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We report a numerical analysis of the unforced break-up of free cylindrical threads of
viscous Newtonian liquid whose interface is coated with insoluble surfactants, focusing on
the formation of satellite droplets. The initial conditions are harmonic disturbances of the
cylindrical shape with a small amplitude �, and whose wavelength is the most unstable
one deduced from linear stability theory. We demonstrate that, in the limit � ! 0,
the problem depends on two dimensionless parameters, namely the Laplace number,
La = ��0

�R=�2, and the elasticity parameter, � = E=�0, where �, � and �0 are the
liquid density, viscosity and initial surface tension, respectively, E is the Gibbs elasticity
and �R is the unperturbed thread radius. A parametric study is presented to quantify
the in
uence of La and � on two key quantities: the satellite droplet volume and the
mass of surfactant trapped at the satellite's surface just prior to pinch-o�, Vsat and �sat,
respectively. We identify a weak-elasticity regime, � . 0:05, in which the satellite volume
and the associated mass of surfactant obey the scaling law Vsat = �sat = 0:0042La1:64 for
La . 2. For La & 10, Vsat and �sat reach a plateau of about 3% and 2:9% respectively,
Vsat being in close agreement with previous experiments of low-viscosity threads with
clean interfaces. For La < 7:5, we reveal the existence of a discontinuous transition in
Vsat and �sat at a critical elasticity, �c(La), with �c ! 0:98 for La . 0:2, such that
Vsat and �sat abruptly increase at � = �c for increasing �. The jumps experienced by
both quantities reach a plateau when La . 0:2, while they decrease monotonically as La
increases up to La = 7:5, where both become zero.

Key words: Capillary 
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1. Introduction

The break-up of free-surface 
ows has been investigated for a long time. The �rst
quantitative studies of the instability responsible for the spontaneous break-up of cylin-
drical liquid threads date back to the 19th century; the correct physical description of the
instability mechanism was due to Plateau (1873), who deduced that a small perturbation
with a wavelength larger than the circumference of the unperturbed column is unstable,
�nally breaking up into main drops and smaller satellite droplets in between. A few
years later, Rayleigh (1878, 1892) calculated the most unstable wavelength using a linear
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temporalstabilityanalysis.Thesubjectexperiencedarenaissance50yearsagothathas
lastedtothepresentduetoitscentralroleinindustrialandmedicalapplicationssuchas
chemicalreactors,ink-jetandthree-dimensionalprinting,additive manufacturing,drug
andproteinencapsulation,andcytometry,tociteafew(thereaderisreferredtothe
reviewsof Bogy1979;Eggers1997; Christopher & Anna2007;Eggers & Villermaux
2008;Derby2010;Anna2016).

Thetheoreticalapproachtothestudyofthedynamicsofjetbreak-upwasfirstbased
onthelinearstabilityanalysisofinfiniteliquidthreads. Asalready mentioned,the
localtemporalapproachwaspioneeredby Rayleigh(1892). About80yearslater,the
localspatialandspatiotemporalproblems,inwhichtheliquidjet moveswithuniform
velocityUwithrespecttotheinjector,weresolved(Kelleretal.1973;Leib&Goldstein
1986a,b).Inparticular,it wasdemonstratedby Kelleretal.(1973)thatthespatial
andtemporalstabilityanalysesareequivalentifUissufficientlylargerthanthespeedof
small-amplitudecapillaryinstabilitywaves,Uσ.Inthespatialsetting,thelattercondition
meansthattherelativegrowthofthe waveamplitudealongone wavelengthissmall.
Thus,inaframeofreference moving withthejet,theamplitudegrowthisspatially
uniformtoafirstapproximation,whichexplainstheequivalenceofthetemporaland
spatialapproachesifU Uσ.Sincethe wavelengthoftheunstablecapillary waves
is muchlargerthantheunperturbedcylinderradius,R̄,thescalingofUσ dependson
thevalueoftheassociatedReynoldsnumber,Reσ = ρUσR̄/µ,whereρandµarethe
liquiddensityandviscosity,respectively.InthelimitofEulerflow,Reσ 1,thevalue
ofUσ isgivenbythebalanceσ0/̄R ∼ ρU2

σ, whereσ0 isthesurfacetension,yielding

Uσ ∼ σ0/(ρ̄R),usuallyreferredtoasthecapillaryvelocity,andU/Uσ ∼
√

We,where
We =ρU2R̄/σ0isthe Webernumber.Notethat,inthiscase,Reσ =

√
La 1,where

La= ρ̄Rσ0/µ2 istheLaplacenumber, which mayalsobe writtenasLa = Oh 2 in

termsoftheusualOhnesorgenumber,Oh =µ/ ρ̄Rσ0.IntheoppositelimitofStokes
flow,Reσ 1,theappropriatebalanceisσ0/̄R∼µUσ/̄R,whenceUσ ∼σ0/µ,usually
referredtoasthevisco-capillaryvelocity.Inthislimit,U/Uσ∼Ca,whereCa=µU/σ0

isthecapillarynumber,andReσ = La 1. Therefore,theconditionthat mustbe
satisfiedforthetemporalandspatialapproachestobeequivalentisthat

√
We 1

when
√

La 1,orthatCa 1whenLa 1.Itisalsoimportanttopointoutthatthe
formationofaslenderjetfromanozzlerequiresthatWe >Wec∼O(1)when

√
La 1,

orthatCa > Cac∼ O(1)whenLa 1,whereWecandCacarethecritical Weber
andcapillarynumbersforthetransitionfromconvectivetoabsoluteinstability(Leib&
Goldstein1986a,b).

Manyexperimentalstudieshavebeencarriedout,fromthefirstinvestigationsofSavart
(1833), Magnus(1859), Plateau(1873), Rayleigh(1882),and Donnelly & Glaberson
(1966),tothehighlyaccuratemeasurementsofGonźalez&Garćıa(2009),whoseaimwas
todescribethemechanismofinstabilityandtomeasurethegrowthrateoftheassociated
wavesinthelinearregime.Theseexperimentshaveshownanexcellentagreementwith
thedispersionrelationobtainedbyRayleigh(Rayleigh1878,1892)andbyChandrasekhar
(1961).Itisimportanttoemphasisethat,althoughlinearstabilitytheorycannotdescribe
thefinalstagesofthedynamicspriortopinch-off,itcanbeusedtopredictthebreak-up
timētbwithsmallrelativeerrors,providedthattheinitialamplitudeofthedisturbance,
ε,satisfies =ε/̄R 1.Inthespatialsetting,thisfactcanbeusedtoestimatethebreak-
uplengthasŪtb,incloseagreementwithexperiments(Kalaajietal.2003;Gonźalez&
Garćıa2009).

However,todescribethesatelliteformationprocess,whichisthe mainobjectiveof
thepresentstudy,anonlinearapproachisneeded.Inparticular,Goedde&Yuen(1970)
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�rst investigated such nonlinear e�ects in detail, comparing their experiments with the
weakly nonlinear theory of Yuen (1968). The satellite drop formation process was �rst
quanti�ed by Rutland & Jameson (1970) and Lafrance (1975), while Chaudhary &
Maxworthy (1980) studied how satellite drop formation is a�ected by forcing the liquid
jet with di�erent harmonics, revealing the conditions needed to inhibit their formation.
These e�orts to control drop formation were mainly motivated by the practical need
of increasing the performance of the ink-jet printing devices under development at that
time. The increase in computational power �nally allowed a fully nonlinear approach
by means of direct numerical simulations of the axisymmetric Navier-Stokes equations.
In particular Mansour & Lundgren (1990) and Ashgriz & Mashayek (1995) computed
the satellite droplet radii just prior to pinch-o�, �nding an excellent agreement with
the experiments of Rutland & Jameson (1970) and Lafrance (1975). Due to the high
numerical cost of accurately solving the Navier-Stokes equations with a free boundary
up to times close to the break-up singularity, several works have been devoted to develop
one-dimensional approximations by expanding the 
ow variables as powers of the radial
coordinate (see e.g. Lee 1974; Eggers & Dupont 1994; Garc��a & Castellanos 1994). These
models have been shown to work reasonably well in di�erent con�gurations (see e.g.
Ambravaneswaran et al. 2004; Rubio-Rubio et al. 2013; Mart��nez-Calvo et al. 2018). Of
particular importance is the fact that the leading-order model allowed the unravelling of
the universal self-similar structure of the local 
ow close to the singularity (Eggers 1993;
Papageorgiou 1995).

The presence of surfactant molecules at an interface induces an e�ective surface
rheology by means of Marangoni stresses and surface viscosities (for reviews, see Fuller
& Vermant 2012; Langevin 2014), leading to substantial changes in the dynamics with
respect to the case of clean interfaces. Indeed, di�erent 
ow con�gurations of technological
interest are a�ected by surfactants, for instance liquid bridges (Liao et al. 2006), dip
coating (Scheid et al. 2010; Delacotte et al. 2012; Champougny et al. 2015) or drop
break-up (Roch�e et al. 2009; Ponce-Torres et al. 2017; Kamat et al. 2018), to cite a
few. Regarding liquid threads, the e�ect of surfactants has been explored by means
of theory (Timmermans & Lister 2002; Mart��nez-Calvo & Sevilla 2018) and numerical
simulations (Campana & Saita 2006; Dravid et al. 2006; McGough & Basaran 2006;
Kamat et al. 2018). In particular, the two latter works focused on the micro-thread
cascade that appears close to break-up due to the presence of surfactants. These works
also analyse the di�erent scalings close to pinch-o� and the evolution of the minimum
radius of the thread and its axial position during the unfolding of the micro-cascade.
Moreover, Kamat et al. (2018) revealed that the mechanism responsible for the dynamical
surface tension e�ects induced by surfactants in �lament break-up is the action of
Marangoni stresses rather than the lowering of surface tension. In the case of a surfactant-
free liquid thread, Ashgriz & Mashayek (1995) already reported the axial movement of the
location of minimum radius for low-viscosity �laments, La � 1. More recently, Castrej�on-
Pita et al. (2015) generalised this result, showing that this translation occurs for any
�nite value of La, leading to the asymptotic inertial{viscous regime (Eggers 1993).
Furthermore, by means of experiments and high-precision numerical simulations of the
full axisymmetric Navier-Stokes equations, Castrej�on-Pita et al. (2015) demonstrated
that, depending on the value of La, the thinning of the �lament experiences di�erent
transitions that delay the occurrence of the universal inertial{viscous regime. In contrast
with the latter studies, which focused on a detailed description of the transitions between
the di�erent scaling laws prior to pinch-o�, the present contribution aims at providing
a global parametric description of the satellite formation process when the interface is
coated with an insoluble surfactant monolayer.
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Given the success of the leading-order one-dimensional approximation in capturing
the nonlinear dynamics of clean interfaces under certain con�gurations and values of
La (Eggers & Dupont 1994; Ambravaneswaran et al. 2002; Notz & Basaran 2004;
Subramani et al. 2006; Yildirim et al. 2005; Rubio-Rubio et al. 2013), similar models
have been derived that account for the presence of surfactants, and numerically solved
for di�erent 
ow con�gurations (Ambravaneswaran & Basaran 1999; Craster et al.
2002, 2009; Xu et al. 2007). However, as pointed out by Timmermans & Lister (2002)
and Mart��nez-Calvo & Sevilla (2018), a higher-order approximation is needed when
the surface viscoelastic stresses are large enough. The failure of the leading-order one-
dimensional models to describe the 
ow for large enough elastic and surface viscous
stresses is due to the fact that the velocity pro�le is uniform in the leading-order
equations, and cannot accomodate the shear induced by tangential interfacial stresses.
Therefore, following the same strategy as Mansour & Lundgren (1990) and Ashgriz
& Mashayek (1995) for a clean interface, and Dravid et al. (2006) and McGough &
Basaran (2006) for a surfactant-laden interface, in the present contribution our approach
is to numerically integrate the Navier-Stokes equations in a temporal setting, thereby
avoiding the approximations involved in one-dimensional models. Unlike Dravid et al.
(2006), we use a nonlinear equation of state to relate the surface tension to the surfactant
concentration, derived from �rst principles, that leads to substantial di�erences calling
out for a careful experimental analysis. Moreover, we perform an exhaustive parametric
study, accurately quantifying the volume of the satellite droplet prior to pinch-o� and
the amount of surfactant trapped at its surface, as a function of the two dimensionless
governing parameters, namely the elasticity parameter and the Laplace number.

The remainder of the paper is organised as follows. In x2 we describe the mathematical
model and the numerical method employed for the simulations. In x3 we �rst validate the
simulations by comparing the initial growth rate of small harmonic disturbances with the
results provided by a temporal stability analysis. We then unravel the structure of the
parameter plane spanned by the Laplace and elasticity numbers in terms of the satellite
formation process, followed by a detailed analysis of the volume of the satellite droplets
and their shape at break-up, the mass of surfactant trapped at their surface and the
nonlinear correction to the linear break-up time. The detailed time evolution is studied
in several representative cases to provide physical explanations of the results obtained.
Conclusions are drawn in x4. Finally, a stringent validation of our numerical technique
is presented in the Appendix.

2. Mathematical model and numerical method

We consider the axisymmetric motion of an in�nitely long liquid thread of density �,
viscosity �, surface tension �� and unperturbed radius �R, which occupies a volume V(�t)
and is embedded in a passive ambient at constant pressure pa in the absence of gravity.
The interface @V(�t), placed at a radial position �r = �a(�z; �t), is coated with a super�cial
concentration �� of insoluble surfactant molecules (see �gure 1a). Note that �r, �z and �t
stand for the radial and axial coordinates and time, respectively. Henceforth an overbar
bar will denote dimensional variables if not speci�ed otherwise. The e�ect of surfactant
adsorbed at the interface is to reduce the e�ective surface tension by an amount that
depends on �� , and thus any disturbance of the interface shape generates an imbalance
in �� that produces a surface stress due to gradients of ��( �� ). For simplicity, in the
present work we assume that surface viscous stresses can be neglected, thus disregarding
the role of the surface shear and dilatational viscosities, �s and �s, respectively. The
latter approximation is accurate provided that the corresponding Boussinesq numbers
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Figure1:(Colouronline)(a)Dimensionalsketchoftheflowconfiguration.(b)Exampleof
aliquidthreadapproachingpinch-offforLa=0.01,β=1, =10 3andk=km =0.516
attimet=123.Thecontourmaprepresentsthedimensionlesspressurefieldp,andthe
arrowsshowthedimensionlessvelocityfieldu,bothatthetop,whilethedeformedmesh
isshownatthebottom.

aresmall,namelyBµ =µs/(µ̄R) 1andBκ=κs/(µ̄R) 1(Mart́ınez-Calvo&
Sevilla2018).Theproblemisnon-dimensionalisedwiththevisco-capillarytime,µ̄R/σ0,
ascharacteristictimeandwithR̄ascharacteristiclength,σ0beingthesurfacetension
associatedwiththeinitialconcentrationofinsolublesurfactantattheinterfaceΓ̄(̄z,0)=
Γ0,whichareusedtoscalethesurfacetensionandthesurfaceconcentration,respectively.
TheflowisgovernedbythedimensionlessNavier-Stokesequations

∇·u=0 atV, (2.1)

La
∂u

∂t
+u·∇u =∇·T atV, (2.2)

whereu(x,t)=uer+wezisthevelocityfield,andu,w,ander,ezaretheradial
andaxialvelocitycomponentsandthecorrespondingunitvectors,respectively.In
equation(2.2),T=−pI+[∇u+(∇u)T]isthestresstensorforanincompressible
Newtonianliquid,Iisthestandardidentitytensorandp(x,t)isthepressurefield.The
numericalsimulationsreportedhereinwereperformedusinganarbitraryLagrangian–
Eulerian(ALE)method,inwhichthedomainx(X,t)∈V(t)isparametrisedbythe
initialpositionX = x(X,0)∈V(0),definingatime-dependentdisplacementfield,
x−XwhichisenforcedtosatisfytheLaplaceequationwithproperboundaryconditions
specifiedbelow.Thelocaltimederivativesareevaluatedinthespatialreferenceframe
as

∂u

∂t
=
∂̂u

∂t
−
∂x

∂t
·∇u atV, (2.3)
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whereû(X,t)=u(x,t)isthevelocityinthematerialreferenceframe.
Sincetheinterface∂Viscoatedwithsurfactant,asurfacetransportequationisneeded
forΓ(x,t):

∂Γ

∂t
+∇s·(Γus)=0 at∂V, (2.4)

whereus=u(xs)istheliquidvelocityattheinterfaceandxsrepresentsanyposition
atthesurfacexs(Xs,t)∈∂V(t),whichisparametrisedbyitsinitialpositionXs=
xs(Xs,0)∈∂V(0).Here∇s=Is·∇isthesurfacegradientoperator,whereIs=I−nn
isthesurfaceprojectiontensorandnistheouterunitnormalvectoratthesurface.The
localtimederivativesattheinterfaceareevaluatedinthespatialreferenceframeas

∂Γ

∂t
=
∂̂Γ

∂t
−
∂xs
∂t
·∇sΓ at∂V, (2.5)

whereΓ̂(Xs,t)=Γ(xs,t)istheconcentrationofsurfactantinthematerialframeof
reference,whichisneededinordertobeimplementedwiththeALEmethodthatisused
inthepresentwork.ThereaderisreferredtotheworksofStone(1990), Wongetal.
(1996)andPereira&Kalliadasis(2008)forfurtherdetailsofthetimederivativeofa
surfacequantity.
Notethatthesurfacediffusionofsurfactanthasbeenneglectedinthetransport
equation(2.4).Indeed,inthepresentworkweonlyconsiderthelimitwherethesurface
ṔecletnumberPes=UscR̄/Ds→∞,whereDsisthesurfacediffusioncoefficientandUsc
isthecharacteristicliquidvelocityatthefreesurface.ThecorrectscalingforUscdepends
onthevalueofLa.Inthelimitofdominantinertia,La 1,theappropriatevelocity
scaleisthecapillaryvelocity,[σ0/(ρ̄R

3)]1/2,sothatPes=[σ0R̄/(ρD
2
s)]
1/2.Forinstance,

ifweconsiderawaterthreadofradiuswithintherange1–100µm,thecorresponding
Laplacenumberslieintherange102 La 104.TypicalvaluesofDsforSDS,SB12
andothermonomersinaqueoussolutionarewithintherange109 Ds 108m2

s1whenΓisbelowthecriticalmicelleconcentration(CMC)(Sideriusetal.2002),
providingvaluesofthesurfaceṔecletnumberintherange104 Pes 105.Therefore,
inconfigurationswhereLa 1,itisexpectedthatsurfacediffusionhasaverysmall
effect.Intheoppositelimitofdominantviscousforces,La 1,theappropriatevelocity
scaleisthevisco-capillaryvelocity,σ0/µ,leadingtoPes=σ0R̄/(µDs).Considering,for
instance,apolydimethylsiloxanesiliconoilofdynamicviscosityintherange0.1–10Pa
s,densityρ≈970kgm3andsurfacetensionσ0≈21.1mNm

1,theLaplacenumber
takesvaluesintherange104 La 1.Althoughwearenotawareofexperimental
studiesreportingtypicalvaluesofDsinhighlyviscoussolutions,ifweassumethatthey
areofthesameorderofmagnitudeasthoseofaqueoussolutions,theṔecletnumberlies
intherange1 Pes 106.Itistherebydeducedthat,whenLa 1,theremaybe
caseswheresurfacediffusioncannotbeneglectedintheanalysis.Therefore,althoughthe
influenceofsurfacediffusiononthesatellitedropletformationprocessisnotaddressed
inthepresentwork,itclearlydeservesfurtherstudy,particularlyinthecaseofhighly
viscousthreads.
ThepresenceofsurfactantattheinterfacemodifiesσbydecreasingitsvalueasΓ
increases,andthusthestressbalanceattheinterfacetakesthefollowingforminthe
limitBµ 1,Bκ 1(Mart́ınez-Calvo&Sevilla2018):

T·n=∇sσ−n(∇s·n)σ at∂V, (2.6)

wheretheviscousstressexertedbytheambientfluidontheinterfacehasbeenneglected
andtheambientpressurepahasbeensettozerowithoutlossofgenerality.Additionally,
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 the kinematic condition must also hold at the interface

us � n =
@xs
@t
� n at @V: (2.7)

Finally, an equation of state that relates the surface tension, �, to the surface concen-
tration of surfactant, � , is also needed. Surface-active molecules at the interface induce
a surface pressure �� which depends on the surfactant concentration, �� = ��( �� ). The
surface pressure is de�ned as the di�erence in the surface tension due to the presence
of surfactant, ��( �� ) = �clean � ��( �� ), and thus rs

�� = �rs��. In addition, the Gibbs
elasticity E relates the changes of interface area, �A, to the surface pressure through the
surface compressibility 1=E = �(1= �A)(@ �A=@ ��) �T , where �T is the temperature at the
interface, which is assumed to remain constant. Hence,

E = � �A
@ ��

@ �A
= �A

@��

@ �A
= � ��

@��

@ ��
; (2.8)

where in the last equation it has been taken into account that, in the insoluble case
considered in the present work, the number of surfactant molecules is conserved at the
interface. Equation (2.8) can be used to relate �� and �� :

rs�� =
@��

@ ��
rs

�� = �E��
rs

�� : (2.9)

Making �� and �� dimensionless with �0 and �0, respectively, equation (2.9) �nally yields
the dimensionless equation of state

� = 1� � ln�; (2.10)

where � = E=�0 is the so-called elasticity parameter, also referred to as the Marangoni
number (Champougny et al. 2015). Note that, in the limit of small surface concentration
variations around the initial value, �� = �0 + � �� , with � �� � �0, one has � = 1 + ��
with �� � 1, and the equation of state (2.10) can be linearised to yield � = 1 � ��� ,
which is equivalent to the equation of state employed by Dravid et al. (2006). However,
it is important to emphasise that the relative variations of � during the thread break-up
process are not small, as demonstrated in x3. Therefore, the use of a linearised equation
of state introduces considerable errors and is not justi�ed. At this point, the limitations
of the nonlinear equation of state (2.10) should be clearly stated. Indeed, the main
shortcoming of equation (2.10) is that � ! 1 as � ! 0, which eventually occurs as
the surfactant is depleted from the pinch-o� region due to the local advection out of the
collapsing neck. Hence, a di�erent equation of state is required to properly model the
dynamics of the smallest scales close to break-up, which properly captures the saturation
of � to the clean interface value as � ! 0 (see McGough & Basaran 2006; Kamat
et al. 2018, among others). Nevertheless, for the purposes of the present contribution,
the equation of state (2.10) is perfectly valid. In e�ect, at the smallest scales that need
to be resolved to provide robust measures of Vsat and �sat, the relative variations of �
and � are small enough as to guarantee the validity of equation (2.10) in all the results
reported herein.

The surface stress balance (2.6) can be rewritten in terms of � as

T � n = � �
�
rs� � n (rs � n) (1� � ln� ) at @V; (2.11)

which, together with equations (2.1){(2.5) and (2.7), form a closed system to determine
u, p, � and xs.

Concerning the computational domain and the corresponding boundary conditions, in
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thetemporalapproachadoptedhereinweonlyconsiderhalfaperturbationwavelength
subjectedtothefollowingsymmetryconditions:

w=0,
∂u

∂z
=0, and

∂Γ

∂z
=0 atz=0,π/k. (2.12)

wherekisthedimensionlessaxialwavenumber,togetherwiththeaxisymmetrycondition

∂w

∂r
=0, and u=0 atr=0. (2.13)

Finally,regardingtheinitialconditionsimposedatt=0,weperturbthepositionof
theliquidcylinderwithaharmonicdisturbanceofamplitude:

xs=zez+[R− cos(kz)]er, (2.14)

whereR=(1− 2/2)1/2isadimensionlessradiusdefinedintermsof,suchthatthe
liquidvolumeremainsconstantas varies(Ashgriz&Mashayek1995). Wealsoassume
thattheliquidthreadisinitiallyatrestandthatthesurfactantconcentrationisuniform

u(x,0)=0, Γ(xs,0)=1. (2.15)

Notethattheassumptionofauniforminitialconcentrationofsurfactantisagood
approximation,sinceourmainresultshavebeenobtainedinthelimit 1inwhichthe
deviationsfromauniformconcentrationcanbeneglected.Asexplainedin§1,ourresults
canalsobeappliedtodescribethespatialinstabilityandsubsequentdownstreambreak-
upofliquidjetsmovingwithuniformvelocityUwithrespecttotheinjectorreference
frame,providedthatU Uσ,whereUσisthespeedofsmall-amplitudecapillarywaves.
Ifthelatterconditionissatisfied,thespatialevolutionofthejetisobtainedbythe
downstreamadvectionofthetemporalresultspresentedhereinwithauniformvelocity
U.Inparticular,thejetbreak-uplengthisgivenbyŪtbtoafirstapproximation.
Theproblemdependsonfourdimensionlessparameters,namelytheLaplacenumber,
La,theelasticityparameter,β,theaxialwavenumber,k,andtheamplitudeoftheinitial
perturbation,.However,inthepresentworkweareconcernedwiththeunforcedbreak-
upofcylindricalthreadsduetosmall-radiusdisturbances.Therefore,alltheresults
wereobtainedbysettingk=km,wherekm(La,β)isthemostunstablewavenumber
(see§3.1). Moreover,itwillbeshownthat,inthesmall-disturbancelimit, 1,the
onlyresultthatdependson isthebreak-uptimeofthethread,tb(La,β,).However,
ourresultshaverevealedthatthefunctionaldependenceoftbcanbesplitintoa
contributionpredictedbylineartheoryinexplicitform,tb,L(La,β,),plusanonlinear
correction,∆tNL(La,β),whichdoesnotdependon.Consequently,onlytwoindependent
dimensionlessparametersappearinourformulation,namelyLaandβ.
Toperformthenumericalsimulations,theliquiddomain0 r a(z,t),0 z π/k
ispartitionedintoarectangularortriangularfinite-elementmeshwhichisdynamically
deformedusingtheALEmethod.Inparticular,thedisplacementfield,x−X,isenforced
tosatisfytheLaplaceequation,andthenormalmeshvelocity,nn·u,solvesthekinematic
condition(2.7).Tothatend,equations(2.1)–(2.4),togetherwiththeboundaryandinitial
conditions(2.12)–(2.15),arewritteninweakformfollowingthemethodologydescribed
byRivero-Rodŕıguez&Scheid(2018a,b),andthespatialdiscretisationiscarriedout
usingthefinite-elementmethod(FEM)providedbyCOMSOL,whereLagrangelinear
(P1)elementsareusedforpandquadratic(P2)elementsareusedforx,uandΓ.
Thetimediscretisationwasperformedusingthefirst-orderbackwardEuler method
withadaptivetimestepping.Figure1(b)showsarepresentativedeformedmeshfora
simulationwithLa=0.01,β=1, =10 3andk=km =0.516attimet=123,
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togetherwiththepressurefieldasacontourplotandthevelocityfieldrepresentedby
arrows.Alltheresultsreportedwerecarefullycheckedasbeing mesh-independent,with
anintegrationtoleranceoftheorderof106–107.Inaddition,itwascheckedthatthe
relativevariationsofliquidvolumeandsurfactantmasswheresmallerthan105during
eachsimulation.Thenumericalcodehasbeenvalidatedwiththelineartheoryin§3.1.In
thenonlinearregime,thevalidationwasperformedbycomparingourresultswiththose
ofAshgriz& Mashayek(1995)foracleaninterfaceandwiththoseof McGough&Basaran
(2006)andKamatetal.(2018)forasurfactant-ladenthread(notshown).Inparticular,
theAppendixisdevotedtoshowtheperformanceofournumericalframeworkcloseto
pinch-off,comparingourresultswiththedifferenttheoreticalscalingsofthe minimum
radiusasafunctionoftimetobreak-up.

3. Resultsanddiscussion

Sinceweareinterestedinthespontaneousbreak-upofthesurfactant-ladenthread,all
theresultswerecomputedfromaninitialconditionwheretheliquidcylinderisperturbed
withthewavenumberofmaximumamplification,km(La,β).Hence,theresultsofalinear
stabilityanalysisarefirstsummarisedin§3.1toobtainkm andωm,thelatterbeingthe
maximumtemporalgrowthrate.Notethat km isneededtodefinetheinitialgeometry
andtheinitialcondition(2.14),whileωm isusedtocomputethenonlinearcorrection
tothelinearbreak-uptime,whichisdefinedin§3.2.Inaddition,thelineartheoryhas
alsobeenusedtovalidatethenumericalcodebycomparingtheassociated maximum
temporalgrowthrate,ωm, withtheresultsextractedfromthenumericalsimulations
duringtheinitialtransientofexponentialamplitudegrowth.Sections§3.2and3.3are
devotedtotheanalysisofthenonlinearbreak-upandthesatelliteformationdynamics,
separatingtheweak-elasticitylimit,andthesurfactant-ladencase.Tothatend,wehave
performeddirectnumericalsimulationsofequations(2.1)–(2.15)untiltimesveryclose
topinch-off.Inparticular,wereportaparametricstudyfordifferentvaluesofLaand
β,computingthevolumeofthesatellitedroplet,the massofsurfactanttrappedatits
interface,thesatelliteshapeatpinch-off,andthebreak-uptime.

Atthispoint,ithastobepointedoutthatasimilarphenomenologywaspreviously
reportedby Dravidetal.(2006)forLa=0.01and100,althoughusingthelinearised
equationofstateσ(Γ)=1−β(Γ−1).Inaddition,thoseauthorsdidnotconsiderthe
naturalbreak-upofthethread,sincethedisturbancewavenumberkwasrestrictedto
fixedvaluesdifferentfromthe mostamplifiedone,km.

3.1.Linearstabilityanalysis

ToobtainthedispersionrelationD(ω,k)=0relatingthetemporalgrowthrateωand
theaxialwavenumberk,alltheflowvariablesareslightlyperturbedaroundauniform
stationarystateanddecomposedastemporalnormal modes:

(u,w,p,a,σ,Γ)=(0,0,1,1,1,1)+(̂u,̂v,̂p,̂a,̂σ,Γ̂)exp(ikz+ωt). (3.1)

Introducing(3.1)intothesystem(2.1)–(2.4)andkeepingtermsproportionalto ,the
followingdispersionrelationisobtained:

Laω2F(k)−k2(1−k2)+βk2[1+F(k)(F(̃k)−2)]

+
k4

La
4−

β

ω
2−

1−k2

ω
[F(k)−F(̃k)]+2ωk2(2F(k)−1)=0, (3.2)
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Figure2: (Colouronline)(a)Semi-logarithmicplotoftheradiusamplitudeA(t)as
afunctionoftime,extractedfromtwonumericalsimulationsfor =10 4,β =1
andtwovaluesoftheLaplacenumber,namelyLa =(0.01,100). Thecorresponding
optimal wavenumbers,km(La,β),highlightedin(b) withstars,areusedtobuildthe
initialconditions,andtheirvaluesareindicatedneareachcurvetogether withthe
associatedlineartemporalgrowthrates,ωm(La,β)andLa.(b)Temporalgrowthrate
ωasafunctionoftheaxialwavenumberk,computedwiththedispersionrelation(3.2)
(solidlines)andwiththenumericalsimulations(circles),forβ=1andtwodifferent
valuesofLa=(0.01,100),indicatedneareachcurve.The maximumgrowthratesωm

computedin(a)aremarkedwithstars.(c)Isocontoursofthemostamplifiedwavenumber
km(La,β)anditscorrespondinggrowthrateωm(La,β)in(d).

where k̃=
√

k2+LaωandF(x) =xI0(x)/I1(x). Here,In(x)denotesthenth-order
modifiedBesselfunctionofthefirstkind.Notethatdispersionrelation(3.2)isexactly
thesameastheonededucedbyTimmermans&Lister(2002),andisalsoaparticular
caseoftheoneprovidedby Mart́ınez-Calvo &Sevilla(2018)inthelimitofnegligible
surfaceviscosities.The Rayleigh–Chandrasekhardispersionrelationisrecoveredwhen
β→ 0(Rayleigh1892;Chandrasekhar1961).

AsshownexperimentallybyGoedde&Yuen(1970),andnumericallyby Mansour&
Lundgren(1990)and Ashgriz & Mashayek(1995),aconvenient waytocomputethe
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temporalgrowthrateofsmalldisturbancesisthroughtheradiusamplitude,extracted
fromthepresentsimulationsasA(t)=(maxz[a(z,t)]−minz[a(z,t)])/2.Figure2(a)shows
thetemporalevolutionofA(t)insemi-logarithmicscale,extractedfromtwonumerical
simulationsforaninitialperturbationamplitude =10 4,anelasticityparameterβ=1,
andtwovaluesoftheLaplacenumber,La=0.01andLa=100,closetotheStokesand
Eulerregimes,respectively.Ineachcase,the mostamplifiedwavenumber,km(La,β),is
usedtobuildtheinitialcondition.Asexpectedduetothesmallnessof ,figure2(a)shows
thatduring mostofthetimetheamplitudegrowsexponentially,i.e.A∝exp(ωmt),and
thusthemaximumtemporalgrowthrate,ωm(La,β),canbeeasilycomputedastheslope
ofthelinearregioninthesemi-logarithmicplot,ωm =dln(A)/dt.Itcanalsobededuced
fromfigure2(a)thatthereisaninitialtransientduringwhichthegrowthofA(t)isnot
exponential,whichcanbeexplainedbythefactthattheinitialconditionsinthenumerical
simulationsareimposedontheshapeoftheinterface,butdisregardtheassociated
disturbancesinthevelocity,pressureandsurfactantconcentrationfields. Asshownin
figure2(b),thisprocedurewasusedtoobtainωfordifferentvaluesofk(symbols),andthe
resultsarecomparedwiththeamplificationcurvesω(k)computedfromthedispersion
relation(3.2)(solidlines),affordinganexcellentagreementthatvalidatesthenumerical
codeinthelinearregime.Finally,figures2(c,d)showtheisocontoursofkm andωm,
respectively,asafunctionofLaandβextractedfromequation(3.2),whosevalueswill
beusedhereafter.

3.2.Satelliteformationregimesandtransitionsinthe(La,β)parameterplane

Letusfirstpresentthestructureofthe(La,β)parameterplaneintermsofthesatellite
formationprocess.Tothatend,weconductedanexhaustiveparametricstudyinwhich
theLaplaceandelasticityparameters werevariedinsmallsteps within wideranges,
namely0.01 La 100and0 β 1.Thus,foreachpairofvaluesofLaandβ,we
simulatedtheinstability-driventimeevolutionofthethreadfromaninitialcondition
with 1untilatimetbveryclosetobreak-up.Intotal,around104time-dependent
simulationswerecarriedouttocharacterisethe(La,β)parameterplaneshowninfigures3
and5.

Atthispoint,itisimportanttoemphasisethatthefateofthemainandsatellitedrops
afterpinch-offisoutsidethescopeofthepresentwork,andthereforewedonotexplore
thepossiblesuccessivebreak-upeventsthatmaytakeplaceandleadtotheformationof
sub-satellites. Keepingthisin mind,wehaveextractedthesatellitevolumeatthelast
numericalstep,t=tb.Normalisingitsvaluewiththetotalvolumeprovidesthedefinition

Vsat=

zmin

0
a2dz

π/km

0
a2dz

, (3.3)

wherezmin istheaxialpositionwheretheliquidcolumnreachesits minimumradius,
amin,att= tb. A morecommon measureofthesatellitesizeisitsequivalentradius,
Rsat,whichistheradiusofasphericaldropofthesamevolumeasthesatellite(Rutland
&Jameson1971; Mansour &Lundgren1990;Ashgriz & Mashayek1995; Mashayek &
Ashgriz1995).AlltheresultsreportedhereinintermsofVsatcanbeeasilyconverted
toRsatthroughtheequationRsat=[3πVsat/(2km)]1/3.Followingthesameprocedure,
wehavealsocomputedthe massofsurfactanttrappedatthesatellitesurface which,
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Figure3:Thestructureofthe(La,β)parameterplane.Anabrupttransitiontakesplace
alongthesolidline,β=βc(La),acrosswhichboththesatellitevolumeandtheentrapped
massofsurfactantexperienceadiscontinuousjump,suchthatbothmagnitudesarelarger
abovethesolidline.Theinsetshowsthejumpsinthesatellitevolume,∆Vsat(La)=
Vsat(β−βc→0

+)−Vsat(β−βc→0),andintheassociatedentrappedmassofsurfactant,
∆Σsat.Bothjumps,togetherwithβc,increasemonotonicallyasLadecreases,andreach
respectiveStokesasymptotesasLa→ 0,namely∆Vsat→ 0.022,∆Σsat→ 0.045,and
βc→0.98.Thefilledcircleindicatestheoriginofthediscontinuoustransition,(La,βc)=
(7.5,0.55),atwhichbothjumpsbecomezero.ForLa>7.5,thesatellitevolumeisa
continuousfunctionofβ.TheopencirclescorrespondtothevaluesofLaandβofthe
shapesjustbeforepinch-offshowninfigure4.

normalisedwiththetotalmassofsurfactant,providesthedefinition

Σsat=

zmin
0
aΓ 1+ ∂a

∂z

2
dz

π/km
0

aΓ 1+ ∂a
∂z

2
dz
. (3.4)

Wepointoutthat,sinceVsatandΣsatarealwaysobtainedwhenaminiswithintherange
amin∼10

4−8×103,thesensitivityofthesemagnitudestotheexactvalueofamin is
negligible,suchthatbothrepresentveryrobustmeasures.Similarly,thecorresponding
break-uptimetbisbarelysensitivetothevalueofamin.
IncontrastwithVsatandΣsat,whichdonotdependontheinitialamplitudeinthe
limit 1,thebreak-uptimeisafunctionoftheformtb(La,β,)suchthattb→ ∞
as →0.Indeed,thebreak-uptimecanbeeasilyestimatedfromlineartheorythrough
theequationamin(t)∼1− exp(ωmt),whereωm isthegrowthrateassociatedwith
themostamplifiedwavenumberkm showninfigures2(c,d),leadingtotheestimation
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Figure4: (Colouronline) Thesatelliteshapesjustpriortopinch-offinthe(La,β)
parameterplane(seeopencirclesinfigure3). Theverticallinesindicatetheaxial
positions,zmin,ofthe minimumthreadradii,amin.

tb∼ ln( 1)/ωm.Basedonthelatterresult,wedefinethenonlinearcorrectiontothe
linearbreak-uptimeas

∆tNL =tb−
ln( 1)

ωm
, (3.5)

where tb isobtainedbyextrapolatingamin tozerousingthelastfewcomputedtime
steps.Unliketb,∆tNL onlydependsonLaandβ,butnoton,providedonlythat 1.
Thelatterfactisdemonstratedin§3.3.Finally,wehavealsocomputedthesphericityof
thesatellitedropletatpinch-offas

S=
2 3

4

zmin

0
a2dz

2/3

zmin

0
a 1+ ∂a

∂z

2
dz

, (3.6)

whichistheratiobetweenthesurfaceofasphereofthesamevolumeasthesatelliteand
itsactualsurface.Thequantificationofthesatelliteformationprocesswillbebasedonthe
fourfunctionsVsat,Σsat,∆tNL andS,extractedfromthenumericalsimulations.These
fourfunctionsonlydependonLaandβwhen issufficientlysmall,asisdemonstrated
in§3.3.Thus,the mainresultsreportedhereinhavebeencomputedinthelimit → 0.
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Figure5:(Colouronline)Isocontoursinthe(La,β)parameterplaneof(a)thenormalised
satellitevolumeVsat,(b)thenormalisedmassofsurfactanttrappedatitsinterfaceΣsat,
(c)thenonlinearcorrectiontothebreak-uptime,∆tNL,and(d)thesphericityofthe
satellitedroplet,S.

Thestructureofthe(La,β)parameterplaneissummarisedinfigures3and4interms
ofthesatelliteformationprocess.Inparticular,figure3depictsthemostsalientfeatures
oftheparameterplane,andfigure4displaysseveralsatelliteshapesatthelastcomputed
numericalstepjustpriortopinch-off,whoseassociatedvaluesofLaandβareindicated
withcirclesinfigure3.The mostimportantfeatureoftheparameterplaneisthesolid
lineshowninfigure3,whichrepresentsadiscontinuoustransitionthattakesplacefora
criticalelasticity,β=βc(La)forLa<7.5.Inparticular,boththesatellitevolumeand
theassociatedentrappedmassofsurfactantexperiencesuddenjumpsfromcertainvalues
Vsat(β−βc→ 0 )andΣsat(β−βc→ 0 )tolargervaluesVsat(β−βc→ 0+)andΣsat(β−
βc → 0+).Indeed,theinsetoffigure3showsthejumpsexperiencedbythesatellite
volume,∆Vsat(La) =Vsat(β−βc→ 0+)−Vsat(β−βc→ 0 ),andbytheassociated
entrapped massofsurfactant,∆Σsat.Bothjumpsandβcincrease monotonicallyasLa
decreases,andreachrespectiveStokesasymptotesasLa→ 0,namely∆Vsat→ 0.022,
∆Σsat→ 0.045,andβc→ 0.98.Thefilledcircleinfigure3indicatestheoriginofthe
discontinuoustransition,(La,βc) =(7.5,0.55),atwhichbothjumpsbecomezero.For
valuesofLa>7.5,VsatandΣsatarecontinuousfunctionsofLaandβ.

Asshowninfigure4,forvaluesof β=0 <βc andβ=0.5<βc thesequence
ofinterfaceshapesatpinch-offdependscontinuouslyonLa,withthetrendthatlarger
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satellitesareformedasLaincreases,reachingtheregularlimitofinviscidflowasLa→ ∞.
Forβ <βcandsmallvaluesofLa,figure4revealsthatthe maindropsareseparated
byverythinthreadsoftinyvolumewhosebreak-upbehaviourhasbeencharacterisedin
previousstudies(seee.g.Kowalewski1996).Forβ <βcandintermediatevaluesofLa,
themaindropsareseparatedbyasatellitecentredatz=0thatisconnectedtothemain
dropsbyverythinthreads(seee.g.thecaseforLa=1andβ=0infigure4).Finally,for
β<βcandlargevaluesofLa,thesatellitedropisdirectlyconnectedtothemaindrops.
Incontrast,whenβ=1>βc,figure4showsadifferentpicture,wherelargesatellites
areformedforallvaluesofLa.Theseresultshavealsobeenanalysedquantitatively,and
arediscussedindetailbelow.

Fromfigures3and4itisdeducedthat,althoughthephysicalmechanismsaredifferent,
boththeliquidinertiaandtheinterfacialelasticstressfavourtheformationofsatellites.
Inparticular,surfaceelasticitytendstoformspherical-shapedsatellitesatpinch-off,
whereastheincreaseoftheliquidinertiageneratesoval-shapedsatellites.Inthesetof
shapesclosetopinch-offshowninfigure4,adiscontinuoustransitionisobservedfor
La=0.01and1,asβincreases. However,forLa=10 > 7.5acontinuoustransition
ofthethreadshapeisobservedasβincreases.Finally,forLa =100,theupperrow
evidencesthattheinfluenceoftheelasticstressontheshapeofthethreadis much
weakerwhenthevalueofLaislargeenough.Thephysicsunderlyingthesetransitions
canbeexplainedintermsofthecouplingbetweentheliquidinertia,theviscousstress,the
surfacetension,andtheinterfacialelasticstress.Thecompetitionbetweentheseforcesis
discussedin§3.3,basedonthetrendsexhibitedbythefunctionsVsat,Σsat,∆tNL andS,
andalsobyanalysingthetemporalevolutionoftheinterfaceshapesstartingfromsmall
disturbances,dependingonthevaluesofLaandβ.

3.3.Nonlineardynamicsofasurfactant-ladeninterface:satellitedropformation

Tounveiltheeffectofliquidinertia,viscousstressesandsurfaceelasticityonthe
satellitedropletformationregimes,herewepresentanddiscussthequantitativeresults
ofthedetailednumericalanalysisthathasbeencarriedoutinthepresentwork.

Figure5showstheisocontoursofVsat,Σsat,∆tNL andSinthe(La,β)parameter
plane. Wefirstobservethat,atthediscontinuoustransitionthatoccursforLa< 7.5,
thevalueofVsatincreasesfrom103–1.5 %to2–2.3 %, whereasΣsatincreasesfrom
103–1.5 %to3.5–4.7 %.TheexactvalueofbothjumpsasfunctionsofLacanbeseen
intheinsetoffigure3.Incontrast,forLa>7.5orβ>βc(La),thevaluesofVsat,Σsat,
∆tNL andSvarycontinuously.

Asafirstgeneralobservation,itisdeducedfromfigure5thatthelineartheory
mayeitherunderestimateoroverestimatethebreak-uptime,ina waythatdoesnot
necessarilycoincidewiththetransitionsinthesatelliteformationprocess.Indeed,tbis
underestimatedforLa 1independentlyofthevalueofβ.However,forLa 1,tbis
overestimatedfor0.28 β 1,whileitisunderestimatedoutsidethisrange.Regarding
thesphericityS,figure5confirmsthetrenddeducedfromfigure4:the mostspherical
satelliteshapes, withS 0.9,takeplaceforβ βc andLa 10.Incontrast,the
shapesbecome mostelongated,withS 0.2,whenβ<βcandLa 0.1(greyareain
figure5d).

3.3.1.Analysisofthetemporalevolutionofcleaninterfaces

Topresentthedynamicsofsatellitedropletformation,wetakeasreferencecasesthe
twocanonicaltemporalevolutionsofcleaninterfaces(β=0)illustratedinfigure6,for
La =0.01in(a–d),closetotheStokeslimit,andforLa =100in(e–h),analmost
inviscidcaseclosetotheEulerlimit(asshownin§3.3.4).Specifically,weplotsnapshots
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Figure6:(Colouronline)Temporalevolutionoftheliquidthreadradiusa(upperrow),of
theaxialvelocitiesatthefreesurface,ws,andattheaxis,wa(middlerow)andtheradial
surfacevelocityus(bottomrow),for =10 3,β=0,(a–d)La=0.01,k=km =0.150,
and(e–h)La=100, k=km =0.635.Theverticallinesineachlastsnapshotindicate
theaxialpositionzmin ofminimumradiiamin,beingzmin =1.49andamin =3.63×105

forLa=0.01,andzmin =3.12andamin =1.29×104forLa=100.(i)Zoomedregion
closetotheneckattheinstantshownin(h).

atdifferenttimes,indicatedinthelabels,ofthejetradiusa(upperrows),theaxial
surfacevelocityws (middlerows,blacklines),theaxialvelocityatthecentrelinewa

(middlerows,greenlines)andtheradialsurfacevelocityus(bottomrows).Inbothcases
theinitialdisturbanceamplitudeisverysmall, =10 3,andthustheinitialevolution
istriggeredbythePlateau–Rayleighinstability mechanism,andcanbedescribedwith
linearisedtheory.Thisinitialstageisnotshowninfigure6forconciseness,butitcan
beappreciatedinfigure2(a).Theinitialdisturbance,of mostamplifiedwavelengthkm,
createsanaxialcapillarypressuregradientthatinducesaflowfromthevalleytothe
crestofthewave.Thelattermechanismfinallyleadstothebreak-upoftheliquidthread
andtheformationoftwo maindropswitheitheraliquidthreadorasatellitedropletin
between.

Akeyfeaturethatdeterminesthenonlinearevolutionofthedestabilisedthreadisthe
factthattheaxialcurvature makesthecapillarypressuregradienttobelocallylarger
intheregionsthatconnectthecentralpartofthethreadwiththegrowingcrests,as
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evidenced by the surface and axis velocities in the snapshot (f). This enhanced pressure
gradient drives liquid towards the crests faster in the nearby regions than in the central
part, and explains the appearance of two local minima in the jet radius for large enough
values of La, as can be clearly appreciated in snapshots (f ,g) for La = 100. In addition,
the axial position of the minimum radii zmin is advected with the 
ow along with the
maximum pressure gradient, i.e. towards higher values of z as time advances (Ashgriz
& Mashayek 1995; Castrej�on-Pita et al. 2015). These two local minima become the two
neck regions where pinch-o� takes place, leading to the formation of an oval-shaped
satellite droplet, as can be observed in the snapshot (h). This scenario applies to cases
where La � 1 (�gure 6 e{h), for which the viscous stress is negligible, and the capillary
pressure gradient is entirely transferred to liquid inertia leading to a self-accelerated
process.

In contrast, when La � 1 (�gure 6 a{d), the viscous dissipation inhibits the growth
of higher harmonics, and larger pressure gradients are needed to overcome the viscous
damping, as has already been pointed out by Ashgriz & Mashayek (1995). Hence, the
axial movement of the minimum radius is delayed by the viscous stress, since it weakens
the capillary pressure and the concomitant liquid advection. Consequently, the central
region shrinks almost uniformly until the last instants before break-up, giving rise to
long and thin �laments without the formation of appreciable satellite droplets before
detachment. Notice also that, for La � 1, the axial velocities at the centreline, wa, and
at the interface, ws, are almost equal (green and black lines in �gures 6 a{d, respectively),
indicating that the radial pro�le of axial velocity inside the thread is nearly uniform at
low Laplace numbers.

3.3.2. Analysis of the temporal evolution of surfactant-laden interfaces

To explain the di�erent trends and transitions observed in �gure 5, let us �rst focus
on the e�ect of � for the particular cases of La = 0:01 and La = 100. Figure 7 shows
Vsat (a,c), �sat (b,d) and �tNL (insets in b and d), as functions of � for La = 0:01 in
(a,b), and for La = 100 in (c,d). In addition, we have computed the results for several
values of � indicated in the legend of �gure 7(a), with the aim of clearly establishing
the limit of in�nitesimal disturbances. In particular, �gure 7 shows that Vsat, �sat and
�tNL become independent of � provided that � is small enough, as stated before. Indeed,
the insets in (a,c), which show the dependence of Vsat on �, clearly demonstrate that
the value of Vsat reaches the in�nitesimal-disturbance plateau when � . 0:1. Figure 7
also displays the results obtained with the linear equation of state � = 1 � �(� � 1)
(dotted line), instead of the nonlinear one (2.10). It is important to note that the use of
the linear equation of state leads to substantial quantitative di�erences with respect to
the nonlinear one (2.10). In particular, the linear equation underestimates the values of
Vsat and �sat considerably. We note also that we compared our numerical results using
the linear equation of state with those reported by Dravid et al. (2006), �nding very
good agreement. However, their results were calculated for wavenumbers k 6= km, and
the satellite droplet was measured by those authors by means of the thread radius at
z = 0 close to pinch-o�, instead of using either Vsat or Rsat.

Figures 7(a,b) show the discontinuous transition in Vsat and �sat that occurs when � is
increased above the critical value �c(La = 0:01) = 0:978�0:0003. For � > �c(La = 0:01)
a satellite drop centred at z = 0 is formed, trapping approximately 2:1% of the total
volume of liquid and 4:5% of the total mass of surfactant.
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Figure 7: (Colour online) Vsat and �sat as a function of � for (a,b) La = 0:01 and (c,d)
La = 100, and for di�erent values of the initial perturbation amplitude � indicated in
the legend. The dotted line represents the results of using the linear equation of state
� = 1��(��1) (Dravid et al. 2006). The insets show Vsat as a function of � in logarithmic
scale for (a) � = 1:3 and (c) � = 0:7, demonstrating that the �nal stage of the liquid
thread just before pinch-o� becomes independent of � when its value is su�ciently small.
The insets in (b, d) show the nonlinear correction to the break-up time �tNL as a function
of �.

3.3.3. Physical explanation of the discontinuous transition

To explain the abrupt transition induced by the presence of surfactants, �gures 8 and 9
show the temporal evolution of the liquid thread for La = 0:01 and two di�erent values of
�, namely � = 0:960 < �c(La = 0:01), with k = km = 0:508, and � = 0:979 > �c(La =
0:01), with k = km = 0:512, respectively. In both cases, we have computed the thread
radius a (�rst row), the surfactant concentration � together with the surface tension �
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Figure8:(Colouronline)Temporalevolutionoftheliquidthreadradiusa(firstrow),
surfactantconcentrationΓ(secondrow,blacklines),surfacetensionσ(secondrow,blue
lines),axialvelocityattheinterfacews (thirdrow,blacklines)andatthecentreline
wa (thirdrow,greenlines),andradialsurfacevelocityus(fourthrow),forLa=0.01,

=10 3andβ=0.960<βc(La=0.01),withk=km =0.508.Theverticallineinthe
lastsnapshotofaindicatesthepositionofzmin.Herezmin =0.33andamin =7.29×104.

(secondrow),theaxialvelocityattheinterface,ws,andatthecentreline,wa(thirdrow),
andtheradialsurfacevelocityus(fourthrow).Timeisindicatedinthelabels.

Thepresenceofsurfactantsintroducestwo maineffects.Theadvectionofsurfactant
moleculesoutsidethecentralregionofthethreadincreasesthelocalsurfacetensionin
thisregion,ascanbeobservedinthefigures8(a)and9(a).Thissurfactantdepletion
generatestwoopposedeffects.First,theaxialcapillarypressuregradientisenhanced,
sincethevalueofσbecomeslargerinthecentralregion,whereΓ issmaller,whileσ
becomessmallerawayfromthecentre,whereΓislarger.Second,thereisastabilising
effectinducedbytheelasticor Marangonistress,whichcompeteswiththedestabilising
Plateau-Rayleigh mechanismenhancedbythefirsteffect. Actually,thegradientofσ
generatesatangentialstressattheinterfacedirectedtowardsincreasingvaluesofσ,
whichopposesthedrainageflowandtendstoreplenishthecentralzonewithsurfactant.

Inthecaseofβ <βc(La =0.01),figure8(b,c)showsthatthe Marangonistress
reducestheaxialsurfacevelocity,ws,compared withthecentrelinevelocity,wa,the
differencebetweenbothvelocitiesbeinglargerintheregion where∇sσishigher. As
thefluidisdrainedfromthecentreforincreasingtimes,∇sσbecomeslarger. When
β <βc(La=0.01)thecapillarypressuregradientisabletoremove mostoftheliquid
fromthecentre.Eventually,closetopinch-off,inertiabecomesimportantandtheflowis
revertedclosetoz=0.33,sothattherateofthinningincreasesinthisregionandzmin

movestowardsthelatteraxialpositionwheretheliquidthreadfinallydetachesforming
atinysatellitedropletwithVsat<105,asevidencedbyfigure8(d).Notethat,during
threadevolution,twobulgesconnectingthecentralandouterregionsgrowduetothe
reductionofthesurfacevelocity,andarefinallyconnectedbyathinliquidthreadclose
topinch-off.

When β >βc(La=0.01)theforegoingexplanationstillholds,buttheelasticstress
islargeenoughtoreverttheflowneartheinterfaceatearlytimesfarfrombreak-up,as
showninfigure9(a).Theassociatedstagnationpointdiffusesradiallyinwards,andleads
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Figure9:(Colouronline)Sameasfigure8butforβ=0.979>βc(La=0.01), with
k=km =0.512.Theinsetsarezoomsshowingthenormalisedvelocityvectorfieldand
isocontoursofthepressurefield.Herezmin =1.93andamin =2.5×104.

toacounterflowseparatingaregionwhereliquidflowstowardsthecentreandinduces
theformationofasatellitefromanotherregionwheretheincipientmaindropisfedwith
liquid.Consequently,thethreaddetachesinbetweenthesetworegions.Ifβincreases
further,thebreak-uptimeincreasesandtheflowreversaloccursatearlierstages,sothat
VsatandΣsatincrease monotonically,asshowninfigures7(a,b).

When La=100,figures7(c,d)showthattheeffectofsurfaceelasticityismuchweaker
inthecaseofdominantinertia,as wasanticipatedbothinfigure5andalsobythe
shapesshownintheupperrowoffigure4.Thesmallinfluenceofinsolublesurfactants
intheinviscidlimit,La 1,hadbeenalreadynotedinthelinearstabilityanalyses
of Whitaker(1976), Hansenetal.(1999)and Timmermans &Lister(2002).Indeed,
theeffectof Marangonistressesisconfinedtoathinboundarylayeratthefreesurface,
wheretheviscousstressrapidlyrestoresanyimbalanceofσ,andwhichdoesnothaveany
influenceinthebulkliquidmotion.Consequently,forLa=100,thesatellitevolume,Vsat,
variesonlyslightlywithrespecttothevalueofacleanliquidthread,Vsat(β=0,La=
100) 0.03,witha minimumatβ 0.203,whereasΣsatincreases monotonicallyasβ
increases.Toexplainthisresult,figures10and11showtwosetsofsnapshotsofa,Γ,σ,
ws,waandusforβ=0.203,atwhichVsatis minimum,andforβ=1,respectively.

Intheweak-elasticlimit,β→ 0,asatellitedropletwithvolumeVsat 3%isformed
atpinch-off,asalreadyshowninfigures5and7(c).Thesatellitevolumedecreasesas
βincreasesintherange0<β 0.203.Indeed, whenβincreases,the Marangoni
rigidificationoftheinterfaceslowsdownthepinch-offprocessbydecreasingtheinterfacial
velocities,asevidencedbythetimeevolutionofws,waandusinfigure10withrespect
tofigure6(e–h).Thelatterbehaviour,togetherwiththefactthatthepressuregradientis
locallyenhancedduetothevariationsofσ,explainwhyalargervolumeisdrainedoutof
thesatellitedropletcomparedtothecaseofacleaninterface.However,the Marangoni
stressthatopposesthedrainageflowawayfromthecentrereducestheadvectionof
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Figure10:(Colouronline)Sameasfigure8butforLa=100andβ=0.203,with
k=km =0.625.Herezmin=3.09andamin=7.89×10

4.

surfactanttowardsthemaindrops,andthusthevalueofΣsatincreases,asshownin
figure7(d).Thesnapshotinfigure10(c)showsthattheflowisreversedneartheneck
region,ashappensforacleaninterface(seee.g.figures6hand6i).However,inthe
elasticregimetheflowreversaltakesplaceearlierthaninthecleaninterfacelimit.This
behaviourathighvaluesofLaandlowvaluesofβwaspreviouslynoticedbyKamatetal.
(2018),whoshowedthatthestagnationpointoccursatearlierstagesinsurfactant-laden
interfacescomparedwithcleaninterfaces,duetothestrongMarangonistressintheneck
region.

ArepresentativecaseofLa=100andβ>0.203isshowninthesnapshotsoffigure11
forβ=1.Themainchangewithrespecttotheprecedingcaseisthefactthatforβ=1
the Marangonistressisstrongenoughtorevertthesurfaceflowatearlierstages,as
showninpanels(b)and(d).Therefore,thestagnationpointappearsearlierthaninthe
caseoffigure10,anddiffusesalmostinstantaneouslyintheradialdirection,leadingtoa
satellitedropletwithlargervaluesofthenormalisedvolumeandofthesurfactantmass.
ItcanthusbededucedthattheminimumvalueofVsatdisplayedinfigure7(c)appears
duetoacompetitionbetweenthetwoaforementionedoppositeeffectsinducedbythe
presenceofsurfactants.

ForLa<7.5,thetwoeffectsdescribedpreviouslycoexistwhenβisincreased,asshown
bytheisocontoursofVsatinfigure5.Forinstance,whenLa=1,Vsatfirstdecreasesas
βincreases,andwhentheelasticstressisstrongenough,theflowisreversedandthe
discontinuoustransitionoccurs.Notethat,inthelattercase,inertiaisimportantsince
Laisoforderunity,andasmallbutfinitesatellitedropletexistsinthecleanlimit,
β→ 0(seee.g.thesecondrowoffigure4),whereVsat=0.394%(avaluesignificantly
largerthaninthelimitLa 1,asshownintheisocontoursoffigure5).Hence,the
maindifferencewithrespecttothelimitLa 1isthatinthiscase,sinceVsat(β→0)is
small,theincreaseofβreducesthesatellitevolumeandmayevenmakeitnegligible.For
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Figure11:(Colouronline)Sameasfigure10butforβ=1withk=km =0.647.Here
zmin =2.94andamin =5.14×104.

La<7.5,Σsatalsodecreases monotonicallytogetherwithVsatwhenβ<βc,whichcan
beexplainedbythefactthatVsatisalreadysmallwhenβ=0,sothatΣsatnecessarily
decreaseswhenβisincreased.

Letusrecallatthispointthatthecriticalelasticity,βc(La),decreasesasLaincreases
withintherange0< La< 7.5,asshowninfigures3and5.Thereasonforthelatter
trendisthefactthattheadvectionofsurfactantawayfromthecentralregionisenhanced
bytheliquidinertia,sothat∇sσalsoincreases,andthusthevalueofβfor which
theelasticstressrevertstheflowissmaller.Furthermore,thevalueofVsat(La,β→ 0)
increasesasLabecomeslarger,andthereforethejumpsexperiencedbyVsatandΣsat

atthediscontinuoustransition,β=βc,decrease,asdeducedfromtheinsetoffigure3.
Finally,forLa>7.5,thediscontinuoustransitiondisappears.

3.3.4.ScalinglawsforVsatandΣsatasfunctionsofLa

Figure12showsVsatandΣsatasfunctionsofLafordifferentvaluesofβindicated
inthelegend.ThecirclewitherrorbarscorrespondstotheexperimentofRutland &
Jameson(1971)ofthenaturalbreak-upofaliquidjetofcleanwater,whichisinclose
agreement withournumericalresultforβ=0. Theinsetdisplaysthe mostunstable
wavenumber, km,asafunctionofLa,showingtheinviscidplateaukm 0.697for
La 1(Rayleigh1878),aswellasthepower-lawdependenceforsmallvaluesofLa.The
latterpowerlawcanbededucedfromthelong-waveapproximationofthedispersion
relation(3.2)or,equivalently,fromtheleading-orderone-dimensional modeldeduced
byEggers&Dupont(1994)andGarćıa&Castellanos(1994).Inthecleancase,β=0,

theleading-orderone-dimensionalresultsarekm ∼ (2+3
√

2La 1/2)1/2 andωm ∼

(2
√

2+6La 1/2)1(Eggers&Villermaux2008).Thelatterlong-waveresultprovidesvery
accurateresultsinthewholerangeofLa,sincek∈(0,1)accomplishestheslenderness
assumption.Intheinviscidlimit,La→ ∞,bothωm andkm areslightlyoverestimated
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Figure12:(Colouronline)Normalisedsatellite’svolumeVsat,andnormalised massof
surfactanttrappedatitsinterfaceΣsat,asafunctionoftheLaplacenumberLainlog-log
fordifferentvaluesofβindicatedinthelegend.Theinsetshowsthedependenceofthe
maximumamplificationwavenumber km withrespecttoLainlog-log.Thecirclewith
errorbarscorrespondstotheexperimentsofthenaturalbreak-upofaliquidjetofwater
performedbyRutland&Jameson(1970).

bytheone-dimensional model,namelyωm → 23/2 andkm → 21/2.However,inthe
Stokeslimit,La 1,thevaluesofωm → 1/6andkm =3 1/221/4La1/4areinexcellent
agreementwiththeexactlineartheory. Whenβ>1/2,theelasticstressregulariseskm

inthelimitofLa→ 0,asanalysedindetailbyTimmermans&Lister(2002)(seealso
theisocontoursofkm infigure2c).

Inthelimitofacleaninterface,β =0, Vsat increases monotonically withLa,as
previouslyshowninfigures4and5,andexplainedinfigure6.Inparticular,ournumerical
resultsrevealsthatthesatellitevolumescalesasVsat=0.00421La1.64whenLa 2,and
thusVsat→ 0andΣsat→ 0asLa→ 0. WhenLaisfinite,asatellitedropisalways
formed,sincetheliquidthreadalwaysexperiencesatransitiontotheinertial–viscous
regime(Eggers1993;Castrej́on-Pitaetal.2015)andthuszmin movesfromz=0towards
highervalueswhentiscloseenoughtotb.Theelongatedsatellitedropletformedwhen
La 1canbreakupinto moredropletsafterpinch-offasitrelaxes,dependingon
thevalueofLa(Notz &Basaran2004; Castrejon-Pitaetal.2012; Wangetal.2019;
Anthonyetal.2019),unlessLa→ 0(Eggers&Fontelos2005).Alternatively,usingthe
expressionfortheequivalentradiusRsatdevelopedin§3.2,whichdependsonkm,and
sincekm =3 1/221/4La1/4 withintherangeofLaforwhichVsatexhibitspower-law
scaling,itisdeducedthatRsat=0.34La0.463.
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When La & 10, the value of Vsat reaches a plateau of about 3%, as already discussed
in the context of �gures 5 and 7(c). Equivalently, since km ' 0:697 when La � 1,
Rsat ' 0:588 in the inviscid limit, in excellent agreement with the experiments of Rutland
& Jameson (1971) (circle with error bars in �gure 12a), and also with the numerical
simulations of Ashgriz & Mashayek (1995). In the weak-elasticity limit, � < 0:05, the
behaviour of �sat is identical to that of Vsat, displaying the same scaling law within the
same range in La, and also reaching an inviscid plateau of about 2.9% when La & 10. This
scaling law for Vsat and �sat prevails when � < �c and La < Lac, although the prefactor
changes with � as shown in �gure 12. In particular, when � increases the prefactor is
smaller and thus Vsat and �sat reach smaller values as La ! 0. This can be explained
by the translation of zmin, which is inhibited as � becomes higher and thus the surface
stress exerted at the interface increases.

Figure 12 also shows that, when La � 1, the 3% plateau reached by Vsat is barely
a�ected by � since, as explained previously, inertia dominates and the elastic stress
cannot induce any substantial change in the bulk motion (Whitaker 1976; Hansen et al.
1999; Timmermans & Lister 2002). As inertia increases, the in
uence of � on Vsat becomes
even weaker than in the case of La = 100 displayed in �gure 7(c). Although the satellite
shape at pinch-o� is the same because viscosity cannot balance the elastic stress and
transmit it to the bulk, �sat reaches di�erent inviscid limits as � increases. In particular,
the 2.9% inviscid plateau reached by �sat in the weak-elasticity limit increases with �,
the reason being the same as in the case of �gure 7(d).

When � = 1 > �c(La) for arbitrary values of La, a satellite is always formed with
Vsat & 2% and �sat & 4%, and both increase smoothly with La as inertia becomes more
important. In fact, Vsat and �sat reach respective plateaus in both the Stokes and Euler
limits. For La ! 0, the values of Vsat and �sat are about 2.30% and 4.67%, respectively,
whereas in the limit La ! 1, their values are 3% and 12%, approximately. This trend
prevails provided that � > �c(La ! 0) = 0:978, as shown in the isocontours of Vsat and
�sat in �gure 5. Hence, in the elasticity-dominated regime where � > �c, the e�ect of
inertia on Vsat and �sat is weaker, although the column for � = 1 in �gure 4 reveals that
the shape of the thread at pinch-o� changes substantially. As already mentioned, inertia
tends to form oval-shaped satellites, which are more likely to break up in the relaxation
process after pinch-o�, whereas the surface elasticity tends to form spherical satellites
which will not experience secondary break-up events.

4. Conclusions

In this paper we have reported an exhaustive numerical study of the unforced break-
up of free axisymmetric threads of Newtonian liquid whose interface is coated with
insoluble surfactants. Our main objective was to describe and explain how the presence
of these molecules a�ects the nonlinear dynamics of the liquid thread and the satellite
drop formation regimes when the dynamics is triggered by the most dangerous initial
disturbance. Under these conditions we have shown that, when the initial perturbation
amplitude is su�ciently small, the 
ow depends on two dimensionless parameters, namely
the Laplace number La and the elasticity parameter �. Our numerical simulations have
allowed us to characterise the in
uence of these two parameters on the satellite volume
Vsat, the mass of surfactant trapped at its interface �sat, the nonlinear correction to the
linear break-up time �tNL, and the satellite sphericity S, all of them computed at times
very close to break-up. It is important to emphasise that our numerical simulations do not
contemplate the post break-up behaviour of the threads and satellites, including their
relaxation or eventual secondary break-up events. Indeed, an accurate analysis of the
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dynamics beyond break-up is an important though technically challenging task, which is
out of the scope of the present study. Clearly, a future task to be pursued would be to
extend the present results by performing numerical simulations that are able to compute
the post pinch-o� dynamics to reveal the ultimate state of the unstable liquid thread.

We have found a discontinuous transition at a critical elasticity number � = �c(La)
within the range 0 < La < 7:5, at which Vsat and�sat change abruptly. We have explained
this behaviour in terms of a competition between the Plateau-Rayleigh instability mech-
anism and the elastic or Marangoni stresses that arise due to interfacial surface tension
gradients. When � is high enough, the elastic stress that opposes the 
ow induced by the
capillary pressure gradient is able to revert it at the interface. Afterwards, the surface
stagnation point di�uses radially inwards, and �nally a net 
ux of liquid swells the central
region forming a satellite droplet prior to pinch-o�.

When La < 7:5, Vsat and �sat increase from a non-zero satellite droplet for � < �c,
to a larger value when � > �c. When La . 0:2, the critical elasticity number reaches
a plateau, �c = 0:978. Finally when La > 7:5 the abrupt transition disappears. In
between, �c decreases monotonically with La, since inertia enhances the gradients of
surface tension.

For a clean liquid thread, � ! 0, we have provided a new scaling law for the normalised
satellite volume, namely Vsat = 0:00421La1:64, which is valid for La . 1. We have shown
the existence of a regular weak-elasticity limit, � < 0:05, for which the latter scaling
law holds, and for which the normalised mass of surfactant carried by the satellite, �sat,
exhibits the same scaling law as Vsat. In this limit, when inertia is su�ciently dominant,
namely La & 10, both Vsat and �sat reach respective limits of about 3% and 2.9%, the
value of 3% being in close agreement with previous experiments (Rutland & Jameson
1971) and numerical simulations (Ashgriz & Mashayek 1995).

When La = 100 the 3% inviscid plateau in Vsat varies slightly with �, and displays
a minimum within the range 0:2 . � . 0:4, whereas the 2.9% inviscid plateau of
�sat increases monotonically. The existence of this minimum has been explained by the
competition between two opposed e�ects induced by the presence of surfactants: (I) the
reduction of the surface tension � when � increases, which enhances the capillary pressure
gradient, and (II) the Marangoni stress exerted at the interface due to the gradients of
�. The initial decrease of Vsat when � grows is due to (I), whereas the increase above
the minimum value is due to (II), which is able to revert the 
ow at earlier stages of the
thread evolution when � is su�ciently high. The decrease of Vsat with � also coexists
with the discontinuous transition for La < 7:5. Additionally, the increase of �sat when
La > 7:5 is explained by the reduction of the interfacial velocity due to (II), which tends
to accumulate surfactant molecules at the satellite.

When La � 1, the e�ect of surface elasticity is very weak and the 3 % plateau of Vsat

does not vary with �, since its e�ect is con�ned to a thin Marangoni boundary layer at
the interface, where viscous dissipation tends to restore a modi�ed but constant value
of �. The most important e�ect of � in the inviscid limit is the fact that �sat increases
with � for the reason explained in the previous paragraph.

Here, we have considered a nonlinear equation of state for �(� ) that is deduced
from the equilibrium thermodynamics of the interface together with the conservation of
molecules in the insoluble limit. We have shown that using this nonlinear equation leads to
substantial quantitative di�erences with respect to the use of its linearised version (Dravid
et al. 2006). These di�erences call for a careful experimental study of the present jet 
ow
con�guration or a similar one, e.g. a cylindrical liquid bridge between two static discs
whose length is above the critical one for spontaneous break-up. The latter con�guration
has been recently studied experimentally by Kovalchuk et al. (2018) for concentrations
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above the critical micelle concentration. An experimental campaign would also be needed
to probe the validity of the insoluble approximation. In fact, it would be interesting to
extend the present numerical study to the soluble case, contemplating both bulk di�usion
and sorption kinetics. To that end, the bulk di�usion equation together with appropriate
adsorption and desorption kinetic equations should be coupled to the equations integrated
in the present work (Karapetsas & Bontozoglou 2013). We believe that the numerical
techniques employed herein should be able to properly tackle the soluble problem with
minor modi�cations.

A natural and important extension of the present work is tackling the forced jet
problem, in which the wavenumber k is not restricted to the most unstable one, and
the amplitude � is not necessarily small. Another feature that deserves future work is
the e�ect of surface di�usion on the satellite drop formation regimes described herein,
especially in cases where La . O(1), for which the surface di�usion time could be of the
order of the thread break-up time. Similarly, for small-scale threads, the surface shear
and dilational viscosities could also play an important role (Boussinesq 1913; Scriven
1960; Mart��nez-Calvo & Sevilla 2018). The present numerical analysis should also be
extended together with experiments to reveal the conditions under which di�usive and
surface viscous e�ects become relevant, and how they a�ect the transitions described in
the present work.
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Appendix A. Validation of the numerical method

To demonstrate the performance of our numerical technique, in this appendix we report
numerical simulations aimed at comparing our results with the well-known scaling laws of
amin as a function of the time to break-up, � = tb�t, for two di�erent values of the Laplace
number, namely La = 18:9 and 100, in the case of a clean interface, � = 0. Figure 13
shows amin as a function of � , where the dashed lines represent the di�erent scaling laws,
and symbols have been extracted from the results of Castrej�on-Pita et al. (2015) for the
particular case of La = 18:9. Since La is moderately high in both cases, intertial and
capillary forces balance initially, providing amin � �2=3 (Keller & Miksis 1983; Day et al.
1998; Eggers & Fontelos 2015), a regime usually referred to as the inertial (I) regime.
However, as the thread thins, viscous forces come into play, as shown numerically and
experimentally by Castrej�on-Pita et al. (2015), leading to the linear behaviour amin =
0:0709� (Papageorgiou 1995), which is known as the viscous (V) regime. Finally, when
amin is su�ciently small, inertial, capillary and viscous forces balance, leading to what is
usually known as the inertial-viscous (IV) regime, in which amin = 0:0304� (Eggers 1993).
As revealed by �gure 13(a), our numerical method is in excellent agreement with these
scaling laws close to pinch-o�, and with the numerical computations of Castrej�on-Pita
et al. (2015), thereby validating our numerical framework. Finally, although not shown
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hereforconciseness,wehavecheckedthattheunphysicalsingularityoftheequationof
state(2.10)asΓ→ 0leadstoaspuriousdeviationfromtheasymptoticIVregime,which
precludesitsuseincorrectlypredictingthesmallestscalespriortopinch-offforβ=0.
Tothatend,adifferentequationofstatethatprovidestheclean-interfaceconstantvalue
ofσasΓ→ 0 mustbeused(McGough&Basaran2006;Kamatetal.2018).
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Garćıa, F.J. & Castellanos, A. 1994 One-dimensional models for slender axisymmetric

viscous liquid jets. Phys. Fluids 6 (8), 2676–2689.
Goedde, E.F. & Yuen, M.C. 1970 Experiments on liquid jet instability. J. Fluid Mech. 40 (3),

495–511.
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