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Introduction
The discussers welcome the paper by Burgess et al. (2019) and

appreciate their efforts to develop, presumably, the first probabi-
listic seismic slope stability design aids using the “random finite
element method” (RFEM). Although they conducted a parametric
study, their charts provide geotechnical engineers with a prelim-
inary estimate of failure probability of simple slopes subjected to
seismic excitations. However, some considerations need to be
pointed out that may affect the results achieved in the paper
under discussion.

Random limit equilibrium method (RLEM) results
The “random limit equilibrium method” (RLEM) was first intro-

duced by Javankhoshdel et al. (2017), which was a combination of
circular “limit equilibrium method” (LEM) and random field the-
ory developed by Fenton and Vanmarcke (1990). In the RLEM sim-
ulations, a random field is first generated using the local average
subdivision (LAS) method developed by Fenton and Vanmarcke
(1990) and then mapped onto a grid of elements (mesh). Each
mesh element in the random field has different values of soil
properties through realizations, and cells close to one another
have values that are closer in magnitude, based on the value of the
spatial correlation length. In each realization, a search is carried
out to find the mesh elements intersected by the slip surface. The
random soil property values are assigned to the slices whose base
mid-point falls within that element. A limit equilibrium approach
is then used to calculate the factor of safety (FS) for each realiza-
tion. The probability of failure is calculated as the ratio of the
number of simulations resulting in FS <1 to the total number of
simulations.

Javankhoshdel et al. (2017) showed that even circular RLEM has
the ability of finding the same answer for the case of cohesive soil
slopes with simple geometries and with isotropic spatial variabil-
ity of soil properties.

The noncircular RLEM, introduced by Cami et al. (2018), is a
combination of the Cuckoo search method, the Surface Altering
Optimization technique, and the LEM (Morgenstern-Price method)
together with the random field theory. The Cuckoo search is a
very fast and efficient global optimization method (metaheuristic
approach), which is used for locating critical noncircular slip sur-
faces. In noncircular RLEM, the Cuckoo search is used together
with a local optimization called the Surface Altering optimization
technique. When used in conjunction with a noncircular search,

this optimization method can be very effective and efficient at
locating (searching out) slip surfaces with lower safety factors.
Cami et al. (2018) showed that noncircular RLEM was able to find
the weakest failure path using local and global optimization tech-
niques similar to the failure path using the RFEM approach. The
run time for the noncircular RLEM was shown to be at least 40%
less than running the same example using the RFEM method with
the same output.

In this discussion, the first step is to duplicate results of the
RFEM using noncircular RLEM in the Slide2 2018 software (Rocscience
Inc. 2018) for one case scenario (several case scenarios were dupli-
cated, but only one of them is shown in this paper). Figure D1
shows results of the comparison between the noncircular RLEM
and RFEM for the case with coefficient of variation � = 0.3, stability
factor � = 0.40, correlation length / slope height �/H = 0.2, friction
angle � = 20°, and seismic coefficient k = 0.2, presented by Burgess
et al. (2019). It can be seen in this figure that, for the range of slope
angle used in this figure, noncircular RLEM gives a higher proba-
bility of failure. Thus, RFEM results cannot be an upper bound as
mentioned by Burgess et al. (2019) compared to RLEM. The differ-
ence between the probabilities of failure can be about 10%–15%.

In the following sections, additional factors that can affect the
results of Burgess et al. (2019) are discussed.

Influence of mesh size on results
Accurate modeling of a spatially variable domain in a digital

circumstance entails minimizing the discretization error (i.e., the
difference between solutions in a continuous and discretized me-
dium), which would be achieved by an appropriate mesh size
associated with the variability of the soil. Ching and Phoon (2013a,
2013b), Huang and Griffiths (2015), Ching and Hu (2016), Cami et al.
(2018), and Tabarroki and Ching (2019) explored the effect of the
mesh density used in finite element models with spatially variable
soil properties. Ching and Phoon (2013b) introduced a critical ratio
(i.e., scale of fluctuation (�) / domain size), beyond which the dis-
cretization error would be minimum, and reported the effect of
the auto-correlation model (i.e., single or squared exponential
model), discretization method (i.e., element-level averaging and
midpoint strategy), spatial variability pattern (i.e., isotropic and
anisotropic), and stress states (i.e., pure shear or compression) on
this ratio. Ching and Phoon (2013a, 2013b) showed that for a spe-
cific scale of fluctuation, as the element size decreases, the dispar-
ity among continuous and discretized solutions will diminish.
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Considering a biaxial compression test, Huang and Griffiths
(2015) found that a larger element size is associated with a greater
failure load for a typical simulation (i.e., a particular �), which is
unconservative, and introduced the most critical � (associated
with the largest failure load or the minimum mean overall un-
drained shear strength) that would be achieved when � is equal to
the typical dimension of the system, L (i.e., � = L). In fact, they
believed that the mesh size could be cautiously increased to this
point to have a time-efficient and conservative analysis. They also
pointed out that when � > 2L, the element size becomes ineffec-
tive. Finally, the element size was recommended to be less than
half of the correlation length in random finite element analyses.
Numerical challenges arising from small correlation lengths have
been discussed in Javankhoshdel et al. (2017).

In contrary to other studies that were associated with shear
strength random fields, Ching and Hu (2016) estimated a critical
element size beyond which the discretization error may exceed a
predetermined value for a Young’s modulus random field. For an
isotropic correlation condition, they came to the conclusion that
by adopting element-level averaging, even coarse elements yield
the least discretization error for various scales of fluctuation
while the allowable mesh size for anisotropic correlation case was
slightly smaller. By contrast, the midpoint strategy proved to pro-
duce greater discretization errors.

Through a series of sensitivity analyses, Cami et al. (2018) inves-
tigated the effect of correlation length and mesh size on the reli-
ability of the slope. By adopting RLEM, a worst-case mesh size was
detected between 0.1 and 0.5 m (related to the maximum proba-
bility of failure for that cases of �/H = 0.5, 0.2, and 0.1) which was
not tried through the RFEM software (MRSLOPE2D) of Fenton and
Griffiths (2008), presumably due to the convergence problems.

Tabarroki and Ching (2019) observed that as the mesh size in-
creases, the extremum of the sample mean value of compressive
strength or active lateral force graphs (related to different normal-
ized mesh sizes) tends to their nominal values in which undrained
shear strength Su was treated as a single random variable (homo-
geneous Su value) and the worst-case “scale of fluctuation” SOF; is
essential in design, especially in the case of limited soil data for
determining the site-specific SOF) changes. In a sense, the denser
the mesh size of finite element and random field becomes, the
more accurate worst-case SOF that would be achieved. They also
asserted that such changes arising from the mesh size variation
depend on the type of discretization method (e.g., midpoint or
spatial averaging) and the adopted auto-correlation model (e.g.,
single exponential model or squared exponential model).

In the paper under discussion, Burgess et al. (2019) have limited
their results to a specific mesh size (i.e., 0.5 × 0.5) for a wide range

of correlation lengths (i.e., �/H = 0.1, 0.2, 0.3, 0.5, 0.7, 2, 3, 5, 7, 10).
As is evident in recently published papers (e.g., Huang and
Griffiths 2015; Cami et al. 2018), mesh size plays a primary role in
the determination of the worst-case correlation length as well as
in the thorough consideration of spatial variability of the soil.
Regarding the relationship introduced by Huang and Griffiths
(2015) between the correlation length and the element size, for the
smallest correlation length (i.e., � = 0.5), the corresponding ele-
ment sizes (i.e., �/2 = 0.25, 0.15) will result in drastic changes in the
results, which have been neglected in the paper under discussion.
The discussers have tried to evaluate the influence of the mesh
size on the accuracy of the probability of failure estimation as
illustrated in Fig. D2. In this figure, the cases in Fig. D1 (noncircu-
lar RLEM and RFEM) that have a mesh size of 0.1H are compared
with two cases with mesh sizes of 0.05H and 0.025H using noncir-
cular RLEM analysis. It is evident from the finding of the noncir-
cular RLEM analyses that finer mesh sizes are expectedly yielding
more conservative failure assessments. The case with the mesh size
of 0.05H has higher probability of failure for the same slope angle
compared to the case with the mesh size of 0.1H. However, prob-
ability of failure does not change much when mesh size changes
from 0.05H to 0.025H, which confirms that the assumption of
0.05H for this example is more accurate than 0.1H. In Fig. D2, the
difference between the probability of failure for the case with a
mesh size of 0.05H using the noncircular RLEM method and the
case with a mesh size of 0.1H using RFEM for a slope angle of 50° is
about 20%!

Vertical seismic coefficient
The second aspect of the paper that will be examined further is

the effect of the vertical seismic component which was not in-
cluded in the analyses of the paper under discussion. According to
Khazai and Sitar (2000), the inertial effects of the earthquake are
represented by horizontal and vertical forces that are the so-called
pseudo-static forces. They are assumed to be proportional to the
weight of the slope multiplied by the seismic coefficients in the
horizontal and vertical directions.

Innumerable studies have been found that consider the seismic
slope stability analysis accounting for the lateral ground excita-
tion; however, research including the vertical component of the
acceleration is rather limited. It is worth noting that in general,
the vertical acceleration component is much smaller in magni-
tude and more intense in high frequencies than the horizontal
component (Sarma and Scorer 2009). Burgess et al. (2019) may
have followed some past papers that ignore the vertical seismic
component under the assumption that its effect on slope stability
is small. However, although the design charts provided by the

Fig. D1. Comparison between RLEM and RFEM slope stability analyses
results.

Fig. D2. Mesh size influence on accuracy of probability of failure
estimation. [Colour online.]
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authors are quite useful, the discussers maintain that incorporat-
ing both the vertical and horizontal earthquake components into
the design would expectedly yield more realistic charts. Hence, it
is necessary to take simultaneous account of the cross-seismic
acceleration components along with the stochastic analyses.

Mixed effects have been reported on the influence of the verti-
cal earthquake acceleration component. Gazetas et al. (2009) in-
vestigated a rigid block numerical model to comprehend the
simultaneous influences of the vertical and horizontal seismic
accelerations. They demonstrated that even the most robust ver-
tical seismic components did not affect the sliding block slippage.
Simultaneously, Sarma and Scorer (2009) asserted that joint con-
sideration of the horizontal and vertical earthquake components
in cohesive soils may not have a serious effect on the stability of
slopes with any general slip surface in contrast to its influence on
cohesionless, dry soils. On the contrary, some scholars hold the
opposite view including Sun et al. (2012) who used a real case, the
Donghekou landslide induced by the Wenchuan earthquake. They
arrived at the conclusion that the vertical seismic force plays a key
role in the stability of slopes, and the combined horizontal and
vertical peak accelerations have led to the premature occurrence
of failure. So, the corresponding vertical force was recommended
by them to be considered in future rock avalanche stability
analysis. Zhang et al. (2015) showed that the effect of the vertical
seismic component is negligible if a pseudo-static approach is
employed compared to a dynamic approach, which appropriately
illustrated the reduction in the slope factor of safety due to the
combined effect of the vertical and horizontal earthquake compo-
nents. In fact, the dominance of the dynamic analysis over the static
one was proved by their numerical investigations.

To illustrate the effect of including the vertical seismic compo-
nent, some supplementary RLEM analyses have been carried out
by the discussers and the results are presented in Fig. D3. Depend-
ing on the direction of the vertical earthquake component, in
some geometric conditions even 40% deviation between the prob-
abilities of failure estimation is to be expected. This signifies that
the vertical earthquake component cannot be overlooked.

Cross-correlation between soil properties
Another factor not considered in the study of Burgess et al.

(2019) is the cross-correlation between the strength parameters.
For this reason, the discussers have provided a comparison be-

tween the cross-correlated and independent strength parameters’
influences on the stability of stochastic slopes.

By definition, soil properties at a given location tend to corre-
late with one another at the same location or at close locations,
which is termed “cross-correlation” (Le 2014). While some existing
probabilistic models assume independence between the random
variables by ignoring all possible correlations as a matter of math-
ematical convenience (Lumb 1970; Schultze 1975; Alonso 1976;
Tobutt 1982; Nguyen and Chowdhury 1984; Huang et al. 2010),
others have drawn much attention to cross-correlation among
geotechnical parameters in their numerical formulations (Nguyen
and Chowdhury 1985; Tamimi et al. 1989; Fenton and Griffiths 2003;
Ferson and Hajagos 2006; Youssef Abdel Massih et al. 2008; Griffiths
et al. 2009; Cho and Park 2009; Lü and Low 2011). Wu (2013) consid-
ered the cross-correlation between soil strength parameters as a
key factor to have accurate evaluation of the reliability in slope
stability analyses. Wang and Akeju (2016) believed that ignoring
the cross-correlation between effective cohesion c ′ and effective
friction angle � ′ may lead to a biased approximation of failure
probability. On the contrary, there were investigators who were
not sympathetic to this view. In effect, the negligible influence of
the cross-correlation through their studies was demonstrated
(e.g., Fenton and Griffiths 2003; Jamshidi Chenari et al. 2015).

A prolonged discussion exists on the correlation between vari-
ous soil properties. Only a number of scholars regarded a positive
dependency between the soil strength parameters including
Griffiths et al. (2009, 2011) and Le (2014), while negative correlation
between cohesion c and friction angle � have been reported from
laboratory measurements (Lumb 1970; Yucemen et al. 1973; Wolff
1985; Cherubini 1997; Forrest and Orr 2010; Hata et al. 2012). Avail-
able data on the correlation between c and unit weight � and also
� and � endorsed by experimental tests are limited and have only
been reported by Matsuo and Kuroda (1974) and Parker et al.
(2008). A positive value has most often been assumed, which has
been reported in several studies (Chowdhury and Xu 1992; Low
and Tang 1997; Sivakumar Babu and Srivastava 2007). However, a
negative correlation has been reported by Lumb (1970) and Wolff
(1985). A comprehensive set of cross-correlation values has been
assembled by Wu (2013). As a result, a negative correlation be-
tween c and � and a positive coefficient between two other pairs of
properties (i.e., c and �, and � and �) would be preferable. Never-
theless, few researchers have focused on a positive correlation

Fig. D3. Influence of vertical earthquake acceleration component. kh, horizontal seismic component; kv, vertical seismic component.
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between c and � due to its destabilizing effect on slope stability,
which yields a higher probability of slope failure; hence, it would
be more conservative (e.g., Griffiths et al. 2009, 2011; Le 2014).

Employing FEM combined with first-order reliability method
(FORM), which ignores spatial variation of the random variables,
Griffiths et al. (2009) showed that the assumption of positively
correlated c and � (i.e., cross-correlation coefficient � = 0.5) ends in
a conservative design when Pf < 0.5 while a negative correlation
(i.e., � = −0.5) gives higher probabilities of failure for Pf > 0.5 as
opposed to RFEM, which always gives the highest probability of
failure for � = 0.5, regardless of Pf. In contrast, making use of
RFEM, they realized that ignoring the spatial variability of soil
overestimates the reliability of heterogeneous slopes, if the shear
strength variability degree exceeds a certain critical value. In ad-
dition, Le (2014) came to the conclusion that simultaneous varia-
tion of both heterogeneous shear strength parameters has a
greater influence on the reliability of slopes compared to solely
varying one parameter even if they are uncorrelated.

It is worth mentioning from the literature that negative corre-
lation between c and � have been reportedly confirmed from
laboratory measurements and is thought to be more realistic
(Lumb 1970; Yucemen et al. 1973; Cherubini 1997, 2000; Forrest
and Orr 2010; Hata et al. 2012). In the same vein, negatively corre-
lated soil strength properties have been considered in several
studies (e.g., Rackwitz 2000; Cherubini 2000; Li et al. 2011; Lü and
Low 2011; Soubra and Mao 2012; Ranjbar Pouya et al. 2014). Cho
and Park (2009) and Cho (2010) asserted that the assumption of
uncorrelated shear strength parameters renders conservative re-
sults in the case where actual correlation was negative, but it
would underestimate the probability of failure if the actual corre-
lation was positive. It was proved that for a specific anisotropic
correlation length, as the cross-correlation between c and � be-
comes more negative, the uncertainty in factor of safety will de-
crease (Cho 2010).

Considering more negative correlation values, Li et al. (2011)
observed that the reliability of the slope increases. Allahverdizadeh
et al. (2015) investigated the influence of the cross-correlation co-
efficient between the soil strength properties (i.e., � = −0.5, 0, 0.5)
on the probability of failure of drained slopes. Due to the unreality
of positive correlation between c ′ and tan� ′ and the lower prob-
ability of failure arising from a negative correlation, which may
be more realistic, these authors asserted that the independence of
the soil strength properties would yield more conservative stabil-
ity evaluations.

Javankhoshdel and Bathurst (2014) developed circular-RLEM-based
probabilistic design charts that included the effect of negative
dependency of the shear strength parameters. Later, Javankhoshdel
and Bathurst (2015) improved the corresponding charts through the
inclusion of maximum cross-correlation between the soil para-
meters by assuming maximum variability of the soil input para-
meters (i.e., negative correlation of −0.7 between c and � and a
positive value of 0.7 between c and �, and � and � as confirmed by
Sivakumar Babu and Srivastava (2007)). Considering the depen-
dency between the soil random variables led to the decrease of the
probability of failure for Pf < 50% compared to the uncorrelated
case. It was also realized that the cross-correlation between c and
� controls the probability of failure if the variability of c and � is
higher than that of � (Javankhoshdel and Bathurst 2015). Never-
theless, the design charts introduced by the authors disregarded
the random variability of the soil parameters in their charts,
which might be less realistic. Subsequently, Javankhoshdel et al.
(2017) considered interdependence and spatial heterogeneity of the
soil undrained variables in a comparative study on RLEM and
RFEM capabilities. They found that assuming a positive correla-
tion between Su and � ends in a negligible increase in the reliabil-
ity of slopes for isotropic correlation condition as opposed to the
anisotropic case, in which the corresponding increase was more

significant, particularly for the RLEM approach. In all cases,
whether isotropic or anisotropic, Javankhoshdel et al. (2017) no-
ticed that reducing the spatial variability is more effective in in-
creasing the slope reliability than increasing the cross-correlation
coefficient provided that Pf is less than 30% for the isotropic con-
dition.

The overwhelming majority of studies in the literature advo-
cate the existence of negative correlation between c and �, and
positive correlation between c and � as well as � and �. The dis-
cussers would like to explore the impact of these correlations, as
the correlations reported in literature are empirically based.

Figure D4 shows the comparison between the results of noncir-
cular RLEM with and without cross-correlation and the RFEM re-
sults presented by Burgess et al. (2019) with the assumption of
uncorrelated soil properties. The uncorrelated cases using noncir-
cular RLEM and RFEM are the cases presented in Fig. D1. It can be
seen in this figure that, by considering the cross-correlation and
using the noncircular RLEM approach, the probability of failure
decreases. However, the noncircular cross-correlated RLEM ap-
proach compared with the uncorrelated RFEM approach gives
different results. For the slope angles of less than 52°, RFEM tends
to give higher probability of failure compared to the cross-
correlated RLEM. In contrast, for steeper slopes (	 > 52°), cross-
correlated RLEM probabilities of failure are higher than the
corresponding value of the uncorrelated RFEM, i.e., results of the
cross-correlated RLEM can be even more conservative compared
to the uncorrelated RFEM results.

Variability of seismic coefficient
Earthquake records have long been recognized to be of random

nature. This means that earthquake time series contain time vari-
ation of both the intensity and frequency content, deemed to be
typical of real earthquake ground motions as addressed by Conte
and Peng (1997). The earthquakes being nonstationary random
time series is another issue that has drawn the attention of many
researchers in the literature. Burgess et al. (2019) did not consider
the random nature of the seismic coefficients by adopting a rep-
resentative constant pseudo-static earthquake coefficient. They
mentioned that the pertinent coefficient is a random variable due
to the unknown nature of the maximum seismic force and called
their calculations a conditional approach based on the maximum
probable seismic coefficient. However, the discussers have shown
that applying random variability to the earthquake coefficient
would definitely bring about conservative estimations of the prob-
ability of failure of the heterogeneous sloped deposit. This implies
that overlooking the random nature of the earthquake coeffi-
cients may lead to a compromise on the accuracy of the probabil-

Fig. D4. Influence of cross-correlation between soil properties.
[Colour online.]

Pagination not final (cite DOI) / Pagination provisoire (citer le DOI)

4 Can. Geotech. J. Vol. 00, 0000

Published by NRC Research Press

FD4

rich2/cgj-cgj/cgj-cgj/cgj99914/cgj1219d14z xppws S�3 4/21/20 22:00 4/Color Fig: FD2,FD4-FD5 Art: cgj-2019-0386 Input-1st disk, 2nd ??

sjava
Highlight
should be removed



ity of failure estimations. Youssef Abdel Massih et al. (2008) and
Johari et al. (2015) considered a truncated exponential probability
density function for the earthquake acceleration coefficients to
incorporate the stochastic nature of the earthquakes. Therefore, it
is better to take this effect into account appropriately.

Figure D4 shows the results of noncircular RLEM and RFEM
analyses presented in Fig. D1. Superimposed on Fig. D5 are the
results of noncircular RLEM with the variability of horizontal seis-
mic coefficient k. It can be noted from this figure that noncircular
RLEM with variable k gives higher probability of failure compared
to the noncircular RLEM with constant k when 	 < 52° and also
gives RFEM with constant k when 	 < 60°.

Concluding remarks
This discussion encompassed some important issues that are

deemed influential when conducting seismic slope stability anal-
yses. The methodology of slope stability analysis, appropriate se-
lection of the mesh size when discretizing the slope stability
analysis domain, earthquake vertical acceleration component,
cross-correlation between the strength parameters involved, and
the probabilistic nature of the propagating earthquake waves are
considered important when estimating the probability of failure
of naturally occurred slopes. Table D1 provides summary informa-
tion on the quantitative contributions of the above-mentioned
effects. It is observed that, depending on the geometry of the slope
under study, at most 25% deviation in the estimation of the prob-
ability of failure of the slope may be expected.
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