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Nash multiplicities and isolated points of maximum multiplicity

B. Pascual-Escudero *

September 18, 2018

Abstract
Let X be an algebraic variety defined over a field of characteristic zero, and let £ € Max mult(X)
be a point in the closed subset of maximum multiplicity of X. We provide a criterion, given in
terms of arcs, to determine whether £ is isolated in Max mult(X). More precisely, we use invariants
of arcs derived from the Nash multiplicity sequence to characterize when £ is an isolated point in
Max mult(X).

Introduction

In many situations, arc spaces are useful when one is looking for some information about the singularities
of varieties. Let X be an algebraic variety over a field k, and £ € X a point. An arc ¢ in X = Spec(B)
through £ is a morphism
©* : Spec(K[[t]]) — X

mapping the closed point to £ or, equivalently, a homomorphism of rings ¢ : B — K][[t]] such that
©(Pe) C (t), where Pe C B is the prime ideal defining £. The order of the arc ¢, which we will denote by
ord(¢p), is the greatest positive integer n such that o(P¢) C (¢"). Here K may be any field extension of k.
Some examples of the study of the connections between arcs and singularities can be found, for instance,
in the works of Ein, Ishii, Mustata, Reguera and Yasuda among others.

The Nash multiplicity sequence

We will be interested in a sequence of positive integers attached to an arc at a given point, the so called
Nash multiplicity sequence, which was defined by M. Lejeune-Jalabert in [13] for hypersurfaces, and
generalized later by M. Hickel in [10]. This sequence can be constructed as follows. Let  be a point in
X and let ¢ be an arc through £. Also let Ty = ¢ x i : B x K[t] — K|[[t]] be the graph of ¢, which is
additionally an arc in Xg = X x Al through & = (£,0). Consider the following sequence of blow ups ;
at points:

Spec(K[[t]]) (0.1)
ri r;
r;
Xo=X x Al < X, — 2 Ty, ™
& = (€,0) & 6

*The author was supported by MTM2012-35849.
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Here ; is the blowup at &_1, where & = Im(I'}) N7, *(&-1) for i = 1,...,1,..., and T is the arc in
X, through &; obtained by lifting I'g. Thus, the sequence is constructed by blowing up at closed points
selected by the arcs I'; for ¢ > 0. Let us recall that the multiplicity of X at a point n € X is given by an
upper semicontinuous function

mult(X): X — N
1 — mult(X)(n) = mult, (X) = mult(Ox ),

where mult(Ox ;) stands for the multiplicity of the local ring Ox , at the maximal ideal. Let us recall
that this multiplicity can be computed as aq - d!, where a4 is the coefficient of the highest order term in
the Hilbert polynomial of Ox , (see [12, Ch. 11]). From a geometrical point of view, if X is defined over
C, then the multiplicty of X at n corresponds to the smallest of the ranks over the generic fiber when
considering all possible local morphisms (X,7) — (C%,0). If we denote by m; the multiplicity of X; at &
fori=0,...,[,..., then the Nash multiplicity sequence of ¢ in X at £ is the sequence of positive integers

m02m12...2ml:m1+1:...21

(see [3, Section 2.2] for the detailed construction).

When X is a hypersurface, the Nash multiplicity sequence of an arc ¢ € L£(X) can be regarded as a
refinement of the multiplicity of X at & := ¢((¢)) in the following sense: On the one hand, the multiplicity
function defines a stratification of X into locally closed subsets, and the multiplicity of X at a point
corresponds to that of the stratum containing it. If X is a hypersurface embedded in a smooth scheme
V', this stratification is determined by the order of vanishing of the partial derivatives applied to a local
equation f defining X. On the other hand, consider the spaces of i-jets of X, which we shall denote
by L£;(X) for i > 0, and the natural truncations from the arc space: mx,; : L(X) — L£;(X). Hence,
mx,i(L(X)) C Li(X), for i > 0, is the subset of i-jets in X which are the truncation of some arc in X.
In [13], M. Lejeune-Jalabert proved that for each ¢ > 0 there is a stratification of 7mx ;(L(X)) C L;(X)
into disjoint locally closed subsets: mx ;(£(X)) = Ui<pu;<...<uo Hpo,....us- The Nash multiplicity sequence
(mo,...,mi,...) attached to the arc ¢ is determined by these stratifications: for j > 0, mx ;(¢) €
Home,....m;- In particular, for j = 0, mx 0(£(X)) = Ur<u,Hy, C X, corresponds to the stratification of X
given by the multiplicity, so mg is just the multiplicity of X at &.

Throughout this paper, we use Hickel’s approach since we state and prove our results for general varieties,
not just hypersurfaces.

Our results

We will be particularly interested in the study of Nash multiplicity sequences of arcs through points of
maximum multiplicity of X. Let m := maxmult(X) be the maximum value achieved by mult(X). We
write

Maxmult(X) = {n € X : mult,(X) > m} = {n € X : mult,(X) = m}

for the closed subset of the singular locus of X consisting of the points of highest multiplicity. If X is a
reduced equidimensional scheme, then X is regular if and only if the multiplicity equals one at every point
(see [7, Section 2.10]). This is why the closed subset Max mult(X) is an object of interest in resolution of
singularities.

If X is defined over a field k of characteristic zero, one can define the order of contact of an arc ¢ (through
&) with Max mult(X),
TX,p € QZl-

This order of contact is an invariant of the arc ¢ at the point £ in X. This invariant can be computed as
the order of a particular Rees algebra (see [3, Section 3|). From rx , one can obtain, for instance, the
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number of blow ups as in (0.1) that are needed before the Nash multiplicity sequence decreases for the
first time:
PX,p =iz, {1 :m; <mo} = [rx,,].

We call px , the persistance of ¢ in X. In fact, sometimes it can be even more interesting to consider

the quotient 7x,, = %(’:), which we refer to as the normalized order of contact of ¢ with Max mult(X),

since in this way one gets rid of the influence of the order of the arc. For the same reason, it is convenient
X,

to define also the normalized persistance of ¢ in X as px , = Oid—(@). Indeed, the set

Oxe = {rxe}, CQ>1,

where ¢ runs over all arcs in X through &, is an invariant of X at £. This invariant reflects information
about £ coming from arcs. In particular, it uses information provided by the Nash multiplicity sequences
of those arcs. It was proven in [3, Theorem 4.2.5] that this set has a minimum, which turns out to be
the invariant ord'? (X), Hironaka’s order in dimension d, which plays a key role in constructive resolution
(see for example [11], [8] and [7, Sections 13 and 25]).

In this work we try to understand better what the set ®x ¢ can tell us about the singularities of X.
We prove that the supremum of ®x ¢ actually allows us to determine whether & is an isolated point of
Max mult(X) or not:

Theorem A. (Main Theorem) Let X be a variety over a field k of characteristic zero, and let £ be a
point in Maxmult(X). Then & is an isolated point of Maxmult(X) if and only if the set Dx ¢ is upper
bounded.

In terms of the Nash multiplicity sequence it will mean (Corollary 2.4) that, whenever £ is an isolated
point of Max mult(X), then no arc through £ can be found so that its normalized persistance in X is
higher than a given integer (depending on X and £). On the other hand, if £ belongs to a component of
Max mult(X) of dimension 1 or more, then there is no bound for how big px , will be for some arcs.

In the last section of this paper, we present an additional condition over X and isolated points of
Max mult(X') under which the supremum of ®y ¢ can be computed (Proposition 3.1). As we will see,
this condition is also related to an invariant of constructive resolution of singularities: the 7 invariant (see
[1]). We will also show some illustrative examples there.

Acknowledgments: The author is very grateful to A. Bravo and S. Encinas for their guide and sugges-
tions, to S. Ishii and L. Narvaez for fruitful conversations, and to J. M. Conde-Alonso for his suggestions
for the shaping of this paper.

1 The order of contact of ¢ with Max mult(X)

In what follows, we will assume X to be an algebraic variety of dimension d over a field k of characteristic
zero such that max mult(X) = b, and £ to be a point in Max mult(X), which for simplicity we will assume
to be closed. The notation used in this section will be the standard one through the rest of the paper.
Details about Rees algebras in resolution and basic results used here can be found, for instance, in [9].

Let R be a regular ring which is of finite type over k. For us, a Rees algebra over R (or over V' = Spec(R))
is a graded ring G = @®;ez., LW C R[W] with Iy = R, which is finitely generated as an R-algebra. Note
that this definition is more general than the (usual) one considering only algebras of the form R[IW] for
some ideal I C R. The singular locus of G, Sing(G), is the subset of V' composed by the points 1 of
Spec(R) for which v, (f) > i for all fW* € G, where v,(f) denotes the order of f in the regular local ring
R,. It can be shown that Sing(G) is a closed subset of V. By the order of an element fW*® € G at a

point 7 € Sing(G), we mean the quotient V"T(f) =: ord, (fW?"). The order of G at n € Sing(§) is defined as
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ord, (G) = inf yyyrieg {ord, (fW")}, and can actually be computed as ord,(G) = min {ord, (fW?")}, where
the minimum runs over a finite set of generators of G.

We say that a Rees algebra G over R represents the multiplicity of X < V = Spec(R) at £ € Max mult(X)
if

Sing(g) = Max mult(X)
locally in a neighborhood of £, and this condition is stable under sequences of permissible transformations
for G, that is, after any sequence of the form

Vo= V<1 < Ty (1.1)
G = Go G1 G
where each 7; is either a smooth morphism or a blow up with center a regular closed subset of Sing(G;_1)
for 5 = 1,...,1, as long as maxmult(X;) = maxmult(X) if X; is the strict transform of X;_; in V}

whenever m; is a blow up, and the pullback if it is a smooth morphism. Here, the transform G; of G;_1,
forj=1,...,1,1s ' '
Gj = @izoli ;W' where I ; = I, j 1Oy, - I(E;)™ (1.2)
for any i > 0, being F; the exceptional divisor of ;. By being stable, we mean that
Sing(G;) = Max mult(X})
if X; is the strict transform (or pullback, as corresponds) of X;_; in V.

This justifies a notion of resolution of a Rees algebra. A resolution of G is a sequence as in (1.1) where
the m; are blow ups at regular closed subsets of Sing(G;), and such that Sing(G;) = Maxmult(X;) = 0 (see
[3, Sections 1.1 to 1.3]).

Remark 1.1. Given X and &, there is not a unique Oy -Rees algebra G representing the multiplicity of
X at & However, it can be shown that all Rees algebras representing the maximum multiplicity of X at
& are somehow equivalent: they all undergo the same resolution, and they share the same order at any
point of Maxmult(X). This is the case, for instance, of the differential closure! of any Rees algebra Gx
which represents the maximum multiplicity of X at . For details about these facts, see [2].

Let us suppose, for simplicity, that X = Spec(B) is affine. Otherwise, since we will work locally, it is
enough to consider open affine subsets of X. It is possible to find a local étale immersion X < Spec(R)
into a regular scheme of dimension n > d and a Rees algebra G over R, representing the multiplicity of
X locally in a neighborhood of £ (see [14]). Under these hypotheses, we have a regular k-algebra S of
dimension d and a projection 3 : Spec(R) — V(%) = Spec(S) inducing a finite projection

Bx : X — V@ = Spec(S)

of generic rank b which is also transversal for G, that is, Ker(df3) intersects the tangent space of G at £
(see [7, 16.1]) only at 0, df being the morphism induced by 8 between the tangent spaces. This projection
induces a homeomorphism between Max mult(X') and its image (see [7, Apendix A]) and an injective finite
morphism of the form

S — B2 S[.’Eh. . .,mn_d}/I(X) = S[fl, . ,fn_d}.

We obtain in this manner a local immersion of X in a smooth n-dimensional space V(") = Spec(R) in a
neighborhood of &, where R = S|x1,...,2,_4]. There exist f1,..., fn—a € I(X) C R such that for certain
b1,...,bp—q € Z~0, the Rees algebra

g = R[flwblw'wfn—dwbnid] (13)

LA Rees algebra G = G}iZOIiWi is differentially closed if, for any differential opperator D of order I, 0 <[ < i, we have
D(1;) C I;—y (see [16]).
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represents the multiplicity of X locally in a neighborhood of £, and moreover, f; is the minimal polynomial
of T; over S, and hence it is a monic polynomial in a; with coefficients in S, for i = 1,...,n — d (see [14]
for the result on the existence and construction of such a presentation, and [3] for notation as used here).
Each f; defines a hypersurface X; in Spec(S[z;]). Assume that we choose the differentially closed algebra

gg;b) - Diﬁ(R[lebla M) f’ndebnid])v (1'4)

which also represents the multiplicity of X locally in a neighborhood of £&. We can suppose that the
maximal ideal M¢ of £ in R is given by < x1,...,2p—q, 21,...,2q > for a regular system of parameters
{z1,...,24} in S (see 7, Section 4]). The image £ of ¢ by Bx is then defined by the maximal ideal
M@ =< z1,...,2q4 >. Note that R — B is surjective, and for any ¢ = 1,...,n—d the following diagram
commutes

G R=S[z1,...,0n—q] —= Slz1, ..., 2n_d]/( flylg—w (1.5)
gy, Sl Sk /(f:
g 5 g0 s

The homomorphism S — R happens to induce an elimination
B: V™ = Spec(R) — V@ = Spec(S)

for gg?) (see [14]), that is, a transversal admissible projection, defining a homeomorphism between
Sing(ggy)) c V™ and B(Sing(ggy))) C V@ and such that gﬁ?) = ggﬁ) N S represents the multiplic-
ity of 5(X) (see [5], [6], [7, 16 and Appendix A] and [15, Theorem 4.11 and Theorem 4.13| for properties
and results on elimination). Such an elimination is equivalent to the possibility of reducing a problem of
Resolution of Rees algebras in dimension n to a problem of Resolution of Rees algebras in dimension d < n.
Since ggﬁ) is differentially closed, by means of the elimination via (3, we have the following description for

QE?) (see [3, Example 1.5.4 and Example 1.5.15]):

G = Sl W] © ... © Slan—dllzn—aW] © G, (1.6)

where we have used the fact that f; is a monic polynomial in z; for i = 1,...,n — d, and G ® H de-
notes the smallest Rees algebra containing both G and . Furthermore, one may consider, for each
i € {1,...,n—d}, the hypersurface X; C Spec(S[xz;]) defined by f;, as it was done in [3, Section 4.2.1].
For each i, g @) _ g [z;][f;W "] represents the maximum multiplicity of X; locally at Bx,(¢). Then, gg?)
can be written as

¢ =g{"Mo. . og{, (1.7)
and . . .
¢ =¢o...06 (1.8)

Let ¢ be an arc in X through ¢ which is not contained in Max mult(X). We may project ¢ to an arc ¢(@
in V(4 through £ via By, that is: ¥ =go B%. We obtain a commutative diagram

Ox¢

Oy @ g
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In particular, note that ¢(Me) D ¢(®(M,w), so
ord(p) = ord(p(Me)) < ordt(ga(d) (Mew)) = ord(ga(d)). (1.9)

Along this paper, we will repeatedly define arcs through regular systems of parameters. For instance, to
define an arc in V(4 through £, we will do it by giving the images of a r.s.p. {1,594} C Oy g
by the arc. The fact that this description determines the arc completely is a consequence of the continuity
of the completion map Oy ) @) — (9@@ of Oy a) ¢(a) at £ which allows us to define ¢ via a map
Omd) >~ K[y, ..,ya]] — K[[t]]. This map induces an arc in V(%) through &4, if K is the residue
field of Ov(d)’g(d).

We denote by @(Qﬁ?)) the Rees algebra over K[[t]] generated by the images of the f; in (1.4) by ¢ with
their respective weights. That is,

0(G¢)) = K[l ()W, .. o(fuma) WPn1].

Given X, ¢ € Maxmult(X) and an arc ¢ in X through &, the order of contact of ¢ with Max mult(X),
denoted by rx ., is defined as the order of the Rees algebra <p(g§?))_ The quotient 7x , = o;d( ) gives

a more interesting version of this invariant because it avoids the influence of the order of the arc (see [3,
Section 3.2]).

In order to express @(Qﬁ?)) by means of the decomposition in (1.7), we may consider the projections of ¢

over the X;, that we shall denote by <p2(-d+1), and which are actually arcs in the corresponding X; through

Bx, (&), because f; € I(X) fori=1,...,n—d:

(1.10)

The following Lemma shows how rx , can be computed using the expressions in (1.6) and (1.7).
Lemma 1.2. /3, ¢f. Section 4] Let X be as in the beginning of this section, and let £ be a point in
Max mult(X). Let ¢ be an arc in X through £. Then

1. 7x,p = ord(p@ (gﬁ?))) and

2. orde(p(z;)) > ordt(go(d)(gg?))) fori=1,...,n—d.
Proof. Tt follows from (1.6) and (1.7) that

rxp = 0rdi((G))) = minizi g {ordy (" (G} =
= min {ord; ((21)), . ., ordy (p(wn—a)), ords (6D (GK))) } < ordy (oD (G,

On the other hand, for each 4, by [3, Lemma 4.1.2],

ordy (" (G) = min {ordy (¢ (1)), ordu (0 (GF)) } = ord(l” (G1)), (1.11)
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SO
TX,p = mini:l,...,n—d {OI‘dt(@Ed)(ggi)))} .

But note that ggi) C gﬁ? and Lpgd) = @ (see (1.8) and (1.10)). Thus,

PPGE) = DG oG

i

and
ordy (9! (G)) > ord (D (GP)). (1.12)

Consequently,
ordy (' (GK)) 2 rx.p = ordi (o V(GY)).
proving 1. Now 2 is a consequence of (1.11), together with (1.12) and the fact that, for all: =1,...,n—d,

D (2:) = o\ (23) = ().

2 Proof of the main result

In order to prove Theorem A, let us divide it in two one side implications, reformulated in Propositions
2.1 and 2.3 respectively, in a way that will be more convenient for their respective proofs. We first give a
simple version of the proof of the easier one:

Proposition 2.1. Let & be an isolated point of Max mult(X). Then there exists a positive integer Q € Zo,
depending on X and &, such that for any arc ¢ in X through &,

FX,Lp S Q

Proof. Consider the graded structure of a Rees algebra gg?) representing the multiplicity of X in a neigh-
borhood of £ as in (1.4),

G = @i LW

Since gg?) is differentially closed, the set Max mult(X) is determined by the zeros of the ideal I; (see [16,
Proposition 4.4]). Therefore, Max mult(X) being of dimension 0 is equivalent to \/I; being a maximal
ideal, which, for a (any) regular system of parameters {z1,...,2Zn—d, 21, ..., 24} in Ox¢, is also equivalent
to I; containing some ideal of the form

al Ap—d An—d+1 Qn,
(it w2 )
for some positive integers a1, ..., a,. Note that this implies that

G\ S Ox e[x®W,. .. a™ W, 20~ W, L 20 W),
Therefore,
P(GV) D Ox (@i )W, .. (i iYW, (2" W, (4 )W],
and
ord: (0(G$”)) < min {a1 - ords (p(21)), - - -, an—a - ordi(@(Tn—a)), an—ar1 - ordi(p(21)), . .., an - ords (p(24))} -
Thus

TX,p < aj € L~
for any j € {1,...,n — d} such that ord(¢) = ord;(¢(z;)) or any j € {n —d+1,...,n} such that
ord(p) = ordy(¢(2j-n+a))- .
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The bound given by this proof is not optimal. In general, a rational number which will be smaller than
the integer given by the a;’s can be found, yielding an optimal bound. Note that this rational number is
an invariant of X at £, but since it is not needed in the proof of Theorem A, we ignore it here.

Remark 2.2. For some arcs, we can say more about 7x ,: If ¢ is such that ord(y) = ord(p(x;)) for
some j € {1,...,n—d}, then 7x , = 1. Indeed, a1 = ... = a,—q = 1 in the proof of Proposition 2.1,
because x1,...,Tn—q € I1 (see (1.6)).

In the next section, a precise upper bound will be given under some special condition over X at &, in
terms of orders of elimination algebras. This condition is related with the 7 invariant of gg?) at &.

We prove now the most delicate implication. To make the proof easier to understand, we will deal
separately with an easy case first, even though it of course follows from the general one, which we prove
afterwards. The reader unfamiliar with the techniques of resolution used in this proof, as well as definitions
of strict and total transform of an ideal, can consult them in [4, Section 7] or [9].

Proposition 2.3. If { lies in a component of Max mult(X) of dimension greater or equal to 1, then for
any q € Q, one can find an arc p in X through £ such that

TX,p > q.

Proof. Since rx., = ord;(p(? (ggﬁ))) if o9 = poB% (see Lemma 1.2), our strategy here will be choosing
an arc @@ in V(@ through ¢4 which gives ord;(p® (gﬁ?))) big enough first, and then lifting it via Bx
to an arc ¢ in X through &, proving afterwards that it satisfies the statement in the Proposition.

Suppose first that there exists a smooth curve C' C Max mult(X) containing . Then C = ﬁx(é) c v
is a smooth curve containing ¢(?(see [14, Theorem 6.3]). Assume that C is defined by a prime ideal

J C Oy ¢@. Consider the family of arcs @S\?) in V(@ through &4, for N € Z~, given by

PN+ Oy ey — K],

J— tV,
Mg(d) — t.
This can be done because we may assume that, in this situation, J = (ya, ..., yq) for some regular system
of parameters {y1,...,¥a} of Oy ¢w@. Then, such a family of arcs could be constructed by just defining

@5\?) (y1) =t and @5\?) (y;) =t for j =2,...,d. For any N € N, the arc @%) can be lifted to an arc ¢y in

X through ¢ satisfying 7x ,, > IV as follows:

Note that we are under the hypothesis d > 2. Consider the ideal P = Ker(gég\‘,i)) C Oy () g(a. There exists
a prime ideal @ in Ox ¢ dominating P. We have the following commutative diagram:

QC Oxyg L>OX,§/Q

N
N(d)

P C Ov(d)yg(d) e Ov(d)yg(d) /P

where the vertical arrows are finite morphisms, and both rings on the right side are 1-dimensional, so Q
defines a curve. One can find a nontrivial arc ¢ : Ox ¢/Q — K][[t]] through u(¢),> which induces also
an arc

on =pnop:Oxe — K[[t]]

2Here K will be the residue field of Ox ¢/Q at u(€).
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through &, and
oW = onoBy =gnofx ouD: Opw e — KI[t]
with 4 d
Ker(pl) = P = Ker(3{) = (92 —yl' 92 — 5 : 2 < j < d) C Oy o0
Since C' C Sing(ggg))7
orde (1iOy @) ¢@) > Vi >0,

SO IiOV(d)’C C JiOV(d)yc. But note that J is a regular prime in (’)V(d>75(d> defining C, so I,»OV(@{(@ cJ
for all ¢+ > 0. Consequently,
d
g§() C Oy g [JW],

and ; ., .,
PG Oy e [TW)).

Hence, for Lpgg) constructed as above,

orde (¢ () 2 0rdu(p (Oy o e [TW])) = ordu(y ().
Using also Lemma 1.2 and the fact that ord(¢pn) < ord(gog\‘,i)) = ordt(gog\c,l)(/\/lgd))) (see (1.9)), we arrive to

oo (G) | ordi(i () _ ordi(@l() __orde(p’ (7))
X,QON - - - -

ord(pn) ord(pn) ord(ply))  ordy(¢l (Mew))
Assume that gag\‘,i) (y;) = u;t™ for j =1,...,d for some u; units in K[[t]] and some «; € Z~o. Then
o (w2 = 1) = 0= 0 () = o (1) = wat™® — e N and

d d d as o .
WD (yo —y5) = 0= P (42) — o3 (y5) = uat® —uyt® for 2 < j <d.

Necessarily
as = a1 - N and
Qg = Qj for 2<j§d,

SO
. ordi (o (1) _ minizs,a{oi} _as _ N
N Z ordt(sﬁg\(fi) (Mew)) minj—; _q4{e;} o

which, for a fixed ¢ € Q, can be greater than ¢ by just choosing N big enough.

Suppose now that C' C Max mult(X) is not smooth. As before, assume that ¢ = 3(C) = V(J) ¢ V(@
for some ideal J C Ov(d)’g(d). Consider the following sequence:

Ve = vy @y (2.1)
U U @]

c = G ¢ cr

ON— £l @

where 7; is the blow up at the point 52@1, and Ei(d) € 77;1(51@1) NC} for i =1,...,r, and such that the strict
transform C!. of Cp by m = 71 o... 0w, is a smooth curve having normal crossings with the exceptional
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divisor at &(ad). Such a sequence can always be found, being an embedded desingularization of C. Let us
look now at the total transform J, = JO of the ideal J by 7, which will be, locally in a neighborhood

of 57(-(1), of the form

A

Jp =M - J],
where J is contained in the the ideal I(C!) defining the strict transform C’ of C'in V¥, and . is a
locally a monomial. Let us choose a family of arcs cp in V( ) through 5 YD for N € Z~¢ such that
<pN ,.( (Ch)) =tV and <pN T.( “(Mgw)) = t* for some a € Zsq constant, as we did for the case of

C' smooth. For this, note that locally in a neighborhood of ST@, one can consider a regular system of
parameters in Ov(d) @ given by

{gl - I(H1)7g23 s agd} ’
so that I(C)) = (92, ...,74), and moreover

W*(Mg(d)) = I(Hl)a

for a € N, where H; = 7, 1(£,_1) is the exceptional divisor of ., because of the way in which the centers
of the m; are chosen. Consider Lﬁg\c,l?,. given as

P O o — K[[H],

j]l — t,
g; — tN, for j=2,....d,
which satisfies the desired properties. Note that 7 induces a sequence of permissible transformations of

X via Bx:

X

X = X X,
\LBX \LBX,.
V(d) _ ‘/O(d) 1 V'l(d) 2 T ‘/T(d)

For each N € Z~, @%’)T can be lifted to an arc in X,. through 57(»(1) via a diagram as in the regular case:

QCOx, e, —r Ox,.¢./9Q

Bx, T Bx, T
(@

P C Ovr(d)y&(ﬂd) —_— Ovr(d)y&(ﬂd) /73

(d)

where P = Ker(¢y/,.) = QN Oy @ HOE As we did in the case of C' a regular curve, we pick an arc?

N Ox,e,./Q — K[[t]]

and obtain
oNr=@Nrop: Ox, e, — K[[t]],

so that Ker(@%,)r) = Ker(apg\,)7) where

805\(?,),. =pnroBx, : OVJ‘”@L"” — K[[t]].

3Now K is the residue field of Ox, ¢, /Q at p(&r).
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Note that Ker(apg\,)T) (G2 — G, G2 — 7 : 2 < j < d), s0
ordy (o7, (§2)) = ordi (P, (7)) = N - ordy (o, (41))
for 2 < j < d, and that

ord(p) ) = ordy (¢ (7" (Mew))) = ordi (25 (51)) = a - ordy (¢ (§1)),

so necessarily

rd (0 (1" (M) minics, {ordi(ed, ) )

ord (o (1(C1))) _minj:?v---’d{Ordt((p%’)r(m)} % (2.2)

Finally, we obtain
on : Ox¢ — K[[t]]

by composing ¢y, o 7%, and we also obtain its projection to V(@ as <p5\‘?) = @S\‘?’)T, om*. Note that the
sequence of transformations in 2.1) is such that the multiplicity of X along the curve does not decrease

along the process, and hence C! C Px,(Max mult(X;)) for ¢ = 0,...,7. As a consequence, it induces a
sequence of permissible transformations of Rees algebras for G X) as in [15, Definition 6.1], since for all
i=1,...,7r, m; is a blow up at a regular closed subset of Sing(gggl)l D)
v = v il VD <2 i v\ (2.3)
gﬁ?) = gﬁ?,)o = @iz ;W' gﬁi)l QE?), = @isoli, W'
where

LOw C Iy
for ¢ > 0 (see (1.2)). In particular,
Q§?)Ovr<d> = @izO(IiOV7§d)>Wi C @izoli, W'

Moreover,
(d)(g( )) 905\7)7"(@1>0(I Ov(d>) ) c ‘Pg\(fi,)r(gggb’
SO
ord; (o (G8)) = ords (2 (G5)).

Since I(C!

') is a regular prime in O VD @ defining a curve contained in Slng(g(d) ),
G\ C Oy (o [I(CW],

and hence
ordy (¢ (G)) = orde () (G))) = ordy (¢ (I(CL))). (2.4)
On the other hand,

ord(pw) = ordi(ipn (M) < ords (o (M) = ord(p) = orde(fy), (" (Meco))).
This, together with Lemma 1.2, (2.2), and (2.4) implies, for each N € Z~,
ordy(pn (G8")) _ ordi(e (X)) | ordilei, (I(C)) N

FX7 N - = - = —.
v ord(en) ord(gogf,l)) ordt(goNT( *(Mew))) a

Again, it is clear that for a fixed ¢ € Q, we may choose IV such that 7x,,, > ¢. O
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As was stated in the introduction, our main result means, in terms of the Nash multiplicity sequence,
that & is an isolated point of Max mult(X) if and only if there exists an upper bound for the number of
blowups as in (0.1) needed before the Nash multiplicity sequence decreases for the first time (normalized
by the order of ), for any arc ¢ in X through &:

Corollary 2.4. Let X be a variety over a field k of characteristic zero. A point & € Maxmult(X) is an

isolated point of Maxmult(X) if and only if sup,, {O‘;fl‘(':)} < 00, where the supremum is taken over all

arcs o in X through .

Proof. The direct implication follows from [3, Corollary 4.3.3-1]. For the reverse one, assume that

sup,, {O’;d%} = ¢q € Q>0 and get to a contradiction: for N = [¢] + 1 > ¢, choose @,y as in the

proof of Proposition 2.3, so that it satisfies ¥x ,,, > N. This implies

pX7WaN = [TX;SOaN] Z [N . Ord(QOGzNH = N : Ord(SOGzN>

But this is equivalent to

PXparn o N -ord(pan)
ord(pan) —  ord(gan)

yielding a contradiction. [l

=N >gq,

3 Consequences and examples

Assume now that Tgm ¢ =N — 1. Recall that Tg(m is the codimension of the largest linear subspace such
X X

that the addition of this subspace with the tangent cone® of ggf) at £ lies in the tangent cone again (see
[1, Section 4] for details). Then, for some regular system of parameters {x’h RN A z} CR=0ym,

for gggl) differentially closed representing the multiplicity of X at £, we have

W, W C Qgﬁ),

e
and one can find an elimination map V(") B,y (see |7, Sections 13.3 and 16.1]). This means, that

finding a resolution of the algebra gﬁ?) is equivalent to finding a resolution of an algebra gﬁ? over a smooth
scheme of dimension 1, namely V(1. We may assume that, up to an étale extension, R = S'[z}, ..., 2/, 1],
where S’ is a regular ring of dimension 1. Then

G\ = R\Wl® ... o Rl W] o gy (3.1)
where g;” C S’'[W]. Note that, in this situation:
ordg(ggy)) =1= Ordg(n—l)(g;l_l)) =...=ordge (ggf)) < ordg) (g§§)),

so orde) (gg(”) is the first interesting resolution invariant in this case.

Under these hypotheses ¢ is an isolated point of Max mult(X), and hence Proposition 2.1 guarantees that
® x ¢ is upper bounded. It turns out that the additional condition on Tg(m ¢ yields an improvement of
X

that result:

4The tangent cone of ggg” = @izofiwi at £ is the subspace of the tangent space of V(™) at £ defined by the homogeneous
ideal ®;>01; - (Mé//\/l?_l), where Mg is the maximal ideal of V() at €.



Nash multiplicities and isolated points of maximum multiplicity 13

Proposition 3.1. If Tgm ¢ =N — 1, then for any arc ¢ in X through &:
<7,

FX,Q& < Ordg(l) (gg(l)%
and this bound is sharp.
Proof. We may assume first that min;—1, _,,—1 {ord:(p(z}))} = ordi(p(x})). By (3.1), we obtain

rx,, < min {ordt(go(x’l)),ordt(go(l)(gg(l)))} ; (3.2)

where (1) is the projection of ¢ via the elimination map Bg(l) : Spec(R) — Spec(S’). Note that, either
ord(yp) = ords(p(x))) or ord(p) = ord:(¢(2)). In the first case,

min {ordt(ga(x’l)),Ordt(@(l)(gg)))} -1
ord(¢(7)) o

ISFX,LP <

which implies that

Txo=1< ord§<1>(g§§))
In the second case,

e, < 2@V G)
’ ordy(¢(2))
Note that ordt(ga(l)(gg(l))) > ordg) (gg(”) -ordi(¢(2)) (see [3, Lemma 4.1.6]). But actually this inequiality
is an equality here. This follows from the fact that g;” C S'[W] so, for all gW! € g&”, we have that
ordy(¢(g)) = ord.(g) -ords(¢(z)). One only needs to observe now that () (gg(l)) = K[[t]][e(g)W!: gW! €
gg(l)], and the equality is clear. Hence

dei (. d
orden (G ) - ordi(p(2)) = ordea (G).

S T (0 (2))
To see that ordg(l)(gg(l)) is a sharp bound, consider an r.s.p. {21,...,Zn—d,21,...,2d-1,24} C R as in
Section 1. Since Tgm ¢ =M — 1, we may assume that 1 W, ...,z gW,21W, ..., 24 1W € ggb). We may
X
choose an arc (@ in V{4 through Bx (€) such that (¥ (zy) =t and (¥ (2,) = ... = gD (z4_;) = t, for

some a € Zxg, a > ordgw) (g&”) > 1. This arc can be lifted to an arc ¢ in X through &, for which

Ordt(tp(d)(ggg))) N ordt(go(d)(gg?))) min {ordt(go(d)(zl)), coyordy (0 (29-1)), ordt(ap(l)(gg)))}

ord(¢p) - ord(p() - ord(p()

TX,p =

by Lemma 1.2 and (1.9), where (¥ = o % and ") = po (ﬁg))* Also, Ker(p@) = Ker(g®) =
(2§ —21,...,25 —za—1),sofor i =1,...,d — 1 it is clear that

ordy (¢ (2)) = a- ordi('V (2)) > ordecn (G1) - 01ds (9 (20)) = ordi (M (G))) > ords(p (24)).

Thus,
(1)
1)y - - ord; (V(Gy))) 1)
orde) (Gx ") > Tx,p > orde (0@ (zq)) orde (Gx )
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However, under the hypothesis of Proposition 3.1, sometimes it is possible to find arcs such that ord, (gg?)) =

1 <7x,, <ordg (gg(l)). Let us show an example for this:
Example 3.2. Consider X < Spec(k[z,y, z]) defined by the equation f = xy — 2° and ¢ = (0,0,0) =
Max mult(X ), and let ¢ be the arc defined by p(x) =13, o(y) = 2, p(z) = t. Here
G\ = Diff (k[ y, 2][fW?]) = Kla]aW] © G = ke, y)[o W, y W] © G,

where G = K[y, 2][yW, 2°W2, 24W] and G{) = k[2][z°W2, 24 W], so ordg(a) (G%) =1and orde) G =
5/2. Note that ord(y) = ord;(¢(z)) = 1. On the other hand,

rx.p = ord($(0X)) = ord (¢ (GX)) = min {ord:(¢*) (1)), ordy (¢ (GK)) } = min {2,5/2} = 2.
Hence, for this example 1 < 7x , =2 < 5/2.

Let us end our discussion with a couple of illustrative examples for Propositions 2.1 and 2.3 respectively.
The first one shows an isolated point of Max mult(X) for which ®x ¢ is upper bounded by 3:

Ezample 3.3. Let X = {x2y3 — 235t = O} — Spec(klz,y, z,s]) and let £ = (0,0,0,0) = Maxmult(X).
We have
G = Diff (k[z,y, 2, s|[(a%y* — 2" )W) =
= k[z,y, 2z, 8] [xW, yW, 2sW, 2°W, s W, 23sW?2, 25° W2, 2s"W3 223 W3 232 W3, 23s3W 4, 231 W),
Observe now that =W, yW, 23W, s>W € ggﬁ), and ()W, o(y)W, p(2)3W, p(s)?*W € Lp(ggél)). Then
rx,p < min {ord, (p(z)), ordi (p(y)), 3 - orde((2)), 2 - ordi(p(s))} -

If ord(y) = ords(¢(z)) or ord(p) = ord:(¢(y)), then rx,, = 1. If ord(y) = ords(¢(z)), then 7x , < 3, and
if ord(y) = ords(p(s)), then 7x , < 2. In any case

X, < 3.

In our next example we construct, for a non isolated point of Max mult(X), a family of arcs ¢, N € Z~,
for which 7x , equals a polynomial in IV, namely ¢(N) = N +2, showing that ®x ¢ is not upper bounded:

rzample 3.4. Let now X = (z°y° — 2%s> =0y, and let £ = (0,0,0,0) again. Now & C Maxmult . In
E le 3.4. L X 2y3 — 245 =0 dlet £ = (0,0,0,0 in. Now £ C M It(X). I
this case,
=Di x,y, 2, s|[(z7y°—2"s = klx,y, z, s|[xW, yW, zsW, s°W, zs ,2%s , 278 , 20 .
g;l) Diff (k 2,3_ 45\ p5 k W.uW. 2sW. ST, 25TV 2. 22553, 23554, 246515
Consider the following family of arcs through ¢ parametrized by N € Zq:
on : k[r,y, 2, 8]/ (x%y> — 2*s°) — K][t]]

xr—>t2N+2,

y s 12N45,

z— 1,

s — t2NF3,

Now
0(GY) = K[| [N 2w

and ord(¢on) =1, so
Tx,0 = 2N + 2,

which grows with V.
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