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SPECTRAL STUDY OF THE GEOMETRIC-ARITHMETIC INDEX

JOSE M. RODRIGUEZ AND JOSE M. SIGARRETA

ABSTRACT. The concept of geometric-arithmetic index was introduced in the chemical graph theory recently,
but it has shown to be useful. One of the main aims of algebraic graph theory is to determine how, or whether,
properties of graphs are reflected in the algebraic properties of some matrices. The aim of this paper is to
study the geometric-arithmetic index GA; from an algebraic viewpoint. Since this index is related to the
degree of the vertices of the graph, our main tool will be an appropriate matrix that is a modification of the
classical adjacency matrix involving the degrees of the vertices.

1. INTRODUCTION

The study of topological indices is a subject of increasing interest, both in pure and applied mathematics.
Topological indices are interesting since they capture some of the properties of a molecule (or a graph) in a
single number. Hundreds of topological indices have been introduced and studied, starting with the seminal
work by Wiener [22] in which he used the sum of all shortest-path distances of a (molecular) graph for
modeling physical properties of alkanes.

Topological indices based on end-vertex degrees of edges have been used over 40 years. Probably, the best
know such descriptor is the Randié connectivity index, denoted by R (see [17], [18]). There are more than
thousand papers and a couple of books dealing with this index (see, e.g., [10], [13], [14] and the references
therein). Trying to improve the predictive power of the Randié index, scientists have introduced a large
number of topological indices. The first geometric-arithmetic index GA;, defined in [21] as

Vdudy
GAG) = )] T(dy + dy)
weEB(Gq) 2V v

where uv denotes the edge of the graph G connecting the vertices v and v, and d,, is the degree of the vertex
u, is one of the successors of the Randi¢ index. Although GA; was introduced just five years ago, there are
many papers dealing with this index (see, e.g., [4], [5], [6], [7], [16], [19], [20], [21], [24] and the references
cited therein). There are other geometric-arithmetic indices, like Z, , (Zp.1 = GA1), but the results in [5,
p.598] show empirically that the GA; index gathers the same information on observed molecules as other
Zy ¢ indices.

The reason for introducing a new index is to gain prediction of some property of molecules somewhat
better than obtained by already presented indices. Therefore, a test study of predictive power of a new
index must be done. The GA; index gives better correlation coefficients than Randié¢ index for many
physico-chemical properties of octanes, but the differences between them are not significant. However,
the predicting ability of the GA; index compared with Randi¢ index is reasonably better (see [5, Table
1]). Furthermore, the improvement in prediction with GA; index comparing to Randié index in the case
of standard enthalpy of vaporization is more than 9%. Hence, one can think that GA; index should be
considered in the QSPR/QSAR researches.

Spectral graph theory is a useful subject that studies the relation between graph properties and the
spectrum of some important matrices in graph theory, as the adjacency matrix, the Laplacian matrix, and
the incidence matrix, see e.g. [1], [2], [9]. Eigenvalues of graphs appear in a natural way in mathematics,
physics, chemistry and computer science. One of the main aims of algebraic graph theory is to determine
how, or whether, properties of graphs are reflected in the algebraic properties of such matrices [9]. The aim
of this paper is to study the geometric-arithmetic index GA; from an algebraic viewpoint. Since this index
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is related to the degree of the vertices of the graph, our main tool will be an appropriate matrix, denoted by
A, that is a modification of the classical adjacency matrix involving the degrees of the vertices. Besides, we
will use the known Sum-Connectivity matrix in order to obtain more algebraic properties of GA; in Section
2.

We begin by stating some notation. Throughout this paper, G = (V, E) = (V(G), E(G)) denotes a (non-
oriented) finite simple (without multiple edges and loops) connected graph of order n = |V(G)| and size
m = |E(G)| with E(G) # 0. We denote two adjacent vertices u and v by u ~ v. For a vertex u € V we
denote N(v) = {u € V : u ~ v}. The degree of a vertex v € V will be denoted by d, = |N(v)|. We denote
by 6 and A the minimum and maximum degree of the graph, respectively. We use the classical notation uv
for the edge of a graph joining the vertices v and v. Note that the connectivity of G is not an important
restriction, since if G' has connected components Gy, ...,G,, then GA1(G) = GA1(G1) + - + GA1(G,);
furthermore, every molecular graph is connected.

2. THE SUM-CONNECTIVITY MATRIX AND GA;

We will need the following classical result, which provides a converse of Cauchy-Schwarz inequality (see
[12, p.62]).

Lemma 2.1. If0<n; <a; <Ny and 0 <ng <bj < Ny for1 <j <k, then

k k k
() ()" =3 (oo ke ) (o)

Jj=1 Jj=1

We also need the following result (see [19]).

Lemma 2.2. Let g be the function g(x,y) = g with 0 < a < z,y <b. Then

2vab

<1.
b <g(z,y) <

The equality in the lower bound is attained if and only if either x = a and y =b, or x = b and y = a, and
the equality in the upper bound is attained if and only if vt = y.

The Sum-Connectivity Matrix S = S(G) of the graph G is defined as the matrix with entries (see [28]):

1 .
Sy 1= 4 VuTds’ if w e E(G),
0, otherwise.

We will denote by tr(A) the trace of the matrix A.
Theorem 2.3. We have for any graph G
§tr(S?) < GAL(G) < Atr(S?),
and the equality in each inequality holds if and only if G is regular.
Proof. Since the i-th entry B;; in the diagonal of S? is

1
Bii = Z m>

1<j<n
v;v; EE(G)

n n
1
I o S TR
i=1 i=1 1<j<n i €E(G
v;v; EE(G)

we deduce

7J. ’L)

Then we have

dud, = 0tr(S?),

1
wweB(G) 3(dutdy ) weEE(G) du
GAL(G) = Y o Vdudy = Atr(S?).
L(d, +d,) dy,
weE(G) 2V v) weE(G)



If GA1(G) = §tr(S?) (respectively, GA;(G) = Atr(S8?)), then /d,d, = & for every uv € E(G) and we
conclude d,, = § (respectively, d,, = A) for every u € V(G). Reciprocally, if G is regular, then the lower and
upper bound are the same, and they are equal to GA;(G). O

We deal now with an additional topological descriptor, called harmonic index, defined as

Z du + dv

uwweE(G)

This index has attracted a great interest in the lasts years (see, e.g., [8], [23], [26] and [27]).
Notice that

— H(G).
weEE(G d + d

Thus, we have the following corollary (see [19]).
Corollary 2.4. We have for any graph G
G H(G) < GA1(G) < AH(G),
and the equality in each inequality holds if and only if G is regular.
We will denote by M;(G) and Ma(G) the first and the second Zagreb indices of the graph G, respectively,

defined in [11] as
Z a2, My(G) = Z dudy.
ueV(QG) uwv€EE(G)
These indices have attracted growing interest, see e.g., [3], [4], [11], [15] (in particular, they are included in
a number of programs used for the routine computation of topological indices).

Theorem 2.5. We have for any graph G
25\/AM2 t?“ MQ(G) t’I“(SQ)
<GA(G) </ —/———
A2+ 52 (@) < ) ’
and the equality in each inequality holds if and only if G is regular.

Proof. Cauchy-Schwarz inequality gives

2V/dd, 1/2 4 1/2
GA(G) = are (X aad) (% m)
weB(@) ¢ wEE(G) weB(G) T

1/2/1 2 1/2 Ms(G) tr(S2)
< (M2(G)) (5 =\V— 5
<6 weE(G) du + dv) J
If the equality holds, then 3(d, + d.,) = § for every uv € E(G) and we conclude d,, = d for every u € V(G).

Since ) .
0 < Vdud, <A, Zﬁiﬁ

Lemma 2.1 gives
1/2 1/2
4
2v/dydy S (ZuueE(G) dudv> (ZquE(G) (du+du)2>
w€E(G) dutdv — %(% + %)

A 1/2( 1 2 V2
2 (M) (& Suwenie) 727 26/AML(G) 1 (S7)
= A2 _|_62 - A2 +62
If the equality holds, then 1 (d, +d,) = A for every wv € E(G) and we conclude d,, = A for every u € V(G).

Reciprocally, if G is regular, then both bounds have the same value, and they are equal to GA;(G). O

GAL(G) =




Corollary 2.6. We have for any graph G
20/ AM5(G M>(G) H(G)
< GA¢( —_—
A2+ 52 ¢ 1 ’
and the equality in each inequality holds if and only if G is regular.

3. THE GEOMETRIC-ARITHMETIC MATRIX AND GA;

Given a graph G, let us define the Geometric-Arithmetic Matrix A with entries

o {2dvu‘i“d°i’” , ifuv € B(Q),

0, otherwise.
We start with the following elementary result which allows to obtain new bounds for GA,(G).

Lemma 3.1. We have for any graph

tr(A) =0,
4d,d,
2
=2 3 (dy + du)?
uv€E(G)
4d,d, 2d
na =2 gl 5 .
uv€E(G) du + dy weV (Q) (dU+duz)(dU+dw)

WU, WAV

Proof. Since every element in the main diagonal of A is 0, we obtain ¢r(A) = 0.
Since the i-th entry a;; in the diagonal of A? is

4d,,d,,
Q5 = Z ‘(dvi + dﬂj)2 )

1<j<n
UinEE(G)
we have
4d,,d,. 4d,d
RPSED STTED i) SRR g
i=1 =1 1<j<n (dv: + ;) wEE(G) (du +dv)
v;v; EE(G)
One can check in a similar way the last equality. (]
Proposition 3.2. We have for any graph G
A?%tr(A?%)

P < o) <

2

Furthermore, the equality in each inequality is attained if and only if G is a reqular graph.

Proof. We deduce the inequalities

1 4d,d, 1 1
E Z d d < Z 7(0]/ +d )2 < 572 Z dudv = (572 M2(G)
quE(G weB(GQ) * ¢ v weE(G)

If G is a regular graph, then both bounds have the same value, and they are equal to
tr(A?)
5=

If the first inequality is attained, then i(d, + d,) = 4 for every uv € E(G) and thus d, = § for every
u € V(G). If the second inequality is attained, then (d, + d,) = A for every uv € E(G) and d,, = A for
every u € V(G). O

Recall that a (A, d)-biregular graph is a bipartite graph for which any vertex in one side of the given
bipartition has degree A and any vertex in the other side of the bipartition has degree 9.



Theorem 3.3. We have for any graph G
(A +6) tr(A?)
4WAS

The equality in the lower bound is attained if and only if G is regular; the equality in the upper bound is
attained if and only if G is either regular or (A, 0)-biregular.

tr(A%) < GAL(G) <

Proof. By Lemma 2.2, taking a = § and b = A, we have

2 Ad < 2/d,d, <1
A+§ ~d,+d, —

Thus Lemma 3.1 gives

2Vdydy 2/dudy, , 2VAS 2V/d,d, 4AVAS

(A% =2 ) = GAi(G),
Wiy Bt do dutdy At wipicy dutd A+
and \/7 \/7 \/7
2/ dudy 2/dyd 2V/d,d
2\ _
r(A) =2 > il did 2 > o~ 26M(0).
uv€E(G) weE(G)

By Lemma 2.2, the equality in the upper bound is attained if and only if either d, = A and d,, = §, or
viceversa, for each uv € E(G). Since G is connected, this happens if and only if G is a regular graph if
A =§ or a (A, d)-biregular graph otherwise.

The equality in the lower bound holds, by Lemma 2.2, if and only if d,, = d,, for every edge uwv € E(G).
Since G is a connected graph, this happens if and only if G is regular. O

Denote by A the adjacency matrix of a graph. Since the adjacency matrix A and A are real symmetric
matrices, their eigenvalues are real numbers. Denote by A\ > --- > A, and pu; > --- > u, the ordered
eigenvalues of A and A, respectively.

Theorem 3.4. For any graph G the inequalities
2
Hin 1
— < GA(G) < -
-1y = GAM@) = g pun
hold. Furthermore, the equality in the lower bound is attained for every complete graph and the equality in
the upper bound is attained for every reqular graph.

Proof. Denote by j the vector j = (1,1,...,1) € R™. Since A is non-negative and irreducible (we just
consider connected graphs) Perron-Frobenius Theorem gives p1 > |p;| for every j and then pq > 0. Hence,
using Rayleigh quotient, we obtain

(Ax,x) _ (Ajj)  2GA(G)
— max > . = .
s PR R n

Since Y"1, pu; = tr(A) =0, we have pu; = — >, p1; and Cauchy-Schwarz inequality gives

p ny
/ﬁ:(g m) S(E u?)(n—l), d i =pi Y ui =i+ =
1=2 =2 i=1 1=2

We have by Theorem 3.3

2
n
- _11 < Z;uz = tr(A%) <2GA(G).

Assume now that G is a A-regular graph. Then A is equal to the adjacency matrix. It is well known that
the greatest eigenvalue \; of the adjacency matrix of a A-regular graph is equal to A. Hence, u; = A and
GA1(G)=m = %An = %/\171 = %mn.

Assume now that G is a complete graph K,,, thus G is a (n — 1)-regular graph and A\ = y3 = n — L.
Hence,

pin _n(n—1)
20n—1) 2

=m = GA(G).



The argument in the proof of Theorem 3.4 gives, in fact, the following result.

Corollary 3.5. We have for any graph G

<) o DA

n
We also have the following consequence.
Corollary 3.6. We have for any graph G the inequality uy < n — 1.
We will need the following lemma (see [19]).

Lemma 3.7. We have for any graph G

Proposition 3.8. We have for any graph G
8m2v A
S YET < Mi(G),
(A + 6)tr(A?)
and the equality is attained if and only if G is a regular graph.
Proof. By Lemma 3.1,

tT(AQ) = Z ( 8dudv

I EEECE
wveE(G) du + dv)
By Lemma 2.2, taking a = § and b = A, we have

2v/d,d, S 2V A
dy+d, =~ A+6’

and we obtain by Lemma 3.7

(A2) > 8V A6 Vaud, _ 8VAP 1 sm*VAF
A+ weE(G) du + dv T A+d weE(G) du T dv - (A T 6)M1(G)

If the equality is attained, then v/d,d, = ¢ for every uv € F(G) and thus d,, = ¢ for every u € V(G). If G
is regular, then M;(G) = nA? = 2mA, tr(A?) = 2m and we have the equality. O

Denote by o2 the variance of the sequence of the terms {%ﬂ“j“} appearing in the definition of GA;(G).

Theorem 3.9. We have for any graph G

GAL(G) = \/; m tr(A?) — m20? .
Proof. Lemma 3.1 gives
1 2 4dudv
=1 = —_— .
B T(A ) Z (du+dv>2
uwveE(G)

By the definition of 02, we have

1 2/ dydy \2 1 2+/dydy, \2 1 1
2 u v u Uy 2 2
- = (= =—t - — GA (G
7 m Z (du+dv) <m du+dv) 2m r(A%) m2 @)
weEE(G) wEE(G)
and this equality implies the result. O

Theorem 3.10. We have for any graph G

\/; tr(A?) + (Aélj_‘f;)? m(m —1) < GA1(G) < \/; tr(A?) +m(m —1).

The equality in the second inequality is attained if and only if G is reqular. The equality in the first inequality
is attained if G is regqular.



Proof. Lemma 3.1 gives

2¢/dydy \2
cnor=( 3 )
weE(G) “ v

-y ddudy 20/dyd, 2\/d.d,
= (ot d? " o dutdy dotdy

uveE(G)

1 2v/d,d, 2+/d,d
= —tr(A%) + v v,

2 du +dy dy +d,

uvFTY

By Lemma 2.2, taking a = § and b = A, we have

2V AS < 2v/dyd, <1
A+6 ~ dy+d, 7

and we obtain

1 dud, 2/dzd 1 1
GA(G)? = §tr(A2) + 1 +d d +dy < itr(AQ) + Z 1= §tr(.,42) +m(m—1),
UVFETY w v Y UVFETY
91 9 4A0 1 9 4A6
> = — == —_— —1).
GAI(G)? = S tr(A%) + > TNE 2tr(A)+(A+5)2m(m 1)

uvFETY

If G is a regular graph, then tr(A2?) = 2m. Thus,

449 5 m(m—1) = %tr(Az) +m(m—1)=m+m(m—1) =m? = GA,(G)>.

1 2
itT(A )“rm

Assume now that the equality in the second inequality is attained. If G has just an edge, then G is
1-regular. Assume now that G has at least two edges. Hence,

20/d,d, 2\/dzd,
dy+dy dp+dy

for every uv # xy. Since G has at least two edges, %(du +dy) = Vdyd, for every uv € E(G), thus d,, = d,
for every uv € E(G) and G is regular, since it is connected. O

The well-known inequality

mM2(G)

GA(G) < ;

was proved in [6] (see also [5, p.611]). Using a similar argument to the one in the proof of Theorem 3.10, we
obtain a lower bound of GA; involving the second Zagreb index M3 (G).

Proposition 3.11. We have for any graph G

) > V/n2Mo(G) + 4A2(n — L)m(m — 1) .

GAL(G —

Proof. By Lemma 2.2, taking a =1 and b =n — 1, we have

2y dyd, S 2v/n—1
dy +d, ~ n




Lemma 3.1 gives

QJM)?

GAl(G)2:< > dy + dy

uwveE(G)

3 ddudy W dod, 2/dyd,
(dy + dy)? M#I dy + dy dy +d,

quE(G)
> Y Y Y
uUEE(G) uvZTyY
My (G 4(n—1
n?Ms(G) + 4A%(n — 1)m(m — 1)
= n2ZA2 :

Theorem 3.12. We have for any graph G

1 — 1«

3 > Ajtn-ji1 < GAL(G) < 3 > Ajug
j=1

j=1
Furthermore, the equality in the second inequality is attained for every regqular graph.

Proof. We have 2GA;(G) = tr(A.A), by using a similar argument to the one in the proof of Lemma 3.1,
and we obtain both inequalities by using the results in [25] about the trace of a product of matrices.
Assume now that G is a regular graph. Then A = A and we have

1 n
§ZAJ',U/J'— Z/J,j —*t?" ./42 m:GAl(G),
j=1

and the equality in the second inequality is attamed. O
Theorem 3.13. We have for any graph G

ntr(A?)
GA(Q) < ———=.
O < =1
The equality in the bound is attained if and only if G is a star graph.
Proof. By Lemma 2.2, taking a =1 and b =n — 1, we have

2v/n —1 2\/dd
n _d + d,

<1,

and Lemma 3.1 gives

2V dy 2Ty 2V 1 2/d,d, 4Vn—1

tr(A%) =2 ) > _
weE(G) du + dy dy + dy " weE(G) du + dy K

GAL(G),

By Lemma 2.2, the equality in the upper bound holds for G if and only if every edge joins a vertex of
degree 1 with a vertex of degree n — 1, and this holds if and only if G is a star graph. (]

Theorem 3.14. We have for any graph G
52 tr(A3) A tr(A3)
A2 (M1 (G) - 2m) 02 (Ml(G) - 2m) ’

and the equality is attained in each inequality if and only if G is regular.

< GA; (G)

Proof. Denote by C'P5 the cardinality of the set of paths of length 2 in G. For any fixed w € E(G), the set
of paths of length 2 which have w as central vertex has cardinality %d (dw — 1). Hence,

CPy = Z dy —Ml(G) m,
wEV(G)



(3.1) Z 2du < Z %:520& A(Ml(G)—Qm),

— 2 2 2
vl (dy + dy)(dy + du) vl 462~ 40 46
2d 26 b 5
(3.2) > v > Y 5 =520P = —o (Mi(G) - 2m).
weV(E) (dy + dw)(dy + dy) vV (&) 4A 4A 4A

Thus, Lemma 3.1 and (3.1) give

dud 2d
tT(A3 =2 Z v Z w
UUEE(G) d + d GV(G) (du + dw)(d’u + dw)

w~U, WY

<QZ 2vdd \/dd4§2(M1 ) —2m)

uwweE(G)
2vdud, , A
= d -‘rd A(sz (Ml(G)—Qm)
wweE(G)
A2

= 55 (Mi(G) - 2m) GAL(G).

Using (3.2) instead of (3.1), we obtain

A3—2Z

2d,y,
2 (du + dw)(dy + duw)

u ’U

weE(G) wtieuV&C,i)U
2v/dyd, )
>2 ) T Vs 5 (M1(G) —2m)
weE(G)
2\/d dy
> il _
weE(G)
52

= 1o (Mi(G) — 2m) GAL(G).

If the graph is regular, then the lower and upper bound are the same, and they are equal to GA;(G).

If we have the equality in the lower bound, then v/d,d, = A for every wv € E(G); hence, d,, = A for
every u € V(@) and the graph is regular.

If we have the equality in the upper bound, then /d,d, = ¢ for every uwv € E(G); hence, d,, = § for every
u € V(G) and G is regular. O

Acknowledgements. This work is supported in part by a grant from Ministerio de Economia y Competi-
titvidad (MTM 2013-46374-P), Spain, and by a grant from CONACYT (CONACYT-UAG 10110/62/10),
México.

REFERENCES

[1] N. Biggs, Algebraic graph theory, Cambridge University Press, 1993.

[2] D. M. Cvetkovié, M. Doob, H. Sachs, Spectra of Graphs: Theory and Applications, V.E.B. Deutscher Verlag derWis-
senschaften, Berlin, 1979. (Also: Academic Press, New York, 1980. Third ed., Johann Abrosius Barth Verlag, Heidelberg-
Leipzig, 1995. Third rev. enl. ed., Wiley, New York, 1998.)

[3] K. C. Das, On comparing Zagreb indices of graphs, MATCH Commun. Math. Comput. Chem. 63 (2010) 433-440.

[4] K. C. Das, On geometric-arithmetic index of graphs, MATCH Commun. Math. Comput. Chem. 64 (2010) 619-630.

[5] K. C. Das, I. Gutman, B. Furtula, Survey on Geometric-Arithmetic Indices of Graphs, MATCH Commun. Math. Comput.
Chem. 65 (2011) 595-644.

[6] K. C. Das, I. Gutman, B. Furtula, On first geometric-arithmetic index of graphs, Discrete Appl. Math. 159 (2011) 2030-
2037.

[7] K. C. Das, N. Trinajsti¢, Comparison between first geometric-arithmetic index and atom-bond connectivity index Chem.
Phys. Lett. 497 (2010) 149-151.



(8]

H. Deng, S. Balachandran, S. K. Ayyaswamy, Y. B. Venkatakrishnan, On the harmonic index and the chromatic number
of a graph, Discrete Appl. Math. 161 (2013) 2740-2744.

C. Godsil, G. Royle, Algebraic graph theory, Springer-Verlang New York, Inc. 2001.

I. Gutman, B. Furtula (Eds.), Recent Results in the Theory of Randi¢ Index, Univ. Kragujevac, Kragujevac, 2008.

I. Gutman, N. Trinajsti¢, Graph theory and molecular orbitals. Total m-electron energy of alternant hydrocarbons, Chem.
Phys. Lett. 17 (1972) 535-538.

G. H. Hardy, J. E. Littlewood, G. Polya, Inequalities. Cambridge University Press, 1952.

X. Li, I. Gutman, Mathematical Aspects of Randi¢ Type Molecular Structure Descriptors, Univ. Kragujevac, Kragujevac,
2006.

X. Li, Y. Shi, A survey on the Randi¢ index, MATCH Commun. Math. Comput. Chem. 59 (2008) 127-156.

M. Liu, A simple approach to order the first Zagreb indices of connected graphs, MATCH Commun. Math. Comput. Chem.
63 (2010) 425-432.

M. Mogharrab, G. H. Fath-Tabar, Some bounds on GA; index of graphs, MATCH Commun. Math. Comput. Chem. 65
(2010) 33-38.

M. Randié¢, On characterization of molecular branching, J. Am. Chem. Soc. 97 (1975) 6609-6615.

J. A. Rodriguez, J. M. Sigarreta, On the Randi¢ index and condicional parameters of a graph, MATCH Commun. Math.
Comput. Chem. 54 (2005) 403-416.

J. M. Rodriguez, J. M. Sigarreta, On the Geometric-Arithmetic Index, MATCH Commun. Math. Comput. Chem. (2015).
In Press.

J. M. Sigarreta, Inequalities on the geometric-arithmetic index. Submitted.

D. Vukicevi¢, B. Furtula, Topological index based on the ratios of geometrical and arithmetical means of end-vertex degrees
of edges, J. Math. Chem. 46 (2009) 1369-1376.

H. Wiener, Structural determination of paraffin boiling points, J. Am. Chem. Soc. 69 (1947) 17-20.

R. Wua, Z. Tanga, H. Deng, A lower bound for the harmonic index of a graph with minimum degree at least two, Filomat
27 (2013) 51-55.

Y. Yuan, B. Zhou, N. Trinajsti¢, On geometric-arithemtic index, J. Math. Chem. 47 (2010) 833-841.

F. Zhang, Q. Zhang, Eigenvalue Inequalities for Matrix Product, IEEE Trans. Autom. Control 51 (2006) 1506-1509.

L. Zhong, The harmonic index for graphs, Appl. Math. Letters 25 (2012) 561-566.

L. Zhong, K. Xu, Inequalities between vertex-degree-based topological Indices, MATCH Commun. Math. Comput. Chem.
71 (2014) 627-642.

B. Zhou, N. Trinajsti¢, On Sum-Connectivity Matrix and Sum-Connectivity Energy of (Molecular) Graphs, Acta Chim.
Slov. 57 (2010) 518-523.

DEPARTAMENTO DE MATEMATICAS, UNIVERSIDAD CARLOS III DE MADRID, AVENIDA DE LA UNIVERSIDAD 30, 28911 LEGANES,

MADRID, SPAIN

E-mail address: jomaro@math.uc3m.es

FACULTAD DE MATEMATICAS, UNIVERSIDAD AUTONOMA DE GUERRERO, CARLOS E. ADAME No0.54 CoL. GARITA, 39650

AcaLpuLco GRO., MEXICO

E-mail address: jsmathguerrero@gmail.com





