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Abstract

Let P,Ea’ﬁ ) be the n-th monic Jacobi polynomial with &, > —1. Given m numbers
1,...,0, € C\[-1,1], let Q,, = (®1,...,0,) and t@éi‘é@m be the m-th iterated integral
of (”%71)' P,Ea’ﬁ ) normalized by the conditions

dk 2\ *%P)
%"m(wm,k) =0, for k=0,1,....m—1.
The main purpose of the paper is to study the algebraic and asymptotic properties of the se-

quence of monic polynomials {,@é?f K;m ». In particular, we obtain the relative asymptotic

for the ratio of the sequences {,@,(51’6 g;m }n and {Pé“'ﬁ )}n. We prove that the zeros of these
polynomials accumulate on a suitable ellipse.

1 Introduction

There is an extensive literature on the location of critical points of polynomials in terms of their
zeros ([19, Part I] and [21]), whose main pillars are Rolle’s Theorem, Gauss-Lucas Theorem,
and their refinements. However, actual converses of these theorems have not been found yet. It
is obvious that given one of the zeros of a polynomial and its critical points, the remaining zeros
are uniquely determined. Nonetheless, there are few results about zero location of polynomials
in terms of their critical points and a given zero, most of them contained in [19, §4.5]. In
general, these follow from the Schur-Szegd composition theorem [19, Th. 3.4.1d]. Perhaps, the
most relevant results in this sense are the theorems of Walsh [19, Th. 4.5.1] and Biernacki [19,
Th. 4.5.2].

*Research partially supported by Ministry of Economy and Competitiveness of Spain, under grant MTM2015-
65888-C4-2-P



Let P,E‘”’ ) be the n-th monic Jacobi polynomial with parameters o, 8 € R

o E () e o

k=0 n

where 2n+a+B #0,1,...,n—1, () =T(a+1)/(T(a—b+1)I'(b+1)) and T'(-) is the usual
Gamma function (see [22, (4.21.6) and (4.3.2)] for more details). These classical polynomials
have been extensively used in mathematical analysis and practical applications (cf. [22, 20, 23]).
Nowadays, there has been renewed interest in using the Jacobi polynomials in the numerical
solution of differential equations. Some of these methods require explicit expressions of the in-
tegral of such polynomials and the localization of their zeros (e.g. see [4, 5]). Another area that
demands this knowledge is the study of families of polynomials orthogonal in a non-standard
sense, particularly the Sobolev-type orthogonality and the orthogonality with respect to a dif-
ferential operator (e.g. [3, 6, 17] ).

It is well known that P,Ea’ﬁ ) satisfies the following differentiation relation

dkplob)

dzk

|
@=7 - gih @, osksn 2)

(see [22, (4.21.6)-(4.21.7)] for details). Additionally, if o, B > —1, the family of polynomials
{Pn(a’ﬁ)} is orthogonal in [—1, 1] with respect to the weight w(x) = (1 —x)%(1+4x)P.
For a fixed m € Z, let 3”,53,;/3 ) be the monic polynomial of degree n + m given by

\@B) _ pla-mp-m)

— “n+m
Then,
am %P n+m)!
dz" n!
(t,B)
and thus @,Sfi‘,;ﬁ ) is the m-th iterated integral (or a primitive of order m) of % In what
follows, we shall refer to f@,(l(fnﬁ ) as the m-th fundamental iterated integral of %Péa’ﬁ ),
Given m complex numbers @y, ..., @y, let Qr = (oy,..., @) for 1 <k < m, and ‘-@é?nﬁs%m
be the m-th iterated integral of @ Pn(a’B ) normalized by the conditions
dk (@(O“ﬁ)
%(wm_k):a k=0,1,....,m—1. (3)

It is well known that there exists a unique polynomial of degree at most m — 1, o7, ,,(z) =
. m(2; @1, . .., O), satisfying the conditions

s @B
dZ]?m(wl’l’l—k) = dznlém (wm—k)7 k:0717"'7m_1' (4)



The polynomial <7, ,, is named the Abel-Goncharov interpolation polynomial, associated to the
conditions (4). The existence and uniqueness of 47, , is obvious if we observe that (4) is a
triangular system of m equations and m unknowns (the coefficients of <7, ,,) whose determinant
is equal to [T}, k1. The Abel-Goncharov interpolation polynomials are a generalization of
Taylor’s polynomlals which correspond to the case w,, = @,,—; = --- = ;. In section 3, you
can see explicit expressions of Abel-Goncharov polynomials and some of their properties, for
more details see [23, 1, 10].
Therefore, the polynomial @i?ﬂﬁ S%m can be written as

Py (&) = PP (@) — hm(2), ©

n,m,Qy,
and we can interpret the polynomial 2 mﬁ g; as the polynomial solution of the Abel-Goncharov
boundary value problem (see [1, §3.5])
'Y () = Mpn(a,ﬁ)( )

7" Py z), n>m,
d*y
T (Onk) = 0, k=0,1,....m—1.

Moreover, if o,3 > —1 then @( P )m is the (n+ m)-th monic orthogonal polynomial with
respect to the discrete-continuous Sobolev bilinear form (see [3, 2]) given by

m— ldk dk 1dm dm
)5 =X om0 GEOn 0+ [ G EE 00 -0 0P

The main goal of this paper is to study the algebraic and asymptotic properties of the family
of monic polynomials {‘@r(z?vffim}"’ formeZy, {o, - ,0,} CC\[-1,1] and a,p > —1.
The case ¢ = B = w; = -+ = @, = 0 was early studied in [7], where the authors wrote “It
would be interesting to obtain results, analogous to Theorem [7, Th. 2], for these polynomials”
referring to the Gegenbauer (or ultraspherical) polynomials (o = 8 > —1). Our Theorem 4 is
an extension of [7, Th. 2] for Jacobi polynomials when all the constants of integration @; are
out of the interval [—1,1].

In the next section we review some of the standard facts on Jacobi polynomials and we give
the proof of some auxiliary results. The third section is devoted to study the Abel-Goncharov
interpolation polynomial <7, ,,(z) of the m-th fundamental iterated integral of Jacobi polynomi-

als. In the last section, our main results on asymptotic behavior of the sequence of polynomials
{@(a’ﬁ ) } and its zeros, are stated and proved.
n

n,m,Q,

2 Fundamental iterated integrals of Jacobi polynomials

Recall that, for a fixed m,n € Z, we denote by 92,(,05 P the Jacobi monic polynomial of degree

n+m given by P ™P~™ Brom [20, §135 (12) and §138 (14)-(15)] we have the next lemma.

n+m
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Lemma 2.1. For a fixed m € 7., let @ﬂ;ﬁ ) be the (n+ m)-th fundamental primitive of n-th
monic Jacobi polynomial with parameters o, 3 € R. Then

24Py = 2 () +d%P) 2P ) bliP 2P () 6
(@) 2(n+m)(a—f)
where anm - (2n+a+ﬁ+2)(2n+a+ﬁ)7
pap) _ “Hatmntm—1)n+a)n+p)
o (2n+o+B)*((2n+a+p)*—1)

250 = AP,
The asymptotic behavior of the sequence of polynomials {@,(ZO,‘,,B ) 1, stated in the following
lemma is a direct consequence of [22, Th. 8.21.7 & Eqn. (4.21.6)].
Lemma 2.2. If o, B € Rand m € 7., then
1) (Outer strong asymptotic). Uniformly on compact subsets of C\ [—1,1]

250 (2)
lim ————~ = m(2 z), where (7
N0 (Pn(Z) l//oc,B, ( ) (P( )
0(z) = %(Z—l— 2—1) with \/z2—1>0 when 7> 1 (8)
22m—a—p (\/Z__1+\/Z—|—_1)a+ﬁ72m
and Yo g m(2) =

{‘/(z— 1)2(05—m)+1 {‘/(z+ 1)2(ﬁ—m)+1'

2) (n-th root asymptotic behavior). Uniformly on compact subsets of C\ [—1,1]

1
lim | 2\%P) ()|"

n—soo

= lo(2)]- ©)

3) (Comparative asymptotic behavior). Uniformly on compact subsets of C\ [—1,1]

(a,B) m
fim 27 (Z)z( . ) . (10)
n—yoo P,Sa’ﬁ)(z) 0'(2)

Note that 2¢(z) = z+ Vz> — 1 is the conformal mapping of C\ [—1, 1] onto the exterior of
the unit circle, where the ellipses |z + vz2 — 1| = p, p > 0 are its level curves.
Furthermore, the formula (9) of n-th root asymptotic behavior of the fundamental iterated

integral QZ,E%;B ) (z) is the same for classical Jacobi Polynomials since m is fixed.
The two lemmas listed below are deduced from the well-known Rouché’s Theorem (cf. [18,
Th. 1.1.1]) and the Biernacki’s Theorem (cf. [19, Th. 4.5.2]), respectively.

Lemma 2.3. Let f and g be polynomials, and 7y a closed curve in the complex plane without

self-intersections. If | f(2)| < |g(z)| for all z € y, then f+ g and g have the same number of zeros
in the interior of .



Lemma 2.4. Let f be a polynomial whose critical points lie in a compact subset K C C. If
there exists § € C such that f(C) = 0, then the zeros of f lie in the compact set [K]; = {z €
C:infyeg [z —w| < dk,}, where dk, is the diameter of the compact set Ky = KU{C} (ie.

dg, = SUP ek, lu—v|).

Of course, for all § € C we get K C Ky C [K]¢.

We denote by Zﬁ,?‘,;ﬁ ) (A) the set of zeros of (@,(ffnﬁ ) on the set A C C. In the next theorem,
we state some aspect of interest about the asymptotic behavior of the zeros of the fundamental
iterated integrals of Jacobi polynomials.

Theorem 1. Let a,f > —1, m € N fixed and [ = (—1,1) , then
B)

1) For each n > 2m, at least (n — 2m) distinct zeros of 4@,%; lie in I.

2) There exists a compact set K C C, such that (—1,1) C K and U Z,(Coff)((C) CK.

n>1
3) All the roots of f@,(,?,’,ﬁ) accumulate at [—1,1].
Proof.
1) From (6), for consecutive values of m, there exist (2m+ 1) constants ag, ay, .. ., a2, such

that @,S%B ) (2) = X", ax Pﬁfik(z) Hence, f@r(lofnﬁ Visa quasi-orthogonal polynomial of order

2m with respect to the measure (1 —x)*(1+x)Bdx on I. Hence, from [9, Th. 2] we have the
first assertion of the theorem.

2) If m = 1, all the critical points of @,(loi’ﬁ ) lie in (—1,1) and by the first sentence of the

theorem at least n — 2 of its zeros are on I = [—1, 1]. Let xo € I such that c_@,gof’ﬁ) (x0) = 0. Then,
according to the notations in Lemma 2.4, we get that I, = I and dlxo = 2. Hence, from Lemma

24 we get (U1 Z5P(C)) < My
Suppose that for a fixed m € N, there exists a compact set K,S,“’ﬁ ) such that

(U z,gf;,;m(@) kD),

n>1

As the zeros of ,@,E‘i‘nﬁ ) are the critical points of & (0.)

nm 1> from Theorem 1-1) and Lemma 2.4
we get the desired statement.

3) For a fixed m € N, from the Theorem 1-2) we know that the set of all zeros of {@,g%ﬁ )}
are uniformly bounded.

. @,ggfnﬁ)(z) 1 m . 2271 m .
Note that for all n € Z_ the functions T and ((P,—(Z)) = < Y e ) are analytic on
— m —
C\ [-1,1], where ¢ is given by (8). Furthermore, ( V(;EZT) #0if z € C\ [—1,1], hence the
sentence 3.- is a consequence of (10). O



In the classical Szegd’s book [22, §6.72], the reader can find a full description of the dis-
tribution of the zeros of P,gj‘f,;'"’ﬁ _m), ie. @,Sfii;ﬂ ), when o, € R and n,m € Z, are fixed.
In this sense, it is convenient to cite [12], where this analysis is embedded in a more general
framework, using non-standard versions of orthogonality like the so-called quasi—orthogonality.

Additionally, there is a broad literature about zero location and asymptotic behavior of clas-
sical orthogonal polynomials with varying parameters. In particular, in the case of Jacobi poly-
nomials (& = o, and B = f,), the reader can see [8, 11, 14, 15, 16] and references therein.
The case considered in the current paper is different, because the parameters in the fundamental
iterated integrals of Jacobi polynomials are constant.

3 Abel-Goncharov interpolation polynomials
Given m complex numbers @, ..., ®,, and € for 1 <k <m, as in (3). As we show in the first
section, there exists a unique polynomial <7, ,, of degree at most m — 1, such that the equations

(4) are satisfied. This polynomial is given by

m=1 1 dkf@}g%ﬁ)

%M(Z) = @;g?ﬁﬁ)(wm) + Z X! A (wm—k) gkm(z) (11)
k=11 2
where % 1, (2) = % (23 Om, Op—1, . . ., Wy—) is the monic polynomial of degree k , generate by
the k-th iterated integral
Z [Sm—1 Sm—(k—1)
Gem(z) = k! / / / dspm_1ds,—2 - dSpm_x, (12)
Wy J Wpy—1 m—(k—1)

see [23, §4.1.4 (15)-(16)] for more details. The polynomial %; ,, is called the k-th Goncharov’s
polynomial associated with { @, ..., ®,}.

Examples (Abel’s polynomials ). If ®y,...,®,, form an arithmetic progression, i.e. @, _j =
o+ k¥, where ,9 € C are fixedand k =0,1,...,m— 1, it is well known that in this case the
k-th Goncharov polynomials

Gem(z) = (2— 0)(z— 0 — (m—k)O) (13)

is the so called k-th Abel’s polynomial.
If 9 =0, we have the special case %y ,(z) = (z— @)~ (Taylor’s case) and then the m-th

Abel-Goncharov interpolation polynomial (11) becomes the Taylor’s expansion of l@,(l?,‘,’,ﬁ Vin o
, as we mentioned in the introduction.

k gp(2.B)
According to (2), it follows that ;; M% (m—i) = (") f@r(lofnli )k(a)m,k) and replacing this
formula in (11) we get

m—1
Sym(2) = PasP (om) + ¥ (’”];m) PP (O 1) Gn(2)- (14)
k=1
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Theorem 2. Givenm >0 and oy, ..., 0, € C\ [—1,1] fixed, let <7, ,(z) be the Abel-Goncharov
polynomial of interpolation associated to the conditions (4),

0w = max [9(0n )|, U ={k: [9(0n )| = Ou} andk=max|kl.  (15)

0<k<m—1

Then, uniformly on compact subsets of C

% (z
lim — ’%’”(Z) = "”2’(), (16)
P, R
hmpﬁmﬁﬁ = o (17)
n—soo

The branch of the square root in (8) is chosen so that |Q(@,,_i)| > 1, foreach 0 <k <m— 1.

Proof.
LetV ={k:|@(@y—1)| < On}. Obviously UNV =0and UUV ={1,2,--- ,m}. From (14),
we get

(n—i—m—/Ac)! %,m(Z) _ gfc,m(z) 4 Z gk,m(z)
(n+m)! 2%B) (6 ) B k! g
nm—k~ m—k keU\{k}
Gem
£Y Ay Denle) (18)
keVv k!
(n4+m—k)! «@,(,(f,;ﬁ)k(wm k)
where An,m,k:( M=kl (@B .
n+m .gznm (@, 1)
Firstly, we will prove that for all k € (U UV)\ {k}
lim Ay = 0. (19)
n—oo
If k €V, then |@(w,—k)| < |@(®, )],
B (n+m—k)! [ @(@n_) ng,gfﬁﬁ)k(wmfk) ( i)
P m=\ 0@, ) ) 9O 2P ()

and from (7), we can assert ttlat for k € V we get (19).
If k € U\ {k}, then k < k and |@(®,—)| = |@(@, ;)|. Writing ¢(®,—) = [@(®, ;)le
and (@, ;)= |p(®w, ;)le 9 with 0,6 € [0.27), we get

nm (n4+m—k)! q)n(a)m_k) /3)]2( N

i0

and as in the previous reasoning, from (7), we can assert that if k € U \ {lAc} we have (19).
Now, according to (18)-(19), we get (16). Finally, (17) is a consequence of (16) and (9). [J
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4 General primitive of Jacobi polynomials and its zeros

For p € Ry, let E, be the ellipse [z— 1| +|z+ 1| = p+p~. Obviously, E, divides the complex
plane into the following two disjoint regions

E, = {zeC:lz—1|+|z+1|>p+p '},
E, = {zeC:lz—1[+|z+1|<p+p'}.
Analogously to the notations introduced in Theorem 1, we denote
20 ={zec: 298 =0}
(i.e. the set of (n+m) zeros of yéic’;ﬁ S%m) and by Z,(qfcgiz the set of accumulation points of zeros
of {2\ %R,

Lemma 4.1. Let o,3 > —1, m € Nand Q,,, = (@y,...,®,) € C™" fixed. Then, there exists a
compact subset K C C, such that (—1,1) C K and z\%P) K for all n.

n?m7QI7‘I
Proof.
We proceed analogously to the proof of Theorem 1. If m = 1, for all n > 1 the critical points
of 3”15 11(39) are on I = [—1,1]. Then, from Lemma 2.4, we get Z%’@l is a subset of the compact

set [I],, which was defined in Lemma 2.4.

Suppose that for a fixed m € N there exists a compact subset K, such that Zfla,;ﬁ )1 o, C

K—1. As the zeros of 32( mﬁ )1 Q,_, are the critical points of L@ﬁn@m from Lemma 2.4 we get
Zglamﬁf)). - [Km_l]wm' O

Theorem 3. Given m > 0 and oy, ...,®», € C \_[—1, 1] fixed, let p,, = 20,,, where G, is given
by (15). Then, uniformly on compact subsets of Ep,,

H(@h) m
lim 21109 :( 1 ) : (20)
n—soo Pé“’ﬁ)(z) 2)

Furthermore, Z}(;‘SQ CE,, .

Proof. From (5) we know that

Pimon@ P8P ()

AP AP AP )

The uniform limit of the first quotient in the right side is given by (10). Hence, to proof (20) it
is sufficient to proof that

lim —d (2)

lim (a B)( ) =0, uniformly on compact subsets of Eg, . (21)



From (14), we have

Sym(z) "SNP r(zo:nﬁ)k(wm_k) (n+m)! PP (@, 1)\ Gm(2)
P,Ea’ﬁ)(z) = P,Eaﬁ)( Ot (n+m—k)! P,ga’ﬁ)(z) k!

where 9,,(z) = 1. Fork=0,1,...,m— 1 we get

m) BP0 0) () & ARCTRY
(ntm—k)! ploBl ) nam=—0!\ o) ) ")
9"
PP)(2)
As |@(@,—1)| < |@(2)| for all z € E,,, from (10) it follows (21).
Finally, the assertion A gf ) CE,  isaconsequence of (20) and Lemma 4.1, using analogous
argument as in the proof of 3) in Theorem 1. ]

Theorem 4. Assume that m >0, @,...,0n €C\[~1,1] and k=m—1. Then the accumulation
points of zeros of{ﬁn . Q } are located on the union of the interval |—1,1] and the ellipse

Ep, = {z€C:z—1|+]z+ 1| =pu+py'}, (22)

where k is defined in (15), py, is as in Theorem 3, and the branch of the square root in (8) is
chosen so that |@(ay)| > 1, for each 1 <k <m.

(a.B)

Proof. From (5), the zeros of the polynomial BZm e satisty the equation

S =

2P @) = () (3)

Taking the limit as n — oo on both sides of (23), from (17) and (9), we have that Z,(fg’iz CEp,

where
E,, = {ZE(CZ 24+ V22— 1 :pm}.

Let k be an index, 1 < k < m, such that (p(a),;) = pmeié, 0 < 0 < 27. Hence, we have that
Z+ \/z —1=ppe ’6, z— V22— ~i% and taking the difference between both we get
Va2 — (Pme +pylei?)/2. Thus

[ome™ =112+ |pme™® + 12
20m

lz—1|+|z+1]=

Y

which is equivalent to the equation of the ellipse in (22). As the limit that we have taken is
uniform on compact subsets of C\ [—1, 1], the theorem is proved. O
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Figure 1: Zeros of ﬁ and @éo 3)9 , where Q) = (4+1i,—2) and Q3 = (4i,—i,2). In
each case the ellipse is glven by (22)

In example 3, if for each 0 <k <m— 1 it holds that (@0 +k¥) & [—1, 1], then all the zeros of
the Abel’s polynomials (13) are out to the interval [—1,1]. What is interesting for the following
corollary.

Corollary 4.1. Under the assumptions of theorems 2 and 4, if the zeros of the Goncharov
polynomial % are outside to the interval [—1,1] then the accumulation points of zeros of

{33

. Q } are located on the ellipse Ep,,.

Proof. Obviously, from Theorem 4 it is sufficient to prove that there does not exist an accumu-

lation point of zeros of {4@ } located on the interval [—1, 1].
Let € € R such that @, .. a)m and the zeros of % ,, are on the exterior of the ellipse Eq¢.
Thus, if w € Ej ¢, from (7) and (16) we get, for sufﬁ01ently large values of n,

n+m ntl
A0 = ("7 Vg i@, ) 90, DG 000
2P W)~ Wap (W) 9" 2 (w). (25)

As the zeros of the Goncharov polynomial ¢; , are on the exterior of the ellipse E{ ¢, then
from (24), there exists N| € Z, such that for n > N1 the zeros of the polynomial <7, ,, are on

10



the exterior of the ellipse E{¢ too. From (24)-(25)

ntm\ |G ) Vg i(@ D] [9(e, )2
(W) =
k Wa,ﬁm(w) (p(W)
1
|V pm(w) 9" ()
<4 (w ml@ 2 [T %
i (W) Wa g m(@, 1) "P( i) @,ﬁf;‘,;ﬁ)(w)‘ 26)
Yo.B,m(W) @(w)

As it is well know from classical complex analysis (cf. [13, §51]), ¢(z) maps the ellipse
|z—1|+|z+ 1| = r+1, with r > 0, onto the circumference |z| = r. Hence, as each @ is on the
exterior of the ellipse E1;¢ and w € E ¢, we get that |@(®@, ;)| > |@(w)|. Thus, from (26)
there exists N, € Z such that if n > N, then | .27, ,,(w)| > ‘@,g%m(w) ’

Finally, from Lemma 2.3 and Theorem 4, the corollary is proven.
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