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Abstract

Three term relations for orthogonal polynomials in several variables associated to a moment
linear functional obtained by a Uvarov modification of a given moment functional are studied.
Existence of Uvarov orthogonal polynomials is analyzed, stating conditions to ensure it. The
matrices of the three term relations of the Uvarov orthogonal polynomials are explicitly
given in terms of the matrices of the three term relations satisfied by the original family. Two
examples are presented in order to show that the results are valid for positive definite linear
functionals and also for some quasi definite linear functionals which are not positive definite.
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1 Introduction

Let { P,},>0 be a sequence of orthogonal polynomials with respect to a moment linear func-
tional u. One of the more interesting problems in the theory of orthogonal polynomials in one
and in several variables is the modification of the moment linear functional # and the study
of the new family of orthogonal polynomials {Q,},>0 with respect to the modified moment
linear functional v. Among the orthogonality properties, the problem of how to compute the
new family of orthogonal polynomials {Q,},>0 in terms of the original family of orthogo-
nal polynomials {P,},>0 has been the subject of several papers both in the univariate and
multivariate cases. Modifications of moment functionals are related with quasi orthogonal-
ity, connection formulas between different families of orthogonal polynomials or adjacent
families of classical orthogonal polynomials, quadrature formulas, orthogonal polynomials
as solutions of higher order differential equations, among others.

In the univariate case, perturbations of positive Borel measures supported on the real line by
the addition of mass points have been considered in the literature in the framework of spectral
problems for differential operators of higher order. More precisely, for fourth order ordinary
linear differential operators the analysis of their polynomial eigenfunctions has been done in
Krall (1940), where three new families of orthogonal polynomials, different of the classical
ones (Hermite, Laguerre, Jacobi and Bessel) as trivial solutions, appear. They are the so called
Legendre type (the Lebesgue measure in the interval [—1, 1] plus two equal positive masses
located at #-1), the Laguerre type (the absolutely continuous measure exp(—x)dx supported
at (0, 400) plus a positive mass located at x = 0) and the Jacobi-type (the absolutely
continuous measure (1 — x)*dx, @ > —1, supported at (0, 1) plus a positive mass located
at x = 0). Notice that in Krall (1981) a updated approach is presented. Later on, in Chihara
(1985) the author focuses his attention on the study of algebraic properties of orthogonal
polynomials with respect to positive measures with masses located at the end points of the
convex hull of the support of the measure. Some interesting examples are shown. In Marcellan
and Maroni (1992) properties of orthogonal polynomials associated with a perturbation of a
quasi definite linear functional by the addition of a mass in any point of the real line have been
deeply analyzed. Notice that in this case, the authors deal with a general framework (without
restrictions about the location of the mass points and the linear functional in the linear space of
polynomials with real coefficients). The main problem is to analyze necessary and sufficient
conditions in order that the quasi definiteness of the linear functional is preserved. Such a
type of transformations are known in the literature as Uvarov transformations (see Uvarov
1969). They have considered in the framework of linear spectral transformations which are
generated by Christoffel and Geronimus transformations (see Zhedanov 1997). The first
ones are discrete Darboux transformations of the Jacobi matrix associated to the sequence of
orthogonal polynomials with respect to the first linear functional (by using a LU factorization
of the above matrix) while the second ones are related to UL factorizations of the Jacobi
matrix that are also known as discrete Darboux transformations with parameter (see Bueno
and Marcellan 2004 and Garcia-Ardila et al. 2021). The modifications of moment linear
functionals are usually classified in three types, namely: Uvarov or Krall-type modifications,
defined by adding Dirac’s delta(s) in one or several fixed points; Christoffel modifications,
constructed by multiplying the moment functional times a fixed low degree polynomial,
and Geronimus modifications, obtained by dividing the moment functional by a polynomial.
The main difference between Uvarov and Krall-type modifications is based in the fact that
the Krall-type modifications are made on classical moment functionals such as Jacobi and
Laguerre, and the perturbed polynomials satisfy higher order linear differential equations
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(Krall 1981). Several papers have been devoted to study the modifications of univariate
moment functionals. Among others, and referring the references therein, we can cite Alvarez-
Nodarse et al. (2004), Bueno and Marcelldn (2004), Maroni (1991).

In several variables, the study of the Uvarov and Krall modifications of moment functionals
was started in Delgado et al. (2010), where the modification was considered for a bilinear
form obtained by adding a Dirac mass to a positive definite moment functional. Explicit
formulas of the perturbed orthogonal polynomials were derived in terms of the orthogonal
polynomials associated with the original moment functional. In Ferndndez et al. (2010), the
case when the new measure is obtained from adding a set of mass points to another measure
is analysed. Also in this case, orthogonal polynomials in several variables associated with the
modified measure can be explicitly expressed in terms of orthogonal polynomials associated
with the first measure, so are the reproducing kernels associated with these polynomials. A
Uvarov modification of the bivariate classical measure on the unit disk by adding a finite
set of equally spaced mass points on the border was studied in Delgado et al. (2012). In
this situation, both orthogonal polynomials and reproducing kernels associated with the new
measure were explicitly expressed in terms of those corresponding with the classical one,
and asymptotics of kernel functions were studied.

Besides Uvarov modifications by adding Dirac masses at a finite and discrete set of points,
in the context of several variables it is possible to modify the moment functional with other
moment functionals defined on lower-dimensional manifolds such as curves, surfaces, etc.
A family of orthogonal polynomials with respect to such type of Uvarov modification of
the classical ball measure by means of a mass uniformly distributed over the sphere was
introduced in Martinez and Pifar (2016), and the authors proved that, at least in the Legen-
dre case, these multivariate orthogonal polynomials satisfy a fourth order partial differential
equation, which constitutes a natural extension of Krall orthogonal polynomials to the mul-
tivariate case. Moreover, in Delgado et al. (2018), an inner product on the triangle defined by
adding Krall terms over the border and the vertexes of the triangle is studied. For particular
values of the parameters, orthogonal polynomials associated with these inner product satisfy
fourth order partial differential equations with polynomial coefficients, as an extension of
the classical theory introduced (Krall 1940) and developed later in Krall (1981).

The aim of this paper is to study the three term relations for orthogonal polynomials in
several variables associated with a moment linear functional obtained by a Uvarov modi-
fication of a given moment functional. In this way, we define a general frame for Uvarov
perturbations of a multivariate moment functional, we establish conditions for the existence
of perturbed polynomials, and analyse the impact of the perturbation on the coefficients of
the three term relations. Moreover, we analyse two interesting examples. First, we compute
explicitly the matrix coefficients of the three term relations for the monic polynomials in the
case of Jacobi measure on the simplex with mass points added on the vertices, completing the
study of this case started in Delgado et al. (2010). In addition, we show the explicit expres-
sions of the perturbed and non perturbed polynomials of low degrees for a special election
of the parameters as well as we draw both families of polynomials and its zeros, where we
can see the influence of the mass points. Finally, a non positive definite bivariate moment
functional based on Bessel and Laguerre polynomials perturbed by a mass point at the origin
is analysed. In this case we also compute the explicit expressions for the matrix coefficients of
both families of bivariate orthogonal polynomials. The question about the spectral problem
associated with the orthogonal polynomials corresponding to the Uvarov perturbation of the
measure supported on the simplex presented in the first example remains open. Reading the
results given in Delgado et al. (2018) and Martinez and Pifiar (2016), we can not expect that
these polynomials can be eigenfunctions of a fourth order partial differential equation since
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the Uvarov term is taken as discrete points. Moreover, if that kind of Uvarov polynomials
satisfy higher order partial linear differential equations is a topic that remains open.

The structure of the paper is as follows. In Sect. 2 we recall the basic background about
orthogonal polynomials in several variables, including necessary definitions and notations. In
Sect. 3 Uvarov modifications of given linear functionals are studied in detail, providing results
for the existence of orthogonal polynomials with respect to the new linear functional. In Sect. 4
we obtain the expressions of the three term relations for Uvarov orthogonal polynomials from
the recurrence relations of the starting family. Finally, in Sect. 5 two examples are analyzed in
detail, in order to show that the results are valid for positive definite linear functionals and also
for non positive definite linear functionals. The first one deals with the Uvarov orthogonal
polynomials on the simplex, obtained by adding mass points to the positive definite linear
functional of very classical bivariate Jacobi polynomials on the simplex. Explicit expressions
for the matrices of the three term relations satisfied by the Uvarov modification are presented,
and for specific values of the parameters we compare the zeros of the classical bivariate
Jacobi polynomials and those of the Uvarov family. We must point out that the zeros of
multivariate polynomials constitute a theory that remains open, only a few analytic results
concerning zeros are known (see Dunkl and Xu 2014; Area et al. 2015). In general, a zero
of a multivariate polynomial is an algebraic curve, and different basis have different zeros.
Finally, the second example is devoted to the Bessel-Laguerre case, which is non positive
definite moment functional. For this case we show that the presented approach is also valid,
giving rise to the matrices of the three term relations for the Uvarov modification.

2 Orthogonal polynomials in several variables

Let Ny be the set of nonnegative integers and d € No. Form = (my,...,mg) € N‘g and
x=(X1,...,Xxq) € RY, we write a monomial as
m __ ,mj mq
XU =xp 0 eexg

The number |m| = m| + - - - + mgq is called the fotal degree of x™.

Along this paper, we denote by IT the linear space of polynomials in d variables with real
coefficients, by IT,, the linear space of real polynomials of total degree not greater than n, and
we will denote by P, the space of homogeneous polynomials of total degree n in d variables.
It is well known that (Dunkl and Xu 2014)

d d—1
diml'[n=<n+ ) and dimPn=(n+ ):rn.
n n

For h, k > 1, let M, (R), and M« (IT) be the linear spaces of (4 x k) matrices with
real and polynomial entries, respectively, and I, will represent the identity matrix of size
h x h.In general, if h = k, we will omit one of the subscript.

h.k

ii=1 € Mk (IT) as the

We define the degree of a polynomial matrix A = (a,-y j(x))
maximum of the degrees of the entries in such a matrix, i. e.,

deg A = max{deg a; j(x),1 <i <h,1<j <k}

As usual, given a matrix M, we will denote by M T its transpose, and, if M is a square matrix,
then we will say that it is non-singular if det M # 0.
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Following (Dunkl and Xu 2014, p. 71), if My, M>, ..., M, are matrices of the same size
p X g, then their joint matrix M is defined as

M,
M,
M= =My ... m))"
Mg
of sized p x q.
Given a sequence of polynomials of total degree n, {P)}}nj=n, We will use the vector
notation (see Dunkl and Xu 2014) to define IP,, as the column vector polynomial

T
IFD" = (PrZ)\m\zn = (P},Zl, PIZQ’ ey P’Zrn) € Mr,,xl(pn)7
where m1, ma, ..., m,, are the elements in {m € Ng : |m| = n} arranged according to the

reverse lexicographical order. Observe that Py is a constant (r9 = 1), and Py is a column
vector of independent multivariate polynomials of degree 1 of dimension r; = d.

Definition 1 A polynomial system (PS) is a vector polynomial sequence {IP, },>0 such that
the set of the entries of {Pm}’r;zzo is a basis of I, for each n > 0, and by extension we will
say that {P,,}7, _, is a basis of IT,,.

The simplest case of polynomial system is the so—called canonical polynomial system,
defined as

(Xpdnso = (™, x™2 . x™) T mg | = n, 1 < k < rp)nso.

Using the vector notation, for a given polynomial system {IP,, },,>0, the vector polynomial P,
can be written as

P,(x) = Gn,n X, + Gn,n—l X1+ + Gn,O Xo,

where G, = G, , is called the leading coefficient of IP,,, which is a square matrix of size r,.
Moreover, since {P,}},_, is a basis of I1,, then G, is non-singular.

We will say that two PS {P,, },,~0 and {Qj, },>0 have the same leading coefficientif Py = Qo,
and P, and Q,, have the same leading coefficient matrix for n > 1, that is, the entries of the
vector P, — Q, are polynomials in IT,_j.

In addition, a polynomial system is called monic if every polynomial contains only one

monic term of highest degree, that is, for n > 0,
Py, (x) =x"™ + R(x), 1=<k=r,

where |my| = n,and R(x) € I1,_;. Equivalently, a monic polynomial system is a polynomial
system such that its leading coefficient is the identity matrix, i. e., G, = I, forn > 0.

Usually, a moment linear functional u defined on IT is introduced from its moments. In
fact (Dunkl and Xu 2014), let {in},, eNd be a multi—sequence of real numbers and let u be a
real valued functional defined on IT by means of

(, x™) = u(x") = wm,

and extended by linearity. Then, u is called the moment functional determined by {1}, eNd»
and the number u,, is called the moment of order m.
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The action of a moment linear functional u is extended over polynomial matrices in the

following way (see, for instance, Dunkl and Xu 2014). Let A = (ai,j ()c))f.l’j].c=1 € M (IT)
be a polynomial matrix. Then

(w, A) = ((u, @i ()T, € Mk (R).

Given a moment functional u in I1, two polynomials p and g are said to be orthogonal
with respect to u if (u, pg) = 0. For eachn > 0, let V,, C II,, be the set of polynomials of
total degree n that are orthogonal with respect to the linear functional u to all polynomials
in IT,_; together with zero. Then, V), is a linear space of dimension less than or equal to r,
( Dunkl and Xu 2014).

Definition 2 An orthogonal polynomial system (OPS) with respect to a given linear functional
u is a PS {IP, },>0 such that

(u, PaP) = Hy Ay, (1)

where A, ;, is the (n + 1) x (m + 1) zero matrix for n # m, and the identity matrix for
n =m,and H, € M, (R) is a symmetric and non-singular matrix.

Moreover, if Hy is a diagonal matrix, we will say that {IP, },>0 is a mutually orthogonal
polynomial system (OPS) with respect to the linear functional u.

A moment functional u is called quasi definite if there exists an OPS with respect to
u. Given a quasi definite moment linear functional u, orthogonal polynomial systems with
respect to u are not unique. In fact, {P,},>0 and {@n}nzo are OPS associated with u if and
only if there exist non-singular matrices F,, such that

ﬁI;n =F,P,, n>0.
In this case, for n, m > 0 we get
(”yﬁn@:n—> = F, (u, Plzp;lyl—)F,I = ﬁn Anms

where H, = F,, H, F,;r is a non-singular and symmetric matrix. Therefore, there exists a

unique monic orthogonal polynomial system that can be obtained by
P.=G;'P,, n>0,

where G, are the respective leading coefficients of P,.
Observe that u is quasi definite if and only if

dimV, =r,, Vn>0.

In this case, a PS {IP,,},>0 is an OPS if and only if the set of entries of the vector IP,, is a basis
of V,,n > 0.

A moment functional u is called positive definite if (u, p*>(x)) > 0, for all p(x) € II,
p(x) # 0. A positive definite moment functional is quasi definite, and it is possible to
construct an orthonormal polynomial system, that is, an orthogonal polynomial system such
that H, is positive definite. If H, is the identity matrix, then {P)};»|=, is an orthonormal
basis for V,, and the OPS is called an orthonormal polynomial system.

Orthogonal polynomials in several variables are characterized by d vector—matrix three
term relations (see Dunkl and Xu 2014, Theorem 3.3.7, p. 74). More precisely,

Theorem 3 (Dunkl and Xu 2014) Let {P,},>0 = {P}(x) : Im| = n,n € No}, Po = 1, be an
arbitrary sequence in I1. Then the following statements are equivalent.
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1. There exists a linear functional u which defines a quasi definite moment functional on T1
and which makes {IP,,},>0 an orthogonal basis in II.

2. Forn > 0, 1 < i < d, there exist matrices Ay ;, B, ; and C,; of respective sizes
Tn X Fptl, tn X 1y and ry, X ry—1, such that

(a) the polynomials P, satisfy the three term relations
xiPp = ApiPpy1 + By iPy + CpiPpy, 1=<i=<d, 2)

withP_; =0, C_1; =0, and x = (x1, X2, ..., Xq),
(b) forn > 0and 1 <i <d, the matrices A, ; and C,11 ; satisfy the rank conditions

rank A, ; =rank C,q1,; = ry, 3)
and, for the joint matrices A, of An,1, An2. ..., Ana, Of sizedry X ryy and C,;'—_H
OanTHJ, CnT+1,2’ o C,L_]’d, of sized r, X rp41, we get

rank A, =rank Cy41 = ry41. “4)

In that case, we get

Ani Hyv1 = (u, x; IPHP’—'[F+1)!
Bn,i H, = (u, Xi PI1PI>, (5)
Cn,i Hy_ 1 = (u, x; IPDnIF)T )s

n—1

where H, = (u, IP’,,IP’;), and A, i Hyv1 = H, CL_] i

Relations (2) can be written in a block matrix way (Kowalski 1982a,b; Dunkl and Xu
2014). In fact, for 1 <i < d, we define the block Jacobi matrices

Bo,; Ao, O
Cii Bii A
;= . . 6
Ji Cri Bai ©
O

Observe that the entries of the block Jacobi matrices are the coefficients of the ith three term
relation, whose sizes increase to infinity. If we denote

P=(P],Pl.P),..0)",
the column of all polynomials, then, three term relations (2) become to
xiP=JP, 1<ic<d. @)
The version of above theorem for orthonormal polynomial systems {P,},>0 is obtained

by changing C, ; by AT 1<i<d,since H, =1I,,,n>0.

n—1,i°
If {P, }1120 is another OPS associated with u, then there exist non-singular matrices F,
such that P, = F,, P,,, n > 0. Multiplying (2) times F;,, we deduce that

xiPn = Fn An,i F;_;,_llanrl + Fn Bn,i Fn_IIPn + Fn Cn,i F;_ll n—1, 1 <i=< d.
This means that {@n }n=0 satisty the three term relations

xi@n = Zn,iﬁlsn—}—l + En,i],ﬁn + 6n,i@n—l, 1 <i< d7
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where ;4\,1,!- = ElA,l,iFnjrll, En,,- = F,,B,l,,-Fn*l, and 6,,,,' = F,,Cn,iFn_Jl. Obviously, the
rank conditions (3) and (4) are preserved since the rank is unchanged upon left or right
multiplication by a non-singular matrix (Horn and Johnson 2013, p. 13).

When the orthogonal polynomial system {P,},>¢ is monic, comparing the highest coef-
ficient matrices at both sides of (2), it follows that A, ; = L, ;,forn > 0,and 1 <i <d
(Dunkl and Xu 2014), where L, ; are matrices of size r,, X r, defined by

xixnan,an+la l<i=<d.

These matrices verify L,,,,-L;lr ; = Ir,, and rank L,, ; = r,,. Moreover, the rank of the joint

matrix L, of L, ; 1S rp41 (Duhkl and Xu 2014, p. 71).
For the particular case d = 2, we have that L, ;, i = 1,2, are the (n + 1) x (n + 2)
matrices defined as
1 Ol0 01 O

: and  Lpp=|: . 8)
O 10 0|O 1

In the general case, comparing the leading coefficient matrices at both sides of (2), we get
GuyLni=An:iGuyr, that is,

Ln,l =

An,i =Gy Ln,i G,;,l_l (9)

where G, is the leading coefficient matrix of IP,.

Let u be a quasi definite moment linear functional, and let {IP,; },>¢ be an OPS with respect
to u. In terms of {IP,},>0, the kernel of V,,, denoted by P, (u; x, y) (Dunkl and Xu 2014, p.
97), is defined by

P,(u;x,y) =P (x) H, ' P, (y), m=>0.

Similarly, the kernel of IT,,, takes the form

n n
K, (u:x,y) = Y Ph) Hy ' Pu(y) = Y Pu(uix.y). n>0.
=0

m=0

The definition of both kernels does not depend on a particular basis.

For orthogonal polynomials in one variable, the kernel function is called reproducing
kernel function. In several variables, we have an analogous property (Dunkl and Xu 2014),
that is,

(U, Pp(x, ) p()) =px),  pE€Vn, m=0,
(u,Kn(x,) p()) = px), pell,, n=0.

3 Uvarov orthogonal polynomials in several variables

From now on, we consider u a quasi definite moment functional defined on I1. Then orthog-
onal polynomials of several variables with respect to u exist, and let us denote by {P,},>0
an OPS associated with it.

Let N > 1 be a positive integer and let é(l), 5(2), L€ (V) pe distinct points in R4,
Obviously, every point has d entries, then we will write

D =D D eV 1<j<N,

and &) e R for1 <i <d.
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Let A be a symmetric matrix of size N x N. We define the new moment functional v as
a Uvarov modification of the original moment functional given by

(v, pq) = (u, pq) +pE) AqE)", (10)

for p, g € I1, where
p&) = (pEM), pE@), ..., pE™M)),

denotes the vector of evaluations of the polynomial p(x) at the points €D, @ W),
We want to know how the new inner product (10) acts over polynomial systems. Given a
PS {P,},>0, if we denote by P, (§) the matrix that has P, (§ ()Y as columns,

Pa(&) i= (PaE )P @) IPaE™) ) € My, an
then, the action of (10) is as follows:
(0, Py PL) = (u, Py PL) + Py (§) AP} (§) € My, xr, (R).

If (10) is quasi definite, we denote by {Q, },>0 an orthogonal polynomial system associated
with it, such that P, and QQ,, have the same leading coefficient, for all n > 0.

Following Delgado et al. (2010), if u is given by means of a measure du(x) on R4 with
all finite moments and we assume that du is positive definite in the sense that

W, p?) = fR PWdp() >0, pell, p#0,

and the matrix A is positive definite, then v is positive definite and an OPS with respect to v
exist.

Our first goal is to study the existence of orthogonal polynomials with respect to the
moment functional v defined in (10).

We need to introduce several extra notations. If {P, },,>0 is an OPS with respect to u, then
we denote by K, _; the square matrix of constants whose entries are K,,_ (u; & & (k)),

i N
K-t == (Koot (u; 89, €))7, ) € My, (12)
and, denote by K,,_1 (£, x) the N x 1 vector of polynomials
.
Ky—1 (& x) = (Koo (s ED, ), Ko s 62 2), o Ko (s 6V, x0)) L (13)

In (12) and (13) for n = 0 we assume K_;(u; x, y) = 0.
From the fact that K, (#; x, y) — K,,—1(&; x, y) = P, (u; x, y), we have immediately the
following relations,

Pl(E) Hy ' By(x) = Ky(€, x) — Ky (£, ),
P, (&) Hy ' Pu(8) = Ky — Kyt (14)

which will be used below.

In Ferndandez et al. (2010), a necessary and sufficient condition in order to be v quasi
definite when N = 1 is given. In addition, orthogonal polynomials with respect to v can be
expressed in terms of those with respect to the linear functional u. That result can be extended
for N > 1 by using a similar technique as in Delgado et al. (2010), but in this case, we focus
the attention on the analysis of the quasi definite character of the perturbed linear functional.
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Theorem 4 The moment linear functional v is quasi definite if and only if the N x N matrix
Ap = IN + A Ky,

is non-singular for n > 0. In this case, if {IP,},>0 denotes an OPS with respect to the linear
Sfunctional u, the system of polynomials {Q,},>0 defined by

Qn(x) =Pp(x) = Pu(§) Bn1 Kp—1(§,%),  n=0, 15)
is an OPS with respect to the linear functional v taking K_1(-, -) = 0, where
By = Iy +AK) A (16)
Moreover,

Qu(E) =Pu(&)(Un + AK,—) 7.

In the rest of the section, we will suppose that v is quasi definite, and we denote by {Q,, },>0
an OPS with respect to v defined by (15). Also we denote

Hy = (v,Q, Q).

Then ﬁn is ar, X r, symmetric non-singular matrix. It turns out that both ﬁ,, and ﬁn_ Lcan
be expressed in terms of matrices that only involve {IP,, },,>0. In Delgado et al. (2010) was
consider the simplest case when u is positive definite and {IP,},>¢ is orthonormal, that is,
Hy=1,,.

Proposition5 Forn > 0,
Hy = Hy + Py(§) Baei P (5),
H'=H"—H P, &) E,P (&) H .
where B, is defined in (16).

Proof We compute directly,

Hy= (0, QuQ)) = (v,Qu B} ) = (0, Qu B} ) + Qu() AP} (§) = Hy + Pu(§) Ey Pj (6).
In order to study the inverse, we calculate
Hy[H, ' — H " P, () E, P} (¢) H, ']
= [Hy + Pu(§) Bu1 Py OI[H, ' — H, ' P,(§) B, P} (§) H, ']
=1y, +Py(§) Ey 1 Py (O)H, ' — H H, ' P,(§) E, Py (6) H,!
— Pu(§) Byt Py (E)H, ' Pu(§) B, Py () Hy
We study this last term. Observe that, from (14), we get
APy (E)H, ' PuE) = A Ky — Kum1) = Iy + AKy) — (Iy + AKy—1),
and then,
Pu(§) En1 Py (E)H, ' Pu(§) B, P, () H, !
=Py Uy + AK—) [ + AKy) — Iy + AK—1)] Ea P (8) H, !
=P,(§) E,1 Py (§) Hy ' —Pu(§) B, Py (§) H '
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Substituting above, we get
Hy[H' = H;'P,(€) E, P (6) H, ' 1= 1,
and the result holds. ]

Next result gives explicit formulas for the reproducing kernels associated with v, which
we denote by

P, (v;x,y) = Q1) H,' Qu(y) and K,(v;x,y) =Y Pu(v;x,y).

m=0
Theorem 6 Form > 0, E,, defined in (16) is a symmetric matrix, and

P X, y) = P x,y) — K} (€, %) B K (€, y) + K1 (£, %) Bt K1 (€, y),

where we assume K_1(x,y) = 0. Furthermore, for n > 0,

K, (v;x,y) = K, (u; %, y) — K} (£, %) 8, Ky (&, y).

4 Three term relations for Uvarov orthogonal polynomials

In this section, let {P,},>0 be an OPS with respect to u, and let {Q,},>0 be an OPS with
respect to v such that they have the same leading coefficient.
Both OPS satisfy three term relations, denoted by

Xi ]Pn = An,iIFDn-H + Bn,iPn + Cn,i]pn—l’ 1 <i< dv (17)
where P_; = 0 and Pyp = G # 0, and by
Xi Qn = Zn,i@n+l + En,i@n + 6‘n,i(@nfls 1<i<d, (18)

with Q—1 = 0 and Q9 = G¢ # 0. The coefficients B, ; and En,,’, forn > 0, are r,, X
r, matrices, and, A, ;, Ani, Cpni, and Cp; are, respectively, r, X ry11, and r, X ry—1
coefficient matrices given by (5) satisfying the respective rank conditions (3) and (4). Here,
X = (x1,X2,...,Xq).

Theorem 7 The matrices X,,,,-, E,“- and én,,- of the three term relations (18) for the vector
polynomials {Qn},>0 orthogonal with respect to the linear functional v defined in (10) are
given by

I’l,i = An,ia n Z Os

Byi = By + ApiPut1§)BaP) OV Hy ' = Pu(®) B P)_ (O H,  Ay_1 i n =0, (19)
Coi = Uy, +Pu©Ep1P) €V Hy N Cpi Uy — Pt (E)EnetPL_©OH 1 n =1,

where the matrices A, i, B,,; and C,, ; are those of the three term relations for the polynomials
{Pn}n>0 orthogonal with respect to the linear functional u, P,(§) is defined in (11), the
matrices H, are defined in (1), and E,, is defined in (16).

Proof Since both OPS have the same leading coefficient, by (9) we get A, ; = Zn,i, for
1<i<d,andn > 0.
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We will compute En,,- from the explicit expressions of the vector polynomials in terms
of the canonical basis. In this way, we know that Po(x) = Qp(x), and, for n > 1, we can
express

n—2 n—2

Pn(x) =G, Xn + GZ_I Xn—l + Z G:ln va Qn(x) =Gy Xn + G:—l Xn—l + Z G:, Xms
m=0 m=0

where G,, = 5,, are non-singular matrices of size r,,, and G, and G”m, form=0,1,...,n—1,

are matrices of constants of dimension r,, X r,,. Relating the coefficient of the term X, in
(18), we get

G" | Ly-1i=A; G +B,;G,, n>0, (20)
and, analogously, for the first family, using (17)

G" | Ly_1;=A,;G""" +B,;G,, n=>0, Q21

by defining L_; ; = 0.
Next, we want to deduce the matrix coefficient of X, in expression (15) written for n + 1.
First, we observe that, for 1 < j <d and n > 0, we have
n—1
K,y (u;§9.x) =PI EV)H ' Py(o) + Y PLGEY) Hy Py (),
m=0
and then, the coefficient of X, in K, (u; £, x) is given by IP,T EW) Hn_l.
Therefore, the vector of kernels can be written as

K, (u; £0, x) Py (ED) ANEI)
K, (u; £, x) P (E®) n=1| P (@)
K (&, x) = _ = , H'Pp(x) + ) , Hy ' Py (x)
: . m=0 .
K, (u; £, x) Py (EM) Py EM)

n—1
=P (&) H, ' Py(x) + ) P(E) Hy' Py(x).

m=0
Thus, the coefficient of X, in (15) forn + 1 is
Gl =Gptl = Pu1() By P (§) Hy ' G,

Substituting in (20), and using (21), we get

ByiGy = BuiGy + A iPus1 (€)EaP) (€)Hy ' Gy — Pu(€)Buet Pl (©)H, | Ay_1,iGy, 1> 0.

n—1 n—1

Since G, = G, is a non-singular matrix, we get the announced expression.
Now, we compute Cy,41;, n > 0. From (5), we know that

~ ~

5T -1 _ i T -1
Cn+1’i = Hn+1 An,i Hn = Hn+] At’l,i H .

n

Using Proposition 5, we get

Cos1i = [Hys1 + Py 1 (8) En Pr o (OA][H, ' — H ' P(8) B, P) (6) H, '
=Hy1 Ay Hy '+ Pus1 (6) BaP L (E) A, Hy ' — Hopt AL Hy ' Py(6) Bo P (6) H, !
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—Pur1(8) Bu Py () A, H ' Pu(&) B P, (8) H,!
= Curti +Pug1 () B Pl EVH, ! Coyri — Cas1,iPu(§) En Py (6) H,!
—Pur1 (&) Bu P () H, ! Coy1,iPu(§) B4 P,y () Hy '

which completes the proof. O

We would like to notice that, in the monic case, the result simplifies by substituting A, ; =
An,i = Ln,i-

Remark 1 We can give a block matrix perspective of expressions (19). Let

Boi Aoi O
N Cii Bii Aui

F = (22)

Cri Bai
O

be the block Jacobi matrices associated with the three term relations for the Uvarov polyno-
mials. We also define the block matrices

O Ao, O Ho
O Aui Cui O H,
Ai = o |’ Ci = C2i O , H= H, .
Po(§) O 8o
P1(§) ~ P& O E1
P= Pe | P= Pe O | 9= ch

where (O means a zero matrix of adequate size, and the omitted elements are considered as
zeros. Then, the block Jacobi matrix associated with the Uvarov orthogonal polynomials is
a perturbation of the original block Jacobi matrix in the form

T=Ti+APOPTH ' —POPTH A, —C+ T +POPTHHC U —POPTH.

5 Examples

In this section we analyse two examples in the bivariate case to apply our results. In the
first example we study Uvarov polynomials on the bivariate simplex with mass points at the
vertexes. We transform the standard basis of the polynomials on the simplex to the monomial
basis, and compute explicitly all matrices that we need. We compare the some low total
degree polynomials, by showing their explicit expressions both for the classical case and
for the Uvarov modification, by choosing some specific values of the parameters. Second
example is devoted to a non positive definite case based on Bessel and Laguerre polynomials.

In both cases, we compute explicitly the involved coefficients. For simplicity in this
bivariate case, we will denote x = x1, y = x».
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5.1 Bivariate Uvarov orthogonal polynomials on the simplex

For0 <m < n,and «, B, y > —1, let us consider the family of classical bivariate polyno-
mials on the simplex

P}’f?tr;'lﬂ’y) (X, y) — ny/ij‘n}/'i‘zm-‘rl,a)(x) (1 _ x)m [‘,11(1%/5) (é) , (23)
where

2504V”w+i+Dmﬂa+ﬁ+n+lhﬂ

pad)
x) = in—10)!

i=0
stands for classical univariate Jacobi orthogonal polynomials in [0, 1], i.e

Fe+n+DHIB+n+1)
nlla+B+2n+ Dl (e+B+n+1)

1
/ PP (x) PP (x)(1 — x)*xPdx =
0

n,m>

where §,, ,, denotes the Kronecker delta.
The orthogonality relation for the bivariate polynomials (23) can be written as

1 1—x
(@.B.y) (@.B.y) a B ¥ F'+m+DI'(y +m+1)
P, x, )P, X, y)x 1—x— dydx =
/ /0 (X, V)P (x, y)x® yP( »’dy =B+ y 12 D

MNae+n—m+DI'B+y+n+m+2)
“@tBtytoant DTty tm DL+ B+y tntmt2)

n Vam.S'
Hence, if
.
PP = (PGP 0, PSPy PSP () 24)

then, the OPS ]P(a A y)},,>0 is a mutually OPS, and
/ / plp) }P’("‘ A, y)) @yB(1 — x — y)’dydr = HOPVA, .

where the diagonal and non-singular matrix H,(la’ﬂ ) has as i-th entry
h@‘vﬁ-)’)
_ FB+i+ DIy +i+Dl@+n—i+DIB+y+n+i+2)
Tl =Dy +2i+D@+B+y+2n+2TB+y+i+ DM@ +B+y+n+i+2)
(25)

forO0 <i <n.

Moreover, the bivariate polynomials (23) are solutions of the following potentially self-
adjoint second order partial differential equation of hypergeometric type (Areaet al. 2012a, b)
which has been deeply analyzed in the literature (see e.g. Appell and Kampé de Fériet (1926),
p- 104, formula (28), Suetin (1999), Chapter III, Krall and Sheffer (1967), or Dunkl and Xu
(2014))

92
iy PP (x, y)

x(x — 1) Pn("mﬁ D, y) + vy — 1)—35‘2{” (x,y) +2xy
+(<3+a+ﬂ+y>x—1—a>—P,E‘;:”> ,y)+((3+a+/3+y)y—l—ﬁ)—P(“ﬁy)( )

—nn+a+B+y+2P% (x,y) =0. (26)

@ Springer f bMA



Three term relations for multivariate. . . Page 150f30 330

The family of bivariate monic polynomials

D"+ Dpm(B+ D
(a+B+y+n+2),

e o (—m)g(—n+m) @+ B+y +n+2)rs Xy

X ZZ risi(a + 1), (B+ 1)

r=0 s=0

PP (x, y) =

D" Vi B+ D iy (o +B+y +n+2:—n+m;—m .
T @Bty n+2, O —tat+ 1 p+1 Y
27)
is also solution of the partial differential equation (26). Let
~ —~ T
]P)’(laﬁﬂ»y) — (P(a .8, V)(x y) A(a B, V)(x y) Pn(?zﬁ’l/)(x’ y)>
In the monic case, the recurrence relations can be written as
xﬁﬁ“’ﬁ”/) — Ln’lﬁpﬁl(;i/f,y) + B(a Bs e By 4 C(a B, V)P(Ot B, V)’ o)

~

yﬂpﬁgx,ﬁ#) _ Ln,zﬁi,o_(;f’y) + B(a .8, )/)@(a B.v) + C(a .8, V)P(Ol ﬂ y)

with the initial conditions @(:liﬂ ) — 0 and @éa‘ﬁ V)= 1, where the matrices L, ; of size

(n+ 1) x (n + 2) are defined by (8), E,(l‘?‘j’-ﬁ’y) are of size (n + 1) x (n + 1), and a(l’i‘}.ﬂ”/) are

matrices of size (n + 1) x n.
The square matrices Br(lal’ BY) and B,Eaz’ﬁ ) are, respectively, lower and upper bidiagonal

72 72
boo O b0 bo.1 O
b, b b?
nla,p, (a8, 1,1
B’(l‘?‘lﬁ 12 — 1,0 “1,1 . B(‘Yzﬂ 12) o , (29)
. ~ . ~ . bn_l’n
O bn,n—l bn,n O 77\,21 n
where

o (i —n)o—1i+n) (=i+n+D(a—-i+n+1)

i = » O=iz=n,
Toa+B+y+2n+1 a+pB+y+2n+3

~ 20+ 1 i+ 1

biy1i=— CrDPrid]) , 0=is=n-—-1,
’ a@+B+y+2n+)(a+B+y+2n+3)

2 (+DHB+i+D) i(B+1) 0<i<n,

Mo+ By +2n+3 a+fry+2n+l
2(i —n)(a —i +n)

Z?i+1= , 0<i<n-—1.
’ (@+B+y+2n+D(a+B+y+2n+3)
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Moreover,
/\1
€0,0 O
A~
€1,0 €1,1
~ =l
€0 €21 2
~(a,B,7)
Gt = " : (30)
)
~1
cnfl,nfl
-1 ~1
O Cn,n72 Con—1
where

S _—De@—i4m@ty+itnt De+prytitntD)
M @t pryr2m@tpry font D@t Bty f2n+2)
. (i+1)([5+i+1)(a2+ot(/3+)/+2n+1)—2(i—n)(ﬂ-‘r}/+i+n)—/3—y—4i+2n—2)
Cirni = @+tpty+2m@tpty+on+ D2@+p+y+2n+2) ’
0<i<n-—1,

e (i+DE+2)B+i+D(B+i+2)

0<i<n-—1,

Ciini = 3 , 0<i=<n-2,
’ a@+B+y+2n)(a+B+y+2n+D*a+B+y+2n+2)
and
=2 =2
B °
€10 €11 €12
-2 =2 .
~,By) G ¢ :
Cis = 222 : 31)
2
Ch—2.n—1
e c:
n—1,n-2 nal,n—l
O Cn,nfl

with entries

2 _ (i —m)a—i+n)(aB+2i+1)+p>+By +2n(B+2i+1)+p+2yi+y—2i%
i = (@+B+y+2m)@+p+y+2n+1)2a+B+y+21+2)
o (+DB+i+D@+y—i+2n)(a+p+y—i+2n)

C; P )
T @+ Bty @t Bty +2n+ 2@+ B4y +2n+2)

)

forO <i <n-—1,and

2 . (—i+n—1n—-i)la—i+n—1(ax—i+n)
M @+ Bty +22m@+ Bty +2n+D2a+B+y +2n+2)

forO<i<n-—2.

Both families of orthogonal polynomials (23) and (27) (with respect to the same weight
function on the same domain, and solution of the same partial differential equation) are
related as

~, n+1
Pﬁla’ﬁsy) — U’(la»ﬂv}’)lpgasﬁay), where U’(fhﬂvV) — (u(a?ﬁ’y)) o (32)

i,j,n ij=
@ Springer f bMA
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(a,B,y)

with Ui in

=0if j >iand

LB _ B+Pi-jB+y+iDj-1la+B+y+i+tn+y_iy1
n F(Hr@—j+nHrn—i+2)

(33)

if j < i. Therefore, if we multiply (28) by U#?)

relations for the initial family (24)

we obtain the following recurrence

nga,ﬁ,y) — Afitiﬁ,y)]}p’(loi/?,y) + B,(,?l{ﬁ’y)P;(qa’ﬂ’y) +C,(fiﬁ’y)P,(,oi/13’w,
yma,ﬁ,y) — A;tit,zﬁ,y)lpﬁfl&y) + B,fz’ﬁ’y)IP’ﬁla’ﬁ’y) +C,(f2'ﬂ’y)P,(fﬁf’y),

where
(@.B,y) _ 71(@.B,y) (e, 8,7) (a,8,7) (e, ,y) (04 B.v) (e, ,v)
An_j =U, Ly, ([UnJrl ) , B, Ny =0, B, (U ) ,

(e,B,7) _ pyle.By) A.By) (rrle.B.y)
Cn,j - U" Cn,j (Un 1 )

By using (see e.g. Area et al. (2017), p. 776 or Suetin (1999), Eq. (15), p. 81)

T@+pB+y+3) S y @+ Dn B+ D
T+ DIB+ DI + 1) PR mx = ) dydy = TS
14 (02 Y n+m

we get

/ / P(aﬂy)(x y)/\,fozﬁy)(x,y)x“y (1—x—y)7dydx

_ D"+ Dpem(o+ Dy B+ DB+ TB+DT (y + DT (@ + 1)
(@+B+y+n+2), Fa+B+y+n+3)
o« pliz2 a+B+y+n+2:—n+mn—k+a+l;—m p+k+1 11
LL1 a+B+y+n+3:ia+1;p+1 )

The orthogonality relation for the monic polynomials reads
1 I—x o T -
/ f plpy) (P’(g,ﬁ,y)) ¥yB (1 = x — y)? dydx = B@PY A, )
0 Jo

where for 0 < i, j < n the matrix I@Iﬁ,a’ﬂ’y) of size (n + 1) x (n + 1) has as (i, j)-entry

D"+ Dy—ila+Dp—jB+D;(B+1D); TB+DT(y+ DT (a+1)
(+B+y+n+2), Fa+p+y+n+3)

(pl2zzfetBtytnt2i—ntin—jtet+li—i,f+j+1,
L1 a+B+y+n+3:a+1;8+1 )

Let us compute the inverse of ]f-\]lila’ﬂ ¥) For standard polynomials, we just need to compute
the inverse of the diagonal matrix H'""#") of size (n + 1) x (n + 1) with entries given in

(25). By using (32) we have
H(a B,7) (U(a B, y)) IH(a B.Y) <(U(a B, y)) )
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Thus,
+1  (@.By) (.B.y)
nzM g
. i e
(H;(la’ﬁ’y)) =<w~(a-’ﬂ’y)) where  w®A7) = "7/ e
LI ) j=1 Al ntl  @B.y)  (@B.y)
Z k,i,n k,j.n <
pepy b
k=i nk—1

where h,(la,’{’i%/) and u,(cai”i’y) are defined in (25) and (33), respectively.
Now, we introduce the Uvarov moment functional on the simplex. Let us denote by u the
linear functional associated with the bivariate orthogonal polynomials on the simplex

1 1—x
(u,f>==j£ }C Fe px P (1 — x — y) dydx

and let the matrix A in (10) be the diagonal matrix

My 0 O
A=| 0 M, 0 |,
0 0 Ms

where M, M, M3 are positive real numbers. Hence, the Uvarov linear functional v is defined
by

(v, f) = (u, ) + M1 f(0,0) + M2 f(1,0) + M5 f(0, 1).

In this case, the matrices K;, defined in (12) are explicitly given by

(@+B+3)n
—_— (=) (="
(¥ + Dn
K Ma+p+y+n+3) (—1)n B+y+3n (—1)n
"T T+ DLB+ DIy +1) (ot + 1)y
. n (@+y+3)n
(=D (=1 —_—
(B+ Dn

= Ay —byls+byuu',
where we denote u = (1,1, 1) T, A, = diag {an.1, an 2. an 3}, and

MNae+p+y+n+3) (x+B+3)0n

Ol @+ DIB+ DIy + 1) (v + D

o F@tpty+ntd  (B+y+3n
T T+ DB+ DIy +1) (@+ 1D,
- Fa+B+y+n+3) (a@+y+3)

n!T@+ DB+ D0y +1) B+ 1Dy
y __ Pe+p+y+n+3) 1"
"T T+ DB+ DIy +1) ’

Since A is positive definite, the inverse of the matrix I3 + AK, is computed as

_ -1
By=(+AK) " A= (AT 4K,) = (A—1 + A, — byl + by uT) .
Let us denote

Zy =NV + A, — b,z = diag{zn,,- ,i=1,2, 3},
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where z,,; = M, l-_l + ay,; — by,. Using the Sherman—Morrison—Woodbury identity, it follows
(see Golub and Van Loan 1996)

- —1 T -1
g, = (I + AK,) "' A = (Z,, + byu u )
—

n,l

b
-1 n -1 -1 -1 -1
=72, ———|z (z 2,9 2 ) .
n 3 —1 n,2 n,1 “n,2 “n,3
1+ bnzi:lzn i 1

The matrix P, (§) defined in (11) is explicitly given by
Pa(®) = (P70, 0P *7 (1, 0) P70, 1),

where form =0,1,...,n

PP (0,0) = (—1)" (” - *“) (’” ”) ,

n—m m

n+pB+y+1
Péfif’”(l,O)z( py )sn.nfm,

PG 0.1 = (-1 (" o +°‘> (’" - y) ,

n—m m

from the properties
= n+p = (@ n+o
PP (0) = (-1)" ( : ) PP (1) = ( . )

Then, we can express the monic Uvarov polynomials on the simplex by using the explicit
expression (15). Applying Theorem 7, the coefficients of the three term relations for Uvarov
polynomials are given by (19), where the involved matrices are already explicitly computed.

Finally, we analyse a particular example. Consider « = g = 1, y = 1/2, and M| =
M, = M3 = 1/2. The Uvarov inner product is given by

1 1—x
(f. 9k =/0 /0 Feoy) gl ) xy (1 —x — ) Pdydx
1 1 1
+3£(0.0080,0)+ 3 £(1,0)g(1,0) + 3 70, 1 (0, 1),

Table 1 shows the explicit expression of the first classical monic polynomials on the sim-
plex, and the Uvarov monic polynomials perturbed as above. We have plotted the polynomials
of degree 2 up to degree 5 of the zeros (as algebraic curves Area et al. (2015)) of both families
as well as the corresponding surfaces in Figs. 1, 2, 3, 4, 5. We must point out that the zeros
of multivariate polynomials constitute a theory that remains open, only a few analytic results
concerning zeros are known (see Dunkl and Xu 2014; Area et al. 2015). In general, a zero of a
multivariate polynomial is an algebraic curve, and different basis have different zeros. Here,
we wanted to show the impact of the Uvarov modification on the orthogonal polynomials as
well as its zeros.
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Table 1 Table of the first (total degree 0 < n < 2) monic classical polynomials on the simplex and the monic
Uvarov perturbation described in Example 5.1, fora = =1,y =1/2and M| = My = M3 =1/2

Polynomial Monic simplex polynomial Monic Uvarov polynomial

Poo(x,y) 1 1

Pro(x,y)  x—4/11 x — 10459

Pii(x,y)  y—4/11 y — 049

Po(xy) - a = dx/5 4 8/65 x? = BISTTS737483 < + sar6s 147407 Y + TORST08855

i _ 5355008 . _ 5355008 . _ 69058048
Pa1Ce,y)  xy —4x/15 —4y/15+16/195 Xy — 7775520505 ~ 7173340505 Y ~ 92498126565

2 2 36006461568 .. 320811709991693 51957376
Prya(x,y)  y*—4y/5+38/65 Y+ §4222635147497F ~ 320113175737485 ) T 30832708855

08 07 ; 0. 1.0 1. 1
06 06 | 05 08 08 08
05 | .
/ 04 06 06 06
04 04 ) 0.3|
03— PO I 04 04 04
02 — -
02 04 / 04 02 02 02
. / |
0.0 0.0 0.0 0.0

! 0.0 0.0l
00 02 04 06 0.8 1.0 00 02 04 06 08 1.0 00 02 04 06 08 1.0 0.0 02 04 06 08 1.0 00 02 04 06 08 10 00 02 04 06 0.8 1.0

Fig.1 Zeros of the classical polynomials P; (, P 1 and P 5 on the simplex (left graphics) and of the Uvarov
polynomials (right graphics) of total degree n = 2, for x € [0, 1] and y € [0, x]

0.8 0.8 ‘ 0.8 “ 07 [~
| | 06
06
0.6 0.6 ‘ ‘ . / 0.5
| | _ 0.4
| / 0.4
0.4 04} / e 0.3
< / / 0.2
0.2 0.2 / 02| -
/ // S — 0.1
0.0 00l | / 0.0 / 0.0
00 02 04 06 08 1.0 00 02 04 06 08 10 00 02 04 06 08 10 00 02 04 06 08 10
10 1.0 1.0 10
08 \ 08/ 08| 038
\ \
\ \
06 |\ 06 \ 0.6 \ 0.6
\ / i N
0.4 | / 0.4 \ 0.4 — 04|
/ ( \ \

020 / \ 02 / 02 — 02 o
/N - [T~ T~
0.0}/ 0.0 L. 0.0/ — 00— ~_

00 02 04 06 08 1.0 00 02 04 06 08 10 00 02 04 06 08 10 00 02 04 06 08 1.0

Fig.2 Zeros of the monic polynomials of degree 3, P3 o, P31, P32, and P3 3. In the first row, the classical
polynomials on the simplex, and in the second row, the Uvarov modification, for x € [0, 1] and y € [0, x]

5.2 Bivariate Uvarov Bessel-Laguerre orthogonal polynomials

Let us consider the classical Laguerre polynomials

(@) /0y (o + D —n
L, (f)—in, 1F1a+1t ,
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: : 08—

08 08 o8 | 08

- 0.6
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‘ [ / Yyl ~ o — S
0.0 00[ | / / 0ol [ 4 0.0 L 0.0
00 02 04 06 08 1.0 00 0.2 04 06 08 10 00 02 04 06 08 10 00 02 04 06 08 10 00 02 04 06 08 10
107 1.0 1.0 1.0
\ \
08\ 08\ os| 08
\ \
06| | \‘ 06] \ / 06 06~
| \
oal | | 04 ) 04 04
[ /N / N~ T~ -
o2y /| | 2 ) [ 02 ,:\ 02 02
/o] RN T~ [ —— .

0.0}/ [ \ 0. — 0.0 0. - 0.0 — ) ~
0.0 02 04 06 08 10 00 02 04 06 08 1.0 0.0 0.2 04 06 08 1.0 00 02 04 06 08 1.0 0.0 0.2 04 06 08 1.0

Fig. 3 Zeros of the classical polynomials of total degree 4 P4 o, P41, P4,2, P43 and P4 4. In the first row,
the classical polynomials on the simplex, and in the second row, the Uvarov modification, for x € [0, 1] and
y €10, x]

0.8

08 08 08 osj o8|/
06 06 06 06 06 / 08
04 04 04 04 04 / 04—
02 02 02 02 / 02 - 02—
00 00 7 00 I~ 00 / 0ol ~ 00

00 02 04 06 08 10 00 02 04 06 08 10 00 02 04 06 08 10 00 02 04 06 08 10 00 02 04 06 08 10 00 02 04 06 08 10
1.0 1.0 1.0 1.0 10 1
08 08 08 08 oaL 03,

—

06 06 06 06 06 05,
04 04 04 04 04 C;/ 04l
02 ( 02 L 02 & 02 <\//\ 02 02—
00 00 00 00 00 00)

00 02 04 06 08 10 00 02 04 06 08 10 00 02 04 06 08 10 00 02 04 06 08 10 00 02 04 06 08 10 00 02 04 06 08 10

Fig. 4 Zeros of the classical polynomials of total degree 5 Ps , P51, P52, P53, P54 and Ps 5. In the first
row, the classical polynomials on the simplex, and in the second row, the Uvarov modification, for x € [0, 1]
and y € [0, x]

Fig.5 Surfaces of the classical polynomials on the simplex (first row) and of the Uvarov polynomials (second
rows) of total degree n = 5, for x € [0, 1] and y € [0, x], with the modification described in Sect. 5.1

orthogonal with respect to the positive definite univariate moment functional
@ 400
= [ rouna
0
with w@ (1) = 1*e¢™", o > —1. Formula (5.1.1) in Szeg6 (1975) provides
+00 2 r 1
/ (L'(;x)(,)> w@@ydr = L Feth o
0
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Let

(a,b) noy 2 (1-2n—a) b
B,""(z) = (=1) n!ﬁl‘n o)

be the classical univariate Bessel polynomials orthogonal with respect to the quasi definite
but not positive definite moment functional ( Krall and Frink 1949)

(“g’b)»ﬂ Z/Tf(Z)w(“’h)(z)dz,

where

1
w(a,b)(z) — : Za—Z e—b/z’
2mi

fora # 0,—1,-2,..., b # 0, where i2 = —1, and T is the unit circle oriented in the
counter-clockwise direction ( Krall and Frink (1949), eq. (58)). Moreover, for a > 2 integer
and b real we have
(—Drtatl pa=lpy
3
2n4+a—-—1DIr'n+a—-1)

/ B\ (2) B (2) w P (2) dz =
T

n,ms

which implies
(_])n+a+l bafl n!
Cn4+a—-DIn+a—-1)"

/ (B,(L“’b)(z))z w®P(z)dz = (34)
T

This means that Bessel polynomials are associated with a quasi definite but not positive
definite moment functional.

Forn > 0, g,y € R, such that g +n # 0, gy + n # 0, the bivariate Bessel-Laguerre
orthogonal polynomials are defined by

B oy = BE w0 L (), 0sm=n. (35)
X
Following (Dunkl and Xu 2014, p. 39), Bessel-Laguerre polynomials (35) are mutually

orthogonal with respect to a non positive definite moment functional w acting as follows. We
define

Wx, y) = w@ 18 (x) wEr=D (Q) L R (Q)gy_1 oYX,
X 2mi X

on the region R = {(x,y) : x € T, 0 < gy/x < +o0}. The bivariate moment functional is
defined as

(w, )= / f(x,y)W(x,y)dxdy. (36)
R
Therefore, if g > 2 is integer

(w, BE) BEY)) = f B (2, ) BE (2, y) W(z, y) dzdy
R

1 (g+2m,—g) (gy—1 [ &Y
— Bg_ »—8 ZZmL&V 57
2ni/1; em @ " z

gy—1
< Br(iﬂs,—g)(z) 2 ngv—l) (il) 2873 p8/2 (ﬂ) e /2 dz dy
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- 2n1ig/ B&T2m =8 () UETIS8) (o omtste=2p8/2,

+00 ! !
x / Ly Vo L Ve le ar
0

L(m+gy) 2m,— 2m,— _
— . Bé{;m 8) (Z) By(-g;m 8) (Z) Z2m+g 2€g/zdz 5m,5
m'2mwig

_ D" 2  gy) (1 m)t
T mR2ai CQn4+g—Dl(g+n+m—1 "
Bessel-Laguerre polynomials appear in Kwon et al. (2001) as solutions of the partial
differential equation

92
22T BET (x,y) + 2xy B(g 5 () + (0° —y)—Bég,hy><x,y>

3x2 axdy
d

+g(x — 1>5B;5‘?;n”<x, Y +ely - y)@B,SW)(x, y)—nn+g—1DBE (x,y) =0,

37)

and were considered later in Area et al. (2012a) and Marriaga et al. (2017), among others.
The partial differential equation (37) has as monic solution

k n—k+s S o r—S
2(8.7) 3 k )3 (=" (I =gy —k)s (n =K\ , tisr ios
B 5 =
nk () = (s) o 2—g—2n), r—s)" Y

B i <k> (—1)’T(—g — 2n + )T (—gy —k +s+ 1)
N s [(—gy —k+ DI (—g—2n+s+2)

xx"_kyk_lel (k—n; —g—2n+s+2;—§)- (38)

Let us define the Bessel-Laguerre mutually orthogonal polynomial system {]P’,(lg’y) tn=0
given by

PEY = (B (x, ), BE (x,y), o B o) T (39)
We get
(w, IP’,(f’y) (IP’(g’V))T) _ H;gyy)An’m’
where Hg,g ) = diag{h,(f[’)y), hff ,ly) h,(,g,,y)} is a (n + 1) diagonal matrix with entries

p&r) (B(g 7)) _ (—=1)rmg8+2m=2P (m + gy) (n — m)!.
e m m2ri 2n+g— DL (g+n+m—1)

Let us also consider the monic Bessel-Laguerre system
~ ~ T
P’(lgsy) — (B(g }’)(x y) B(g V)(x7y)’ ’Br(f;l)/)(x’y)) . (40)

Both families of orthogonal polynomials (35) and (38) (with respect to the same weight
function on the same domain, and solution of the same partial differential equation) are
related as

]P;}(ig»)/) — U}(’lgv}’)@;gw)’)7 where US[EHV) — <u(83)/)> (4])
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(8.v)
i,j.n

with u =0if j >iand

() (=Dt (g i fn—2), yi(gy +j— Vi

Hiogn (= D=
if j < i. The orthogonality relation for the monic polynomials reads

~ s T ~
(w, BET (BE7) ) = BE A,

where FI$"” is a non-singular matrix of size (n + 1) x (n + 1). By using (41) we have
(8. ¥) @\ e @\ !
Hn = (Un ' ) Hn ' <[Un ’ )
Thus
+1 .(.v) (8.v)
< uk,i,n uk,j,n . .
Y lhin Phojn
~ —1 n+l1 k:j hflgl’(y_)l
(H,(lg’y)> = (w;g?};))_ o where wi(gf’;) = ’
T =1 I ntl &), 8.y)
Z ki,n “k,j.n ] <
(8.v) ’ ’
= i

The monic Bessel-Laguerre polynomials {@,g ’}/)}nzo satisfy three term relations

GPEY = Ly BEY + BEVBEY + CEVBEY . j=1.2, 42)
where now
P 1 ke e B P
’ (g+2n)(g+2n—-2)
N 2 NG + 1
5 _ gy +) + 1) O<i<n_1.

LT g 2my (g +2n—2)
52 _ (8+2n—2i —2)(gy +20) +2i(i + 1)
o (g +2n)(g+2n-2)
2 2(n —i)g
LT (g +2my(g+2n—2)]

0<i<n

’ 3

0<i<n-1.

Moreover, C ’igi)/) and C ,(lgéy) have the same structure as (30) and (31), respectively, where
now

S (n—i)g*(g+n+i—2) 0<i<n_1
b (g+2n—2)2(g+2n—-3)(g+2n—-1) ~— — ’
i + 1 j 2i — 1
= (zt)g2(gy+l)(;g+z )_ CO0<i<n_1.
(g+2n—2)(g+2n—3)(g+2n—1)
S . o
&= (i + )_(t+2 )(gy+i)(gy+z+_) CO0<i<n-2
(€+2n—22(g+2n—3)(g+2n— 1)

and
z’\‘2‘:_g(n—i)((gy—|—2i)(g—i-2n—2i—3)—i—2i(i—i—l)) 0<i<n—1
bl (g +2n—3)(g+2n—1)(g+2n—2)>2 ’ - - ’
= ‘=(i+l)(g+2n—3—i)(gy+i)(g—g)/+2n—2—i) 0<i<n—1
L (g+2n—3)(g+2n—1)(g+2n —2)? == ’
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- n—im—i—1g2

Ciitl = 3> 0=i=n-2
’ (g+2n—3)(g+2n—1(g+2n—-2)

The mutually OPS of non monic Bessel-Laguerre polynomials {IP’E,g ) tn=0 also satisfy
the three term relations (see Marriaga et al. 2017)

GPEY = ASTREY 4+ BEVREY 4 oS PEY . =12 43)

If we multiply (43) by U’ we obtain

, 1
A®Y) e L (Ui,i}l/)> 7

n,j

-1
&.v) _ 11(8.v) p&.v) (8.v)
BEY —UE" BE: (U,, ) ,

-1
(&.v) _ 118 v) Alg.v) (8.7)
cEr =uEr ey (ver)

The explicit expressions of the matrices in (43) are as follows. The recursion coefficients
Aif}y) are the (n + 1) x (n + 2) matrices

aé,O,n O 0
| .
&7) a
Alfly = L.1n ’
O a}’ll,n,l‘l O
where
1 n+i+g—1(—g)
a: . = s S n,
PR 2n4+g—1D(2n+g)
and
2 2
a0,0,n 40,1,n O 0
2 2
A,(f’zw _ | %0m al'.l,n 2 ,
) angl,n,n ) 0
O an,n—l,n an,n,n an,n+1,n
with entries
2 - lert2)(g+tn—1+i) C0<i<n
M i g—DCntg T
2o = GEDGEEn 140G EntD
pe g@n+g—-1)Q2n+g)
2 = 6y +1)g 0<i<n-—1.

i T T ot g ) @ntg)
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The coefficients B,(lg}.y) are

2 2
b6.0.n 1 O b6.0.n 06,1, O
b 2 2
(&) = LLn @) _ | Plon b1,
B M
. . o
1 n—1,n,n
O bn’”v” O bﬁ,n—l,n b%,n,n
where
bilin: g(2l+g_2) s <1 =<mn,
o 2n+g—-2)2n+g)
) _ (gy+2D)(g—2+20) -,
LT On4g—-2)2n4g) =%
2(+1 i — 1 g
bl'2i+ln:_ G+D(Eg+n+i ) (n l),OSiSn—l,
v gn+g—-2)2n+g)
2 .
bi2+lin: g(gy+l) ,OSiSn—l.
w 2n+g—-2)2n+g)
Moreover,
1
€0,0.n 1 @)
CI.1n
(8.v)
Cn,l = s
O Cnfl n—1,n
0 . 0
where
1 g(n —i) ,
iion — , 0<i<n-—1,
Cl,l,n (2n+g—2)(2n+g—1) sl =n
and
2 2
€0,0,n €0,1,n O
2 2
€100 1.1
C(géy) — ) . ) ’
" B 5 K Ci—2.n—1.n
O Ch—l.n—2.n cnzl,n—l n
0 ’ 0 Cn,n—l,n
with entries
Gin= (= sy + 20 , 0<i<n-—1,
T 2n+g—-2)Qn+g-—1)
Ci2+1in=_ 8(ey +1) , 0<i<n-1,
” Rn+g—-2)Rn+g—1)
4 N —i—1
2 _ i+Dn—-i)(n—i ) 0<i<n-_2.

it = T n g -2 @ntg—1)
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Now, we define the Uvarov modification. We take & = (0, 0). Let us denote by w the non
positive definite moment functional associated with the bivariate Bessel-Laguerre polyno-
mials defined in (36) and let A=M be a real number such that

[+ DI'(gy)

M ' 0.
7 =D 2mig?—8T (g +n)
Hence, the Uvarov linear functional v is defined by
(v, f) = (w, f) +Mf(0,0). (44)
By using (35) as well as B 1278 (0) = 1, we get
_ m
B0 =S80 0<m<n,
m!

and then,
BS 0,00 =1,  B%0,00=0, 1<m=<n.
Observe that
P& (0,0) =(1,0,...,0)".

The matrix P, (&) defined in (11) is explicitly given by using the above value in

Pa(&) = (PI70,0)).

Now, we compute the matrix A, = 1 + AK,.
In this case, K, is explicitly given by

n _
K = Ku(w: 0,00, 0,00 = Y (B§0,0)) " (B57) " B 0,0

m=0
n

5 (—)"2mi@m+g — DI (g+m — 1)
g2 (gy)m!

m=0

27i L =D"Cm+g—DI(g+m—1) L 2mig? 8T (g +n)
=53 =iy TS
Pgy)gs™= = m! L+ DI (gy)

and
_ MT(n+ DT (gy)
T T'(n+ DI(gy) + M(—D)"27mig?—2T (g +n)

Br=(+AK) A= (A" +K,)

We can now give explicitly the matrices X,L i En,,- and 5,1, ; of the three term relations for
the vector polynomials {Q,},>0 orthogonal with respect to the linear functional v defined in
(44) according to Theorem (7). First of all,

i =A%, n>o.
Moreover,

71
b0,0,n O

1
bl,l,n
Bn,l = . )

71
O bn,n,n

@ Springer f DMAC



330 Page 28 of 30 R. Aktas, I. Area and T. E. Pérez

Table2 Table of Bessel-Laguerre polynomials (total degree 0 < n < 2) and the Uvarov perturbation described
in Example 5.2, forg =3,y =M =1/2

Polynomial Bessel-Laguerre polynomial Uvarov polynomial
Po,o(x, y) 1 1
Pyo(x, y) l1—x _"+14+\/,7
T3
Pri(x,y) %(x—Zy) %(x—Zy)
Pyo(x, ¥) dxGx—6) +1 4"X<5X*6>3+616\/£;<5xf3>+9i
Pyi(x, ) —$(5x =3)(x —2y) L =3 —2y)
Pya(x,y) % <5x2 —20xy + 12y2) % (5x2 — 20xy + 12y2>
where
b o, =b B0 _ Enc1@0,m1 bl =b! l1<i<
0.0n = 20,0, F Ren T ey Uhie T Phiee BSEST
n,0 n—1,0
and
2 72
b0,0,n bO.l,n O
2 72
B, = bion O11n
’ 72
~ : bnNzl,n,n
O bn,n—l,n bn,n,n
with entries
o) 2 Endyo,  En—18g,_ ~ ) )
bo.0n = bo o + @y @) s bii=bi, s 1=i<n,
hn,O hn—l,O
I T L AV R~ S l<i<n—1
01 =900 = T @y Piittn = Viivia. PSPz L
h”7 0
72 2 E”a%O n ™~ 2 .
bi.on =bron+ PR biirin=bit1in, 1si=n—1
n,0
Finally,
~1
“Oon O
Clin
Cn,l = . s
~1
O Cn—l.n—1.n
0 .- .. 0
where
~1 | En—1 En—1 ~ ! _
C =c 1 — , C;: ci., 1<i<n-—1,
0,0,n 0,0,n + h(g’y) h(g’y) i,i,n i,i,n —
n,0 n—1,0
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and
~2 ~2
€0,0,n €0,1,n O
~2 ~2
N 1,00 €1,1.n
Cn,2 = ~) )
> 5‘372.1171,”
O Cn—l.n—2.n C’Lzl n—1.n
0 e 0 Cn,nfl,n
with entries
~) 2 Enfl Enfl ~2 _ 2 .
€0,0,n = €0,0,n 1+ ©.7) - ©.7) ’ Ci,i,n - Ci,i,n , 1<i<n-—1,
hn,O hnfl 0
~2 _ 2 En—l ~ 2 )
€1,0,n = €1,0.n TGy s Civtin = Citlin l1<i<n-1,
hn—l.O
~2 _ 2 En—l ~ 2 .
“tn =il 1 ¥ per |’ Ciitin = Ciitln » L Si=n—2.
n,0
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