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1. Introduction

Hole-filling techniques appear in many different real applications, like surface reconstruction in Engineering [1], 3D
human body scanning [2], dental reconstruction [3], physics [4], reverse engineering, etc. In 3D scanning applications, for
example, data can be missing due to accessibility limitations [5], occlusion, reflecting spaces or surfaces perpendicular to
the camera/scanner.

Some papers on this topic deal with methods to fill holes in a given surface by means of variational splines fulfilling
different smoothness conditions. For example, in [6] discontinuous and c°-fillings are proposed, while in [7] the filling
considered is ¢!. In some practical cases it may be also necessary - due to industrial or design requirements — to impose
additional geometric or volumetric constraints on the filling patches (see e.g. [8,9]). In [3] many hole filling algorithms
are listed, while in survey [10] the literature on correcting polygonal models of 3D objects is reviewed, including gaps
and holes as errors.

Sometimes it is desired that the hole-filling methods, although using limited information, can restore some of the
characteristics of the original models [3], as sharp features [1], shape’s surfaces defined by derivatives [8], or specific
geometric characteristics [11]. In [12] Bézier cubic surfaces are used to interpolate data values and normal directions of
tangent planes. Also an iterative method is used by means of a homotopy scheme to minimize a strain energy functional.

In this paper we handle the problem of having a dataset of points (taken, for example, from a given function or from
some data acquisition procedure) suffering from a lack of information inside some sub-domains (holes) to which we want
to associate a new function over the whole domain that, not only fits the dataset, but also properly fills the holes. Notice
that technically we do not fill a hole since only some data points from the surface are used. But we think it is not possible
to exactly fill the hole of a surface without replacing it by another one approximating it, unless we remove continuity
and smoothness conditions on the final global reconstructed fitting-filling surface. We mean, in general it is not possible
(neither with RBF nor with splines) that a filling patch interpolates the values of a surface (and the ones of its partial
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derivatives if we want additional smoothness) all over the boundary curve of the hole. Therefore, if we want to dispose of
a final reconstructed surface being smooth enough, or at least with no discontinuities, it becomes necessary to replace the
original surface by another one fitting it. This does not pose a problem since such a fitting surface can be so close to the
original one as desired, as stated in the convergence theorem. We want also to mention that, although this paper could
have been developed in the general RY, we have chosen to develop it in the 3D frame since it allows a clearer graphical
presentation and interpretation of the results, and it is specially relevant in problems posed in physics and engineering.

Several methods regarding this topic have been developed (see [7,13]) in the literature, but in this work we will make
use of an appropriate space of Radial Basis Functions (RBFs), giving both theoretical and computational results that assure
the feasibility and good properties of the method proposed: We will look for a function in a vector space, generated
by a RBF, minimizing certain quadratic functional including some terms associated with a volume constraint and with
the usual semi-norms in a Sobolev space, all of them weighted by smoothness parameters. This minimizing functional
technique has proved to be effective on some approximation methods in different functional spaces (see [6,14-16] and
the references therein). The volume constraint of course will have a clear impact on the filling patch insofar as such a
volume strongly affects the shape of the surface. On the other hand, the smoothness parameters can be chosen in such a
way that different weights can be given to the different summands of the energy functional (fitting, volume and fairness).
A deep study of how these parameters affect the final surface can be carried out by means of the cross-validation method
(see for instance [14]).

RBFs have turned out to be a successful technique in the function approximation theory in general. For example,
in [5,17], holes are filled by using this kind of functions on the hole neighborhood. In [18], zero-valued surface points
and non-zero off-surface points are considered to define a signed-distance function in order to do so. These radial basis
techniques have important advantages, like the needless of any mesh or partition in the computational domain - for that
reason they are usually called meshless methods -, the great flexibility and adaptation to the shape of the data and the
amazing simplicity and performance of the related procedures. These advantages lead to very good results even using just
a few of such functions, with a reduced computational cost and storage requirements.

This work intends to overcome two problems that arisen in other related papers — mainly using finite elements -: On
one hand, handling triangulations fine enough to get fillings of enough quality necessarily implies the use of large linear
systems that, moreover, translates into bad-conditioning. More precisely, when using finite elements the dimension of
the associated linear systems are of order several times (at least 3 if ¢!-fillings are desired) the number of knots in the
underlying triangulation. On other hand, using finite element necessarily requires a triangulation of the whole domain and,
more specifically, of the hole. When such a hole is not fair, smooth enough to be triangulated by a relatively straightforward
- and near to uniform - triangulation, additional difficulties arisen as, in this case, either acute triangles or very fine
triangulations are needed to properly triangulate the hole, leading to severe computational problems or bad-conditioning,
respectively, or even both.

It is also worthy to mention that the proposed method presents a limitation regarding the computation when high
dimensions are considered. We mean, given the hole, the dataset and the volume constraint the existence and the
uniqueness of the fair function fitting and filling the dataset and fulfilling the volume objective V is guaranteed with
no additional requirements. Nevertheless, insofar as the size of the linear system leading to the solution is the dimension
of the space where the fitting-filling function is searched for, we will for sure find bad-conditioning as this dimension
grows. In particular, the convergence result, which is naturally linked to an infinite grow of the dimension of the space,
could not be illustrated by examples. The study of the conditioning of the linear systems associated to this problem could
be of course addressed (see e.g. [19]).

The outline of the work is as follows: in Section 2 we introduce some notation and we recall some basic concepts
and results that will be used throughout the paper. In Section 3 we present the main problem we want to study, we
show the existence and the uniqueness of the solution, and we deal with the computation of the solution. In Section 4
we present a convergence result, for which it will be necessary to previously recall some other results in the literature.
In Section 5 we include some graphical and numerical examples to show the performance of the method. The paper ends
with a conclusions section.

2. Notation and preliminaries

For any natural number m > 1, let I'Im,l(le) denote the space of bivariate polynomials of degree at most m— 1 defined
. . . m(m + .

on R?, whose dimension is d(m) = % and let {q1, ..., qqum)} be any basis of M1 (R?).

Throughout this paper 2 will denote a nonempty, open, bounded and connected subset of R? having Lipschitz
boundary.

We will use the notation (-), to denote the usual Euclidean norm in R", and H*(£2) to denote the usual Sobolev space
of all distributions whose weak partial derivatives up to order k belong to the classical Lebesgue space [*(£2). It is well
known that H¥(£2) is a Hilbert space equipped with the linear semi-products

(wv)e= Y [ Du(x)D*v(x)dx, 0 <<k,
laj=¢ ¥ £
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W; the seminorms
1 2

where o = (a1, a3) € N?, || = a7 + a2, and D* represents the operator

1
lul, = (u,u);, 0<t€<k

k %
and the norm ||ulj, = <Z |u|§> .

(=0
For X = £2 or X = R? let us consider the space

X™(X) = {u e DX) : D*u e [*(X) for || = m, m + 1},

where D(X) is the space of the Schwartz distributions, endowed with the semi-product

1

W Vmex=| Y M/X(D“u(x))zdwrrz > Z—!!/X(D"‘u(x))zdx :

Joe|=m+1 ’ lee|=m
1
where a! = «1le;!, and the corresponding seminorm [ul, . x = (u, u); , -

Remark 1. The space X™(R?) equipped with this inner semi-product is a semi-Hilbert space continuously embedded in
the space ¢(R?). The null space of the semi-normed space (X"™(R?), | - I,z r2) is I,_1(R?) (see for example [20]).

Consider the function ¢, : [0, +00) — R given by

1
¢ (t) = —53 (E_“ﬁ—i-r\[t), t>0, (1)
213
for some v > 0, whose associated radial function on R? is
1
D, (x) = ¢ ((0)°) = ~53 (e7™™2 4+ 1(x);), xeR%.
T

Remark 2. It holds that ¢, € C([0, +00)) N C*(0, co) and that the function @, is conditionally strictly positive of order
m > 1 on R? (see Theorems 2 and 3 of [21]).

Let N € N be such that N > d(m); x = &N = {x4,..., xy} C £ be an arbitrary set containing a IT,,_;(R?)-unisolvent
subset (i.e., if ¢ € IT,_1(R?) satisfies q(x;) = 0 for alli = 1,...,N, then ¢ = 0) and % = #" be the finite-dimensional
subspace of H™1(R?) generated by the functions

{(pz(-—Xl),...,QDT(-—XN), Qlw--’(Jd(m)}- (2)
Let
h = sup min{x — x;)» 3)
xe XjeX

be the fill-distance from X to 2.

Remark 3. Taking into account Remark 2 it holds that % is a finite-dimensional subspace of H™*1(R?) c X™(R?).

Let #,., be the semi-Hilbert subspace of C(R?) equipped with the inner semi-product (-, -),.» and its associated
semi-norm | - | given by [21, Theorem 4].

T,m

Theorem 1 (Theorem 5 of [21]). Given a set of real interpolation values {f1, ..., fy} C R, there exists one and only one function
SN € Hem Such that sy(x;) = f;, fori =1, ..., N, and also it minimizes the semi-norm | - |, ,,. Moreover, this function sy can
be written as

N d(m)
N(X) =) M®(x —x)+ ) Bg(x), X € R, (4)
i=1 j=1

where the coefficients A;, fori=1,...,N, and B;, forj =1, ..., d(m), are the solution of the linear system

(5 #)(3)-(4)
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with

> Ar = (P-(x; — Xj))1<ij<n being a N x N matrix,
> M = (qj(x;)) 1=i=v  being a N x d(m) matrix and MT denoting the transpose of the matrix M,
1<j<d(m)

> O is the d(m) x d(m) zero matrix,
A= AL =01 ) B=(B1, ..., Bam))" and
> 0 is the zero vector of R4™),

Definition 1. The function sy € # given by (4) and the explicit surface given by its graph are called, respectively, the
interpolation spline under tension and the interpolation surface under tension associated with N, f, m and .

3. Formulation of the problem

Let H (the hole) be an open and nonempty subset of £2. Let us consider an arbitrary set of points A = Ay =
{a1,...,au} C £ — H containing a IT,_1(R?)-unisolvent subset. Let us consider the volume objective V € R; a set
of real fitting data Z = {z1, ..., zy}; a vector of smoothing parameters A = (Xg, ..., Am) € R™1, with A9, ..., Am_1 >0
and A, > 0; the evaluation operator

p:H™(2) — RM

given by p(v) = (v(ai))?”zl; and the functional
J:H™R2)— R

defined by

2 m
JW) =< p(v) — Z >% +ho (/ v(x)dx — v) + vaﬁ. (6)
H i=1

Observe that the first term of 7 measures how well (in the least squares sense) v approximates the vector values Z over
the set A, the second one measures how well the signed-volume of v approximates the value V over H, and the last
one represents a kind of ‘minimal energy condition’ over the semi-norms | - |;,i =1, ..., m, weighted by the smoothing
parameter vector A.

The problem we want to solve is:

Problem 1. Find o € # such that (o) < J(v) for all v € H.

Theorem 2. Problem 1 has a unique solution which is also the solution of the following variational problem:
Find o € H such that

(o) o0 + 2 [ ot [ wlrde+ Y ndo vy =
H H i=1

(2, p(v)m + onf v(x)dx, forallve .
H

Proof. The map [[-]] defined by

1
2 m 2
(] = <<p(v)>%4 + Ao ( / u(x)dx) + ZMIUI?)
H i=1

defines a norm in A equivalent to the usual norm || - ||,,. Hence, the application a : H x # — R defined by
m
ot v) = (o). p(w -+ ho [ e [ v+ Y- tu. )
H H i=1

is a bilinear, continuous, symmetric and #-elliptic form. On the other hand, the map ¥ : H — R given by

W) = (2. p())u + ko V / o(x)dx
H

is a linear and continuous application. Hence, by applying the Lax-Milgram Lemma, we obtain that there exists a unique
o € H such that a(o, v) = ¥(v) for all v € H, which is equivalent to (7). Moreover, o is the minimum of the functional

4
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1

5a(v, v) — ¥(v), and since

(2)% + on2>
5 ,

we obtain that o is also the unique minimum of 7. O

Jw)=2 (%a(v, v)—¥(v)+

In order to compute the unique solution o of Problem 1, let us write

N+d(m)

o= Y B 8)

i=1
where
) @ —x) fori=1,...,N,

2= gion fori=N+1,... N+ d(m).
Then, by substituting (8) in (7) we obtain that 8 = (B, ..., Bntdum)) is the unique solution of the linear system

AX = B, 9

where the element a; of A, fori,j =1, ..., N 4 d(m), is given by

wi(X)dx / wi(x)dx + Y Mo, )
H

k=1

aj = (p(@3). (@) + o /

H

and

B ((p(wn, Zh + 2oV / w,-(x)dx)
H

1<i<N+d(m)

Remark 4. Although the unique solution of Problem 1 depends in fact on m, N, &y, M, Ay, Z, A,V and H, we will denote
it just by o for the sake of simplicity.

4. Convergence result

The aim of this section is to give a convergence result assuring that, under certain technical conditions on the
parameters involved in the whole process, the fitting and filling function given by Theorem 2 associated to a given
f € H™1(£2) converges to f in the | - ||,;-norm. In order to establish this convergence theorem we will first recall several
results in the existing literature.

Proposition 1 (Proposition 1 of [22]). There exist constants g9 > 0 and P and P; such that for any ¢ € (0, &o] there exists a
finite set T, C $2 satisfying:

(i) B(t,e) C 2 forallt € T,;

(ii) 2 c | JB(t, Pe);

teTe

(iii) Z T5pe) < Pi;

teTe
where B(t, R) denotes the closed ball of center t and radius R, and 15 pe) Tepresents the characteristic function of the set B(t, P¢)
(i.e., the one taking the value 1 on B(t, Pe) and 0O elsewhere).
Lemma 1. For any f € H. n, the variational problem
Minimize |u],
ueHr,m ’
ulo=f
has a unique solution f< that satisfies
2 2
21z m = In1% i+ I = SNz s (10)

where sy is the interpolation spline under tension introduced in Definition 1. Moreover, there exists a constant C (depending
on m and $2) such that

e < Clf Ly forall f € Hem. (11)
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The proof of this lemma follows a similar pattern to the one of Lemma 2.1 of [20] by taking H; m,
of X™(R?), | + |,n.r.p2 and f4, respectively.

- |;.m and sy instead

Theorem 3 (Theorem 2.1 of [20]). For any P > 1 and for any |&| < m, there exist R > 0 (depending on m) and C > 0
(depending on P, R, m, o and t) such that for all h > 0 and for all t € R? the ball B(t, Rh) of center t and radius Rh contains
d(m) balls By, ..., Bym) of radius h such that the inequality

1Dl 12 pe prAy) < Ch™ 1wl aepr)
holds for all u € H™*'(B(t, PRh)) vanishing at least on one point of each one of the balls By, . . ., Bym), where || -|| 2., represents
the usual norm ||ul2x, = ([ u(x)zdx)% in the space [*(X).
In what follows we will suppose that the fill-distance defined in (3) satisfies
h=o(1), N— 4oo. (12)

Theorem 4. Let f € H™(2) and sy be the interpolation spline under tension associated to X, F = {f(xi)}f’zl, mand t
introduced in Definition 1. Then, there exist hy > 0 and C > 0 such that for any h < hq it holds:

If —swli < C"HIf llms1, i =0, ..., m.

Proof. Let us consider the constants P, P; and gy provided by Proposition 1 and the constant R provided by Theorem 3.

Let hg = %0 and h < hg. Then, if we take ¢ = Rh < &g, there exists a finite set T, C §2 satisfying (i), (ii) and (iii) of

Proposition 1. Let, for any t € £2, {B; }d(m) be the balls of radius h given by Theorem 3. Then B; C B(t, Rh) = B(t, &) C 2.
Moreover, by the Definition (3) of h, we have that any ball B of radius h entirely contained in §2 satisfies
BNX # o. (13)

On the other hand, let f? € 7, be the function given in Lemma 1. It is clear then that f — sy vanishes on X and
therefore, by using (13), we find that the function (f — SN)Igce,prry = (f — SN)|B(e.prR) € H™F1(B(t, PRh)) vanishes at least
on one point of each one of the balls B; for i = 1, ..., d(im). Therefore, the inequality

ID*(f = sn)lli2age.prmy < CH™ U = SnLin e vy (14)

holds for all t € §2 and for all |e| < m. Moreover, by Proposition 1(ii) and (14) we have that there exists C > 0 such that

1

2
ID*(F = sn)llizgey < | D / (f = swxPdx | =
teT, ¥ B(t.PRR)
1
2
(Z ID*(f — ||L2(B(tPRh))> =
teTg

1
2
Chm~le (Z If — SN|r2n,r,B(t,PRh)> ’ (13)

teTe

and since

2
e e

(m+1)!
> I [ D - s+
ol Q

loe|=m+1
22 /lBtPRhD (f — sn)(x)’dx,
|at|=m
by Proposition 1(iii) we obtain
Z[f SNl e e,y < Pilf = Snli o -
teTe

By using this last inequality in (15) we get
ID*(f — swllizay < CH™ /Pl — syl r - (16)
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Since for all u € H™(£2) we have
=Y ID°ul}y,, foralli<m,
|oe|=i

from (16) we get that, for all i < m, there exists C > 0 such that

If = swli < CA"'1f = Snlm.r - (17)
Besides, by applying (10) and (11) we get:
|f - SNIm,‘L’,.Q = Lfg - sN|m.r,]RZ = |f9|m,‘r,R2 = C||f||111+1 (18)

Therefore, from (17) and (18) we get that there exists C > 0 such that
If —snl; < Ch™||fllmgr foralli=0,...,m
Then the result holds. O
Remark 5. The result provided by Theorem 4 is mainly based on the property that the initial basis function @, is strictly
conditionally positive definite. The developed approximation method could have been carried out in any other space of

radial basis functions with the same property (for example a radial basis function space generated by Gaussians functions,
or thin plate spline functions, or Sobolev splines or Wendland functions).

For any M € N, let us consider a hole Hy; C £2 such that
u(Hu) =0(1), M — +oo, (19)
where p represents the Lebesgue measure, let us suppose that the fill-distance from Ay to £2 — Hy satisfies

sup min <Xx—a; >,=0(1), M — 400, (20)
xeR—Hy %€AM

and that | J,,., Hu # £2.

Theorem 5. Let f € H™1(£2), with m > 3, and o,{,,v € H be the unique solution of Problem 1 for the hole Hy; in the space H
defined in (2). Let us suppose that

Am=0(M), M — +00; (21)
ri=0(kn), M — 400, fori=0,...,m—1; (22)
Mh?
— =0(1), M — +oo. (23)
Am

. N
lim |loy, — fllm = 0.
M—+o00

Remark 6. The proof of this theorem is divided into four steps: In the first one we obtain some bounds regarding !a,{/,\’ !;
and (p(op — f))% as M — +oc. In the second step we will show that the sequence {o}} is bounded in H™(£2). In the
third part of the proof we will show that there exists a subsequence of {o]}} uniformly converging to f over £. In the
last step the thesis of the theorem is proven.

Proof.
(I) From (21) and (23) we obtain that

h=o0(1), M — +oo, (24)

and therefore N — +o0 as M — +o00. Let sy e ‘H be the restriction to 2 of the interpolation spline under tension
associated to xN, F = {f(xl)} _,.mand t. Since aM minimizes the functional 7 in H, we have that

(p (o) = PUF N + Ao (/ UM(xdx—V> —i—Zk |a,’V,V|
Hym

(p (sn) — PU Dy +Ao(f N(x)dx — ) +ZA Isw7 -
Hym

7
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Therefore,

ol = 1o 0 = o+ 12 ([ swiax—v +Zf|sN| (25)

Mmoo M Uiy,

and

(plog =y 1

— MM < —(p(sn) — P sn(x)dx — V +Z—|sN| (26)

Am T Am Am \JHy =
It is our aim to show that left hand sides of (25) and (26) are bounded and, to this end, we will show that the right

hand sides are. By applying Theorem 4 fori = 1, ..., m — 1 we obtain that there exists C > 0 such that

Iswli < If —svli+ fl; <Ch™ '+ |fl; fori=1,....m—1; (27)
and by applying Theorem 4 we obtain that

Isvlm = If = Snlm + fln = 0o(1) + [fln, M — +o0. (28)
On other hand, since H™~1(£2) is continuously embedded in ¢°(£2) for m > 3, there exists C > 0 such that

[V]lco.0 = max [v(x)] < Cllv]lm-1 forall v e H" (). (29)

xef2

By taking v = sy — f in (29) and by using Theorem 4 fori =0, ..., m — 1 we get that there exists K > 0 such that

m—1
(0 () = p(F iy < MCllsy — fllf,_; = MC (Z Isn —f|?> <

i=0

m—1
MKh? (Z h”) . (30)
i=0

Finally, in a similar way to (29) we get that there exists C > 0 such that

2 2

’ v 4
sn(x)dx — V) < w(Hp)* sy — <C|sn— ;
(/HM ; 1(Hw) | o0 1(H) |y
which together with the inequality
1'%
SN — <lIs —f|-+'f— fori=0,...,m—1,
N u(Hu) ; N l n(Hwm) |;
and Theorem 4 shows that
2
</ sy(x)dx — V) is bounded as M — +-o0. (31)
Hym

Now, by using (22), (23), (24), (27), (28), (30) and (31) in (25) and (26) we obtain that
o2 <o) +1f%, M — +oo, (32)

and

N _ £)\2
M <o) +Ifl3, M— +oo, (33)

and, in particular, there exist C > 0 and My € N such that for all M > My it holds
o2 <c (34)
and

(ploy — Ny < mC. (35)

(II) By (20) we know that there exists ry > 0 such that for all r < ry there exists a natural M, such that for all M > M,
and for all x € 2 — Uy, Hu

36

(
Let A = {d, ..., ag(m)} be a IT,_1(R?)-unisolvent subset of 2 — | J,,.;Hu and let r; < ro such that E(a]@, 1) C
22— Ule Hy forallj=1,...,d(m). Then, if 0 < r < rjand x € E(af, ro — 1) by (36) we can find, for all M > M,, a

there exists a € Ay such that a € B(x, r).

~

8
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point a € Ay such that (@ — x); < r and therefore,
(@—a))y <(@—x)a+x—a)y <r4+rp—r=r,.
Thus we conclude that
Ba).ry—r) C U B(a,r) (37)
aeAMmE<aJ‘.’,r6)

forall0 <r <rg;5i=1,.. .,d(m)and M > M;.
Letting N; = card (Ay N B (a), r3)), from (37) we obtain

(rg—rP <Nr? forall0<r <rjandj=1,...,d(m). (38)

Now, let My be the lowest integer such that Mio < 1{. Then, from (38) we deduce that for all M > M, we have

2 2 2
rl L <N ! = N; > M? (1} ! (39)
0 MO — 4 M ] = 0 MO .
On other hand, by applying (35) we obtain
2
Yo Jom@—f@]" < (plogy — N < AnC
AMOE(a]QA,r(’))
and therefore, by (21), we get that
2
Y Jo@ —f@| =oM), M- +oo. (40)

AMOE((JJQJ[’))

Since Ay N B (a, rp) is a finite set, we can find, forj = 1,..., d(m),

a' € Ay NB(a), rp) (41)
such that

lom(a) —f(@")] = min |ogi(a) - f(a)|

aeAMﬁE(aJQ,r(’))
and, as a consequence, by using (39) we get

2 ZAMHE(a?,r(’]) ’UICII(a) _f(a)|2

lom(@) = f(a"]" < <

N, =

2

ZAMHE(GJQJ(’)) ‘alld(a) _f(a)‘

By using (40) we derive
lom(@") = f(a")| = o(1), M — 400, forallj=1,....d(m),
from where we conclude
lon(a@")] < |om(a") = f(a}")] + |f(a}")| is bounded for all j = 1, ..., d(m). (42)

Let us now consider the set B consisting of all points {a}', ..., al,} defined in (41). Then, by using (34), (42) and
Proposition V-1.2 of [23] for B = BM, we get that there exist M; and C > 0 such that ||a,\’}|| < Cforall M > M; and
therefore, the sequence

{U,C,’}M>M] is bounded in H™(£2). (43)
(IT) As a consequence of (43), there exists a subsequence {aﬂﬁ}geN of {Ua}Msz with N, = N(M;), such that
{U,C,If}geN converges weakly to an element f* € H™(£2) (44)

and, since H™(£2) is compactly embedded in c%(£2), we deduce from (44) that

{cr,c,'ﬁ }een converges uniformly over £2 to f*. (45)
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Let us suppose that f* # f. Then, by using (19), there would exist £y € N, a nonempty open subset £2o C §2 such that
20N (2 — ngonM@) # @ and a real number 7 such that |f(x) — f*(x)| > © for all x € £2¢, but from (45) we get that
there exists £; € N such that

If*(x) — aMe(x)| < - for all £ > ¢4 and x € £2,.
As a consequence, for all Z > {1 and x € 29 we would have

F(x) = ot (] = [F(x) = ()] = IF*(x) — oy (x )I>%- (46)

Let now ¢, € N be ngch that Mg, > max{M,,, M, }. Then, if we take z € 2o N (£2 — nggoHM@) and r, < ro (defined before
Eq. (36)) such that B(z, rj) C £ N (2 — UQ(OHW ), a similar argument to the one developed in Part (II) of this proof for
the points {a?}™"? will lead to a sequence {a"},>,, with a¥¢ € Ay, N B (z,15) C 82 for all £ > £; such that

’f(aMf) — o' (@) = o(1), My — +o0,

which contradicts (46). Therefore, f* = f.
(IV) By using (32) and (44) in the expression

17 = 02 o),
it follows that
. Ny 2
lim Joy —f| =0, (47)
£— 00 m

Moreover, since H™(£2) is compactly embedded in H™1(£2), again from (44) we deduce that
lim oy =f inH"'(2)
{—00 ¢
and therefore
i o 1], .-
Ein;o UM‘ f m—1
which jointly with (47) allows us to assure that
lim ”aa‘ —fH —0. (48)
{—00 ¢ m

/

. . . - . N
Finally, let us suppose that the thesis of theorem is not satisfied. Then, there would exist a subsequence {aMf}geN of
14
{of }mer, with N, = N(M}), and a real number t > 0 such that

—me>f for all £ € N. (49)

But from (43) we have that the sequence {aﬁf}geN is bounded in H™(£2) and thus, by applying the same argument
¢ " !
developed between (43)-(48) we could find a subsequence {ol\lﬂvf,}ZEN of {ag‘f}kN, with N = N(M}/), such that
e e

lim

{—o00

which contradicts (49). O

H M” h O,

5. Numerical and graphical examples
In order to show the performance of the method proposed, in this section we present several graphical and numerical
examples. The ones associated to Experiments 1 to 5 have been carried out under the following common frame:

e The domain £ = (0, 1) x (0, 1).
e m = 2; the basis {1, x,y, x2, xy, y*} of IT,(R?) and a set X consisting of N = 25 uniformly distributed centers, in
such a way that the finite-dimensional subspace of H3(R?) is the one generated by
(Do —x1), o, De(- —x25), 1%, 7, X, xy, ¥°).

Observe that these values of N and m lead, in all examples, to linear systems (9) of dimension 31.
e A dataset of fitting points A = {ay, ..., di500} consisting of M = 1500 points randomly distributed in £2 — H and
the set of real fitting data 2 = {f(a;)}}°%°, where f is the test function considered in each one of the examples.

10
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Fig. 1. Hole H; and plots of f; over £2 and over £2 — H;.

e The value t = 1. Regarding this choice, it is worthy to mention that we have tested the values t = 10’ for
i=—-2,—1,0,1, 2, but the best results are obtained for i = 0 (see Table 3).

e Estimations E,, and E;, of the RMSE relative errors of the fitting and of the filling patches o over £2 — H and over
H, respectively, given by

o = (Z?£?°(f(cf)—a(ci>)2>l/z. B (Z?ﬁ?“(f(df)—a(w)”z
DG ’ S F(d)? ’

are random points in £2 — H and {d;}?°%° are random points in H.

where {c;}2%%°

For the numerical results shown in Tables 1 to 3 some of the previous parameters have been changed in order to
highlight their impact in the final results.

Next we show five different experiments. In all of them we provide: the hole H; and its plot, the test function f; and its
plot with and without hole, the value of the parameters A = {Xq, A1, A>} considered and numerical and graphical examples
for three different values of the volume constraint V: V¢, which has been considered to be the exact signed-volume
Ve = in fi of the function f; over H; (except for the test function f, in which we have replaced the exact value V¢ = 0 for
a very close value for numerical purposes), and V' and V~, which have been considered to be values slightly upper and
lower to V¢, respectively. In all cases we give the plot of the fitting-filling o (the point of view of the figures is chosen
in order to properly show the effect of imposing the signed-volume constraint), the values of the volume constraints
{ve, VT, v~}; the value of fH o and the relative error E,,. In the case V = V¢ we also give the value of E;, (this relative
error has no sense at all in the cases V = V*, V7). In all the experiments, the fitting-filling o better satisfy the volume

2
constraint in the case V = V¢, To check it, we just have to consider a measure of the relative error % Moreover,
_ye)?
regarding the cases V = V*, V~, we can observe that the lower the value v ‘; ) is, the better the fitting-filling o will

satisfy the volume constraint. In other words, the farther the imposed signed-volume V of o over H; is from the exact
one V¢, the worst such a volume constraint will be satisfied.

5.1. Experiment 1: Cosine function f;

> fi(x, y) = cos ((x — 0.5)* + (y — 0.5)*) — c0s(0.09).
> Hy = 207 4 7(}"05’)2 =1

. .3
> A = {10°,107°, 10719} (see Figs. 1 and 2).

5.2. Experiment 2: Franke’s function f,

(9y—2)% +(9x—2)2 (9y+1)2  (9x+1) (9y=7)2+(9x—3)?

sf(x,y) =075 4 +0.75e" @ ~ 10 +0.5e 4 —02e V4O L, = 0.5(x—0.42 +
0.7(y — 0.6)? = 0.252.
> A = {103, 1077, 1078} (see Figs. 3 and 4).

5.3. Experiment 3: Semisphere function f3

V052 —(x— 052 —(y—0.52 if (x— 0.5 — (y — 0.5 < 0.52,
0 otherwise.
> Hy = (0 4 0=09F _

.3
> A= {103 1079, 10~°} (see Figs. 5 and 6).

> f3(x,y) =

11
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Ve =762-10"% vt =102 V. =-10"2
Sy, o =715-10"" S, 0 =8.54-107° S, 0 =—841-107°
Eour =5.39-107% Eout =6.83-107% Eour =8.6-107%

Ein =1.19-107°

Fig. 2. Numerical and graphical results for fj.

Fig. 3. Hole H, and plots of f, over £2 and over 2 — H,.

e

Ve =0.1434 vt =03 V- =103
Ju, 0= 0141173 Ju, o= 0.29273 Ju, 0= 0.01373
Eour = 1.92-10 Eour = 4.04- 10 Eout = 6.54- 10

Ejn =7.34-1073

Fig. 4. Numerical and graphical results for f5.

Fig. 5. Hole H; and plots of f; over £2 and over £2 — Hs.

\
\\\J // /

Ve =0.1277 vt =0.23 V™ =0.07
Ty 0= 0127}3 Juz 0= 0‘2196_3 Juz 0= 0.0789£3
Eour = 5.32-10 Eout = 7.87-10 Eour = 9.17-10

E;p =6.13-1073
Fig. 6. Numerical and graphical results for f;.

12
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Fig. 7. Hole H, and plots of f, over §£2 and over £2 — Hy.

)

) &

ve =106 vt =o0.1 V. =-0.1
-3
Ju, o =317-10 i, o = 0.0992 Ju, o = —0.0087
Eout =5.06-10"° Eour =2.78-107% Eour = 8.65-107%
E;p =9.43-107°

Fig. 8. Numerical and graphical results for fs.

Fig. 9. Hole Hs and plots of fs over £2 and over £2 — Hs.

Ve =145-10"2 vt =25.10"2 V- =102
S 0 =1.48-1072 S 0 =234-1072 S, 0 =1.75-1072
Eous = 8.21-107% Eous = 1.87-1073 Eout =1.32-10"3

Ein =7.19-1073

Fig. 10. Numerical and graphical results for fs.

5.4. Experiment 4: Sinusoidal function fy

> fa(x,y) = sin (2%(x — 0.5)(y — 0.5)).
> Hy = (X03552) + (y 05) =1.
> A = {10%, 1077 10 7} (see Figs. 7 and 8).

5.5. Experiment 5: Nielson’s function fs

> fi(x,y) = 4 cos* (4(x* +y — 1)).
> Hs (015) +(y 05) = 1.
> A= {103 107° 10 10} (see Figs. 9 and 10).

13
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Table 1

Error estimations for f; with M = 5000, N = 25 and R = 0.3.
1% Ao A A2 Eout Ey
ve 0 101 10~ 1.5697 - 10~* 1.2239- 1073
ve 103 101 10~ 2.4315-107* 6.2725-107°
1-1072 103 10" 10~ 1.1757 - 103 3.6638 - 1074
—5.1073 10° 101 10~ 1.0406 - 103 3.3040- 1074
ve 10° 10° 10° 1.9989 - 102 7.0278 - 1073
ve 103 10° 103 1.8353- 1072 6.5112- 1073
ve 103 10° 10~ 1.8353 - 1072 6.5112- 1073
ve 103 10-3 103 1.9971- 1072 7.0199 - 1073
ve 10° 103 1073 2.4036 - 10~* 1.4467 - 104
ve 10° 103 10~ 2.3462-107* 1.4233-107*
ve 10° 10~ 10° 1.9970 - 102 7.0199 - 103
ve 103 101 1073 2.4022-107* 1.4496 - 1074
ve 103 10~ 10~ 2.3464 - 10~ 1.4576 - 104
ve 103 10" 10" 1.5179-10~* 1.2565- 103
ve 1 101 10~ 1.5176 - 1074 1.2472-1073
ve 10° 10-1 10~ 2.3464-107* 1.4576 - 10~*
ve 108 10~ 10~ 2.5229-107* 7.2390- 1077
ve 10° 10~ 10~ 2.5234.107* 8.9753.107°

Table 2

Error estimations for f; with Ao = 10° and A; = A, = 107!,
M N R V= [, filx)dx Eout Ey
500 25 0.3 7.6279-107* 2.9856 - 10~* 2.9601-107°
1500 25 0.3 7.6279-107* 2.5657 - 10~* 5.6449 - 10~°
2500 25 0.3 7.6279-107* 2.4738 - 10~* 8.7719-107°
5000 25 0.3 7.6279-107* 2.3464-107* 1.4576 - 10~*
10000 25 0.3 7.6279 - 1074 2.2211-107* 2.5092- 1074
5000 16 0.3 7.6279-107* 4.9390-1074 6.1590- 1074
5000 25 0.3 7.6279-107* 2.3464-10~* 1.4576 - 10~*
5000 36 0.3 7.6279-107* 1.6842 - 104 9.5893-107°
5000 49 0.3 7.6279-107* 9.1406 - 10~° 2.2702-107°
5000 25 0.4 —1.0754- 1074 4.6544 - 1074 6.1590 - 104
5000 25 0.3 7.6279 - 104 2.3464- 1074 1.4576 - 10~
5000 25 0.2 4.7509 - 104 2.2362-107* 9.7961-107°
5000 25 0.1 1.2663-10~* 2.7119- 1074 5.5636 - 10~
5000 25 0.05 3.1779-107° 2.8677 -10~* 2.9529- 1076

To conclude the experimental section, we also provide several tables of errors obtained for different experiments
carried out with the test function f;. In these tables we also include an estimation

2000

u(H)
Ey=|V — mga(&)
of the absolute error in the signed volume over the hole H, where {&1, ..., &0} is a set of random points in H; w(H)

is the Lebesgue measure of the hole H; N is the number of the uniformly distributed centers X’; M is the number of the
randomly fitting points A C £2 — H and o is the corresponding fitting-filling function. Experiments have been carried
out over the hole H defined as the circle of radius R centered at (x, y) = (0.5, 0.5). In what follows, V¢ denotes the exact
volume [, fi(x)dx = 7.6279 - 10~ for R = 0.3.

In Table 1 we can observe that the experiments with higher values of Ay lead to better results of Ey, while higher
values of A1 and A, lead to worse results of E,,. This is reasonable insofar as Ao weights the fulfilling of the volume
constraint in the functional (6), while A; and A, weight the smoothness of the function. In Table 2 we present three
different experiments: first, we consider an increasing number of data points M for the fixed hole R = 0.3 and for a fixed
set of centers (N = 25). Secondly, we consider an increasing number of centers N for the same fixed hole R = 0.3 and for
a fixed set of data points (M = 5000). These two experiments show that the higher M and N, the lower the values of E;;
are, as it is expected from the convergence Theorem 5. The last one experiment in Table 2 rely on the hole: we fix the set
of centers and the set of data points, and we consider a set of decreasing holes. In this case, we check that the smaller
the hole H is, the lower the values of Ey are, as expected. In Table 3 we can observe that the best results are obtained for
the value t = 1 of the tension parameter.

14
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Table 3
Error estimations for f; for different values of 7, N and M with 1o = 103, A; =, =10"", R=0.3 and V = V*.
T N M Eout Ev
0.01 49 500 5.4992 - 1073 2.6721-1073
5000 4.2032-103 4.3198 - 103
10000 4.3596 - 103 4.2582-1073
0.1 49 500 4.23562 - 1074 3.3476 - 10>
5000 5.8219-107* 2.0711-1074
10000 5.4637 - 1074 2.2105- 1074
1 49 500 1.2667 - 1074 1.1275 - 1076
5000 9.4148 - 10> 8.1315-10°°
10000 1.2860 - 10~* 1.5188-107°
10 49 500 7.6448 - 1074 1.6968 - 10°
5000 2.2409 - 10~ 2.2457 - 107>
10000 2.0132-107* 1.0202 - 1073
100 49 500 6.2868 - 1074 2.7189-10°6
5000 3.6728-107* 2.3190- 107>
10000 3.5515-107* 6.5796 - 10>
Table 4
Orders of the relative errors E;, when filling with different methods.
Sinusoidal Semisphere Franke Nielson
This work 107° 1073 1073 1073
Cartesian wireframe in [24] 10 102 1073 1073
Shape-preserving criteria in [8] - 104 104 1073
Minimal criteria in [8] - 103 1073 107!

6. Conclusions

We have developed a method that constructs functions from surface points outside a given hole. The method produces a
smooth function where some parameters are manageable, including a volume objective. Radial basis functions are used, so
the number of functions needed to build the resulting function is smaller and the computational cost is reduced compared
to other spline based methods. Indeed, we can observe that relative errors of similar order to those obtained by means
of finite elements in other related papers are obtained in this work with much lower computational costs: To state this
affirmation we just have to observe that the order of the relative errors obtained in the numerical part of this work,
associated to a linear system of dimension 31, are similar to the ones obtained in other papers (see e.g. [24]) by solving
much larger linear systems. More precisely, in [24] the triangulation considered consists of 256 knots, which leads to linear
systems of order 768. It is also worthy to mention that this reduction in the dimension of the linear systems translates
into a reduction of the computing time. More precisely, the examples carried out in this work take over 20% of time
needed to carry out the examples in [24]. The next table presents a comparative of the orders of the relative errors Ej,
obtained with different methods (see Table 4):
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