l_’__l
TILBURG & %}?ﬁ ¢ UNIVERSITY
l\;’fl

Tilburg University

Model method drawing acts as a double-edged sword for solving inconsistent word
problems

de Koning, Bjorn B.; Boonen, Anton J. H.; Jongerling, Joran; van Wesel, Floryt; van der
Schoot, Menno

Published in:
Educational Studies in Mathematics

DOI:
10.1007/s10649-022-10150-8

Publication date:
2022

Document Version
Publisher's PDF, also known as Version of record

Link to publication in Tilburg University Research Portal

Citation for published version (APA):

de Koning, B. B., Boonen, A. J. H., Jongerling, J., van Wesel, F., & van der Schoot, M. (2022). Model method
drawing acts as a double-edged sword for solving inconsistent word problems. Educational Studies in
Mathematics, 111, 29-45. hitps://doi.org/10.1007/s10649-022-10150-8

General rights
Copyright and moral rights for the publications made accessible in the public portal are retained by the authors and/or other copyright owners
and it is a condition of accessing publications that users recognise and abide by the legal requirements associated with these rights.

« Users may download and print one copy of any publication from the public portal for the purpose of private study or research.
* You may not further distribute the material or use it for any profit-making activity or commercial gain
* You may freely distribute the URL identifying the publication in the public portal

Take down policy
If you believe that this document breaches copyright please contact us providing details, and we will remove access to the work immediately
and investigate your claim.

Download date: 27. Oct. 2022


https://doi.org/10.1007/s10649-022-10150-8
https://research.tilburguniversity.edu/en/publications/f1bfc786-74fd-42f2-a037-e9517de42892
https://doi.org/10.1007/s10649-022-10150-8

Educational Studies in Mathematics (2022) 111:29-45
https://doi.org/10.1007/510649-022-10150-8

®

Check for
updates

Model method drawing acts as a double-edged sword
for solving inconsistent word problems

Bjoérn B. de Koning' - Anton J. H. Boonen? - Joran Jongerling™? - Floryt van Wesel* -
Menno van der Schoot*

Accepted: 15 March 2022 / Published online: 23 April 2022
© The Author(s) 2022

Abstract

Drawing bar diagrams has been shown to improve performance on mathematical word
problems wherein the relational keyword is consistent with the required arithmetic opera-
tion. This study extends this by testing the effectiveness of bar diagram drawing for word
problems with an inconsistent keyword-arithmetic operation mapping. Seventy-five fifth
graders solved consistent and inconsistent word problems while encouraged to draw bar
diagrams. For each word problem, we assessed problem type (consistent/inconsistent), per-
formance (correct/incorrect), and bar diagrams (accurate/inaccurate/no drawing). Overall,
bar diagram drawing was associated with increased performance on both consistent and
inconsistent word problems, but the strongest benefits of drawing were found for incon-
sistent word problems. For inconsistent word problems, bar diagram accuracy was more
clearly related to performance (accurate bar diagrams related to correct answers, but inac-
curate ones to incorrect answers) than for consistent word problems. We conclude that bar
diagram drawing provides an effective graphical support for solving inconsistent word
problems.

Keywords Arithmetic word problem solving - Consistency effect - Model method -
Compare problems

Contemporary mathematics education increasingly relies on word problem-solving
(Boonen et al., 2016). Word problems are mathematical exercises describing real-life
situations in connected text of a few sentences to a paragraph in length instead of in
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mathematical notation (Rasmussen & King, 2000; Timmermans et al., 2007). Notwith-
standing the assumed benefits of word problems regarding students’ motivation and con-
nection with realistic contexts and personal experiences (e.g., van den Heuvel-Panhu-
izen, 2003), a significant number of students struggle, or even fail, to accurately solve
word problems (e.g., De Koning et al., 2017; van der Schoot et al., 2009). Consequently,
researchers have started to develop and test remedying problem solving strategies and
instructional approaches that offer textual guidance (e.g., De Koning et al., 2017) or serve
as graphical aids (e.g., Dewolf et al., 2017). In the present study, we focus on one specific
type of graphical approach that has recently attracted a considerable amount of attention
from researchers and educational practitioners: the model method. Specifically, our aim
was to investigate whether model method drawing supports problem solving performance
to a similar extent in word problems that differ in their consistency (i.e., relational term
consistent vs. inconsistent with the required mathematical operation).

1 The model method

The model method is a graphical approach for supporting word problem-solving that origi-
nated in Singapore as part of the primary mathematics curriculum reform (Kho, 1987; Ng
& Lee, 2009) and is increasingly used in various other countries worldwide such as the
Netherlands (Kaur, 2019). The core feature of the model method is that children are taught
to draw a bar diagram to represent the known and unknown mathematical quantities, as
well as their relations, of a word problem (Kho, 1987; Ng, 2004). Specifically, children
are encouraged to graphically depict the problem situation that is hidden in the word prob-
lem text by representing the relationship(s) among the quantities externally in the form of
rectangles. So, all information explicitly or implicitly presented in the word problem is
captured in a series of rectangles (i.e., a bar diagram) where each rectangle represents a dif-
ferent variable (and its quantity) from the word problem. The bar diagram thereby serves as
a “visual analogue” (Ng & Lee, 2009, p. 62; also see Ng & Lee, 2005) in that it contains all
relevant variables, quantities, and relations from a word problem that are needed to solve
the word problem. In this sense, the model method targets what is most fundamental for
the word problem solution, namely constructing a representation of the situation described
in the word problem (e.g., De Corte et al., 1985; Ng & Lee, 2009). Prior research has
indeed shown that the model method is a powerful graphical strategy to support word prob-
lem solving in various types of word problems including algebraic routine problems (Ng
& Lee, 2009), arithmetic routine problems (Ng & Lee, 2005), and non-routine problems
(Ho & Lowrie, 2014) as well as for different types of learners including those with learning
disabilities (Sharp & Dennis, 2017) and lower mathematical skills (Goh, 2009; Poh, 2007).

2 The model method focuses on consistent word problems

Interestingly, so far, prior research on the use (by students and teachers) and instructional
effectiveness of the model method has been characterized by an exclusive focus on consist-
ent word problems (e.g., Lee, Khng, Ng, & Ng Lan Kong, 2013; Ng & Lee, 2005, 2009)
while ignoring their inconsistent counterparts (for example, of consistent and inconsist-
ent word problems, see Table 1). In consistent word problems, the required mathematical
operation can be derived straightforwardly from the word problem because the words used
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Table 1 Example of a consistent and inconsistent compare word problem

Consistent compare problem Inconsistent compare problems

At the Bijenkorf, jeans cost 45 euros At the Bijenkorf, jeans cost 45 euros
At C&A, jeans cost 17 euros less than at the Bijenkorf That is 17 euro less than at C&A
How much will you pay at C&A? How much will you pay at C&A?

in the word problem steer towards the mathematical operation that is needed to solve the
problem. Look, for example, at Table 1 which shows a compare word problem, one of the
most well-known types of word problems in which the consistency of the language used
in a word problem is investigated. In a compare word problem, one needs to compute the
quantity of a variable by comparing the information given about the relative magnitude
of two quantities where one variable serves as the referent set and another variable as the
comparison set (Boonen et al., 2016; De Koning et al., 2017; Verschaffel et al., 1992).
For the consistent compare problem, the relational keyword “less than” is used to indicate
the comparative relationship between the (quantities of) variables in the first and second
sentences and is consistent in that the relational keyword in the second sentence aligns
with the required mathematical operation which is addition. For solving consistent com-
pare problems, the problem solver simply can rely on the numbers and the comparative
keyword(s) given in the text to compute the answer. There is no need to internally or exter-
nally represent the described problem situation capturing all solution-relevant elements to
come to the correct answer.

In inconsistent word problems, the required mathematical operation cannot directly be
derived from the word problem text because the language used in the word problem steers
towards an inappropriate mathematical operation. To illustrate, in the inconsistent compare
word problem presented in Table 1, “less than” primes a subtraction operation while an
addition operation is required. This has to do with the pronominal reference (That is...)
at the beginning of the second sentence which refers back to the quantity expressed in the
first sentence and thus requires a reversal of the arithmetic operation that needs to be per-
formed. In this case, a correct solution to the word problem requires the problem solver
to engage in additional cognitive processing conducive to the construction of a mental
representation of the problem situation (Hegarty et al., 1995; Kintsch & Greeno, 1985).
Especially Kintsch and Greeno’s (1985) schema theory sheds helpful light on how the lan-
guage consistency of word problems relates to mental representation processes. According
to this theory, the key to solving a word problem is to translate the problem statement into
a mental representation of the base type of mathematical situation that is embedded in the
problem (and on the basis of which the required arithmetic operations can be planned and
executed). To build an effective mental representation, problem solvers above all need to
derive the correct relations between the solution-relevant elements from the text base of
the word problem. In doing so, they have to utilize top-down comprehension processes to
organize the text base, exclude irrelevant information, infer missing information, and most
relevantly here, deal with inconsistent relational statements (Kintsch & Greeno, 1985). If
problem solvers do not sufficiently engage in these cognitive processes when constructing
a mental representation of the situation described in the word problem or do not construct
a mental representation at all, and therefore do not reverse the addition operation to the
subtraction operation, they commit a reversal error and most likely will solve the word
problem incorrectly (Lewis & Mayer, 1987; Schumacher & Fuchs, 2012).
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A robust finding in word problem-solving research that is relevant here is that word
problems containing consistent language are solved correctly more often than those with
inconsistent language (i.e., consistency effect, Lewis & Mayer, 1987; van der Schoot et al.,
2009). Connecting this to the model method research conducted so far, it appears that past
studies involving compare word problems, such as those by Lee et al. (2013) and Ng and
Lee (2005, 2009), and other types of word problems (e.g., fraction problems; Sharp & Den-
nis, 2017), did not yet test the efficacy of the model method for solving inconsistent word
problems even though inconsistent problems in particular may benefit from additional sup-
port to accurately represent and solve the word problem.

Also at the theoretical level, no explicit attention is given to the suitability of the model
method to provide representational support for solving inconsistent word problems: “The
theoretical model we present is for consistent-language compare word problems that require
the construction of a single model drawing....” (Ng & Lee, 2009, p. 289/290). According
to this theoretical model, which draws on the above discussed processing model for word
problem solving by Kintsch and Greeno (1985), solving word problems with the model
method consists of three phases. In the text phase, the text presented in the word problem is
read with the aim to identify the variables, quantities, and relations that are given as well as
what is unknown and is to be found. For the consistent word problem presented in Table 1,
this would mean that the store names, prices, and relational keyword are identified. In the
structural phase, the text information is represented graphically in the form of rectangles
where each rectangle represents a specific piece of information identified in the text (e.g.,
quantity of 45 euros for the variable jeans at the store Bijenkorf). Hence, there is continu-
ous coordination between the text phase and the structural phase: if one piece of informa-
tion is represented (e.g., step 1: top rectangle in Fig. 1 representing the price at Bijenkorf),
one returns to the text for representing the next piece of information (e.g., step 2: bottom
rectangle in Fig. 1 representing the price at C&A). The comparative relation between the
two variables in a compare word problem is used to determine how to draw the two rec-
tangles. For example, for the consistent word problem depicted in Table 1, the relational
keyword “less than” makes that the quantity of the second variable is smaller (expressed
as a shorter rectangle) than that of the first variable (expressed as a longer rectangle), as
is illustrated in Fig. 1. The structural phase is completed if all pieces of information are

Step 1

Step 2

Fig. 1 Bar model drawing accurately representing the relations of the consistent word problem presented in
Table 1
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combined into a series of rectangles (i.e., bar diagram). In the procedural-symbolic phase,
the bar diagram drawn in the previous phase is used as a basis to formulate the mathemati-
cal equation that needs to be solved and the mathematical operations are carried out to
solve the problem. Together, the theoretical model assumes that going through these three
phases in an iterative manner to graphically depict the word problem helps to represent and
solve consistent word problems.

3 Extending the model method to inconsistent word problems

Although one might be tempted to assume that what works for consistent word problems
will probably also work for inconsistent word problems, previous research has indicated
that the same instructional support may impact consistent and inconsistent word problems
differently (e.g., De Koning et al., 2017). Based on the assumptions of the abovementioned
theoretical account, the continuous interactions between one’s thought processes and draw-
ing using the model method might be especially helpful for solving inconsistent word prob-
lems: the solution-relevant elements identified in the text (text phase) form the basis for the
drawing process, while engaging in model method drawing in turn helps problem solvers
to reflect on the problem situation (structural phase) such that it reshapes one’s interpreta-
tion of the word problem, helps to see through relations that they were not aware of before,
encourages them to consider additional pieces of information, and things alike (all text
phase), which is then again externalized in a revised drawing (construction phase). In other
words, graphically representing the word problem text influences one’s cognitive represen-
tation of the problem situation and hence the mathematical operation that one considers
appropriate for the word problem.

In case of inconsistent word problems, this would mean that model method drawing
would serve a crucial function in that it helps the problem solver to re-analyze and critically
reflect on the word problem text. Such cognitive consequences of having to graphically
externalize the solution-relevant elements and their relations are thought to support the
representation process (cf. van Meter, Aleksic, Schwarz, & Garner, 2006) and are therefore
likely to contribute to the realization that in an inconsistent compare word problem, the
comparative keyword steers towards an inappropriate mathematical operation. These inter-
actions between drawing and cognitive processing are supposed to help problem solvers to
reverse the comparative keyword to an appropriate arithmetic operation and hence to arrive
at the correct solution on inconsistent word problems. If we apply this to the inconsistent
word problem presented in Table 1, problem solvers first identify the relevant elements
in an inconsistent word problem and then graphically represent the variable presented in
the first sentence in a bar diagram (see Fig. 2, step 1). Subsequently, they use the textual
information and the drawing to determine how to mentally and graphically represent the
variable presented in the second sentence in relation to the first variable. If this processing
results in the realization that the relational keyword “less than” needs to be reversed to an
addition operation, a longer rectangle is drawn for the second variable (see Fig. 2, step 2).

The above is in line with previous research showing that self-generated drawing has
a positive effect on mathematics performance for tasks like word problem solving (e.g.,
Boonen et al., 2016) and solving mathematical modelling problems (e.g., Rellensman,
Schukajlow & Leopold, 2020). Comparable beneficial effects of drawing have been
reported outside the mathematical domain such as in the comprehension of science top-
ics from text (e.g., Schwamborn et al., 2010). Recent lines of research on the role of
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Step 1

Step 2

Fig.2 Bar model drawing accurately representing the relations of the inconsistent word problem presented
in Table 1

drawing in word problem-solving have focused on various aspects related to drawing
such as the effects of strategic knowledge about drawing (i.e., students’ views on the
characteristics of a drawing that fit a given problem), the type of drawing (e.g., situ-
ational vs. mathematical; number lines, diagrams), and the accuracy of drawing (i.e., the
correctness of representation of the relevant objects and relations, including the correct
labeling of the drawing with numbers) on word problem solving performance (e.g., Chu
et al., 2017; Csikos et al., 2012; Gvozdic & Sander, 2020; Krawitz & Schukajlow, 2020;
Munez et al., 2013; Ott, 2020; Rellensmann et al., 2019, 2020). For the present study,
particularly, the research on the accuracy of drawing is relevant as this work shows that
benefits of drawing for word problem solving are strongly related to the accuracy of the
drawing with more accurate drawings correlating with better word problem solving per-
formance (e.g., De Bock et al., 1998).

Also in using the model method, the drawing of accurate bar diagrams appears cru-
cial for word problem-solving performance. Yan (2002) and Ng and Lee (2009), for
example, demonstrated that the errors students made in solving word problems were
less likely to arise from computational problems (cf. De Corte et al., 1985), but rather
were due to students experiencing problems with drawing an accurate bar diagram. Par-
ticularly, problems with understanding the word problem, determining the solution steps
with help of the model method, and deciding what the correct model is to be drawn,
should be have been indicated as hindrances to solving word problems (Goh, 2009; Ng
& Lee, 2009). This makes clear that understanding the relations between the different
pieces of information and drawing an accurate bar diagram that corresponds to this are
critical for the model method to be successful, although it does not guarantee that a cor-
rect answer is given (Ho & Lowrie, 2014). Given that such relational processing is most
relevant for solving inconsistent word problems, it seems plausible that the accuracy of
the drawn bar diagram is most critical in inconsistent word problems. In consistent word
problems, a correct answer may be given without drawing a (correct) bar diagram as the
appropriate mathematical procedure can be read off directly from the problem text and
the construction of a representation is not a prerequisite (Hegarty et al., 1995). In other
words, drawing no or an inaccurate bar diagram likely hinders word problem-solving
performance most in inconsistent word problems. By taking into account both consist-
ent and inconsistent word problems as well as the accuracy of the drawn bar diagram,
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the present study contributes to better understanding of the use and effectiveness of the
model method and extends previous research on (accuracy of) drawing in word prob-
lem solving (e.g., Krawitz & Schukajlow, 2020).

4 The present study

In this study, we addressed the question of whether the positive effects of bar model draw-
ing on consistent compare word problem performance can also be found for inconsist-
ent compare word problems. The study was conducted among fifth-grade primary school
children who attended a school that used the model method as an instructional approach
in their mathematics curriculum. The children completed a set of consistent and incon-
sistent compare word problems and they were encouraged to use the model method while
they solved the word problems. Both the word problems and the drawn bar diagrams were
scored for accuracy. Given that prior research has indicated a positive influence of model
method drawing on solving consistent word problems (e.g., Ng & Lee, 2009), we expected
that drawing a correct bar diagram would be positively associated with problem-solving
performance on consistent word problems and would yield a slightly higher number of cor-
rectly solved consistent word problems than when no or an inaccurate bar diagram was
drawn. For inconsistent word problems, we expected the accuracy of the drawn bar dia-
gram to have a more pronounced influence. Assuming that drawing a bar diagram supports
one’s understanding of the problem situation described in the word problem text, a rela-
tively higher number of accurate bar diagrams than inaccurate bar diagrams or no bar dia-
grams were expected and these accurately drawn bar diagrams were expected to be more
likely associated with a correct answer on an inconsistent word problem than when draw-
ing no or an inaccurate bar diagram.

5 Method
5.1 Participants

The participants were 75 fifth-grade children (46 boys, M,,,=9.70 years, SD,,,=0.03;
29 girls, M,,,=9.83 years, SD,,,=0.35) from three regular primary schools located in
the Netherlands. The participating schools used the instructional method Rekenwonders
for teaching mathematics; this method is the only Dutch mathematics method that uses
the model method as the core problem-solving approach in mathematics instruction. This
means that all participating children were familiar with schematically representing math-
ematical exercises according to the model method and had experience using it for solving
mathematical tasks. All children participated voluntarily and received a small gift as an
appreciation for their participation. Children’s parents provided informed consent based on
printed information about the purpose of the study.

5.2 Materials

The inconsistency task was used for assessing word problem-solving performance. This
task is a well-established and frequently used instrument for measuring one’s proficiency
in solving arithmetic word problems (Daroczy et al., 2015). The inconsistency task used in
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this study contained 24 one-step compare word problems (available at https://osf.io/fnxzj/)
that were based on van der Schoot et al. (2009). Each compare word problem was presented
in Dutch and consisted of three sentences. The first sentence presented an assignment state-
ment in which the value of the first variable was expressed (e.g., At the Bijenkorf, a sweater
costs 45 euros.). The second sentence contained a relational statement expressing the value
of the second variable in relation to the first variable (e.g., At the C&A, a sweater costs 17
euros less than at the Bijenkorf). The third sentence asked participants to indicate the price
of the second variable (e.g., How much will you pay at C&A?).

In half of the compare word problems (i.e., 12 problems), the relational keyword used
in the second sentence (“more/less than) was consistent with the required mathematical
operation, whereas in the other half, the relational keyword was inconsistent with it. In
consistent compare word problems (see Table 1), the relation between the values of the first
and second variables is explicitly and unambiguously indicated in the first two sentences.
This makes that the relational keyword in the second sentence (e.g., less than) primes the
appropriate arithmetic operation (e.g., subtraction). In inconsistent compare word problems
(see Table 1), the second sentence contains a pronominal reference relating the value of
the second variable to the value of the first variable from the first sentence (e.g., That is 17
euros less than at the C&A). Hence, in inconsistent compare word problems, the relational
keyword (e.g., less than) primes an inappropriate arithmetic operation (e.g., subtraction)
instead of the required arithmetic operation (e.g., addition).

To ensure comparability across all compare word problems, we applied several rules
derived from prior research (e.g., Boonen et al., 2016; De Koning et al., 2017; van der
Schoot et al., 2009). The rules were tailored to our sample in consultation with the chil-
dren’s teachers so that all compare word problems could be solved by every child. This
was done to reduce the possibility that the execution of the required arithmetic operations
would be a determining factor in students’ word problem solving. This resulted in the fol-
lowing rules: (1) answers to each problem always required a subtraction or addition opera-
tion, (2) answers and numerical values in the problems contained no fractions or negative
numbers, (3) numerical values occurred only once in the same problem, (4) answers to
each problem were between 13 and 75, and (5) numerical values in consistent and incon-
sistent word problems were matched for magnitude.

Three versions of paper-and-pencil booklets were created that each contained 24 (12
consistent, 12 inconsistent) compare word problems. Each page of the booklet contained
(1) one compare word problem followed by a text box in which participants could write
their answer (top half of the page) and (2) an empty box in which participants could draw
their schematic representation (i.e., bar model) of the compare word problem (bottom half
of the page). In all three versions, the problems were presented in a random order while
taking into account that problems of the same type were not presented more than two times
consecutively. The versions differed in the order in which the problems were presented.
The internal consistency of the inconsistency task (all consistent and inconsistent word
problems together) as used in the present study was high (Cronbach’s a=0.87).

5.3 Procedure

The experiment took place in the children’s classroom at their school and was conducted
by three trained research assistants in a single session. The research assistants told the chil-
dren that they were expected to complete a booklet of arithmetic word problems. They
verbally instructed the children to complete the problems as they would normally do and
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encouraged them once to schematically represent each problem by drawing a bar model
in the indicated box to help them solve that problem (note that the word problem booklet
did not contain additional drawing prompts). There was no practice with drawing because
children were already familiar with bar model drawing from their regular lessons. It was
explicitly mentioned that their word problem-solving performance would not be graded,
but that they still should try to perform to the best of their abilities. After having placed the
children’s desks in a test situation (all desks separated from each other, lined up in separate
rows), the booklets were distributed. After all children had received a booklet (one of the
three randomly assigned versions) and had filled out their demographic information (i.e.,
age, gender) on the first page, they were told to start solving the problems. Children were
given 60 min to individually complete the booklet and could do something for themselves
(e.g., reading, drawing) when they were done. At the end of the experiment, all booklets
were collected and children were given a small gift.

5.4 Data-analysis

For each compare word problem in the inconsistency task, it was known whether it was a
consistent or inconsistent word problem because of the “word problem type” (consistent vs.
inconsistent; an independent variable in the study). Each word problem was additionally
scored for the following aspects: (1) word problem performance (the dependent variable),
which was determined by indicating for each word problem whether the provided answer
was correct (yielding 1 point) or incorrect (yielding O points), and (2) bar diagram (the
second independent variable in the study), which was determined for each word problem
by categorizing the drawing as “no bar diagram”, “accurate bar diagram”, or “inaccurate
bar diagram”. The category “no bar diagram” was assigned if no drawing was made for
solving the compare word problem. A drawing was categorized as “accurate bar diagram”
if a complete bar diagram was drawn in which all values and relations expressed in the
compare word problem were correctly represented. If a bar diagram drawing incorrectly
represented (or missed) one or more values and/or relations, it was coded as an “inaccu-
rate bar diagram”. Please note that we did not subdivide further into number and type of
errors within this category as we were primarily interested in the accuracy of the drawn bar
diagrams and wanted to avoid ending up with (too) many categories containing just a few
instances of bar diagram drawings that would be difficult to interpret. For the scoring of
(1) and (2), there were no missing values. A randomly selected subset of 50 bar diagram
drawings was coded by two independent raters. Given that the inter-rater reliability of these
coded drawings was high (Cohen’s Kappa [k] =0.96), the remaining bar diagram drawings
were coded by one rater.

We ran multilevel logistic regressions using the /me4 R-package (Bates et al., 2015) to
see how word problem type, bar diagram, and the interaction between word problem type
and bar diagram were related to word problem performance, while correcting for nesting
within students. Specifically, we ran (1) an intercept only model to determine the amount
of variability between participants in word problem performance, (2) a model with the
main effects of bar diagram and word problem type on word problem performance, and
(3) a model with the main effects of bar diagram and word problem type as well as their
interaction. In these analyses, word problem type was a dummy variable (0= consistent,
1 =inconsistent) and bar diagram was included using two dummies that compare an inac-
curate drawing to the no drawing condition (dummy 1) and an accurate drawing against
no drawing (dummy 2). In multilevel logistic regression models, R-squared can be defined
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in different ways due to the presence of multiple variance components. Here we use the
pseudo-R-squared as implemented by Nakagawa and Schielzeth (2013) which gives an
estimate of the total variance explained on all levels in the model. This statistic should be
interpreted with caution, however, since there is no proper estimator for explained variance
in multilevel logistic regression models that works well all the time and for all purposes.
Pairwise comparisons between all possible conditions were corrected for inflated type I
error rates using the Sidak correction to prevent inflated type I error rates. All analyses
were run in R version 3.6.1 (R Core Team, 2019); see https://osf.io/fnxzj/ for the annotated
R code.

6 Results
6.1 Descriptive information

Participants produced a bar diagram drawing in 904 (50.99%) out of the total number of
1773 word problems: 644 (71.23%) were identified as an accurate bar diagram drawing
and 260 (28.77%) were categorized as an inaccurate bar diagram drawing. The category
“no bar diagram drawing” contained 869 cases (49.01%). For consistent word problems,
out of the 889 consistent word problems in 453 (50.98%) of the cases, a bar diagram was
drawn, whereas in 436 (49.04%) of the cases, no bar diagram was drawn. If a bar diagram
was drawn, in 385 (84.99%) of the cases, an accurate bar diagram was drawn, whereas in
68 (15.01%) of the cases, an inaccurate bar diagram was produced. For inconsistent word
problems, out of the 884 inconsistent word problems in 451 (51.02%) of the cases, a bar
diagram was drawn, whereas in 433 (48.98%) of the cases, no bar diagram was drawn. If a
bar model was drawn, in 259 (57.43%) of the cases, an accurate bar model was drawn, but
in 192 (42.57%) cases, an inaccurate bar diagram was produced. Participants’ performance
on each consistent and inconsistent compare word problem (i.e., correct vs. incorrect) sub-
divided into the type of bar diagram drawing they had produced (i.e., none, accurate, inac-
curate) for that compare word problem is depicted in Fig. 3.

400 M Correct answer
350 Incorrect answer
2
[
2 300
a
c
©
S 250
(9]
5
S 200
£
©
@ 150
b
o
()
% 100
=
2
c 50
2
0 |
No bar diagram Accurate bar Inaccurate bar No bar diagram Accurate bar Inaccurate bar
diagram diagram diagram diagram
Consistent Inconsistent

Fig. 3 Number of correctly and incorrectly solved consistent (left) and inconsistent (right) word problems
in each bar diagram category (no, accurate, inaccurate)
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6.2 Statistical testing

An intercept only model showed that 26.7% of the total variance in accuracy of word prob-
lem solving was on the student level. The pseudo-R? of this model is equal to 0.27.

Next, we ran the main effects model to test the overall effect of word problem type
and bar diagram on word problem performance. Results showed that there was a signif-
icant effect of word problem type with fewer correct answers being given on inconsist-
ent word problems than on consistent word problems, b= —1.93,se=0.162, p <0.001.
The probability of a right answer is 83.2% for consistent problems compared to 41.7%
for inconsistent ones. In other words, we obtained a consistency effect (e.g., Lewis &
Mayer, 1987; van der Schoot et al., 2009). There was also a significant effect of bar
diagram: fewer correct answers were given when an inaccurate bar diagram was drawn
than when no bar diagram was drawn, b= —2.36, se=0.417, p <0.001; more correct
answers were given when an accurate bar diagram was drawn than when no bar dia-
gram was drawn, b=4.76, se =0.425, p <0.001; and more correct answers were given
when an accurate bar diagram was drawn than when an incorrect bar diagram was
drawn, b=7.12, se =0.507, p <0.001 (all after correction for multiple testing using the
Sidak correction). The pseudo-R? of this model is equal to 0.77, and the probability of
a correct answer for the no bar diagram, incorrect bar diagram, and accurate bar dia-
gram was 45.8%, 7.4%, and 99.0%, respectively.

Results of the model that takes into account the interaction between word problem
type and bar drawing showed that there was a significant interaction between these
two factors, X2 (2) =23.41, p <0.001. The pseudo-R? of this model is equal to 0.77.
When no bar diagram was drawn, there were more incorrect answers on inconsistent
word problems than on consistent word problems, b= —2.07, se=0.184, p <0.001.
Drawing an inaccurate bar diagram resulted in more incorrect answers on inconsist-
ent word problems than on consistent word problems and this difference was larger
than when no bar diagram was drawn, b= —3.27, se=0.594, p <0.001. There were
no significant differences in word problem-solving performance between consistent
and inconsistent word problems when an accurate bar diagram was drawn, b= —0.06,
se=0.442, p=0.887. If no bar diagram was drawn, the probability of a correct
response for consistent and inconsistent problems is 70.4% and 23.1%, respectively. If
a wrong bar diagram was drawn, these probabilities are 26.9% and 1.4%, respectively,
while the probability of a correct response for consistent and inconsistent problems
is 98.9% and 98.8% when an accurate bar diagram is drawn. An additional sensitivity
analysis with students’ performance on a standardized mathematics test (Cito math-
ematics) as a control variable showed that adding mathematics performance to the
analysis did not change this pattern of results. Together, our results show that when
an inaccurate bar diagram is drawn, poorer performance is obtained on both consistent
and inconsistent word problems, yet inaccurate drawing appears most disadvantageous
for inconsistent word problems (also see Table 2). For inconsistent word problems,
an all-or-nothing picture emerged: if an accurate bar diagram was drawn, there was
a close to 100% accuracy in word problem-solving performance, while if an inaccu-
rate bar diagram was drawn, word problem-solving performance accuracy was close to
zero.
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Table 2 Model predicted

percentages of word problem- Bar diagram

solving accuracy as a function Problem type No drawing Wrong drawing Correct drawing

of problem type and drawing

accuracy Consistent 704 269 .989
Inconsistent 231 .014 .988

7 Discussion

This study investigated the extent to which drawing a bar diagram affects problem-solving
performance for compare word problems. We were particularly interested in whether draw-
ing a bar diagram can improve performance on inconsistent compare word problems and
how this compares to drawing bar diagrams on consistent compare word problems. Over-
all, results showed that producing accurate bar diagrams benefited problem-solving perfor-
mance on both consistent and inconsistent word problems relative to drawing inaccurate
bar diagrams or not drawing. This is in line with our predictions and confirms previous
findings showing that bar diagram drawing supports problem-solving success in consistent
word problems (e.g., Ng & Lee, 2009). An important contribution our study makes is that
we show that drawing bar diagrams can also support word problem-solving performance
on inconsistent word problems.

7.1 The “all-or-nothing” of drawing for inconsistent word problems

The results of our study show that there is a positive impact of drawing bar diagrams on
both consistent and inconsistent word problems, with effects of drawing being the most
pronounced on inconsistent word problems. It is important to consider that, as hypothe-
sized, this positive impact strongly depends on the accuracy of the drawn bar diagram,
which is in line with earlier research showing that the accuracy (or quality) of drawing
influences word problem-solving performance (e.g., Krawitz & Schukajlow, 2020; Ott,
2020; Rellensmann et al., 2019, 2020). That is, bar diagram drawing is mostly supportive
to problem solving on inconsistent word problems if an accurate bar diagram is drawn. For
inconsistent word problems, drawing resulted in an accurate bar diagram and subsequently
in a correct answer in a large majority of the cases. Such a high percentage of correct
problem solutions was not realized when no bar diagrams were drawn, indicating a benefit
of engaging in drawing accurate bar diagrams. However, if an inaccurate bar diagram was
drawn, which occurred relatively less often than accurate drawings, this hardly ever was
accompanied with a correct answer. In fact, the chance of a correct answer after drawing an
inaccurate diagram was only 2.60%, whereas this chance for consistent word problems was
33.82%. Together, when controlling for students’ mathematical abilities, drawing accurate
bar diagrams has a positive impact on word problem solving performance, whereas draw-
ing inaccurate bar diagrams has a detrimental effect on word problem-solving performance,
and both effects are more pronounced for inconsistent word problems. This suggests that
drawing a bar diagram for inconsistent word problems resembles an “all-or-nothing” prin-
ciple where the accuracy of the drawn bar diagram (i.e., accurate vs. inaccurate) is tightly
coupled with the correctness of the answer on the word problem (i.e., correct vs. incorrect
answer).

@ Springer



Model method drawing acts as a double-edged sword for solving... 41

Our interpretation of this is that the “all” (i.e., association between accurate bar dia-
grams and correct problem solutions) represents a situation where the instruction to draw
encouraged students to reflect on their mental processes. Being confronted with the expec-
tation to draw a bar diagram likely stimulated students to invest mental resources to more
critically analyze the word problem and their approach to solve the problem. The engage-
ment in cognitive activities such as identifying and relating the key variables in the word
problem has proven to be associated with word problem solving success (e.g., Daroczy
et al., 2015; van der Schoot et al., 2009). Several studies indicate that such deeper-level
thinking strategies are particularly supportive for improving performance on inconsistent
word problems (e.g., De Koning et al., 2017). In this scenario, students are therefore more
likely to reverse the arithmetic operation (e.g., subtraction) primed by the relational key-
word (e.g., less than) to the appropriate arithmetic operation (e.g., addition). Consequently,
their chance to solve an inconsistent word problem correctly is improved.

In contrast, the “nothing” (i.e., association between inaccurate bar diagrams and incor-
rect problem solutions) in our view reflects students’ attempts to solve an inconsistent word
problem while they are insufficiently investing mental resources to accurately mentally rep-
resent the described problem situation. That is, they do not take the requirement to draw as
an opportunity to carefully and critically analyze the word problem (or may not succeed
in this) resulting in the typical reversal error (Schumacher & Fuchs, 2012) that underlies
the lower performance on inconsistent word problems. By externalizing these thought pro-
cesses in a bar diagram (e.g., making one bar longer instead of shorter than the other), the
drawing likely visually reinforces students’ inadequate problem-solving approach. Students
may perceive this as confirmation that they used an appropriate problem solving approach
and do not additionally engage in the deeper cognitive processes required to correctly solve
the word problem. This could explain why drawing inaccurate bar diagrams resulted in
lower problem-solving performance than not drawing, as without drawing such a visual
reinforcement is not available to prevent students from engaging in additional cognitive
processing.

For consistent word problems, the relation between bar model drawing and problem-
solving success has less of such an all-or-nothing character. The overall pattern of findings
indicates that accurate bar diagram drawings most likely coincide with a correct answer
on a consistent word problem, more so than respectively not drawing or drawing inaccu-
rate bar diagrams. However, in contrast to inconsistent word problems, on consistent word
problems, there were relatively fewer inaccurate bar diagrams but such inaccurate drawings
resulted in a correct answer more often than was the case for inconsistent word problems.
This suggests that potential harmful effects of drawing an inaccurate bar diagram (e.g.,
visual reinforcement) are less likely to occur when solving consistent word problems. This
is related to the fact that consistent word problems may be solved by relying on a rather
superficial problem-solving strategy (Hegarty et al., 1995). For example, to solve consist-
ent word problems, students may simply concentrate on the numbers and relational key-
word given in the word problem, and without engaging in deeper cognitive processing,
arrive at the correct answer. If students in this situation attempt to draw a bar diagram
for the consistent problem because they were expected to do so, their drawing might be
inaccurate for several reasons. For example, students might insufficiently master the model
method approach resulting in a poorly worked out model (which is unlikely in this study
because we tested a sample that was familiar with this method) or they might not finish the
drawing because it is not needed to correctly answer the word problem. Additionally, when
students draw an inaccurate bar diagram and still are able to provide a correct answer, it is
possible that students might have noticed the mismatch between the inaccurate bar diagram
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and the situation described in the word problem. This may have triggered them to mentally
adjust their representation of the word problem and mentally execute the required arithme-
tic computation to provide the correct answer without additionally changing the initially
drawn bar diagram. Although these interpretations, as well as the ones provided for incon-
sistent word problems, appear plausible, they need confirmation in future work that extends
the current study with a close examination of the actual problem-solving process. This may
provide insight into the extent to which and in what ways cognitive processing and drawing
bar diagrams influence each other.

7.2 Implications

We can tentatively draw a number of educational implications from our results. These
implications, which need further ratification, are intended to inform teachers and educa-
tional designers about some issues related to drawing bar diagrams during word prob-
lem solving. First, asking students to draw a bar diagram during word problem solving
improves performance on both consistent and inconsistent word problems. Yet, benefits
of drawing compared to not drawing are larger for inconsistent than for consistent word
problems. Additionally, it should be noted that the implication that drawing has compa-
rable effects on problem-solving performance for students of varying mathematical abili-
ties should be treated with caution given that we did not have sufficient power to perform
interaction analyses, and thus needs corroborating evidence from future studies. Second,
our results suggest that carefully analyzing an inconsistent word problem before or dur-
ing drawing—presumably elicited by the requirement to draw—supports creating accurate
bar diagrams and improves problem-solving performance. Third, it appeared that once an
inaccurate bar diagram was drawn for an inconsistent word problem, it was unlikely that
students were able and/or willing to arrive at the correct problem solution. Therefore, using
drawing as a control mechanism for the correctness of an answer is likely to be ineffective
when solving inconsistent word problems, at least without feedback on the accuracy of the
given answer and/or the drawing and prompts to reflect on their problem-solving approach.
Fourth, simply indicating that students should draw bar diagrams while solving word prob-
lems does not guarantee that they will create a drawing nor that they create accurate draw-
ings. It would therefore be advisable to complement this instruction with explicit guidance
in how to draw and/or to increase the likelihood that students perceive drawing as process-
ing support rather than as optional. For example, a to-be-completed bar diagram could be
presented together with the word problem such that students only have to insert the num-
bers at the right location or, as a more complex variant, are required to draw the second bar
and decide whether this should be longer or shorter than the already given bar. A consider-
able amount of research has shown that using partially completed problems where students
need to complete some key solution steps results in fewer errors, increased motivation, and
shorter solution times than when having to solve the problem without such guidance (cf.
completion effect, Sweller et al., 2011).

8 Conclusion
The present study shows that bar diagram drawing is an effective approach to support word

problem-solving performance, particularly for inconsistent word problems. This is a prom-
ising finding given that with inconsistent word problems learners typically fail to convert
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the given relation keyword into the appropriate arithmetic operation. Our results indicate
that this high probable conversion error can be prevented to a large extent by engaging in
externally visualizing the problem situation in a bar diagram. With this, the current study
contributes to an emerging line of research aimed at improving the performance on incon-
sistent word problems, which thus far has only concentrated on testing the efficacy of ver-
bal/linguistic approaches (De Koning & van der Schoot, 2019; De Koning et al., 2017);
here we add to this research by showing that a graphical approach to processing inconsist-
ent word problems can support problem-solving success.
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