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1. Introduction

Composite materials are well known for their good 
mechanical properties as well as their low weight. These 
two characteristics make them ideal candidates to be used in 
applications where cost reduction and safety under different 
mechanical demands are the most important requirements 
(Kharazan et al. 2014, Garcia-Gonzalez et al. 2015, 
Guangyong et al. 2018). In fact, optimization processes are 
common to reduce costs within the field of composite 
materials (Ehsani and Rezaeepazhand 2016, Costas et al. 
2017, Dhari et al. 2019). These materials are conceived to 
meet different economical and mechanical requirements but 
they also need to be able to withstand extraordinary 
circumstances that may occur during their service life. For 
instance, high-velocity impact is a common scenario within 
the aerospace industry (Briescani et al. 2015, Pekbey et al. 
2017, Rodriguez-Millan et al. 2018). Moreover, there are 
other industries such as transport or maintenance where 
composite materials are likely to suffer accidents. For 
example, pipes made of E-glass polyester laminates might 
be subjected to impacts in some environments. In view of 
these examples, the study of high-velocity impact on 
composite materials can be considered as a hot topic (Haro 
et al. 2016, Zhang et al. 2016, Hazzard et al. 2018, Alonso 
et al. 2018a, Sikarwar and Velmurugan 2019, Scazzosi et al. 
2019, Gil-Alba et al. 2019). This problem can be 
approached by different methodologies: experimental, 
theoretical and numerical. 
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Regarding numerical models, different approaches 
based on the finite element method (FEM) have 
successfully been applied to simulate the impact 
phenomenon (Davila et al. 2005, Miamí et al. 2007, Lopes 
et al. 2009, Yiru Ren et al. 2018). More recent numerical 
models have been developed to capture different effects 
such as damage modes or the service-life under fatigue 
tensile loading of 3D braided composites (Ding et al. 2018, 
Chao Zhang et al. 2018). Other damage models have 
recently been developed in composite materials to predict 
complex phenomena such as fracture in layered structures 
(Nguyen et al. 2019), punch tests (Liu et al. 2017) and the 
evolution of plasticity parameters in FRP-confined concrete 
structures under compression (Saberi et al. 2020). The main 
advantage of theoretical and analytical models compared to 
numerical and experimental ones is the saving in time, 
computational and economic costs. They allow the 
understanding of the main failure mechanisms involved 
saving a lot of resources compared to other methodologies 
(Naik and Doshi 2005). 

The prediction of the ballistic behaviour of laminate 
plates is an important field to be studied due to the high 
number of engineering applications in which these materials 
can be useful. The approaches used to formulate analytical 
and theoretical models, can be mainly divided into those 
based on energetic considerations and those based on 
momentum transfer. Related to the latter, several authors 
have developed models based on the transfer of linear 
momentum between the projectile and the laminate layers 
(Mamivand and Liaghat 2010, Briescani et al. 2015). The 
model proposed in this paper is developed combining these 
two approaches. Its formulation is based on energetic 
criteria and accounts, at the same time, for the transfer of 
linear momentum within the energy-absorption mechanisms 
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(thus creating a new branch in this classification). Another 
classification can be based on specimen thickness so that 
the models can be divided into those with thin or thick 
laminates. However, there is no clear threshold in the 
literature for this classification. In the study performed by 
Alonso et al. (2018a), a threshold was proposed for GFRP 
plates, but further efforts are needed to provide a more 
accurate criterion. 

Regarding thin composite laminate modelling based on 
energetic criteria, its evolution has been remarkable over 
recent years. Zhu et al. (1992) developed an analytical 
model for Kevlar 29/polyester targets. This model is divided 
into three stages: indentation, perforation and exit. Different 
energy-absorption mechanisms such as fibre failure or 
friction are taken into account and the laminated plate 
theory is used. Navarro (1998) stated that models of brittle 
composite materials should be different from ductile 
composite materials because of the energy-absorption 
mechanisms involved. Furthermore, this author developed 
an analytical model applying the one-dimensional elastic 
wave theory. The analytical model for polymer composites 
proposed by Moyre et al. (2000) considers the energy 
absorbed by the laminate divided into kinetic energy 
transferred to the laminate, elastic deformation of fibres and 
tensile failure of fibres, while obtaining an analytical 
expression for the ballistic limit velocity. Naik and Shrirao 
(2004), Naik et al. (2006) developed a model for woven 
fabric composites. This model is based on an energy 
balance taking into account delamination, matrix cracking, 
shear plugging, elastic deformation of fibres, tensile failure 
of fibres and the kinetic energy transferred from the 
projectile to the laminate. This model is formulated 
incrementally, where time is divided in small increments 
and the kinematic variables are calculated in each step. 
García-Castillo et al. (2012) developed a theoretical model 
based on an energy balance which leads to a differential 
equation solved by numerical methods. 

Moreover, the literature is less extensive regarding thick 
composite laminate modelling based on energetic criteria. 
Naik and Doshi (2005) formulated a model for thick woven 
composites taking into account wave propagation through 
the thickness direction and additional energy-absorption 
mechanisms taking place (compression). These authors 
divided the impact event into three stages associated with 
different energy-absorption mechanisms. Wen (2000, 2001) 
developed an analytical model for the penetration and 
perforation of thick FRP laminates struck by projectiles 
with different nose shapes such as flat, conical or truncated 
cone. This model is formulated by means of the resistive 
pressure and the dynamic resistive pressure. Alonso et al. 
(2018a) developed another theoretical model for thick 
laminates of GFRP plates taking into account the same 
mechanisms as Naik and Doshi (2005). However, this 
model is limited to two stages and some improvable 
simplifications are assumed in the perforation process. The 
proposed model is divided into three stages according to 
new experimental observations (Gil-Alba et al. 2019). The 
experimental study for thick laminates carried out by the 
authors in previous works strongly suggested that the 
transition between stages is related to the change in the 

morphological shape of damage after a certain depth. This 
depth matches the compressive out-of-plane failure strain. 

The main objective of this work is to characterise and 
model the response of thick GFRP plates subjected to high-
velocity impact. To achieve this goal, a non-dimensional 
energy-based theoretical model, which is divided into three 
different stages, is formulated. This model assumes 
physically motivated hypotheses such as the profile of 
velocities across thickness and the instantaneous transfer of 
linear momentum in the second stage, combining two of the 
current existent approaches. It also gives information about 
the relative importance of the different energy-absorption 
mechanisms in the three stages. The theoretical model is 
validated against experimental results. Moreover, original 
tests were performed to obtain out-of-plane properties of the 
laminates. Furthermore, other important hypotheses such as 
the failure mode determining the transition between the first 
two stages are supported in previous experimental 
observations. Finally, a 3D finite element model, which was 
validated against experimental results (Alonso et al. 2020), 
is used as a reference for the comparison with the energy-
absorption results given by the theoretical model. Moreover, 
the FEM model is also used to validate some of the novel 
hypotheses incorporated in the theoretical model. 

2. Material characterisation

2.1 Material description 

Characterisation tests on woven E-glass/polyester plates 
were conducted in this work. These laminates were already 
well characterised in previous studies carried out by García-
Castillo et al. (2006), Buitrago et al. (2010) and Alonso et 
al. (2018a). Table 1 shows the static properties obtained in 
those previous works. The dynamic values used at high-
strain rates, also shown in Table 1, were taken from the 
static properties as proposed by Alonso et al. (2020) in the 
theoretical model. 

Nevertheless, some properties that were estimated from 
other works such as the Young's modulus or the failure 
compressive stress in the thickness direction needed to be 
revisited. 

2.2 Out-of-plane compression tests 

The objective of the compression tests was to determine 
the Young's modulus and the compressive failure stress and 
strain in the thickness direction. 

In order to design the procedure for this test, 
ASTMStandard-D695-96 (1995), indicated to determine the 
compressive failure stress for composite specimens, was 
followed. Prevention of bending, Euler buckling and barrel 
effects was ensured during the tests. 

The cube dimensions of the specimens were 12 mm x 12 
mm x 12 mm. A set of five tests was carried out to ensure 
repeatability. This geometry was previously used by 
Tarfaoui et al. (2008) to measure similar properties at 
different strain rates in GFRPs samples. 
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To perform these tests in optimal conditions, we used an 
specific device that fitted into the 8802 INSTRON machine 
(see Fig. 1(b)). The compression disks were cubes of 50 
mm x 50 mm x 50 mm made of hardened steel with 54 
HRC hardness. This hardness was enough to ensure that 
there was no deformation in the disks during the tests. 
Furthermore, the upper disk had a small pinned joint so that 
the possible manufacturing defects could be balanced and 
the load was always applied parallel to the surface. These 
characteristics made the performance of the tests possible. 
The tests were performed with a velocity of 1 mm min-1 as 
proposed by ASTM-Standard-D695-96 (1995) to ensure 
quasi-static conditions during the test. 

As shown in Fig. 1b, the breakage shape was conical as 
expected for laminates similar to E-glass fibre/polyester. 
For example, Ferguson et al. (1998) predicted a similar 
breakage shape for 0/90 woven glass/epoxy laminates. 

Assuming uniaxial conditions, the stress-strain 
curve along the thickness direction can be represented from 
the data recorded. To this end, stress and strain were 
calculated with Eqs. (1) and (2). 

𝜎3 =
𝐹𝑐

𝐴𝑐
(1) 

𝜀3 =
𝑥

𝐿0
(2) 

where 𝐴𝑐 is the area in contact with the steel disk (12 mm
x 12 mm), 𝐹𝑐is the force recorded by the machine, 𝐿0 is
the initial thickness of the laminate (12 mm) and 𝑥 is the 
displacement of the machine in a reference system with 
origin in the starting test position. 

Fig. 2 shows the mean stress-strain curve of the tests. 
The relationship between these variables was found to be 
linear until failure (R2=0.9926). 

The slope of this curve represents the compressive 
Young's modulus along the thickness direction. Moreover, 
the stress before failure can be interpreted as the 
compressive failure stress along the thickness direction. 
These values are estimated, as a first approach, following 
the procedure presented by Alonso et al. (2020), see Table 
2. 

2.3 Friction curves 

The main goal of the friction tests was to motivate the 
modelling of the advance of the projectile during the 
perforation stage. To this end, force-displacement curves  

Table 1 Summary of the static properties of woven E-glass fibre/polyester laminates obtained by García-Castillo et al. 
(2006), Buitrago et al. (2010),  Alonso et al. (2018a, 2020). 

Property Nomenclature Quasi-static Value Dynamic Value 

Laminate density [Kg.m3] 𝜌𝑙 1980 1980 

Young's modulus in directions 11 and 22 [GPa] 𝐸11 = 𝐸22 10.1 15.2 

Shear modulus in direction 12 [GPa] 𝐺12 4.4 6.5 

Poisson's coefficient 𝜈12 = 𝜈23 = 𝜈31 0.16 0.16 

Failure stress in directions 11 and 22 [MPa] 𝑋11𝑡
= 𝑋22𝑡

367 1102 

Failure shear stress in directions 12, 23 and 13 [MPa] 𝑆12 = 𝑆23 = 𝑆13 136 204 

Shear modulus in directions 23 and 13 [GPa] 𝐺23 = 𝐺13 0.48 0.72 

Compressive failure strength in directions 11 and 22 [MPa] 𝑋11𝑐
= 𝑋22𝑐

309 928 

Shear failure matrix strength in directions 12, 23 and 13 [MPa] 𝑆12𝑠
= 𝑆23𝑠

= 𝑆13𝑠
120 180 

(a) (b) 

Fig. 1 (a) 8802 INSTRON universal test machine connected to the out-of-plane compression tool. (b) Specific device for 
the out-of-plane compression tests with a specimen already tested 
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Fig. 2 Mean out-of-plane compressive stress (𝜎33) vs
strain (𝜀33) curve along the thickness direction obtained
from the out-of-plane tests 

were used to compute the energy absorbed by friction. To 
perform these tests in optimal conditions, we followed 
ASTM-Standard-D732-02 (2002) as proposed by other 
authors for friction tests (Pandya et al. 2015). We performed 
the tests following this procedure and using the specimen 
geometry (50 mm x 50 mm) described by Alonso et al. 
(2018a). 

The schema of the relative disposition during the test 
between the specimen and the machine can be seen in Fig. 
3. The friction punch was placed in the upper jaw of the
universal testing machine. The concavity of the punch was
located on the projectile ensuring contact so that the punch
guided the movement. Once the test started, the lower stem
moved up with a velocity of 1 mm min-1 while the punch
was fixed (ASTM-Standard-D732-02, 2002).

The data related to the tests performed are collected in 
Table 3. 

The results show almost perfect repeatability, providing 
clear representative curves for 9 mm thickness and 12 mm 
thickness tests. An adjustment by means of least squares 
provided the analytical equations with their valid intervals 
of applications to be used in the theoretical model. The 
analytical expressions for the friction force have a fit 
coefficient greater than 0.98. 

𝐹 = {

0.4569𝑥 + 0.1014,         𝑖𝑓 0 < 𝑥 ≤ 1.17
3.1815𝑥 − 2.743,        𝑖𝑓 1.17 < 𝑥 ≤ 3.72

0.1002𝑥2 − 2.624𝑥 + 16.952, 𝑖𝑓 3.72 < 𝑥 ≤ 9
 (3) 

Fig. 3 Relative disposition between the laminate and the 
test machine at the beginning of the friction tests as per 
ASTM-Standard-D732-02 (2002) 

𝐹 = {

−0.094𝑥2 + 0.5304𝑥 + 0.067, 𝑖𝑓 0 < 𝑥 ≤ 2.68
4.1184𝑥 − 10.264,       𝑖𝑓 2.68 < 𝑥 ≤ 5.60

0.112𝑥2 − 3.810𝑥 + 30.683, 𝑖𝑓 5.60 < 𝑥 ≤ 12

 (4) 

where 𝑥 is the spatial coordinate in mm with the origin on 
the front face of the laminate and 𝐹 is the friction force in 
kN. Eqs. (3) and (4) are valid for 9 mm and 12 mm thick 
specimens respectively. 

For both thicknesses, the force increased initially until 
the projectile was inside the laminate. At this point, the 
contact surface between the projectile and the laminate 
reached a maximum. When the projectile began to come out 
of the specimen by the rear face, the friction force started to 
decrease. The peak that Eqs. (3) and (4) present for 12 mm 
thick specimens was higher than the one for 9 mm thick. 
This is explained by the fact that the larger the thickness the 
more time the projectile remains inside the laminate. 

Pandya et al. (2015) carried out similar experiments 
with E-glass fibre/epoxy laminates. The shape of the curve 
of these experiments was different compared to Pandya et 
al. (2015) due to the geometry of the projectile. In the tests 
carried out by Pandya et al. (2015) they used a cylindrical 
flat-ended projectile. Therefore, the contact area between 
the projectile and the laminate was always growing 
monotonously and so did the force-displacement adjusted 
equation. 

Friction is a really complicated phenomenon due to the 
microscopic processes taking place at the same time such as 
the micro welds between the two bodies (Braun and 
Naumovets 2005, Li et al. 2017), which are a current topic 
of discussion in the scientific community. Therefore, we are 
aware that the friction response might be affected by factors 

Table 2 Static properties of woven E-glass fibre/polyester laminates determined by out-of-plane compression tests as per 
ASTM-Standard-D695-96 (1995) 

Property Nomenclature Quasi-static Value Dynamic Value 

Compressive Young's modulus in direction 33 [GPa] 𝐸33 4.5 6.75 

Compressive failure stress in direction 33 [MPa] 𝑋33 464 1392 

Compressive failure strain in direction 33 𝜀3𝑐
0.1085 0.217 
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such as temperature or sliding velocity. Nevertheless, these 
tests are considered here as a good approximation as a first 
approach. 

3. Theoretical model

This section presents the theoretical model developed 
for predicting the performance of thick woven GFRP plates 
under high-velocity impact. This model is formulated 
within an energy-based framework that assumes the kinetic 
energy of the projectile to be absorbed by the laminate in 
three different stages. First, the main hypotheses are 
introduced and, then, the energy-absorption mechanisms are 
described for each stage along with the kinematics. 

3.1 Description of the hypotheses and parameters of 
the model and wave propagation 

The theoretical model for thick woven laminates is 
motivated by previous models developed by Naik and 
Doshi 
(2005) and Alonso et al. (2018a). However, the model of 
Alonso et al. (2018a) only predicted the ballistic limit. New 
considerations have been made to reformulate the whole 
problem. 

The problem depends on three elemental magnitudes 
which are mass [M], length [L] and time [T]. Nevertheless, 
this model has three independent stages. The outputs of 
each stage are taken as inputs for the following stage. 
Therefore, each stage has been formulated in a non-
dimensional form by means of the Vaschy-Buckingham 
Theorem with its characteristic parameters. 

The following hypotheses taken from Alonso et al. 
(2018a) have been assumed in the model formulation: 

 Based on experimental evidence (Buitrago et al.
2010, Alonso et al. 2018a), the projectile is
assumed to be rigid and thus it remains
undeformed during the entire impact process.

 The mechanical performance of the laminate is
considered linear-elastic and 𝑥-axially symmetric,
where 𝑥 is the thickness direction.

 The waves considered are the transverse and
longitudinal waves (in-plane) and the compressive
wave (out-of-plane). All of them remain constant
during the impact process.

 In the first stage, the energy absorbed by
compression is split into two regions (Fig. 4): the
fibres that are directly under the projectile; and the
other fibres indirectly affected by the movement of
the projectile.

 The energy absorbed by heat transfer between the

projectile and the laminate is assumed to be 
negligible. 
Moreover, the following new hypotheses have 
been incorporated in the formulation of this new 
model: 

 The impact event is divided into the three stages.
 The first stage ends when the complete failure of

the laminate takes place. The failure criterion which
determines the transition between the first two
stages is assumed to be compression. Experimental
evidence backs up this hypothesis (Gil-Alba et al.
2019).

 The second stage is assumed to be instantaneous
and concludes when the transfer of momentum
between the projectile and the laminate is
completed.

 The third stage only takes into account the friction
between the projectile and the laminate, finishing
when the projectile exits the laminate. Temperature
and sliding velocity are not taken into account.

 The shape of the projectile is considered in the
model formulation.

Furthermore, other more specific hypotheses have been 
added in the three stages and are explained in the following 
sections. The first stage starts when the projectile impacts 
the plate. From this moment, several waves propagate in 
different directions. In-plane longitudinal and transverse 
waves as well as compressive waves along the thickness 
direction are considered. Therefore, during this stage 
different energy-absorption mechanisms are considered: 
compression, tensile failure of fibres, shear plugging, 
transference of kinetic energy, matrix cracking and 
delamination. This stage ends when the complete failure of 
the laminate takes place. At that moment, a plug with a 
certain kinetic energy is formed. In the second stage, which 
is assumed to be instantaneous, the projectile transfers 
linear momentum to the plug in order to move both bodies 
at the same velocity. A perfectly inelastic shock between the 
projectile and the plug is assumed in order to obtain this 
velocity. With both bodies moving at the same velocity, the 
third stage starts. In this last stage, only the friction between 
the projectile and the laminate, experimentally obtained, is 
taken into account. 

In the following sections, all the stages are fully 
described. 

3.2 Stage 1 

In the first stage, mass, length and time may be written 
in their non-dimensional form as follows: 

[𝑀] = 𝜌𝑝𝜙𝑝
3 (5) 

Table 3 Friction test data 

Nº Experiments Thickness [mm] Projectile 
diameter [mm] 

Hole diameter 
[mm] Penetration 

6 9 7.5 7.4 Full 
7 12 7.5 7.4 Full 
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[𝐿] = 𝜙𝑝 (6) 

[𝑇] =
𝜙𝑝

𝑣𝑖

(7) 

where 𝜌𝑝  is the projectile density, 𝜙𝑝  is the projectile
diameter and 𝑣𝑖  is the impact velocity. The non-
dimensional time τ is defined as the integration variable. 

The problem (in this stage) depends on 17 fundamental 
parameters, which are reduced to 14. These parameters are 
presented in Table 4 along with their corresponding Π 
groups. Note that some of the parameters are already non-
dimensional, so the parameter is directly the Π group in 
those cases. 
The nomenclature to indicate the non-dimensional character 
of the variables is a bar over the variable. The non-
dimensional kinematic variables of the problem are: the 
position 𝑥̅(𝜏), the velocity 𝑣̅(𝜏) and the acceleration 𝑎̅(𝜏) 
of the projectile. 

Since the laminate is thick enough, a membrane 
response is not appreciated. Instead, the phenomenon of 
local compression is more evident. Compression is divided 

into two regions. A first region (Region 1) corresponding to 
the volume below the projectile where the fibres are 
compressed from the projectile to the distance travelled by 
the through-thickness compressive wave. This is the direct 
compression, which is caused by the movement of the 
projectile. The second region (Region 2) corresponds to a 
domain that goes from the perimeter of the projectile to the 
distance travelled by the transverse wave. This is the 
indirect compression because it is not caused directly by the 
projectile but by the transverse wave on the surroundings. 
As indirect compression, all the thickness is taken into 
account from the beginning. These two regions can be seen 
in Fig. 4. In the first region, the induced stresses provoke 
material failure at some point when the compressive failure 
strain is reached. 

Wave propagation is a crucial aspect in the formulation 
of the thick laminates model. Applying the one dimensional 
wave theory, the transverse and longitudinal wave velocities 
provoked when a fibre is impacted transversely were 
defined by Smith et al. (1958). Due to the nature of thick 
laminates, the through-thickness compressive wave, which 
governs the phenomenon of compression, is considered. 
The expression of the longitudinal, transverse and through-

Table 4 Summary of the parameters and Π groups of the first stage 

Parameter Nomenclature Value Π group 

Projectile diameter 𝜙𝑝 7.5 [mm] 

Projectile density 𝜌𝑝 7809 [kg.m-3] 

Impact velocity 𝑣𝑖 [m.s]

Laminate thickness 𝑒 𝛱𝑒 =
𝑒

𝜙
𝑝

In-plane Young's modulus 𝐸 15.2 [GPa] 𝛱𝐸 =
𝐸

𝜌
𝑝
𝑣𝑖

2

Compressive out-of-plane Young's modulus 𝐸𝑐 6.75 [GPa] 𝛱𝐸𝑐
=

𝐸𝑐

𝜌
𝑝
𝑣𝑖

2

In-plane failure strain 𝜀𝑟 0.0725 𝜀𝑟

Compressive out-of-plane failure strain 𝜀𝑟𝑐 0.217 𝜀𝑟𝑐

In-plane failure stress 𝜎𝑟 1.102 [GPa] 𝛱𝜎𝑟
=

𝜎𝑟

𝜌
𝑝
𝑣𝑖

2

Out-of-plane failure shear stress 𝑆𝑆𝑃 201.42 [MPa] 𝛱𝑆𝑆𝑃
=

𝑆𝑆𝑃

𝜌
𝑝
𝑣𝑖

2

Laminate density 𝜌𝑙 1980 [kg.m-3] 𝛱𝜌𝑙
=

𝜌
𝑙

𝜌
𝑝

Energy absorbed by matrix cracking per unit volume 𝐸𝑀𝑇 106 [J.m-3] 𝛱𝐸𝑀𝑇
=

𝐸𝑀𝑇

𝜌
𝑝
𝑣𝑖

2

Critical dynamic-strain energy-release rate in mode II 𝐺𝐼𝐼𝐶𝐷 3000 [J.m-2] 𝛱𝐺𝐼𝐼𝐶𝐷
=

𝐺𝐼𝐼𝐶𝐷

𝜌
𝑝
𝜙

𝑝
𝑣𝑖

2

Shape factor of delamination 𝛼𝐷𝐿 1 𝛼𝐷𝐿

Shape factor of matrix cracking 𝛼𝑀𝐶 1 𝛼𝑀𝐶

Yarn width 𝐵 5 [mm] 𝛱𝐵 =
𝐵

𝜙
𝑝

Stress wave transmission factor 𝑏 0.9 𝑏 
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thickness compressive waves are given by 

𝐶𝑣𝑙
= √

𝛱𝐸

𝛱𝜌𝑙

(8) 

𝐶𝑣𝑡
= √(1 + 𝜀𝑟)

𝛱𝜎𝑟

𝛱𝜌𝑙

− √
𝛱𝐸

𝛱𝜌𝑙

𝜀𝑟 (9) 

𝐶𝑣𝑥𝑙
= √

𝛱𝐸𝑐

𝛱𝜌𝑙

(10) 

where 𝛱𝐸, 𝛱𝜌𝑙
, 𝛱𝐸, 𝛱𝜎𝑟

 and 𝜀𝑟 are the Π groups related
to the in-plane Young's modulus, the laminate density, the 
out-of-plane Young's modulus, the in-plane failure stress 
and the in-plane failure strain, respectively. Consequently, 
the distance travelled by the longitudinal, transverse and 
through-thickness compressive waves are given by (11), 
(12), (13). 

𝑅𝑙̅(𝜏) = 𝐶𝑣𝑙
𝜏 (11) 

𝑅𝑡
̅̅ ̅(𝜏) = 𝐶𝑣𝑡

𝜏 (12) 

𝑅𝑥𝑙
̅̅ ̅̅ (𝜏) = 𝐶𝑣𝑥𝑙

𝜏 (13) 

In the following subsections, the energy-absorption 
mechanisms considered in this stage are explained and 
formulated. Fig. 4 shows the variables and parameters 
involved during this stage at a generic instant of time. 

3.2.1 Energy absorbed by compression in Region 1 
The energy absorbed by compression in region 1, 𝐸𝐶1

̅̅ ̅̅̅,
may be calculated as the energy below the compressive 
stress-strain curve in the thickness direction multiplied by 
the volume of such region. 

𝐸𝐶1
̅̅ ̅̅̅(𝜏) = 𝑉̅(𝜏, 𝑥̅)∫ 𝜎𝑐̅(𝜀𝑐)𝑑𝜀𝑐

𝜀𝑟𝑐

0

(14) 

Fig. 4 Schema of the impact phenomenon at a generic 
instant of time in the first stage representing the variables 
and parameters involved 

where 𝑉̅ , 𝜀𝑟𝑐 , 𝜎𝑐̅  and 𝜀𝑐 are the affected volume,
compressive out-of-plane failure strain, compressive out-of-
plane stress and compressive out-of-plane strain 
respectively. At this point, the definition of the projected 
diameter in contact with the laminate has to be formulated. 
In this problem, since the plate does not behave as a 
membrane due to its thickness, the relative displacement 
between the projectile and the laminate is considered to be 
directly the distance travelled by the projectile. Thus, the 
projected diameter of the projectile can be written as a 
function of its position 

𝜙̅(𝑥̅) = {2
√𝑥̅ − 𝑥̅2, 𝑖𝑓 𝑥̅ < 0.5

1, 𝑖𝑓 𝑥̅ ≥ 0.5
 (15) 

The volume of the affected region can be written as 

𝑉̅(𝜏, 𝑥̅) =
𝜋

4
𝜙̅(𝑥̅)2𝐶𝑣𝑥𝑙

𝜏 (16) 

These definitions along with Eq. (14) provide the energy 
absorbed by compression in region 1. 

3.2.2 Energy absorbed by compression in Region 2 
Along with the compression below the projectile, there 

is another region subjected to compression. In its way 
through the laminate, the projectile provokes the upper 
fibres to press on the lower fibres generating indirect 
compression in this zone (see Fig. 4). The energy absorbed 
by this mechanism is calculated as the area below the 
compressive stress-strain curve in direction 33 integrated 
over the volume of the region. 

𝐸𝐶2
̅̅ ̅̅̅(𝜏) = ∫ (∫ 𝜎𝑐̅(𝜀𝑐)𝑑𝜀𝑐

𝜀𝑟

0

)𝑑𝑉̅
𝑉̅(𝜏)

𝑉0̅̅ ̅
 (17) 

where 𝑉0̅  is an initial volume and 𝑉̅(𝜏) is the volume
included up to the distance travelled by the transverse wave 
in the in-plane direction. The compression in this zone is 
not caused by the compressive wave. On the contrary, it is 
an indirect compression provoked by the projectile 
movement and the transverse wave. Then, the expression 
for the volume differential is the following 

𝑑𝑉̅ = 2𝜋𝛱𝐸𝑟̅𝑑𝑟̅ (18) 

where 𝑟̅ is the in-plane radial coordinate. Substituting (18) 
in (17) leads to Eq. (19) 

𝐸𝐶2
̅̅ ̅̅̅(𝜏) = 𝜋𝛱𝑒𝛱𝐸𝑐

∫ 𝜀𝑐
2𝑟̅𝑑𝑟̅

𝑅𝑡̅̅ ̅(𝜏)

𝜙̅(𝑥̅)
2

(19) 

where 𝛱𝑒 is the Π group related to the thickness of the
laminate. The maximum compression is assumed to be 
reached at the periphery of the projectile and equal to the 
compressive failure strain through the thickness direction. 
In addition, we assume that the minimum compression is 
zero at the radius of the transverse wave. Between these two 
points, a linear profile of deformations is assumed. 
Therefore, the deformation is formally defined by (20) 

𝜀𝑐 =

{

𝜀𝑟𝑐 , 𝑖𝑓 𝑟̅ ≤
𝜙̅(𝑥̅)

2
2(𝑅𝑡

̅̅ ̅(𝜏) − 𝑟̅)

2𝑅𝑡
̅̅ ̅(𝜏) − 𝜙̅(𝑥̅)

𝜀𝑟𝑐 , 𝑖𝑓 
𝜙̅(𝑥̅)

2
< 𝑟̅ ≤ 𝑅𝑡

̅̅ ̅(𝜏)

0, 𝑖𝑓 𝑟̅ ≥ 𝑅𝑡
̅̅ ̅(𝜏)

(20) 
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With the profile of deformations defined, the energy 
absorbed by compression in region 2 is given by Eq. (19). 

3.2.3 Energy absorbed by tensile failure of fibres 
As the projectile impacts the laminate, compression of 

the target takes place below the projectile (region 1) and in 
its surroundings (region 2). As a result of this compression, 
the fibres which are directly in contact with the projectile 
are strained in the radial direction (see Fig. 4). Therefore, 
these fibres may fail as a consequence of the in-plane stress. 

An additional hypothesis is needed to quantify the 
energy absorbed by this mechanism. This hypothesis 
assumes that the projectile diameter is big enough to impact 
two perpendicular fibres. These fibres directly impacted by 
the projectile break with its movement. Consequently, a 
differential energy as a function of a differential relative 
displacement, taking into account the fibres affected, can be 
expressed as 

𝑑𝐸𝑇𝐹
̅̅ ̅̅ ̅(𝜏) = 4𝛱𝐵𝑑𝑥̅ ∫ (∫ 𝜎̅(𝜀)𝑑𝜀

𝜀𝑎

0

)𝑑𝑟̅
𝑅𝑙̅̅ ̅(𝜏)

0

 (21) 

where 𝛱𝐵 is the Π group related to the yarn width and 𝜀𝑎

is the attenuated strain defined by the expression proposed 
by Naik et al. (2006) 

𝜀𝑎 = 𝜀𝑟𝑏
𝑟̅

𝛱𝐵 (22) 

where 𝑏  is the stress wave transmission factor. The 
differential volume considered is defined by the distance 
travelled by the longitudinal wave, the width of the fibre 
and the distance travelled by the projectile through the 
thickness direction. 

𝑑𝑉̅ = 4𝛱𝐵𝑑𝑥̅𝑑𝑟̅ (23) 

If Eq. (21) is divided by 𝑑𝜏, a linear-elastic behaviour is 
assumed and the integrals are calculated, Eq. (24), which 
accounts for the energy absorbed by tensile failure of fibres, 
is obtained. 

𝐸𝑇𝐹
̅̅ ̅̅ ̅(𝜏) =

𝛱𝐵

ln (𝑏)
𝛱𝐸𝜀𝑟

2 ∫ [𝑏
2𝐶𝑣𝑙

𝜏

𝛱𝐵 − 1]
𝜏

0

𝑣̅(𝜏)𝑑𝜏 (24) 

3.2.4 Energy absorbed by transfer of kinetic energy 
To better understand the kinetic energy transfer, a 

comparison with thin laminates can be enlightening. During 
a high-velocity impact in a thin GFRP plate, the behaviour 
is expected to be membrane-like in the process of kinetic 
energy absorption from the projectile. By contrast, for thick 
laminates, this behaviour is not observed. However, the 
projectile transfers some kinetic energy to the laminate. The 
hypothesis made to quantify this energy is to impose a 
contact condition. This condition considers that the laminate 
region in contact with the projectile moves with the same 
velocity as the projectile. The point at the leading edge of 
the compressive wave through the thickness direction has a 
velocity equal to zero. Between these two points, a profile 
of velocities must be assumed. In this case, a linear profile 
has been chosen. Only the material below the projected 
projectile diameter, which changes during the impact (15), 
is taken into account for this transfer. 

Each differential of mass moves with a certain velocity 
changing with time. To account for and add the kinetic 
energy from all the differentials at any time, Eq. (25) is 
defined 

𝐸𝐶𝐿
̅̅ ̅̅̅(𝜏) =

1

2
∫ 𝑣̅(𝑠̅, 𝜏)2𝑑𝑚̅

𝑚̅(𝜏)

0

 (25) 

where 𝑣̅(𝑠̅, 𝜏) is the velocity as a function of a mute spatial 
variable 𝑠̅  and time, 𝑑𝑚̅  is a differential of mass and 
𝑚̅(𝜏) is the mass affected by this phenomenon. 

The differential of mass can be expressed as a function 
of the spatial variable 

𝑑𝑚̅ =
𝜋

4
𝜌

𝑙
𝜙̅(𝑥̅)2𝑑𝑠̅ (26) 

The velocity in Eq. (25) can be expressed as a function 
of the velocity of the projectile and the spatial variable 
assuming a linear profile of velocities 

𝑣̅(𝑠̅, 𝜏) = 𝑣̅(𝜏) [1 −
𝑠̅

𝑅𝑥𝑙
̅̅ ̅̅ (𝜏)

] (27) 

Substituting (26) and (27) into (25), and integrating, the 
kinetic energy absorbed by the laminate can be determined. 

3.2.5 Energy absorbed by shear plugging 
Under high-velocity impact, thick laminates withstand 

high shear stresses whether they fail by this mechanism or 
not. The forces responsible for these stresses are generated 
around the projectile diameter in contact with the laminate. 
If these shear stresses are high enough and they surpass the 
maximum shear strength of the material in directions 13 and 
23, the laminate can fail by shear plugging. 

The differential energy absorbed by this mechanism 
may be obtained by multiplying the annular area by the 
maximum shear stress of the material in directions 13 and 
23 and by the displacement of the projectile. 

𝑑𝐸𝑆𝑃
̅̅ ̅̅̅ = 𝜋𝜙̅(𝑥̅)𝛱𝐸𝛱𝑆𝑆𝑃

𝑑𝑥̅ (28) 

where 𝛱𝑆𝑆𝑃
 is the Π group related to the out-of-plane

failure shear stress. If Eq. (28) is divided by 𝑑𝜏, and then 
integrated, Eq. (29) is obtained 

𝐸𝑆𝑃
̅̅ ̅̅̅(𝜏) = ∫ 𝜋𝜙̅(𝑥̅)𝛱𝐸𝛱𝑆𝑆𝑃

𝑣̅(𝜏)𝑑𝜏
𝜏

0

(29) 

3.2.6 Energy absorbed by delamination and matrix 
cracking 

The energies absorbed by delamination and matrix 
cracking are related to the transverse wave and, thus, the 
bending of the laminate. The shape factor of the 
delaminated area, since this area is circular-shaped, has 
been demonstrated to be 1 (Alonso et al., 2018b). 
Therefore, the expressions to calculate matrix cracking and 
delamination are the following 

𝐸𝑀𝐶
̅̅ ̅̅ ̅(𝜏) = 𝜋𝛱𝑒𝛱𝐸𝑀𝑇

𝑅𝑡
̅̅ ̅(𝜏)2 (30) 

𝐸𝐷𝐿
̅̅ ̅̅ ̅(𝜏) = 𝜋𝛱𝐺𝐼𝐼𝐶𝐷

𝑅𝑡
̅̅ ̅(𝜏)2 (31) 
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where 𝛱𝐸𝑀𝑇
and 𝛱𝐺𝐼𝐼𝐶𝐷

 are the Π groups related to the
energy absorbed by matrix cracking per unit volume and to 
the critical dynamic-strain energy-release rate in mode II, 
respectively. 

3.2.7 Energy balance and governing equation of the 
first stage 

The mathematical treatment of this stage is formulated 
by means of an instantaneous energy balance. From a 
dimensional point of view, this balance can be formulated 
as in Eq. (32), which means that the initial kinetic energy of 
the projectile, 𝐸0, is equal to the kinetic energy of the
projectile at this moment, 𝐸𝑝(𝑡), plus the energy absorbed
by the energy-absorption mechanisms until this moment, 
𝐸𝐴𝐵(𝑡)

𝐸0 = 𝐸𝑝(𝑡) + 𝐸𝐴𝐵(𝑡) (32) 

In its non-dimensional form, the balance adopts the 
following form 

1 = 𝑣̅(𝜏)2 +
12

𝜋
𝐸𝐴𝐵
̅̅ ̅̅ ̅(𝜏) (33) 

where 𝐸𝐴𝐵
̅̅ ̅̅ ̅(𝜏) is defined as

𝐸𝐴𝐵
̅̅ ̅̅ ̅(𝜏) = 𝐸𝐶1

̅̅ ̅̅̅(𝜏) + 𝐸𝐶2
̅̅ ̅̅̅(𝜏) + 𝐸𝑇𝐹

̅̅ ̅̅ ̅(𝜏) + 𝐸𝐶𝐿
̅̅ ̅̅̅(𝜏) +

+𝐸𝑆𝑃
̅̅ ̅̅̅(𝜏) + 𝐸𝑀𝐶

̅̅ ̅̅ ̅(𝜏) + 𝐸𝐷𝐿
̅̅ ̅̅ ̅(𝜏)

(34) 

Eq. (33) leads to the governing equation of the first 
stage. In order to achieve that, Eq. (33) must be derived 
with respect to non-dimensional time. Then, rearranging the 
terms, Eq. (35) is obtained with its initial conditions 

𝑎̅(𝜏) =
𝑔̅(𝜏, 𝑥̅(𝜏), 𝑣̅(𝜏)) − ℎ̅(𝜏, 𝑣̅(𝜏))𝑣̅(𝜏) − 𝑓(̅𝜏, 𝑥̅(𝜏))

𝜋
6 𝑣̅(𝜏) +

𝜋
12𝛱𝜌𝑙

𝐶𝑣𝑥𝑙
𝑣̅(𝜏)𝜙̅(𝑥̅)2𝜏

− 

−

𝜋
24𝛱𝜌𝑙

𝐶𝑣𝑥𝑙
[2𝑣̅(𝜏)3𝜙̅(𝑥̅)

𝑑𝜙̅
𝑑𝜏

𝜏 + 𝑣̅(𝜏)2𝜙̅(𝑥̅)2]

𝜋
6 𝑣̅(𝜏) +

𝜋
12𝛱𝜌𝑙

𝐶𝑣𝑥𝑙
𝑣̅(𝜏)𝜙̅(𝑥̅)2𝜏

𝑥̅(0) = 0 

𝑣̅(0) = 1 

(35) 

To facilitate the handling of the terms, the various terms 
that appear in Eq. (35) are defined: 

ℎ̅(𝜏, 𝑣̅(𝜏)) =
𝑑

𝑑𝜏
[𝐸𝑇𝐹
̅̅ ̅̅ ̅(𝜏) + 𝐸𝑆𝑃

̅̅ ̅̅̅(𝜏) + 𝐸𝑀𝐶
̅̅ ̅̅ ̅(𝜏)] (36) 

𝑔̅(𝜏, 𝑥̅(𝜏), 𝑣̅(𝜏)) = −
𝑑

𝑑𝜏
[𝐸𝐶2
̅̅ ̅̅̅(𝜏) + 𝐸𝐷𝐿

̅̅ ̅̅ ̅(𝜏) +]
1

𝑣̅(𝜏)
(37) 

𝑓̅(𝜏, 𝑥̅(𝜏)) =
𝑑𝐸𝐶1
̅̅ ̅̅̅(𝜏)

𝑑𝜏
(38) 

Note that this stage finishes when the stop condition 
given by Eq. (39) is met. At this moment, the velocity of the 
projectile is the initial velocity for the second stage. 

𝑥̅(𝜏) = 𝛱𝑒𝜀𝑟𝑐 (39) 

3.3 Stage 2 

At the end of the first stage, just before failure, the 
projectile moves with a certain linear momentum. Also, 
some kinetic energy has been transferred to a small part of 
the laminate. This part is the volume below the indented 
projected projectile diameter up to the radius of the 
compressive wave. Therefore, this part moves with a certain 
linear momentum too. Just after failure, the second stage, 
which is considered instantaneous nature, takes place. This 
stage is illustrated in Fig. 5. 

In the second stage, a perfectly inelastic shock is 
assumed between the projectile and the plug formed. The 
latter is the cylinder with a diameter equal to that of the 
projectile and a height equal to the thickness. This last 
assumption is based on original observations and it was 
proposed by other authors (Potti and Sun 1997, Naik and 
Doshi 2005). After the shock, the two bodies move at the 
same velocity. At the transition moment between the first 
and the second stages, there are not exterior forces acting on 
the two bodies. Therefore, the momentum conservation 
principle can be applied 

𝑝2⃗⃗⃗⃗ = 𝑝3⃗⃗⃗⃗ (40) 

where 𝑝2⃗⃗⃗⃗  and 𝑝3⃗⃗⃗⃗  are the linear momentums at the
beginning of the second and third stages respectively. Since 
the transfer of linear momentum takes place in one 
direction, Eq. (40) can be expressed as a scalar equation 

𝑝1𝑙 + 𝑚𝑝𝑣𝑖2 = (𝑚𝑝 + 𝑚𝑙)𝑣𝑖3 (41) 

where 𝑝1𝑙 is the accumulated linear momentum of the
laminate at the end of the first stage, 𝑣𝑖2 is the initial
velocity at the second stage (which is the final velocity of 

Fig. 5 Schema of the impact phenomenon at a precise instant of time of the second stage representing the variables and 
parameters involved 
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the first one), 𝑚𝑝 is the mass of the projectile, 𝑚𝑙 is the
mass of the plug formed and 𝑣𝑖3 is the final velocity at the
second stage (initial velocity at the third stage). 

Although the only unknown parameter is 𝑣𝑖3 , to
maintain the non-dimensional formulation, the Vaschy-
Buckingham Π Theorem is "artificially" used. Mass and 
length may be written in their non-dimensional form like in 
Eqs. (5) and (6). Time may be written as follows 

[𝑇] =
𝜙𝑝

𝑣𝑖2

(42) 

The problem depends on 8 fundamental parameters and, 
thus, 5 "artificial" Π groups can be formed. They are 
presented in Table 5. 

The linear momentum stored in the plug when the 
second stage begins, 𝑝1𝑙, can be calculated by adding all
the linear momentums from each differential of mass 

𝑝1𝑙 = ∫ 𝑣(𝑠)𝑑𝑚
𝑚1

0

(43) 

where 𝑚1 is the mass that has absorbed energy by transfer
of kinetic energy in the first stage, 𝑣(𝑠) is the velocity 
which depends on a spatial variable and 𝑑𝑚  is a 
differential of mass. All these parameters are evaluated at 
the end of the first stage. Therefore, the differential of mass 
adopts the following form 

𝑑𝑚 =
𝜋

4
𝜌𝑙𝜙1

2𝑑𝑠 (44) 

The hypothesis of a linear profile of velocities was 
assumed for the energy absorbed by transfer of kinetic 
energy. So 𝑣(𝑠) may be written as in Eq. (45) 

𝑣(𝑠) = 𝑣𝑖2 [1 −
𝑠

𝑅𝑥𝑙(𝑡1)
] (45) 

Substituting (44) and (45) into (43), and integrating, a 
new expression for the linear momentum of the laminate at 
the beginning of the second stage is obtained 

𝑝1𝑙 =
𝜋

8
𝜌𝑙𝑣𝑥𝑙𝑣𝑖2𝜙1

2𝑡1 (46) 

The expressions for the mass of the projectile, as well as 
the mass of the laminate affected by the transfer of kinetic 
energy during the first stage, are defined as 

𝑚𝑝 =
𝜋

6
𝜙𝑝

3𝜌𝑙 (47) 

𝑚𝑙 =
𝜋

4
𝜙𝑝

2𝑒𝜌𝑙 (48) 

Substituting (46), (47) and (48) into (41), dividing the 
two sides of (41) by 𝜙𝑝

3𝜌𝑙𝑣𝑖2, rearranging and treating 𝑣𝑖3

as the variable to obtain, Eq. (49) is reached 

𝑣̅𝑖3 =
3𝛱𝜌𝑙

𝛱𝑡1
𝛱𝜙1

2𝐶𝑣𝑥𝑙
+ 4

6𝛱𝑒𝛱𝜌𝑙
+ 4

(49) 

where 𝑣̅𝑖3 is non-dimensional the initial velocity for the
third stage. 

3.4 Stage 3 

In this last stage, the projectile moves in solidarity with 
the plug assuming as initial velocity the final velocity 
obtained from the second stage. The only energy-absorption 
mechanism that takes place in this stage is the friction 
between the projectile and the laminate. The friction force-
displacement curve for each thickness was experimentally 
measured in this work. 

The problem depends on three elemental magnitudes: 
mass and length may be written in their non-dimensional 
form like in Eqs. (5) and (6) and time as follows: 

[𝑇] =
𝜙𝑝

𝑣𝑖3

(50) 

where 𝑣𝑖3 is the initial velocity at this stage.
The problem depends on 16 fundamental parameters 

which are presented in Table 6 with their corresponding Π 
groups. According to the Vaschy-Buckingham Π Theorem, 

Table 5 Summary of the parameters and Π groups of the second stage. 
Parameter Nomenclature Π group 

Projectile diameter 𝜙𝑝

Projectile density 𝜌𝑝

Initial velocity 𝑣𝑖2

Laminate thickness 𝑒 𝛱𝑒 =
𝑒

𝜙
𝑝

Compressive out-of-plane 
Young's modulus 𝐸𝑐 𝛱𝐸𝑐

=
𝐸𝑐

𝜌
𝑝
𝑣𝑖2

2

Projected diameter at the end 
of stage 1 𝜙1

𝛱𝜙1
=

𝜙
1

𝜙
𝑝

Time at the end of stage 1 𝑡1 𝛱𝑡1
=

𝑡1𝜌𝑝

𝑣𝑖1

Laminate density 𝜌𝑙
𝛱𝜌𝑙

=
𝜌

𝑙

𝜌
𝑝
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the number of parameters on which the problem depends 
has been reduced from 16 to 13. 

𝛱𝐶𝑖
 for 𝑖 = 1 to 9 represents the coefficients of the

experimental friction force-displacement curve in their non- 
dimensional form and they were identified in the 
experimental section. 𝛱𝐿𝑖

 for 𝑖 = 1, 2 represents the non-
dimensional displacements which bracket the intervals of 

the experimental friction force-displacement curve because 
it is defined by pieces. 

A generic time during this stage with the variables 
involved is illustrated in Fig. 6. 

The combined amount of energy lost by the projectile 
and plug through their path across the laminate may be 
expressed at any time by Eq. (51) 

Table 6 Summary of the parameters and Π groups of the third stage representing the variables and parameters involved 
Parameter Nomenclature Π group 

Projectile diameter 𝜙𝑝

Projectile density 𝜌𝑝

Initial velocity 𝑣𝑖3

Laminate thickness 𝑒 𝛱𝑒 =
𝑒

𝜙
𝑝

Laminate density 𝜌𝑙
𝛱𝜌𝑙

=
𝜌

𝑙

𝜌
𝑝

Friction parameter 1 𝐶1
𝛱𝐶1

=
𝐶1

𝜌
𝑝
𝑣𝑖3

2

Friction parameter 2 𝐶2
𝛱𝐶2

=
𝐶2

𝜌
𝑝
𝜙

𝑝
𝑣𝑖3

2

Friction parameter 3 𝐶3
𝛱𝐶3

=
𝐶3

𝜌
𝑝
𝜙

𝑝
2𝑣𝑖3

2

Friction parameter 4 𝐶4
𝛱𝐶4

=
𝐶4

𝜌
𝑝
𝑣𝑖3

2

Friction parameter 5 𝐶5
𝛱𝐶5

=
𝐶5

𝜌
𝑝
𝜙

𝑝
𝑣𝑖3

2

Friction parameter 6 𝐶6
𝛱𝐶6

=
𝐶6

𝜌
𝑝
𝜙

𝑝
2𝑣𝑖3

2

Friction parameter 7 𝐶7
𝛱𝐶7

=
𝐶7

𝜌
𝑝
𝑣𝑖3

2

Friction parameter 8 𝐶8
𝛱𝐶8

=
𝐶8

𝜌
𝑝
𝜙

𝑝
𝑣𝑖3

2

Friction parameter 9 𝐶9
𝛱𝐶9

=
𝐶9

𝜌
𝑝
𝜙

𝑝
2𝑣𝑖3

2

Length parameter 1 𝐿1
𝛱𝐿1

=
𝐿1

𝜙
𝑝

Length parameter 2 𝐿2
𝛱𝐿2

=
𝐿2

𝜙
𝑝

Fig. 6 Schema of the impact phenomenon at a generic instant of time in the third stage 
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ΔEf(𝑡) =
1

2
(𝑚𝑝 + 𝑚𝑙)(𝑣𝑖3

2 − 𝑣(𝑡)2) (51) 

In its non-dimensional form, with 𝑚𝑝 and 𝑚𝑙 defined
in Eqs. (47) and (48) respectively, Eq. (51) turns into Eq. 
(52) 

Δ𝐸𝑓
̅̅ ̅(𝜏) =

𝜋

4
(
1

3
+

1

2
𝛱𝑒𝛱𝜌𝑙

) (1 − 𝑣(𝑡)2) (52) 

This lost energy is the energy below the experimental 
friction force-displacement curve presented in the 
experimental section. The hole for the friction tests was 
slightly smaller than the hole for the projectile. For this 
reason, the ranges of the curve are 9 mm and 12 mm. As 
can be seen in Fig. 6, half of the projectile is approximately 
indented in the starting position, and the final position takes 
place when the other half of the projectile has completely 
gone through all the plate. An additional hypothesis needs 
to be assumed to use this curve. This is that although the 
failure during stage 1 does not exactly occur with an 
indentation equal to the radius, it is approximately equal to 
it. In this way, from the beginning of stage 3 we are at the 
position where the friction curve starts. With a simple 
calculation using Eqs. (39) and (15), the indented diameter 
at the moment of failure can be determined for 9 mm and 12 
mm specimens, which are ϕf9 = 6.58 mm and ϕf12 = 7.14 mm 
mm respectively, not so far from the 7.5 mm given by the 
projectile diameter. 

Making the last assumption, the loss of energy can also 
be calculated from the beginning of the third stage by 
means of the friction force-displacement curve (53). An 
additional consideration is that the reference system in this 
last stage is moved so that the initial position of the third 
stage is zero 

Δ𝐸𝑓
̅̅ ̅(𝜏) = ∫ 𝑓̅(𝑠̅)𝑑𝑠̅

𝑥̅(𝜏)

0

(53) 

where 𝑓̅(𝑠̅) is the friction force-displacement curve as a
function of a mute spatial variable 𝑠̅ 

𝑓̅(𝑠̅)  = {

𝛱𝐶1
𝑠̅2 + 𝛱𝐶2

𝑠̅ + 𝛱𝐶3,    𝑖𝑓 0 < 𝑠̅ ≤ 𝛱𝐿1

𝛱𝐶4
𝑠̅2 + 𝛱𝐶5

𝑠̅ + 𝛱𝐶6, 𝑖𝑓 𝛱𝐿1
< 𝑠̅ ≤ 𝛱𝐿2

𝛱𝐶7
𝑠̅2 + 𝛱𝐶8

𝑠̅ + 𝛱𝐶9, 𝑖𝑓 𝛱𝐿2
< 𝑠̅ ≤ 𝛱𝑒

 (54) 

Combining Eqs. (52) and (53) and deriving with respect 
to non-dimensional time, Eq. (55) is obtained 

𝜋

2
(
1

3
+

1

2
𝛱𝑒𝛱𝜌𝑙

) 𝑎(𝑡) = −𝑓̅(𝑥̅(𝜏)) (55) 

Stating the initial conditions, a second-order differential 
equation is obtained 

𝑎̅(𝜏) =
−𝑓̅(𝑥̅(𝜏))

𝜋
2

(
1
3

+
1
2

𝛱𝑒𝛱𝜌𝑙
)

𝑥̅(0) = 0 

𝑣̅(0) = 1

(56) 

This last stage finishes when the condition given by Eq. 
(56) is fulfilled, which is the moment when the projectile is
no longer in contact with the plate as can be seen in Fig. 6:

𝑥̅(𝜏) = 𝛱𝑒 (57) 

4. Numerical modelling and correspondence with the
theoretical model

The 3D finite element model developed by Alonso et al. 
(2020) has been used in order to provide further validity to 
the theoretical model presented above. The constitutive 
equations and failure criteria are introduced to allow for the 
comparison between both theoretical and FE models. 
Further explanation of this model is given in Alonso et al. 
(2020). A continuum damage mechanics approach is used 
where the failure criteria are formulated in such a way that a 
clear correlation with the energy-absorption mechanisms 
described in the theoretical model can be found. 
Considering that the material response is linear-elastic until 
the onset of damage, the constitutive equation may be 
written in Mandel's notation as 

[
 

𝜀11

𝜀22
𝜀33

𝛾12
𝛾23

𝛾13]

=

[

1

𝐸11(1 − 𝑑1)
0 0

0
1

𝐸22(1 − 𝑑2)
0

0 0
1

𝐸33(1 − 𝑑3)

03𝑥3

03𝑥3

1

𝐺12(1 − 𝑑4)
0 0

0
1

𝐺23(1 − 𝑑5)
0

0 0
1

𝐺13(1 − 𝑑6)]

[
 

 
 
 
𝜎11

𝜎22
𝜎33

𝜎12
𝜎23

𝜎13]

(58) 

where 𝜀𝑖𝑖 and 𝛾𝑖𝑗, with 𝑖 = {1, 2, 3} and 𝑗 = {1, 2, 3}, are
the components of the strain tensor; 𝜎𝑖𝑗, with 𝑖 = {1, 2, 3}

and 𝑗 = {1, 2, 3} are the components of the stress tensor; 
𝐸𝑖𝑖, 𝜈𝑖𝑗 and 𝐺𝑖𝑗 are the Young's moduli, Poisson's ratios
and shear moduli, with 𝑖 = {1, 2, 3} and = {1, 2, 3}; and 
𝑑𝑖 are damage parameters associated with different failure
mechanisms. The fracture toughness at each direction is the 
responsible for controlling the damage variables evolution 
once they have been activated. 

Since the model is formulated in 3D, the failure criteria 
can be classified in in-plane and out-of-plane. The 
following in-plane criteria were used for the onset of 
damage. 

The fibre failure criterion is associated with tensile 
failure of fibres in the theoretical model. When Eqs. (59) or 
(60) are met, the damage variables related to the failure of
fibres in tension or compression are activated. This criterion
for woven laminates was firstly used by Chang and Chang
(1987)

(
𝜎11

𝑋11𝑖
)

2

+ (
𝜎12

𝑆12
)

2

+ (
𝜎13

𝑆13
)

2

= 1 (59) 

(
𝜎22

𝑋22𝑖
)

2

+ (
𝜎12

𝑆12
)

2

+ (
𝜎13

𝑆13
)

2

= 1 (60) 

where 𝑋𝑙𝑙𝑖 are the normal failure stresses associated with
𝑙 = {1, 2, 3}; 𝑆12, 𝑆13, 𝑆23 are the shear failure stresses
associated with directions 12, 13 and 23 and 𝑖 = {𝑡, 𝑐} 
accounts for tension and compression. 
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The matrix cracking failure criterion is associated with 
matrix cracking in the theoretical model. This failure 
criterion is based on that proposed by Hashin (1980), in 
which a failure due to in-plane shear tension is assumed 

(
𝜎12

𝑆12𝑠
)

2

= 1 (61) 

where 𝑆12𝑠, 𝑆13𝑠, 𝑆23𝑠 are the matrix shear failure stresses
associated to directions 12, 13 and 23. This approach was 
also used in the model proposed by Xiao et al. (2007).  

Regarding to the out-of-plane failure criteria, they can 
be classified in the following groups: 

The criterion involving the out-of-plane shear stresses is 
associated with shear plugging. This effect gains 
importance when increasing the thickness of the laminate 

(
𝜎13

𝑆13𝑠
)

2

+ (
𝜎23

𝑆23𝑠
)

2

= 1 (62) 

The crush failure criterion is associated with the 
compression in both regions along the thickness direction 

(
𝜎33

𝑋33
)

2

= 1 (63) 

In order to account for the delamination between plies, 
which is associated with delamination in the theoretical 
model, an interlaminar damage model is used. It is defined 
by the classic cohesive zone method, which is governed by 
a traction-separation law (Turon et al. 2007). All the details 
about the interlaminar damage model and, in general, about 
the finite element model can be found in Alonso et al. 
(2020). 

Note that friction is associated with friction in the 
theoretical model and the kinetic energy of the elements is 
associated with the sum of the kinetic energy transferred to 
the laminate during the first stage plus the instantaneous 
transfer of kinetic energy in the second stage. 

The experimental procedure to carry out the impact test 
is described next. First the projectile was placed in a 
pressure chamber and a high-resolution camera was located 
parallel to the laminate which is embedded by its borders in 
a frame of steel (150x150 [mm2]). Then, the projectile was 
propelled with Helium gas against the laminate and the 
camera recorded the whole event allowing for the 
determination of the residual velocity with an image 
correlation software afterwards. Further details are 
described by Alonso et al. (2018a). 

The finite element simulations were carried out with the 
same set-up as in the experimental tests with thicknesses of 
9 and 12 mm. Lagrangian 3D reduced integration elements 
(Abaqus C3D8R) were used to simulate the plies. Cohesive 
elements (Abaqus COH3D8) were also used to simulate 
delamination, with a thickness of 0.001 mm between plies. 
The boundary conditions applied are: the laminate edges 
nodes fixed and initial velocity given to the projectile. The 
mesh is divided in two regions, a finer mesh in the impact 
zone and coarser as the distance to the center increases. The 
mesh characteristics are listed in Table 7. The damage 
variables go from 0 (bulk material, i.e., non-damaged) to 1 
(complete degradation). 

Table 7 Type and number of elements used in the 
definition of the numerical models for the four 
thicknesses 

Thickness [mm] C3D8R COH3DR Total 
9 1342260 417592 1759852 
12 2012940 637431 2650371 

Further details of the finite element model definition can 
be found in Alonso et al. (2020). 

5. Results and discussion

The aim of this section is to present the results obtained 
by the theoretical model and their comparison with 
experimental and computational tests. First, the model is 
validated against experimental data from the literature by 
means of the ballistic perforation tests (Alonso et al. 
2018a), (Buitrago et al. 2010). The most important output 
from the theoretical model is the ballistic limit and residual 
velocity under impact conditions. To further analyse the 
predictive capability of the model, different parameters and 
hypotheses are studied with the aid of the finite element 
model. 

5.1 Validation of the theoretical model 

Fig. 7 shows a comparison between the experimental 
results for high-velocity impact on E/glass fibre/polyester 
plates obtained by Alonso et al. (2018a) for 9 mm and by 
Buitrago et al. (2010) for 12 mm thickness and the 
theoretical and finite element predictions. 

A good agreement was found between the theoretical 
model and the experimental results in terms of the ballistic 
limit and the residual velocities. The highest error made by 
the theoretical model was below 2 % in terms of the 
ballistic limit and a good fitting is observed for the residual 
velocities. The finite element model also provided a good fit 
in terms of the ballistic limit up to a certain velocity. 
However, from an approximate velocity of 600 m.s-1, the 
predictions diverged with respect to the experimental data. 
From this point, the finite element model predicts lower 
residual velocities than those found experimentally, 
implying an overestimation of the energy-absorption 
predicted by the model. Since this behaviour always takes 
place from a very high-velocity, it may be explained as an 
effect of temperature increment during the perforation 
process due to dissipative contributions. Many authors such 
as Hufenbach et al. (2011); Bai et al. (2008); Ou et al. 
(2016), Shaoquan et al. (2017) have explained the influence 
of temperature on the mechanical properties of composite 
materials. When such high velocities are reached, high 
temperatures arise within the laminate and they can provoke 
the softening phenomenon. This effect mainly occurs within 
the matrix of the composite. In this regard, polymer 
matrices usually present high sensitivity of mechanical 
properties with temperature (Garcia-Gonzalez et al. 2017). 
As a consequence of the so-called softening phenomenon 
(caused by thermal softening), these properties normally 
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decrease with temperature, reducing the stiffness of the 
material and thus its capacity to absorb energy. 
Furthermore, with high strain rate processes, the inelastic 
energy during deformation and/or fracture dissipates much 
faster than heat conduction leading to adiabatic conditions 
and important temperature increase. In addition, matrix heat 
conductivity is low, so for a short time (high-velocity 
impact) energy dissipation is nearly an adiabatic process 
with high temperature increase (Garcia-Gonzalez et al. 
2017). 

In Table 8, the results of the ballistic limits of both 
models are compared with the experimental data, showing 
maximum differences below 1% in all cases. 

5.2. Analysis of the Π groups dependences 

The effects of the most important Π groups were 
analysed to evaluate the physical consistency of the model. 
Thick enough laminates present compression and shear 
plugging as the main energy-absorption mechanisms 
(Alonso et al. 2018a). Therefore, to further study this point, 
we carried out a parametric study of the parameters which 
control these mechanisms. 

5.2.1 Analysis of the out-of-plane compressive 
Young's modulus Π group 

The Π group involving the compressive Young's 
modulus through the thickness direction, 𝛱𝐸𝑐

, is a dominant
parameter in the theoretical model for thick laminates since 
it plays a major role in the energy absorbed by compression: 
Eq. (14), Eq. (19) and in the compressive wave along the 
through-thickness direction: Eq. (10). The results given by 
the theoretical model when varying the through-thickness 
Young's modulus are presented in Fig. 8.  

From the curves shown in Fig. 8, it can be inferred that 
the higher the compressive through-thickness Young's 
modulus, the higher the ballistic limit. 

Fig. 7 Comparison between the ballistic results provided 
by the theoretical and FEM models with experimental 
data 

Table 8 Experimental, theoretical and numerical results of 
the ballistic limit 

Ballistic limit [m.s-1] 
Thickness [mm] Experimental Theoretical Numerical 

9 428 428 430 
12 550 551 553 

Table 9 Total energies absorbed by each energy-
absorption mechanism for 9 mm thick specimens with 
different compressive through-thickness Young's moduli 
for an impact velocity of 850 m.s-1 
𝐸𝑐[GPa] 𝐸𝐶1[J] 𝐸𝐶2[J] 𝐸𝑇𝐹[J] 𝐸𝐶𝐿[J] 𝐸𝑆𝑃[J] 𝐸𝐷𝐿[J] 𝐸𝑀𝐶[J] 

1.35 2.10 0 4.61 13.95 51.35 0.02 0.05 

3.375 8.35 0 4.62 21.60 51.35 0.02 0.05 

6.75 23.80 0 4.64 29.45 51.35 0.02 0.05 

13.5 68.61 0 4.68 38.03 51.35 0.02 0.05 

33.75 300.3 0 4.87 33.68 51.35 0.02 0.07 

At a certain velocity, all the curves tend to a common curve. 
This convergence is obtained for 9 mm thick or thicker 
specimens, as can be observed when comparing Figs. 8 and 
8b. In order to see the influence of 𝛱𝐸𝑐

, the energy-
absorption mechanisms are compared for a 9 mm thick 
specimen for a velocity of 850 m.s-1. These results are 
shown in Table 9. 

The energies affected by a change in 𝐸𝑐  are
quantitatively shown in Table 9: compression in region 1, 
which is directly proportional to 𝐸𝑐, Eq. (14); the transfer
of kinetic energy to the laminate, Eq. (25). The latter 
increases as a consequence of the through-thickness wave 
velocity, Eq. (10). This wave velocity increases with 𝐸𝑐

and, thus, the energy transferred to the laminate is higher. 
As these two energy-absorption mechanisms increase while 
the others remain constant, the ballistic limit increases with 
𝐸𝑐.

Another remarkable observation is that the energy 
absorbed by compression in region 2 is zero for all the 
cases. This can be explained by the high impact velocity 
that does not allow the transverse wave to reach the 
indented projectile diameter before the second stage starts. 

5.2.2 Analysis of the out-of-plane failure shear stress 
Π group 

Out-of-plane effects gain importance in the impact 
phenomenon as the thickness increases. Shear plugging is 
controlled by out-of-plane shear stresses, which reach quite 
high values for high thicknesses. In fact, this energy-
absorption mechanism is one of the most important in thick 
laminate as demonstrated by Alonso et al. (2018a). The 
parameter 𝛱𝑆𝑆𝑃

 directly affects the energy absorbed by
shear plugging because they are proportional, Eq. (29). The 
results provided by the theoretical model for thick laminates 
varying the out-of-plane failure shear stress are shown in 
Fig. 10. 
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Table 10 Total energies absorbed by each energy-
absorption mechanism for 12 mm thick specimens with 
different out-of-plane failure shear stresses for an impact 
velocity of 650 m.s-1 
𝑆𝑆𝑃[MPa] 𝐸𝐶1[J] 𝐸𝐶2[J] 𝐸𝑇𝐹[J] 𝐸𝐶𝐿[J] 𝐸𝑆𝑃[J] 𝐸𝐷𝐿[J] 𝐸𝑀𝐶[J] 

102.15 51.64 0 10.35 27.61 52.49 0.06 0.24 

136.2 52.37 0 10.41 25.91 69.99 0.06 0.24 

204.3 54.01 0 10.54 22.39 105.0 0.07 0.26 

306.45 57.09 0 10.76 16.77 157.5 0.07 0.29 

408.6 61.52 0 11.02 10.52 210.0 0.08 0.34 

Figs. 9(a) and 9(b) reveal that the higher the out-of-
plane failure shear stress, the higher the ballistic limit. The 
same tendency, as in the other parametric studies, is 
observed: all the curves collapse into one at very high 
velocities. 

The energy-absorption mechanisms were analysed by 
means of the variation of 𝑆𝑆𝑃 for an impact velocity of 650
m.s-1. These results are shown in Table 10, which shows
that 𝑆𝑆𝑃  affects all the energy-absorption mechanisms.
However, the most affected mechanism is shear plugging.
In view of Eq. (29), an increase in 𝑆𝑆𝑃  provokes an
increase in the energy absorbed by this mechanism and,
consequently, the ballistic limit.

(a) (b) 

Fig. 8 Impact velocity (𝑉𝑖) vs residual velocity (𝑉𝑟) for different compressive through-thickness Young's moduli for
laminates of (a) 9 mm (b) 12 mm 

(a) (b) 

Fig. 9 Impact velocity (𝑉𝑖) vs residual velocity (𝑉𝑟) for different out-of-plane failure shear stresses for (a) 9 mm (b) 12
mm thick laminates 
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Note that the energy absorbed by compression in region 
2 is zero for all the cases. This can be explained by the high 
impact velocity for both cases and the faster growth of the 
indented projectile diameter with respect to the transverse 
wave, as in the case of 𝛱𝐸𝑐

. 
 
5.3 Validation of the theoretical model hypotheses: 

Profile of velocities across the thickness direction 
 
One of the hypotheses assumed in the theoretical 

model for thick laminates is the existence of a profile of 
velocities across the thickness direction. This profile was 
supposed to be linear between the contact point and the 
distance travelled by the compressive through-thickness 

 
 

 
 

wave, Eq. (27). In order to check this assumption, the 
following procedure was followed in the finite element 
model. First, a path of nodes is created along the thickness 
direction. This path goes from the upper layer to the bottom 
layer. The profile of velocities changes in each increment of 
time and also some of the elements belonging to the path 
are deleted at some point as result of the failure model 
implementation. These aspects must be taken into account 
to obtain reliable results. In this way, the velocity versus 
position can be known for each increment. 

In Figs. 10 and 11, the first point represented for each 
time increment is slightly ahead of the most advanced part 
of the projectile to avoid problems that can introduce false 
data (such as deletion of elements). The last point is that  

  
(a) (b) 

Fig. 10 Non-dimensional velocity of a path of nodes along the thickness (𝑉𝑥̅) vs non-dimensional position along the 
thickness (𝑥̅) for different instants of time for a 9 mm thick specimen for impact velocities of (a) 465 m.s-1 (b) 501 m.s- 

  
(a) (b) 

Fig. 11 Non-dimensional velocity of a path of nodes along the thickness (𝑉𝑥̅) vs non-dimensional position along the 
thickness (𝑥̅) for different instants of time for a 12 mm thick specimen for impact velocities of (a) 553 m.s-1 (b) 625  
m.s-1 
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reached by the compressive wave through the thickness 
direction at each increment. The velocity of each element in 
the thickness direction, 𝑣𝑧, is obtained for each increment 
of time. The velocity is non-dimensionalized with respect to 
the maximum velocity at each time increment, which 
corresponds to the velocity in the closest node to the 
projectile. The spatial coordinates, 𝑧, are represented in the 
undeformed configuration and they are non-
dimensionalized with respect to the thickness. 

Four cases were studied corresponding to 9 mm and 12 
mm thick specimens at two different impact velocities, 
approximately the ballistic limit and slightly above it. In 
Fig. 10, the velocity along the path versus the thickness 
coordinate is represented for 9 mm thick specimens for 
velocities of 465 m.s-1 and 501 m.s-1 (Figs. 10(a) and 10(b), 
respectively). The same features are represented in Fig. 11 
but for 12 mm thick specimens for velocities of 553 m.s-1 
and 625 m.s-1 (Figs. 11(a) and 11(b), respectively). 

The profile of velocities is represented until the 
transition from the first stage to the second stage occurs. 
Therefore, in Figs. 10 and 11 the final time corresponds 
with the time at which Eq. (39) is satisfied (Fig. 4). 

The shape of the velocities profiles along the thickness 
is rather similar for all the cases studied. Therefore, from 
now on, the upcoming discussion and conclusions refer to 
all cases. From Figs. 10 and 11, it can be inferred that the 
velocity always decreases for points farther away from the 
impact point. In this regard, the curve moves to the right 
when time increases because the projectile advances and, 
then, the compressive wave, while the shape remains 
similar. Regarding the shape of the velocities profiles, it 
resembles a straight line with approximately the same slope 
for all the cases. In view of these results, the hypothesis of a 
linear gradient of velocities from the point in contact 
between the two bodies and the distance travelled by the 
through-thickness compressive wave seems reasonable. 

 
5.4 Analysis of material damage after impact 
 
The continuum damage of the impacted samples is  

 
 

studied by means of surface delamination. The FEM model 
can be used to qualitatively measure the shape and 
distribution of damage surfaces. All the simulated cases 
present a general pattern in damage distribution after 
impact. Representative results are shown in Figs. 12(a) and 
12(b), where the prediction of damage on both the front and 
rear faces for undeformed configuration and they are non-
dimensionalized with respect to the thickness. 

Four cases were studied corresponding to 9 mm and 12 
mm thick specimens at two different impact velocities, 
approximately the ballistic limit and slightly above it. In 
Fig. 10, the velocity along the path versus the thickness 
coordinate is represented for 9 mm thick specimens for 
velocities of 465 m.s-1 and 501 m.s-1 (Figs. 10(a) and 10(b), 
respectively). The same features are represented in Fig. 11 
but for 12 mm thick specimens for velocities of 553 m.s-1 
and 625 m.s-1 (Figs. 11(a) and 11(b), respectively). 

The profile of velocities is represented until the 
transition from the first stage to the second stage occurs. 
Therefore, in Figs. 10 and 11 the final time corresponds 
with the time at which Eq. (39) is satisfied (Fig. 4). 

The shape of the velocities profiles along the thickness 
is rather similar for all the cases studied. Therefore, from 
now on, the upcoming discussion and conclusions refer to 
all cases. From Figs. 10 and 11, it can be inferred that the 
velocity always decreases for points farther away from the 
impact point. In this regard, the curve moves to the right 
when time increases because the projectile advances and, 
then, the compressive wave, while the shape remains 
similar. Regarding the shape of the velocities profiles, it 
resembles a straight line with approximately the same slope 
for all the cases. In view of these results, the hypothesis of a 
linear gradient of velocities from the point in contact 
between the two bodies and the distance travelled by the 
through-thickness compressive wave seems reasonable. 

 
5.4 Analysis of material damage after impact 
 
The continuum damage of the impacted samples is 

studied by means of surface delamination. The FEM model  

  
(a) (b) 

Fig. 12 Numerical predicted damage on the (a) front and (b) rear faces for a 9 mm thick specimen impacted at 430  
\m.s-1 (slightly above the ballistic limit) 
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can be used to qualitatively measure the shape and 
distribution of damage surfaces. All the simulated cases 
present a general pattern in damage distribution after 
impact. Representative results are shown in Figs. 12(a) and 
12(b), where the prediction of damage on both the front and 
rear faces for  
a 9 mm thick specimen impacted at 430 m.s-1 are presented. 
Note that these results represent a critical impact velocity 
close above the ballistic limit, which is of great interest 
since it is considered the most important condition for the 
design of these structures. 

Figs. 12(a) and 12(b) capture the circular shape of the 
damaged area. This shape is experimentally confirmed in 
previous studies (Alonso et al. 2018b, Gil-Alba et al. 2019). 

Furthermore, the damaged area on the rear face (Fig. 
12(b)) is larger than the one in the front face (Fig. 12(a)). 
This matches the trends observed experimentally, showing a 
good predictive capability of the FEM model. 

Figs. 13(a) and 13(b) show the damage variable 𝑑4,
which accounts for matrix cracking, on the front and rear 
faces for a 9 mm thick specimen impacted at 430 m.s-1. 
These distributions can be related to the damage surfaces 
(delamination) as shown in Fig. 12. 

From Fig. 13(a) it can be inferred that there is not 
remarkable permanent damage due to matrix cracking on 
the front face after impact since in the first instants the 
projectile easily penetrates because the momentum transfer 
to the laminate is negligible and only a small local zone is 

(a) (b) 

Fig. 13 Representation of the damage variable 𝑑4, which accounts for matrix cracking, on the (a) front and (b) rear faces
for a 9 mm thick specimen impacted at 430 m.s-1 (slightly above the ballistic limit) 

(a) (b) 

Fig. 14 Theoretical and numerical non-dimensional energy fractions from left to right: Failure of fibres (FF), 
compression (C), matrix cracking (MC), shear plugging (SP), transfer of kinetic energy (KE), delamination (D) and 
friction (F) for a 9 mm thick specimen subjected to impact velocities of (a) 430 m.s-1 (b) 465 m.s-1 
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affected. Nevertheless, Fig. 13(b) shows that the damage 
related to the parameter 𝑑4 is more extended, reaching the
furthest parts of the fracture surface, since this part of the 
laminate had more time to move and bend leading to a 
larger delaminated area and matrix cracking. 

5.5 Analysis of energy-absorption mechanisms 

Energy-absorption capacity and failure mechanisms are 
key factors in the design of structures and mechanical 
components (Martínez-Hergueta et al. 2015, Hongyong et 
al. 2017, Zhu et al. 2018). One of the principal advantages 
of the finite element model is that the failure criteria are 
defined with certain equivalences to the theoretical model. 
The intention was to be able to associate a group of failure 
criteria in the finite element model to a failure mode or 
energy-absorption mechanism in the theoretical model. In 
this section, the amount of energy absorbed by each 
mechanism is analysed. The procedure to obtain the 
energies follows the methodology presented by Alonso et 
al. (2020). 
The equivalences between the energy-absorption 
mechanisms of the theoretical and the finite element models 
can be consulted in the numerical modelling section. The 
comparison carried out in this section aims at assessing the 
general trends of the energies absorbed in both models and  
comparing them. 

The energy-based study was carried out at velocities 
near the ballistic limit for one of the thicknesses. The 
ballistic limit is a critical feature to ensure safety and 
structural integrity. Therefore, we analyse the following 
velocities: 430 m.s-1 and 465 m.s-1 for 9 mm. The 
comparison of the absorbed energies for 9 mm thick 
specimens is shown in Fig. 14. 

For a velocity slightly below the ballistic limit for the 9 
mm thickness specimen, Fig. 14(a) shows that the major 
energy-absorption mechanism for both models is 
compression. This mechanism is followed by shear 
plugging in the theoretical model. The remaining energy-
absorption mechanisms are minor. For a velocity slightly 
above the ballistic limit, Fig. 14(b) shows that compression 
is still the most important energy-absorption mechanism in 
the finite element model. However, this role is shared 
between compression and shear plugging in the theoretical 
model. Matrix cracking and delamination play a minor role 
both models (see Figs. 14(a) and 14(b)). It is worth to 
highlight that both models suggest the out-of-plane damage 
mechanisms (compression and shear plugging) to play the 
major role in thick laminates. The predictions from both 
models, by means of energy-absorption mechanisms, are 
consistent showing the same tendencies in terms of relative 
contribution. 

Overall, both the theoretical and the finite element 
models provide consistent results in terms of the relative 
roles of the energy-absorption mechanisms (see the trends 
shown in Fig. 15). In this regard, Fig. 15 shows a 
comparison by means of energy-absorption mechanisms 
grouped into in-plane and out-of-plane components for the 
loading cases presented in Fig. 14(b) and a 12 mm thick 
specimen impacted at 517 m.s-1. Note that both models  

Fig. 15 Comparison between out-of-plane (O-P) and in-
plane (I-P) energy-absorption mechanisms for: a 9 mm 
thick specimen impacted at 465 m.s-1 and a 12 mm thick 
specimen impacted at 517 m.s-1 

predict that the out-of-plane predominate over in-plane 
energy-absorption mechanisms. These observations are 
consistent with previous works that highlighted the fact that 
the out-of-plane energy-absorption mechanisms become 
more significant with increasing thickness (Alonso et al. 
2020). 

6. Conclusions

The work performed in this paper is focused on the 
study of high-velocity impact on thick woven GFRP plates. 
We develop a new non-dimensional energy-based 
theoretical model. This theoretical model for thick 
laminates considers different energy-absorption 
mechanisms and splits the impact phenomenon into three 
stages. The governing equation of the first stage is a non-
linear second-order differential equation that can be solved 
by numerical integration. The second stage is instantaneous; 
the last stage is also governed by a second-order differential 
equation. This model is formulated with new 
phenomenological (but physically motivated) hypotheses to 
provide a more reliable approach to the impact problem.  

The results by means of ballistic limits and residual 
velocities show good agreement between the theoretical 
model and the experimental results. However, the finite 
element model does not provide accurate results for very 
high velocities although it accurately predicts the ballistic 
limit. Once the models were validated against experimental 
results, two representative Π groups were studied to see the 
physical consistency of the theoretical model. Since the 
importance of the energy-absorption mechanisms changes 
for thick laminates and the out-of-plane mechanisms gain 
importance, the Π groups analysed were 𝛱𝐸𝑐

 and 𝛱𝑆𝑆𝑃
. It

was observed that the higher these parameters, the higher 
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the ballistic limit, explained by an increase of the energy 
absorbed by compression and shear plugging. 

Furthermore, some of the hypotheses assumed in the 
theoretical model were analysed with the help of the finite 
element model. The profile of velocities through the 
thickness direction was assumed linear in the theoretical 
model. The results show that the linear approximation fits 
the profile obtained with the finite element model well for 
the two thicknesses analysed. In addition, the qualitative 
shape of damage in the specimens after impact is the same 
as that experimentally observed. Moreover, the energy-
absorption mechanisms provided by the theoretical and 
finite element models were compared, leading to an 
interesting discussion. The out-of-plane energy-absorption 
mechanisms (compression and shear plugging) are those 
that control the perforation process in the theoretical and 
finite element models. In addition, the importance of out-of-
plane effects increases with thickness. Friction is also 
slightly more important for the thickest specimens and the 
theoretical and finite element models follow the same trend. 
The other energy-absorption mechanisms are of minor 
importance with the exception of the transfer of kinetic 
energy, that increases significantly in the theoretical model 
when perforation takes place. 
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