bound Bs.

For any number J < By, there exists a subset 2 C N with positive measure such that
Amax[F*(E)F(€)] > J for € € Q. Let a € £2(T') such that Tra(€) is equal to 0 when ¢ ¢ Q, and it
is equal to a unitary eigenvector of F*(£)F(£) corresponding to the eigenvalue Apax[F*(§)F(€)]
when ¢ € Q. By using (6) we obtain

|2 a0 L0, = [ Al PP @UTa(© P = 7 [ 150t 1Pde = Tl

vyel

Therefore, if {L,Yf}7 cr is Bessel sequence then Bf < oo, or equivalently ?M({) € LOO(]V )
h,l € H. Moreover, the constant Bf is the optimal Bessel bound. ]

Theorem 6. Consider f € (?(I') and its associated transfer matriz F (&) given in (3). The
following statements are equivalent:

(a) The system {L“Yf}yel“ is a Riesz basis for (2(T).

(b) The entries of the matriz-valued function F () belongs to L™ (N), and essinf | det F(§)| > 0.
£eN

In this case the optimal Riesz bounds are given by

Af :=essinf A\pin [F*(§)F(E)] and Bf := esssup Apea[F*(§)F(E)].
¢eN ¢eEN

Moreover, its dual Riesz basis is {ng}wer where g is the unique element in (*(T) satisfying

F(O)Tre)=[1 0 ... 0]", ae €N, (7)
where Tr is defined in Lemma 3. Equivalently, G(£) = (F*(¢))7!, a.e. €€ N where G(§) is

the transfer matriz associated to g.



Proof. First of all, note that for any x X k hermitian matrix M we have that

fo(M) < det M = Apin(M) - -+ - Amax (M) < Amin (M) 1(M)

min max

Using these inequalities for M = F*(£)F (&) we obtain that

Af < essinf |det F(¢)[> < A¢Bf ', (8)
£EN

(a) = (b). If (a) holds {LVf}veF is a Bessel system; thus, having in mind Theorem 5, the

entries of the matrix-valued function F(§) belong to L*°(N). Using the Rayleigh-Ritz theorem
[14] and Lemma 3, for any a € ¢2(IV) we obtain that

2
H Z )Ly I
yel’

. / [Tra (&) F* (€)F (&) Tra(€) dpug (€)

N
> [ Aol B R ()] [Trale) e Q
N

> At /N 1Tea(©)Pde = A¢ [[Trall 7, 5y = Ar llallz ).

For any number J > Af, there exist a subset 2 C N with positive measure such that
Amin[F*()F(€)] < J for € € Q. Let a € £2(T") such that Tra(€) is equal to 0 when & ¢ Q, and it
is equal to a unitary eigenvector of F*(£)F(§) corresponding to the eigenvalue Apin[F*(§)F(§)]
when ¢ € Q. Then, using (6), we obtain

| S am i

£2(T
~vel (I)

— / A [E*(©F(©)]l|Tra(€) |2de < 7 / [Tra(€)12d = Jfal% .
N N

Therefore, if {LVf}veF is a Riesz basis then A¢ > 0 which, having in mind (8), implies

essinf | det F(§)| > 0. Besides, the optimal lower Riesz bound is As.
£eEN

~

(b) = (a). Since the entries of F(¢) € L*°(N), using Theorem 5 we deduce that Bf < oo.
Since essinf | det F(€)| > 0, using (8) we obtain A¢f > 0. As a consequence of Theorem 5 and
£EN

inequality (9) we deduce that the system {L.f }7 cr is a Riesz basis for ().

Next, we find its dual Riesz basis. Since essinf,_g |det F(£)| > 0, and the entries of F*(¢)

belongs to LOO(]V), the entries of the matrix-valued function [F*(£)]™ belong to ¢2(N). By
Lemma 3, there exist a unique g € ¢2(T") such that 7rg is the first column of [F*(¢)]~!, or
equivalently, a unique g € ¢2(T") satisfying (7). From Theorem 4 we get

Te[(g L)) o (6) = To(Arg)(€) = F* () Trg(€) = [1 0 ... 0]

Hence (g, L,f) = 6(7y), and the system {L‘Yg}yer is the dual Riesz basis to {L’Yf}veF . Besides,
we have that g * f*(y) = (g, L,f) = d(v). Applying (5), having in mind that the matrices
corresponding to § and f* are [5hvl]hleH =1, and [ff*L,l]hleH = F* we get that F*({)G(§) =
I., ae €€ N. O



Corollary 7. The system {L‘Yf}'yer is an orthonormal basis for £2(T") if and only if the matriz-

valued function (&) is unitary a.e. § € N, or equivalently, if F*(£)Trf(§) = [1 0 ... O]T
a.e. £ € N.

Proof. The Riesz basis {L«,f }7 cr is an ortonormal basis if and only if the generator of the dual
Riesz basis g = f, or equivalently, if G = F. Thus, the result follows from Theorem 6. 0

Corollary 8. Consider f,g € (*(T') and their associated transfer matrices F(§), G(§) defined

in (3). Assume that the entries of F(&§) and G(§) belong to L°(N). Then, the systems
{L”/f}vel“ and {L"/g}wel“ form a pair of dual Riesz bases if and only if G(§) = [F*(f)]fl a.e.

£EeN.

~

Proof. Since the entries of G(§) belong to L*(N), if G(§)F*(£) = I, we have that

essinf | det F(€)| = essinf (| det G(£)|') = (esssup | det G(ﬁ)])fl > 0.
& -~

EeEN e £eN
Hence, the result is easily obtained from Theorem 6. O
3.1 Remarks

e Whenever the generator f belongs to ¢1(I), the matrix-valued function F(¢) has continuous
entries in the compact N (recall that N is discrete). Thus, from Theorem 5 the system
{Lf }7 cr 18 always a Bessel sequence for ?%(T). From Theorem 6 it is a Riesz basis for £(T")

if and only if the matrix-valued function F() is non-singular for all £ € N. _Finally, from
Corollary 7 it is an orthonormal basis if and only if F(§) is unitary for all £ € N.

e Theorems 5 and 6, and Corollary 7 can be restated in terms of the convolution operator.
Namely (see [8, Lemma 3.2.1 and Proposition 3.6.8]),

a. The expression Afa = 3, . a(n)Lyf = a «f defines a bounded linear operator Ar : 2(T) —
(2(T) if and only if the entries of the matrix-valued function F(¢) belong to L>(N). In this
case, ||Af]| = Bfl/z.

~

b. Assume that the entries of the matrix-valued function F(§) belong to L (N). Then, Af is
an invertible operator if and only if essinf,_g [det F(§)| > 0. In this case, IAFY = Af_l/2

and the condition number of A¢ is ||A¢|| [|A; | = (Br/As)'/2. Besides, there exists a unique
h € £2(T) such that f *+ h = §, and satisfying

H(EF(E) =L, ae €N,

where H(¢) is the transfer matrix associated to h. Besides, h = g* where g is the function
defined in Theorem 6.

c. The linear map A defines a unitary operator if and only if F(£) is unitary a.e. £ € N.



3.2 Riesz bases examples associated to the infinite dihedral group D,

We illustrate the above results of this section in the case of the infinite dihedral group Do, =
Z x {1,—1}. Recall that 7 T, with (n,z) = 2", z € T, and consequently the Fourier
transform of the sequence {a(n)}nez is the z-transform a(z) = 3, 5 a(n)z™" (see, for instance,
[10, Theorem 4.5]).

For any f € (?(Dy,), the first column of F(z), is formed by the z-transforms of fi(n) =
f(n,1) and f_1(n) = f(n,—1), n € Z. The second column is formed by the z-transforms of
fi,—1(n) =f_1(—n) and f_1 _1(n) = fi(—n), n € Z; that is

Nd:Fw i@p

1
P R | zeT. (10)

Firstly, according to Corollary 7, the sequence {L,f},ep. is an orthonormal basis for
(?(Ds) if and only if F*(2)Trf(2) = [1 O}T, or equivalently

=

)P+ [oiz)P =1 and f(2)f1(z~)) +f1(2)fi(z~1) =0, ae z€T.

These equations are satisfied, for example, when ?_1(,2) =0 and |?1(z)] = 1. In signal pro-
cessing jargon, complex transfer functions satisfying |f(z)| = 1 in T are called allpass filters;
expressions for rational allpass filter, their properties, as well as efficient ways to compute the
*y-convolutions in (1) and (4), can be found in Ref. [26, Section 3.4]. The simplest allpass
filter f;(z) = 2" yields to the canonical basis {L,0},ep,.. Other interesting solutions of the
above equations are

~ 1, |lw|<a ~ iw 0, [w<a

0, |w|l>a 1, |w|>a

for a fixed a € (0, 7).

Secondly, according to Theorem 6, the sequence {L.f},ep.. is a Riesz basis for ¢*(Dy) if
and only if L R ~
ess i%lf |det F(z)| = ess iﬂpf ‘fl(z)fl(zfl) - f_1(z)f_1(z*1)‘ > 0.
zE zE

In this case, by solving F*(z) [g1(2) g_l(z)]T =1 O]T, we obtain
S (1C) BN 16 1
g1(z) = det F*(z)’ -1(2) = det F*(z)’ 1

which provides the generator g of its dual Riesz basis {Lyg} ep... Whether f is real, we have

that ?1(2_1) =% (z) and ?_1(,2_1) = ?_1(,2), from which it is straightforward to deduce that
the optimal Riesz bounds are

Ar i= ess inf Amin[F* (=) F()] = essinf ([fu(e™)] = [ (™)),
1S

wE[—m,m]

Bt := esssup Amax[F*(2)F(2)] = esssup (|/f\1(eiw)| + |?_1(e“”)])2.
z€T we[—m,7]
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Closing this section we exhibit a simple example. The generators f and g are finitely
supported whenever f; and f_; are Laurent polynomials such that det F(z) = fi(2)fi(z7!) —
f_1(2)f_1(27') = azF for some k € Z, a # 0. For instance, for f;(z) = 3/8 and f_;(z) = 2/8
we obtain g;(z) = 3 and g_1(z) = —z; thus the dual generators f and g have both support of
size 2. From (12), the optimal Riesz bounds of {L'Yf}veF are Af =1/4 and Bf = 1/2.

4 A sampling application

Let I' 3 v+~ U(y) € U(H) be a unitary representation of the group I' in a separable Hilbert
space H, i.e., a homomorphism between I' and U(H). We are interested in the study of
sampling in the principal U-invariant space Ay, := Span{U(v)¢}er of H, where ¢ denotes a
fixed element of H. In case the sequence {U(7)p}er is a Riesz sequence for H (one can find
necessary and sufficient conditions in Refs. [2, 21]) the subspace A, can be expressed as

Ay = {3V ()e : 3= {a()}er € ()

yel’
The goal here is the stable recovery of any f € A, from the data {Ly f(7)}yer given by
Lyf(y) = (f,UMNY),y, €T, (13)

where 1) € H is a fixed element which does not belong necessarily to A,. First, we express the
samples in a more suitable manner; for each f =3 ra(y)U(7)p in A, we have

Lof() = (D aUme. UMw). = am){p. U 7)w),,

nel nel’
=Y af(r ) =) a)Lyf(n) = (2, Lyfy) oy, V€T,
nel’ nel’

where fy,(n) :== (@, U(n~1)1)3 for n € T, and a = {a(v)},er. Notice that f, belongs to ¢*(T).
In the light of Theorem 6, assume that {L.fy},r) is a Riesz basis for £2(T') with dual Riesz
basis {L,gy }e2(ry. Thus, for any a € ¢%(T) we have

a=) (a,Lyfy)em) Lygy =Y Lyf(7) Lagy i (D). (14)
yerl’ yerl’

In order to derive a sampling formula in 4, compatible with its structure, we consider the
natural isomorphism Ty, : ¢2(I') — A, which maps the usual orthonormal basis {8, }er
for 2(T") onto the Riesz basis {U(y)¢} er for A,. This isomorphism satisfies the following
shifting property:

Tuo(Lyf) = U(Y)Tuof for each f € (') and y € T.

Indeed, we have that L,é, = &, for v, € I'. As a consequence, Ty, (Lvén) = Tu,p0yy =
U)U(n)e = U(Y)Tue(8y). From a continuity argument the result becomes true for any
f e ¢2(I).

11



Now, consider f = Ty (a) in Ay; applying the isomorphism 7y, in expansion (14) and
using the above shifting property we obtain for each f € A, the sampling formula

f=Top@) =Y Lof(0) Top(Lagy) = D Lof( UM Tuelgy) nH. (15)

~el yel’

Notice that Tu,(8y) = > cr 8¢(7) U(7)p € A,. Moreover, since Ty, is an isomorphism, the
sequence {U(7)Tu,x(8y) }yer is a Riesz basis for Ay,. In fact, the following sampling theorem
in A, holds:

Theorem 9. For a given ¢ € H, consider fy, € (*(T') such that f,(n) == (o, U(n=1)¢)y for
n € I'. Assume that all the entries of its associated £ X k matriz-valued function F(&) defined
n (3) belong to L*°(N). The following statements are equivalent:

(a) essinf |det F(£)| > 0.
EEN

(b) There exists a unique gy € (*(T ) such that its associate matriz-valued function G(§)
defined in (3) has entries in L°°(N), and it satisfies G(€)F*(&) = L., a.e. £ € N.

(¢) There exists a unique O € Ay, such that the sequence {U(7)®y}tyer is a Riesz basis for
A, and the sampling formula

F= LyfNUM®y  inH (16)

yel
holds for each f € A,.

In case the equivalent conditions are satisfied, necessarily ®y = Ty ,(8y) where gy € ()
satisfies conditions in (b). Moreover, the interpolation property Ly®y(y) = 0yep, 7 € T,
holds.

Proof. (a) = (b). The sequence {Lfy}r) is a Riesz basis for /*(I'). Having in mind Theorem

6, its dual Riesz basis has the form {L,gy} e ) with G(§)F*(§) = I, ae. § € N.

(b) = (¢). According with Corollary 8, the sequences {Lfy }s2(ry and {L,gy} ey form a pair
of dual Riesz bases for £2(I"). Thus we have (14) and, consequently, (15) proves (c).

(¢) = (a). Applying the isomorphism T, ;, the sequence {TU_ ; (U(fy)(I)) } is a Riesz sequence

for ¢2(T), and for each a € £2(T') we get

a=> (&, Lyfy)em T o (UM®y)  in £2(T).

vyer

vyel’

The sequence {Lfy }s2(r) is a Bessel sequence biorthogonal to {TU_ ; (U(7)®y) }7 cr» and hence

it is a Riesz basis for £2(T") [8, Theorem 3.6.7]; from Theorem 6, essinf | det F(£)| > 0.
£EN
The uniqueness of the coefficients in a Riesz basis expansion gives the interpolation property

£¢<I>1/1(7) = 5%61“7 vyel. O

12



4.1 The crystallographic group case
The euclidean motion group E(d) is the semidirect product R? x, O(d) corresponding to the
homomorphism o : O(d) — Aut(R?) given by o(A)(x) = Az, where A € O(d) and = € R%.
The composition law on E(d) = R? x, O(d) reads (z, A) - (2, A') = (z + Az, AA").

Let M be a non-singular d x d matrix and H a finite subgroup of O(d) of order x such that
A(MZE) = MZ? for each A € H. We consider the crystallographic group Ty g := MZx, H
and its quasi regular representation (see, for instance, Ref. [2]) on L?(RY)

Un, A)f(t) = fIAT(t—n)], neMZ AecHand fe L*RY).

For a fixed ¢ € L?(R?) such that the sequence {U(n, A)np}(n AT ri is a Riesz sequence for

L?(R%) (see, for instance, Refs.[7, 15]) we consider the U-invariant subspace in L?(R%)

A={ Y amAeATE-n)] : {alnA)} e ECun)

(n,A)EFMyH
For a fixed 1 € L?(R?) non necessarily in A, we consider the average samples of any f € A,
wa(na A) = <f, U(”a A)d}>L2(Rd) = <fa ,QZ)[AT( - n)]>L2(Rd) ) (n> A) € FM,H .

Under the hypotheses in Theorem 9, there exists a function ®, € A, such that the sequence
{@y[AT(t—n)] }(n AT ri is a Riesz basis for Ay, and for each f € A, we have the sampling
expansion ’

F = 3 {FATC )] e PelAT (- )] LR (17)

(nzA)EFM,H

If the generator ¢ € C(R?) and the function ¢ + > (n,A) |[AT(t —n)]|? is bounded on R?, a
standard argument shows that A, is a reproducing kernel Hilbert space (RKHS) of continuous
bounded functions in L?(R%). As a consequence, convergence in L?(R%)-norm implies pointwise
convergence which is absolute and uniform on R¢.

4.2 The pointwise samples case

Let {U(7)}yer be a unitary representation of the group I' = N x, H on the Hilbert space
H = L?(RY). If the generator ¢ € L%(R?) satisfies that, for each v € T', the function U(y)¢p is
continuous on R?, and the condition

sup Y [[U)el()|* < +o0, (18)
teR? _cp

then the subspace A, is a RKHS of continuous bounded functions in L?(R%). In fact, the
following result holds:

Lemma 10. For any {a(y)},er € £3(T') the series > 2V [UM)¢](t) converges pointwise to
a continuous bounded function if and only if for each v € T', the function U(~)p is continuous
on R?, and condition (18) holds.
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Proof. Cauchy-Schwarz inequality and Weierstrass M-test prove the sufficient condition. To
prove the necessary condition we follow the arguments in [27]. Indeed, notice first that choosing
the delta sequences in ¢?(T") we deduce that each function U(7)¢p is continuous on R¢.

For each fixed ¢ € R?, since the series > vera() [U(7)el(t) converges for any {a(y)}yer

in ¢%(T"), we obtain that > ver [[U(7)¢] (t)‘2 < 400. Moreover, the functional Q; : £2(T') — C

defined as a := > ra(y) [U(7)¢](t) is bounded with norm 192 = > el U(7)¢] (t)}2
(see, for instance, [13, p.145]). Next, for fixed a = {a(7y)} er € £*(I') we consider its asso-
ciated function fa(t) := > cra(y) [U()el(t), t € R9. Since f, is bounded on R? we get
SUp;cpd |2ta] = supycpa |fa(t)| < +00. Hence, Banach-Steinhaus theorem concludes that

sup [ = sup (3 [T(AO) " < +o0.
tER ’YGF

Now for a fixed point p € R? we consider, for each f € Ay, the new samples given by

Lpf(n)=[UG"f]@p), ~veT. (19)
For each f =3 ra(mU(n)y in A, we get

Lyf(v) = [Z a(n)U(v'n) w} () =>_am UG "n) ¢ (p)

nel’ nel’
=Y a0 ) = (8, Lyfy) gy, vET,
nel

where f,(n) := [U(n)¢](p), n € I'; notice that f, belongs to £2(T'). As a consequence, under
the hypotheses in Theorem 9 on this new f, € ¢*(T), a sampling formula as (16) holds for the

data sequence {L,f(7) }vel“'

In the particular case of the quasi regular representation of a crystallographic group
Cmu = MZ? x, H, for each f € Ay its samples (19) are the pointwise samples

Lpf(n, A) = [Ul(n, A)7"f](p) = [U(=ATn, A" f](p) = f(Ap+n), (n,A) €Tl

Thus (under hypotheses in Theorem 9), there exists a unique function ®, € A, such that for
each f € A, the sampling formula

> fAp+n),[AT(t—n)], teR? (20)
(n,A)er

holds. The convergence of the series in L?(R?)-norm implies pointwise convergence which is
absolute and uniform on R?. The interpolating function ¢, = Ty, (gp) where g, is the genera-
tor of the dual Riesz basis (see Theorem 6). Coefficients in the expansion f =3 . a(v)U(7)¢
can be computed from samples as

a= Zf(Ap—i— n) Lgp (21)

vel’
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4.3 An example involving the infinite dihedral group D,

To illustrate the results in this section we consider group I' = D, a unidimensional crystal-
lographic group, and a real generator ¢ € L?(R) supported in the interval [0,2]. Notice that
we can check if a system {U(7)¢(t)}yepe = {@(t —n)}nez U {@(n — t)}nez is a Riesz basis
for A, = { ¥, cza(n)o(t —n) + b(n)p(n —t) : a,b € *(Z)} by using the Gramian condition
(see, for instance, Refs. [7, 15]). For instance, the function ¢(t) = (16t% — 13)t2(2 — t)*x[0,2(£),
t € R, fulfills these requirements.

The aim here is the recovery of any f € A, from its samples { f(n+p) tnezU{f(n—p)}nez
with a fixed p € (0,1/2). We proceed to check condition (a) in Theorem 9. Indeed, since supp
@ C [0,2], we obtain fi(z) = ¢(p) + ¢(p + 1)z and f_1(2) = ©(1 — p)z~' + (2 — p)z~2 and
then (see Eq.(10))

detF(z)=C+D(z+27"), z€T,
where C' = ¢(p)* +¢(p+1)* — (1 = p)* = (2 —p)* and D = (p)p(p+1) — (1 —p)p(2 —p).
Since det F(e") = C + 2D cos(w), whenever |C| > 2|D| the sampling formula (20) holds. It
reads
F@) =Y {fn+p)®yt —n)+ f(n—p)p(n — 1)}, tER,
nez

where the interpolating function is ®,(t) = 3,.c {81(n)e(t — n) +g_1(n)p(n —t)}, t € R,
with (see Eq. (11))

~ o) telp+1)z el —p)e 4 (2 — p)e?
1(2) _1(2)

= = — T.
C+D(z+2z71)" C+D(z+z71) » %€

Note that, whenever D = 0, the interpolanting function ®, has also compact support. For
instance, by choosing the generator ¢(t) = (16t — 13)t?(2 — t)ZX[O,Z] (t), t € R, we obtain that

D=0and C = ?’g%, and therefore

By(t) = - [p(P)p(t) + o(p + Dot +1) — (1 —p)p(1l —t) —p(2 —p)p(2—1)], tER,

has support [—1,2]. Using Egs. (12), the computation of coefficients a(y) in (21) has condition
number (By/Af)"/? ~ 4.82. For this choice of ¢, the D-invariant space A, is a subspace of
the space of cardinal splines of degree 6 with nodes at Z and continuous derivative.

5 A (*-algebra connection

It is known that the Banach space ¢!(I') becomes a Banach *-algebra under convolution but it
is not a C*-algebra. To avoid this drawback, it can be used the group C*-algebra of I' denoted
by C*(T'); it is the completion of £!(T') with respect to the norm ||f|| = | AtllBe2(ryy [6, 11.10.2].

In Ref. [25] it is proved that the mapping f — F in Definition 1 is a C*-isomorphism
between C*(I') and a C*-subalgebra of MH(C(]V)), the C*-algebra of the xk X k matrices

with continuous entries on N (see also [22]). Thus, this C*-isomorphism provides an explicit
description for the group C*-algebra of the semidirect product group I'.

Next, we show that for the semidirect product group I' = N x, H, when N is a discrete
abelian group and H a finite group, an alternative to the group C*-algebra of I' is the larger
space

L) = {f € 2(T) : Fuy e L°(N), hlc H}
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In Theorem 12 below we will prove that L*(T") is a C*-algebra, and that the linear map S (see
Definition 1)

L*(T) 3 f 5 F € M, (L®(N))

defines a C*-isomorphism, and consequently an isometry, between the C*-algebra L*(T") and
a C*-subalgebra of MK(LOO(]V)). Thus, the space L*(I") allows to consider, in a C*-algebra
setting, elements of ¢2(T") with discontinuous Fourier transform, such as ideal filters in signal
processing applications. In case the group I' = Z x, 1y = 7Z, the space L*(I") coincides with
the space A'(Z) of pseudomeasures [4, 3.1.8].

Specifically, by M, (LOO(N )) we denote the involution algebra formed by the x X x matrices
with entries in L°(N), with pointwise addition and multiplication and where the involution
is given by the adjoint matrix. Any A € MK(LOO(N )) can be represented by the bounded
operator Ta € B(Li(]/\\f)) defined by (max)(£) := A(£)x(£). With respect to the norm induced
by this representation,

Al g ey 7= 1Az iy = 50 {IAOXO) sy ¢ Il = 1}

the involution algebra M,, (L‘X’(]/\} )) is a C*-algebra [6, I1.6.6]. An estimation for this norm
can be found in Ref.[5].

Lemma 11. For each A € MH(LOO(]V)) we have that HAHMH(LW(KZ)) = essSup, |A(£)]]2,
where ||A(§)||2 denotes the spectral norm of the matriz A(§).

Proof. Since ”’R’AXHiQ(N) = /A X" (A" (E)A()x(§)dug(€), the lemma can be proved by
K N

means of the argument used to prove Theorem 5 from equality (6). O

Alternatively, this lemma could be proved by checking that M,.;(LOO(]V )) with the norm
Al = esssup, 5 [ A(£)]|2 is a C*-algebra, and having in mind the uniqueness of the C*-norm.

Theorem 12. The vector space L*(I') under the convolution product, the involution defined
by () = f(—y), v € T, and the norm |/f|
Besides, the linear map S : f — F is a C*-isomorphism between L*(T') and a C*-subalgebra
of MK(Lw(]v)). The transform S changes the order of the multiplication, i.e., S(g x f) =

S(f)S(g), f,g € L*(T).

LHr) = HFHMK(LOO(N)) becomes a C*-algebra.

Proof. We can easily check that S satisfies S(f*) = (Sf)*. According to Theorem 4 we have
that for any f,g € L*(I"), S(g*f)(§) = Sf(£)Sg(&) a.e. £ € N. As |[f] L) = ||FHMN(LOO(K,))
HSfHMﬁ(LOO(N))’ we just need to prove that the range of S is closed in norm.

In so doing, let us consider F; = Sf;, with f; € L*(T'), and a matrix A € M,.;(LOO(N)) such
that ||F; — AHMN(LDO(JV)) — 0 as i — oo. We have to prove that A belongs to the range of S.

From Lemma 11, esssup,. |Fi(§)—A(&)|l2 = 0as i +— oo. Having in mind that maxy,; by | <
|B||2 for any matrix B = [by,; ], we obtain that ess supec i | (Fn)ni(€) — Apg(§)] = 0 and then

|(Fi)nt — Ah,lHLoo(ﬁ) — 0 as i — oo. Having in mind that N is compact, we also have that

[(Fi)ng — Anill 2y =0 as im0, [ heH. (22)
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On the other hand, since, for each h € H, Ay 1, € LOO(N) c L*(N ) there exists a unique
f € £3(T) such that the Fourier transform of f(-,h) is Ap 1,,.

For any h € H, the sequence f;(-, h) converges in ?2(N) to f(-, h) since, by (22), its Fourier
transform (F;)p, 1 converges in LQ(N) to Aj 1, the Fourier transform of f(-,h). Hence, for
any h,l € H, the sequence (f;)n; = fi(—oy(-),l71h) converges in 2(N) to f(—oy(+),I7th) = iy
and then its Fourier transform (F;)p converges in L*(N ) to fhl Thus, by us1ng (22) and the
uniqueness of the limit we obtain that ch = Apy, h,l € H, and then Sf = A. O

Theorem 12 gives a simple description of the convolution C*-algebra L*(T"). For example,
from (10), the C*-algebra L*(Dy) for the infinite dihedral group D, is C*-isomorphic to the
C*-algebra of matrices of the type

_[f®) g9 : 0
A(Z)_[g(z) f(z_l)}’ zeT, with f,ge L>(T),

and the norm [|Af| vg,(Loo(T)) = €sssup,er [[A(2)]]2.

Finally, it is worth to mention that it is possible to give an alternative proof of Theorem
6 by using Theorem 12 and C*-algebras techniques.
A new proof of Theorem 6:

Proof. Let B(¢*(T)) be the C*-algebra of bounded linear operators on ¢*(T'). The linear map

L*(T) 3 f 5 A¢ € B(A(T))

defines a C*-isomorphism between L*(T') and a C*-subalgebra of B(¢*(I')). Indeed, from
Theorem 5 (see the second remark in 3.1), we obtain that any f € L*(I') satisfies Af €
B(*(T)) and [|fl|-r)y = [IF ], (zoo(r) = esssup.g [F(E)]|2 = = [|A¢llge2(ry); using (5)
in Theorem 4 we obtain that [Agglh = Ag(Afh), for all f, g € L*( ) and h € ¢2(T'); and from
(4) we have Ag= = Af for f € L*(I).

Hence, from Theorem 12 we deduce that the operator

ALAT)) 3 As A0 F e S(LHD))

is a C*-isomorphism.

Assume first (a), that is {va},y cr is a Riesz basis for EQ( ). Then, from Theorem 5,
the entries of the matrix-valued function F(¢) belong to L>(N) and the upper Riesz bound
is By < co. Besides, A € B(¢*(I')) and it is invertible. Since A(L*(T')) is a unital C*-
subalgebra of B(¢*(T')), and A¢ belongs to A(L*(I")), its inverse A7 also belongs to A(L*(T))
[24, Proposition 4.8]. Then, by applying the C*-isomorphism SA~!, we obtain that F is
invertible in the C*-subalgebra S(L*(I")) and that the lower Riesz bound is [8, Proposition
3.6.8]

IAT sty = IE7 ey = Lesssup [E71©[3]
Be(r) M (L2(N)) e

= [ess sup )\mllnF*(f)F(ﬁ)]fl = essinf ApinF* (§)F (&) = Af.
¢eN ¢eN
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Hence Af > 0, and then, having in mind (8), we prove condition (b).

~

Assume now (b). Since the entries of F(§) belong to L>°(N) and ess inf g |det F(£)] > 0,

there exists [F*(¢)]7!, ae. € N:; besides, [F*(€)]7! € M,.(L®(N)). Since S(L*(")) is a
C*-subalgebra of M, (L>(N)) and F* belongs to S(L*(I')), its inverse (F*)~! also belongs to
S(L*(T)). Hence there exists a unique g € L*(T") such that Ay = (F*)~!. By means of the
C*-isomorphism SA™!, we deduce that AgA¢« = Id, and then

D (@, Lif)Lyg = Ag(Aa) =a, a € *(T).
vyel’

From Theorem 5, the systems {va },Y er and {L,yg}7 cr are Bessel sequences. Hence, from [8,
Theorem 3.6.6], the system {L7f}yer is a Riesz basis for £2(I') with dual Riesz basis {ng}wer.

Finally, since F*(&)G(&) = F*(&)[F*(¢)]"! =L, a.e. £ € N, having in mind that Trg(¢) is
the first column of the matrix G(§) and Lemma 3, we deduce that g is the unique element in
72(T) satisfying (7). O
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