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Abstract

In this paper we obtain new inequalities involving the harmonic index and the
(general) sum-connectivity index, and characterize graphs extremal with respect to
them. In particular, we improve and generalize some known inequalities and we
relate this indices to other well-known topological indices.

1 Introduction

A single number, representing a chemical structure in graph-theoretical terms via the
molecular graph, is called a topological descriptor and if it in addition correlates with a
molecular property it is called topological index, which is used to understand physico-
chemical properties of chemical compounds. Topological indices are interesting since they
capture some of the properties of a molecule in a single number. Hundreds of topological
indices have been introduced and studied, starting with the seminal work by Wiener in
which he used the sum of all shortest-path distances of a (molecular) graph for modeling
physical properties of alkanes (see [35]).

Topological indices based on end-vertex degrees of edges have been used over 40 years.
Among them, several indices are recognized to be useful tools in chemical researches.

Probably, the best know such descriptor is the Randi¢ connectivity index (R) [25]. There
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are more than thousand papers and a couple of books dealing with this molecular descrip-

tor (see, e.g., [16], [19], [20], [29], [30] and the references therein). During many years,
scientists were trying to improve the predictive power of the Randié¢ index. This led to
the introduction of a large number of new topological descriptors resembling the original
Randi¢ index. Two of the main successors of the Randi¢ index are the first and second
Zagreb indices, denoted by M; and My, respectively, defined as
M(G)= > (dutd)= > di,  M(G)= Y did,
wveE(G) ueV(G) wveE(G)

where uv denotes the edge of the graph G connecting the vertices u and v, and d,, is the
degree of the vertex u. These indices have attracted growing interest, see e.g., [2], [3],
[13], [21] (in particular, they are included in a number of programs used for the routine
computation of topological indices). Another remarkable topological descriptor is the

harmonic index, defined in [11] as
2
e weE(G) duy tdy
This index has attracted a great interest in the lasts years (see, e.g., [7], [12], [36], [38], [39]
and [40]).

With motivation from the Randi¢, Zagreb and harmonic indices, the sum-connectivity
index X and the general sum-connectivity index H, were defined by Zhou and Trinajsti¢
in [41] and [42], respectively, as

1 «@
X(@) = MEXE%@ T @)= M,EZE@)(CZ“ +d,)°,
with @ € R. Note that H; is the first Zagreb index M;, 2H_; is the harmonic index
H, H_y), is the sum-connectivity index X, etc. Some mathematical properties of the
sum-connectivity index and the general sum-connectivity index were given in [8], [9], [34],
[37], [40], [43] and [44].

Throughout this paper, G = (V, E) = (V(G), E(G)) denotes a nontrivial (E # 0)
nonoriented finite simple (without multiple edges and loops) connected graph. Note that
the connectivity of G is not an important restriction, since if G has connected components
Gy, ..., Gy, then H,(G) = H,(Gy) + - -+ + Hy(G,); furthermore, every molecular graph
is connected. The aim of this paper is to obtain new inequalities involving the harmonic

index H and its generalizations H,, and characterize graphs extremal with respect to
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them. In particular, we improve and generalize some known inequalities and we relate H

and H, to other well-known topological indices.

2 Inequalities

In order to obtain bounds for H and H, we need the following classical result, known as

Polya-Szeg6 inequality (see [17, p.62]).

Lemma 2.1. If0 <ny <a; < Ny and 0 <ny <b; < Ny for 1 < j <k, then

k k .
(339" ()" <3 (Vo - i) (00

The following result is elementary.

Lemma 2.2. Let g be the function g(z,y) = Qﬁ with 0 < a < z,y < b. Then Za‘g’ <
g(z,y) < 1. The equality in the lower bound is attained if and only if either x = a and
y=>b, orx=">0and y = a, and the equality in the upper bound is attained if and only if

T =y.
The inequality for the harmonic index H(G) < n/2 is well-known. In [39, Theorem 3]
appears the following lower bound for n > 3
2(n—1)

n

< H(G). (2.1)
The corollary of the next result generalizes these inequalities for H,(G).

Theorem 2.3. Let G be a nontrivial connected graph with maximum degree /A and min-

imum degree §, and oo € R. Then
2°TTATINM (G € Ho(G) < 27167 My (G), ifa <1,
2071627 ML (G) < Ho(G) < 2°7TA ML (G), ifa>1,

and the equality holds in each inequality for some o # 1 if and only if G is regular.

Proof. If a > 1, then

Ho(G) = Y (dy+dy)* " (dy + dy) < (280)°7 My(G),
weE(G)
Ho(G) = > (dy+dy)* (dy +dy) > (20)°7 My(G).

wveE(G)



-390-

If a < 1, then the same argument gives

)7 MY(G) < D (du+ do)* T (dy + dy) < (20)°7 My(G).

weE(G)

If the graph is regular, then the lower and upper bounds are the same, and they are
equal to H,(G). If some equality holds for some o # 1, then d,, + d, has the same value
(26 or 2A) for every uv € E(G); hence, d,, = ¢ (or d, = A) for every v € V(G) and G is
regular. (If @ = 1, then each inequality is a equality for every G.) |

Corollary 2.4. Let G be a nontrivial connected graph with n vertices, m edges, maximum

degree A and minimum degree 6, and a € R. Then
2
gotine-t" g (G) < 2969 1 Am,  ifa <1,
n

26“*15&*1%2 < Ho(G) < 2%A%m, ifa>1,
and the equality holds in each inequality for some o # 1 if and only if G is reqular.
Proof. Since 4m?/n < M;(G) (see [10]) and M;(G) < 2mA, Theorem 2.3 gives the
inequalities.

If the graph is regular, then the lower and upper bounds are the same, and they are
equal to H,(G). If some equality holds for some « # 1, then some equality holds in
Theorem 2.3 and G is regular. |

We have the consequence for the harmonic index H(G) > 2m?/(A2%n), that improves
(2.1) when m > Ay/n — 1. However, our result is improved by H(G) > 2m?/M;(G) >
m/A in [38, Theorem 2.5].

If we use the inequality M;(G) < 2mA — §(An — 2m) (see [18, Theorem 3.2]; the
equality holds for regular graphs) instead of M;(G) < 2mA, we obtain the following
improved upper bounds.

Corollary 2.5. Let G be a nontrivial connected graph with n vertices, m edges, maximum

degree A and minimum degree 6, and o € R. Then

mZ

2““&*17 < Ho(G) < 2°7'6*71 (2mA — §(An — 2m)), if o < 1,

2
2otge I < [ (@) < 227 AT (2mA — 5(An — 2m)),  ifa > 1,
n
and the equality holds in each inequality for some o # 1 if and only if G is regular. In

particular, the harmonic index has the upper bound
< 2m(A +0) — Adn

H(G) < 202
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We will use the following particular case of Jensen’s inequality.

Lemma 2.6. If f is a convex function in an interval I and xy,...,x, € I, then
Ty 4+ Ty 1
() < g () ot o),

Recall that a biregular graph is a bipartite graph for which any vertex in one side of
the given bipartition has degree A and any vertex in the other side of the bipartition
has degree 9. If there are n; vertices with degree 6 and ns vertices with degree A, then
m = dn; = Any and we deduce Aon = (A + 6)m. Note that a regular graph is biregular
if and only if it is bipartite.

Next, we present several inequalities relating general harmonic indices with different

parameters.

Theorem 2.7. Let G be a nontrivial connected graph with m edges, a € R and 8 > 0.
Then
Ho(G) > m™YPH_5(G)™V8,

and the equality is attained for some values o # 0 and B if and only if G is regular or
bireqular.

Proof. Since f(z) = 77 is a convex function in R, for each 8 > 0, Lemma 2.6 gives

B
m ‘ 1 .
=7 . <— (dy +d,) P,
(ZuUGE(G)(dU + dv)a> m Z

weE(G)

_m 115

Ho(G) — ml/8 '

Assume that o # 0. Since f(z) = 277 is a strictly convex function, the equality is
attained if and only if d, + d, is constant for every uv € E(G), and this is equivalent to
the following: for each vertex u € V(G), every neighbor of u has the same degree. Since
G is connected, this holds if and only if G is regular or biregular. |
Next, we prove nonlinear relations between H,(G), Hoy5(G) and H,_s(G) which allow

to obtain a family of linear inequalities (see Corollary 2.10).

Theorem 2.8. Let G be a nontrivial connected graph with maximum degree A and min-

imum degree §, and o, f € R. Then

Cop \/ Horp(G)Ho—(G) < Ho(G) < ([ Hayp(G)Ho—p(G),
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with

2(A8)72 2(A8)/2 CUCLN
Cap 1= min{ A(ﬁ ) 7 A(O‘ ) = }: Qfﬁg)iéz’ Zf fal <151,
+ 0 +9 patsa o i lal >8]
The lower bound is attained for every values of a, B if G is reqular. The upper bound is
attained for some values of «, 8 with 5 # 0 if and only if G is reqular or bireqular.

Proof. Cauchy-Schwarz inequality gives

S (dutd) = S (dutd,) O

wveE(G) weE(G)
w12 g\ 1/2
<(X @rd)™) (X ()
weB(G) wveE(G)

=\ Hasp(G) Hop(G).

Since o _ )
26) 2 < (d, +a,) P < (20) @ if a+p>0,

( )
(24) T < (d +d )“’*’”/2 < (25)“” it a+p<0,
(20) 7 < (dy+d,) P < (20) P ita—B>0,
228) 2 < (dy+d,) I < (20) P ifa-p <o,
Lemma 2.1 gives, if (a + 8)(a — ) 20 (ie., |af > |3]),
o 1/2 a—p3
Zuv du + dv o Zuv d“ + dv ‘
H,(G) = Z (du +dv)a > ( i ( 1 ) N Z/z ( 5 EZ(G) ( ) )
weEE(G) 2 ((?) + (Z) )
2(A§)°/2
= g VVHors(@Hap(C) = o\ Huss ) s(C)

and, if (a+ B)(a — B) <0 (ie., |a] < |3]), then

1/2

ats\ 1/2 g\ 1/2
a (EuvéE(G) (d“ + d”) B) (ZuUGE(G) (d“ + dv) ﬁ)
Ha(G) = z (du, + dv) 2 1 N2 sN\B/2
wEB@ g(m +(2) )
2(A5)P2
A3+6ﬁ a+ﬁ H,_ ﬂ *Ca/i a+ﬁ H,— ﬂ

If the graph is regular, then the lower and upper bounds are the same, and they

are equal to H,(G). If G is biregular, then Hy(G) = (A + 6)'m and the upper bound is
attained. If the upper bound is attained for some values of «, 3, then (du—&-dv) (a+[3)/2/ (du—&-
d, )(u A2 (d +d, ) is constant for every uv € E(G). If § # 0, then d,, +d, is constant
for every uv € E(G); hence, for each vertex u € V(G), every neighbor of u has the same
degree, and thus G is regular or biregular. (Note that the upper bound is H,(G) < H,(G)
it =0.) n



-393-

Theorem 2.8 with 5 = « has the following consequence.
Corollary 2.9. Let G be a nontrivial connected graph with m edges, mazimum degree A

and minimum degree §, and o« € R. Then
2(AS)/?
A(aiJr)(Sw MmHy(G) < Ho(G) < v/mH(G) .
The lower bound is attained for every value of « if G is reqular. The upper bound is
attained for some a # 0 if and only if G is reqular or biregular.
Theorem 2.8 and the inequality vab < $a + 2b (for a,b > 0 and s > 0) give the

following family of linear inequalities.

Corollary 2.10. Let G be a nontrivial connected graph with mazimum degree A and
manimum degree §, s > 0 and o, B € R. Then

1
Ha+ﬂ(G) + 52 Ha—S(G)v

<
HalG) < 2s

[NN VA

The following result appears in [32, Theorem 2].

Theorem 2.11. If o > 1 is an integer and 0 < x4, ...,z < k — 1, then

Theorem 2.12. Let G be a nontrivial connected graph with m edges, mazimum degree A

and 2A < m — 1. We have for any integer a > 1
H,(G) < (m—1)*""H.(G)".
Proof. We have d, + d, < 2A < m — 1. Hence, Theorem 2.11 gives for any uwv € E(G)

(=1 3 (atd) < (D (dtd))

weE(G) weE(G)

The following results relate H,(G) with M;(G) and M (G).

Theorem 2.13. Let G be a nontrivial connected graph with m edges and minimum degree
0, and 0 < a < 1. Then
Ho(G) < 6%m + ad* 2 My(G).
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Proof. We have
(dy —9)(d, —0) >0,

dudv + 62 > 5(du + d'u)7
(6—2dudv 4 l)u Z 67”(du + dv)a.

Bernoulli inequality (1 + z)* <1+ az for z > —1 gives
57 (dy + dy)™ < (67 2dyd, + 1) < 14 ad2d,d,,

5 Ho(G) < m + ad2My(G).
[ ]

Theorem 2.14. Let G be a nontrivial connected graph with m edges, and o > 1. Then
m+aMy(G) < (Ho(G)V* +m!/*)".

Proof. Minkowski inequality gives
/

3 (du+dv+1)“)l/as( > (@rd)) (X 0)

weE(G) weE(G) weE(G)

1/

Bernoulli inequality (14 x)* > 1+ ax for > —1 gives

Do ltay (dut+d) < (Ha(G)Y* +mt)"

wel(G) weE(G)

The forgotten topological index is defined as F(G) = 3, () @5, (see [14]).

Theorem 2.15. Let G be a nontrivial connected graph with n vertices, m edges, maximum
degree A and minimum degree 6. Then
Hy(G) = F(G) + 2M»(G),
M, (G)?
—— + 2My(G
2m +2L(G),

Hy(G) < min {4M(G) + m(n — 2), AM,(G) + 2Ma(G) }.

Proof. Since 3=, () (f(du)+ f(dy)) = > wevic) duf(du), we have 37, e (2 +d2) =
Yuevie) dy = F(G). Hence,

Hy(G) > max {41\42(@),

y 2
% } > 6Mi(G) + 2My(G),

Hy(G)= > (dy+d)' = > (E+d)+ Y 2dud, = F(G)+2My(G).

weE(G) weE(G) weE(G)
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Since d? + d*> > 2d,d,, we obtain F(G) > 2M,(G). This inequality, F(G) >
M, (G)?/(2m) and F(G) + 2My(G) > M,(G)?/m (see [14]) give the first lower bound.
The second one follows from M;(G)?/(2m) > 2mM;(G)/n > §M1(G).

The inequality F(G) < 2M(G) +m(n —2) (see [14]) and 3 oy ) di < AM(G) give
the upper bound. |

Recall that the wvariable Zagreb index (also called general Randié index) is defined
in [22] as

Za(G) = Y (dud)",

weE(G)

with @ € R\ {0}. The variable Zagreb index was used in the structure-boiling point
modeling of benzenoid hydrocarbons. Note that Z_,, is the usual Randi¢ index, Z; is
the second Zagreb index M, Z_; is the modified Zagreb index [24], etc.

We have several inequalities relating H, with the variable Zagreb index.

Theorem 2.16. Let G be a nontrivial connected graph with mazimum degree A and

manimum degree §, and o, 3 € R. Then

A6
o(BH

ka2 266V 0-a(G) < Ha(G) < (T2) V2@V 20l ©). ifaz0,

@s-a)/z
Koy = %ﬂgzsw, if Bla—pB)<0,
o As)/2 .
A if Bla—pB)=0.

FEach one of the three first inequalities is attained for some values of a, f with o # 0 if

)“ 25(G) Za_s(G) < Ha(G) < 2°1/ Z5(G) Za_s(G),  ifa <0,

with

and only if G is reqular. The last inequality is attained for some values of a, 8 with o # 0
if and only if G is reqular or biregular.

Proof. By Lemma 2.2, we have

I A+
2 d’ud’U S dll- + d’U S dud1 M
VA

If a > 0, then
2(dyd,)*” < (dy +d,)" < (%)“(dudv)“/ 2
If @ < 0, then

A4\« /2 o /2
—— ) (d.d, < (d,+d,) <2%d,d, .
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Cauchy-Schwarz inequality gives

Z (dudv)a/Z _ Z (dudv)ﬁ/2+(a*5)/2

weE(G) weFB(G)

(2 @) (X @) = z61z0.

weB(G) weE(G)

Since
8 < (dud,)"? < AP it B0,

A< (d,d,)? <s® it B<o,
50 < (dud,) PP <A ifa- g0,
A < (dyd,)
Lemma 2.1 gives, if 3(a — ) > 0,

N1/2 o
1 d a/2 > <ZquE(G) (dudv)s) (ZquE(G) (d“dv) /8)
z (( u@ U) = 1 A a2 5 a/2
weE(G) (( 8 ) + (A) >

2802 GG,
:A"+6” 3(G) Za—p(G) = kap\/ Z5(G) Za—p(G

and, if f(a — ) <0, then

? < goB if o—fB<0,

1/2

5 (zM o () NV (S (dut)™™) "

(28—a)/2 (28-a)/2

A(S (28—a)/2

If the graph is regular, then the lower and upper bounds are the same, and they are

equal to H,(G).

If the second or the third inequality is attained for some values of «, § with a # 0,
then 2/d,d, = d, + d, for every uwv € E(G), and Lemma 2.2 gives d, = d, for every
uv € E(G); since G is connected, G is regular.

Assume now that the first or the last inequality is attained for some values of «, 3
with o # 0. Thus, d, + d, = A*"m for every uv € E(G). By Lemma 2.2, this holds
if and only if every edge joins a vertex of degree § with a vertex of degree A, and this
is equivalent to the following: for each vertex u € V(G), we have deg(u) € {d,A}, if
deg(u) = d then every neighbor of u has degree A, and if deg(u) = A then every neighbor

of u has degree §. Since G is connected, this holds if and only if G is regular or biregular.
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If G is regular or biregular, then \/Z3(G) Za—s(G) = /(A6)Pm(Ad8)*Pm = (A5)*/*m
and H,(G) = (A + §)*m. Hence, the last inequality is attained. If o # 0, then the first
inequality is attained if and only if kq g = 1, and this holds if and only A = ¢ by Lemma

2.2, i.e., G is regular. |

We have the following consequence.

Corollary 2.17. Let G be a nontrivial connected graph with mazimum degree A and

minimum degree §, and o € R. Then

2(A+6)~ N .

Ao tge Zaj2(G) < Ho(G) £ 2°Z45(G), if a <0,
2&+1(A6)a/2 A+§ pe )
XEY Zas2(G) < Ho(G) < (ﬁ) Zas2(G), if « > 0.

Each one of the three first inequalities is attained for some value of o # 0 if and only if
G is regular. The last inequality is attained for some value of a # 0 if and only if G is

reqular or bireqular.
In [31, Lemma 3] appears the following result.

Lemma 2.18. Let h be the function h(z,y) = f%’! withd < z,y <A. Thend < h(z,y) <
A. Furthermore, the lower (respectively, upper) bound is attained if and only if v =y = §
(respectively, v =y = A).

Theorem 2.19. Let G be a nontrivial connected graph with m edges, mazimum degree A

and minimum degree §, and o« € R. Then

2°‘m2 A30¢/2 + 530/2 2a—1m2
— < Ha G) < h ) . 0.
0°Z_o(G) (G) < ATa/ig3a/t 7~ (@)’ if a <0,
20‘m2 A3a/2 +63a/2 204—1m2
pEEEEES— H(, G < , . Z 07
AZ_(G) ~ (@) < Ade/dgTe/d 7 (@) ifa

and each inequality is attained for some value of o # 0 if and only if G is reqular.

Proof. By Lemma 2.18, we have

(%)m = W < (%)m, if >0,
(g>a/2 - M - <2 )a/Z.

5 (dudv)a/Z N if  <0.
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Cauchy-Schwarz inequality gives

/2 2
> B (8 @)X (@) ) = h@7 @)

a2
weF(G) (d“rdv) weFR(G) weE(G)

These inequalities provide the lower bounds.

Since
(26)°2 < (du +d,)** < (20)*2, AT < (dud,) P <570 it a>0,
(28)*2 < (dy +d,)™* < (262, 57 < (dud,) " <A™, if o <0,

Lemma 2.1 gives in both cases
2 @ —a
(du + dv)a/Q > (ZuvéE(G} (d“ + d”) > (ZUUGE(G) (d“'d") )
wirte (dud) ) &)™+ @)™

2(A5):%a/4
T ABa/2 4 §3a/2 Ho(G)Z-a(G),

and this gives the upper bounds.

If the graph is regular, then the lower and upper bounds are the same, and they are
equal to H,(G). If some bound is attained for some value of o # 0, then Lemma 2.18
gives d,, = d, = ¢ for every uwv € E(G) or d, = d, = A for every uv € E(G); hence, G is
regular. |

Theorem 2.20. Let G be a nontrivial connected graph with n vertices, and o > 1. Then

n® < Ho(G)Z - (G)*1

a—1
and the equality is attained for some value of o > 1 if and only if G is regular or biregular.

Proof. Recall that 3°,,cp) (f(d) + f(dy)) = > uev(c) Guf(du). Hence,

= XX (frg)- Xt

weV(G@) ¢ weE(G) weE(G)

Since a > 1, Holder inequality gives
- a2 ot a1
n< (Y (@rd)T) (X (dd)T) T = HalG)Z s (6)F
weE(G) weB(G)

If G is regular or biregular, then Adn = (A + 6)m, Ha(G) = (A +6)"m, Z - (G) =
(Aé)r%'m, and the equality is attained.
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=
a—T1

If the equality is attained for some value of a@ > 1, then (dudv) / (du + dv)a is
constant for every wv € E(G), ie., dyd,(d, + dv)w1 is constant for every uv € E(G).
Since the function F(t) = dyt(d, + t)avf1 is increasing when ¢ € [1,00), we have the
following: for each vertex u € V(G), every neighbor v of u has the same degree, and the

degree of every neighbor of v is d,. Since G is connected, G is regular or biregular. W

We have the following consequence, that improves the lower bound in Theorem 2.19

when « = 2, since 2m < An.

Corollary 2.21. Let G be a nontrivial connected graph with n vertices. Then
n? < Hy(G)Z_5(G),

and the equality is attained if and only if G is reqular or biregqular.

The modified Narumi-Katayama index
NE(G) = ] die= [ dudo
ueV(G) weE(G)

is introduced in [15], inspired in the Narumi-Katayama index defined in [23]. Next, we

prove several inequalities relating the modified Narumi-Katayama index with H,.

Theorem 2.22. Let G be a nontrivial connected graph with m edges, mazimum degree A

and minimum degree §, and oo € R. Then

Ho(G) = (%)am NEK*(G)/Cm), if <0,
Ho(G) > 2%m NK*(G)*/ ™), if > 0.

The equality holds for some o < 0 if and only if G is reqular or biregular. The equality

holds for some a > 0 if and only if G is reqular.

Proof. Using the fact that the geometric mean is at most the arithmetic mean, Lemma
2.2 gives for a > 0
iHu(G) 1 > (dutdy)* > 1 > (2Vdud,)"

-m

m
weE(G) weE(G)

>0 [ d)?)" =2 nwe @)
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Lemma 2.2 gives for a < 0

%HQ(G):% Z (du +dy) Z (A+o\/(iu(iv>a

wel(G) weB(G
A4\ A+ *((v\e/(2m
= ( Z(i) ( E(G) "‘/2) ( - ) NE*(G) e,

If the graph is regular, then HQ(G) = 2%6%m, NK*(G) = §*™ and we have the equality.
If the graph is biregular and « < 0, then H,(G) = (A +0)*m, NK*(G) = (Ad)™ and we
have the equality. If the equality holds for some a > 0, then Lemma 2.2 gives d,, = d,
for every uv € F(QG); since G is a connected graph, G is regular. If the equality holds for
some a < 0, then Lemma 2.2 gives d, = § and d, = A or vice versa for every uv € E(G);

hence, G is regular or biregular. |

The first geometric-arithmetic index GA; was introduced in [33] as

Vd,d,
b))

GAL(G) = Ve
i Hdy +d,)

weE(G)
Although GA; was introduced in 2009, there are many papers dealing with this index
(see, e.g., [4], [5], [6], [26], [27], [28], [33] and the references therein).

Theorem 2.23. Let G be a nontrivial connected graph with m edges, mazimum degree A
and minimum degree §. Then

1 2m
—GA(G) < —,

and the equality holds if and only if G is reqular.

H(G) +

Proof. Note that (\/cTu— Vo ) (\F \/7) > 0. Therefore,
VA (Vdy +/dy, ) > VA, +V5/d, > \/dud, + VDS .

Since v/d,, < dy,/V/$ for every vertex w € V(G), we obtain

1 2vd,d, 2
dyd, + VAS < d d
VGuy + Vo 3+ d) VAo dutd, dutd,

2v/dyd, 2m 1 2m
> WAL 2T e
weE(G) du + d weE(G) d td Y Ad

If the graph is regular, then GA;(G) = m and H(G) = m/d§, and the equality holds.
If the equality is attained, then vA = v/d and G is regular. |
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