W) Check for updates

Received: 18 April 2022 Accepted: 30 July 2022

DOI: 10.1002/mma.8638

RESEARCH ARTICLE WILEY

A repertoire of repulsive Keller-Segel models with
logarithmic sensitivity: Derivation, traveling waves, and
quasi-stationary dynamics

José Luis Lopez

Departamento de Matematica Aplicada

and Excellence Research Unit “Modeling In this paper, we show how the chemotactic model
Nature” (MNat), Facultad de Ciencias, _
Universidad de Granada, Granada, Spain 9p = diAxp = Vi - (pV0)

alc = dZAxC + F(/L c’ pr’ ch7 Axp)

Correspondence
José Luis Lopez, Departamento de
Matematica Aplicada, Facultad de

introduced in Alejo and Loépez (2021), which accounts for a chemical
production—degradation operator of Hamilton-Jacobi type involving first- and

Ciencias, Universidad de Granada, second-order derivatives of the logarithm of the cell concentration, namely,
Granada 18071, Spain. A V.2
Email: jllopez@ugr.es F=pu+tc—op+A xP +B| xf' + C|ch|2,
p
Communicated by: P. M. Mariano with u,7,0,A,B,C € R, can be formally reduced to a repulsive Keller-Segel
Funding information model with logarithmic sensitivity
MINECO-Feder, Grant/Award Number:
RTI2018-098850-B-100; Junta de 0;p = D1Axp + yVy - (pVy log(c)) ALB>0
Andalucia, Grant/Award Number: dic = DyAc+ Apc — fic » b ’

PY18-RT-2422 and B-FQM-580-UGR
whenever the chemotactic parameters are appropriately chosen and the cell con-
centration keeps strictly positive. In this way, some explicit solutions (namely,
traveling waves and stationary cell density profiles) of the former system can be
transferred to a number of variants of the the latter by means of an adequate

change of variables.

KEYWORDS

chemotaxis, logarithmic sensitivity, repulsive Keller-Segel model, Schrodinger-Doebner-Goldin

equation, stationary solutions, traveling waves

MSC CLASSIFICATION
35C07, 35C08, 35K55, 35Q40, 35Q92

1 | INTRODUCTION AND MOTIVATION

The Keller-Segel model of chemotaxis!? is a system of partial differential equations of reaction—diffusion type describing
the process through which a population of motile cells moves in the direction of the higher (attractive) or lower (repulsive)
concentration of some chemical agent (chemoattractant/chemorepellent) in its environment. Both types of taxis are very
present in life: On one hand, many bacteria (say, for instance, Escherichia coli) move towards the highest concentration of
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oxygen or glucose in their search for food (positive chemotaxis); on the other hand, many others swim away from alcohols,
acids, and other unfavorable substances (negative chemotaxis).>*
The parabolic-parabolic Keller-Segel system takes the general form

{ dip = dibep + ¢ Vi (pVil@(0))) W
o0ic = dryAxc+ f(p, ) ’

where p(t,x) and c(t,x) stand for the density of motile cells and the concentration of chemical substance in time t > 0
and space x € RN, respectively; ¢(c) is the so-called sensitivity function, which describes the sensitivity of cells with
respect to the variation of chemical concentration and is typically given by @(c) = c or ¢(c) = log(c); ¥ # 0 is the
chemotactic sensitivity parameter, whose absolute value accounts for the strength of the cell response to the chemical
signal: y < 0describes attractive chemotaxis, while y > 0 holds for repulsive chemotaxis; d;, d, > 0 are the corresponding
diffusion rates; and where the function f(p, c) models the production-degradation mechanism of the chemical agent,
being typically of the form f(p,c) = op — rcor f(p,c) = Apc — fc, where ¢, 7, A, f are constants.

Up to present, a great deal of work has been devoted to understand the behavior of solutions to a number of variants
of the Keller-Segel system (1). We refer, for instance, to previous studies>” (and references therein) for a comprehensive
approach to the state of art of the problem. Particularly, the global or blow-up character of solutions in different space
dimensions® (see previous studies®?’ among others) as well as the existence of some special shapes such as steady-state,
soliton, or traveling wave solutions (see previous studies?®3° among others) are currently hot topics in this field. In a
recent series of papers,**-#? the close connection between the parabolic-parabolic Keller-Segel system (1) (as well as other
related models accounting for logistic growth of the cell population or nonstandard production-degradation mechanisms
of the chemical substance) with

x <0, pc)=c, f(p,c)=0cp—1C, 0,720,

and the so-called Doebner-Goldin family of Schrédinger (or modified complex Ginzburg-Landau) equations*>*

0y + %Axll/ +(u+1S—on)y = L[n,Vin, Acn, Ty, (2
2 2

£=—Q-(a—it) i _plVan —dzvx.(1)+<0—1)£, ©)
2 n n2 n 2/ n?

with 4 = A = B = C = 0, has been highlighted and subsequently exploited. In Equation (2), we used the following
notation:

n=lyl’ Q)
is the quantum probability density,

is the electric current, S is an argument of the complex wavefunction y (see Guerrero et al** for a detailed discussion on
its correct definition) that satisfies V,.S = ﬁ and
Avy/n

2

is the quantum Bohm potential, where 7 and Im(z) stand for the complex conjugate and the imaginary part of the complex
function z, respectively. In this context, the wavefunction can be decomposed in polar form as

w(t,x) = Vn(t,x)e*",

in such a way that the modulus-argument couple (n, S) is straightforwardly shown to solve (1).

In spite of its profoundly different nature, the aforementioned link between both models has given rise to a
number of interesting results. Particularly, Alejo and Lopez*® investigated various extended forms of the chemical
production-degradation mechanism under which the existence of traveling wave solutions to the Keller-Segel system (1)
is guaranteed. Indeed, they found a general balance term given by

Q=- (6)

A
F(p,c,Vyp, Vs, Axp) = u+1c—0p+A <P
p

|VxP|2
2

+B - Clvxclz’ (7)
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such that the following generalization of the minimal Keller-Segel model

0rp = d1Axp — Vi - (pVxC) 8)
0ic =dyAxc+ F

was shown to admit square-integrable cosh-type solitary wave solutions under the choice y = 7 =0 =C =d; =0
provided that

A(A+B)<0. 9)

Notice that the relation (9) comes here to simplify that given in Alejo and Lopez* (formula (12)), where the necessary
condition d; = 0 was inadvertently omitted. In this case, (7) can be rewritten as

F(Vyp, Axp) = AA, 10g(P) + (A +B)|V, log(/’)lz,

where the coefficients must have different sign to fulfill (9).

The purpose of this paper is to show that, despite its appearance, the generalized model (7)—(8) is not so far from the
prototypical Keller-Segel system (1). As a matter of fact, we are intended to prove that when the diffusion rates and the
chemotactic parameters are related to each other in an appropriate way, then the system (7)—(8) can be reformulated as a
repulsive Keller-Segel model with logarithmic sensitivity

0ip = D1Axp + xVy - (pVylog(c)) (10)
oic = DyAye + Apc — fe ’

with y, A, p > 0, via an adequate gauge transformation through which some special solutions of (7)-(8) (for instance,
stationary and traveling wave solutions) can be straightforwardly transferred to the context of system (10).

Repulsive Keller-Segel models have not been dealt with very extensively in the mathematical literature. We review later
on some of the known results concerning negative chemotaxis. Wang and Zhao*® established the long-time dynamics of
the unique global classical solution to the 1D initial-boundary value problem of Neumann type associated with (10), as
well as its diffusion limit (D, — 0). This model is reminiscent of those introduced in Othmer and Stevens*’ for the study
of reinforced random walks and then examined in Levine and Sleeman®® to deduce that the cell density may blow up in
finite time or collapse to a spatially uniform distribution, depending on the choices of the chemotactic parameters. In both
cases, there is no diffusion term present in the equation for the chemical (D, = 0). Cie$lak et al* consider the Keller-Segel
chemorepulsion model with linear sensitivity ¢(c) = c and chemical production-decay law f(p,c) = op — rc, and prove
the global existence and uniqueness of classical solutions to the associated initial-boundary value problem of Neumann
type in 2D, as well as global existence of weak solutions in higher dimensions. Then, in Lin and Xiang,50 these results
are extended to account for power-like nonlinear sensitivity and chemical production functions. Indeed, it is shown that
the strong damping effect due to chemotactic repulsion contributes to prevent blowup. The long-time convergence of
this system to the (unique) constant solution is proved in Chen et al,>! which reinforces the idea of chemorepulsion as a
mechanism that inhibits the formation of nontrivial patterns.

The paper is structured as follows. The next section is devoted to construct some families of solitary wave solutions
to the nonlinear Schrédinger model (2)-(3), whose hydrodynamic components can be seen as special solutions of the
Keller-Segel system (7)—(8). Particularly, traveling wave solutions (Section 2.1) and cell density stationary solutions
(Section 2.2) are built up for the various eventual ranges of the involved parameters, and a summary of the results in
each case is performed at the end of the corresponding sections (Sections 2.2.1,2.2.2, and 2.2.3). In Section 3, we intro-
duce a nonlinear Hopf-Cole-type transformation that converts the nonstandard aforesaid system into system (10), which
is a prototypical Keller-Segel model with logarithmic sensitivity and positive mass action interaction (Section 3.1). Then,
the explicit solutions previously found for Equations (7)-(8) are now transformed into solutions to a number of variants
of system (10), which include terms proportional to either % or |V, log(n)|? in the production-degradation operator
associated with the chemical substance. More precisely, several families of traveling wave solutions (Section 3.2.1) and
stationary solutions (Sections 3.2.2,3.2.3, and 3.2.4) are again constructed in the new context.
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2 | ONTRAVELING WAVES AND OTHER SPECIAL SOLUTIONS TO THE
HAMILTON-JACOBI-KELLER-SEGEL SYSTEM (7)-(8)

In this section, we extend the results given in Alejo and Lopez* to the case under consideration from now on: ¢ = 0 and
u,o,C # 0. Particularly, choosing C # 0 in (7) puts now the second equation in (8) in the context of Hamilton-Jacobi
models. In that spirit, we are intended to establish appropriate conditions on the chemotactic coefficients that guarantee
the existence of solitary wave solutions to Equations (2)—~(3) and thus to system (7)—(8) (see Alejo and Lopez* and Lopez*).
More precisely, we shall show that the relation (9) is not necessary any more in the new scenario, but just 34 + 2B < 0.

First, from the definitions (4) and (5), it is a simple matter to observe that Vy = <¥ + l£> y. Then, after taking

divergences, we achieve
Ve J 2
Ay = (1"—— = -2Q)v.
n n
with Q given as in (6). Then, the nonlinear Schrédinger model (2)-(3) can be rewritten as

. i An Vi-J A V,n|? J J|?
10,w+(,u—0'n)w=<§ <d1 . —"T> —A%—B' ;‘lzl _dZVx'<E>+C|n_|2 w. (11)

The construction is split into several steps.

Step 1: We first insert the profile y = e** into Equation (11) and separate into real and imaginary parts to obtain

or = diAyr — %Axs +2d;|Vir|? = Vyr - Vs, (12)

0;S = 2AAT + dyAys + 4(A + B)|Vir|? — C|Vys|? — oe? + p. (13)

Step 2: Now, the linear transformation
s =yr+As (14)

is introduced. Then,

O = AL + A1 AyS + 20| Vb |2 + 201 Vit - VoS,
ats’ = A+ ﬁleS/ + ﬂ3|vxr|2 + PaVyr - szl + ﬁ5|VxS,|2 + ﬁ6e2r + f7,
with

1 v y
= —_—, :d -,
2A o Pr=da=on

ﬁ2=2AA+y(d1—d2+%>, ﬂ3=4A(A+B)+y(2d1—%(C—1)),

C
fo=2QC-1), fs= =, fs = —oA. fr = uA.

As there are two degrees of freedom, we can set up a; = 1 (by just choosing A = —%) and p; = 0 (if choosing

y = —d,) to find
0 = (dy + dp) Ayt + Axs” 4+ 2(dy + do)|Vir|? + 2V,r - Vo8, (15)

98 = —(A+ dydy)Ayr — 2(A + B+ dy (dy — dp(C = 1)) | Vyer|?
+20,2C = DVar - Vs’ +2C V.| + T = g (16)
Step 3: By imposing stationarity of r, we get
A ((di +d)r+5) +2Vir- Vi ((dy + da)r +5') =0,

which invites us to consider the ansatz

s'(t,x) = —(d; + dy)r(x) — ot, ® € R. 17)
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Finally, inserting this profile into Equation (16), we find
(A + did)Ar + 2(A + B — d2C)|Vyr|? — %ezr =w-— g (18)

As consequence, any couple (r,s) such that r = r(x) solves Equation (18) and s(t,x) = 2(dir(x) + wt), is a
(quasi-)stationary solution of the hydrodynamical system (12)-(13).

2.1 | Traveling wave solutions

It is a simple matter to notice that, for any solution (r, s") to (17)-(18), the couple

F(t,x) = r(é),
5t x) = /(&) — %(x v+ §|v|2t = —dyr(E) — ot — %(x )+ §|v|2t,

with arbitrary € = x — vt and v € RY, solves (15)-(16) when d, is set to zero. As consequence, given that s = —2(d,r + 3)
according to (14), we conclude that

w(t,x) = T O+i(EV+(20+A-OVI)r)

is a solution to Equation (11) provided that r solves Equation (18). In particular, solutions with the form

; 20(A+B) 2
£.x) = sech | o 1<.§~v+<;4—m+(1—C)|v| )z) 1
w(t,x) = sec < SNGAT2B) §> e (19)

are found provided that 34 + 2B < 0. Indeed, inserting the profile #(¢) = log (sech < - 2N(3Z+ZB) )) into Equation (18)
yields
wo t_ c(A+B)
2 3A+2B

As consequence, the couple of functions

2
_ _ (o3
ple) = SeCh< \/ "2NGA + 2B) 5) .

206(A+ B
(O =& v+ (u—%m—cmﬁ) :

solve the Keller-Segel-type system (7)—(8) for any given v € RN,

2.2 | Cell density stationary solutions

We finally explore several scenarios in which Equation (18) can be explicitely solved. In this spirit, we set N = 1 and
o, u > 0 and consider the ansatz

r = log(w),

so that Equation (18) can be rewritten as
(A + dydy)un” + 6(u')? — %u4 —vi2 =0, (20)

where we denoted

0 =A+2B—dy(d, +2d,C), v=a)—§. (21)
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221 | Casel: 0 =A+did,
This relation holds when the chemotactic coefficients B and C are related through

B —d;(d, +d,C) =0, (22)

in which case Equation (20) reads
6(112)// = u2(2v + ou?). (23)
Then, there are two possible situations:
(II) If 6 = 0, then the only nontrivial solution to Equation (23) is given by u = 4/ % provided that w < § Thus, the

couple of functions
U—2w

p= , c(t) = ¢y + 2mt, (24)

solves the system (7)-(8) for all ¢, € R. As consequence, it suffices to consider

20 0<w<

N

bl

so as to get p, ¢ > 0 for all times.
(LII) If6 # 0, then p = u? satisfies
p" = p(a+bp), (25)
with

a:g, b=2.
0 0

Multiplying Equation (25) by p’ straightforwardly leads to

!
1 a b
<§(P’)2 - 5,02 - §P3> =0,

from which it is easily deduced that
) -p <a + %p> =Ko eR. (26)

In other terms, either p = po > 0 such that pg (a + % po) + Ky =0or

/

p

\/,02 <a+2?bp>+K0

= il. (27)

Note that the condition
2b
Fx,(p) :=p" <a+ ?P> +Ko>0

isrequired to make Equation (27) meaningful. Then, the particular choices Ky = 0 and Ky = — % are shown below
to lead to explicit solutions. As a matter of fact, if a and b do not take negative values simultaneously, we have

\/1?0 = %p\/pr + 3a,
3

which makes sense provided that p > _3a Besides, if we disregard the case in whicha > 0Oand b < 0

2b
simultaneously, then

F_;,b_s2 :%<p+%)\/2bp—a,
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which makes sense provided that p > max { —%, % } We introduce the notation

2v 20 — 20—p
28
\/ \/ A+didy’ (28)

for future convenience.

We distinguish three subcases:

Subcase a < 0: We first assume K, = 0, so that Fy(p) > 0 if and only if p > —;—‘; > 0 for b > 0 (in other words, the
conditions # > 0 and v < 0 must be simultaneously satisfied). For instance, for an arbitrarily fixed x, € R, we may
choose p(xg) = —z—‘; > 0 and p’(xp) = 0 as initial data, according to (26). Then, by integrating in Equation (27), we
find

3(u —2w) 1
pe(x) = £ (29)
° 1+ cos <Coi \/EK'_(X—X())>
with
/
Co = 2 arctan ( |7 (o)l > >0,
K_p(Xo)
as follows easily from Equation (26) with Ky = 0. The profiles (29) solve Equation (27) in . =
<xO¢ \2‘; - TX F \[7
H
A>—didy, o < E (30)
Also
c+(t,x) = di log(p+(x)) + 2wt, (31)

again by virtue of (14) and (17). It is a simple matter to check that for u > 2?”, any value

0<w<

Nlt
wlq

yields the desired positivity of c,.
Let us next take K, = —% > 0 and b > 0. In this case, it suffices to have p > —% = % > 0, as deduced
previously. Integrating again in Equation (27) and after some calculus, we find

(32)

pa0) = U—"2w <COSh(C0 + K_(x — Xp)) + 2>

c cosh (Cy + k_(x —xp)) — 1

with x_ as in (28) and

Co = 1o <a|p’(xo)| — k_(6p(xo) + 2w — /,[)) <o,
olp’(%0)| + k-(op(x0) + 200 — p)

which solves Equation (27) in

I, = <—oo,x —ﬁ>, I_= <x0+&,oo>,
K_ K_

respectively, provided that the conditions (30) are fulfilled. Again, c..(t,x) are given by formula (31) and remain
nonnegative by just choosing 0 < w < ?
Subcase a > 0 : Let us first take Ky = 0 and choose b > 0. Solving again Equation (27), we now arrive at

32w —
p+(x) = (2 /4)( 1 > (33)

o cosh (Cop £ ki (x —xp)) — 1
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with
1o/ (xo)| — K+p(xO)> <0

Co=1
0 %<W%Www%)

Besides, we have the already known expressions for c,. given by (31). The couple (33)-(31) is shown to solve (7)-(8)
in
C C
I+= <x0_&9x0__0>9 I_= <x0+_0’x0+@>7

respectively, with positivity of the profiles c.. Here,

6w —3
Bo = Co + arccosh <w—ﬂ+a> ,

o

and the relations

A>—did;, o > g,

have been required to hold.

We now tackle the case Ky = —% < 0 with b > 0. In this situation, we need p > % = 2“2’—;" Integrating in
Equation (27) gives
20 — 2 —cos (Cy + k4 (x — X
9 (%) = U (Co + x4 ( 0)) , (34)
o 1+ cos(Cy £ ki (x —Xp))
with

2 -2
CO = i arctan M > O’
3 3w — )

which are well defined in I, = (xo F % - T, X0 F % + 7r>, respectively. Along with c, as in (31), the functions p..
given in (34) solve (7)—(8) provided that

A>—didy, o> g

Furthermore, positivity of c, is guaranteed by just choosing w > g + o, without any restriction on the intervals L.
Subcase a = 0: As before, we integrate in Equation (27) to finally find

5ep(xo)

(8o F (x — X))

_ 6(A + dqd>)
"=\ o) (36)

I, = (—co,Xxp + 60), I- = (Xo — Jp, ),

p+(x) = (35)

with A > —d;d,, where we denoted

Then, (p., c.) are shown to solve (7)—(8) in

respectively. Furthermore, positivity of c.. (cf. 31) is guaranteed if the above intervals are restricted to

I+=<x0+50(1—m>,x0+50>, I_=(x0—50,x0—50(1—\/@)).

Summary: Let the parameters B, C satisfy the relation (cf. 22)

B— dl(dz + dlC) = 0
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We have:

e fA=—-did;and0 < w < %, then the constant states (24) are obtained.

o« IfA>—didyandw = %, then profiles of the form (35)-(31) are obtained.
o« IfA> —did; and w > g, then profiles of the form (33)-(31) are obtained.

o IfA> —didy, > 2?" and0 <w < g - % then profiles of the form (29)-(31) are obtained.

o« IfA> —didyand w > g + o, then profiles of the form (33)-(31) and (34)—(31) are obtained.
o IfA>—didy,y>cand0<w < ? then profiles of the form (32)—(31) and (29)-(31) are obtained.

222 | Casell: 0 =0,A+did, #0

This case holds when the chemotactic coefficients and the diffusion rates are related through
A + 2B — d1(d2 + 2d1C) = O (37)
Equation (20) then takes the form of an undumped Duffing equation

u’ = u(c + du?), (38)

where we denoted
v c

= N d = .
A+ did, 2(A +didy)

!/
<%(u/)2 _ %uz _ %u4> =0,

Cc

Multiplying Equation (38) by u’ leads to

from which it is easily deduced that

Ww')? — u? <c+ %lu2> =Ky, eR.

Then, either u = uy > 0 such that ué (c + guf)) + Ky = 0, or p = u? is easily seen to solve

/

p

\/p(gpz +CP+K0>

d
Gk, (p) 1= 5p2 +cp+Ky > 0.

= +2, (39)

given that

In this framework, the particular choices Ky = 0 and Ky = % lead to explicit solutions. In the first case, it is required

that p > —% in order to fulfill Gy > 0, c and d not being simultaneously negative. The second case requires d > 0, which

entails that G reaches its minimum value at G » (—5) =0.
2d

2d d
Then, we find:

(i) Ifc <0and Ky =0, then

pu(x) = 2k = 20) 1 40)

© 1+ cos (Coi \/EK_(X—XO)>

solves Equation (39) in I, = <x0 — \/_%(7[ + Co), Xo + \/—%(ﬂ ¥ C0)> , with

/
Co = 2 arctan <M> >0,
V2K_p(xo)



10 Wl LEY LOPEZ

(i)

provided that

A> —did;, o < g

In these circumstances, it suffices to choose y > % and0 < w < Z’CT_" in order to guarantee the nonnegativity of c.,
given as in (31).

2
Ifc<0Oand Ky = %, then Ga(p) = <\/gp + v%) , and Equation (39) becomes
2d

2

/7,
— =44/ =. (41)
(dp +0)\/p d
As consequence, the functions
—2w {cosh(Cy+x_(x—xp)+1
Py () = H (Co ( 0)) (42)
c cosh (Cop + k_(x —Xxp)) — 1
are shown to solve Equation (41) in
I+: <_00,x(]—@>, I_ = <x()+@,00>,
respectively, provided that
A>—did;, o < g
Here,
c - - 2w
c0=1og<\/ p(xo) — /H ><O
Vo) + v/ = 2
Now, the choices y > c and 0 < w < ? are enough to ensure the positivity of c...
If ¢ > 0 and K, = 0, then the functions
42w — 1
pul) = 22021 (43)

o cosh <C0 + V2K, (x —xo)> -1

C
I+ =| —00,Xp — 0 , I = Xo +
2K,

A > —did;, o > g

Co = Iog ( 10’ )| - \/§K+P(Xo)> -0
10 o)l + V24 p(x0)

solve Equation (39) in

Co >
9 m b
\/§K+

respectively, provided that

Here,

Furthermore, c, given as in (31) are shown to preserve positivity in

Yo Co Co Yo
I=xp—-——,x——— |, .= xo + ,Xo + ,
' < \/§K+ ’ \/§K+> < \/§K+ ' \/§K+)
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respectively, where we denoted

8w —4
yo = Cp + arccosh (w_u-l—a) .

8w —4u
Ifc>0and K, = %, then

pu () = 20— y <1 —cos(Cp =+ K4 (x —xo))>

c 14 cos(Cp + k4 (x — Xp))

solve Equation (39) in

+C ¥C
I+=<XO—7I_ O,X()+ﬂ-+ 0),

- K4+ K4
respectively, provided that
A> —dldz, w > g

Here,

X
Cy = 2 arctan ;pﬁ > 0.

w—H

In this case, the density profiles c, (cf. 31) remain positive in the restricted intervals
€ Co — Co — €
I+=<x0__0’x0_ g 7[>9I—=<x0+ 2 ﬂ’x0+_0>’
Ky Ky Ky K4

20— U —o0
g0 = Cp + arccos <—”>
2w—pu+o

where we denoted

(iii) If ¢ =0, then
487 p(Xo)

(260  Vo0x - x0)>2

260 26¢
I= 00x+ I— -, )
i < ’ ﬁ) < NG )

respectively, with §, as defined in (36), provided that A > —d;d,. Now, c. are shown to remain positive in

p+(X) =

solve Equation (39) in

60 250
L={X%+—(1-Vrxo)).%+— ).
<° VAR %)

S )

Summary: Let the parameters A, B, C satisfy the relation
A + 2B — deC = dldz.

We have:

o IfA>—didyandw = g then profiles of the form (45)—(31) are obtained.
o IfA> —did,and w > g then profiles of the form (43)—(31) and (44)-(31) are obtained.
o IfA>—didy, u > % and0<w< £ - % then profiles of the form (40)-(31) are obtained.

2
o« IfA> —didy, p >0 and 0 < w < 222, then profiles of the form (42)-(31) and (40)—(31) are obtained.
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223 | Caselll:A+did, =0,0 #0
In this case, B # di(d; + d;C), and Equation (20) reads
W) =u? (e+ fu?)
with
v c
e = 5, f = %
Hence, either u = /_78 > 0, or p = u? satisfies
p’
S — (46)
pve+ fp
Denote
b, = +Qw — )
* 7\ B—di(d, + d:0O)
By proceeding as in the previous cases we find:
(i) Ife <0, then
2(u — 2w) 1
= 47
px(x) o < 1+4+cos(Co + ¢p_(x — xo))> “47)
solve Equation (46) in I. = (xo - ”:—;C“ , X + %CO ), provided that
J7i
w < 5, B> dl(dz +d,0).
Here,
/
Cy = 2 arctan < 7' xo)] > .
¢-p(xo)
Also, the profiles c, given by (31) are easily shown to remain positive for all 0 < @ < %
(i) Ife > 0, then
2Qw — u) 1
= 48
px(X) c <cosh Coxpsi(x—x0)—1 ) (48)
solve Equation (46) in
I —<—oox0—&> I —(x +& oo)
+ s ¢+ s 41— 0 ¢+ 5 5
respectively, provided that
w > g, B> dl(dz + d1C)
Here,
/ —
1o < 1P’ (o) ¢+P(x0)> .
|p"(X0)| + @+p(x0)
Furthermore, the profiles c.. given by (31) remain positive when the above intervals are restricted to
Po Co Co Po
I, =(x0——.,x ——), I = <x0+—,x +—>,
' < ¢ s ¢ s
respectively, where we denoted
4o — 2
@o = Cy — arccosh <w—”+6> .
o
(iii) Ife =0, then
4y p(xo)
ps(x) = . (49)

Qo F (x — xp))*
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solve Equation (46) in
L = (—00,X0 + 2w0), I- = (xo — 2y, 0),

respectively, provided that B > d;(d, + d;C). Here, we denoted

B- dl(dz + d1C)
Yo = -
op(Xo)

Besides, the profiles c, given by (31) remain positive in the restricted intervals

L= (30 + 20 (1= VoG0) ) %o +2w0 ), - = (%0 = 2w0,30 = 200 (1= Vot ) ).

Summary: Let A = —did; and B > d;(d, + d,C). We have:

o Ifw= %, then profiles of the form (49)-(31) are obtained.
o Ifw > g, then profiles of the form (48)-(31) are obtained.
e Ifu>cand0<w < %, then profiles of the form (47)-(31) are obtained.

3 | FROM THE HYDRODYNAMIC SYSTEM (7)-(8) TO THE REPULSIVE
KELLER-SEGEL SYSTEM (10): DERIVATION, COMPATIBILITY RELATIONS,
AND EXPLICIT SOLUTIONS

3.1 | Derivation

In what follows, we set 7 = 0, C = %, and assume o, u > 0 in (7). Then, following a similar strategy as in the previous
section, we apply the biparametric change of variables

n=p, S=Ac+ylog(p) (50)

to system (8), with A,y € R. On one hand, in the new variables the first equation keeps structurally unaltered:

1
om=(dy+ %) Aan= Vs (V5S). (51)
On the other hand, the equation for the chemical agent is transformed into the following (deterministic)

Kardar-Parisi-Zhang equation>2:

1 Y r? A r? |Vyn|?
3,5 —VSZ=<d——>AS A=A di - dyy + == + AA dyy — L £ BA (52
1S+ 51 VS| 275 ) S+ u —oAn+ | (di —doy + 7= + T dr— o+ " (52)

The first idea consists in simultaneously killing the nonstandard terms depending upon % and 'V;—:”z. To this aim, the
relation between the parameters y, A appearing in (50) and the coefficients A, B must be as follows:

_ 7 _ Y (Y
A= (@ =dor-p), B= 1 (L-dn). (53)
Next, we are called to impose
14 1
-+ =—, 54
2= Y=ok (54)

in Equation (52) in order to combine the terms containing A,S and | V,S|? conveniently, for which we distinguish the two
following cases.
Case d, = 0: In this situation, Equation (54) straightforwardly leads to the choice y = —%; thus, (53) reads

B=L>0,A=\/E<d1—\/§3). (55)

8A2
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Hence, on one hand, Equation (52) becomes

(1 —on).

S = V2B (AS — |V, SP?) +

2B

On the other hand, Equation (51) reads

dm:(dl \/_)An 2V/2BV, - (nV,S). (56)

Notice that the condition ,
d

0<B< -,
2

or equivalently A > 0, is required in order that the diffusion rate in Equation (56) remains nonnegative. We finally
introduce the Hopf-Cole transformation
u=e>s, (57)

which straightforwardly leads to

on = <d1 \/_>A n+2\/_V (nVxlogw)
dtu = \/_A LI.+ ﬁu

In conclusion, if d, = 0, then the extended Keller-Segel model

Op =d1Axp—Vy- (vac)
oc=F

with production-degradation term given by

A V.pl?
Flp. Vip. Aep, ¢, V) = 2y plVerl %|ch|2,
A=+2B <d1 - \/23) >0
d2
B= L < —1
8A2 2’
is reduced to the repulsive Keller-Segel model
on = D1Axn+ yVy - (nVy log(u)) (58)
oiu = DyAu + Anu — fu
via the transformation (cf. 50 and 57)
n=p, u= \/;e_m, (59)
where
=sz,D1=d1—D2,;(=2D2,/1_— ﬁ—— (60)
2D,

A distinctive feature of (58) is that the chemosensitivity must be twice the value of the chemical diffusivity, as evidenced
in (60).

In this context, it may be emphasized that the derivation turns invalid if both diffusion rates vanish. Indeed, if in addition
d; = 0, then D; = —D, < 0 according to (60), and thus, the cell diffusivity would become negative (see Remark below).

Case d, > 0: Now, Equation (54) yields

142y 1

2d2’7¢_§’
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so that Equation (52) reads
d,

142y
0:S = AS — |V,S|? —(u - . 61
t 1+2y(x |x|)+ 2d, (u —on) (61)

This entails the restriction

1
>—=, 62
Y > (62)

hence A > 0, so as to make it positive the diffusion coefficient in Equation (61). Also, inserting (54) into (53) yields

_ 2d2 1+
poMord=dir2y o 2drA+Y) (63)
(1+2y)? (1+2y)?
Besides, Equation (51) becomes
on = <d1 4 2y >Axn— 20_g . (nV,S). (64)
1+2y 1+2

It is deduced from (63) that the original parameters A, B must be chosen such that

dy — dy)? d;
A< M, B> ——2, (65)
4 2
for consistency. Also, if A = —d;d,, then y = 3 dd+ o and A = m; hence, the diffusion coefficient vanishes in
1 2 1 2
Equation (64). Otherwise, y must satisfy
d
P — 66
"= T2 + dy) (66)

which indeed is a stronger condition than (62). We perform again the change of variables (57) to obtain

om = (dl 4 2 ) A+ 22V, @V, log(u))

142y
1+2y) /4(1+27)
= 2 Au+ X
o:u » U+ 2, nu — 2,

u

In conclusion, the extended Keller-Segel model (7)-(8) with u, 6 > 0, A and B satisfying (65) and chosen as in (63) with

y > —ﬁ, is reduced to the repulsive Keller-Segel model (58) with

D, = , Dy =dy+2Dyy, y=2D;, A= ——, f= ——, 67
2= 114, Dimd 2 X 2 2D2ﬂ 2D, (67)

via the change of variables (p, ¢) — (n, u), where

1+2y

— - c
n=p, u=pre 2

Again the chemosensitivity must be twice the value of the chemical diffusivity, as evidenced in (67).

Remark 1. It is noticeable the fact that the only Keller-Segel model of type (10) reachable from a
Schrédinger-Doebner—Goldin system is the repulsive one. Indeed, starting from the attractive model

oin = D1Ayn — Vy - (nVy log(u))
oiu = D,Acu — Anu

and going backwards in the transformations (50) and (57) with A = 1 (for simplicity), one is led to

0ip = D1 +y)Axp+ Vi (pVy C)
atC = (Dz - y)AxC +F
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with

Axp |Vipl? Vip
F=ip+y(D—Dy—7) ; —D27(1+7)% — D,|Vic|* — y(2D, + 1) ;

- Vye,

which shows the unavoidability of a term proportional to V, log(p) - Vic unless the chemical diffusion rate is chosen
D, = —%, which typically gives rise to ill-posed problems.

3.2 | Compatibility relations and explicit solutions
We are now concerned with the eventual translation of the special solutions constructed in Section 2 to the new framework

described by the system (58).

3.2.1 | Traveling wave solutions

According to the results derived in Section 2.1, we must set d; = 0 and 34 + 2B < 0 throughout Section 3.1 in order to
recover the traveling wave solutions induced by the profiles (19). As a matter of fact, we have

2d3y(1 - 2y)

3A+ 2B =
1+ 2y)?

by virtue of (63). Then, taking into account that y > 0 (cf. 66), it suffices to choose d, > 0 and y > % Under these

conditions, the couple
2
142y o
= sech
n(&) = sec < 2d, \ Ny(2y—1)€> ’ (68)

Loy {v~§+(y+ 123, +2 |v|2>t}
9’

ut,&) =n(&)7e (69)
with & = x — vt, is shown to solve the repulsive Keller-Segel model
{ on = 12;2277 A+ lzfzzy V, - (nVy log(u))
— % o(1+2y) u(1+2y) :
ou = 1+2yAxu + 2 nu — E u
In particular, the choice of a velocity field v € RN such that
W2 = 2Qrle—mw+p
2y —1
yields a “pure” traveling profile for the chemical substance, namely,
u(@) = n(@)"e =",
3.2.2 | Stationary solutions: Case I
Inserting the value C = % into the formula (22) gives
B=d, <d2+%> . (70)

Ifd, = 0, then B = % and A = 0, hence 6 = 0 (cf. 21). As a result, the only (quasi-)stationary profile inherited from
Section 2.2.1 is that corresponding to the subcase (L.I), namely,

- 2w 20 -9\ _o
n=t ,u(t)=<\/'u—e 2d1)e ot
c c
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which solves the following repulsive Keller-Segel system without cell diffusion:

o = di1 Ay u+—nu——u :

{ o = 2d;Vy (nV log(u))
2d,

Our next purpose is to investigate how the production-degradation mechanism of the repulsive Keller-Segel
system should be modified so as to inherit the richer stationary dynamics derived from the hydrodynamical
Schrodinger-Doebner-Goldin model in Section 2.2.1. On one hand, it is clear from (54) that the condition d, = 0 leads
to the only choice y = —%. On the other hand, at least one of the relations stated in (53) must be removed in order to find
nontrivial states. The price to pay in our search for richer steady-state dynamics is that the repulsive Keller-Segel model
now becomes either

on = (di = % ) Aan + V- (1Y logw)
o= A= pu+ (o0 — 221, 10 ) u

when

and where A > % for consistency, or

1

o = 2d,Vy - (nV, log(u))
ou =diAcu — ﬁu+ % (an —A%) u’

when

1 4 1

T8A2 2 T 2d;
and where A > 0 (for consistency with the general condition A + d;d, > 0 providing explicit solutions in Section 2.2.1).
Under these conditions, the study carried out in Section 2.2.1 applies to provide nontrivial stationary states n = p by just
making d, = 0 in the expressions for «. (cf. 28) and &, (cf. 36). Also, the chemical concentration is given by

_ot
ut)y=e a,

as follows from (59).
We now focus on the general case d; > 0. On one hand, by compatibility of (70) with the expression for B deduced
in (63), y only admits two possible values:

d _ di+2d

2(d1 + dz), == 2(d1 + dz) ' (71)

Y+ = —

On the other hand, the requirement (66) restricts (71) to the only choice y = y,, and thus, A = . By (63), we now

2(d, +d2)
find that A = —d;d,, and therefore, we can only recover the constant state from Section 2.2.1:

d
—2(0 —260 m __ __@
n= H s M(t) = H e 2Adi+dy) e di+dy s
o o

as a solution to the following repulsive Keller-Segel system:

ot = (dy + do)Au +

{ on = (dy + dy)Ayn + 2(d1 +d;)Vy - (nVy log(u))

2(d, dz)nu 2d,+a 4

Again, a modification of the production-degradation mechanism in the Keller-Segel model is required if we are interested
in importing the whole steady-state dynamics deduced in Section 2.2.1. As before, we are called to relax the condition (63)
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2
in such a way that either the term Al o M isretained in Equation (52). By first keeping the condition on B, we are led

through (70) to y = y, as given in (?1), SO tnhat the couples

wt

Ny =ps, ut) =e o,

with p. asin Section 2.2.1, solve the transformed Keller-Segel system

{ on = 2(dy + dz)Vx - (nVy log(w))

ot = (dy + dy)Agu — L ((rn A+ dldz)AX") u

M
u
2(d,+d,) + 2(d,+d,) n

If on the contrary we skip the condition on B given in (63) and retain that on A, we find

d>
A+did,=—=——(d;+2y(d; +d3)) >0
1d2 (1+27/)2( 1+ 2y(dy + dy))

according to (66), and thus, the study carried out in Section 2.2.1 applies to provide nontrivial stationary states n, = p.
to the following nonstandard repulsive Keller-Segel model:

on = <d1 Y ) A+ 22V, . (nV, log(u))

1+2y 1+2y )
_d, _ p(1+2y) 1 _ (d1+dz)2(1+2}’)2—d2 2) ’
oiu = oo Au YR u+ i (26(1 +2y)n — 1 |[Vylog(n)|* ) u
with
_di2di+dy)y  (+2pnet

u=+(t,x) =ny(x) M e d (72)
3.2.3 | Stationary solutions: Case II
We consider now the relation (37) with C = % which gives

A+2B= dl(dl + d2) (73)

In this situation, the case d, = 0 can be disregarded as it leads to B = % (by just combining 55 and 73), and con-
sequently to A = 0, which contradicts the fact that A + d;d, # 0 in Section 2.2.2. As before, a modification of the
production-degradation mechanism in the Keller-Segel system is required in order to incorporate to the model the sta-
tionary dynamics deduced in Section 2.2.2. Indeed, one of the two relations stated in (53) must be removed in order to
give sense to the analysis there performed. Consequently, if only the condition on A is retained, we find

B 2d;AQd A - 1) + 1
- 8A2 ’

by virtue of (73) and the fact thaty = —%. Hence, the couple

_ 2d)A—V2d1 AQd A-D)+T 2Awt
n=p, u(t,x) - l’l(X) 2/2d1AQd1A-D+L o 2d1 AQdy A=D1+ ,

with p as given in Section 2.2.2, solves the generalized Keller-Segel model

on = <d1 - j) Axn + iVx - (nVx log(w))

d,(2d,

oU = %Axu — ulAu + (UAn - 4/\_1) |V 10g(n)|2) u
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provided that A > —2(11 (see Equations (51)—(52)). On the contrary, if the condition retained in (53) is that on B, we then
1

find from (73)

1

_ g2 _

A=di- 75

and now, the repulsive Keller-Segel system is given by

on = (dl — %) Axn+ %Vx - (nVy log(w))

d,(2d,A-1) M) >

=1 _ _
oiu = ZAAxu uAu + (aAn B —|u

provided that A > ﬁ. Under these conditions, the study carried out in Section 2.2.2 applies again to provide nontrivial
1
stationary states n = p with just d, = 0 in the expressions for k.. (cf. 28) and & (cf. 36). Also,

u(t,x) = n(x)_<d1A—§)e—2sz‘ -

Let now d, > 0. By imposing compatibility of (73) with the expressions for A and B found in (63), y is shown to admit
two possible values:

d; 1
LY==

T T + dy) 2

Clearly, y_ violates the necessary condition (62); hence, the only valid choice for y is y,. (cf. 66). As consequence, the first
relation in (63) yields A = —d;d,, which again contradicts the hypothesis of Section 2.2.2.

Let us then correct the production-degradation Keller-Segel operator in order to recover the explicit solutions found
in 2.2.2. If only the condition on B is retained in (63), then we arrive at

A dl(dl + dz)(l + 2}/)2 + 4d§)/(1 + 7)
B 1+ 2y)?

bl

by virtue of (73). As consequence, the profiles n, = p. given in Section 2.2.2 are shown to solve the modified Keller-Segel
system

d, d,
om = (dl + f+2’y> A+ 22, - (V. log(w)
d,

o = 12 A — M2y 4 L (614 2p)n = (dy + ) (dh + 20 + o))

Ann
n

Ju’

along with the profiles (72) for u... On the contrary, if the condition retained in (63) is that on A, then

_ di(di + do)(1 +27)* — 2day(dy — (1 + 27))

B
2(1 + 2y)?

and the repulsive Keller-Segel system now becomes

1+2y

O = {2 A = KU+ o (20(1+27)n — (di + dy) (d1 + 2(dy + da)y) Ve log(m)?) u

on = <d1 + Zd”y) Acit+ 22V, - (nV, log(w))

3.2.4 | Stationary solutions: Case III
In this case, the following relations must be fulfilled:

di(dy + 2d>)

A=-didy, B# 2

(75)
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By assuming d, = 0, we find 0 = A = v/2B <d1 - ZB> and B = & > 0, as deduced in (55). As consequence B must

2
take the value B = d?l

in (53) and release that on B, then we are led to the choice A = %. The profiles n = p given in Section 2.2.3, along with
1
the chemical densities

, which contradicts (75). Proceeding as in the previous cases, if we retain the condition on A stated

d1—V2B ot

u(t,x) = n(x) V# ¢ Vi,

are thus shown to solve the modified Keller-Segel system

orn = 2d;Vy - (nVylog(u))
2
o =diBat— Zu+ - (on+ (£ - B) [Veloga ) °

2
provided that B < dz—l (see Equations 51-52). If on the contrary we just retain the condition on B in (53), then the couple

(n, u) solves the generalized Keller-Segel model

on = <d1 - %) An+ 19, - (nV, log(w))
ot = LA — pAu+ L (40’A2n +QdA - 1)%) U

provided that A # %, with n as in Section 2.2.3 and u given by (74).
Let us now consider d, > 0. On one hand, the first identity in (63) leads to

_ 2dyy (dy — di(1 + 2y))
(1+2y)?

—did; =A

>

or equivalently
d

X+ D) (76)

}/ =
On the other hand, the second identity in (63) straightforwardly leads to

_ di(dy +2dy)
B 2

B

k)

which again contradicts (75). In conclusion, the production-degradation term of the Keller-Segel system must be rectified
again so as to reproduce the steady-state dynamics exhibited in Section 2.2.3. By just retaining the condition on A stated
in (63), we arrive at the expression for y given in (76), which in turn leads to the diffusionless system

(77

{ oin = 2(dy + dz)Vx - (nVy log(w))

_ o 1 dyd+dy) 2 ,
ou = (dy + dy)Au 2(d1+dz)u + D (o-n + (—2 B) |Vxlog(n)| ) u

provided that B # @. Here, the couples (n,. = p4, u(t) = e_m) solve (77), with p. as given in Section 2.2.3. Finally,

if only the condition on B is retained in (63), then the couples (n,, u,) solve

— 2dyy 2d, .

o = (d1 + ooy ) An+ T2y Vi - (nV, log(w))
_ 49 _ pa+2y) 1 (o(+2y) di+2(d,+dy)y Ay ’

o = 1+2y Az 2, 4 *3 ( ., " + 1+2y n ) u

4

provided that y # ~ D)

. Here, p. are as in Section 2.2.3 and u.. are those given by (72).
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Remark 2. When neither the constraint on A nor that on B in (53) or (63) is retained, a peculiar situation arises that
deserves to be highlighted. Indeed, when the coefficients affecting % and |V, log(n)|? in (52) have opposite sign,
namely,

r r?
d — +AA = — — BA, 78
17+ A + A (78)
then both terms combine to give A, log(n). On one hand, ifd, = 0, theny = —%, and Equation (78) is translated into
dy+4/d>—2(A+B)
Ay = . 79
* 4(A + B) (79)

On the other hand, if d, > 0, then A = %, and Equation (78) becomes

—did;, — 2(A + B) + dy1/d? — 2(A + B)

80
2 (2(A+ B) + 2d1d; + d?) (80)

Y+ =

Later on, we analyze the only admissible situations in the perspective of Section 2.

Casel: Ifd, =0,then B = % and (79) reads

dli— V—2A A<0

A+ = ’
=T A2 +24)

Thus, the corresponding Keller—Segel model is written as

on = D1Acn + yVy - (nVy log(w))
ot = DyAu — pu+ (An+ pAclog(m) u

with

d? +2A

di +V—-2A

A+d>)V-24-d,A
YN PR R P A Pk -

D, =d —D,D= ’ >
Pmhe e 2D, 2D, 2d? + 24)

2

provided that “4caxo.
2

Ifd, > 0,then B = @, and (80) becomes

_ —2(A+ dldz) - dl(dl + dz) + dz V —2(A+ dldz)
2 (2(A + didy) + (dy + d2)?)

Y+

’

which is only meaningful for values of A such that A + d;d, < 0. Consequently, the solutions constructed in
Section 2 are not transferable to this situation.
Casell: Ifd, = 0, then A + 2B = d? and (79) reads

di+v-A
Ar=——+— A<0.
2(di +A)
Thus, the corresponding Keller-Segel models is written as

on = DiAyn + yVy - (nVylog(w))
ot = DyAu — pu+ (An+ pAclog(n)) u



22 Wl LEY LOPEZ

with

d?+A . . d (dn/—A —A)
Dy=di—Dy, Dy=———, y=2Dy, f==—, A=-—, = >
d +v/-A 2D, 2D, 2(d7 +A)

provided that —d®> < A < 0.
Ifd, > 0, then A + 2B = dy(d; + d»), and (80) becomes

_ —(A+didy) —di(di + dy) £ da/—(A + didy)
2 (A +didy + (dy + d2)2)

Y+

As in the preceding case, these expressions are only meaningful for values of A such that A + d;d, < 0.
Consequently, the solutions constructed in Section 2 are not transferable to this situation.
CaseIII: Ifd, =0, then A = 0 and (79) reads

I
Y
A
| £

As

Thus, the corresponding Keller-Segel model is written as

on = D1Asn + yVy - (nVy log(w))
ot = DyAu — pu+ (An+ pAclog(m)) u

with

d?> - 2B
1
D1=d1—D2,D2=—ZB ,){=2D2,ﬂ——ﬂ,/1=—6,¢=

e 2D 2D 2
d, + d% — 2B 2 2
. a?
provided that 0 < B < =5

Ifd, > 0, then A = —d;d,, and (80) becomes

did, —ZBidz\/m B< di(dy + 2dy)

2(d2 + 2B) ’ 2

Y+ =

Thus, the corresponding Keller-Segel model is written as

on = DiAyn + yVy - (nVy log(w))
ot = DyAu — pu+ (An+ pAclog(n)) u

with

d* +2B 0+ (d; + dy)VO
2 P S B S S R C R AN

Dy =dy +2y.D;, Dy = ——— )
d +d, + /0 2D, 2D, 2<d1 +dy+ \/6)

. a2
provided that -3 <B< w

, where we denoted

© =d; +2did, — 2B.
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4 | CONCLUDING REMARKS

Starting from the most general form of a Keller-Segel-type model,

Orp = d1Axp — Vi - (pVx0)
— _ M vaplz 2
oic=dAc+pu—op+A . +B = + C|Vic|

obtained as the hydrodynamic system associated with the cubic Schrodinger-Doebner-Goldin equation

A V.n|? J?
iétw+%Axu/+(an—ﬂ)w=<a ;n—bl :lzl —dZVx-<]>+cu>w,

n n2
with p
1 .d 1 1
a=-A+-+4+i—,b=B+—-,c=C—-=
4 2 8 2
and
v =/pe",

we derived the standard form of the Keller-Segel model with singular sensitivity accounting for negative chemotaxis:

orn = D1Ayn + 2D,V - (nVy log(u))

0tu=D2Axu+%nu— %u ’
via an adequate change of variables, provided that some specific relations are fulfilled among the original chemotactic
parameters A, B, C and diffusion rates dj, d, > 0. Here,

dy 4 : 4
D — 2 1fd2>0,}/2 d,+dy) D - d1+2d2}/1f d2>0,}/2 3, +dy)
7Y Am e LT . &

ZBldeIO,OSBSTl dl—Dzlfd2=0,0S3S71

Then, several families of explicit solutions to a number of variants of the latter system (namely, those including terms pro-
portional to either A;" or |V, log(n)|? in the chemical production-degradation operator) have been constructed from their
counterparts on the former. More precisely, sech-shaped traveling wave solutions were found (cf. 68-69) as well as a range
of stationary cell densities involving trigonometric and hyperbolic functions, along with other stationary profiles with
second-degree polynomial decay. Besides, the corresponding chemical concentrations are shown to decay exponentially
in time.
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