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ABSTRACT ARTICLE HISTORY
Data can be assumed to be continuous functions defined on an Received 24 June 2020
infinite-dimensional space for many phenomena. However, the Accepted 11 May 2022
infinite-dimensional data might be driven by a small number of latent KEYWORDS

iables. Hence, factor models are relevant for functional data. In this ; : :
varia : ’ . . . Functional cointegration;
paper, we study functional factor models for time-dependent func- functional dynamic factor
tional data. We propose nonparametric estimators under stationary model; functional time series;
and nonstationary processes. We obtain estimators that consider I(1) functional process;
the time-dependence property. Specifically, we use the information long-run covariance operator
contained in .the covariances at different lags. We show th_at the 2020 MATHEMATICS
proposed estimators are consistent. Through Monte Carlo simula- SUBJECT CLASSIFICATION
tions, we find that our methodology outperforms estimators based 62G05
on functional principal components. We also apply our methodol-
ogy to monthly yield curves. In general, the suitable integration of
time-dependent information improves the estimation of the latent
factors.

1. Introduction

Functional data analysis (FDA) has attracted interest in recent years in different areas in
statistics, where data can be collected almost continuously, e.g. in finance, economics,
climatology, medicine, and engineering. FDA is a new methodology and an interesting
approach to deal with large-scale, high-dimensional and high-frequency data. Unlike the
multivariate approach, which depends on the points at which data are taken, FDA can
extract additional information about the continuous underlying stochastic process since
each curve is treated as a unit (Ramsay and Silverman 2005). In many real applications,
functional data, {X,,(s); s € D, n € Z}, are time-dependent, e.g. yield curves (Diebold and
Li 2006), mortality curves (Hyndman and Ullah 2007), electricity consumption curves
(Liebl 2013), and intraday price curves (Kokoszka, Miao, and Zhang 2015). When the
functional data are time-dependent, they are called functional time series (see Horvath
and Kokoszka 2012, for a survey on functional time series). A way to construct a functional
time series is to partition a continuous-time stochastic process { ), t € R} into consecutive
segments of length §, that is, {X,,(s) = Vs1{s € [n5, (n + 1)8)}, n € Z}, where § depends
on the dataset application (daily, monthly, annual, etc.). Some functional time series are
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naturally modelled by using factor models, e.g. yield curves (Diebold and Li 2006), elec-
tricity consumption curves (Liebl 2013), and intraday price curves (Kokoszka et al. 2015).
In this paper, we consider factor models for functional time series. We propose a new
methodology to obtain an estimator of the functional dynamic factor (FDF) model.

Factor models represent a large number of dependent variables from a dataset in terms
of a small number of latent variables. When the data are time-dependent, attention is
focussed on dynamic factor models. A dynamic factor model can explain a large fraction
of the variance in many macroeconomic series (Giannone, Reichlin, and Sala 2005), and
it is also consistent with broad applications to various phenomena; see Stock and Wat-
son (1988), Bai and Ng (2002), Bai (2003), Diebold and Li (2006), Friguet, Kloareg, and
Causeur (2009), Hérdle and Triick (2010) and Desai and Storey (2012). Dynamic factor
models have been studied for multivariate time series in both stationary and nonstation-
ary cases. Bai and Ng (2002), Bai (2003), Forni, Hallin, Lippi, and Reichlin (2005), and
Lam, Yao, and Bathia (2011) considered the stationary case. Stock and Watson (1988) stud-
ied factors in a cointegrated time series, Gonzalo and Granger (1995) proposed a method
to estimate the factors in a cointegrated time series, Bai and Ng (2004) studied the factor
structure of large dimensional panels in nonstationarity data, and Pefia and Poncela (2006)
presented a procedure to obtain dynamic factor models for a vector of time series. Here,
we also study both cases of functional time series, stationary and nonstationary.

Specifically, we assumed that the functional time series {X},} is driven by K latent fac-
tor loadings curves {F;(s),. .., Fx(s)} and K latent factor time series {8, t}, i.e. Xu(s) =
Z,Ile BuiFi(s) + €,(s). This FDF model was studied previously by other authors. Hays,
Shen, and Huang (2012) assumed that {X,,(s); s € D}, with D C R, is observed in a sample
of discrete points, s € {sj, ..., s}, and that the factors, {8, x}, follow an AR(p) model. In
that paper, the factor loading Fi(sj) and the components of the AR(p) model are estimated
jointly via maximum likelihood and using the EM algorithm. However, the EM algorithm
becomes increasingly complicated when the sample size grows or when the number of
point observations of each curve grows. Here, we assume that X, is given in functional
form instead of discrete observations of each, and we propose a nonparametric estimator
for the latent variables {8, x} and Fy. Liebl (2013) used the FDF model to forecast elec-
tricity spot prices, where the factor loading curves, Fy, are defined as eigenfunctions of
the covariance operator of X,,, and the factor process {8, x} is defined as the corresponding
score. One disadvantage is that functional principal component analysis (PCA) operates in
a static way. That is, if the functional data {X,,} are time-dependent, then the dynamics are
not accurately represented by the principal components, as noted in Hérmann, Kidzinski,
and Hallin (2015). In Jungbacker, Koopman, and van der Wel (2014), the factor loading
curves Fj are proposed as cubic splines and rely on hypothesis tests to select the number
of knots and their locations. This is inefficient when the sample size increases. Kokoszka
etal. (2015) assumed that the factor loading curves are known and depend on time. Then,
they propose the use of least square estimators to obtain the factors.

In this paper, we propose a nonparametric estimator of the FDF model, considering
time-dependent functional data that are either stationary or nonstationary. The factor pro-
cesses {f,.k} are assumed to be scalar processes, and they described the dynamics of the
data (by dynamics, we mean the dependence structure over time). The factor loadings
{F1,..., Fx} are assumed to be continuous functions. The subspace generated by the pro-
posed estimators for the factor loading curves represents the dynamics of the functional
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time series. Thus, our interest is in estimating the trajectory of the factor processes without
assuming any model in such a way that each trajectory accurately represents the depen-
dency over time. To take into account the temporal dependency, we consider a specific
long-run covariance operator.

The remainder of our paper is organised as follows: In Section 2, we introduce mathe-
matical concepts for functional time series. In Section 3, we describe the methodology to
obtain the estimators in both cases: stationary and nonstationary models. Additionally, we
present algorithms and examples to illustrate the methodology. In Section 4, we study the
properties and consistency of the proposed estimators. In Section 5, we evaluate the per-
formance of the proposed estimators under different simulation settings, comparing our
results with functional PCA estimators. In Section 6, we apply our methodology to the yield
curves. Finally, Section 7 presents a discussion. The proofs are provided in the Appendix.

2. Preliminaries

To describe our methodology, we first introduce some concepts for functional time series.
Let H = L*(D) be the separable real Hilbert space of square integrable functions defined on
compact subset D C R, with inner product (f,g) = [}, f(x)g(x) dx, and the corresponding
norm denoted by || - ||7¢. A functional random variable is defined as a random variable in
H,ie. X : (2, F,P) - H. LetIf, = (X:Q — H:E(X||”) < oo} be the set of random
variables in H with finite moments of order p. The expected value of X € L%{ is defined as
a unique element of H, denoted by y, such that (X, y) = (i, y), for all y € H. In the rest
of the paper, we write [E(X) instead of ¢ to refer to the expected value of X.

A functional time series is a sequence of functional random variables {X,,, —o0 < n <
oo} in ‘H. The covariance operator at lag h of {X,} € L%_l is defined by I'x, x, ,(2) =
E[(X, — E(Xy), 2){Xy+n — E(X;+-n)}] for all z € ‘H. This covariance operator can be writ-
ten as T, x,, (2)(S) = [ Vunh (6 92(1) dt, where Yyni1(t5) = Cov(Xo (D), Xpyn(s) is
called the kernel of I'x, x, ,. A functional time series {X,} € L%i is said to be station-
ary if (i) E(X,,) = E(Xo) and (ii) I'x,., X,., = ['x,.x,, for all n, m, and h. In this case,
we use the notation I'y, instead of I'x, x,.,. If {X;} is a stationary functional time series
with E(X,;) = 0and I'y, = 0 for all i # 0, then it is called functional white noise and strong
functional white noise if it is a sequence of i.i.d. functional random variables. In the rest of
the paper, we refer to strong functional white noise as an i.i.d. sequence in L%_l. The reader
can consult (Bosq 2000; Horvath and Kokoszka 2012) for more details on functional time
series.

Let {X,,, n € Z} be a stationary functional time series, and the long-run covariance
operator I' of X, is defined as

I'(z)(s) = / c(t,s)z(t)dt, zeH (1)
D

where the corresponding kernel is c(t,s) = Zfi_oo ¥j(t,s), and y;(t,s) = Cov(Xo(2),
Xj(s)). We should note that the assumption of stationarity on {X,} does not guarantee
the existence of I'. For that, we need an additional weak dependence condition stated in

Section 4.
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Let By = {A : H — H; A is continuous and linear} be the set of all continuous linear
operators from H to H, with an operator norm denoted by || - ||5,,. Let A € Byy; an eigen-
function v of A is defined as a nonzero element of H such that A(v) = av, where o« # 0 is
a scalar number and is the associated eigenvalue.

Let {€,} be an i.i.d. sequence in L%_[, and let {A,} € By. A functional linear process
{Y,, n € Z} with innovations {¢,} is defined as

Yu(s) = Y Aj(eaj)(s), seD.

j=0

If the functional linear process {Y}} is stationary, and if its covariance long-run covariance
operator exists, then this long-run covariance operator can be written as (see Appendix)

I = AT, A%, )

where I', is the covariance operator of g9, A = Zfio Aj and A* is the adjoint operator
of A.

Now, we introduce the functional I(1) process. We use the approach proposed by
Beare, Seo, and Seo (2017), where the notion of cointegration for multivariate time
series is extended to an inifinite-dimensional space. Let {X,} € L%{ be a functional time
series such that the first difference AX, = X,, — X;,—; admits the representation AX, =
Z;io ®j(en—j), where {e,} is an i.i.d. sequence in L%i’ and coefficient operators satisfy-
ing Zj'iojHCDjHBH < 00. Then, X,, can be written as X,, = Xo + CI>(Z}’:1 &) + 1n, where
d = Z]Qio ®;, and {n,} is a stationary functional time series. The functional time series
{X,} is called an I(1) functional process if and only if the long-run covariance operator of
{AX,} is different from zero.

3. Methodology

In this paper, we assume that the functional time series {X,,} are given in the functional
form. In a real application, functional data are observed on a grid of points, and thus, the
continuous curve should be estimated (see Ramsay and Silverman 2005, chap. 3-7).

3.1. Model setting

Assume that we observe N functional data {X;,...,XN}. We assume that the functional
data follow the model

Xn(s) = Yu(s) + en(s),

K
Yu(s) = Y BukFi(s) (3)

k=1

where Fy, k =1,...,K, are factor loading curves, {,,x} are scalar factor time series, K
is the number of factors, and {e,} is a sequence of centred, independent and identically
distributed innovations in L%{ with covariance operator I';. We refer to model (3) as the
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functional dynamic factor model or FDF model. The factors {8, x} are assumed to be time-
dependent, and then {X,,} is time-dependent. The K factor processes drive the dynamics of
the functional data {X,,}. Factors and factor loadings are latent functions and latent random
variables, respectively.

For model identifiability, we assume orthonormality of the factor loading curves, that
is,

/ Fi(s)Fj(s) ds = 1(j = i), (4)
D

for i,j =1,...,K, where 1(j = i) takes the value 1 if i = j and zero otherwise. In some
scenarios, the factor processes {,, x} can be known, and then, condition (4) can be omitted
(Kokoszka, Miao, Reimherr, and Taoufik 2018).

Since factors and factor loadings are unobserved, Fy and {8, } are not uniquely deter-
mined in model (3), even with the constraint (4). However, the linear space Hp :=
span{Fy, ..., Fx} generated by the factor loadings, called the factor loading space, is
uniquely defined. Thus, any orthonormal rotation of the orthonormal basis system
{Fi,...,Fx} can be a solution to model (3) as well. Therefore, our goal is to estimate Hp.
To do so, we assume the following conditions.

Assumption 3.1: The functional white noise {&,} is uncorrelated with the functional
process {Y,}, thatis, 'y, ¢, ., = 0,h € A

Assumption 3.2: There exists i,j € {1,..., K} such that Cov(By,i Bu,+h;) # 0, for some
h>0.

Assumptions 3.1 is the usual conditions assumed for the FDF model. Assumption 3.2
requires time-dependent functional data {X,,} and ensures Hp not being an empty set. To
motivate our methodology, let us assume that the functional data {X,,} are stationary and
follow model (3) (we will use similar ideas for the nonstationary case in Section 3.3). Thus,
under Assumption 3.1, the covariance operator of X, satisfies

K
Th= > Cov(Bui Busn)Fi ® Fj+ L(h = 0)T, heZ,
b
where ® denotes the tensor product. Therefore, I'y(v) =0 for any v e HI%, with
h # 0. Moreover, if ker(I'g) = {z € H : Ty(z) = 0} = {0} and FO_I is invertible, then
ker(I', I b= {range(l";l*)}L = Hi. Hence, H is the orthogonal complement of the lin-
ear space spanned by the eigenfunctions of I', " ! (or T'y) corresponding to the zero

eigenvalues, with & # 0. Thus, our methodology uses the operator I',I" 1 and we consider
the summation over all possible lags & # 0, that is,

A= Y Iyt =@ -ryry’, (5)
heZ,h#£0

where I' is the long-run covariance of X, defined in (1). We notice that, under Assump-
tion 3.2, range(A) # 0.
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We observe that A (v) = 0forany v € Hj as well. Consequently, we propose to estimate
the space HF using the eigenfunctions of the operator A corresponding to nonzero eigen-
values. Additionally, these eigenfunctions are defined as estimators of the factor loadings
F,k=1,...,K.

In general, 'y I is unbounded (Bosq 2000; Martinez-Hernandez, Genton, and
Gonzélez-Farias 2019). The method typically employed to address this problem is to
truncate the spectral representation of I'y and then compute the inverse from this rep-
resentation. We adopt this method, and we describe it in Section 3.2.

Remark 3.1: The consideration of the term I' Vin (5) is equivalent to assuming that the
data have identity as the covariance operator. The latter case requires transforming the data

X to F_l/ *(X,). Thus, Iy ! is the covariance operator at lag /1 of the transformed data.

3.2. Estimation for stationary FDF model

Without loss of generahty, we assume that [E(X,,) = 0. To estimate Hp, we compute the
eigenfunctions of A, where A is the estimator of A. To obtain A, we use a smooth
periodogram-type estimator (Rice and Shang 2017). Let ¥,(#,s) be the kernel estimator
of I'}, defined as

N—h

1
N 2 XiOXith(, =0

i=1

1 Z X;(OXitn(s), h<0
N i i+h\S)>

i=1—h

Vu(t,s) =

Now, we definec(t,s) — yp(t, s) as

~ h\
Cb,—O(t’ 5) = Z X (E) Vh(t’ s),

|h|<b, h#0

where x is a continuous, symmetric weight function and satisfies x (0) = 1, x (1) = 0 if
|u| > ¢ for some ¢ > 0. In this paper, we use x (h/b) = 1 — |h|/b, where b is a bandwidth
parameter. To obtain a consistent estimator, the bandwidth must satisfy b = b(N) — oo as
N — ooand b(N)/N = o(1) (Horvéth, Kokoszka, and Reeder 2013). However, in practice,
the selection of b should be done carefully, since this can affect the performance of the esti-
mator in finite samples. Here, we select b similarly as described in Rice and Shang (2017),
that is, minimising the mean-squared error E|[¢, — c||?, where || - || denotes the usual norm
in L?([0, 1]?). We use the notation _(%, s) to denote ¢;, (2, s) with the optimal value of
the bandwidth b. -

Then, the estimator of the operator I' — Ty is deﬁned by ' — I'g(2)(s) = f T_o(t,s)z(t)
dt, z € H. To obtain a bounded estimator of I'; !, we only consider the ﬁrst p eigenfunc-
tions correspondmg to the largest eigenvalues of I'g. Thus, the inverse FO is approx1mated
by Fo Z —1A vj ®Vj, where v}, j = 1,.. ., p, are such that Fo(vj) = )»]vj. We select
the parameter p = p(N) using the scree plot

Finally, we obtain an estimator of A as A= F/\FOFO , and consecutively, we esti-
mate the eigenfunctions {§1, ces ;ko} of A corresponding to the first ko largest nonzero
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eigenvalues {@/1, 2, . . ., 0k, }, with ko a positive number. That is, for each i = 1,. .., ko, E,
satisfies

A =g
As mentioned above, we have that K is the number of nonzero eigenvalues of A. In practice,
the number of eigenfunctions of A with nonzero eigenvalues is not exactly K, since the
zero-eigenvalues of A are unlikely to be zero exactly. Here, we estimate the number of

factors similarly as in Lam and Yao (2012), using a ratio-based estimator. Explicitly, we
define K as

K= arg min 41/, (6)
1<i<kg

where ko should be large enough that K < kg. Although we do not study the theoretical
properties of K, thorough empirical investigations suggest it works well in practice.
__Once we have estimated the eigenfunctions of A and the number of factors, we define
Hr = span{¢y, ..., ¢}, and F; = ¢, i = 1,..., K. The estimated trajectories of the factor
processes are obtained as

Buidnr = (X E)limy, k=1,...K.
Algorithm 1 presents a summary of the steps to obtain the estimators of model (3) under
the stationary assumption.

Algorithm 1 Estimators for stationary FDF model

1: Fix ko with kg large enough.
2: Compute the estimator A.
3: Compute the eigenfunctions ¢i,..., g, of A, corresponding to the first ko largest

eigenvalues.
4: Obtain K as in (6).
5. For k=1,...,K, estimate the factor loadings and the trajectories of the factors as

follows: ?k =Ek> and {En,k’ n>1}= {(X,,,Ek), n> 1}

Example 3.1: We simulate {X,,} from an FDF model with K = 2 and sample size N = 200.
The factors are AR(1) processes with coefficients a;; = 0.6 and a; = —0.6. The factor
loadings are defined by F;(s) = sin(2ms) and Fa(s) = cos(2rws) with s € [0, 1]. Figure 1
shows the estimators obtained from Algorithm 1. The left panel shows the factor loadings
and their corresponding estimators, while the centre and right panels show the estimated
trajectory for the factors. We observe that F; is close to the original factor loadings and that
the estimated trajectories of the factor processes successfully approximately the original
factor processes. Thus, the proposed estimators have good performance in this example. A
more exhaustive simulation study is performed in Section 5.

3.3. Estimation for the nonstationary FDF model

In real data applications, the factor processes can be nonstationary. Here, we assume that
at least one of the factor processes {f,x}, k=1,...,K, is an I(1) scalar process. Let
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Estimators of Factor Loadings Fy(s) Factor Process B, Factor Process f3,,
— Estimated == Truth — Estimated -= Truth — Estimated -= Truth
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Figure 1. Estimators of F;(s) and F,(s) for the stationary FDF model with K = 2 and the estimated
trajectories for the factor time series {8, 1} and {Bp,2}. The sample size is N = 200.

r € {1,..., K} be the number of factor processes that are I(1) processes. We consider two
cases: (i) all factor processes are I(1) processes, i.e. ¥ = K, and (ii) there are r I(1) factor
processes, with r < K, and the remaining K—r factor processes are stationary processes.
Thus, the factor loading space can be written as Hr = 'Hf; ® ’Hg , where Hlsg is the linear
space generated by the stationary factor processes and HY is the linear space generated
by the nonstationary factor processes. We have that if z € H3, then the scalar time series
{(Xu,2)}n is stationary, and if z € H?] , the scalar time series {(X},, z)}, is nonstationary.
Case (ii) is related to the concept of cointegrating in a Hilbert space (Beare et al. 2017).
Here, we describe estimators for HISD and HII}’ .

Let A ax be the operator defined in (5) for the functional process AX,,. In the following,
we describe the two cases for the factor processes.

Case (i): In this case, Hf = 'Hg ,and AX, is a stationary FDF model. We estimate the
space HY as the linear space generated by the eigenfunctions of the operator A ox, where
A ax is estimated as described in Section 3.2 using {AX,,,n > 1} instead of {X,,,n > 1}.
The number of factors is estimated as in (6) with the corresponding elgenvalues of A AX-
Finally, we define Fk fk, k =1,...,K, where ‘Ek are the eigenfunctions of A ax. This
approach guarantees that {ﬂn,k, n 2 0} = {(Xn,ék), n > 0} is an I(1) process for k =

., K (Proposition 4.3).

Case (ii): We have that Hg = HS @ 'HN with ’HS # (). First, we estimate the space 'HF,
then, we subtract the estimated space HN from the entire space H. Then, we estimate
H;. We propose to estimate Hg as the hnear space generated by the eigenfunctions of
A Ax, and then we define Fk &, where fk is the eigenfunction of A ax,fork=1,...,7.
Here, we obtain 7 using criteria (6), with /s being eigenvalues of Aax. Then, we obtaln
the estimated trajectorles of the factor processes as {ﬂn >0} = {(X,,,Sk) n > 0}, for
k=1,...,7. Given {F,..., )}, we estimate HF as follows. We define a new functional
time series as

Zu(s) = Xn(s) = ) BukFr(s). (7)

k=1

Let Az be the corresponding operator defined in (5) for the functional process {Z,}.
The functional process {Z,} should be a stationary functional process. Thus, we estimate
HF similarly as in Section 3.2, with K—rasin (6) using the corresponding eigenvalues
of Az. Let {Ty,..., Uz} be the eigenfunctions of Az corresponding to the ith largest
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eigenvalues. Then, we define /F\'f+1 =7U1,... ,?g = ﬁK/_\r, withK =7+ K/—\r, as the esti-
mators of the factor loadings corresponding to the stationary dynamic and (B n >0} =
{(Xi» Uk—r)>, n >0}, for k =r+1,...,K, as the estimated trajectories of the I(0) factor
processes.

In real applications, we do not know whether r < K or r = K. To overcome this problem,
we propose to apply a test for independence for the functional process {Z,, n > 1},suchasa
test proposed in Horvéth, Hugkovd, and Rice (2013). If the independency hypothesis is not
rejected, then we conclude that r = K. Otherwise, r < K, and we can proceed to estimate
the corresponding stationary loading space H3.

In Algorithm 2, we present a summary of the steps to obtain the estimators of model (3)
with r nonstationary factor processes and K—r stationary factor processes.

Algorithm 2 Estimators for nonstationary FDF model

1: Apply Algorithm 1 by considering Aax, and define 7= K AXx, Where fAX is the

number of factors estimated with eigenvalues of A AX-

Save the estimated loading factors and factor processes, {/ﬁk} and {En,k}’ k=1,...,7

Obtain the functional process {Z,} as defined in (7).

Apply a test of independence for the functional process {Z,}.

If the test of the independency hypothesis is not rejected, then stop.

Else: Compute A the estimator of the operator Az corresponding to the functional

process (7).

7. Apply Algorithm (1) to A 7,and define K—r= K7, where K is the number of factors
estimated with eigenvalues of Az.

8: Finally, obtain the complete estimators of loading factors and factor processes,
{’151, . ,’15?,’15?“, . ,/15?} and {B\n,l,. . .,B:,;, B\@H,. .. ,B\nf},wherel? —F+K—r

Example 3.2: We simulate {X,} from the FDF model with K =2, r = 1, and sam-
ple size N = 200, where F)(s) = sin(2ms), F2(s) = cos(27ws), ABy1 = 0.7ABu—11 + n,1,
and B2 = 0.7B,—12 + un2, with s € [0, 1]. Figure 2 shows the estimators obtained from
Algorithm 2. The left panel shows the factor loadings and their corresponding estimators,
while the centre and the right panels show the trajectory estimated for the factors. Similar
to Example 3.1, we observe that the proposed estimators have good performance in this
nonstationary example. A more exhaustive simulation study is performed in Section 5.

Remark 3.2: As we mentioned before, the estimators of the FDF model are not unique,
but the subspace Hp generated by the factor loadings is unique. Here, we defined Fy, as
the eigenfunctions of the corresponding long-run covariance operator. However, users can
choose an appropriate orthonormal rotation to obtain factors that allow a meaningful-
interpretation. For example, one possible rotation is the well-known VARIMAX rotation.

The dynamic modelling for the FDF model is attained by modelling the factor processes
{En,k} and using the relationship X, (s) = Zszl ,B\n,k’ﬁk (s).

In general, the operator A defined in (5) represents the loading space and the dynamic
of the functional time series. Moreover, if the functional time series is an I(1) functional
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Figure 2. Estimators of F1(s) and F; (s) for the nonstationary FDF model and the estimated trajectory for
the factor time series {1} and {B,2}. In this example, K = 2,r = 1, and the sample size is N = 200.

process, then the operator A classifies the space of common trends and the cointegrating
space. We conclude that the dynamics of the FDF model over time are accurately described
by using the space generated by this operator.

4, Estimation properties

In this section, we study the properties of the estimators described in Section 3. For this,
we assume that X, has a functional linear representation in L%_(. Without loss of generality,
we assume that the curves are defined on the unit interval D = [0,1] and E(X,,) = 0.

Assumption 4.1: The functional time series {X,} has a linear representation X, =
f.io Wj(€,), with Wj € By, and Y0 Zj’im ]| < oo.

Assumption 4.2: fE{Xg}(s) ds < oo and lim,,_s m(E[f{Xn(s) - Xn,m(s)}2 ds])1/2 =
0, where X, ,, = ij:?)l Vi(en) + Zj’im v; (€™, and for each m, {elgm)} isan independent
copy of {ex}.

Assumption 4.1 does not impose any restrictions on the model (3). For example, if
the factors processes are (scalar) linear processes, B,k = Z]?io O ktn—jk with {u,} an

i.i.d. sequence, then X, (s) = Zle Zfio 0; ktn—j kFr(s) + en(s). This latter expression
can be rewritten as X, (s) = Zfio Wi(en)(s), with €, := Z{f:l UniFx + en(s) and ¥; :=
Z{;l 6;xFx ® Fy. In this case, the condition ) 7° Zfim |Wjll < oo is equivalent to

Zf.io jl0jk| < oo. This latter condition is a common assumption on scalar time series in
order to obtain basic results.

Proposition 4.1: Let {X,,, n € Z} be a functional time series following model (3), and let
A be the estimator of A described in Section 3, with kernels g(s, t) and g(s, t), respectively.

Under Assumptions 3.1, 3.2, 4.1, and 4.2, [[{g(s,t) — g(s,t)}* dsdt kN 0, as N — oo and
p — oo.

Proof: See Appendix. |

Assumption 4.1 implies that {X},} is a stationary functional time series. Thus, Proposi-
tion 4.1 corresponds to the stationary case of model (3).



JOURNAL OF NONPARAMETRIC STATISTICS 1

As we noted above, the factors { 8, x} and factor loadings Fy are not uniquely determined
in the FDF model. However, the factor loading space is uniquely determined. We only study
the theoretical properties of the factor loading space under the assumption that K is known.
Here, we say that a subspace H,, converges to a subspace Hy if ||IT,, — ITo|| — 0, where IT,,
and Iy are the orthonormal projectors on H, and Hy, respectively, and || - || an operator
norm. We use the notation H,, — H to indicate this convergence of a subspace.

Corollary 4.2: Let {X,, n € Z} be a functional time series following model (3) with K
known. Suppose that Ty is invertible. Then, under Assumptions 3.1, 3.2, 4.1 and 4.2,

He 5 Hp.

To study the nonstationary case, we assume that AX, admits a functional linear
representation as well.

Assumption 4.3: The functional time series {X,, n € Z} € L%{ is an I(1) functional
process so that {AX,, n > 1} is a stationary process and admits the representation

o
AXy =) ®jlenj), n=1, (8)
j=0

with ®; € By, @, # 0 for some jo > 0, and the covariance operator of €, I'¢,, is posi-
tive definite. Furthermore, Assumptions 4.1 and 4.2 are satisfied on the functional process
{AX,, n > 1}.

Assumption 4.3 does not impose any restrictions on the model (3). If any factor pro-
cess {Buk> € Z}is an I(1) process, then the functional time series that follows model (3)
can always be written as (8), with ®; compact and self-adjoint operators. The condition
®;, # 0forsomejo > 0 guarantees that AX;, is not a functional white noise. Consequently,
X,, admits a solution of the form X,, = Xy + CD(Z:’:I €n) + Vu, where v, is a stationary
functional time series, {&,,} is an i.i.d. sequence, and & = ijo ;.

From Proposition 4.1, we have that A AXx 18 a consistent estimator of A ax.

Proposition 4.3: Let {X,,, n € Z} be a nonstationary functional time series such that it fol-
lows model (3). Then, under Assumptions 3.1 and 4.3 we have that HY = {ker(Aax)},
and H3, = ker(A ax).

Proof: See Appendix. |

Proposition 4.3 shows that the I(1) dynamics of the factors are recovered in the subspace
generated by nonzero elements of Im A Ax.

Corollary4.4: Let "o be invertible, and K and r known. If the assumptions in Proposition 4.3
=~¢ P =N P
hold, then H3 — H§ and HY — HY.

Corollary 4.5: Let {B\n,k} be the estimated trajectory obtained from Algorithm 2 with r and
K known. Then, if the assumptions in Proposition 4.3 hold, we have that, fork =1,...,r,
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{En,k,” € Z} is an I(1) process, and if r <K, fork=r+1,...,K, {En,k,” € Z} is an 1(0)
process.

Corollaries 4.4 and 4.5 show that the loading space is consistently estimated for both
stationary and nonstationary components.

5. Simulation study

We study the performance of our proposed estimators for the FDF model. We com-
pare our results with estimators obtained from functional PCA. To obtain the functional
PCA estimators, we replace Fy with ’IEIECA = Gk in Algorithm 1, where G denotes the kth
eigenfunction of I'y corresponding to the kth largest eigenvalue (Liebl 2013). Similarly, in
Algorithm 2, we consider the covariance operators at lag zero of {AX,,} and {Z,} instead
of A Ax and A 7. The PCA estimators are known to perform well when observations are
uncorrelated.

5.1. Simulation setting

We simulate {X,,(s); s € [0,1], n=1...,N} from the FDF model with four different
models defined as follows:

(1) Model 1: K = 1, Fy(s) = sin(27s), and By1 = 0.7B,—1 + tin1.

(2) Model 2: K = 2, F(s) = sin(2ws), Fa(s) = cos(2ms), Bn1 = 0.8B84—1,1 + up,1, and
Bn2 = —0.5B8n—12 + tny.

(3) Model3: K = 1,7 = K, Fi(s) = sin(27rs), and ABy,1 = 0.58,—1.1 + tn1.

(4) Model 4: K =2, r =1, Fi(s) = sin(2ws), Fa(s) = cos(2ms), APy = 0.78,-1,1 +
Un,1>and B2 = 0.58,-12 + up.

The processes {u,, ;} are scalar white noises. In all cases, the functional white noise &,(s)
in model (3) is simulated as ¢,,(s) = W,,(s), where W,(s) is a Brownian motion in [0, 1].
Models (1) and (2) represent stationary FDF models, while Models (3) and (4) represent
nonstationary FDF models.

We evaluate the performance by computing the Integrated Squared Error (ISE) value
defined as:

1
ISEr = / [F(s) = F(9)) ds.
0

We consider sample sizes N = 200, 300, 500, and 1000. We simulate 1000 replications for
each model. For each replication, we estimate the factor loadings and factor processes.
Then, we compute the error value ISEf, both for our proposed estimators and for PCA
estimators.

Additionally, we report the estimated factor number K for each simulation using (6).

5.2. Simulation results

We denote by FDF the simulation results when considering our nonparametric estimators.
First, we describe the results for ISEf values. In doing so, we assume that the true number



JOURNAL OF NONPARAMETRIC STATISTICS 13

ISEf values for Model 1 ISEf values for Model 2
0.04- 0.04-
0.06- Fi F2
0.03- 0.03-
0.04-
0.02- 0.02-

0.02-

0.01- 0.01- l a #

0.00- ‘ ﬁ -I-* d_+ 0.00] ‘ ﬁ .n.* 0,00/ ‘*
N=200 N=300 N=500 N=1000 N=200 N=300 N=500 N=1000 N=200 N=300 N=500 N=1000
Estimator 8 FDF ®8 PCA Estimator ¥ FDF #8 PCA

ISEF values for Model 3 ISEF values for Model 4
0.20- 0.15- 4-
F1 F2
0.15- 3
0.10-
0.10- 2 I
0.05-

0.05- 1-

000- — — —  — 000- — — — — o ‘ ‘ ﬁ ‘
N=200 N=300 N=500 N=1000 N=200 N=300 N=500 N=1000 N=200 N=300 N=500 N=1000
Estimator 8 FDF #8 PCA Estimator 88 FDF #8 PCA

Figure 3. Boxplots of ISEr values for each simulation. In all cases, our proposed estimators (in red) out-
perform the PCA estimators. Although for F, in Model (2), the PCA estimator performs as well as our
estimator.

of factors is known. Figure 3 shows boxplots of the results. Each plot presents the ISEp
values for a specific F; with different sample sizes. For Models (1) and (3), we have only
one loading factor, and for Models (2) and (4), we have two loading factors, F; and F.
For Model (1) (Figure 3 top left), we observe that our proposed estimator is highly accu-
rate and presents lower error values than the PCA estimator. These error values decrease
when the sample size increases. For Model (2), we observe that for the first loading factor F;
(Figure 3 top centre), the results are similar to the results of Model (1). Our method outper-
forms the PCA estimator. For F, (Figure 3 top right), we see that the PCA method performs
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A A A A A
K for Model 1 (K=1) K for Model 2 (K=2) K for Model 3 (K=1) r for Model 4 (r=1) K for Model 4 (K=1)

Ratio Ratio Ratio Ratio Ratio
Values: I 1 Values: I 1 1 2 M 3 W 5 Values: M 1 Values: M 1 Values: M 1

Figure 4. Values and proportions of the number of factors estimated for sample size N = 300, and 1000
replications. The ratio method provides a good estimator for K.

as well as our method. Thus, we conclude that, in general, our method outperforms the
PCA estimator for the stationary Models (1) and (2).

Now, we analyse the nonstationary models (Models (3) and (4)). We observe that in all
cases, our method has the lowest error values. The ISEf values for our method remain as
accurate as in the stationary cases. However, the ISEf values for the PCA method become
significantly larger. We conclude that our proposed method performs well in all simulated
cases and outperforms the PCA method.

Finally, we show the results corresponding to the estimation of the number of factors.
For each replication, we estimate the number of factors using (6). We only present the
results from sample size N = 300, since the results from the sample sizes N = 200, 500,
and 1000 are similar. Figure 4 shows the estimated values K over the 1000 replications.
Each bar uses colours to represent the proportion of replications.

For Model (1), we observe that with the ratio method, we obtain K = 1 for all replica-
tions. For this Model (1), we conclude that the ratio method correctly estimates the value
of K. For Model (2), K takes values in {1,2, 3,5}, resulting in K=2and K=3 with a
large proportion. For Model (3), the ratio method successfully estimates the value of K.
For Model (4), we need to estimate r and K—r, where r is the number of nonstationary fac-
tor processes and K—r is the number of stationary factor processes. In this case, we observe
that the ratio method provides the correct values of r and K—r.

In general, the ratio method correctly estimates the number of factors with the exception
of Model (2).

We conclude that our proposed methodology performs well and is superior to the PCA
method under time dependence.

6. Data application

We fit the FDF model with our proposed nonparametric estimators to analyse the Federal
Reserve interest rates. Then, we study the estimated factor loadings and the trajectories of
the factor processes.
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Figure 5. Right: Monthly curves of yield data from June 1982 to May 2012. Left: six consecutive yield
curves from the dataset (solid curves) and the corresponding five yield curves obtained from the FDF
model with the estimators (dashed curves), that is, X, (s) = 22:1 Fi($) B k-

6.1. Yield curve

The interest rate data from the Federal Reserve are available in the R package YieldCurve.
The dataset represents monthly yield data from June 1982 to May 2012 at different matu-
rities: 3 months, 6 months, 1 year, 2 years, 3 years, 5 years, 7 years and 10 years (see
Figure 5). Yield curves are important in economics and finance and can help to determine
the current and future position of the economy. The Nelson-Siegel parametrization is com-
monly used to describe yield curves (see Nelson and Siegel 1987; Diebold and Li 2006;
Koopman, Mallee, and der Wel 2010). Our proposal is a nonparametric estimator and
can be considered as alternative modelling to the Nelson-Siegel modelling. To justify the
functional approach, we assume that the dataset is continuous on maturities. That is, a
curve X, (s) represents interest rates in month n with time to maturity s. To estimate the
continuous curves, we fit 15 cubic B-spline basis functions for each monthly observa-
tion, i.e. X,,(s) = Ziil by npr(s), where {¢1, ..., d15} is the B-spline basis function, with
n=1,...,3606.

Yield curves were analysed with a nonparametric approach and with a functional
approach. Hays et al. (2012) used a functional approach combined with an EM algorithm
to jointly estimate the factor loading curves and the factors. Their approach is difficult
to apply if more data are observed at different maturities and almost impossible to apply
if the functional data are observed in a dense set. In contrast, our estimators are easy to
implement and can be applied to either dense or sparse observations and for stationary
and nonstationary functional time series.

We are interested in studying the factor loading curves and the factor processes that
drive the interest rates at different maturities by taking into account the dependence struc-
ture of the functional time series. To infer the stationarity of the functional time series,
we apply a test proposed by Horvéth, Kokoszka, and Rice (2014). The p-value of the
test, with 15 basis functions, is equal to 0.001, and the smaller the p-value, the more evi-
dence there is against stationarity. Therefore, we follow Algorithm 1 with three factors,
andr = 1.

Figure 6 shows the results. In the first row, we plot the estimator of factor loading
curves, Fy, By, and Fs, and in the second row, we plot the trajectories of the factor pro-
cesses estimated, {En,k, 1 < n < 366}. Since the factor loading curves are time-invariant,
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Figure 6. Estimator of factor loading curves, F1,F>, and F3, and the corresponding trajectories of the
factor processes estimated, {8y, 1 < n < 366}.

they represent the common properties of the yield curves, while the factor processes rep-
resent the dynamics over time. Our estimators agree with the level, slope and curvature
functions of the Nelson-Siegel parameterisation described by Diebold and Li (2006), which
is interesting since we do not assume any specific model (see Appendix for a plot of Nelson-
Siegel curves). Therefore, the first factor loading curve F; is the level, and it is associated
with the long-term factor; these dynamics are described by {f,,,1}. The factor loading F; is
the slope, and it is associated with the short-term factor that is represented by the process
{Bn,2}. Finally, the factor loading F; is the curvature that corresponds to the medium-term
factor, and the factor {83} describes such dynamics.

Figure 5 (right) shows six consecutive yield curves from the dataset with the corre-
sponding six yield curves obtained from the FDF model with the estimators, that is,
X, (s) = Zi:l ﬁk(s)ﬁn,k. These six curves correspond to the months of October, Novem-
ber, December, January, February, and March of 1990 and 1991, respectively. We observe
that the yield curves seem to be accurately represented by the FDF model.

7. Discussion

We propose new nonparametric estimators of the functional dynamic factor model, taking
into account the time dependence of the functional data. We use the long-run covari-
ance operator to define a subspace of the continuous functions where the dynamics of the
functional data are properly described by the factor processes. We have showed that the
proposed estimators of the factor loading curves represent a subspace where factor pro-
cesses describe the dependence of the functional time series, under both the stationarity
and nonstationarity assumptions. We compared our proposed estimators with eigenfunc-
tions of the covariance operator. From the simulation study, we conclude that our proposed
estimators have better performance than PCA-based estimators.
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From a mathematical point of view, factor loading curves can be considered part of
basis functions for the Hilbert space. In principle, factor loading curves could be, for
example, eigenfunctions, but eigenvalues do not take into account the time-dependent
structure and therefore do not represent the dynamics over time. The ideas developed here
can be extended to multivariate functional time series for studying the common factors
among the different functional time series and the factors of each functional time series
that are not shared. The extended model might be relevant in many applications, such as
multi-economy yield curves.
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Appendices
Appendix 1. Proofs

Derivation of equation (2): Let Y,(s) = Z —0Aj(en—j)(s) be astationary functional linear process,
with "2 im0 lAjll < oo.LetA = Z;:o Aj. First, we observe that for all z € H, the covariance operator
at lag h holds

(Tn(2),2) = E((Y0,2) (Y1, 2))

E{(Ai(e-i),2)(Aj(en—j),2)}

M

M 10
Mo 1

Il
S

E{(e—i, A} (2)) (en—jp A7 (2))}.

Il
)

J
We note that E{(e_i, A} (2)) (en—j» A7 (2))} = (Ce_; ¢, A} (2), A](2)). Since {e,} are iid., we have
that T, ¢; = 0 if i # j. Thus, (Te_¢,_;(A7(2)), A7 (2)) = (FFQ(A*(Z)) A7 (@) = (Aipnle A (2),
(2)). Substituting this into the above expression, we have

o0
h= ) AuhleAf.
i=0

Now, we compute the long-run covariance operator A. For all z € H, we have

(A@2),2) = Y (Th(2),2) = Z Z AirnTe, AL (2),2)
h=—00 —oo i=0
=Z<F50A:‘(z>, > A;f+h<z)>,
i=0 h=—00

since A; = 0 for allj < 0,and changing the variable ito k = h+ i, we obtain that ) ;2 A%, (2) =
Yo Af(2). That is, (A(2),2) = ([¢,A*(2), A*(2)) = (AT'¢;A*(2), z). This implies that the long-
run covariance operator is A = Al A*. |

All operators involved in the proof are integral operators, i.e. each operator is represented by
a kernel function in L2([0,1] x [0, 1]). Thus, the operator norm is defined as the usual norm in

L2([0,1] x [0,1]), e.g. [IAlI2 = [[ ¢ (s, ) dsdt.

Proof of Proposition 4.1: Let us first observe that under Assumptions 4.1 and 4.2, the estimator r

P
is a consistent estimator of I". Explicitly, we have that f f {C(s,t) — c(s,0)}* dsdt — 0. This is because
with Assumptions 4.1 and 4.2 the functional time series {X,} is an L? m-approximable (and hence
sttaionary). The reader is referred to Horvath et al. (2013) for the details of this proof.

Similarly, we have that [/ [7(s, t) — E{X;(s)X1()}]* ds dt £ 0. That is, [|To — Toll Lo Thus,

/ / (C_o(s, 1) — c_o(s, )} dsdt = / s, 1) — Po(s, 1) — (s, ) + 7o (s, )} dsdt

=< 2//{/5(5, t) —c(s, t)}2 dsdt + 2f Fo(s, 1) — yols, t)}2 dsdr
= op(1) + op(1).

— P
Therefore, |’ — g — (I' — T'p)|| — O.
We now turn to the I';' operator. We observe that I’y is an integral operator with kernel

1(5 )= Z] 14 V](S)V](t)
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Forg,f € L*([0,1] x [0, 1]), we use the notation (gf) (s, t) := g(s, )f (s, £). Then, we observe that
/ / {(@Eok (s 1) — (ccok ™) (s, 1)} dsdt

=[] @0 = k)0 + (oo — K D) dsct

with k=1(s, 1) being the kernel with the true values A; and v;. Thus,
J[ 1@k e - cak Do asar <2 [ 1@ - P @ P dsdr

+ 2/ (2ot =k H2)(s, 1) dsdt.

The first component on the right-hand side of the above inequality is bounded by [/ (c_o —
co) (s t) dsdt f f (k 12(s,t) dsdt. If Tg is invertible or if 7 is finite dimensional, then we have that
!is bounded, and as a consequence a; := ff(k D2(s,t) dsdt < oo. Then,

2 / / (@0 — )2 (k1)) (s, 1) dsdt < 2a, / (C—o — c0)*(s, t) dsdt

= 2a0p(1).

Similarly, for the second component we have that
2[/{(‘2_0(7;_1 —kH2)(s, 1) dsdt < 2a2/ (/Ig_1 — kH2(s, ) dsdt

< Za%az / (75— k)% (s, 1) dsdt
= O(Dop(1),
with ay := [ ¢®(s,t) dsdt < oo. Therefore, we conclude that

f (Cok ™) (5, 8) — (c_ok™ (s, HP dsdt 5 0,

~ P
thatis, |A — A| — 0.
In the case where H is infinite dimension, one can obtain similar result following similar ideas
as in Bosq (2000, chap. 8.3). We omit the proof of this case. |

Proof of Corollary 4.2: Let TiF and If be the orthonormal projectors on Hp and Hp, respectively.
Then, for any z € H with ||z < 0o, we have that

K
ITiE(2) — TR@)I < Y Iz Fi)Fi — (2 Fi) Fi
k=1
K
<asas ) [Fx — Fil
k=1

K
2V2 ~
<amai ) —=IA - Al
k=1 Ok

with a3 = max{(z,Fx) : k= 1,...,K}, as = max{(z, Fy) :k=1,...,K}, & = a1 — a3, and aj =
min{ej—1 — o), @) — 1}, j=2,...,K. Since @} > @z > ... > ax >0, we obtain |[1p(z) —
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M@ < asaaE22 A — A|| with @ = min{, ..., &) Thus, [T(z) — Te@)] < O(Dor(1),
and then |IﬁF—HF||LP>0. |

Proof of Proposition 4.3: We need only consider the case in which r is 0 <7 < K. We have that
the long-run covariance operator Aax of the functional process AX,, is Aax = ®T'¢, P, where
D = ijo ®;, with ®; compact and self-adjoint operators. Thus, under Assumption 4.3, X, can
be written as

Xo=Xo+ @[> & | +vm
i<n
where v, is a stationary functional time series. Let & be an eigenfunction of A ox; then, & ¢ ker(®P).
From this, we can show that Hf{] = {ker(Aax)}* and Hi = ker(A ax) (see Beare et al. 2017 for
more details). u

Proof of Corollary 4.4: The proof is similar in spirit to the proof of Corollary 4.2. ]

Proof of Corollary 4.5: For & # 0, an eigenfunction of A ox, we have that

<Xn,sk>=<xo,sk>+<q> D e ,sk>+<vn,sk>=X§+Zef+uf§,

i<n i<n

where Xg = (Xo, &), ef‘ = (€, &), and v,’j = (vp, &). Thatis, {(X},, &)} has a random walk compo-
nent) ., ef‘ since @ (§k) # 0. Thus, for each eigenfunction & # 0 of A ax, the process {(X,,, &)} =

{Bnx}isanI(1) process, and replacing & with their corresponding estimatorgk, we obtain that { E:,k}
isalso an I(1) process. In contrast, if v € ker(A ax), then {(X,,, v)} = (Xo, v) + {(vy, v)} is stationary.
This completes the proof. |

Appendix 2. Comparison of factors

Here we present the Nelson-Siegel curves corresponding to the three factors (see, e.g. Diebold and
Li 2006). Also, we present our estimators of the Yield curve data (Section 6).
The Nelson-Siegel curves are defined as

1 — exp(—Aus) 1 — exp(—Aps)
Ans AnsS

Figure A1 presents the three Nelson-Siegel curves (second row) and our estimators (first row). In
the Nelson-Siegel curves, we fix the parameter A,, = 0.9.

NF(s) =1, NF,(s) = , and NFs3(s) = — exp(—AyS$).
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Figure A1. Our estimator of factor loading curves,ﬁ ,fz, andfg, and the Nelson-Siegel curves NFy, NF;,
and NFs. We fix A, = 0.9.



