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Abstract

Topological indices have been widely used in different fields associated with
scientific research. They are recognized as useful tools in applied research
in Chemistry, Ecology, Biology, Physics, among others.

For many years, scientists have been trying to improve the predictive power
of the famous Randi’c index. This led to the introduction and study of new
topological descriptors that correlate or improve the level of prediction of the
Randi’c index. Among the most commonly used descriptors are the Inverse
index, the first general Zagreb index and the recently introduced Arithmetic-
Geometric index. In this work we study the mathematical properties and
relationships of the aforementioned topological indices.
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Chapter 1

Introduction

Mathematical inequalities have been present in the development and con-
solidation of Science. Nowadays, inequalities are essential tools in multiple
applications to different problems, since they are involved in the basis of
the processes of approximation, estimation, interpolation, extremals and, in
general, they appear in the models used in the study of applied problems.
The formalization of mathematical inequalities begins in the 18th cen-
tury, essentially, with the works of the so-called “Prince of Mathematics"
Johann Carl Friedrich Gauss (1777 - 1855); passing through the investiga-
tions and applications of inequalities to Mathematical Analysis developed by
Augustin-Louis Cauchy (1789-1857) and Pafnuti Lvévich Chebyshov (1821-
1894). It would be unfair not to mention among the formalizers of mathe-
matical inequalities to Viktor Yakovlevich Bunyakovsky (1804-1889). This
remarkable Russian mathematician received all possible mathematical in-
fluence from his thesis advisor Augustin-Louis Cauchy. This remarkable
scientist is credited with having proved in 1859, many years before Her-
mann Schwarz, the well-known Cauchy-Schwarz Inequality for the infinite-

dimensional case. It is worth noting that in many texts the famous inequality



is known as: Cauchy-Bunyakovsky-Schwarz.

The proof of Hardy’s famous inequality involved an important group of
prominent mathematicians of his time such as: Edmund Hermann Landau
(1887-1938), George Pélya (1887-1985), Issai Schur (1875-1941) and Marcel
Riesz (1886-1969), among others. It is worth noting the coordinating role
played by Godfrey Harold Hardy (1887-1947) in the study of inequalities;
his work has been very significant, fundamentally, for the systematization
and application of the Theory of Mathematical Inequalities. Hardy was
the founder of the Journal of the London Mathematical Society, a suitable
publication for many articles on inequalities. In addition, along with Little-
wood and Polya, Hardy was the editor of the volume Inequalities (Hardy,
Littlewood and Polya, 1934) see [30], which was the first monograph, on in-
equalities, immediately used as the basis for the later development of mathe-
matical inequalities. For more information on the epistemological evolution
of the Theory of Mathematical Inequalities see [36].

It is well known that mathematical inequalities have played a very impor-
tant role in solving both theoretical and practical problems. In our case they
will serve as a basis for the study of mathematical properties and relations
between topological indices.

Harold Wiener can be considered the pioneer in the study of topologi-
cal indices, his first investigations appeared in 1947, when he introduced the
nowadays known Wiener index to analyze and correlate the physicochemical
properties of alkenes. The topological indices, mathematically, are associ-
ated with a numerical value that characterizes the topology of a given dis-
crete structure. Winner’s work did not have an immediate repercussion; note
that almost 30 years later, in 1971, the scientist Haruo Hosoya introduced

the Hosoya index Z(G), which has been successfully applied to structure-



property relationships (QSPRs) and quantitative structure-activity relation-
ships (QSARs) see [13].

As a basis for the development of topological indices, it is worth mention-
ing the efforts and contributions made by two important research groups,
first of all the now defunct group of the Boskovic Institute in Zagreb, where
the mathematical and computational properties of the now worldwide known
Zagreb indices were studied for the first time. The first and second Zagreb
indices appeared for the first time in 1972, only one year after the one
published by Hosoya, in a paper published by the scientists Gutman and
Trinajstic. Secondly, the work developed by Milan Randi¢ and his collabo-
rators, whose first paper was published in 1975. Probably the most studied,

with more than 500 papers, is the Randi¢ index defined as

RG)= >

weE(G)

where uv denotes the edge of the graph G joining the vertices u and v, and
d, is the degree of the vertex .

For more information on the epistemological evolution of the Topological
Indices see [35, 44].

Throughout this work, G = (V(G), E(G)) denotes a (non-oriented or
undirected) finite simple graph (without multiple edges and loops) such
that each connected connected component of G has at least an edge. We
denote by A,d,n,m the maximum degree, the minimum degree and the
cardinality of the set of vertices and edges of G, respectively. In many cases,
we deal with connected graphs. Note that the connectivity of G is not an

important constraint for the study of topological indices IT(G), since: if G



has r-connected components G1, Go,...,G,, then
IT(G) = IT(G1) + IT(GQ) +---+ IT(GT).

In this research we study the mathematical properties and relationships
of the topological indices named Inverse index, first general Zagreb index
and the recently introduced Arithmetic-Geometric index.

The Inverse index is defined as

@)=Y (d1%+d1%)= 3

weE(G) weE(G)

d? + d?
dzd: -

The first general Zagreb index is defined as

My (G)= ) d,
ueV(G)

where o € R.

The Arithmetic-Geometric index was introduced in 2016 as

dy + dy
ac@) = > Sl
weE(G) u=




Chapter 2

On the inverse degree index

The inverse degree index, also called inverse index, first attracted attention
through numerous conjectures generated by the computer programme Graf-
fiti. In this chapter, we obtain new inequalities involving the inverse degree
index, and we characterize graphs which are extremal with respect to them.

The best known among the degree—based structure—descriptors are the
two Zagreb indices; for recent surveys focusing on their mathematical prop-
erties, see [3, 25, 27, 37].

The first and second Zagreb indices, denoted by M; and My, are defined

as

Mi(G)= Y (du+d)= Y di, MG)= Y dudy,

uweE(G) ueV(G) uweE(G)

where uv denotes the edge of the graph G connecting the vertices u and v,

and d, denotes the degree of the vertex x.



The inverse degree index ID(G) of a graph G is defined by

1 11 d2 + d?
me - Y Loy (Lilys vy drd
ueV(G) dy weE(G) (d% dﬁ) weE(G) d%d%

The inverse degree index first attracted attention through numerous conjec-
tures generated by the computer programme Graffiti [19]. Since then, its re-
lationship with other graph invariants, such as diameter, edge-connectivity,
matching number, Wiener index has been studied by several authors (see,
e.g., [7], [11], [16], [17], [42], [63]).

Mili¢evi¢ and Nikoli¢ defined in [39] the first and second variable Zagreb

indices as

M(G)= Y dyr MG = Y (dud)®,
ueV(G) weE(G)
with @ € R. In [33] and [4] the first and second general Zagreb indices are

introduced as

M{(G) = Z dys M3 (G) = Z (dudy)®,
ueV(Q) weL(G)

respectively. It is clear that these indices are equivalent to the previous
ones, since *M;(G) = M?%(G) and *Ms(G) = M$(G). We prefer to use
M3 (G) instead of *M;(G), for j = 1,2, since the inequalities obtained in
this chapter become simpler with them.

Note that M7 is 2m, M? is the first Zagreb index Mj, M1_1 is the inverse
index ID(G) [19], M3 is the forgotten index F(G) [22], etc.; also, M2_1/2
is the usual Randié index, M is the second Zagreb index Mo, My Lis the

modified Zagreb index [44], etc. Note that it is interesting to study M{* for



a # 0,1, and M§ for a # 0, since if G has n vertices and m vertices, then
MY(G) =n, M}(G) = 2m and MJ(G) = m.

The concept of the variable molecular descriptors was proposed as a
new way of characterizing heteroatoms in molecules (see [46], [47]), but also
to assess the structural differences (e.g., the relative role of carbon atoms
of acyclic and cyclic parts in alkylcycloalkanes [48]). The idea behind the
variable molecular descriptors is that the variables are determined during
the regression so that the standard error of estimate for a studied property
is as small as possible.

The second variable Zagreb index is used in the structure-boiling point
modeling of benzenoid hydrocarbons [45]. Various properties and relations
of these indices are discussed in several papers (see, e.g., [2], [34], [32], [54],
[61], [62]).

In the paper of Gutman and Tosovic [28], the correlation abilities of 20
vertex-degree-based topological indices occurring in the chemical literature
were tested for the case of standard heats of formation and normal boil-

ing points of octane isomers. It is remarkable to realize that the second

general Zagreb index M3 with exponent o = —1 (and to a lesser extent
with exponent o = —2) performs significantly better than the Randi¢ index
(R=M;""?).

2.1 Inequalities involving Zagreb and sum-connectivity
indices

Let us start by recalling two well-known and useful inequalities for the in-

verse degree index of a graph G with n edges, maximum degree A and



minimum degree J:

< ID(G) < % (2.1)

| =

Moreover, both equalities are attained if and only if G is regular.

In order to prove our first result, we need the following useful and well-
known Polya-Szegé inequality (see [30, p.62]). See, e.g., [38, Lemma 3.4] for

a proof of the statement of equality.

Lemma 1 If a;,b; > 0 and Mb; < a; < Nbj for 1 < j < k and some

positive constants M, N, then

P2, B N2 1 N M\ &E
(S (5 <5 (5 ) Som
J= J= J=

If aj > 0 for some 1 < j < k, then the equality holds if and only if M = N
and aj = Mb; for every 1 < j < k.

Theorem 2 If G is a non-trivial graph with n vertices, m edges, minimum

degree 0 and maximum degree A, then

The equality in each inequality is attained if and only if G is regular.

Proof. Cauchy-Schwarz inequality gives

(X Vi) <( X ) X

ueVv(G) ueV(G) ueV(G)

) =2mID(G).

&)=



On the other hand, since

Lemma 1 gives

( 2 uev(G) du) ( 2 uev(G) i)

(VE+VE)

1 2
nf=( ) Vdu >
(2, V)

_ 2mID(G)  8mAJID(G)

A+8)2 2
1 (a9

If the graph is regular, then the lower and upper bound are the same,
and they are equal to ID(G).

If the equality is attained in the lower bound, then Cauchy-Schwarz
inequality gives that the vectors (dll/ Q)U V(@) and (dy 1/ 2)u v (o) ATe parallel;
this is equivalent to d,, = d, for every u,v € V(G), and G is regular. If the
equality is attained in the upper bound, then Lemma 1 gives § = A and the
graph is regular. m

In order to prove Theorem 5 below we need a kind of converse of Holder’s

inequality, which is interesting by itself.

Theorem 3 Let (X, pu) be a measure space and f,g : X — R non-negative
measurable functions, and 1 < p,q < oo with 1/p+1/q=1. If f € LP(X, pu),

g € LYX, p) and wg? < fP < Qg? p-a.e. for some positive constants w, (2,

(/Xfpdu>1/p</xqu“)l/q gcp(w,Q)/ngdp, (2.2)

then



1 1/ 1, O\1/p 1,Q\1/ 1 1/
ol 9) = max {_(5) q*g(;) pv;(;) q*;(%) '}

The equality is attained if and only if we have w = Q and fP = wg? p-a.e.
or f=9g=0 u-a.e.

Proof. Fix A € (0,1) and 0 < m < M. Let us define F)(t) := X\t!™* +
(1 — M\t~ for t > 0. Since F{(t) = A1 — A\t = A(1 = Nt = \(1 -
A)t=A~1(t — 1), we have that F) is strictly decreasing on (0,1) and strictly
increasing on (1,00). Hence, F(t) < max{Fx(m), F\(M)} =: D for every
m <t <M, and if F)\(t) = D for some m <t < M, then t =m or t = M.
If x,y > 0 and my <z < My, then
1A A
A@) +0—M@)§D
Az + (1 — Ny < Dayt=.

Note that, by continuity, this last inequality holds for every z,y > 0 with
my < x < My. If the equality is attained for some x,y > 0 with my < z <
My, then x = my or x = My (the cases x = 0 and y = 0 are direct).

Consider A = 1/p (and so, 1 =X\ =1/q), a = 2* = z'/P and b = y'=* =
y'/4. Thus,

D q
@Y pay (2.3)
p q

for every a,b > 0 with mb? < o < Mbe. If the equality is attained for some
a,b >0 with mb? < aP < Mb?, then a? = mb? or a? = Mbl.
Since wg? < fP < Qg7 p-a.e., we have w|g|lf < [If|I5 < Qlglld. If

| fllp =0or |lg|l; =0, then || f|[, = |lg|ll; = 0 and the equality in (2.2) holds.

10



Assume now that || f||, # 0 # ||g|lq. Thus,

w g? fP < Q g1
Q llgllg ~ If1Ip ~ w llgllg

p-a.e.

If we consider a = f/|f|, and b = g/||g||; in (2.3) and we integrate both

sides with respect to u, then we obtain

1 | d
LISl el ) Wl
P 1715 " 4 gl £Tsllgls

£ lIpllglly < cplw, D[ fgllr-

If the equality is attained, then

f? w g7 VA VAL

= — or = —
Iz 2 llgllg Il w llglg

p-a.e. (2.4)

Assume that the first equality in (2.4) holds in a set A of positive u-measure.
Therefore, we have both f? = wg? in A and || f||} = Q|g||{. Since || f||, # 0,
these facts imply w = Q and fP = wg? p-a.e.

If the second equality in (2.4) holds in a set of positive p-measure, then
a similar argument gives w = Q2 and fP = wg? p-a.e. m

Theorem 3 has the following consequence.

Corollary 4 If 1 <p,q < o0, a;j,b; > 0 and wb] < af < QI for1<j <k

and some positive constants w, 2, then

(Zk: ag)””(f: b?) v < ¢p(w, ) zk: a;b;,
Jj=1 j=1

Jj=1

where cp(w, Q) is the constant in Theorem 3. If a; > 0 for some 1 < j <k,

then the equality holds if and only if w = Q) and a? = wbg foreveryl < j <k.

11



Next, we prove three theorems that state several inequalities involving

the inverse and the first general Zagreb indices.

Theorem 5 If o € R and G is a non-trivial graph with n vertices, m edges,
minimum degree § and mazimum degree A, then
2°mnl=® < M (G) < co(0%, AN)22%M =% if a > 1,

c1 (8, A)7129m = < MY(G) < 2°mn'™, if 0<a <1,

Q\»—-

c_i (AL oTH T Intte < MM (G)ID(G)* < nte,  if —1<a <0,

Lo(AY 5 TIM(G) T ne < ID(G) < MMG)an s,  if a< -1,

where c,(w, Q) is the constant in Theorem 3 if 1 < p < oo, and ¢1(w,) =
Coo(w, Q) =1. If a # —1,0, 1, then the equality is attained in each inequal-
ity if and only if G is regqular. If « € {—1,0,1}, then the inequalities are

equalities for every graph G.

Proof. If a = 1, then M{(G) = 2m for every graph G. If a = 0, then
MP(G) = n for every graph G. If a = —1, then M; ! (G) = ID(G) for every
graph G. Thus, in the three cases the inequalities are equalities for every
graph G.

If @ > 1, then Holder’s inequality gives

a—1

= > d< (Y @)7( X 15T) T = MP(G)enT

ueV(G) ueV(G) ueV(G)

Q=

and so M{(G) > 29mn!~%. Since §* < d = do‘/la < A%, Corollary 4

12



gives

Z dy 2 « o - @ o )
wev(Q) Ca((s 7A ) Ca(5 7A )

If @ < —1, then

-1 atl
ID(G) = dt< (Y @h) (Y Eh) T
ueV(Q) ueV(Q) ueV(Q)

= M (G)Fn's

Since A% < df = (d;l)_a/la%l < 6%, Corollary 4 gives

-1 a+l
S s (ZuGV(G)(d;1)7a> i (ZuGV(G) 1“7“) i
wev(Q) o c-a(A%,5%)
M1 (G)=na
 coa(A2,07)

If 0 < a <1, then

Z dﬁg( Z (d5) é) ( Z 1T-a a) " = gapapl-a,

ueV(G) ueV(G) ueV(G)

Since § < d,, = (dfj)é/lﬁ < A, Corollary 4 gives

)Q<ZHGV(G) 1ﬁ>1_0‘ _ 20mapl-a
(6,A) N ci(cs, A)

QI+~

(ZueV(G)(dﬁ)

M7(G) =

C1
«

If -1 <a<0,then A=t < d;! = (d%)~a /1571 < 61, and Corollary 4

13



gives

(ZueV(G)(dg)_é)_a(ZueV(G) 1“%’)1“1
MF(G): Z d,gz 1 -1
weV(G) c_1(A7H671)
- ID(G)—oznl-i-a
a Cil(A_l,(s_l) '

Assume that o # —1,0, 1, and consider any inequality proved by using
Holder’s inequality. By Holder’s inequality, the equality is attained if and
only if the vectors (dﬁ)uev(g) (for some constant 8 # 0 which depends
on a) and (1),cy(g) are parallel; this is equivalent to d, = d, for every
u,v € V(GQ), i.e., G is regular.

Assume that « # —1,0, 1, and consider any inequality proved by using
Corollary 4. By Corollary 4, the equality is attained if and only if 6% = A8

(for some constant § # 0 which depends on «), i.e., G is regular. m

Remark 6 Recall that the number « in M{*(G) is not an exponent, it is a

parameter.

Theorem 7 Ifa € R and G is a non-trivial graph with n vertices, minimum

degree § and maximum degree A, then

A 5 2 92

5 In? < M&(G) ID(G) < (:Ma)”, if a>1,
A& 5 2 92

A2 < MX(G)ID(G) < (4+Ao‘5)n7 if <1,

Any equality is attained for some o € R if and only if G is regular.

14



Proof. If a > 1, then Cauchy-Schwarz inequality gives

n?=( Y dﬁ/Qd;“/2)2§< >oa)( X 4

ueV(G) ueV(G) ueV (G)
=MMG) Y d;*d;t <6 MY (G)ID(G).
ueV(G)
The same argument gives A%~ 'n? < M{(G) ID(G) for a < 1.

On the other hand, since we have for every a € R,

/2

min {§%, A%} < 7 dy < max {0% A%},
dua

and

2
max (60, A} fmin {50, A0} \ T (A2 502 ?
min {§*, A*} max {6, A*} o\ g2 A2
(A +6)°
Aage

Lemma 1 gives

n2 = ( Z dg/Zd;ap)? > (ZuGV(G) fggg(gzev(@ d;a)
ueV(G) o

48 MP () ( Suevia) i)
(A +52)° |

If a > 1, then d;T! > A=+l and

2o AASMP(G) ID(G)
(A 69)*

15



If a <1, then d; %"t > §~+! and

oo AA°MP(G) ID(G)
(A® +5%)*

If the graph is regular, then for each a € R both bounds are the same,
and they are equal to M{*(G) ID(G).

If an equality is attained for some « # 1, then we have either d, = §
for every u € V(G) or d, = A for every u € V(G), and G is regular in
both cases. If the lower bound is attained for o = 1, then Cauchy-Schwarz
inequality gives that the vectors (d}/ 2)u6V(G) and (dy, v/ 2)uev(G) are parallel;
this is equivalent to d,, = d, for every u,v € V(G), and G is regular. If the
upper bound is attained for e = 1, then Lemma 1 gives that 6 = A, and G

is regular. =

Theorem 8 If G is a non-trivial graph with n vertices, minimum degree §

and mazimum degree A\, then

n Ad 9
> 4= ,
ID(G) > 5 5 M 4(G)

The equality is attained if and only if each vertex has degree either 6 or A.

Proof. We have

1 1 1 1 1 1 1 1
S ey - >
(5 du)(du A)—O’ dyd  SA d3+duA_0’
1AYS 11 1 1 A5 1
de A6 T A & dy T A+ A+dd2’
n A6 —9
> -
IDG)z x5+ a5 M (G)

The equality is attained if and only if (6—d,,)(d,—A) for every u € V(G),

16



i.e., each vertex has degree either § or A. =
With motivation from the first Zagreb and harmonic indices, general

sum-connectivity index X, was defined by Zhou and Trinajsti¢ in [66] as

Xa(G) = Z (du + dv)aa
weE(G)

with a € R. Note that x, is the first Zagreb index M, 2y _, is the harmonic
index H, x_, Jo 18 the sum-connectivity index, etc. Some mathematical prop-
erties of the general sum-connectivity index were given in [14], [51], [64], [66]
and [67].

The following results relate the general first Zagreb and the general sum-

connectivity indices.

Theorem 9 If a € R and G is a non-trivial graph, then

Miﬂ_l(G) > 2170{Xa(G)7 ifa>1 or a <0,

MH(G) <2 (G),  if0<a<l.

If a # 0,1, then the equality is attained in each inequality if and only if
every connected component of G is reqular. If o € {0,1}, then the equality

holds for every graph G.

Proof. If o = 0, then 2x,(G) = 23 ,,cp) 1 = 2m = Xuev(c)du =
M{(G).
If a =1, then X, (G) = Lyuen(e)(du + dv) = Mi(G) = MF(G).

Let us consider the function f(z) = z® for z > 0, with aw # 0, 1.

17



If a >1or a<0,then f is convex and

dy +dy\o _ dS + dg .
( i ) < ks 2170(dy, + dy)™ < dS + dS,

2 - 2
27 (G) =217 Y (du+d)* < Y (df 4 dY)
weFE(G) weE(G)
= Y @t =),
ueV(G)

If 0 < a <1, then f(z) = x“ is concave and the converse inequality
holds.

If we fix a # 0,1, then f is either strictly convex or strictly concave.
Thus, the equality is attained if and only if d,, = d,, for every uwv € E(G),
i.e., each connected component of G is regular. If a € {0,1}, then we have

proved that the equality holds for every graph G. m

Corollary 10 If G is a non-trivial graph, then

ID(G) > 8x_,(G).

The equality is attained if and only if every connected component of G is
reqular.

In [50] appears the following result.

Lemma 11 IfO0<a < x,y <b, then

2vab _ 2y _
a+b " x+y —

The equality in the lower bound is attained if and only if either x = a and
y=>b, orx="> and y = a, and the equality in the upper bound is attained

if and only if x = y.



Corollary 12 If0< 6 <zx,y <A, then

2., .2 2 52
x+y§A+6'

<
2 xy Ao

The equality in the upper bound is attained if and only if either x = § and
y=A, orx=A and y =9, and the equality in the lower bound is attained
if and only if x = y.

Recall that a biregular graph is a bipartite graph for which any vertex
in one side of the given bipartition has degree A and any vertex in the other
side of the bipartition has degree 6. We say that a graph is (A, §)-biregular
if we want to write explicitly the maximum and minimum degrees.

The following results relate the second general Zagreb and the inverse

indices.

Theorem 13 If G is a non-trivial graph with m edges, minimum degree §

and maximum degree A\, then

4A(5 1 -9

A2 4+465%2 1
7A2+52m2M2 < —

- A

The equality in the upper bound is attained if and only if G is either reqular
or (A, 0)-biregular. The equality in the lower bound is attained if and only
if G is reqular.

Proof. Cauchy-Schwarz inequality and Corollary 12 give

2 2 2 2
ID(G)ZZ( > dl‘lg;l;”)QS > (W)Q > (duilv)Q

weFE(G) weE(G) weE(G)
A2+(52 2 5 A2—|—52 2 5
weE(G) weE(G)
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On the other hand, since

d2+d? oA2 A
202 < Qwdv _ g2 4 2 <oA% with = ==
L v 202 )
dudy
Lemma 11 and Corollary 12 give
d2+d2\ 2 -
m@r=( ¥ d + 3 e Suwer@ (6it) Tuwepe(dud)
- 2 72 = 2
weE(G) dudv i(% + %)
. Y wen(c) 4 My 2 (G) _ 16A%8%m My *(G)
= 1 (A2+4462)2 (AQ + 52)2
4 A252

By Cauchy-Schwarz inequality and Corollary 12, the equality in the up-
per bound is attained if and only if every edge has a vertex with degree §
and the other vertex with degree A; and this happens if and only if G is
either regular (if A =) or (A, §)-biregular (if A # §).

By Lemma 11 and Corollary 12, the equality is attained in the lower
bound if and only if 262 = 2A2, ie., G is regular. m

Theorem 14 Let G be a non-trivial graph with minimum degree § and max-

20



tmum degree A. Then

20727 M3(G) < ID(G) < 2077 M3 (G), if o < —2A%/(A* +6%),
2 jra+2
=l

< max {2A72972 (A% 4 §?)(A5) T2 MS(@),

min {27272, )_a/ 2_1A_2a_2}M2°‘(G) < ID(G)

—Q

if —2A%/(A% +46%) <a < —1,

2 2
205 () < 1D(6) < 5L @), fa=-1
. Coa—2 2 qa+2\Ta/271 o0 o\ e
— <
mm{QA , ia( — ) 5 }M2 (G) < ID(G)

< max {26722, (A% +6%)(A6) I M5 (@),
if —1<a<—282/(A%+6%),

QAT NE(@) < ID(G) < 2072072 MG, if a > —262/(A% + 62).

Every bound is attained for every reqular graph G. Furthermore, in the first

and last cases, each inequality is attained if and only if G is regular.

Proof. We are going to compute the maximum and minimum values of the
function f: [0, A] x [J, A] — R given by

1

F@n) = (55 + 23) (an) ™ = @+ 9D 2y,

By symmetry, we can assume that x < y. We have

9 —a—2, —a— —a—3, —a—
?i(x,y)=2w-x 2y (2P 4 ) (—a — 2 Ty

=273y 72— ax? — (a +2)y?),

gjyc(:c, y) =y B (—ay® — (a+2)z?).

If « < =2, then 9f/0x,0f/0y > 0 and so, f is an increasing function in
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both variables. Hence,

25—204—2 S f(x,y) S 2A—2a—2’

1 1
2672a72(dudv)a < d72 + ﬁ < 2A72a72(dudv)a, (25)

20722 M(@) < ID(G) < 20722 MM(@).
If « >0, then 0f/0x,0f/dy < 0 and

2A—2a—2 S f(x,y) S 25—204—2’

1 1
2A72a72(dudv)a < de + ﬁ < 2572a72(dudv)a’ (26)

20722 MY(G) < ID(G) < 267272 M$(@).

We deal now with the case —2 < a < 0. If Vf(z,y) =0, then

0 = az? + 2% + ay?,

0= —az? — 22 — g,

and we conclude x = y. Therefore, the maximum and the minimum values
of f are attained on the boundary {z =0, <y < A}U{y=A,0 <z <
AtU{o<z=y <A}

On the set {§ <z =y < A} we have f(z,z) =2272072 If -2 < a

IN

—1, then 267272 < f(x,2) < 2A72072 If -1 < a < 0, then 2A~2¢2
fz,z) <2622

IN

We have df/0y(d,y) = 0 for some y > 0 if and only if

2
—ay? — (@+2)6%=0 & y:yO::”aj—a 0.
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Thus, § < yo < A if and only if
—262
If -2 < a < —1, then 0f/0y(6,y) > 0 for § <y < A, and
2672072 = f(6,8) < f(8,y) < f(5,4) = (A* 4+ 6°)(A5) 2.
If —262/(A% 4 62) < a <0, then 0f/0y(d,y) <0 for § <y < A, and

(A% +8%)(A8) 7072 < f(b,y) < 2072272

If (2.7) holds, then 9f/0y(8,8) = =262 3(a+1) < 0, and df /Dy (5, A) =
A7a7357072(— aA? — (a+ 2)6%) > 0, and we conclude

i(a n 2)—a/2—1

—Q

67272 = f(8,90) < f(3,9)

<max {f(5,8), f(3,A)} = max {2072*7% (A% 4 §%)(As) > 2},

—Q

We have 0f/0x(z,A) = 0 for some z > 0 if and only if

—az? — (@ +2)A?=0 & =0 = [ A
Thus, 6 < zp < A if and only if
—2A?
m <a< -1 (28)

If -1 <a <0, then 0f/0z(x,A) <0 for 6 < <A, and
A2 = f(ALA) < fla,A) < f(5.0) = (A + &) (Ad) 2.
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If -2 < a < —2A2/(A?% +62), then 0f /0x(x,A) >0 for § <z < A, and
(A% 4 6%)(A8) 2 < flx, A) < 2472072,

If (2.8) holds, then 0f/0z(5,A) = § ¥ 3A2( — ad? — (a + 2)A?%) < 0,
and 0f /0x(A, A) = —2A72973(a 4+ 1) > 0, and we conclude

A7202 = f(zo,A) < f(z,A)

2 (a + 2)—06/2—1

—Q

< max {f(dv A), f(A, A)} = max {(Az + (52)(A5)_04—27 QA—Qa—Z}.

—Q

Hence, if —2 < a < —2A2/(A? +6%) or —262/(A% +62) < a < 0, then
(2.5) or (2.6) holds, respectively.
If —2A2%/(A? +§%) < a < —1, then

min {2572&72, % (a +2

)—a/z—l A2 < f(z,y)

< max {24722 (A? + §%)(A5) 2.

—Q

If -1 < a < —20%/(A% + §2), then

min {2A*2a*2, —la <a +2

)—a/z—l 67221 < f(z.y)

< max {2072972 (A% 4 §%)(A5) T2},

—Q

These inequalities finish the proofs of the bounds if a # —1. If a = —1,
then we can obtain the bounds by taking limits on the inequalities when
a>—1.

In the first and last cases, the properties of the function f give that each
inequality is attained if and only if either d,, = d, = § for every uv € E(QG)

or d, = d, = A for every wv € E(G), and this happens if and only if G is
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regular.
If the graph is regular, then the lower and upper bounds are the same
in each case, and they are equal to ID(G) (note that we do not have the

second and fourth cases if 6 = A). m

2.2 Inequalities involving the geometric-arithmetic

index

The geometric-arithmetic index GA was introduced in [59] as

Vdydy

GG = ZG) Ny +dy)

uveE(

Although GA was introduced in 2009, there are many papers dealing with
this index (see, e.g., [8], [9], [10], [49], [50], [55], [59] and the references

therein).

The following results provide inequalities relating inverse degree and

geometric-arithmetic indices.

Theorem 15 If G is a non-trivial graph with m edges and maximum degree
A, then
2GA(G) + A’ID(G) > 4m,

and the equality is attained if and only if G is reqular.

Proof. The inequality 2zy < z? + y? for every z,y € R, and the geometric-
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arithmetic inequality give

2d,d,, dotdy | 12Vdd, 2Vdudy | dytdy
(dy+dy)?  (dy+dy)? 7 2dy+d, dy+d,  4dyd, ~
2 2 2 2
12V, | dy + glv S1 9 2/dudy |\ + -
2dy+dy | 4 BE dy + d, d2d2

2GA(G) + A%ID(G) > 4m.

If the graph is regular, then 2GA(G) + A2ID(G) = 4m.
If the equality is attained, then d,d, = A? for every uv € E(G), and so
dy, = A for every u € V(G) and G is regular. m

Theorem 16 Let G be a non-trivial graph with minimum degree § and max-

imum degree A. Then

(A +6)(A% +62)

2
ID(G)Smax{ﬁ, (A0

}GA(G),
and the equality is attained for every reqular graph G.

Proof. We are going to compute the maximum value of the function f :

[0, A] x [0, A] — R given by

1 Iyz+y 1 _ _
few) = (3 +55)5 = 3@+ 9@+ ™y
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By symmetry, we can assume that £ <y. We have

9 1 e o
gi(:v,y)=§($2+y2)x R e e R T
5 e
— L@y +y?)aT 2y
1 oy
=17 252 (2 (2 + y?) + 422 (z + y) — Bz + y) (2 + y?))

1
— 1 $*7/2y*5/2(x3 _ x2y _ 3$y2 _ 5y3)’

gi(% y) = 29_7/217_5/2 (y3 — y2x — 3y$2 — 5x3).

If we define g(t) :=t3 — ¢ — 3t — 5, then

of 1 -7/2,1/2 (T

3Ly =727y (;)
Since ¢'(t) = 3t2—2t—3 = 0 if and only if t = (1+£+/10)/3, g is a decreasing
function on [0, 1]. Since ¢g(0) = —5, we have g(t) < 0 for every t € [0, 1], and

of .
—_— <z <y <A.
8x(x,y)<0, fi<z<y<A

Thus, f(6,y) > f(z,y) > f(y,y) for every x € (§,y) and so, the maximum
value of f is attained on the set {x = 0, 6 < y < A}, and the minimum
value of f is attained on the set {6 <z =y < A}

If we define h(t) := t3 — §t% — 36t — 50°, then

of L /2252
=L — - §732h(y).
dy (0,9) 1Y (y)

Since h/(t) = 3t? — 26t — 362 = 0 if and only if t = (1 +£/10)4/3, h is a
decreasing function on [4, (14++/10 )§/3) and increasing on ((1++/10)4/3, 00).

Since h(§) = —853, we have h < 0 on [§,#1) and h > 0 on (t1,00) for some
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t1 > 6. Thus,

flw,y) < max f(6,y) = max {f(3,9), f(5,A)}

<y<A
—max {2, OEDO A0
i+ = g Y
ID(G) < max {532 & 4_2(62%52 pu ) LGA@).
If the graph is regular, then
e -,
- 2?? _ ID(@)
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Chapter 3

On the first general Zagreb

index

The aim of this chapter is to obtain new inequalities involving the first gen-
eral Zagreb index, and characterize graphs which are extremal with respect
to them. We also obtain inequalities involving the forgotten and second

general Zagreb indices.

3.1 Bounds for M}

We start by proving some bounds for M7* involving different parameters.

Theorem 17 Let G be a nontrivial graph with m edges, maximum degree

A and minimum degree §, and o € R. Then

20l < MY (G) < 26 'm, ifa <1,

207 Im < MY (G) < 2A% Im, ifa>1,
and the equality holds in each inequality for some o # 1 if and only if G is
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regular.

Proof. If « > 1, then

MM G) = Y di'dy <A '2m,
ueV(G)

MGy = Y di'dy>6*""2m.
ueV(G)

If @ < 1, then the same argument gives

A2m < Y ditd, < 6% '2m.
weV(Q)

If the graph is regular, then the lower and upper bounds are the same,
and they are equal to M{*(G). If an equality holds for some « # 1, then
d®~1 has the same value (6! or A%~ 1) for every u € V(G); since a # 1,
d, =0 (or d,, = A) for every u € V(G) and G is regular. Note that if a = 1,

then each inequality is an equality for every G. m

Lemma 18 Let f(z) =2 — 1 —a(z —1).

(1) If «a <0 ora > 1, then f(z) >0 for every x > 0. If a # 0,1, then
f(x) =0 if and only if x = 1.

(2) If 0 < a < 1, then f(x) <0 for every x > 0, and f(x) = 0 if and

only if x = 1.

Theorem 19 Let G be a nontrivial graph with n vertices and m edges, and

a € R. Then

MY (G) > 2ma+n(1 — ), ifa<0ora>1,

MPMG) <2ma+n(l — a), if0<a<l.
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The equality holds in the inequality for some o # 0,1 if and only if G is a

union of pairwise disjoint edges.

Proof. Assume that o < 0 or « > 1. By Lemma 18,

dy > ad,+1—a,

MY (G) > 2ma +n(l — ).

A similar argument gives the second inequality.

If a # 0,1, then Lemma 18 gives that the equality holds if and only if
d, =1 for every u € V(G), i.e., G is a union of pairwise disjoint edges. Note
that if @« = 0 or @ = 1, then the equality is attained for every graph. m

Next, we prove some inequalities relating two indices M7 and Mlﬁ .

Theorem 20 Let G be a nontrivial graph with n vertices, mazximum degree

A and minimum degree 0, and o, 3 € R. Then

M(G) <8 PMY(G),  ifa<p,

M{(G) < APMP(G),  ifa >,
AaJr,BnQ
M?(G) Z ) Zfa é _ﬁa
MY(G)
satBp2
MMG) > , if a > —0.

The equality is attained in the lower bound with (o, B) # (0,0) if and only if
G is regular; if o = 8 = 0, then the lower bound is attained for every graph.
The equality holds in the upper bound for some o # B if and only if G is

regqular; if o = 3, then the upper bound is attained for every graph.
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Proof. If a > (3, then

MGy = S dePdl < ATPMP(@).
ueV(QG)

If o < 3, then the same argument gives
M (G) < 62 PMP(@).

Cauchy-Schwarz inequality gives

- Z ds/Qd;a/2§( Z dﬁ)l/Q( Z d;a)1/2’

ueV(G) ueV(G) ueV (G)
n? < M (G)M{(G).

Since we have proved

M7(G) <67 PMP(G),  ifa>-B,

M;%(G) < A PMP(G), ifa<-8,

we obtain
satBp2
MAG) 2 Tg o ifa>—f,
My (G)
Aa+ﬁ 2
MG 2", fa<-p.
My (G)

If the graph is regular, then Mlﬁ (G) = APn, the lower and upper bounds
are the same, and they are equal to M{*(G) = A%n.

If o = 3, then the upper bound is an identity. If the equality is attained
in the upper bound for some « # [, then d, has the same value (§ or A)
for every u € V(G); hence, G is regular.

If = B =0, then M?(G) = n and the lower bound is an identity. If
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the equality is attained in the lower bound for some « # —g, then d, has
the same value (0 or A) for every u € V(G), and G is regular. If o = —f3,
(o, B) # (0,0) and the lower bound is attained, then a # 0 and Cauchy-
Schwarz inequality gives that there exists a positive constant A such that

d;! = \d, for every u € V(G); thus, G is regular. m

Proposition 21 Let G be a nontrivial graph with n vertices, s > 0 and
a € R. Then
2sn < 52 M{(G) + M;*(G),

Proof. Cauchy-Schwarz inequality gives

ns( T @) (% 4

ueV(G) ueV (G)

n < \/M(@)M(G).

The inequality vab < Sa + ib (for a,b > 0 and s > 0) gives,

S5 .4 1,

We will use the following particular case of Jensen inequality.

Lemma 22 If f is a conver function in an interval I and x1,...,x, € I,

then
Ty 4y 1
f(F) < 3 (@) +- -+ faw)).
Theorem 23 Let G be a nontrivial graph with n vertices, o € R and g > 0.
Then

n < MG M (G),
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and the equality is attained for some values o # 0 and B if and only if G is

reqular.

Proof. Since f(x) = 27 is a convex function in Ry for each 8 > 0, Lemma

22 gives

ZuVGdg 7 1 a\ =B
(6() SE Z (d>) ",

n uev (@)

nPt < My (@) ME ()P

Assume that o # 0. Since f(x) = 27 is a strictly convex function, the
equality is attained if and only if dS is constant for every u € V(G). Since
« # 0, this holds if and only if G is regular. Note that if & = 0, then the
inequality is an equality for every G. m

The following result appears in [56].

Lemma 24 If o > 1 is an integer and 0 < x1,...,x, < n — 1, then

(

We prove now a generalization of this lemma which is interesting by

x]q‘)l/a <(n-— 1)1_1/0‘293;/(1.

n
=1 j=1

J

itself.

Lemma 25 Consider real numbers 0 < 8 <1 < a, A > 0 and 0 <

T1,..., 20 <A. Then

(

Proof. It suffices to prove the result for § < 1, since the case § =1 can be

n

J

n
az?‘)l/a < Al-B Z xf
1 7j=1
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obtained as a limit. Let us consider the function

on the domain

{(z1,...,2,) ER"\{0}| 0 < 21,...,2, < A}.
For any fixed 1 < k < n, consider the values of z1,...,Zk—1, Tg+1,. .-,
constants and define the functions
f(xk) = H(.fCh 7xn)7
n n
gla) =3 af i3 a]
j=1 j=1
:5(1‘%—1—2%0‘) Ty 6<x£+2x5>
J#k J#k
=By Ty — ) Bfo
Gk J#k
We have
5-1 1/« n o 141/ o1 < 3
/ By ( i=1"] ) _( j=1xj) L j=1T;
fi(wg) = 2a
n «
(Zjeras )
51 BY e —ap Py z ' g(ay)

k )1+1/a

(mr) ™" ()

T, as

Hence, f'(zx) and g(xj) have the same sign. Since 0 < 8 < 1, we have

a—1
Ckl'k

g'(zr) =—(1-5) —(@=p)

aﬁle <0

J#k
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for every zy € (0,A], and ¢g has at most a change of sign in [0, A]. Since
g(0) > 0, we have

min, fl@e) = min{£(0), F(A)}-

z€[0,4]
Furthermore, if 3, xf =0, then 1 = -+ = w1 = Tp41 = - = 2, = 0,
> itk a:f =0, g(xr) = —(1 — B)zf and f'(x}) < 0. Thus,

min _f(zr) = f(A).

a:kG(O,A}

Consequently, the minimum value of H is attained at the vertices of the
n-dimensional cube [0, A]" minus the origin.
If a vertex x of [0, A]"™ has r coordinates equal to A and n—r coordinates

equal to 0 for some 1 < r < n, then

rAP pl-1/o 1
)= (rAe)'/e = AIF T ALE
Hence,
TER
N VN
( J’leﬂ)
[

Proposition 26 Let G be a nontrivial graph with maximum degree A, and

consider real numbers 0 < § <1 < «a. Then

M (GY < AVPMP(G).
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Proof. We have 0 < d,, < A for every u € V(G). Hence, Lemma 25 gives

Z dfj)l/aﬁAkﬁ Z dﬁ.

ueV(QG) ueV(Q)

Thus,
M (@)Y < AVPMP(@).

Theorem 27 Let G be a nontrivial graph with n vertices, mazimum degree

A and minimum degree §, and o € R. Then

2(A8)*/? N
N nME(G) < M (G) < \Jnbi(G)

The lower bound is attained for every value of o if G is reqular. The upper

bound is attained for some a # 0 if and only if G is regular.

Proof. Cauchy-Schwarz inequality gives

MG = Y da<( Y d?f“)m( > 1) = /nM(G),

ueV(G) ueV(G) ueV(G)

Since

Lemma 1 gives

MMG)= Y di>

/2 /2
wevia) H5)?+ (37
2(A§)e/?
— A(O‘ +)5a nM(G)



If the graph is regular, then the lower and upper bounds are the same,
and they are equal to M{*(G). If the upper bound is attained for some value
of a, then Cauchy-Schwarz inequality gives that df is constant for every
u € V(Q); if o # 0, then d, is constant for every u € V(G), and G is

regular. =

Proposition 28 Let G be a nontrivial graph with n edges, maximum degree

A and minimum degree §, and o € R. Then
MY¥(G) + (AS)* My *(G) < n(AY +09),

and the equality holds for some o # 0 if and only if d,, € {A,0} for every
ue V(G).

Proof. We have

(A% —dy)(dy — &%) = 0,
dyy (A 4 6%) > (A§)* + d37,
A% 4 6% > (AS)*d;™ + d°,

n(AY + 6%) > (AS)*M{(G) + M2 (G).

The equality holds for some « # 0 if and only if df = A® or d = §“ for
each u € V(G), i.e., if d, € {A, ¢} for every u € V(G). =

Theorem 29 Let G be a nontrivial graph with n vertices, and o, € R
with a > 0. Then

n+aM(G) < (MPP(@Q)Y + /% ifa>1,

n+aMP(G) > (MM (G)V +nt/*)®, if0<a<l.
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Proof. Assume first o > 1. Minkowski inequality gives

a 1/a 1/a 1/a
S+ <Y @) (X 1)
ueV(G) ueV(Q) ueV(G)
Therefore, Bernoulli inequality (1 +2)* > 1+ ax, for « > 1 and z > —1,

gives

S (14 add) < (PG + 0oy,
ueV(G)

Thus,
n+aMP(G) < (MM (G)V 4 nt/*)e,

If 0 < a < 1, then the previous argument, reverse Minkowski inequality

a\ /e 1/ 1/
X o@+n) =( X @) (X 1)
wev(a) wev(a) ueV(G)
and Bernoulli inequality (14 x)* <1+ azx, for 0 < a <1 and z > —1, give
the second bound. =

We need the following Chebyshev inequalities (see, e.g., [1, Theorem 2.1,

p.21]).

Lemma 30 Consider 0 < a1 <ag <---<a,.

(1) For every 0 < by < by < --- < by, we have
n 1 n n
Dby =~ % 4} by
j=1 j=1 j=1

(2) For every by > by > --- > b, > 0, we have

n n

1 n
Zajbj S ﬁZaijj.
7j=1

7=1 =1

<
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The bound is attained in each case if and only if a1 = as = -+ = a, or

by=by=--=by,.

Theorem 31 Let G be a nontrivial graph with n vertices, and o, € R
with 6 > 0. Then

—_

MP(G) > = MMG)MP(G),  if a>0,

—3

MP(@) <~ MPG)MP(G),  ifa<0,

3

and the equality holds in the inequality for some a # 0 if and only if G is

reqular.

Proof. If a > 0, then Lemma 30 gives

o (0% ]‘ (0% 1 87
MG = 30 dyttz o 3T dy Y di = MP(G)MY(G):
ueV(G) ueV (G) ueV(G)

In a similar way, if a < 0, then we obtain
1 1
Ma+,3 _ o+ - o B _ - o B8 )
ueV(G) ueV(G) ueV(G)

Lemma 30 gives that the equality holds for some o # 0 if and only if
d, has the same value for every u € V(G), i.e., G is regular. Note that if
a =0, then M{(G) = n and the equality holds for every G. m

Since M (G) = 2m, Theorem 31 has the following consequence.

Corollary 32 Let G be a nontrivial graph with n vertices and m edges, and

a €R. Then 5
MPFNG) = SEMPG), a0,

2
MPTHG) < SEMP(G), <o,



and the equality holds in the inequality for some o # 0 if and only if G is

reqular.

3.2 Inequalities for M{' involving other topological
indices
The following lemma will be an important tool to deduce some results.

Lemma 33 [55, Lemma 3] Let h be the function h(z,y) = % with § <
z,y < A. Then

6 < h(r,y) <A.

Furthermore, the lower (respectively, upper) bound is attained if and only if

x =1y =20 (respectively, t =y = A).

In the same paper, where Zagreb indices were introduced (see [29]), the

forgotten topological index (or F-index) is defined as

FG)= Y d.
ueV(G)
Both the forgotten topological index and the first Zagreb index were em-
ployed in the formulas for total m-electron energy in [29], as a measure of
branching extent of the carbon-atom skeleton of the underlying molecule.
However, this index never got attention except recently, when Furtula and
Gutman in [22] established some basic properties of the F-index and showed
that its predictive ability is almost similar to that of the first Zagreb index
for the entropy and acetic factor, both of them yield correlation coefficients

greater than 0.95. Besides, [22] pointed out the importance of the F-index:
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it can be used to obtain a high accuracy of the prediction of logarithm of the
octanol-water partition coefficient. Recently, this index has been studied for
different graph operations [12]. Furthermore, [5] contains more lower and
upper bounds for the forgotten index.

The previous results for the first general Zagreb index hold, in particular,
for the forgotten index. Next, we obtain particular bounds for the forgotten

index.

Theorem 34 Let G be a nontrivial graph with maximum degree A and

minimum degree §. Then

AM3(G)

o~ 2Ma(G) S F(G) < AM3(G)

and each inequality is attained if and only if G is regular.

Proof. Since

> (fldu)+ = Y duf(du

weE(G) ueV(G)

for every function f defined on the positive integers, we have

Y (@+d)= Y di=

weE(qQ) ueV(Q)

Hence,

Yo (dutd)= Y (@B + Y 2dud, = F(G) + 2Ms(G).
weE(G) weE(G) weE(G)

Lemma 33 gives




Thus,

4(dydy)? 9 A(dydy)?
Tar Sl d) S TR

4M3(G) 5 4M22(G)
A2 = Z du + d — 52 :

weE(G)
Hence,
AM2(G) AM3(G)
e S F(G) +2M(6) < —5—.

If the graph is regular, then the lower and upper bounds are the same,
and they are equal to F'(G). If a bound is attained, then Lemma 33 gives
that d, has the same value (6 or A) for every u € V(G), and G is regular.
]

We also have some inequalities relating the first and second general Za-

greb indices.

Theorem 35 Let G be a nontrivial graph with maximum degree A and

minimum degree §, and o € R. Then

2ATTOMETH@E) < MYM(G) < 26" MYTH@), ifa>1,

2817 METHGE) < MP(G) <28 M@, ifa <1,

and the equality holds in each inequality for some o # 1 if and only if G is

reqular.

Proof. If a > 1, then

oMy~ NG) =2 > dyTldyTh= Y dpTt Dy dyt

weE(G) ueV(G) vEN (u)
< > dpt > A = Y T, AT = ACTTMP(G).
ueV(G) vEN (u) ueV(G)
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We obtain the other inequalities in a similar way.

If the graph is regular, then the lower and upper bounds are the same,
and they are equal to M{*(G). If an equality holds for some « # 1, then
d®~! has the same value (6“1 or A1) for every u € V(G); since a # 1,
d,, has the same value (6 or A) for every u € V(G) and G is regular. Note
that if & = 1, then both inequalities are equalities for every G. m

The modified Narumi-Katayama index

NK*G)= [ di= [ dude
ueV(Q) weL(G)

is introduced in [23], inspired in the Narumi-Katayama index defined in [43].
Finally, we present an inequality relating the modified Narumi-Katayama

and the first general Zagreb indices.

Theorem 36 Let G be a nontrivial graph with m edges, and o € R. Then
MMG) > 2m NK*(G)e=/Cm)

and the equality holds for some a # 1 if and only if G is regular.

Proof. Using twice the fact that the geometric mean is at most the arith-

metic mean, we obtain

a—1 a—1
ZLMIQ(G) = i % > i (dudv)(a_l)/Q
m m weE(G) m weE(G)
> (CTT () ) = N e e
weE(G)
Thus,

MY(G) > 2m NK*(G)e=D/@m),
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If the graph is regular, then MY (G) = 20 'm, NK*(G) = §*™ and
we have the equality. If the equality holds for some «, then d2~! = dﬁ_l
and (d,d,)*1/2 is constant for every uv € E(QG); if a # 1, then these
conditions give that d,, = d, for every u,v € V(G), and G is regular. Note
that if @ = 1, then M{(G) = 2m and the inequality is an equality for every
G. n
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Chapter 4

On the arithmetic-geometric

index

The concept of arithmetic-geometric index was introduced in chemical graph
theory recently, but it has proven to be useful from both a theoretical and
practical point of view. The aim of this chapter is to obtain new bounds of
the arithmetic-geometric index and characterize the extremal graphs with
respect to them.

Several bounds are based on other indices such as the second variable
Zagreb index or the general atom-bond connectivity index), and some of
them involve some parameters as the number of edges, the maximum degree
or the minimum degree of the graph. In most bounds, the graphs for which
equality is attained are regular or biregular, or star graphs.

In 2015, Shegehall and Kanabur [52] introduced the arithmetic-geometric

index as

dy + dy
ac@) = > Sl
weE(G) u=
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The AG index of path graphs with pendant vertices attached to the middle
vertices was discussed in the papers [52], [53]. The paper [65] studied spec-
trum and energy of the arithmetic-geometric matrix, in which the sum of
all elements is equal to 2AG. Other bounds of the arithmetic-geometric en-
ergy of graphs appeared in [24]. The paper [58] studies extremal AG-graphs
for various classes of simple graphs, and it includes inequalities involving
AG+GA, AG—GA, AG-GA, and AG/GA. In [6] and [40] there are more
bounds on the AG index and a discussion on the effect of deleting an edge

from a graph on the arithmetic-geometric index.

4.1 Bounds involving other topological indices

Recall that a bireqular graph is a bipartite graph for which any vertex in
one side of the given bipartition has degree A and any vertex in the other
side of the bipartition has degree §. Note that a regular graph is biregular

if and only if it is bipartite.

The following inequalities for graphs G with m edges, maximum degree

A and minimum degree 9, follow from Lemma 11:

m< AG(G) < 22

< Qmm (4.1)

The equality in the lower bound is attained if and only if G is regular, the
equality in the upper bound is attained if and only if G is regular or biregular.
The lower bound in (4.1) also follows from the inequalities GA(G)-AG(G) >
m? and GA(G) < m, see [8] and [9]. The upper bound in (4.1) appears in
[40]. A study on the relationship between the AG(G) and GA(G) indices is

presented in [26].
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The following result improves the lower bound in (4.1), see Remark 38.

Theorem 37 If G is a graph with m edges, mazimum degree A and mini-

mum degree §, then

1/2
S (G) - 2M, 7 (G) < AG(G) <m +

M, (G) — 2My* (@)
2A '

20

The equality in each bound is attained if and only if G is regular.

Proof. We have

dotdy _ | (V= V)

P R TR S S S Sl A
2\/d,d, - 2V/dyd,
2
AG(G) =m+ Y V)
weE(G) 2Vdyd,
Since
o WL VR Lo
weE(G) 2V dudy A €EE(G)
1
=i X urd) -2 Vi)
weE(G) weE(QG)
My (G) - 2My*(G)

2A ’

we conclude

1/2
AG(G) > m + Mi(G) ;iM @
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Since

y W VBl L s - v

weE(G) 2V dudy B 25uv€E‘(G)
1
= o5 X (dutd) -2 ) Viud,)
weFE(G) weE(G)
_ My(G) - 2My 2 (G)
26 ’

we conclude

Mi(G) - 2My"%(C)

A <
GG)<m+ 55

If G is regular, then both bounds are the same, and they are equal to
AG(Q).

If the equality in some bound is attained, then we have either d,d, = A?
for every uv € E(G) or dyd, = §? for every uv € E(G), so d,, = A for every
u € V(G) or dy, = ¢ for every u € V(G), and G is a regular graph. m

Remark 38 Since Cauchy—Schwarz inequality gives

Mi(G) - 20y (@) = Y (Vdu — V)

weE(G)

= Y Wd-VE) S Y
weFE(G) m weE(G)
1 2
m uweE(G)

we have M (G) — 2M21/2(G) > 0 and so, Theorem 39 improves the lower

bound in (4.1).

The following result shows the relationship between the AG index and

the Randi¢ index that correlates well with several physico—chemical proper-
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ties. For this reason, it is one of the most studied indices, with innumerable

applications in chemistry and pharmacology.

Theorem 39 If G is a graph with m edges, minimum degree & and mazi-
mum degree A\, then:
A—6)?
AG(G) <m + w R(G).
The equality in the bound is attained if and only if G is regular or bireg-

ular.

Proof. Note that:

dy + d, 14 (\@—\/@)2
20/dyd, 20/dyd,

(Velw — /dy)*
AG(G) =m + AN AN ¥ A
MZE( & 2/ dud,

Since:
(Vdu = V)" _ (VA-V5)* 1
uUEZ:E‘(G) 2V dudy - 2 uUEZE(G)' dudy ’
we have: ,
AG(G) < m + (VA-Vo) R(G).

2

The bound is tight if and only if:
2
(\/du_ \/dv) == (V A_\/g>2

for every uwv € FE(G), and this happens if and only if d, = A and d,, = 6,

or vice versa, for every uv € E(G), so G is regular if A = ¢ or is otherwise

50



biregular. m
The following theorem shows a relationship between the index AG and

the index M5 ?, the second variable Zagreb index.

Theorem 40 If G is a graph with minimum degree 6 and mazimum degree
A, and a € R, then:
AG(G) < KoMy *(G),

with:
5%, if a<—1/2,
max {02¢, (5 + A)(6A)*~1/2}, if —1/2<a<0,

max {A2, L(§ + A)(6A)*"V2Y, if 0<a<1/2,

A%, if a>1/2.

The equality in the bound is attained for some fized a ¢ (—1/2,1/2) if

and only if G is a reqular graph.

Proof. Let us optimize the function g : [§, A] x [§, A] — (0, 00) defined as

2 1 _ 1 B 1
g(x,y) = (:c\y/;?a 5 (2y)" Y2z 4y) = 5gca+1/2ya 12 Sat 12,041/

If a >1/2, thena+1/2>a—1/2> 0 and g strictly increases in each

variable. Thus:

9(z,y) < g(A,A) = A*

and the bound is tight if and only if x = y = A. Therefore:
AG(G) < A My (G).
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Let us now consider the case —1/2 < a < 1/2. Since g is a symmetric

function, we can also assume that z < y. We have:

@ _1 a—1/2,a—1/2 1 a—3/2, a+1/2
6$($,y)— 5(1/2+a)a™ %y +5(a—1/2)2""y
1 yary o
= a2 (12 4 a)a + (a - 1/2)y),
P 1 oary o
a—i(m,y)—§y“ 3/2, 1ﬂ((l/2+a)y+(a—1/2)$).

Assume first that 0 < a < 1/2. Thus, a +1/2 > 0 and:
(1/24a)y+ (a—1/2)z > (1/2+a)z + (a — 1/2)x = 2az > 0

and thus, dg/dy > 0. Therefore, the maximum value of g is attained on

{6 <z <A, y=A}. Since:

g—i(A,A) = %AQa—Q((a +1/2)A + (a —1/2)A) = aA21 > 0,

and 0g/0z(x, A) = 0 at most once when z € [§, A], we have:

myyﬂé%ﬁ]g(x,y) = iren[%]g(x, A) = max {g(3,A), g(A,A)}

— max {% (A6)" (A +5), A%},

Assume now that —1/2 < a < 0. We have a +1/2 > 0 and:
(1/24+a)z+ (a—1/2)y < (1/24+a)y+ (a —1/2)y =2ay <0

and thus, dg/0x < 0. Therefore, the maximum value of g is attained on
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{r =140, <y < A}. Since:

gZ(A, A) = % AP 2((a 4+ 1/2)A + (a — 1/2)A) = aA** 1 > 0,

and 0g/0y(d,y) = 0 at most once when y € [, A], we have:

f— = A
wﬁ%ﬁ]g(w’y) yggi]g(&y) max {g(4,0), g(d,A)}

— max {% (A6)"1/2(A + ), 8%,

Finally, assume that a < —1/2. Hence, a —1/2 < a+1/2 < 0 and ¢

strictly decreases in each variable. Thus:

g(z,y) < g(3,8) = 6*

and the bound is tight if and only if x = y = §. Therefore:
AG(G) < 8" My “(@).

The properties of the function g give that the bound is tight for some
fixed a > 1/2 (respectively, a < —1/2) if and only if d,, = d, = A (respec-
tively, d, = d,, = 0) for every uv € E(G), and this happens if and only if G
is a regular graph. m

The misbalance rodeg index is defined as

MRG) = Y Wi~ |.

weE(G)

This is a significant predictor of enthalpy of vaporization and of standard

enthalpy of vaporization for octane isomers (see [60]).
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Theorem 39 and Remark 38 have the following consequence.

Corollary 41 If G is a graph with m edges, mazximum degree A and mini-

mum degree §, then

]\JR(G)2
— - <
m + SAMm AG(G),

and the equality is attained if and only if G is reqular.
The following fact is elementary.

Lemma 42 Let us consider the function f(z,y) = (xy)* with o < z,y < A.

Then
flz,y) <&, if a <0,

f,y) <A if a>0.

The following result relates the arithmetic-geometric and the second vari-

able Zagreb indices.

Theorem 43 If G is a graph with mazimum degree A and minimum degree

0, and o € R, then

AG(G) < A IMy(G), if a<1/2,
AG(G) < A*M;™(G),  if a>1/2,

and the equality in each bound is attained for some fived o if and only if G

s regular.

Proof. We have

du + dy ye1/2(
E:Qﬁﬂf E: (dud)™

weE(G weE(G
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If @« <1/2, then Lemma 42 gives

AG(G) < A1 > (dudy)™
weE(G)

If o > 1/2, then we have by Lemma 42

AG(G) < A** > (dydy) ™.
wEE(G)
If G is regular, then AG(G) = m, My *(G) = 6 2*m = A™2*m and
A§%2~1 = A% and the equality in each bound is attained.
If the equality is attained, then d,, + d, = 2A for every uv € E(G); thus,
d, = A for every u € V(G), and G is a regular graph. m
The symmetric division deg indexr is another Adriatic index defined in

[60] as

& + 2 dy  d,
SDD(@) = Y o= Y (—+d—).
weB(@) vt weEB(G) YT

It was claimed in [60] that SDD correlates well with the total surface area
of polychlorobiphenyls. The paper [20] tested the physico-chemical applica-
bility of SDD on a much wider empirical basis, and compared it with other

extensively used vertex-degree-based topological indices.

The following result relates the arithmetic-geometric and the symmetric

division deg indices.

Theorem 44 Let G be a graph with m edges, maximum degree A and min-

tmum degree 0. Then

V2VAI (A +9) \/m (SDD(G) + 2m) < AG(G) < % \/m(SDD(G) + 2m) .

(\F+\f
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The equality in the lower bound is attained if and only if G is a regqular
graph. The equality in the upper bound is attained if G is a regular or
bireqular graph.

Proof. Let us consider

= bi:=1
YT o dd,
We have, by Corollary 12,
a A+0
1<-2< :
T by T 2VAS

Thus, Lemma 1 gives

(du + do)?\ _ 1 ( A+o ) dy + dy \2
> )X )< \Wouas 2 T
(quE(G) ><uU€E’(G) Adudy 4 2 Ato weF(G) 2 d d )
2
1
! (VA+5)? AG(OP.
2V A0 (A +9)
Since
_ (dy +do)* 1 dy +d; 1
2 t=mo ) LT d, T 23
weE(G) weE(G) weE(G) weE(G)
= 1S’DD(G) + %m,
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we conclude

m 1 (\/Z-Fﬁ)Z 9
2 (SDD(G) +2m) < ~ AG(G),
(PP )_4( m(A+5)> )

> Y2VAI(A+9) \/m SDD(G) + 2m) .

(W+\f

If the equality in this bound is attained, then Lemma 1 gives

A+
VA

Thus, Corollary 12 gives A = 4, and so, G is a regular graph.
If G is a regular graph, then

(\F+\A[+5 \/m SDD(G) +2m) = \/iiﬁ m(2m + 2m) = m = AG(G).

On the other hand, the Cauchy—Schwarz inequality gives

2
ac@r=( X gAY (3 q)( xStk

weE(G) weE(G) weE(G)

Since
weE(G) weE(G) w

we conclude

AG(G)? < %(SDD(G) +2m).
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If G is a regular or biregular graph, then

% \/m(SDD(G) +2m) = % \/m((? + %)m+ Qm)

_m\/A2+62—|—2A5_ A+3§
Ad ~2VAS

m = AG(G).

2

Estrada et al. [18] defined atom-bond connectivity index as

dy +dy — 2

ABC(G) = Y Td

weE(G)
They showed that the ABC index correlates well with the heats of formation
of alkanes and can therefore serve the purpose of predicting their thermody-

namic properties. Furtula et al. [21] made a generalization of ABC' index,

defined as

dy + dy — 2\
ABC,(G) = Z (Zd) ,  where a € R.
weE(G) wrv

They showed that the ABC, defined in this way, for &« = —3, has better

predictive power than the original ABC' index.
The three following results relate the arithmetic-geometric and the gen-

eral atom-bond connectivity indices.

Theorem 45 Let G be a graph with mazimum degree A and without isolated
edges, and o > 0. Then

(A—-1)(A+1)
2Ao¢+%

AG(G) < ABC_4(G),
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and the equality in the bound is attained if and only if G is union of star

graphs Sayq.

Proof. Note that (dy,d,) # (1,1) since G does not have isolated edges,

hence A > 2. First of all, we are going to compute the minimum value of

+y—2\"%*2. /% _ _ 1 1
W) = (TELZ2) T2 ey - )ty eyt

on{l <z <y,2<y<A}. Wehave

ow
% = 2ya+% [—O&($ +y— 2)—&—1(x + y)—lma—i-% _ (l‘ +y— 2)_a(l’ + y)—2ma+%

+(a+§)@+y—2r%x+w—%w@}
— 2y T2 (4 y —2) w4 y) 2 [—alz+y)r— (+y— 2

+(a+;) (x+y—2)(x+y)}
— 2yt I (w4 y—2) N+ y) Pale+y) (@ +y—2—1)

+@+y—m(x;y_mﬂ

<w+y—2><y—x>}>o,

N | —

=2 e gty — 2 (a4 ) [a(ac L)y -2+

so W(z,y) is strictly increasing on = € [1,y] for every fixed y > 2, and so

W(l,y) < W(x,y). Let us consider

aly) =W(ly) =2(y— 1) *(1+y) y*"2
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Then

a(y) =2 [~aly— 1) Ny + 1) — (y - 1)y + 1) Rt

+ (a + 1) (=1 "+ 1)‘1y“‘5}

2
=20y~ 1) My + 1) 7 | —aly+ Dy — (y — Ly + <a + ;) (y—1)(y+ 1)}
=20y~ )"+ )7 faa - 1- )+ - 1) (L )|
—2(y— 1)Ly + 1) F [—a(y + 1) — %(y - 1)2} <0,

so w is strictly decreasing on y € [2, A]. Thus, we have a(A) < a(y) =
W(l,y) < W(z,y) for every 1 <z <y, 2 <y < A and the equalities hold

if and only if x = 1 and y = A. Therefore,

9N dy, + d, dy +dy — 2\ @
’ T ( + ) for every uwv € E(G),

(A - 1)04(A + 1) 2\/ dudv n dudv
and the equality is attained if and only if {d,,d,} = {1, A} for every wv €
E(G), i.e., every connected component of G is a star graph Sa 1. Then we

obtain the upper bound by summing up. =

Remark 46 The argument in the proof of Theorem 45 (with the same hy-
potheses) allows to obtain the following lower bound of AG, but it is elemen-

tary:
(2A — 2)@

- ABC_o(G) < AG(G),

and the equality in the bound is attained if and only if G is a regular graph.
We can improve Theorem 45 when § > 2.

Theorem 47 Let G be a graph with maximum degree A and minimum de-
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gree 6 > 2, and a > 0. Then

(26 —2)* (A+6-2)
g2 2(A8)™

AG(G) < max { JElA %) } ABC_,(G).

The equality in the bound is attained if G is a regular graph.

Proof. Consider the notation in the proof of Theorem 45, and the function

cly) =W(,y) = 25O‘+%(y +5-2)"%y+6)” 1 Oc+

with 2 < § < y < A. The argument in the proof of Theorem 45 gives that
e(y) = W(6,5) < W(a,y) for every § <o <y < A.
We have

d(y) = 2072 [—a(y+ 6 —2)7° "y +0) Ty T — (y+5-2) "y +6) T2
y+o-2)""y+ 5)1ya5]

(

= 2025 (y +0-2) "y +6) 3 —aly + )y — (y+ -2y
(

=203 (y+6 - 2) "y +6) 2y 2 [aly + O)(—y +y+5 - 2)

)
1
=250y 5 - 27y +0) 2 aly+ D)0 - 2) - Sly+ - 2)(w - )]
Consider first the case 6 = 2. We have

) =25 (y+ 527Ny + 8) 2 [aly+ )6 -2) - Sy + 5 -2y - )]

— 5y +6—2) (Y +6) 22 (y —5) <0
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Thus, minye(sa) c(y) = c(A).

Assume now that § > 3. Let us consider the second degree polynomial

Ply) = aly +5)(5—2) ~ 35+ - 2)(y ).
Since

P(0) = a8(5 — 2) — %(5 —9)(—6) = <a + ;) 5(5—2) >0,

there exists at least a non-positive zero of P. Hence, there exists at most a
zero of P in the interval [d, A]. Also, P(d) = 2§(6 — 2) > 0.

Thus, there exists at most a zero of ¢ in the interval [0, A] and ¢/(6) > 0.
Consequently,

yIGI[linA] c(y) = min {¢(9), ¢(A)},

for every d > 3 and so, for every § > 2. Therefore,

W(z,y) > W(d,y) > c(y) > min {c(9), ¢(A)}
= min {62(20 — 2)7°, 2(A0)* 2 (A +6 - 2) (A +48) 7'},

for every § < x < y < A and, by symmetry, for every § < z,y < A.

Consequently,

o 2(A§)+3 dutdy _ (du +dy — 2) o
(20 —2)27 (A+6—2)*(A+96) | 2y/dud, — dyd,

for every uwv € E(G), and

(26 —2)* (A +35—2)*(A+96)

A <
G(G) < max{ S 228y

} ABC_,(G).
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If G is a regular graph, then A = § and

max{(25;2) 7(A+5—2) (1A+5)}ABC’_&(G)
e 2(A5)a+§
(26 —2)* (20 —2)*2§ 52 o
max{ 5o ggrati }(25_2)am—m—AG(G),

and the equality in the bound is attained. m
We relate now the arithmetic-geometric and the general atom-bond con-

nectivity indices with parameter greater than or equal to 1/2.

Theorem 48 Let G be a graph with maximum degree A and minimum de-

gree § > 2, and 8 > 1/2. Then

2
2A -2

B
AG(G) < ( ) ABC3(G),

and the equality in the bound is attained if and only if G is a regular graph.

Proof. Define « = —f < —1/2. As in the proof of Theorem 45, let us

consider the function

r+y—2\"*2/x _ _ 1 1
Wie) = (FL=) 2 ey =)t y) ety

on {2<d§<x<y<A}. We have

ow 1,1 o o 1
S =2 @y =27 e y)? a4 )y - 2) + 54y - D - )]
1o o L1 1
<2t @by -9 o) S0 — 2+ ety - 2y - o)
= oyt ity - e+ y) -2 - )] <0,

on {6 <z <y < A}. Hence, W(y,y) < W(z,y) when § <z <y < A. Let
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us consider

Then,

Consequently, b is a strictly decreasing function on § <y < A, and
W(A,A) =b(A) <b(y) =W(y,y) < W(z,y)

when § <z <y < A. Hence, by symmetry,

<2A2

B
N) — W(A,A) < W(z,y)

for every 0 < z,y < A, and

(2A—2)5 dutdy _ (du+dv—2

B
e N id > for every uwv € E(G),

(2A—2

B
AQ) AG(G) < ABC5(G).

Remark 49 The argument in the proof of Theorem 48 (with the same hy-
potheses) allows to obtain the following lower bound of AG, but it is elemen-

tary:

52 \°
(25_2> ABC5(G) < AG(G),

and the equality in the bound is attained if and only if G is a regular graph.
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4.2 General bounds on the AG index and correla-
tion

We obtain in this section additional lower bounds of AG improving the
lower bound in (4.1), which do not involve other topological indices. The

two following bounds involve m and the minimum degree.

Theorem 50 Let G be a graph with m edges, minimum degree §, mazximum
degree 0+1, and a the cardinality of the set of edges wv € E(G) with d,, # d,.

Then a is an even integer and

20+1
AG(G):m—Fa(Nm—l).

Proof. Let D = {uv € E(G) : d, # d,}, then « is the cardinality of D.
Since the minimum degree of G is § and its maximum degree is § + 1, if

uv € D, then d,, = § and d, = d + 1 or vice versa, and therefore

dy+dy, 2041
20/dud,  20/5(0+ 1)

If wv € D€, then d, =d, =6 or d, = d, = § + 1, and therefore

dy + d, .
0 dyd,
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Since there are exactly a edges in D and m — « edges in D¢, we have

dy + dy
AGG) =) ——=
weE(G 2 d d
7z:d+d by tds
uveDc2‘/d dy eDQ‘/d dy
20 +1
=D 1+) =
uveD*e quD2 5+1
2/0(0 + 1)

Assume for contradiction that « is an odd integer.
Let G be a subgraph of G induced by the n; vertices with degree ¢ in

V(G), and denote by m; the cardinality of the set of edges of G;. Hand-

shaking Lemma gives n1d —a = 2my. Since « is an odd integer, § is also an

odd integer. Thus, d + 1 is an even integer.

Let G2 be a subgraph of G induced by the ny vertices with degree & +
1 in V(G), and denote by mg the cardinality of the set of edges of Gs.
Handshaking Lemma gives ns(d + 1) — a = 2msg, a contradiction, since « is

an odd integer and ¢ + 1 is an even integer.

Thus, we conclude that « is an even integer. m

Theorem 51 Let G be a connected graph with m edges, minimum degree §

and maximum degree § + 1. Then

)

20 +1
AGG) > m 4+ 2L
(@) 2m+ =T

and the equality is attained for each 0.

Proof. Denote by a the cardinality of the set of edges uv € E(G) with

dy # dy. Theorem 50 gives that « is an even integer. Since G is a connected
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graph, we have a # 0 and so, a > 2. Since

20+1

——>1
2.0 + 1)

and a > 2, Theorem 50 gives

20 +1
AG(G):eroz(ml)

20+1
m+2| ——m——-1
(2 58+ 1) )
2041

V(@ +1)

Given a fixed §, let us consider the complete graphs K511 and Ksio

v

=m-2+

with § + 1 and § + 2 vertices, respectively. Fix uj,us € V(Ksy1) and
v1,v2 € V(Ks42), and denote by Kj, ; and Kj , the graphs obtained from
Ksi1 and Ksio by deleting the edges ujug and wvivg, respectively. Let I's
be the graph with V(T's) = V(Kj, ;) UV (K;,,) and E(Ts) = E(Kj, ) U
BE(Kj, ,)U{u1v1}U{ugvs}. Thus, T'5 has 62 +26+1 edges, minimum degree

6, maximum degree d + 1, and Theorem 50 gives

20+1

AGTs) =62 +20 — 1+ ———— .
(Ts) = 0"+ MVCES)

Hence, the equality is attained for each . m
Recall that a graph is said chemical if the degree of each vertex is at

most 4. We have the following consequence for chemical graphs.

Corollary 52 Let G be a connected chemical graph with m edges, minimum
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degree § and maximum degree 6 + 1. Then

AG(G)zm—2+7\6/§.

Furthermore, the equality in the bound is attained.

Proof. Since G is a chemical graph, we have 1 < § < 3. Since

1

26 + 1 _m.n{?, 5 7}
N V2T Ve VI2) 6

min —— —
1<6<3 \/5(6 + 1)

Theorem 51 gives the desired inequality.
The graph I's in the proof of Theorem 51 provides that the equality is

attained. m

In order to state the following results we need some definitions. Let G
be a graph with maximum degree A and minimum degree § < A — 1. We

denote by ag, a1, ao, the cardinality of the subsets of edges

Ap ={uwv € E(G) : dy, =6,d, = A},
Ay ={uv e E(G): d,=6,06 <d, <A},
Ay={w € E(G) : d, = A,0 < d, < A},

respectively.

Theorem 53 Let G be a graph with m edges, maximum degree A and min-

imum degree § < A —1. Then

AGG) < DT o (B0 S4A-LY (A4S At
“ovas | \avas 2vsa-1n) P\avAs 2/AGLL))’
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A+6 26 +1 2A -1
AG(G) = m+ag (2m - 1) +a (2 S 1) +a (m — 1) .

Proof. Let us consider the function g(t) = % on the interval (0,00).

We have ¢'(t) = t;tgl, therefore ¢'(t) < 0 for t € (0,1) and ¢'(t) > 0 for

t € (1,00). Then, g decreases on (0, 1] and g increases on [1, 00).

From the above argument, it follows that the function:

S+dy <dy>1/2
ovod,  \\s

is increasing in d,, € (0, A) and thus:

S+(F+1) _d+d, _ 5+A-1

2\/6(0 +1) ~ 2/8d, ~— 2/6(A—-1)’

for every uv € Aj.

In a similar way, the function:

Atd, _ (%)1/2
2vAd, \\a

is decreasing in d, € (9, A) and thus:

A+(A-1) _A+dy _ A+0+1
2v/AA-1) ~ 2/Ad, ~ 2/A(0+ 1)’

for every uv € As.

Since:

dy + dy < A+d

1<
T 2y/dydy T O2VAS
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for every uwv € E(G), we have:

dy+d dy +d dy +d dy +d
ace)= Y Tt X aart X aart X st
weFE(G)\AgUA1UA2 2V dydy uv€Ag 2Vdyd, uvE€A 2V dyd, uvE€A2 2y dydy

B dy + d, A+ 5 §+d, A +d,
N 2 2V/dydy p> 2v/AS up> 21/6d, p> 20/Ad,’

weFE(G)\AgUA1UA, uv€Ag uvEA7 uv€Ag

therefore:

AG(E) > o A 2641 o 2A-1
m—oy)g— o] — Q& o) —F— [0 (6 s
= L N/ BNV C R ) R /Ny

and:
A+3§ A+5 A+45-1 A+d+1
AG(G) < (m—ag — ay —
()= mm a0 o m )y G VA T B T M ayAD
_ A+ (At A+5—1 (A+d s+A+1
2VAS 2V/AS  2\/6(A 1) 2VAS  2/A@ +1)

We are going to use Theorem 53 in order to obtain the following lower

bound of AG involving m and the minimum and maximum degree.

Theorem 54 Let G be a connected graph with m edges, maximum degree

A and minimum degree 6 < A — 1. Then

20 +1 2A — 1 A—|—5_1}

AG(G) zm+ min{zﬁ(é O aAB-D P aAs

The equality in the bound is attained.

Proof. Since G is a connected graph, we have two possibilities: Ay # (), or

A1 # 0 and Ay # 0.
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In the first case, ag > 1 and, since

[\]

S
S

S
<

Theorem 53 gives

A+9 20 +1 2A —1
AG(G)2m+ag<2m1)+a1<2 ﬁ(é—l—l)l>+a2<2 ﬁ(A—l)i

A+s
Smt+ =210 )
="M /As

In the second case, a1, s > 1 and Lemma 53 gives

A+9 26 + 1 24— 1
AG(G)Zm—FOé[) (m—1)+a1 (Nm_l> + (m

> m+ 26+ 1 n 2A — 1
= TG+ | 2/AL -

Let G be the graph in the figure.

We have m =12, A=3,6 =1, Ag =0, ap = 0, 41 = {ugus}, a1 = 1,
Ay = {ujus} and ay = 1. Also, if uv ¢ Ag U Ay U Ay, then d,, = d,,. Thus,

dy + d, A+5 0+ dy A +d,
AGG) = > + Y st X st X UAT
quE(G)\AQUAluA22 dudy uv€Ag 2 uv€ AL 2vody uv€ Az 2V Ad,
20 +1 2A — 3 )
=10 + =104+ —= 4+ —= ~ 12.0813
* 2/6(0 +1) 2\/A(A —1) 2v/2  2V6
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The lower bound is

i 26+ 1 N 2A — 1 ) A+6 .
m~+ min — 2, —
2,000 +1) 2J/AA-1) 2v/AS
3 5 2
12+ mi +—2,—1}
mm{2\/§ 26 V3

~ 12 + min{0.0813, 0.1547} = 12.0813

and so, the equality in the bound is attained. m

Note that, although the arithmetic—geometric index AG and the geometric—
arithmetic index G A are mathematically represented by an inverse relation-
ship, their scope and results from both theoretical and practical points of
view are different. In some cases, the reciprocal topological indices have
shown better correlation with some physico—chemical properties than their
related indices. In the case of the AG index, in order to investigate its
predictive power, we used a datum for entropy (S) of octane isomers, and
the results are compared with those obtained for the GA index, see the
following figure. The correlation coefficient obtained for the AG index is
rag = —0.927, while for the GA index, it is rg4 = 0.912, so the AG index,
in this case, shows better predictive power than the GA index. However,
when we used a datum for the boiling point of octane isomers, it turned out

that the GA index showed better predictive power than the AG index.
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Chapter 5

Conclusions

Topological indices have become a useful tool for the study of theoretical
and practical problems in different areas of science. With this thesis, an im-
portant line of research associated with topological indices is strengthened,
which is to determine the optimal bounds and relations between known
topological indices.

The present research begins with a brief overview of the Theory of
Mathematical Inequalities and Topological Indices from its beginnings to
the present. In the same direction we study the mathematical properties
and fundamental relationships between important topological indices, such
as: the Inverse index, the first general Zagreb index and the recently in-
troduced Arithmetic-Geometric index. Moreover, in this work we find and
show optimal inequalities, which do not involve other topological indices, in
particular, for the topological index AG as a function of graph invariants

such as the number of edges and the minimum and maximum degree.
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Open problems

1. Study the mathematical and computational properties of other topo-

logical indices.

2. To apply topological indices to the study of topological and structural

properties of complex systems.

3. To propose new topological indices for the study of problems associ-

ated with Environmental Sciences.
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inverse degree index. Journal of Mathematical Chemistry (2019) 57(5),
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reta. Some properties of the Arithmetic—-Geometric Index. Symmetry

(2021) 13, 857.

75



e E. Locia, A. Morales, José L. Sanchez and José M. Sigarreta. Epis-
temological study of mathematical Inequalities. Revista Brasileira de

Histéria da Matematica (2021). In Press.

These results were presented in the following international and national

conferences and Seminars:

o 18th International Conference Computational and Mathematical Meth-

ods in Science and Engineering, June-July 2018, Cadiz, Spain.

e 19th International Conference Computational and Mathematical Meth-

ods in Science and Engineering, June-July 2019, Cadiz, Spain.
e Seminario de la Matematica, Octubre 2020, Acapulco, México.

e XI Simposio de Matematica y Educacion Matematica, febrero 2021,

Bogotéa, Colombia.

o II Simposio de Matematica Virtual, Mayo 2021, Lujan, Argentina.

76



Bibliography

[1]

C. Alsina, R. B. Nelsen, When Less is More: Visualizing basic Inequal-
ities. Mathematical Association of America, Washington D.C., 2009.

V. Andova, M. Petrusevski, Variable Zagreb Indices and Karamatas
Inequality, MATCH Commun. Math. Comput. Chem. 65 (2011) 65
685-690.

B. Borovi¢anin, K. C. Das, B. Furtula, I. Gutman, Bounds for Zagreb
indices, MATCH Commun. Math. Comput. Chem. 78 (2017) 17-100.

G. Britto Antony Xavier, E. Suresh, I. Gutman, Counting relations for

general Zagreb indices, Kragujevac J. Math. 38 (2014) 95-103.

Z. Che, Z. Chen, Lower and Upper Bounds of the Forgotten Topological
Index, MATCH Commun. Math. Comput. Chem. 76 (2016) 635-648.

S. Y. Cui, W. Wang, G. X. Tian, B. Wu, On the arithmetic-geometric
index of graphs. MATCH Commun. Math. Comput. Chem. 85 (2021)
87-107.

P. Dankelmann, A. Hellwig, L. Volkmann, Inverse degree and edge-

connectivity, Discrete Math. 309 (2008) 2943-2947.

7



8]

[11]

[12]

[13]

[14]

[15]

[16]

K. C. Das, On geometric-arithmetic index of graphs, MATCH Commun.
Math. Comput. Chem. 64 (2010) 619-630.

K. C. Das, I. Gutman, B. Furtula, Survey on Geometric-Arithmetic
Indices of Graphs, MATCH Commun. Math. Comput. Chem. 65 (2011)
595-644.

K. C. Das, I. Gutman, B. Furtula, On first geometric-arithmetic index

of graphs, Discrete Appl. Math. 159 (2011) 2030-2037.

K. C. Das, K. Xu, J. Wang, On Inverse Degree and Topological Indices
of Graphs, Filomat 30:8 (2016) 2111-2120.

N. De, S. M. A. Nayeem, A. Pal, F-index of some graph operations,
Discr. Math. Algor. Appl. (2016) doi:10.1142/S1793830916500257.

J. Devillers, A. T. Balaban (Eds.) Topological Indices and Related De-
scriptors in QSAR and (QSPR; Gordon and Breach: Amsterdam, The
Netherlands, 1999.

Z. Du, B. Zhou, N. Trinajsti¢, On the general sum-connectivity index

of trees, Appl. Math. Lett. 24 (2011) 402-405.

M. Eliasi, A. Iranmanesh, I. Gutman, Multiplicative versions of first Za-
greb index, MATCH Commun. Math. Comput. Chem. 68 (2012) 217—
230.

R. Entringer, Bounds for the average distance-inverse degree product
in trees, in: Combinatorics, Graph Theory, and Algorithms, vol. I, TI,
Kalamazoo, MI, 1996, pp. 335-352.

78



[17]

[18]

[21]

[22]

23]

[24]

P. Erdos, J. Pach, J. Spencer, On the mean distance between points of

a graph, Congr. Numer. 64 (1988) 121-124.

E. Estrada, L. Torres, L. Rodriguez, I. Gutman, An atom-bond con-
nectivity index. Modelling the enthalpy of formation of alkanes, Indian

J. Chem. 37A (1998), 849-855.

S. Fajtlowicz, On conjectures of Graffiti-II, Congr. Numer. 60 (1987)
187-197.

B. Furtula, K. C. Das, I. Gutman, Comparative analysis of symmetric
division deg index as potentially useful molecular descriptor. Int. J.

Quantum Chem. 118 (2018) €25659.

B. Furtula, A. Graovac, D. Vukicevi¢, Augmented Zagreb index, J.
Math. Chem. 48 (2010) 370-380.

B. Furtula, I. Gutman, A forgotten topological index, J. Math. Chem.
53 (4) (2015) 1184-1190.

M. Ghorbani, M. Songhori, I. Gutman, Modified Narumi-Katayama
index, Kragujevac J. Sci. 34 (2012) 57-64.

X. Guo, Y. Gao, Arithmetic-geometric spectral radius and energy of

graphs. MACTH Commun. Math. Comput. Chem. 83 (2020) 651-660.

I. Gutman, Degree-based topological indices, Croat. Chem. Acta 86
(2013) 351-361.

I. Gutman, Relation between geometric-arithmetic and arithmetic-
geometric indices. J. Math. Chem. (2021) doi:10.1007/s10910-021-
01256-0.

79



[27]

[28]

I. Gutman, E. Milovanovi¢, 1. Milovanovié, Beyond the
Zagreb indices, AKCE Int. J. Graphs Comb., in press.
https://doi.org/10.1016/j.akcej.2018.05.002

I. Gutman, J. Tosovic, Testing the quality of molecular structure de-
scriptors. Vertex-degree-based topological indices, J. Serb. Chem. Soc.

78(6) (2013) 805-810.

I. Gutman, N. Trinajsti¢, Graph theory and molecular orbitals. Total 7-
electron energy of alternant hydrocarbons, Chem. Phys. Lett. 17 (1972)
535-538.

G. H. Hardy, J. E. Littlewood, G. Polya, Inequalities. Cambridge Uni-

versity Press, 1952.

M. Liu, A simple approach to order the first Zagreb indices of connected
graphs, MATCH Commun. Math. Comput. Chem. 63 (2010) 425-432.

M. Liu, B. Liu, Some properties of the first general Zagreb index, Aus-
tralas. J. Combin. 47 (2010) 285-294.

X. Li, J. Zheng, A unified approach to the extremal trees for different
indices, MATCH Commun. Math. Comput. Chem. 54 (2005) 195-208.

X. Li, H. Zhao, Trees with the first smallest and largest general-
ized topological indices, MATCH Commun. Math. Comput. Chem. 50
(2004) 57-62.

X. Li, Y. Shi, A survey on the Randié¢ index, MATCH Commun. Math.
Comput. Chem. 59 (2008) 127-156.

80



[36]

[37]

[39]

[40]

[41]

[42]

[44]

E. Locia, A. Morales, José L. Sanchez, José M. Sigarreta, Epistemolog-
ical study of mathematical Inequalities, Revista Brasileira de Historia

da Matemdtica (2021), in Press.

Y. Ma, S. Cao, Y. Shi, I. Gutman, M. Dehmer, B. Furtula, From the
connectivity index to various Randié—type descriptors, MATCH Com-
mun. Math. Comput. Chem. 80 (2018) 85-106.

A. Martinez-Pérez, J. M. Rodriguez, J. M. Sigarreta, A new approx-
imation to the geometric-arithmetic index, J. Math. Chemistry 56:7
(2018) 1865-1883.

A. Milicevié, S. Nikoli¢, On variable Zagreb indices, Croat. Chem. Acta
77 (2004) 97-101.

I. Milovanovi¢, M. Mateji¢, E. I. Milovanovi¢, Upper bounds for
arithmetic-geometric index of graphs, Sci. Publ. State Univ. Novi Pazar

Ser. A Appl. Math. Inf. Mech. 10 (2018) 49-54.

M. Mogharrab, M., G. H. Fath-Tabar, Some bounds on GA; index of
graphs, MATCH Commun. Math. Comput. Chem. 65 (2010) 33-38.

S. Mukwembi, On diameter and inverse degree of a graph, Discr. Math.

310 (2010) 940-946.

H. Narumi, M. Katayama, Simple topological index. A newly devised
index characterizing the topological nature of structural isomers of sat-
urated hydrocarbons, Mem. Fac. Engin. Hokkaido Univ. 16 (1984) 209
214.

S. Nikoli¢, G. Kovacevié, A. Milicevi¢, N. Trinajsti¢, The Zagreb Indices
30 years after, Croat. Chem. Acta 76 (2003) 113-124.

81



[45]

[50]

[51]

S. Nikoli¢, A. Mili¢evié¢, N. Trinajsti¢, A. Juri¢, On Use of the Variable
Zagreb ¥ M Index in QSPR: Boiling Points of Benzenoid Hydrocarbons
Molecules 9 (2004) 1208-1221.

M. Randié, Novel graph theoretical approach to heteroatoms in QSAR,
Chemometrics Intel. Lab. Syst. 10 (1991) 213-227.

M. Randi¢, On computation of optimal parameters for multivariate
analysis of structure-property relationship, J. Chem. Inf. Comput. Sci.
31 (1991) 970-980.

M. Randié¢, D. Plavsi¢, N. Lers, Variable connectivity index for cycle-

containing structures, J. Chem. Inf. Comput. Sci. 41 (2001) 657-662.

J. M. Rodriguez, J. M. Sigarreta, On the Geometric-Arithmetic Index,
MATCH Commun. Math. Comput. Chem. 74 (2015) 103-120.

J. M. Rodriguez, J. M. Sigarreta, Spectral properties of geometric-
arithmetic index, Appl. Math. Comput. 277 (2016) 142-153.

J. M. Rodriguez, J. M. Sigarreta, New Results on the Harmonic In-
dex and Its Generalizations, MATCH Commun. Math. Comput. Chem.
78:2 (2017) 387-404.

V. S. Shegehall, R. Kanabur, Arithmetic-geometric indices of path
graph, J. Math. Comput. Sci. 16 (2015) 19-24.

V. S. Shegehall, R. Kanabur, Arithmetic-geometric indices of graphs
with pendant vertices attached to the middle vertices of path, J. Math.
Comput. Sci. 6 (2015) 67-72.

82



[54]

[57]

[58]

[59]

M. Singh, K. C. Das, S. Gupta, A. K. Madan, Refined variable Zagreb
indices: highly discriminating topological descriptors for QSAR/QSPR,
Int. J. Chem. Modeling 6(2-3) (2014) 403-428.

J. M. Sigarreta, Bounds for the geometric-arithmetic index of a graph,

Miskolc Math. Notes 16 (2015) 1199-1212.

L. A. Székely, L. H. Clark, R. C. Entringer, An inequality for degree
sequences, Discr. Math. 103 (1992) 293-300.

M. Voge, A. J. Guttmann, I. Jensen, On the number of benzenoid
hydrocarbons, J. Chem. Inf. Comput. Sci. 42 (2002) 456—466.

S. Vujosevié¢, G. Popivoda, K. Vukiéevié¢, B. Furtula, R. Skrekovski,
Arithmetic-geometric index and its relations with geometric-arithmetic

index, Appl. Math. Comput. 391 (2021) 125706.

D. Vukicevié¢, B. Furtula, Topological index based on the ratios of ge-
ometrical and arithmetical means of end-vertex degrees of edges, J.

Math. Chem. 46 (2009) 1369-1376.

D. Vukicevié, M. Gasperov, Bond Additive Modeling 1. Adriatic In-
dices, Croat. Chem. Acta 83(2010) 243-260.

S. Zhang, W. Wang, T. C. E. Cheng, Bicyclic graphs with the first three
smallest and largest values of the first general Zagreb index, MATCH
Commun. Math. Comput. Chem. 55 (2006) 579-592.

H. Zhang, S. Zhang, Unicyclic graphs with the first three smallest and
largest values of the first general Zagreb index, MATCH Commun.
Math. Comput. Chem. 55 (2006) 427-438.

83



[63]

[64]

[65]

[66]

[67]

Z. Zhang, J. Zhang, X. Lu, The relation of matching with inverse degree
of a graph, Discrete Math. 301 (2005) 243-246.

L. Zhong, K. Xu, Inequalities between vertex-degree-based topological

Indices, MATCH Commun. Math. Comput. Chem. 71 (2014) 627-642.

L. Zheng, G. X. Tian, S. Y. Cui, On spectral radius and energy of
arithmetic-geometric matrix of graphs, MACTH Commun. Math. Com-
put. Chem. 83 (2020) 635-650.

B. Zhou, N. Trinajsti¢, On general sum-connectivity index, J. Math.

Chem. 47 (2010) 210-218.

Z. Zhu, H. Lu, On the general sum-connectivity index of tricyclic

graphs, J. Appl. Math. Comput. 51 (2016) 177-188.

84



