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ABSTRACT

We apply the recent derivations of dual charges in asymptotically flat spacetimes to asymp-
totically locally AdS spacetimes. In contrast to the results in the flat case, in the AdS
case with a Dirichlet boundary the dual charge contribution vanishes at the leading order.
However, by focusing on the Taub-NUT-AdS solution, we show that nevertheless, more gen-
erally, the dual charge is non-vanishing and corresponds to the NUT parameter. We propose
a complex first law of black mechanics in the presence of NUT charges that is inspired by

the naturally complex nature of the charges derived using Hamiltonian methods.
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1 Introduction

The study of charges in asymptotically (locally) anti-de Sitter (AdS) backgrounds has a
rich history [1,2] that has taken on a particular importance in the context of the AdS/CFT
correspondence [3]. This correspondence, formulated in a stringy framework, establishes
a physical duality between (D + 1)-dimensional theories of quantum gravity with negative
cosmological constant and a D-dimensional conformal field theory at the boundary.

In this paper, we revisit the study of AdS charges in light of recent developments in the
flat case [4-7]. In Ref. [6] it is argued that in order to have access to all possible gravitational
charges, one must include in the gravitational lagrangian any terms that do not contribute
to the equations of motion. One simple such term is the Holst term [8], whose equations
of motion give the algebraic Bianchi identity and are therefore trivial. Nevertheless, the

inclusion of such a term leads to non-trivial charges, which correspond [7] to the dual charges



of Refs. [4,5]. The main question we would like to address here is what happens if we apply
this idea to asymptotically (locally) AdS backgrounds?

There are many methods to derive charges/Hamiltonians in AdS backgrounds. These in-
clude the covariant phase space formalism [9-13], the asymptotic study of Brown-Henneaux
[2,14, 15], conformal methods (AMD) [16,17] and cohomological methods [1,18-20]. The
study of charges has been motivated amongst other things by an understanding of the first
law of black hole mechanics [21-26].

Here, as in Ref. [6], we will use the covariant phase space formalism,! in which charges
are derived as hamiltonians associated with asymptotic symmetry transformations on the
covariant phase space. These transformations are dictated by the boundary conditions one
prescribes at the AdS boundary. One typically introduces Dirichlet boundary conditions
(fixing the induced metric at the boundary) or Neumann boundary conditions (fixing the
energy momentum tensor T77%) [28,29]. In four dimensions, the first conditions give the
group of isometries of AdS4 while the second conditions gives an empty asymptotic group.
One can also introduce “mixed” boundary conditions as in [28] giving a group of the form
R & A with A a group of area-preserving transformations.

We will in this work find such charges for the Einstein-Palatini-Holst action. This action
will give two sets of distinct charges: the usual charges, that will be referred to as the
“electric charges” while the second set will be referred to as the “dual charges”. The latter
come from the Holst term in the action. Dual asymptotic charges may be thought of as the
generalisation of NUT charges in the same way that the usual asymptotic charges are the
generalisation of mass. In turn NUT charges may be viewed as the gravitational analogues
of magnetic charges. In fact this relation can be made quite explicit in a characteristic value
formulation of the Einstein equation [30].

In the flat context, the existence of dual charges is important for a Hamiltonian interpre-
tation of Newman-Penrose charges [5,31] and the consistency of the action of BMS charges
on phase space [32]. While dual charges in the spirit of Ref. [6] have not been studied in
the AdS context prior to this work, there is a rich literature on NUT or more generally
magnetic charges in the AdS backgrounds [24,33-44]. For the most part, the interest in
magnetic masses is with relation to a consistent formulation of black holes thermodynamics.
In particular, [33] argues that Misner strings do contribute to the entropy. In [35], it is ar-
gued that the Taub-NUT solution may be interpreted most appropriately as a ground state

in the regularised theory. This is because the presence of a NUT charges causes the total

"While, more clear in the covariant phase space formalism, dual charges can also be derived using coho-
mological methods [27].



Noether charge to vanish for this solution. From a holographic perspective, the existence
of magnetic charges is useful for studying the richness of the boundary theory. Moreover,
such solutions always lift to solutions of M-theory and are as such consistent [45].

We will find that the dual charges defined following the prescription of [6] vanish on the
boundary for asymptotically AdS spacetimes with Dirichlet boundary conditions. To be

precise, we find that the dual charges are of the form:
bl = O(2), (1.1)

where z, defined in section 3.1, parametrises the distance from the boundary. More gen-
erally, however, dual charges are possible. In particular, they are non-vanishing for back-
grounds with global dual or NUT charges, such as the Taub-NUT-AdS solution, which is
parametrised by a mass parameter m and NUT parameter n. Deriving the charges for this
solution, as expected, one gets the usual energy £ = m in the electric part, plus an angular
momentum contribution from the Misner string that can be taken to be zero if the wire
singularity is equally distributed between the north and south poles of the sphere. The dual

charge is given by
. 4A
E=n <1 — 3n2) , (1.2)

where A is the cosmological constant. The existence of dual global charges naturally leads
to an investigation of the first law of black holes in the presence of NUT charges within the
context of the covariant phase space formalism; a subject of recent interest [24,25,40,44,
46,47]. In contrast to previous literature, we take the interpretation of the NUT charge as
a dual mass [48] seriously. This leads us to view the complex combination of the mass and
NUT charge (see also [49,50])

M=m—in (1.3)

as a generalised mass that satisfies its own first law.

In section 2, we will review the first-order tetrad formalism. The tetrad formalism allows
one to write more general terms in the action, which do not contribute to the equations of
motion. In section 3, we introduce Asymptotically AdS (aAdS) and Asymptotically Locally
AdS (alAdS) backgrounds and explain the difference between them. Moreover, we define the
Fefferman-Graham expansion of the metric of alAdS spacetimes and review the symmetries

of the backgrounds. In section 4, we apply the covariant phase space formalism to AdS



backgrounds and derive the Hamiltonians in this context. An important element to consider
is the role of the internal Lorentz transformations, which add further gauge degrees of
freedom. For the charges to be Lorentz invariant, one has to introduce compensating Lorentz
transformations using the prescription outlined in Ref. [51]. In section 5 we compute the
charges for alAdS spacetimes, verifying that the standard charges correspond to the well-
known Brown-York charges and finding that there are no dual charges. In the final section
6, we focus on the Taub-NUT-AdS solution. We find that in this case the dual charge is

non-zero. We propose a first law of black hole thermodynamics.

Notation: Lowercase Latin letters denote general tangent indices (a,b,--- =0,...3) and
lowercase hatted Latin letters denote the tangent subspace (a, I;, +++=0,...,2). Similarly,
Greek letters u, v, ... denote general spacetime indices and Latin letters i,7,... denote

transverse directions.

2 First-order tetrad formalism

General Relativity is usually written in terms of spacetimes fields (such as the metric g,

the stress-energy tensor 7},,, ...) with dynamics dictated by the Einstein-Hilbert action:

S [g) = /M VIgl (Rlg] - 2A) + S, (2.1)

ﬁ, A is the cosmological constant and Sp; the action for matter. This

where kK =
formalism, although intuitive, turns out to be incompatible with the addition of fermions
interacting with the metric. The reason is actually rather easy to understand: for the same
reason that a spinor can be seen as the “square root” of a spacetime vector, we will define

the frame field? e® as the “square root of metric”:

Nab€iel, = Guv- (2.2)

These fields can formally be seen as Lorentz-valued spacetime one-forms and are thus fixed
up to a Lorentz transformation in SO(1,n—1). Such objects are transported in a non-trivial
way under parallel transport and one needs to define a covariant derivative “seeing” the
Lorentz indices:

De® = de® + w? A€, (2.3)

2Also called a vielbein in n dimensions or vierbein and tetrad in 4d.



where w® is the connection on the tangent space obeying the following constraint:
D, =0, (2.4)

which, in particular, forces w® to be antisymmetric. We also define the Riemann curvature

two-form as the covariant derivative of the spin connection:
RY® = dw™ + w? A w®. (2.5)

Using the expression of the 2-form curvature (2.5) above, one can at this stage easily prove

the following differential Bianchi identity that will be heavily used in the following:
dR® = R Aw® —w? AR, (2.6)

This identity can also be understood as the vanishing of the covariant derivative of the
curvature:

DR =dR - [R,w] =0, (2.7)

where [R,w] =R Aw —wATR.

In this formalism, General Relativity is described as a gauge theory where {w, R} are
the s[(2,C) gauge connections and curvatures, respectively. The frame field e is thus a
section on the associated vector bundle. It is easy to see that the Einstein-Hilbert action

can be written in terms of these new fields as:

£—2
Spe,w] = Kaabcd/ R®AeNet +——e* NeP Ae® A el (2.8)
2 M 2
where we have introduced the AdS length ¢? = —% > 0. The first order formalism, in

which we shall work, is defined by taking {e,w} as independent fields in contrast to the
second order formalism in which {e} is the only dynamical field. This means that there is

an equation of motion associated with both these fields:

Saped (R + 0727 A eb) n e =0, (2.9)

de® + w% A e’ = 0. (2.10)

The first equation, which corresponds to the equation of motion of the vierbein is equivalent

to the usual Einstein equation in metric form, while the second one, corresponding to



the equation of motion of the spin connection, implies the vanishing of the torsion tensor
T = De®. Note that in contrast to the second order formalism where we take w as being
fixed by e from the algebraic equation T = 0, in the first order formalism, the vanishing
of the torsion is a consequence of the equations of motion.

The first term in the action can also be written as:
Sp[e,w]:/ﬁ/ RAx(eNe), (2.11)
M

which provides a guide for how we could add another term to this action by drawing a

parallel with electromagnetism. Starting with the usual Maxwell action,

Sar = e/ FAXF, (2.12)
M

it is well-known that one can add to this action a topological term

S 9/ FAF (2.13)
M

:271'

whose equations of motion is the Bianchi identity, which is trivially satisfied. Such a term in
electromagnetism has important consequences in the quantum theory and when non-zero,
violates CP-symmetry. It can be analogously constructed in gravity and is called the Holst
term [8]:3

Sy = m’)\/ R® A ey A ey, (2.14)
M

where constant A is usually called the Immirzi parameter. There is a priori no reason not to
add this term. The equations of motion from this term, assuming 7% = 0, correspond to the
algebraic Bianchi identity, which is trivially zero on-shell. However such a term can give
non-trivial asymptotic charges [6,7] by modifying the symplectic structure of the theory
such as in asymptotically flat spacetimes where it leads to dual BMS charges [4,5]. The
study of these dual charges in the AdS context will be the focus of this work and we will

therefore consider the full Palatini-Holst action:

Spr = KPgpcd /

6_2
<R“b Aef Aed + Tea AeP Aec A ed> + Q [elons wlan] (2.15)
M

3More generally, one considers the Nieh-Yan topological invariant (see [6] for more details):

SNyzm'A/ (Rab/\eaAebfT“/\Ta).
M



where

1 .
Popea = igabcd + Z)\na[cnd]b (216)

and € is a boundary term that is a functional of the fields at infinity.* Before proceeding,

we make two remarks:

1. The tensor P4 obeys the following symmetry relations: Puyped = Pedab, Pabed =
—Ppaca- It thus can be viewed as a 6 x 6 symmetric tensor Pl,(.q. Such a tensor is

invertible for \ # +1:

1
—1 .
Pibed = m (Eabcd - QZ)‘T/a[cnd]b) . (2.17)

2. The boundary term plays an important role in the covariant phase space formalism.

It will be chosen such that the spacetime is indeed asymptotically AdS.

3 alAdS spacetimes and the Fefferman-Graham expansion

3.1 Definition, action and topological renormalization

We recall here that AdSy is the unique maximally symmetric solution to the vacuum Einstein
equations with a negative cosmological constant A = —3/¢2. It is known that the Riemann

curvature of a maximally symmetric spacetime can be written explicitly as
Ry + 02 (GurGor — Gurguy) = 0. (3.1)
Note that this condition can be written in terms of the Riemann curvature 2-form R as
RW® =R® 47267 A b = 0. (3.2)
The curvature 2-form R also satisfies the differential Bianchi equation:
dR™ = R% Aw® — w? AR, (3.3)

Inspired by equation (3.2), we define alAdS spacetimes [16,17] (see also [13]) to be a solution
of (2.9) such that its metric obeys the fall-off condition

R¥®7 =0 (3.4)

“We will see in section 3.1 the significance of this boundary term.



with Z the conformal boundary of M.5 It was proven by Fefferman-Graham [52] that one
can always find a set of coordinates (z,x%) at least near the conformal boundary Z such

that {z = 0} C Z and the metric is of the form

g= Z%(K%z? + 7i;(z, wa)daﬁida:j>, (3.5)
where we have an expansion for metric y of the form

v =70+ 2292 1+ 234 1 0(z4). (3.6)

We then locally define the boundary as the Lorentzian manifold (Z, 7(0))_ It can be shown
that the equations of motion fix 4(2) and the trace of 4(3):
2 0, 1 0 i (3
’Yl(j) = _Rz(j) + ZR(O)F)/?,(‘])7 7(0) + 71(]) - 07 (37)
where REJO-) and R are the Ricci tensor and scalar of (9, respectively.
Such spacetimes are in fact very general, and the question of whether they give rise to
well-posed problems is subtle. A sufficient condition for having a well-posed alAdS problem

is to require the action to have an extremum when one imposes R% = 0 at 7.

Following [11], we consider a variation of the action (2.15), which gives
08 = 2/@/ Piped [ﬁ“b A€ Aded — TN el A 5w6d} + / (e, w,de, dw), (3.8)
M I

where (e, w,de,dw) = KPupege® A e’ A 0w + 69 is called the presymplectic potential.
Using the equations of motion and the algebraic Bianchi identity, the first integral vanishes.
Therefore, in order to have an extremum for any alAdS spacetime, one must choose €2 so
that 6 is proportional to R* and thus vanishes on-shell. It is clear that this is achieved by

choosing €2 such that
69 = Kl? Popeq / R™ A Swed. (3.9)
T

In this case,

O(e,w,de, dw) = REQPabcdﬁab A 5w6d\1, (3.10)

which does indeed vanish using condition (3.4). Observe that 6£2 is nothing but the variation

5In contrast, we define an asymptotically AdS spacetime to be alAdS spacetime together with a Dirichlet
boundary condition that fixes the induced boundary R x S2.



of a quantity that may be viewed as a generalised Euler density,

1
Paped / RPN dwd = 2§ (Pabcd / RY® A RCd> : (3.11)
T 2 M

Substituting this expression for the boundary term € in action (2.15) gives the full alAdS

action, up to a constant,

Sle w]—'ig2 Papeg R A R (3.12)
) - 9 v abed . .

In summary, in order to define a well-posed problem, we have added simply a higher-order
topological term proportional to £ to the original action. Furthermore, as we shall find

below, this addition actually renormalizes the Euclidean action and makes the boundary

charges well-defined [11,40]. Such a procedure is known as a topological renormalization.

3.2 Symmetries of alAdS spacetimes

We work with Fefferman-Graham coordinates (z, %) valid in some neighbourhood of the
boundary {z = 0}, where the metric takes the form (3.5).

From the form of the metric, we choose a canonical frame (e?, e?) of the form

. 1 R X R
eddxh = = (e(_l)a + 22eMa 4 236(2)a> +0(2Y), edz = gdz, (3.13)
z z
where
0 —a (-1)b 2 —1)a (1)b 3 —1a (2)b

The inverse vierbeins are given by

A0 = (e ({0 18 (5O o),

a ai ai

z

e30, = Z({)z, (3.15)
where we have used the convention that all a, I;, ... indices are lowered /raised with 7,; and
its inverse and all 7, 7, ... indices are raised and lowered with 72-(]0) and its inverse. Thus, for
example,

eéfl)z’ _ 7(o)z'jegf1)577&5_ (3.16)

We will be interested in isometries of alAdS backgrounds, namely, diffeomorphisms that

10



keep the form of the Fefferman-Graham expansion unchanged. In particular, we require

that the action of a diffeomorphism £ be such that
(5§gzz =0= 5597;1‘- (3.17)

Or in terms of coordinates:

0, (i) =0, 0.y + 120,67 = 0. (3.18)

These equations may be integrated easily to give

~

€Z<zv xl) = Zgz(xl)v

£(z, xl) = éz(x’) — 6283-53 /Z s'yij(s,xi)ds = fl(x’) — fzzv(o)ijajéz(xi) + (’)(24), (3.19)
0

where f“ is simply &#|,—¢, the restriction of the diffeomorphism on OM.
One can show that there is a one-to-one correspondence between these asymptotic isome-
tries and conformal transformations of the boundary metric. For example, taking ék =0,

and using the expansion (3.19),

1 .
9ij + Legij = p) (1 — 2§Z> 1(]0) +0(2%), (3.20)

which is nothing but an infinitesimal conformal transformation of the boundary metric 'yi((.)),
also referred to as a “Penrose-Brown-Henneaux” transformation. As a consequence, an
alAdS spacetime has its boundary metric 4(9) fixed, up to some conformal transformation
or in other words:

(557(0) o 0. (3.21)

Thus, we may choose either a particular conformal frame in which 557(0) = 0 or work in a
conformally invariant way as above. We will in the following choose the first possibility, but
one has to keep in mind the equivalence of the two possibilities, the second being simply a
reparametrisation invariance of the variable z.

The transformation of +;; is given, at leading order, by

Sy = Lensy) — 2677 (3.22)

Imposing the above to vanish, one sees that éz must be a conformal Killing vector of 4(©)

11



and that éz = %Dkék with Dy, being the Levi-Civita connection on (Z, fy(o)).
The expansion (3.13) should also be kept fixed under asymptotic transformations of the

form (3.19). We thus require
5t =0, set=0, sel V=0 (3.23)

One could also require higher order conditions but they won’t be needed here.

The transformation of the vierbeins involves also an internal Lorentz transformation
Sae® = A%el. (3.24)

Hence, the combined action of the diffeomorphisms and internal Lorentz transformations is
given by
5§7A€a = Kg’Aea = ,Cgea + Aabeb. (3.25)

Following [51], we fix the internal Lorentz transformation so that the combined action as
given in equation (3.25) produces the required transformation of the vierbein components
set out in (3.23). Note that in the case where the diffeomorphism corresponds to a Killing
isometry of the background, then the Lie derivative of the tetrad will vanish, which means
that a compensating transformation will not be required.

Assuming an expansion of A in z of the form
A% = AO)ab  pA(Daby 2\ R)ab (3.26)

the conditions given in (3.23) fix the form of A order by order.

Consider first the condition de? = 0:

Se.nes = Leed + A3 el
= £70,e2 4+ 30,67 + N33
= 0:(€%e?) = 0:(6€%) =0,
where we have used the form of the vierbeins (3.13) and the fact that A is antisymmetric.

Thus, this condition does not impose any constraints on A and is trivially satisfied. Similarly,

it can be shown that the conditions (562 =0, 556% = 0 imply that

A% = —(ppe7eka (3.27)

12



and the condition 556](;1) “=0 implies at leading order that

A = (ke =D — (il p g (3.28)

where D; denotes covariant derivative associated with the metric fyi(o). Since we are only

interested in the charges at the boundary, it turns out that we will not need in this work

higher order terms in A. However, for completeness, one can show that
A — (3.29)
and

. " T PRV " . ) .
A(Q)ab _ e(fl)z[aﬁée(l)b] + ge(il)l[aez('l)b]Djfj + e(fl)z[ae(fl)b}je(fl)ckeg)DUék]. (330)

i
Moreover, the variation of the on-shell spin connections is of the form®
5£7Awab = K&Awab = ngab — DAab, (3.31)
where D is the covariant derivative with respect to w, in other words:

DA% = dA® 4 w* A4 — A%w0. (3.32)

4 Asymptotic charges of the AdS theory

As explained in the introduction, there are several different methods for computing (asymp-
totic) charges for general gravitational systems. Here, we follow the covariant phase space

formalism; see [7,53] for details, which is summarised by the following steps:

1. One computes the boundary term, or presymplectic potential (¢, d¢) from an arbi-

trary variation of the action:

SL(¢) = E(9)o¢ + di(e,0¢), (4.1)

where ¢ represents the fields of the theory, L is the Lagrangian and E are the equations

of motion.

5We simply write A% for the Lorentz transformation, but we should keep in mind that it is determined
by the choice of e and depends on the diffeomorphism ¢ as explained above.

13



2. The exterior derivative of the presymplectic potential on phase space gives the presym-

plectic 2-form:”

w(p,010,02¢) = 610(d, b2¢) — 520(9,016). (4.2)

3. Finally, the variation of the Hamiltonian 15H§ is given by the integral on ¥ of the
presymplectic potential contracted in phase space with a direction associated with

the symmetry of interest:

$H, = [ w(0.00.5.6). (43)
by
We write § H, since the integral may not be necessarily integrable.

In general, we would expect (or hope) to transform the volume integral in (4.3) into
a boundary integral over 9 so that the charge/Hamiltonian® really does only depend on
the asymptotic form of the fields. However, this is done on a case-by-case basis. For a
diffeomorphism generated by &, this can be done and the variation of the asymptotic charge
is given by:

pHe = /82 {6Qe — 1c0(6,50)}, (4.4)

where, in the AdS case that we are interested here, 0% is a section of Z, the conformal

boundary, and ¢ is the Noether charge obtained from the Noether current,

Je = dQ¢ = 0(9,0¢¢) — 1eL(9). (4.5)

Thus, as a first step we calculate the presymplectic potential # associated with the

theory defined by action (3.12). Varying the associated Lagrangian gives
0L = 2KkP,peq (ﬁ“b A€ Ade? — De® Aeb A &fd) + d(/dQPabcd(Sw“b A ﬁCd), (4.6)

where we make free use of the differential Bianchi identity (3.3) and the Schouten identity.
We recognize in the first two terms the equations of motion corresponding to the fields e
and w, respectively”

Eabed RW A € = 0, Eabed T N e’ = 0. (47)

"We assume throughout that the variations commute. In particular, the variation of transformation

generators is always taken to be trivial. Of course, one may consider different slicings of phase space [54].
8We use the terms charge and Hamiltonian interchangeably here. No confusion should arise from this.
YEquation gqpeq T A €® = 0 is equivalent to T = 0.

14



We can read off the presymplectic potential from the third term of (4.6),
O(w, 0w, e) = k02 Popeg O™ A R (4.8)
The Noether current, as defined in (4.5), is then of the form

Je = K/62Pabcd <K£7Awab — Lgﬁab) AR
= Iifzpabcd ((,Cg - Lgd)wab - dAab + [ng - A, w]ab) A 7?,Cd
= d(/{@QPabcd (tew — A)“b 7@0‘1) + K2 Poped ([ng — A, w]ab AR — (tew — A)“b[ﬁ, w]Cd)

- d(ﬁﬁpabcd (tew — M) ﬁcd), (4.9)

where in the second equality, we have used equation (3.31), (2.5) and (4.7), in the third

equality, we have used the Cartan magic formula
,Cg = Lgd + dLg (4.10)

and Bianchi identity (3.3) and in the final equality we have used the Schouten identity.

Therefore, we conclude that the Lorentz invariant Noether charge is
Qe = Kl Papea (g™ = A) R, (4.11)

Now that we have an expression for the Noether charge, we can write down an expression

for §¢ 19
§eH — / 5Q¢.n — 160(e,w, w) (4.12)
ox
:H£2Pabcd/ (ngab - Aab> R + Sw® A Lgﬁ,ad
[
=02 Papeq / (ng“b — A“”) SR + 6w™ A 1R
ox
+ 26 P, ped / (ngab — Aab> deC A e + 5w“bLgec A el (4.13)
ox

The last line is the variation of the charge in the flat case:

6Hglat _ QKPabcd/ ((ngab _ Aab) 5ec + Lgec&,uab) A €d7 (4.14)
0%

ONote that we treat A as a transformation parameter and therefore set its arbitrary variation to zero.
This is consistent with the order by order expansion of A discussed in section 3.2.

15



while the remaining terms are contributions that exist because of the non-zero cosmological

constant. These terms can be simplified to a single expression [6]
HEQPabcd/ (ngab - Aab) (YR,Cd + (5wab A Lg'R,Cd = HEQPabcd/ (5wab VAN K&Ade. (4.15)
ox ox

In summary, the variation of the asymptotic charge is

§eH = §Heq + §He o + §He 3, (4.16)

where
6H5,1 = k0’ Poped - Sw® A K&Ade, (4.17)
$He 2 = 26Paped /82 (ngab - Aab) de A e, (4.18)
6Hw22M%MAE@ﬂM“AJ. (4.19)

Of course, there is no reason to believe that (4.18) and (4.19) should be decoupled and in
fact, they are not. We split the charge in the same way as in the flat case [7], with (4.17)

corresponding to the higher-derivative charges studied in [51].

5 Asymptotic charges of alAdS spacetimes

Now that we have the general expression for the asymptotic diffeomorphism charges of the
AdS theory, we need to evaluate the expressions for the symmetry generators derived in

section 3.2 and the variation of the fields. Recall that the only non-vanishing variations is

(2)a

the traceless part of v and the corresponding vierbein component e;

57(3) non-zero while keeping in mind that 7(0)” 571-(?) =0.

First, let us study the asymptotics of the spin connections. We will find that this will

. Thus, we keep

dramatically simplify the computations. On-shell, the spin connections are given by the
torsion-free condition

Wabp = e[”a Opepy + e[”a e"b]&,gm,. (5.1)

From the antisymmetry of w® and ¢,,=0, it can be easily observed that

W20, Ww®=00), W =002 (5.2)
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We will find later that these components do not contribute to the charges. The other

components are of the form

b1 b 2 b 2 (@b _3_®) (v
WP = ?e( .y 2 : (e( ) ,yl(d)e(l)bz> += ( I(f) _ 5%(&)6( 1)bl> + 0%
o2 .
wi = Z? (661&2)1) - 5571(.31)6( Y l) +0(z%) (5:3)

and

Wi = O L 0G),  swib = 0=, (5.4)

(0)ab

where w;. " corresponds to the spin connection associated with dreibein e(=1a e, it cor-
responds, at leading order, to the spin connection of the 3-manifold (Z,+(?)) and is thus
fixed by the equations of motion at leading order.

From the fact that we find that dw® = O(22), we conclude simply that
§Hen = O(27), (5.5)

hence, it does not contribute to the boundary charges of the alAdS background. We are
then left with 6H§72 and ¢3'H§73. Moreover, from the expansion of the Lorentz parameter
(3.26) and the fact that de® = O(z?), we find that the second term in §He o vanishes, so
that

§He = QHPabcd/ (ew™8eC 4 1ee 5w™) A e + O(2). (5.6)
ox

In analogy with the flat case [7], we choose to split the analysis into an electric and
magnetic/dual part. The electric contribution is given by the € part of Pyp.q, as defined in

(2.16), while the magnetic/dual part is controlled by the parameter A.

5.1 Electric charges

Using the expansion (5.3), the fact that the boundary Z does not extend along the direction

z and that at least one of the indices has to be 3, it is simple to show that

$Q¢|—0 = 2K €3bcd/ (ng?”;éeA + 1gef 5w3i’) A el
53bcd/ €kek (,Dd 5%(;”)55;131 A dz’

Y 53bcd/ gh oy et DU (D8 (-4, (5.7)
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where {2} are coordinates on 9% as a section of Z. Note that we have used a Schouten
identity in the final equality and the trace-free condition on v®).

Thus, we have an integrable charge, that coincides with the usual Brown-York charge
3k fk,(3) 1 2
@By [5] = _7 s \/65 YR d°z, (5~8)

where n is an outward pointing normal vector to 9% such that ~(©) (n,n) = —1 and \/§d2x
is the area element on 9X..
Consider the Schwarzschild-AdS solution, which has a Fefferman-Graham form, with

the coordinates on the boundary, the usual (¢, 6, ¢) coordinates:!!

i 1 i 1
~O () = —ﬁdﬂ +d3, A (2% = —3 (dt* + £2d03)
. 4
O () = gmGth2 + 602mGNdQ3. (5.9)
Thus, the section OX on Z is simply S? and the normal n is £0,. Plugging these expressions

into equation (5.8) with é chosen as —0; and Jy, one recovers the expected energy and

angular momentum,
E=Qpy[-0)=m, L=Qpyl[0s=0. (5.10)

5.2 Dual charges

The dual charges involve contractions of each term in the charges. Since only (562’(2)

varies,
one gets for 6H£’2:
6é§|z:0 = 2n/ (tewapde® + tee” dwap) N e’
ox
= 2K /82(ng&566& + 1ge dw ;) A e, (5.11)

From the expressions for vierbein and the spin connection, (3.13), (5.3) and (5.4), it is
simple to see that

ngagéea + g€ dw j = O(2%),

1 The Fefferman-Graham form of the metric is obtained from that in the usual Schwarzschild coordinates
by setting r(2) = L + 2z — 222 + O(2°).

Tz
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which implies that the dual charge
§Q: = O(2). (5.12)

As a consequence, the dual charges identically vanish at the boundary of alAdS spacetimes
with a Dirichlet boundary condition. This is in contrast to the flat case, where dual charges

do contribute at leading order at null infinity [7].

6 Taub-NUT-AdS

We have seen in the previous section that dual charges are trivial on the boundary of alAdS
backgrounds satisfying the Dirichlet condition. We consider in this section an example of

an alAdS black hole solution giving non-trivial dual charges at the boundary.

6.1 Preliminaries

The Taub-NUT-AdS spacetimes are a 2-parameter family of metrics, parametrised by a
mass parameter m and NUT parameter n, which in local Boyer-Lindquist-like coordinates'?
(t,r,0,¢) € R x (ry,00) x (0,7) x [0,27) take the form [55]

Q

by
— 5 (dt — AP+ Zdr® + 3 (d6? + sin® 0dg?) (6.1)

Q

ds® =
with!3

Q=rt"2 42 (1 + 6n2€_2) —2mr — 3n*% — n?, Y =n?+r?

A= —-2n(cosf + o) de. (6.2)

This vacuum solution exhibits some interesting features:

e The NUT parameter n, can be seen in many ways as a monopole charge, the solutions
being thus analogous to the Dirac monopole [30]. It may also be viewed as an angular

momentum source.

e Just like the Dirac monopole, there exists a wire singularity. The location of this

singularity on the sphere can be moved by adjusting the constant o, which represents

12, corresponds to the horizon radius given by the maximal root of Q(r) = 0. In the flat case, one has

simply r+ = m + vVm? + n2.

BEor brevity, we have set Gy = 1.
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the freedom to shift ¢: ¢ — ¢t 4+ constant x ¢. ¢ = £1 corresponds to having the
singularity at the south and north pole, respectively, while ¢ = 0 distributes the

singularity symmetrically between the two poles.

e The solution possesses closed timelike and null geodesics for |o| > 1. For this reason,

we will only consider the case |o| < 1.

One way of dealing with the wire singularity, suggested by Misner [56] is to consider the
Euclidean metric with the identification of ¢ such as: ¢t ~ ¢ 4+ 8wn. However, this constrains

the parameters of the solution, implying that

4n?

which makes it difficult to analyse the thermodynamics of the solution.

We shall stick with the Lorentzian solution and make no assumption on the metric,
except on the value of o outlined above. As argued in [25], this spacetime is in fact less
pathological than is usually claimed. We shall find that one recovers the expected con-
served charges and that the first law can be written using the full alAdS action and its
corresponding charges.

Metric (6.1) can be put in a Fefferman-Graham form (3.5) using the expansion

11 2 ?
r(z) = T (5n* 4+ %) + gmz2 +n?z3 <n2 + 4> +0(2*) (6.4)

with z € (0, 20) an inverse radius coordinate such that r(zp) = 4, giving

7O = —L(dt — A)? + dQ3

V=

1@ = 1 (14 55) (dt — A+ (€2 + 30%) d03 (6.5)

N[

73 = dm (dt — A)® + 62md 23

Observe that 4(9) is not the metric on the cylinder R x S2: the NUT parameter n modifies
the global topology of the boundary. Moreover, as a consequence 67§+ 5v3) =£ 0.
Therefore, the analysis of section 5 no longer applies.

We choose a canonical frame e® with

e’ =~y % (dt—A), e =vVEdo, € =VIsinbdp, e’ =tz""dz, (6.6)
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whose expansion in terms of z is of the form

e = —% <1 + 3(62 +5n2)22 + gmz‘(3 + (’)(24)) (dt — A),
11 Lo o2, P 3 4
e =—-(1—=Bn "+ )2+ —mz"+ O(z") | db,
z 4 3
o 1 oo, o, B 3 M«
e’ = - 1—1(371 + %)z —|—§mz + O(z%) ) sinfde. (6.7)

As defined in (3.13), we will refer to e®a with k = —1,1,2 for the first, second and third
term in the expansions above, respectively.

The goal is now to compute the charges and dual charges for the Taub-NUT-AdS so-
lution. The expectation is that the appearance of n as a parameter will give a non-trivial

contribution to the dual charges.

6.2 Charges of Taub-NUT-AdS

In this section we shall compute the electric and dual charges corresponding to the symmetry
generators £ given in equation (3.19). Note that the charges derived in section 4, namely
expressions (4.17),(4.18),(4.19) must be supplemented in this case by a total derivative term
that we dropped there. Indeed, expression (4.17) was obtained in equation (4.15) using an
integration by parts and discarding the boundary terms. Those terms, however, cannot be
simply thrown away for Taub-NUT backgrounds because the presence of a wire singularity
makes the boundary non-smooth at § = {0, 7} depending on the value of o. Thus, we must

include this non-trivial boundary term, which is of the form
Fibe + it = £ Papeq / @ (rew o). (6.8)
ox

As we shall see below, this term actually plays an important role in the regularisation
of the charges and behaves like a counter-term. Since this term does not appear in the
Schwarzschild-AdS case, it should naturally only depend on dn.

In order to derive the charges, we substitute the vierbeins (6.6) into the expression for
the spin connections given in equations (5.2), (5.3) and (5.4). It is simple to see that ;51?]1,5

will still not contribute.
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The full dual charge ;5@5 = 6[?275 + 5?[3,5 + ;51; at the boundary is given by

30elo =t [ {5 [ (1 ¥ 4)} £(t,0,0) (6.9)

+30 [nz ( + 4522)} (cos B + 0)E%(t, 0 cb)}sm( ), (6.10)

while the electric charge is

8Q¢|.m0 = —4s /

<3(cos€ + 0)8(mn) E2(t, 0, ) + om EX(t, 0, ¢))) sin 6. (6.11)
ox

In deriving these charges, it is interesting to note the role of the boundary term (6.8).
It is in fact a singular term that is of order O(z~!). Therefore, it acts as a counter-term
cancelling divergent terms in the other contributions to the charges and ensuring that the
final result is finite and perfectly well-defined at the boundary.

For é“ constant, one expects to reproduce the usual energy dF ~ dm and the dual
energy (interpreted as a magnetic charge) SE ~ dn. This is indeed the case, although one

also has angular momentum contributions and higher order terms:'4

~ . 4n3 A 4n
(SQg = —§t(5 <n+ €2> - 3€¢0'(5 ("Il + €2>

0Q¢ = —Etom — 36206 (mn)
Thus,
E=m, L =—-3omn=—-30nk

~ An? ~ An? ~
E=n (1 + €2> , L = —3n? <1 + £2> = —3onk (6.12)

Observe how the flat limit gives the expected dual energy and angular momentum. Note
also that the NUT parameter appears in both the dual energy and the angular momentum.
Recall that n is usually interpreted as either an angular momentum parameter or as a

magnetic charge. Briefly, we review the justifications for these two points of view.

MWe have used the fact that we have set Gy = 1 and so 167k = 1.
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The NUT parameter n as an angular momentum: The rotation parameter {2 can

be read off from the metric components to be:

2A
Q— _9 _ Ay

= 6.13
b _A?b Q2 + ¥3sin? 0 ( )

Such a rotation vanishes at the horizon, €23y = 0, but turns out to be non-zero at the

boundary since
1

Qoo = —————
2n (o + cos )

£0

In the o = 0 case, one has two Misner strings rotating in opposite directions since'®

1

9‘9:070':0 = 27 9’9:71',0':0 = _% (614)

n

The vanishing of L and L in this case simply can be understood in terms of the cancelling of
the opposite angular momenta generated by the Misner string. Observe the similarity with
the Kerr solution since in that case Lger = ma with a the angular momentum parameter.
The factor of 3 in the expression for L is because the natural Killing vector to consider is

X = Oy — 20n0; rather than d,; and in this case:
L, =—omn (6.15)

The NUT parameter n as a magnetic charge: Viewing A = —2n(cosf + o)d¢ as a

gauge form, the different fluxes are given by

1 1
— *dA =0, — dA = n. (6.16)
8w o2 81 o2

In fact, in the asymptotically flat case, taking a characteristic initial value problem point
of view, one can make this statement more precise by showing how one may construct the
Taub-NUT solution from a Dirac monopole solution [30]. The relation is not as simple in
the AdS case since the dual energy given by the Holst term is E=n (1 — %AnQ).

With the first law of black hole mechanics in mind, rather than viewing the NUT
parameter solely as a magnetic charge or solely as an angular momentum parameter, it

may be more fruitful to view it as playing both of these roles [46].

153ee [57] for more details.
'SNote that the solution suggested by Misner (6.3) is simply a self-dual statement.

23



6.3 Black Hole First Law

We have found the conserved quantities for the general Taub-NUT solution: E,J,, E, J,
with J,, J, vanishing if o = 0.

One would like to relate the charges we have just computed to thermodynamic quantities
defined on the horizon of the black hole. To do this, we need to take into account the full
topology of the spacetime. The Cauchy surface ¥ has as a boundary a combination of
the sphere at infinity S., where we computed the charges, the horizon H and finally the
two Misner strings, where the metric becomes singular, S+. The boundary of the Cauchy

surface can thus be taken to be:
0X=8c—-—(H+S+-85-), (6.17)

where the minus signs are due to the orientation.
Let us take £ to be the Killing null generator of the horizon, £ = d;. Since ¢ is Killing,

the integral of the pre-symplectic form w on the whole Cauchy surface vanishes identically:

/Z w (4, 50, 5¢) = 0. (6.18)

Defining k¢ = 0Q¢ — t¢6(e,w, dw), we then have that

0:/ k‘gZ/ k‘g—/k‘f—%—/ k‘g—/ k:g. (6.19)
ox - H S, S

As observed in [47], a simple computation shows that the integration on the Misner strings

split into terms depending only either on Sy, or on H in the following way:
/ ke = K (S00) — K (M) (6.20)
Sy
and similarly for S_. As a consequence, we can rewrite equation (6.18) as

/ k£+K£+(Soo)—Kg(Soo):AngrKgr(H)—Kg(’H). (6.21)

oo

This relation forms the basis of the first law: it relates global quantities calculated at
infinity to thermodynamic quantities defined at the horizon. Of course, the challenge then
is to identify these quantities. This is what we now turn to.

For simplicity, we set A = 0, since the cosmological constant does not play an important
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role in this discussion.!'” Moreover, we consider the symmetric case ¢ = 0. We know from

(6.12) that the integral at infinity is simply equal to the total energy:
0Hp, = —0m — iAdn. (6.22)

The integral on the horizon gives, on the other hand, after using m = 5 (7‘ i nz):

/ ke = —om —iAnry + 7‘3_ i n® — 2iAn’r, + 3m°3_
H

6.23
T+ ) 20y (02 + %) (623)

We find that the contribution of the Misner strings at infinity K §+ (Sc) and K (Soo)
vanish. Moreover, since the integrals are proportional to cosf, we have that Kgr H) =

—K; (H). Thus,

n(n+iry) 5 n® 4 3nrd — 20X (2n2ry + 1)
—on
2(n? + %) 4ry(n? +r2)

Kf(H) - K (H) = —om (6.24)

Writing the integral on the horizon (6.23) in terms of déry instead of dm allows us

to relate it to the usual definition of the black hole entropy as area given by a Noether

charge [58]
1 9 9 NN 0A . n
/7—1 ke = p— T (n + r+) — MZ&“.‘_ = THT — Mﬁé’"—s—’ (6.25)
where
A= / VA= / Slrr, sinf = 47 (r2 +n?) (6.26)
H S2
and
/
r
1y =T = (6.27)

Similarly, the contribution from the Misner string can be written as:

1 n3 n
KIf(H)—K;(H)=—3—-2r— ) +i\|=—06 ) 6.28
§00) ~ Ky (00 = b (<20 ) i | b 46 (6.28)
where we recognise in the first term the Misner potential ¢ = ﬁ and the Misner charge
N = —2#% [59]. And one obtains a first law, on the electric side at least:
om =TygdSy + YIN. (6.29)

17See Appendix A for the general expressions with A # 0.
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An important point to observe here is that the two thermodynamic quantities Sy, IV are not
Noether charges. If one indeed computes the Noether charge at the horizon, as prescribed

by Wald [58], using £ = —£0;, one obtains
§S =68y + TiaN + ATy on. (6.30)
H

This “complex” entropy S is clearly non-integrable. Thus, the presence of the Misner strings
seems to make the notion of entropy less clear. In some sense, the black hole entropy has
to take into account the presence of the Misner strings.

There is an alternative interpretation for the quantities we have in the electric part.
Using the generating Killing vectors of the Misner strings £+ = 0, F ﬁ%v we can define a
Misner entropy [60]:

+ _ = T
K& (H) = F-0Au F = (6.31)

with k = i the surface gravity of the Misner strings and 0Ay; = —27d (nry) the variation
of the “area” of the Misner string, up to some divergent terms. To obtain the full first
law, it is also necessary to compute the previous integrals with respect to a rotation vector

n+ = iﬁ@d,:

or n on
+ o + .
Kﬁi(H) =040J £+ Ve F A <6r+4r+ + -5 ) , (6.32)

with Q4 = :t% and J = mn, giving the following first law in the electric part:

SE = om = / Ko + K& (H) + K7 (M) — K (H) — Ky (H) (6.33)
H

=TSy + 265 An + 2|Q6J. (6.34)

All the thermodynamic functions we computed here (Sg, Ay, J) are integrable but, as
discussed earlier, cannot be interpreted as Noether charges.

So far in this discussion, we have ignored the dual contributions. We now turn to this.
Note from equations (6.25) and (6.28) that both the black hole and the Misner strings seem

to carry non-trivial thermodynamic dual quantities. To be precise, we have:

SE =6n=——"6r, +6n+ ——or, . (6.35)
27"+ 27"+
Horizon Misner

These quantities ought to correspond, in some sense, to non-trivial thermodynamic quanti-
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ties. An example would be

0F = ——_5(mr2) +

2
i d(nry), (6.36)

1
2ryin
where each of the terms in the expression above would have a particular physical interpre-
tation, which thus far eludes us.

A perhaps more natural way to treat the first law in the presence of dual charges is to
complexify it, thereby obtaining a complex first law. Such an interpretation is suggested by
the fact that the Hamiltonian conjugate to time translations is itself complex, with the real
part corresponding to the mass and the imaginary part corresponding to the NUT charge.
Of course, a specific value of A must be chosen in this case to obtain a truly complex law.
Previous studies have suggested for various reasons that the most appropriate value to take
is [5,32]

A=-—1. (6.37)

With this choice, we can write a first law of the form
3 2
+

where

1 i n

M=m—in, T S =mr? —dminry. (6.39)

T Zmry 22

As before, the various components of this equation would need to have a physical inter-
pretation, which remains unclear to us. However, it is worth speculating whether such a

meaningful complex relation is possible.

Acknowledgements M. G. is supported by a Royal Society University Research Fellow-
ship.

A First law for the full AdS case

The first law for the AdS case will be a bit more subtle since the action used here contains
topological terms that will not affect the global first law but will make the identification of
each thermodynamic quantity a bit more difficult. The free energy, which is given by the
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on-shell action divided by 8 = 1/T, is on the electric side

Ar® (1 —AnQ)2
FB)=m—-TS —¢yN——+ _3 Al
() =m =TS N - = — 3o (A1)
with
1
T = yr— (1- A(rd + n2)) , Sg=m (7“3r + n2) ,
1 nd  4A n?
- N=-—97— 312 A2
¥ 4dmn’ 7T7“+ 3 " ( ri) ’ (A-2)

where the last term of (A.1) has no nice flat limits, which is a consequence of the form of
the action. This should not affect the global first law, but will make the identification of the
thermodynamic quantities more subtle for each integral. The idea, however, if one keeps
A constant, should be exactly the same as in the flat case and the topics discussed in this
special case thus remain the same.

In this section, we will simply compute the integrals 6@5 [H] + 2;5@5 [S4] for the full
n,m, A # 0. We will nonetheless consider A to be non-varying since one would need to deal
with new singular terms. The study of the black hole first law with a varying thermodynamic
pressure [61] is an interesting topic in its own right that we shall not discuss further here.

The method used here is exactly the same as in the flat case but the calculations are
longer. Let us start with the electric part.

The horizon integral gives

$Qe ) = [ 60 —1e0
2An?r? + 3n? (An2 — 1) —Ard
A(n?+ 7‘_%)2
11A%n® + n? (=15A%r4 + 10Ar3 +6) — An* (TAr3 +17) + 3Ar% (Ar? +1)
2Ar4 (n? + ri)Z

=om

— noén

Y

(A.3)
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while the Misner string contribution gives

20Q¢ [S4] = /5 RO
n (3 — 4Ari) — 4An3
A+ ’
11A2n8 4 n? (—15A27“i + 10Ar% + 6) — An? (7A'r§r + 17) + 3A7“f1Ir (A?“_Q|r + 1)
2Ary (n? + 7“3_)2

= ném

+ nén

(A.4)

where we integrated on (ry,o00) x (0,27) with € = 0 and t kept fixed. It is from these
expressions easy to see that the two dn terms exactly cancel. Combining the two expressions

gives the expected result:

{5@5 [H] + 2Q)¢ [Si] = —dm (A.5)
The dual charge contribution is computed similarly and gives for the horizon

(=3An* +n? (2A73 + 3) + 71 (5Ar2 — 3))
20r (n2 +72)?
n on (3A%n® + nt (—48A%ry + 58Ar2 + 3) — 2An® (25Ar% + 3)

$Qe [H] = ném

4Ar? (n? + 7“3_)2 ’ (A.6)
+ 2072 (A2 (Ar2 +11) = 6) = 3rd (Ar2 —1)%)
AN (2 r2)?
while for the Misner string:
N Ant — n2 (912 — 2 (5As2
26@5[51]:715771(3 n n ( r++3) r+2(5 r++3))
2Ar4 (n? + Ar?)
on (3A2ri + 2Ar8 (7An2 — 5) + (10An2 (8An2 — 3) + 3)
+ 2 (12 4 2)\2 (A.7)
4Ary (n + 7“+)
+2n%r2 (An? (33An% - 31) + 6) — 3n* (An? — 1)*)
4A72 (n? + ri)Q
Observe how the dm terms cancel exactly while the total sum gives
8Q¢ [H) +20Q¢ [S+] = —on (1 — 4An?) (A.8)

which is nothing but the variation of the dual charge in equation (4.16).
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