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Abstract. Convolutional codes are discrete linear systems over a finite field and can be defined as
F[d]-modules, where F[d] is the ring of polynomials with coefficient in a finite field F. In this paper we
study the algebraic properties of periodic convolutional codes of period 2 and their representation by
means of input-state-output representations. We show that they can be described as F[d?]-modules
and present explicit representation of the set of equivalent encoders. We investigate their state-
space representation and present two different but equivalent types of state-space realizations for
these codes. These novel representations can be implemented by realizing two linear time-invariant
systems separately and switching the input (or the output) that is entering (or leaving) the system.
We investigate their minimality and provide necessary and also sufficient conditions in terms of the
reachability and observability properties of the two linear systems involved. The ideas presented here
can be easily generalized for codes with period larger than 2.
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1. Introduction. Convolutional codes form a powerful and widely used class of
codes which are implemented in a variety of contexts, including wireless standards and
satellite communications. As their encoders are linear time-invariant (LTI) systems
over a finite field, a strong connection exists between the standard theory of discrete
LTT over the real or complex field and the theory of convolutional codes, which uses
finite fields [1, 2, 3]. This connection has led to many fundamental results in the
state-space and trellis representations which are essential for the implementation and
decoding of convolutional codes.

The codewords of a convolutional code are generated by a finite state LTI system
(the encoder) that receives as input a streaming of data (the message) to be encoded,
processes them, and eventually produces as output the to-be-sent codeword. In order
to physically build a hardware implementation of an encoder (typically synthesized
by means of shift registers), it is necessary to derive a state-space machine, which
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corresponds to viewing the encoder as a set of states with well-defined transitions
among them. Moreover, this state machine is extremely important also in figuring
out how to decode the data in order to reconstruct the original message; e.g., it helps
to derive minimal trellis representations to implement the Viterbi algorithm [4, 5].
The problem of deriving state representations from an input-output map is the so-
called realization problem, which has been thoroughly studied in the area of systems
theory [6] and also in the context of convolutional codes [1, 7, 8, 9, 10, 11].

In this work we aim at investigating the realization problem of time-varying
convolutional codes. Time-varying (in particular, periodic) convolutional codes are
generated by processing the information through several different encoders, in con-
trast to standard LTI convolutional codes, which use one single encoder. This class of
codes has attracted much attention after Costello conjectured in [12] (see also [13, 14])
that periodic convolutional codes can attain larger free distance, and therefore bet-
ter error-correction capabilities, than their time-invariant counterparts. From the
practical point of view this class of codes is also very important, as it is a capacity-
approaching class of codes (as turbo codes and low-density parity-check codes) [15].
In the last decades researchers have investigated such codes developing their alge-
braic properties and building concrete optimal constructions; see [16, 17, 18, 19, 20].
However, the realization problem of these codes remains barely unexplored and only
preliminary or partial results are known [21, 22, 23].

In this paper we shall concentrate our investigation on the class of periodic convo-
lutional codes and focus on two main goals. In the first part of the paper we analyze
the structural properties of these codes, and for the sake of simplicity we restrict our-
selves to period p = 2. Periodic convolutional codes of period 2, also called 2-periodic
convolutional codes, can be constructed based on two time-invariant convolutional
codes. We show that if time-invariant convolutional codes are defined mathematically
as F[d]-modules, 2-periodic convolutional codes can be defined as F[d?]-modules whose
generator matrices have entries in F[d].

In order to derive our results we will make extensive use of an associated LTT code,
called lifted code, that is built by extending the coefficient of the information vectors
and the codewords of the periodic code. This will provide a tool for investigating some
properties of a periodic code Cp; e.g., it allows us to characterize the set of equivalent
encoders of C,. Moreover, as two full column rank generator matrices can produce a
noninjective 2-periodic code, the injectivity of 2-periodic codes needs to be studied,
and in section 3 conditions are provided for guaranteeing that two time-invariant
encoders generate an injective 2-periodic convolutional code.

The second part of the paper is devoted to investigating state-space representa-
tions. The first observation is that one cannot expect, in general, to obtain a periodic
input-state-output representation of a periodic convolutional code by means of the
individual realizations of each of the associated time-invariant codes; see [22, 23]. To
overcome this difficulty we introduce periodic encoding maps in such a way that their
images are periodic convolutional codes. This will allow us to present two different
ways of constructing state-space realizations that produce a 2-periodic convolutional
code. The first one is carried out by realizing a transfer function defined in terms of
the two LTI encoders of the associated time-invariant codes and switching periodically
the outputs produced by the two resulting state-space machines. The second approach
can be implemented in the same fashion but switching periodically the input (rather
than the output) that enters in each state system. Both approaches provide effective
procedures to implement 2-periodic convolutional codes. The algebraic properties of
these realizations are then studied; in particular, we focus on the minimality of such
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representations. Necessary and sufficient conditions in terms of the observability and
reachability properties of an associated LTI system are presented. We also show that
one can build a certain polynomial matrix to derive necessary and sufficient condi-
tions for a realization to be minimal in terms of this matrix. These conditions can be
efficiently checked, and we provide an example to illustrate this fact.

It is important to note that there exists a large body of literature on periodic LTI
state-space systems [24, 25, 26, 27, 28, 29]. However, these systems are different from
the ones considered in this paper. In the classical literature on periodic state-space
systems, periodicity is present in the state updating equations, that is, the periodic
system is described by xi41 = A(t)z, + B(t)us, v = C(t)xy + D(t)u,, where A(t),
B(t), C(t), and D(t) are periodic. If this is the state description of a convolutional
code, it is not obvious whether such periodic representations can be also described
by periodic encoding maps and vice versa. Some partial results in this regard were
presented in [23]. Also related is the thread of research in periodic behaviors [26,
30, 28, 31], where periodicity is defined in term of the trajectories of the system
(behavior) following the ideas of Willems [32]. Within this behavioral framework
the periodic convolutional codes considered in this paper are discrete finite support
behaviors described by periodic image representations [33].

The remainder of the paper is organized as follows. In section 2, we collect some
preliminaries on convolutional codes as well as periodic convolutional codes and study
the algebraic properties of periodic convolutional codes. In particular, we introduce
the lifted code and study injectivity and equivalent encoders for these codes. In section
3, we recall a simple state-space realization of LTI convolutional codes and introduce
two novel state realizations to implement periodic convolutional codes. In section 4,
we investigate minimality issues of the representations presented in section 3. Finally,
in section 5 we draw some conclusions.

This paper extends [34], where some preliminary results were drawn concerning a
state-space realization of periodic convolutional codes which is analogous to the first
one presented here.

2. Preliminaries. In this section, we recall some facts about LTI convolutional
codes and periodic convolutional codes.

We also introduce an LTI code associated to a periodic code, called the lifted
code, which will play an important role in the remaining part of the paper.

2.1. Time-invariant convolutional codes. Let F be a finite field, and let F|d]
be the ring of polynomials with coefficient in F. Denote also by F"[d] and F*"**[d] the
set of vectors of length n and the n x k matrices, respectively, with entries in F[d].

Convolutional encoders can be thought as black boxes where the information (or
message) goes in, is transformed (encoded), and then is sent out as a codeword to be
transmitted. If we introduce a variable d, usually called the delay operator, to indicate
the instant in which each information arrives or each codeword is transmitted, then
we can represent the message as a polynomial sequence

u(d) = ug + urd + ugd® + - - - € F*[d]
and the codeword in a similar way:
v(d) = vg + vid + vad® + - - € F™[d].

We introduce the notion of LTI convolutional code as follows [11, 35, 36, 37, 38].
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DEFINITION 2.1. A time-invariant convolutional code C of rate k/n is a submodule
of F*[d] of rank k. A full column rank matriz G(d) € F"**[d] such that

C = {v(d) € F'[d] : v(d) = G(d)u(d); u(d) € F*[d]} = Img(q G(d)

is called an encoder of C, u(d) is the information vector, and v(d) is the codeword.

The encoders of a code C are not unique; however, they only differ by right
multiplication by unimodular matrices over F[d].

G(d) is called column reduced if the sum of its column degrees attains the minimal
possible value among all the encoders of the same code. If G(d) € F***[d] has column
degrees vy, ..., v, it can be written as

d
a2
G(d) — th . + Grem (d>7

dve

where the “remainder” Gyem(d) is a polynomial matrix such that the degree of column
iis less than v;, i = 1,...,k, and Gy € F*** is a matrix whose ith column contains
the coefficients of di in the ith column of G(d). Gy is called the leading column
coefficient matriz and G(d) is column reduced if and only if Gy, has full column rank.
An encoder G(d) is said to be delay-free if G(0) has full column rank. See also [38, 39]
for more details.

Note that the list of column degrees (also known as Forney indices) of a column
reduced encoder is unique up to a permutation. We define the degree § of a convolu-
tional code as the sum of the column degrees of one, and hence any, column reduced
encoder. A code C of rate k/n and degree § is said to be an (n, k,d) code.

The distance of a code is directly connected with its capacity of correcting errors
introduced during transmission. Thus, one of the main objectives of coding theory is
the construction of convolutional codes with a large free distance, which is defined as
follows.

DEFINITION 2.2. The free distance of a convolutional code C is given by

dfree(C) = min {Zwt ) yel\ {0}}

where wt denotes the Hamming weight, that is, wt(vg) corresponds to the number of
nonzero components of ve, and v, is the coefficient of d* in v(d).

2.2. Periodic convolutional codes. In this work we consider convolutional
codes C with periodic encoding maps. Next we introduce the definition of such en-
coders (or encoding maps) together with the definition of the corresponding periodic
(time-varying) convolutional codes; see [12, 14, 17].

DEFINITION 2.3. Given r full column rank polynomial matrices G°(d), G*(d), ...,
G"~1(d) € F**k[d], the periodic encoding map induced by G°(d),G*(d),...,G"1(d)
is defined as

Do, a1y FFd] — F[d],

u(d) +—  wv(d)
with v(d) = +°° o vid" and vrery = (GH(d)u(d))reqe, t =0,1,...,7 — 1, £ € Ny, and
where (G*(d)u (d))r/—i-t represents the (rf + t)-coefficient of the polynomzal G'(d)u(d).
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The corresponding periodic convolutional code C, is

Cp = {v(d) € F"[d] : 3u(d) € F¥[d] s.t. (2.1) holds} = Imgiq) ®(go,c1,...Gr-1),

,,,,,

(2.1) o(d) = Ben 1. gy (u(d).
Such code will be called an r-periodic convolutional code of rate k/n.
Note that such periodic codes are not necessarily F[d]-submodules of F"[d].
Ezample 2.1. Consider the encoding map ®(go g1y : F[d] — F3[d] such that
G°(d) = {ﬁ and G(d) = [ﬂ Consider also the information word w(d) = 1.
The corresponding codeword v(d) is given by v(d) = vg + vid + - - - + vd*, where

o= @tamia, = ([{]), = [1]
o= @tamia), = ([]), = f] - = [f) 521

So v(d) = {g} is a codeword of the code.
Consider now the word dv(d), and investigate whether or not this is a codeword.

dv(d) = {%] is a codeword if and only if there exists an information word a(d) such

that ®go g1y(a(d)) = [gi]. Let us now compute ®go g1)(a(d)) =: w(d). We then
have that

(wd)o = (G*(dad)), = ([1] a(d))o - ([aﬁn})o.

d 0
But this implies that (a(d))o = 0 since (dv(d))o = 0.
Now

(w(d) = (G (@)ad), = ([]

which implies that
0
(5]),- (80
a(d) 1 0

since (dv(d)); = [g] Thus on the one hand (a(d)); = 1 and on the other hand

(a(d))1 = 0, which is impossible. So, we can conclude that although v(d) is a
codeword, dv(d) is not, meaning that the periodic code Im(®(go 1)) is not an F[d]-
submodule of F3[d].

Two sequences of polynomial matrices G°(d), ..., G"1(d) and G°(d), ..., G"(d)
are said to be equivalent if the corresponding periodic encoding maps have the same
image (i.e., if the corresponding periodic convolutional codes coincide).

For simplicity we will assume r = 2 and denote G°(d) = G(d) and G*(d) = J(d).

Let . .

G(d) = Gid and J(d)=>_ Jid'
i=0 i=0
be two full column rank matrices with G;,.J; € F*** i =0,1,...,s, and introduce
the following matrices:

(2.2) R(d) = iRidi and S(d) = isidi,
=0

=0

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.



Downloaded 10/18/22 to 193.137.169.135 . Redistribution subject to SIAM license or copyright; see https://epubs.siam.org/terms-privacy

2932 FORNASINI, NAPP, PEREIRA, PINTO, AND ROCHA

where Rz = G,L' and Si = J,L', if i = 2], and RZ = Jz and Sl = Gi, if i = 2] + 1,
for j € N. Moreover, given u(d) = Y, oy ud’ € F¥[d] define po(d?) € F¥[d?] and
p1(d?) € F¥[d?] as follows:

(2.3) po(dz) = ZUde2j and pl(dQ) = Zu2j+1d2j.
JjeN jEN

Clearly we have

B (u() = [ R | ds(a@)] | UG |

which implies that C, = ®(go g1y is an F[d?]-module in F*[d]. So, a 2-periodic con-
volutional code of rate k/n is an F[d?]-module which admits a representation of the
type | R(d) ‘ dS(d) |, with R(d), S(d) € F**¥[d], i.e, C, = Impjge; [ R(d) ‘ ds(d) |.
We call a representation of this type an F[d?]-generator of the code C,.

The next result, whose simple proof we omit, characterizes all F[d?]-generators of
a code Cp.

LEMMA 2.1. Let R(d),S(d) € F"**[d] such that C, = Impqz) | R(d) | dS(d) |. If
[ R'(d) | dS"(d) |, with R'(d),S'(d) € F**¥[d], is another F[d*]-generator of Cp, it
follows that

U1 (d?) 0

[R(@ [ as'(@d) ] = [R@) [dS(@) ]| 71 0p) g2y |

where Uyy (d?), Uz (d?), Uz (d?) € FE**[d%] and Uyy(d?), Uze(d?) are unimodular, i.e.,
detUn(dQ), detUQQ(d2) € F\{O}
2.3. Lifted code. Consider the linear map
L :F"[d] — F?"[d]

defined by
(2.4) L(v(d)) = v*(d), where (v"(d)), = <[d‘I{lIJ v(d))ﬂ,

where for v(d) = 75 vid' € F*[d], d~'v(d) is defined as d~'v(d) = 375 vip1d' €
F™[d].

We associate with a periodic convolutional code of period 2, Cp, a time-invariant
convolutional code C¥, the lifted version of Cp, defined as

¢t = {v(d) € F*"[d] : v(d) = L(v(d)), v(d) € Cp}.

It
G(d)=>_ Gid and J(d) = Jid’
i=0 i=0
are two full column rank matrices with Gy, J; € F**¥ i = 0,1,...,s, then v(d) =

@ (.7 (u(d)) can be written as

([d_lf}n} v(d)>2e = ([d_(if}i()d)] u(d)) x ¢ € Ny,
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where d=1J(d) = 3237, Jiy1d’. Moreover, it is possible to make the decomposition

[d—Gl(;l()d)] =L(&) [d‘lflk}
with

_|Go O Gy Gy Gy G3| o
on s [E O [E Oaaf0 e

In shorter notation,
L(d)=[Lo(d) | Li(d)],

where the blocks L; (d) have size 2n x k, t = 0,1, and are given by

LO(d) - J dla
1€Ng 2i+1
Goiia]
Lid) =Y ; Y di, with G_y = 0.
1€Np 2t

Thus, the lifted code can be represented as
(2.6) ¢t = {v(d) : 9(d) = L(d)u(d), @(d) € F**[d]},

where v(d) = L(v(d)) and u(d) = L(u(d)). This immediately leads to the following
result.

LEMMA 2.2. Let C, and 51) be two periodic convolutional codes as in Defini-
tion 2.3. Then C, = C, if and only if the corresponding lifted codes CZ% and le,
respectively, coincide.

The next theorem easily follows from (2.5) and characterizes the time-invariant
encoders which can be regarded as lifted versions of periodic encoding maps.

THEOREM 2.1. Let L(d) be an encoder of a (2n,2k,d) convolutional code C =
Impg L(d). Then there exists G(d), J(d) such that C = L (Im]F[d] @(G7J)) if and only
if there exists U € F2k*2k jnyertible such that

Proof. “If part:” Consider the encoder of C, L(d)U, and write

Li1(d) dL12(d)

L(d)U =
Lo(d)  Lao(d)

)

with Lll(d), dng(d), Lgl(d), LQQ(d) € }F[d]nXk Then
G(d) = L11(d*) + dL12(d?) and J(d) = dLy;(d?) 4 Lao(d?)

are such that C = £ (Imgjg (7))
The “only if part” is immediate. 0
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2.4. Injectivity. Injectivity is a fundamental property of an encoding map since
it allows one to recover unambiguously the message from the codeword. If G(d) is
an encoder of a time-invariant convolutional code, then it is injective because it has
full column rank. However, full column rank matrices G(d) and J(d) may yield
noninjective periodic encoding maps, and this fact is illustrated in the next example.
However, if Gg and Jj are full column rank, i.e., if G(d) and J(d) are delay-free, then
we have injectivity; see Corollary 2.1 below.

Example 2.2. Consider the polynomials
G(d) = Gid + G3d® and J(d) = Jy + Jod>.
Then @, 7) is not injective since with v = 1 we obtain v = 0.
The next result is straightforward.
THEOREM 2.2. ® (¢, j) is injective if and only if L(d) in (2.5) is full column rank.

Go
Ji

COROLLARY 2.1. If G(d) and J(d) are delay-free, then the periodic encoding map
D (g, 5 is injective.

As L(0) = [ })] the next corollary follows.
0

The next result states that injectivity of a periodic convolutional code C, is a
property of C, and it is an immediate consequence of Lemma 2.2 and Theorem 2.2.

LEMMA 2.3. The polynomial matrices G(d) and J(d) generate an injective peri-
odic encoding map ® . j) if and only if all equivalent pairs of polynomial matrices
generate an injective periodic encoding map.

3. State-space realizations. In this section we review an additional way of
generating convolutional codes. More concretely, we consider linear systems the-
ory descriptions known as state-space representations. These descriptions were first
adopted by Massey and Sain [2] and studied later on by many researchers [35, 11, 36].
We start by recalling basic facts on these representations together with a simple
state-space realization for LTI convolutional codes. We then propose two different,
but equivalent, classes of state-space realizations of the periodic encoding map ® ¢ ).
The notions of realizations of codes and of encoding maps are defined below.

3.1. State-space realizations of time-invariant convolutional codes. In
what follows, we sometimes identify an element a(d) = Y,y aid’ € F[d] with the
sequence ag = (a(d))o, a1 = (a(d))1, ... formed by its coefficients and also use the
notation a(¢) to denote ay = (a(d))¢. The same applies for vectors with components
in F[d].

A state-space system

{ z(l+1) = Az(l)+ Bu(f),

o) = Ca(0)+Du(), N

denoted by (A, B,C, D), where A € F™*™ B ¢ Fm*k C ¢ F»*™ and D € Fnxk,
with state x, input w, and output v, is said to be an m-dimensional state-space
realization of the time-invariant (n, k,d) convolutional code C if C is the output be-
havior of (A, B, C, D) corresponding to finite support input sequences u (i.e., to in-
formation sequences u(d) € F¥[d]) and to zero initial conditions, i.e., z(0) = 0. Since
C consists of codewords v(d) € F*[d], (A, B, C, D) must produce finite support output
sequences v for all finite support input sequences u and zero initial state.
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Remark 3.1. The state-space realizations considered in this work are the ones
usually found in the coding literature and differ from the realizations considered in [35,
40], where convolutional codes are represented by

x(l+1)
(3.1) y(0)

o - [

and the convolutional code is constituted by the finite support input-output sequences,
v, corresponding to finite support state sequences; see [35] for details on this realiza-
tion.

([
S E
==
+ +
v
==

State-space realizations of convolutional codes can be obtained as state-space
realizations of encoders. If G(d) € F"*F[d] is an encoder of C, (A, B,C,D) is a
state-space realization of G(d) if

G(d) = C(I — Ad)"*Bd + D.

If G(d) = Yy, Gid', with G; € F"** then this means that

Go=D, G; = CAiilB, 1> 1.

It is well known that G(d) admits many realizations. Moreover, a state-space re-
alization (A, B,C,D) of G(d) has minimal dimension among all the realizations of
G(d) if (A, B) is reachable and (A, C) is observable, i.e., the polynomial matrices

1 d='r1—-A
[d I—A|B]and[ c
verses (in d~1). In this case, (A4, B,C, D) is called a minimal realization of G(d). The
minimal dimension u(G) of a state-space realization of G(d) is called the McMillan
degree of G(d) [6].

The next lemma gives a way to compute the McMillan degree of a polynomial

matrix.

LEMMA 3.1 (see [36]). Let G(d) € F***[d] be a polynomial matriz. The McMil-

} have, respectively, right and left polynomial in-

lan degree of G(d) is equal to the mazimal degree of the full size minors of {Gl(d)} or,
k

equivalently, to the mazimal degree of the minors of G(d).

Note that if G(d) is column reduced, u(G) is equal to the sum of the column
degrees of G(d); i.e., u(QG) is equal to the degree of the code. Column reduced encoders
of a code have minimal McMillan degree among all encoders of the code, and they
are also called minimal encoders.

If G(d) € F**¥[d] is an encoder of a code C, there exists a unimodular matrix
U(d) € F***[d] such that G(d) = G(d)U(d) is column reduced and therefore a minimal
encoder of C.

The next proposition, adapted from [11, 36], provides a minimal state-space
realization for a column reduced encoder, and therefore a minimal state-space realiza-
tion of the code, in the sense that it is a state-space realization of minimal dimension
among all the state-space realizations for which the output behavior corresponding to
polynomial inputs and zero initial state is equal to the code.
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PROPOSITION 3.1. Let G(d) € F"¥*[d] be a column reduced matriz with rank

k and column degrees vy,...,v,. Consider m = Zle v;. Let G(d) have columns
gi(d) =30 ge4d" i =1,....k, where go; € F*. Fori=1,... k define the matrices

0 v o 0 )

1 : Vi XV; 0 v; nX U

Ai: . E]F1 1, B’L: . GFl’ C’L: l:gl,i .gl/i,i] e]F i
1 0 0

Then a minimal state-space realization of G(d) is given by the matriz quadruple
(A, B,C, D) € Fmxm x Fmxk 5 Frxm s Frxk - phere

Ay B
A: 9 B: )
Ay By,

C:[Cl C’k] , D:[Qo,l go,k]:G(O).

In the case where v; = 0, the ith blocks of A and C are void and in B a zero column
occurs.

We immediately conclude that the dimension of a minimal realization of a con-
volutional code is equal to its degree.

Remark 3.2. The above procedure gives a state-space realization (A4, B, C, D) of
any polynomial matrix G(d) € F***[d]. Such a realization is always reachable, but it
might be nonobservable, and in this case it will be not a minimal state-space realiza-
tion of G(d). However, if G(d) is column reduced, then (A, B, C, D) is observable and
hence minimal.

3.2. State-space realizations of 2-periodic convolutional codes. In this
section we study how the theory of LTI systems can be used to obtain state-space
realizations for periodic convolutional codes. We shall propose two different, but
equivalent, classes of state-space representations for periodic convolutional codes and
study their properties.

3.2.1. Switched output realizations. Let G(d), J(d) € F"**[d] be two full
column rank matrices and C, the 2-periodic convolutional code with encoding map

G(d) ] with C =

@, 7). Moreover, let ¥ = (A, B,C, D) be a realization of { J(d)

[ gl } , C1,Cy € F»*™ where m is the state-space dimension of ¥, and D = { ?0 ,
2 0
Go, Jo € Frxk,
v (d)

Let { v (d) } with v (d) = 3, v Vd € F7[d] and v (d) = 3,y vPd €

7

F"[d], be the output of ¥ corresponding to the input u(d) € F¥[d]. Now consider as
a new output the sequence w(d) € F"[d| defined as wy; = v%) and w1 = vg)ﬂ,
jeN.

In this way, we obtain the system X, represented in Figure 1.

Note that in 3, only one switch is on at each time instant and the switches change

from on to off alternatively. The switch corresponding to v(!) is on at the initial time
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Fi1G. 1. Representation of system .

instant, and the initial state is zero. The system ¥, is called a periodic switched output
state-space system, and it corresponds to the following periodic state-space equations:

62 {2 et oo
with
All) = A , B(¢) :=B,
C(20) .= C4 , D(20) := G,
C2t+1):=Cy , D2(+1):=Jy, {eN,.

For short, we write X, = (4, B,C(¢), D()).

A system ¥, given by (3.2) is a state-space realization of the periodic encoding
map @ ¢,y if for zero initial state the output w(d) of ¥, that corresponds to an input
u(d) is equal to ® (g, ;) (u(d)) for all u(d) € F¥[d].

The next result provides necessary and sufficient conditions for ¥,, to be a realiza-
tion of ®(g, 7). These conditions can be easily verified using the well-known realization
theory for LTT systems.

THEOREM 3.1. A periodic switched output system X, described by (3.2) is a re-
alization of the periodic encoding map ® . j) if and only if the system X given by

(A,B, [ g; } , [ i? D is a realization of { g((j)) }

Proof. “If part:” Clearly, if X is a realization of [ g((j)) } , then X, is a realization

of (I’(G,J)-
“Only if part:” Assume now that ¥, is a realization of ® ¢, ;). Then
2m ) ) i
(w(d))am = | | D CLAT'Bd + Gp | u(d)
J=1 . 2m
and _
2m—+1 . )
(w(d)amir = | | Y CoAT?Bd’ + Jo | u(d)
=1 J 2m+1
In particular, for u(d) = e;, i = 1,...,k, where e; denotes the ith vector of the
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canonical basis of F¥, we obtain

(3.3)  (w(d)) Qf:c ABd + G Gae, =0
. w m = e; =
2 = ! 0 C1A?™ 1Be;, m>1,
2m
and
2m-+1 ) .
(w(d))2m+1 = Z Co AT B + Jy | e = C,A*" Be;, m > 0,
J=1 2m+1
while for u(d) = de;,
2m ] )
(34)  (w(d)am = || Y _CLAT'Bd + Gy | de;| = C1A*2Be;, m > 1,
j=1
2m
and
2m—+1
. . Joei, m = 0,
w d m = C A]_lej + J dei =
(w(d))2m+1 Zl 2 0 { CoA?™ Be;. m > 1.
J= 2m—+1
On the other hand, for u(d) = e;,
(3.5) (w(d))2m = (G(d)u(d))y,, = (G(d)ei)y,

and
(w(d))2m+1 = (J(d)u(d))Qm—i-l = (J(d)ei)2m+1 )

whereas for u(d) = de;,
(3.6) (w(d))2m = (G(d)u(d)),,,, = (G(d)dei)y,, = (G(d)€i) gy,

and
(w(d))2m+1 = (J(d)u(d))m-s-l = (J(d)dei)2m+1 = (J(d)@i)2m'
Now, from (3.3) and (3.5), and (3.4) and (3.6), we respectively get

Goei, m =0,
ClAQm_1B6i7 m>1,

(G(d)ei)y,, = {
and
(G(d)ei)mel = ClAQm_QBei, m Z 1,
which implies that
G(d)=Go+ Y C1A"'Bd".

=1
Hence (A, B, C1, Gy) is a state-space realization of G(d). The proof that (A, B, Cs, Jo)
is a state-space realization of J(d) is analogous. |

In the next example we present a periodic switched output realization of a 2-
periodic convolutional code of rate % over FFo.
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FEzxample 3.1. Let C, be the 2-periodic convolutional code with encoding map
(o g1y : F3[d] — F3[d] such that

1+d 0 1+d 1
Gd)=| 1+d 1+d | and G'(d) = 1 1+d
1 d 0 14d
The system X = <A B{ ] { ! }) with
D,
0 0 1
=loa]e-[1]

10 10
Ci=|11|,C=|01],D = Dy =
0 1 0 1

==
[
e e
==

0
is a realization of [ glggg , and therefore the corresponding periodic switched out-
put system ¥, described in (3.2) is a realization of the encoding map ®(go g1y and
consequently a realization of Cp,.

This code was introduced in [14], where it was shown to have distance 4, whereas
any time-invariant convolutional code of the same rate % and degree 2 over Fy cannot
have distance larger than 3. Note that time-invariant (3, 2, 2) convolutional codes have
minimal realizations of dimension 2 (equal to its degree), which is the same dimension
of the realization presented in the above example.

3.2.2. Switched input realizations. Consider now the polynomial matrices
R(d) and S( ) defined as in (2.2). Let & = (A,B,C,D) be a realization of

[ R d) |, with state-space dimension r, and let B = [ B, B } and D =

[ } be partitioned according to the partition of [ R(d) S(d) }
u™(d)
u®(d)
dp1 (d?) € F*¥[d], where pg(d?) and p; (d?) are defined as in (2.3), that is, they are such
that message u(d) can be written as u(d) = po(d?) + dpy(d?).

In this way, we obtain the system f]p represented in Figure 2.

In the scheme, the switches alternate between the positions on and off at each
time instant; at time ¢ = 0, the switch corresponding to u® is on, and the state initial
condition is zero. X, will be called a periodic switched input state-space system. It
corresponds to the following periodic state-space equations:

37 {a(u ) = /E(z)f(ew
w(t) = COT(0)+

Write the input of ¥ as [ }, with «(M) (d) = po(d?) € F¥[d] and u® (d) =

where A(f) = A and C(¢) = C are fixed and
B(20) = By, B(2(+1) =B, ,
D(20) = Dy = R(0) = Gy and D(2(+ 1) = Dy = 5(0) = Jo, £ € Ny.
For short, we write f]p = (A,B(0),C,D(0)).
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D) v(d),

o)
Q)
/

Fi1G. 2. Representation of system f]p.

EAJp is said to be a state-space realization of the periodic encoding map ® g, ) if,

for zero initial state, the output v(d) of ip, corresponding to an input u(d), is equal
to .7 (u(d)) for all u(d) € F*[d].

The following result is important since it explicitly provides a relation between
the realizations of the periodic encoding maps and time-invariant realizations.

THEOREM 3.2. A periodic switched input system f]p, described by (3.7), is a re-

-~

alization of the periodic encoding map ®(q, 5y if and only if the system 3 described by
(ﬁ, [ B, B, ] ,C, [ Dy D, D is a time-invariant realization of [ R(d) S(d) ].

Proof. “If part:” Assume that 3 is a realization of [ R(d) S(d) ]. Then, clearly,
= (ﬁ, El, é, lA)l) is a realization of R(d) while S, = (ﬁ, §27 é, 52) is a realization

of S(d). Consider a message

u(d) = ZUjdj = po(d2) + dpl(dQ) = ZUgjd2j + dZUQj+1d2j.

jEN jEN jEN

When u(d) is fed into f]p, due to the way the switches work, the sequences fed into
3, and 3 are, respectively, p(d?) and dp;(d?). Therefore the output of 7 is equal
to R(d)po(d?) whereas the output of S is equal to S(d)dp;(d?). Consequently, the
corresponding output of ZA]p is

2
Rl + Sy () = [ R@) dsa@)] | 205 | = @)
as previously seen in section 2.2. In this way we conclude that ip is a realization of
@(G“]).
“Only if part:” Assume now that ip is a realization of ®(g ). Let u(d) = e;,
where e; is the ith basis vector of the canonical basis of F¥. When u(d) is fed into
EA]p, the corresponding output is

w(d) = ‘I)(G,J) (61) = R(d)ez
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On the other hand,

d)=> w;d with w;=

{ Blei7 ]: 07
JjEN

CA'Bye;, j>1,
that is, w(d) = {6(1 — Ad)~'dB, + 131] ¢;. Thus,

R(d)e; = {6(1 — Ad)~dB, + ﬁl} .
Making ¢ vary from 1 to k, this allows us to conclude that
R(d) = C(I — Ad)~'dB, + D,
i.e., 3 is a time-invariant realization of R(d). R
Let now u(d) = de;, and feed this input into X,. Then the corresponding output

is given by
w(d) = &g, 5 (de;) = S(d)de;.

On the other hand,

. -5261'7 Jj=1
= ijdj with w; = U
jEN CAJfQBgei, ] > 2.

Thus,

S(d)de; = d+Y CA2Byd’ | &
7j>2
= Zag 2Bgdj ! €;
j=2

= Dy+» CA™'Byd" | e;
>1

D2 + C I — Ad) 1d§2> €;.
Letting ¢ vary from 1 to k, one concludes that
S(d)d = (152 +O(I - Ed)’ldﬁg) d

and hence
S(d) = C(I — Ad)~""dBy + Do,

which means that 3, is a time-invariant realization of S(d).
Finally, since ¥; and X5 are time-invariant realizations of R(d) and S(d), respec-
tively, it follows that ¥ is a time-invariant realization of [ R(d) S(d) |. O
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4. Minimality. In section 3 we studied switched output and switched input real-
izations of a periodic encoding map of a periodic convolutional code C,,. In this section
we will consider these realizations of C, and study the question of their minimality.

A switched output (input) system X, <§Alp) is said to be a switched output (input)

realization of a periodic convolutional code C, if the output behavior of 3, (ip)
corresponding to polynomial inputs and zero initial state is equal to C,,. A minimal
switched output (input) realization of C,, is a realization of C,, of this type with minimal
dimension among all realizations of C,, of the same type.

It is obvious that if ® g, 5 is a periodic encoding map of C,, for some G(d), J(d) €
F™**[d], then all switched output realizations and switched input realizations of b
are realizations of the same type of C,. On the other hand, if ¥, is a switched output

realization of C, with associated system ¥ = (A,B, [gl] , {(50}), with A € F5*%,
2 0

B e Fs*k, C1,Cy € F™*5, and Gy, Jy € F**F | it is clear that Cp = Im @ 5), where

G(d)=Go+ Y C1A'Bd" and J(d)=Jo+»_ CoA""'Bd".

=1 (=1

The same happens when we consider switched input realizations; i.e., if f)p is a
realization of C, of this type, with associated systems ¥; = (A4, B;,C,D;) and
22 = (A,BQ,C, Dg) and

R(d)=D1+) CA'"'Bid' = Rid" and S(d) = Do+ CA'Byd' = Sid’,
/=1 1=0 =1 =0

then flp is a switched input realization of ® (g ;) where

G(d) = Z Gid' and J(d) = Z Jid',
1=0

=0

with G; = R; and J; = S; for i =2j, and G; = S; and J; = R; fori =25+ 1, j € N.
So, we conclude that the switched output realizations and switched input realiza-
tions of a periodic convolutional code C, are the realizations of the same type of the
periodic encoding maps of C,. Thus, in order to investigate the minimal encoders of
C, we study first the minimal realizations of the encoding maps of C, since a minimal
encoder of C, is also a minimal realization of a suitable periodic encoding map of C,.
The next lemmas are direct consequences of Lemma 3.1 and Theorem 3.1 and
study the minimality of switched output realizations of periodic encoding maps.

LEMMA 4.1. Let Cp be a periodic convolutional code and ® (g, 5y a periodic encod-
ing map of C, for some full column rank matrices G(d), J(d) € F"*k[d]. A switched
output periodic system ¥, is a minimal switched output realization of ®, 5y if and
G(d)
J(d)
minimal dimension of a switched output realization of ® g, y) is equal to the mazimal

only if the associated system X is a minimal realization of [ ] Moreover, the

degree of the minors of [?é;l))] and it is called the switched output McMillan degree

Of Q(G’,J)'
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DEFINITION 4.1. Given a 2-periodic convolutional code C,, a periodic encoding
map of Cp, is said to be switched output minimal if it has minimal switched output
McMillan degree, among all the encoding maps of Cp.

(d)

LEMMA 4.2, If {Cj(d)] is not column reduced, then there exists a unimodular

matriz U(d) such that
G(d)
J(d)

-[58]re

is column reduced, produces a periodic encoding map, <I>(§ 7 equivalent to ®q ) and
G(d)

is such that
“<5w>><“(ﬁ$ﬂ)

Proof. The proof follows from the fact that
g 5 (u(d) = (g, (U(d)u(d))

for all u(d) € F¥[d] and U(d) is unimodular. d

So, given an encoding map ®(g ;) of a periodic code we can always find an
equivalent encoding map CID(é ) such that the corresponding time-invariant encoder
G(d)| . . .
~ is a column reduced encoder with McMillan degree smaller than or equal

J(d)

to the McMillan degree of [Cj((g))] This is achieved by right multiplication by a

unimodular matrix. In the case of time-invariant codes, this procedure allows us to

obtain a minimal encoder of the code since all column reduced encoders are minimal.

But the same does not hold for periodic codes; i.e., periodic encoding maps ® (g,
G(d)| . o . . .

such that [ J(( d)) } is a time-invariant column reduced encoder not necessarily switched

output minimal, as the following example shows.

Example 4.1. Consider the periodic code C), = (g, ;) with
G(d) =Gy and J(d) = Jo+ Jid+ Jod? + Jod?,

where Go, Jo, J1, Jo € F*** and Gy and J, are full column rank matrices. Then

E];((j))] - {Jo + Jid +G;2d2 + J2d3]

is column reduced, which implies @, j) has switched output McMillan degree equal

G(d)

J( d)] , which is equal to 3k. The corresponding

to the sum of the column degrees of [

lifted code has encoder
Go O 0 0
L(d) = d
( ) |:J1 JO:| + |:J2 J2:| 7

and therefore
I o Gy 0
L(d) [—Ik IJ = [Jl —Jo o+ Jgd]
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is another encoder of the lifted code, which means that
G(d)=Go and J(d) = Jo+ (J1 — Jo)d + Jod®

gre such that <I>((~;7 ) is another encoding map which originates the periodic code C,.
ince

[@d)] _ { Go ]
J(d) Jo+ (J1 = Jo)d + Jod?

is also column reduced, we have that the switched output McMillan degree of ® )
is equal to 2k.

The previous example shows that there can exist two encoding maps, ®(¢, ;) and

- . . [G(d) G(d) o
(I)(G, ) of a periodic code, with [ J( d)] and lj () column reduced, but with different

switched output McMillan degrees.
Regarding switched input realizations of periodic encoding maps, their minimality
is characterized in the next lemma, which is a consequence of Theorem 3.2.

LEMMA 4.3. Let Cp be a periodic convolutional code, (g, 5y a periodic encoding
map of Cp, for some G(d),J(d) € F***[d], and R(d),S(d) € F***[d] the matrices
obtained from G(d) and J(d) as defined in (2.2). The switched input periodic system
ip is a minimal switched input realization of ®(q, 5y if and only if the associated

system S is a minimal realization of [R(d) S(d)].

5. Conclusions and open questions. In this paper we have studied the alge-
braic properties of periodic convolutional codes and their representation by means of
input-state-output representations. The main ideas and results presented in this work
have to do with novel representations of this important class of convolutional codes.
First we show how these codes can be seen as F[d?]-modules and present concrete
representations of their equivalent encoders. As for the state-space representations,
we present two original different approaches to implement periodic codes that lead
to simple state realizations and investigate their minimality. Switched systems re-
alizations form a more involved class of systems than standard LTI systems, which
prevents us from applying directly well known mathematical results in systems the-
ory. Although some fundamental results were derived in this work, several questions
remain unanswered. Among them is the important issue of the minimality of the
switched output (input) realizations of a periodic code C, rather than of a corre-
sponding periodic encoding map. This was only partially addressed here and is the
subject of current research.
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